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Abstract
The aim of this paper is to show that existing estimators for the error distribution in
nonparametric regression models can be improved when additional information about the
distribution is included by the empirical likelihood method. The weak convergence of the
resulting new estimator to a Gaussian process is shown and the performance is investigated
by comparison of asymptotic mean squared errors and by means of a simulation study. As
a by-product of our proofs we obtain stochastic expansions for smooth linear estimators

based on residuals from the nonparametric regression model.
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1 Introduction

Since a few decades in statistical research nonparametric regression models have been investi-

gated intensively. We consider such a model,

Y;‘ = m(XZ)—l-SZ (izl,...,n),
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with independent observations (Xi,Y7),...,(X,,Y,) and centered, unobserved, independent
and identically distributed errors €y, ..., &, (independent from the design points Xj,..., X,,).
In the last decades research focused mainly on nonparametric estimation of the regression
function m and variance 0 = E[e?] and corresponding hypotheses tests. Since a few years
only there exist results on estimation of the distribution of the unobserved errors ey, ..., ¢&,.
For example, consistent estimators for the regression function and error distribution can be
used to evaluate prediction intervals for future observations at some point x [see Akritas and
Van Keilegom (2001)]. Further the empirical distribution function of estimated errors recently
turned out to be valuable for goodness-of-fit tests concerning the regression or variance function,
see Van Keilegom, Gonzédlez Manteiga and Sénchez Sellero (2004) and Dette and Van Keilegom
(2005), or for testing the equality of regression functions in a two—sample problem, see Pardo-
Ferndndez, Van Keilegom and Gonzélez-Manteiga (2004) and Neumeyer and Dette (2005). We
denote by F,, the (not available) empirical distribution function of unobserved errors. Classical
results by Donsker (1952) show weak convergence of the empirical process /n(F, — F) to a

Brownian bridge B with covariance structure
(1.1) Cov(B(y), B(2)) = FlyAz) = F(y)F(2).

Now, let Fn denote the empirical distribution function of nonparametrically estimated residuals,

i.e.
I~ .
(1.2) Fo(y) = 521{& <y}, yeER,
=1

where the residuals are defined as é; = Y; — m(X;), and m denotes the Nadaraya—Watson
estimator for the regression function m. The asymptotic behavior of F), has been investigated
by Akritas and Van Keilegom (2001) and Cheng (2002). A smooth version of F,, was considered
by Miiller, Schick and Wefelmeyer (2004c). Cheng (2004), Qin (1996), and Qin, Shi and
Chai (1996) propose corresponding error density estimators. In the heteroscedastic model
considered by Akritas and Van Keilegom (2001) the regression and variance function are defined
as L-functionals depending on some score function J. Slight adaptations of Akritas and Van
Keilegom’s (2001) arguments for a homoscedastic regression model and score function J = 1
show under some regularity assumptions (that are valid under the assumptions stated in section
2 of the presented paper) that the process \/n(F,(-)—F(-)—b(-)) converges weakly to a Gaussian

process G with covariance structure

(1.3) Cov(G(y),G(2)) = FyAz) = Fy)F(2)
+ BT f(y) f(2) + Eleil{er < y}]f(2) + Eleil{er < 2}]f(y),
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where f denotes the error density and the bias term is defined as

(1.9 o) = W10); [ Kl du [ (nf) @) = (i) (@) do.

Here K denotes a kernel function and A a bandwidth used for the construction of the kernel
estimator m and fx denotes the density of the design points. We give a short derivation of
this result in appendix A. One notices that the covariance structure of the asymptotic process
G given in (1.3) differs from the covariance structure of the asymptotic process B, see (1.1).
For Gaussian errors considering nonparametric residuals instead of true errors even results in

a uniformly smaller asymptotic variance,
Var(G(y)) < Var(B(y)) VyeR,

but the estimation is biased then. We want to investigate whether the estimation of the
error distribution can further be improved in terms of mean squared error when additional
information is used. Our most important example for additional information is the centeredness
of the errors, i.e. E[eq] = 0, that is required by the model but is not explicitely used in the
estimation Fn Further examples for additional information are a known variance or median.

Improvements of the estimator by including additional information could be obtained by the
Empirical Likelihood method that was introduced by Owen (1988, 2001) and further developed
by Hall and LaScala (1990), DiCiccio, Hall and Romano (1989, 1991), DiCiccio and Romano
(1989), Hall (1990), Kitamura (1997), Einmahl and McKeague (2003), among many others. Qin
and Lawless (1994) and Zhang (1997) considered the problem of estimating the distribution of

an (observed) iid-sample €1, ..., &, when auxiliary information is available in terms of

Elg(er)] = / 9(y) dF(y) =0,

where g = (g1,...,9¢)" : R — R is a known function such that E[g?(e1)] < oo (j =1,...,k).
This could be, for example, g(¢) = e for the model assumption of centered errors, g(¢) =
(e, — o) for centered errors with a known variance o or g(e) = I{e < ¢} — 1 for a priori
information about the median ¢q. The empirical likelihood estimator for the error distribution

is
=1

where the weights p; € (0, 1) are chosen such that the empirical likelihood

n

(1.6) sz'

i=1



is maximized under the constraints

(1.7) Sn=1, [ty ik = > o) =0

Qin and Lawless (1994) and Zhang (1997) showed that in this setting the obtained empirical
likelihood estimator has a uniformly smaller asymptotic variance than the empirical distribution
function. For empirical likelihood and moment restrictions see also Kitamura (2001), Kitamura,
Tripathi, Ahn (2004), and Bonnal and Renault (2004), among others.

The empirical likelihood method was applied in the context of estimation of the error distri-
bution in linear models with fixed design and homoscedastic errors by Nagel (2002) using the
additional information E[e;] = 0, i.e. g(e) = ¢, that is available from the model. In this
context it depends on the method of parameter estimation whether the empirical likelihood
method yields a smaller asymptotic variance than the empirical distribution function based
on parametric residuals. A comprehensive study of the residual based empirical distribution
functions in the linear model can be found in Koul (2002). Estimators for the error distribution
in AR(1)-models including the centeredness assumption were considered by Genz (2004).

In the presented paper we propose a residual based empirical likelihood method for the error
distribution in nonparametric regression models when auxiliary information is available. We
develop asymptotic expansions for the empirical likelihood estimator, F,, in our context and
prove weak convergence of the process /n(F,(-) — F(-) —b(-)) to a Gaussian process G, where
b denotes a bias term. We compare the resulting asymptotic mean squared error of the new

estimator,

Var(G(y)) N EQ(y),

with the analogous term for the residual based empirical distribution function, Var(G(y))/n +

n

b*(y) defined in (1.3) and (1.4), in some examples. In the especially interesting case of g(¢) = ¢
(i.e. including the model assumption of centered errors explicitely into the estimation) we
obtain asymptotically the same variances but a considerable reduction of bias.

As a by-product of our proofs we regain asymptotic expansions for smooth linear statistics

in a similar homoscedastic setting considered by Miiller, Schick and Wefelmeyer (2004a) and
prove analogous results for heteroscedastic models.
The paper is organized as follows. In section 2 we describe our (homoscedastic) model and ex-

plain regularity assumptions needed to obtain the main asymptotic results presented in section
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3. In section 4 we consider the analogous procedures in a heteroscedastic setting. In section 5
some examples are illustrated in order to discuss the results and in section 6 a simulation study

is presented. The proofs are deferred to an appendix.

2 Model and assumptions

We first consider a nonparametric homoscedastic regression model with independent observa-

tions
(21) Y; = m(XZ)+5Z, 2:1,,n,
under the following assumptions.

(M1) The univariate design points X7, ..., X,, are independent and identically distributed with
distribution function Fx on compact support, say [0,1]. Fx has a twice continuously
differentiable density fx, such that inf,cpq1) fx(z) > 0. The regression function m is

twice continuously differentiable in (0, 1) with bounded derivatives.

(M2) The errors ey, ...,¢&, are independent and identically distributed with distribution func-
tion F. They are centered, E[e;] = 0, with variance 0% = Var(e;) € (0, 00), and indepen-
dent from the design points. F' is continuously differentiable with bounded, everywhere

positive density f.

(M3) There exist constants v, C' and 3 > 0 such that for all z € R with |z| <~

Fly+2) = Fly) — ()| < Clz|"*".

Note that assumption (M3) is satisfied with § = 1 under the stronger assumption that f is
continuously differentiable with sup,cg [ f'(y)| < oco.
In order to estimate the distribution F' of the unobserved errors, one builds nonparametric

residuals

where m(z) denotes the Nadaraya-Watson estimator [Nadaraya (1964), Watson (1964)] for
m(x), that is

(2.2) () = % A



with the kernel density estimator for fx(x),

n

o= S ().

For the kernel estimators we need the following assumptions.

(K) Let K denote a symmetric density with compact support and [ uK (u)du = 0.

(H) Let h = h,, be a sequence of bandwidths such that nh* = O(1), nh*>"*(log(h™')) ™! — oo
(for some a > 0) and n’h'*P(log(h=!))"1# — oo (where 3 is defined in assumption
(M3)) for n — oc.

Note that the last bandwidth condition can be omitted when % < 3 + 2a. This is always
valid for G > % The constant « has only relevance in the technics of the proof and can be
chosen arbitrarily small.

We denote by E), the empirical distribution function based on residuals £y, ..., &, defined in
(1.2). Assumptions (M1), (M2), (M3), (K) and (H) were already imposed by Akritas and Van
Keilegom (2001) to show weak convergence of the residual based empirical process, /n(F, —
F — 1) [where the bias b is defined in (1.4)].

We further assume that additional information about the error distribution is available. This

auxiliary information is given in terms of assumption (A).

(A) Elg = [g(y)f(y)dy = 0, where g = (g1,...,95)" : R — R" is a known function such
that E[gj(el)] < 00 for j=1,... k.

Example 2.1 The most important example to consider is g(¢) = € because the centeredness
of the errors is a given model assumption. Further a priori information, for instance, of a zero
median can be described by the function g(¢) = I'{e < 0} — 1/2. When can be assumed, for
example, that the variance is known and the third moment is zero one would define g(¢) =

(6,62 — 0%, e3)T.

Throughout the paper the following assumptions on the function g are only assumed to be valid

when stated explicitely.

(G1) We assume that g, is continuously differentiable and there exist constants v, C' and 3 > 0
such that

| [ (004 2) = 050) = =) F) ] < Clep'*?
for all z € R with |2| <+, j=1,... k. Moreover, let E[|gj(e1)|] < oo, j=1,... k.

6



[Without restriction we use the same constants v, C' and § as in assumption (M3).]

(G2) There exist constants J, C' such that for some positive x < 2(1 + «)

(8] s (e +2)—gla+27])" < cen

z,Z€R:|z| <4,
|2]<6,]z—2|<¢

(where « is defined in assumption (H)), j =1,... k.

Note that (G2) is, for example, satisfied for x = 1 by Taylor’s expansion when g; is continu-
ously differentiable and E[sup,cg.(,j<5(gj(e1+2))%] < oo (j =1,...,k). Then k =1 < 2(1 +a)
is always valid (o > 0). The smoothness assumptions (G1) and (G2) are similar to the as-
sumptions imposed by Miiller, Schick and Wefelmeyer (2004a, Assumption 1, p. 79, and 2004b,
Assumption B1, p. 536) to obtain asymptotic results about smooth linear estimators based on
nonparametric residuals, compare the discussion of the assumptions given there [Miiller, Schick
and Wefelmeyer (2004a, section 3)]. Note also that either with assumption (G2) or for the
indicator function g(e) = I{e < a} — b it follows
(2.4) 36 > 0 such that E| sup (g;(e1 +y) —g;i(e1))?| <o Vi=1,...,k

yER:|y|<o
and this condition will be used repeatedly during the proof.

Example 2.2 Functions g(¢) = &*

— ¢ corresponding to moment assumptions fulfill assump-
tions (G1) and (G2) when E[e?*] < oco. The same is valid for polynomials, for example,

g(g) = e* — 2, to account for a relation between second and fourth moment.

Remark 2.3 Assumptions (G1) and (G2) are mainly imposed to obtain stochastic expansions

of 13" g(&). In addition to smooth functions g satisfying (G1) and (G2) or indicator func-

tions g(e) = I{e < a} — b the theory can be developed for every function g, such that an
1 n

expansion 3" g(¢;) =+ 31 (g(e;) + h(e;)) + Op(ﬁ) is valid with some weak assumptions

n

on the function h (compare Lemma B.1 (ii), (iii) in the appendix).

We further need the following assumptions to assure a unique solution in the maximization of

the empirical likelihood.
(S1) We assume that minj<;<, g;(€;) <0 < maxj<;<, g;(&;) forall j =1,... k.
(S2) We assume that X = E[g(e1)g(e1)?] and >, g(¢;)g(£;)" are positive definite.

Note that assumption (S1) is valid in probability for an increasing sample size because of
assumption (A) when the residuals &; are replaced by the true errors g;. Further, the first
assumption of (S2) with Lemma B.1 (v) (in the appendix) implies the second assumption of

(S2) for increasing sample size, in probability.



3 Main asymptotic results

The motivation of the empirical likelihood method is as explained in the introduction [compare

(1.5)-(1.7)]. The estimator for the error distribution is
Fu(y) = Y pl{& <y},
i=1

where the weights p; € (0,1) are chosen such that [[_, p; is maximized under the constraints

sz' =1, Zpig(éi) = 0.
i—1 i—1

Analogously to Qin and Lawless (1994) we obtain the estimator

n

— 1 1
3.1 F, = — ———I{&; <y},
(3.1) (y) ”Zl T+ 779 {&i <y}

where 7, is defined as solution of the equation

(3.2) iig(é") =0

— 1+10,9(%)

while for all ¢ = 1,...,n it holds that 1+ 7 g(&;) > +. The following two propositions give

stochastic expansions for the solution 7, as well as for the distribution estimator F,.

Proposition 3.1 Under model (2.1) and assumptions (M1), (M2), (M3), (K), (H), (A), (S51),
(S2) and with either g(¢) = I{e < a} — b or g satisfying (G1), (G2) we have the expansion

1 1
P . | ~
n =27 izlg(ffz’) + OP(ﬁ)-
Proposition 3.2 Under model (2.1) and assumptions (M1), (M2), (M3), (K), (H), (A), (S1),
(S2) and with either g(¢) = I{e < a} — b or g satisfying (G1), (G2) we have uniformly with

respect to y € R,
_ . R 1
Fn(?J) = Fn(?J) - U(y)Tnn + OP(ﬁ%

where E, denotes the residual based empirical distribution function defined in (1.2) and U(y) =
Elg(e1)I{e1 < y}].

We state our main results for two different cases of additional information in the Theorems
3.3 and 3.7, namely smooth functions g that satisfy assumptions (G1) and (G2) resp. indicator

functions that give quantile informations.



Theorem 3.3 Under model (2.1) and assumptions (M1), (M2), (M3), (K), (H), (A), (G1),
(G2), (S1) and (S2) we have uniformly in y € R the expansion

n

Fuly) =by) + % > [I{ei <yl + fW)e — UWw) S g(e:) — Elg'(e1)]e:) | + op(—=)

=1

S

where the bias term is defined as b(y) = h2B(f(y) + U(y)'S1El¢' (1)]) with

= 5 [ K du [ (g @) = mpie) de

and U(y), ¥ are defined in Proposition 3.2 and assumption (S2), respectively. The process
VI(F,(-) — F(-) — b(-)) converges weakly to a centered Gaussian process G with covariance

structure

Cov(G(y), G(2) = Fly n2) = F)F() + f(3)f(:)o?
+f W {a < )] + F() Bl e < y)]
+U ()" (S = Bly (1)) Bleag” (e1)]

~Elz1g(=1)]Elg' (1)) + Elg ()l* Elg' ()] )50 (2)
—U" ()27 (U(2) = Elg'(e)] Elea{er < 2])
U227 (Uly) — Elg ) El {1 < o})
~(FEUWT + fUET )T (Elgen] - Ely(1))0?).

The proof of Theorem 3.3 is given in appendix C. It is not true that for all distributions
uniformly in y the asymptotic variance of the empirical likelihood estimator is smaller than the
asymptotic variance of the residual based empirical distribution function as it is the case for
an observed iid-sample €1, ..., ¢,. Different functions g and underlying distributions F' have to
be investigated. Also, bias and variance have to be taken into account simultaneously for the

comparison as we will do in the discussion of the asymptotic results in section 5.

Remark 3.4 Note that under a stronger bandwidth condition nh* = o(1) the bias term b(y)
in Theorem 3.3 is negligible. It can be seen from the expansion stated in the Theorem that
incorporating the auxiliary information about the error distribution does not lead to a smaller
asymptotic variance in the case g(¢) = E[¢'(¢)]e because then F,, = F, + op(n~'/2). Then,
using the auxiliary information that the errors are centered, that is g(¢) = ¢, does not change
the variance asymptotically. A heuristic explanation for this phenomenon was given by Miiller,

Schick and Wefelmeyer (2004a) in the similar context of linear smooth residual based estimators
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by the statement that the mean zero information is already used for estimating ;. However,
the bias terms of order h? should also be taken into account under the less restrictive bandwidth
condition nh* = O(1). The bias changes from b(y) defined in (1.4) to b(y) when using empirical

likelihood and the latter term can be considerably smaller as will be discussed in section 5.

Corollary 3.5 Under the assumptions of Theorem 3.3 we have Var(G(y)) = Var(G(y)) for all
y € R if and only if g(€) = ce for some ¢ € R.

Remark 3.6 As a by-product of the proof of Theorem 3.3 we obtain the following asymptotic

expansion for smooth linear estimators based on nonparametric residuals,

n

=30 = 3 o(a(e) — Eld(@))e) ~ Bl €))B + onl =

where B is defined in Theorem 3.3 [compare Lemma B.1 (ii) in the appendix]. This completes

)

results given by Miiller, Schick and Wefelmeyer (2004a, 2004b), who considered more restrictive
bandwidth conditions to neglect the bias and used a leave-one-out local polynomial estimator

for the regression function.

Next we state our asymptotic results for indicator functions g that include additional informa-

tion about quantiles. The proof of Theorem 3.7 is given in appendix C.

Theorem 3.7 Under model (2.1) and assumptions (M1), (M2), (M3), (K), (H), (4), (S1)
and (S82) where g(e) = I{e < a} — b for some constants a and b = F(a) ¢ {0,1} (k =1) we
have uniformly in y € R the expansion

n

Falo) =) + 3 3 [1e < 0} + F0)s = Vg5 L

where the bias term is b(y) = h*B(f(y) — X7*U(y)f(a)) with B defined in Theorem 3.8.
The process /n(F,(-) — F(-) — b()) converges weakly to a centered Gaussian process G with

(I{e;<al —b+ f(a)ei)] +op(—=)

covariance structure

Cov(G(y), G(2)) = FlyAz) — F(y)F(z) + f(y) f(2)0”
+f (W) Elen{er < 2} + f(2)Elel{er < y}]

(b1 = b) U U () (b1 = b) + 2/ (@) ElerI{er < a}] + *(a)o?)
(1=0)"U(=)(FlaAy) = bF(y) + fla) Bz {er <))
(1—b)"'U(y (F aAz)—bF(2)+ fla)EleI{e; < z})
(1-0))"

UG + FoUE) (Bld{e < afl + fa)o®).



Remark 3.8 For the ease of presentation we stated results for k-dimensional smooth functions
g in Theorem 3.3 and for one dimensional indicator functions in Theorem 3.7. Results can
straightforwardly be generalized to k-dimensional vectors ¢ of indicator functions for including
information about k quantiles, or vectors with some smooth components and some indicator
function components. Further, results can be generalized for all information functions g with

expansions similar to those given in Lemma B.1 (ii) or (iii).

4 The heteroscedastic case

In this section we consider a nonparametric heteroscedastic regression model with independent

observations
(41) Y; = m(XZ)+0(XZ)5Z, 1= ]_,...,TL,

under assumptions (M1) from section 3 and (M) stated below. Assumption (M) is somewhat
stronger than (M2), (M3) for the homoscedastic model, but was already needed to obtain
Akritas and Van Keilegom’s (2001) result in the heteroscedastic setting.

(M) The variance function o2 is bounded and twice continuously differentiable with bounded
derivatives in (0,1) such that inf e 1 0%(x) > 0. The errors ey, .., &, are independent
and identically distributed with distribution function F'. They are centered, Fle;] = 0,
with variance Var(e1) = 1 and existing fourth moment, and independent from the design

points. [ is twice continuously differentiable with everywhere positive density f such

that sup,eg [yf(y)| < 00, sup,eg [y*f'(y)| < co.

We are going to investigate whether the empirical distribution function F, [defined in (1.2)] of
estimated residuals

Yi — m(X;)
4.2 = o
[with variance estimator 62 defined below in (4.3)] can be improved by including additional
information about the error distribution F'. For the sake of brevity we restrict ourselves to the
case of smooth information functions g satisfying assumptions (A), (S1), (S2) and the modified

assumptions (G1), (G2’) stated below.

(G1’) We assume that g; is continuously differentiable and there exist constants v, C' and 3 > 0
such that

’/(gj(y+zl+y22)—gj(y)—g}(y)(zl+y22)) f(y)dy) < C/!zﬁy@!l*ﬁf(y)dy
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for all 21,2, € R with [2],[2] < v, j = 1,...,k. Moreover, let El|gi(e1)|] < oo,
Ellerg)(e1)]] < oo for j =1,...,k, and E[je;|'*] < co.

(G2’) There exist constants d, C' such that for some positive K < 2(1 4+ «) (j =1,...,k)

) } 1/2 )
<E[ sup (gjle1+ 21 +e122) —gjler + 2 + elzg))QD < g/
[211<6,1211<98,]221<6,|22|<6
lz1—211<6,|29— 22| <€

(where « is defined in assumption (H)).

Our main interest lies in the information given by the model that the errors are centered and
have variance one, i.e. g(¢) = (g, — 1)T. The residuals &; defined in (4.2) are built with
use of the Nadaraya—Watson estimator for m defined in (2.2) and the corresponding variance

estimator,

n

o 1 1 Xi—x - 2 1

where the kernel density estimator f is defined in (2.3) and we assume that (K) and (H) [with

B from assumption (G1’)] are valid. Under the stated assumptions, Akritas and Van Keilegom's
(2001) results show that the process \/n(F,(-) — F(-) — b(+)) converges weakly to a Gaussian
process GG with covariance structure
(44) Cov(G(y),G(2)) = FlyAz) = Fy)F(z)
+[(y)f(2) + Elenl{er <y}]f(2) + Eleil{er < 2} f(y)
+3ufWELE ~ Ve < 2]+ 32f (B[S ~ DIer < o)
+uf @I EE + 3/ ()ef(2)EIE + Juf(w)2f (2)Var(e)),

h2(f(y)By + yf(y)B,) and

where the bias term is defined as b(y)

1 2 Lm ") — "N(x T
45) By = [ Kdu [ —(nf)' @) = (mfF)e)d
1

46 By = 5 [ Kt du [ s (0216 @) = (@£ (@) + 2m' @) () da

[see appendix A]. With use of the now differently defined residuals &; [see (4.2)] the empirical
likelihood estimator F,, is defined as in (3.1) and under the stated assumptions Propositions 3.1
and 3.2 are valid as well [see appendix D]. The main difference to the results in the homoscedastic
model arises from a different expansion for linear functionals of the residuals as was given in
Remark 3.6 for the homoscedastic case. We formulate the following Proposition that generalizes

results by Miiller, Schick and Wefelmeyer (2004a) for the heteroscedastic case.
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Proposition 4.1 Assume model (4.1) is valid under assumptions (M), (M1), (G1°), (G2’),
(K), (H) and (A). Then, for j=1,..., k,

%Zgj(éi) = %Z <gj(6z~) — Elg}(e1)]ei — %E[elg;,(gl)](gz? _ 1))

=1

— W?Elgj(e1)] By — h*Ele1gj(1)] Ba + op(n~'/?),
where By and By are defined in (4.5) and (4.6), respectively.

The proof of this Proposition is given in appendix D. Combining Propositions 3.1, 3.2 and 4.1

we obtain the main result of this section.

Theorem 4.2 Under model (4.1) and assumptions (M), (M1), (K), (H), (A), (G1’), (G2’),
(S1) and (S2) we have uniformly in y € R the expansion

n

Fuly) = B0+ - 3 [Hee S v} + Fe+ o F ) - 1)

—~U)s (gle) ~ Bly el — 5 Elag @) ~ 1)) +or(—)

1
Vn
where the bias term is

by) = 1] (1) + U= Bl (2)]) B + (3 () + U W) S Bleag (1)) Ba

with By and By defined in (4.5) and (4.6), respectively. The process /n(F,(-) — F(-) — b(-))
converges weakly to a centered Gaussian process G with covariance structure

Cov(G(y), G(2))
— Cov(G(y), G(2)) + Uw) "7 (2 = Elg'(e0)] Eleag” (e1)
—Eleag(=0)]Ely (20)]” + Elg'(e)]o* Blg' (21)]" ) 27U (2)
(V)21 + Uy w)) (Blo(e) (@ - 1) - Bl @)l - 1)
~U()"s 7 (U(:) = Bl ()] Eler{er < 2}) + £(2) Elerg(e0)] — F(2)0* Bl (1))
U™ (U(y) - Blg ) Ela{er < y}) + f) Bleg(en)] - fn)o* Bl (21))

U )5 Blag @)l — 1Bl ()] 27U ()

—%UT(y)w(E[g(a)(e% = 1)) = Elg ()] Elea(e3 — D] E” 219/ (21)]5 70 (2)

U5 (Blge)(€ ~ 1] - Bl (@)]Ela(E — 1)) E g (]S U ()
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(U7 @S 2£() + UT () 07 ) ) Bleag/ ()] — 1)

53U )8 Blag/ )] (B - DiI{a < 2]+ F()EE))

50T ()2 Bl ()] (Bl - DIfe < )] + F0) BEE)
with Cov(G(y), G(2)) from (4.4).

The example g(g) = (g,6? — 1)” to include the model assumptions explicitly in the estimation
is considered in the next section in Example 5.6. A sketch of the proof of Theorem 4.2 is given

in appendix D.

5 Discussion of the asymptotic results

In this section we compare the asymptotic mean squared error of the residual based empirical
distribution function F,, with the mean squared error of the empirical likelihood estimator F,,.

We concentrate on the homoscedastic model first. Here we have

mse(y) = %Var(G(y)) + b (y)

_ %(F(y)(l — F(y)) +0*f*(y) + 2f (y) Eler{e1 < y}])

+h'f2(y) B?
[see (1.3), (1.4) in the introduction and B defined in Theorem 3.3]. First we consider the case

of a smooth function g in the situation of Theorem 3.3. For the mean squared error of the new

estimator we have

mse(y) = Var(Gly)) +7°(9)

1

= ~(F)(1 = F) + ) + 2f W) Bl e <y} + W ()

+1(£) + UGS Bl )]) B

where

W(y) = U (y)2{E - Elg(e1)]|Elerg” (1)) — Elerg(e)] B [g'(21)]
+0*Elg' ()] B¢/ (e0)}57U(y) — 20" (y) 2~ H{U(y) — Elg'(e1)]| EleI{er < y}]}
= 2f(y)U" ()2 {Elerg(er)] — Elg'(er)]o*}.
For the comparison we assume for the bandwidth used for both estimators that h = cn='/*

for some constant ¢ > 0 (such that h* = %) and consider different examples of functions g
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and distributions F'. For the figures shown below we multiply the curves with n, hence, they
are independent of the sample size. The value of B depends on the regression function, the
design density and the choice of the kernel. We set ¢*B? = 1 for the curves shown below. It is
clear that the influence the bias has on the mean squared error changes with this constant and,

hence, changes with the underlying regression function and the choice of kernel and bandwidth.

Example 5.1 The most important example is to include the moment assumption of centered
residuals into the estimation. In the case g(g) = € the asymptotic variance of both estimators is
the same (compare Remark 3.4 and Corollary 3.5) and therefore it is sufficient to compare the
bias terms. We have ¥ = E[e}] = 02 and ¢’ = 1 and therefore b(y) = h?B(f(y)+ % U(y)) where
Uly) = Eleil{e1 < y}] <0 for all y € R. For example in the case of normally distributed
errors we obtain U(y) = —o?f(y) and therefore b(y) = 0 whereas b(y) = h?Bf(y) # 0 for all
y € R (when B # 0). In this case the first order bias term cancels completely by the use of the
empirical likelihood method. Also for examples of other distributions the new bias term can
be considerably smaller. Figure 1 below shows curves for the squared bias, the variance and
the mean squared error for normal distribution, student’s ¢-distribution with three degrees of
freedom and the double exponential distribution with density

f(x):lexp<—x_q) xexp(—exp(—x_q))

Y gl Y

for v = 3 and ¢ = —~vc such that the expectation yc + ¢ vanishes, where ¢ = 0.5772 approx-
imately, as skew distribution example (with E[e3] # 0). We observe a bias reduction for all

three example distributions.
INCLUDE FIGURE 1 HERE.

Example 5.2 In the case g(¢) = €2 — ¢ for known variance 02 we have E[¢/(e;)] = 0 and

therefore both estimators have the same bias b(y) = b(y). The new variance is

Var(G(y)) = F(y)(1— F(y)) + f*(y)o? + 2f (y) Eler I{e1 < y}]
—~UP ()27 = 2f(y)U(y) " E[e7].

For all distributions with vanishing third moment the new variance is uniformly smaller than
Var(G(y)) and we obtain an improved estimator. In particular, for normally distributed errors

we have
Var(G(y)) = Var(G(y)) — %nyQ(y)‘

15



Figure 2 below shows squared bias, variance and mean squared error curves for normal dis-
tribution, student’s t-distribution with five degrees of freedom and the double exponential

distribution defined in Example 5.1.
INCLUDE FIGURE 2 HERE.

Example 5.3 The results obtained in Example 5.2 for a known variance can further be im-
proved by including the information that the errors are centered and defining g(g) = (g,&* —
o?). Denoting p3 = Elej], ps = El(ef — 0%)?] and Ui(y) = Eleil{e:r < y}], Ua(y) =
E|(e? — 0?)I{e; < y}] we obtain

Var(G(y)) = F(y)(1 - F(y) + f*(y)o” + 2f (y) Ele1l{e1 < y}]

* m (Uf(y)u4u§ 4 U2(y) (2025 — o ua)
= W Va0)) + s ) (V00— el
= Var(G(y)) — Ug(y)i

where the last line only holds for distributions with vanishing third moment. In this case the

variance reduces to the variance in Example 5.2. For the bias term we have

m(m (y)pa — U2(?J)M3))‘

bly) = B (f(y) +
For distributions with p3 = 0 the bias is the same as in Example 5.1; in particular, it is
zero for normal distributions. For all distributions with vanishing third moment we therefore
obtain an estimator with both smaller bias and smaller asymptotic variance. Figure 3 shows
the corresponding squared bias, variance and mse curves for normal distribution, student’s
t-distribution with five degrees of freedom and double exponential distribution. For all three

distributions we observe a considerably smaller mean squared error compared to Example 5.2.
INCLUDE FIGURE 3 HERE.

Next, we consider an example corresponding to additional information about quantiles accord-

ing to Theorem 3.7.

Example 5.4 For g(¢) = I{e < a} — b we obtain for distributions with zero median (a =
0,b = 0.5) the variance

Var(G(y)) = F(y)(1 - F(y)) + f*(y)o” + 2f (y) Ele1I{e1 < y}]
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FA[AU2 () (§ + 27 O Elen{er < 0] + F2(0)0%)

LU () (F(O A y) — % F(y) + f(0)ElerI{e < y}))

~2f(y)U(y){ElerT{z1 < 0} + F(0)0%}]

with U(y) = F(0Ay) — 3F(y) € [0,0.25] for all y € R. The bias is

1

bly) = W*B(f(y) = 4U(y)[(0)) = *B(f(y) = 4[F (0 A y) = 5 F(y)lf (0)).

Figure 4 below shows curves for the squared bias, the variance and the mean squared error for
normal distribution, student’s ¢-distribution with three degrees of freedom (both with a = 0
and b = 0.5) and double exponential distribution (with @ =0 and b = 0.570371).

INCLUDE FIGURE 4 HERE.

Example 5.5 We investigate in this example whether including the centeredness information
gives better results compared to Example 5.4, that is, we consider g(¢) = (g, I{e < 0} — F(0))7,
where F'(0) is known. This situation is not covered by Theorems 3.3 and 3.7, but results can

be derived in a complete analogous way. We obtain for the asymptotic variance,
Var(G(y)) = Var(G(y)) + V*(y)Var(G(0)) — 2V (y)Cov(G(y), G(0))

where Var(G(y)) is defined in (1.3),

o*Us(y) — Ur(0)Uy (y)

Viy) = o2F(0)(1 — F(0)) — U#(0)

and Uy (y) = Eleil{e1 <y}, Us(y) = E[(I{e1 < 0} — F(0))I{e1 < y}] = F(y A0) — F(0)F(y).

For the bias we have

Ur(y){F(0)(1 = F(0)) + U1(0) f(0)} — Uz(y){UL(0) + 02f(0)})

by) = W*B(f(y)+ SZF(0)(1 — F(0)) — UZ(0)

For standard normally distributed errors we have again b(y) = 0. Figure 5 below shows curves
for the squared bias, the variance and the mean squared error for normal distribution, student’s
t-distribution with three degrees of freedom and the double exponential distribution. We obtain

uniformly smaller mse’s for F,, compared with Example 5.4.
INCLUDE FIGURE 5 HERE.

Finally, we consider one example for the heteroscedastic model.
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Example 5.6 We consider the information function g(g) = (¢, — 1)” to include the model
assumption of centered errors with unit variance into the error distribution estimation. This
is comparable to Example 5.1 in the homoscedastic setting and analogously the asymptotic
variance curves of Fn and F,, coincide whereas the new estimator has a smaller bias. In Figure
6 the squared bias, variance and mse curves are displayed for normal, student’s t-distribution
with five degrees of freedom and double exponential distribution (all distributions standardized

such that they are centered with unit variance).

INCLUDE FIGURE 6 HERE.

6 Small sample performance

In this section we compare the performances of the two distribution estimators for finite sam-
ples by means of a simulation study. We concentrate on the homoscedastic model (2.1) with
regression function m(z) = 3% and uniformly in [0, 1] distributed design points. As error
distributions we use the three different distributions already considered in section 5, namely
standard normal distribution, student’s ¢-distribution and the double exponential distribution.
For the regression estimator we use the standard normal kernel and we consider bandwidths
h = ¢/n'/* according to the theoretical bandwidth conditions, for different suitable values of
the constant ¢ between 0.1 and 3. Displayed in Figures 7 and 8 are values of the mean inte-
grated squared error E[[(G,(y) — F(y))*dy] for G,, = E, and G, = F,, estimated from 1000
replications, where the integral is approximated using 100 grid points in an appropriate inter-
val chosen as [—3, 3] for the normal distribution, [—4,4] for the t-distribution and [—7,7] for
the double exponential distribution. For calculating 7, defined in (3.2) we used the Bisection
method for one-dimensional g and the multivariate Newton Raphson procedure otherwise [both
described in Press, Teukolsky, Vetterling and Flannery (2002), p. 357 and p. 383].

For Example 5.1, i.e. including the centeredness information, results are displayed in Figure
7. The sample size is n = 50 in the left column and n = 100 in the right column. In the first
row the error distribution is standard normal. The solid curve (curve 1) displays the mean
integrated squared error, or MISE, for the residual based empirical distribution function Fn,
whereas the dashed curve (curve 2) displays the corresponding results for the new estimator
F,. We always obtain better results, i.e. a smaller MISE, for the new estimator, although
for some choices of bandwidths the values are very close. For the symmetric distributions it
is interesting to see the effect that for an increasing bandwidth the difference between the

performances of the two estimators increases. This is according to the theory because for an
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increasing bandwidth the effect of the bias on the MISE increases and in this example the new
estimator has a considerably smaller asymptotic bias. The results displayed in the second and
third row of Figure 7 correspond to the student’s t-distribution with three degrees of freedom
and the double exponential distribution, respectively. We obtain a smaller MISE for the new

estimator in all cases.

INCLUDE FIGURE 7 HERE.

In Figure 8 the MISE curves for Example 5.3 are displayed in the left panel, where the sample
size is n = 100 and we consider standard normal, ¢5 and double exponential distribution. For
standard normally and t—distributed errors the empirical likelihood methods yields a great
improvement in terms of MISE. For double exponential distribution the new estimator has a
smaller MISE only for bandwidth constants greater than ¢ = 0.5 and for this distribution larger
bandwidths should be recommended. In the right panel of Figure 8 results for Example 5.5 for
sample size n = 50 and normal, ¢t3 and double exponential distribution are shown. In all cases

the new estimator has a smaller MISE.

INCLUDE FIGURE 8 HERE.

We also implemented an approximation of 7),, from the asymptotic expansion given in Proposi-
tion 3.2, where only the dominating term is used. In most cases this gave even better results,
but it failed to work in Example 5.3. Therefore, the results are not displayed and we do rec-
ommend to use the Bisection or Newton Raphson procedure to obtain 7, instead of using the

approximation.
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A  Appendix: Akritas and Van Keilegom’s process

The homoscedastic model

We give a short derivation of the results stated in the introduction, in particular (1.4) and (1.3).
From the proof of Theorem 1 by Akritas and Van Keilegom (2001, p. 555) it follows that in
the case of homoscedasticity (where no estimation of a variance function o is needed) and for

score function J = [0, 1] the function ¢ defined in Theorem 1 (p. 552) has the form

oz, zy) = —f(y) / (I{z < v} — F(v]x)) dv.

Here, F(v|z) = F(v — m(x)) is the conditional distribution of Y; given X; = z and we obtain

etz = ) [ 0= Pl do— [ Pl

)
= —fy)m(z) - )

Therefore, o(X;,Y;,y) = f(y)e; and (1.3) follows from Theorem 2 by Akritas and Van Keilegom

(2001, p. 552). The bias formula (1.4) is deduced from the bias of the Nadaraya—Watson

[Nadaraya (1964), Watson (1964)] regression estimator and the expansion

~

Fuly) = F(o) = Fuly) = F)+ 1) [ () = m()) fx (@) do + 0p(n™ ")

where F,, denotes the empirical distribution function of the true errors [see p. 555 of Akritas
and Van Keilegom (2001)].

The heteroscedastic model

In the heteroscedastic model (4.1) the function ¢ from Theorem 1 by Akritas and Van Keilegom
(2001) is equal to

o) = = L (o@)m(e) ) = (o) + ymla)s + 5% (@ly + (ol — 1u?)
and this yields ¢(X;,Y;,y) = f(y) (i + 4(e2 — 1)). The bias b( ) is deduced from the expansion
Fa) = F) = o) = Fo) + 1) [P g o

Fully )/Mf (@) da + op(n”2)
= B - P +70) [M D )
Fufy >/"(";>02—()‘”)f () dr -+ 0p(n ™)
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[compare p. 555, 564, Akritas and Van Keilegom (2001)] by inserting the definitions of m in
(2.2) and 62 in (4.3).

B Appendix: Auxiliary results

Lemma B.1 Assume model (2.1) with assumptions (M1), (M2), (K), (H) and (A).

(i) With either g(e) = I{e < a} — b for some constants a and b (k =1) or g satisfying (G1)

.....

(if) Under the additional assumptions (G1), (G2) we have the expansion =3 7" | g;(&;) =
%2?21(93’(52‘) — Elgj(e1)]ei) — hQE[g}(el)]B + OP(ﬁ) (j =1,...,k) where B is defined

i Theorem 3.3.

(iii) For g(e) = I{e < a} — b for some constants a and b (k = 1) we have the expansion
I3 gE) =23 gle) + fla)ei + W2 f(a)B + Op(ﬁ) where B is defined in Theorem
3.3.

(iv) With either g(e) = I{e < a} — b for some constants a and b (k =1) or g satisfying (G1)
and (62) we have 5 (45(20) — (=) = 0p(1) (7 = 1,..., )

(v) With either g(e) = I{e < a} — b for some constants a and b (k= 1) or g satisfying (G1)
and (G2) we have + 3" | g(;)g" (£;) = + op(1).

Proof. (i). Under the assumptions, condition (2.4) is valid. We have from the triangle
inequality
(B.1) max [g;(&,)] < max [g;(&;) — g;(e;)| + max |g;(e)]

n

=1,.., =L..,n 1=l

and consider the second term on the right hand side first. For every € > 0 one obtains

B2)  P( max |gi(=)| > evn) < nE[{lg;(e0)] > V)]

< 5 B[lose)PHlg )P = én}] = o(1)

with the assumption E[g7(e1)] < co. For the first term on the right hand side of (B.1) we
further have
P( max |g;(&) = gj(ei)| > evn) < P( max |g;(&) = g5(20)] > v/, max |e;— & < 4)

+P<lr11ax lei — &l > (5)

7777 n
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[with ¢ from condition (2.4)]. The last probability converges to zero because

(B.3) max. le; — &) < sup |m(x) —m(x)| = o(1)

where 1;(x) = Sup,eg.|y<s |95 (¥ +y) — gj(z)|. Analogous to argumentation (B.2) we obtain the
assertion from (2.4), that is E[h?(e1)] < oco.

(ii). This statement corresponds to Theorem 2 by Miiller, Schick and Wefelmeyer (2004a)
when using a leave-one-out local polynomial estimator for the regression function. We present
a different proof nevertheless because some arguments of the proof are used to show (iv) and
(v). Our proof uses some ideas of the proof of Lemma 1, Akritas and Van Keilegom (2001).

First, we show weak convergence of the empirical process

(B.4) Gn(d;) \FZ (i, X / / 9i(y, x) f(y) fx(x )dydzz:>

indexed by functions g; € G;, where
B5) G = {5 Rx 0.1 Rigea) = gy(e + () — gy(0) | h e 7).

The smooth function class H = C31[0, 1] is defined in van der Vaart and Wellner (1996, p.
154) [see also the proof of Lemma D.1: all continuous functions A : [0, 1] — IR that fulfill (D.1)
build the class C1*[0,1]]. Note that for n — oo the function m —1n is an element of C5[0, 1]

with probability one [confer Akritas and Van Keilegom (2001)] and that

E3 ) = 3 gl + (= ) (X0),

The function class G; has a square integrable envelope by (2.4) because sup,¢(o 1 |A(7)| < 0 for
h € ‘H. In order to show that G; is Donsker we prove that the bracketing integral is finite, i.e.

(B.6) | Vfloe i€ 6. L) de < o

where P denotes the distribution of (e1, X;). Let £ > 0 and define £ = (£/(2C))" with constant
C' defined in assumption (G2). We have from Theorem 2.7.1 in van der Vaart and Wellner

(1996, p. 155) for the covering numbers of H with respect to the supremum norm,
(B.7) log N(§, H, || - ||oo) < K0
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for some constant K. Further, for £ > ¢ the covering number is one, choosing the center hy =0
and noting that sup,cp . [(z)| < 6 for h € H. Let hy, ... hy [A = N(§,H, ]| ||)] denote the
centers of a covering for H with radius £ with respect to the supremum norm. Let h € H and

|| — hil|oo < €. Then a bracket for g,(e, h) = g;( + h(z)) — g,(¢) is given by
9;(€ + hi(x)) — g;(€) — g;5(e, ), gj( + hi(x)) — g;(€) + ?J}‘(ffax)]

where gi(e,x) = sup|g;(e + 2z) — gj(e + Z)| and the supremum is built over |z| < ¢, |2Z] <
5, |z — 2| < €. The bracket has Ly(P) length less or equal to & by assumption (G2). We have
Nj(&, G, Lo(P)) = X brackets and (B.6) follows from (B.7) and the assumption sy <1 [the
integral only has to be evaluated in (0,2C§/%)].

We have shown weak convergence of the process G,,(g;) defined in (B.4) and insert the random

function g;(e,x) = g;(¢ + (m —m)(z)) — g;(¢) now. We have

B [gzar= [ [ (s0+m-i@) - 00) @@ dedy = on()

by the dominated convergence theorem using (2.4) and the convergence
[(g; (y+ (m —m)(z)) — g;(y))*fx(x)dr — 0 for each fixed y (follows by Taylor’s expan-
sion and the almost sure uniform convergence of m — m to zero, because g;- is continuous and
therefore bounded in a neighbourhood of the fixed y). By (B.8), applying Lemma 19.24 of van
der Vaart (1998, p. 280) we obtain

Gua) = <= 3 (s(6i+ (m = (X)) = g5(e)

- [ [ o+ m— i) @) - @) s (@)1 w) di dy) = 02 (1),

By assumptions (G1) and (H) using sup,c(o yj [/(z)—m(z)| = O((n~'h~"log h~1)"/?) a.s. [confer
Prop. 3, Akritas and Van Keilegom (2001)] we obtain the expansion

1 < ) 1 <
%;Qj(ﬁiJr(m—m)(Xi)) = ﬁ;%‘(&‘)
vt [(m =)@ @) do [ i) 50)dy+ op(1).

The assertion now follows by inserting the definition of 7 in (2.2) and tedious but simple

calculations of expectations and variances using assumptions (K) and (H).

(iii). This follows like Theorem 1 of Akritas and Van Keilegom (2001) in a homoscedastic

model, compare appendix A.
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(iv). The proof uses results from the proofs of (ii) and (iii). The function class G; defined in
(B.5) is Donsker (in either case for g) and therefore QJZ is Glivenko—Cantelli class in probability
[van der Vaart and Wellner (1996, p. 194, Lemma 2.10.14) ]. We obtain

her ' T

sup |5~ (as(es +0X0) = 95(20) = [ [ (asu+ 1) = 0,0)) Fx(o) ) dwdy] = o)
i=1
and therefore

. Z (as(e+ (m =) (X)) ~ g5(=))

-/ / 0,0+ (m—)(@) ~ 0,(0)) Fx(2)f () ddy + 0p(1).

The assertion follows from (B.8) in the case of a smooth function g and the analogous statement

for the indicator function g(¢) = I{e < a} — b. The latter is obtained by
[ [t =) - s v dedy = [ |Fla+ 0= m)@) — Fa) fx(o) do
assumption (M3) and sup,¢p ) [7(z) —m(z)| = o(1) almost surely.

(v). For j,¢ € {1,...,k} we have to show that
I . .
=~ 9iEaE) = [ 9;v)grw)f(y) dy + op(1).
i=1
The proof is similar to the proof of (iv). The function classes

G; = {(e,2) = gj(e + h(x)) | h € H}

are Donsker (j =1,...,k) (where H = C;7%[0,1]). From van der Vaart and Wellner (1996, p.
204, Problem 8) follows that QNJ»QN@ is Glivenko—Cantelli class in probability. From this follows

up | Zg] ei+ h(X))gelei + h(X)) — Elg;(e1 + h(X1))geler + h(xl))]) — op(1)

and therefore we have with &; = ¢; + (m — m)(X;)

E Zgg D960 = [ [ 01w+ (m = i@ g0 v+ (m = ) (0) Fx(e) F(0) do | = or(1)

From sup,¢(o 1] [712(z) —m(z)| = o(1) almost surely we obtain the assertion similar to (B.8) and

the considerations at the end of the proof of (iv). O
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Lemma B.2 Under assumptions (M1), (M2), (K), (H), (A), (S1) and (S2) we have

(@) [l = Op(1/+/n)

Proof. (i). 7, is the solution of equation (3.2). From this we obtain the estimation
9(£:)

0= ”_Zl+n Tq(é;) ’

A~ & AT A g(él)
= ||= 5 Ei) =7 A~
H Zg n;nng( T T AT g

|
1 _Hl

A 2
Tin gl&i 3
[ ZH I Lo [l max, max [g;(2)]

..........

v

and it follows that

I = 33 00| (5 2 oteol |5 ot

Now from Lemma B.1 (iv) we have that 2 3" [|g(&;)||* = £ 377, 93 (i) +. . .+ g2 (&) converges
in probability to E[gi(e1)+ ...+ gi(1)] > 0 by assumption (S2). From Lemma B.1 (i) and (ii)

resp. (iii) follows the assertion.

(ii). In order to prove the assertion we show max;<;<, |1 —(1 +7]ng( D)7 = 0p(1). By Lemma

Iy e

all € > 0,
/\T A
nng( ) ~ (A, )
P( max Ty > e il max il <1
H’?n” maXj<i<n,1<j<k \9(51)‘ o R €
<P< == SI= >e):P< n max g > ):01.
S S o S ——"T e all, e, JoEl > 7)) = D)

O

Lemma B 3 Under model (2.1) and assumptions (M1), (M2), (M3), (K), (H) and (A) we

have sup — Z|]{6z <y} —I{e <y} =op(1).

yeR T

Proof. The assertion is shown in two steps. The first step consists in showing %Z?:l |I{¢;
y} — I{e; < y}| = op(1) for fixed y € R. To this end note that |I{e; < y} — I{é&; < y}

IAIA
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Hy—717<e <y+r7}forr>0forali=1,...,n y € R whenever maxj<;<, |&; — ;| < 7.

Hence, for any € > 0 we have

p(% i 1{e <y}~ Iz < )| > )

(B.9) < P()%ZI{?J—T<€¢§y+7}—(F(y+T)—F(y—T))‘ >€/2>
(B.10) + P(Fly+7) = Fly—7)| > /2) + Pl | — & > 7).

The term (B.9) converges to zero almost surely according to the strong law of large numbers.
Because F' is continuous the first term in term (B.10) is equal to zero for some sufficiently small
7. The second term in (B.10) converges to zero because of (B.3).

After showing the assertion for fixed y we include the supremum by a standard argument.
The distribution function F' is continued with F'(—o0) := 0, F(c0) := 1. Then the real line is
segmented into —oo = yp < y1 < ... < yn_1 < yy = oo such that |F(yx) — F(yx_1)| < €/2 for
k=1,...,N. For each y exists a k € {1,..., N} such that y € [yx_1,yx). The assertion follows
using [I{e; <y} — e <y} < [{& Sy — Hei Sy} + {8 S yer} — H{e < yr}| for
an estimation of + Y% | |I{e; <y} — I{&; < y}| through expressions with fixed y;, 1 <k < N,
using the first part of the proof. O

C Appendix: Proofs of main results

Proof of Proposition 3.1

M, s a solution of equation (3.2) and this yields

1 & 1 & g(2)
C.1 0=— g(&;) — — g()g(E) hn + = £;) 7.
(C.1) n;()n;() Z 1+77ng()
The last term can be estimated as follows,

1 ¢ AT A2 g(éi)
HE Z(Ung(éi)) W

< il ZHQ I max max |g;(&)| max

1
..... =1,..m ’m

= OP(%)

using Lemma B.2 (i), (ii), Lemma B.1 (i) and (v). In the second term of (C.1) we can replace
% S 9(€)g(€:)T by ¥ according to Lemma B.1, (v). The assertion follows by isolating 7,. O
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Proof of Proposition 3.2

We use the following expansion similar to the beginning of the proof of Prop. 3.1,

Bl

)= Falo) = —2 S igten (1 - e + LAY gz, < ).

To prove the assertion of the Proposition we have to show uniformly with respect to y € R

(C.2) _2951 I{é; <y} = Uly) +op(1)
(©3) © (AT HE < ) = opl(2)
(C.4) %Z%I{@ <y} = OP(%)-

To show (C.2) we use the expansion L 3 | g(¢)I{&, < y} = Au(y) + Buly) + Ca(y), where
O WOLCER
Bu(y) = —Z (&) = gl {é < v}
Cut) = 3 D 0e)(HE < ) = e <),

A, (y) converges uniformly to U(y) almost surely, because the class {¢ — g(e)I{e <y} |y € R}
is VC-subgraph [see van der Vaart and Wellner (1996), Lemma 2.6.18 (vi), p. 147] and therefore

forms a Glivenko—Cantelli class. Further we have uniformly in y € R

Bl < (- Zug oclP) (- Z[{my})”
<% i(gl(éi) —qi(e)) + ..+ (gr(é) — gk(gi))2)1/2 = op(1)

i=1

IN

by Lemma B.1 (v). Furthermore,

el < (- Zug 1) (G Z<I{ez<y} e <op?)”

— oA <y - e <o) = or)

AN
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by Lemma B.3. The next assertion, (C.3), is valid because

—Z f{ez<y}

< il P~ legé (€)ll = Op(n™H)0p(1) = op(n~"/?)

according to Lemma B.1(iv) and Lemma B.2. The assertion (C.4) is valid because it holds that

\—Z( UGN TR

L+ 9(Ei)
< ||7al[? -
< lill? | max 195 (60)] max |77—=7—= 1+77 e ZHQ = op(n™")
using Lemma B.2 (i) and (ii), Lemma B.1 (i) and (v). O

Proof of Theorem 3.3

The expansion of the process follows from Propositions 3.2, 3.1 and Lemma B.1 (ii). Because
sums of Donsker classes are Donsker [van der Vaart and Wellner (1996), p. 192, Ex. 2.10.7.] we

only need to show that the following function classes Fy (¢ = 1,2) are Donsker,

Fi={e—He<yl—F(y) |y eR}
Fy ={e— fwe— U= g(e) — Elg'(e1)]e) | y € R}.

JFi is Donsker by classical results. F; is a subset of the at most (k4 1)-dimensional vector space
{e — coe + Z?Zl cihi(e) | co,. .., cx € R} (with hy(e) = g;(e) — Elgj(e1)]e) and is therefore
a VC-class [van der Vaart and Wellner (1996), p. 146, Lemma 2.6.15]. Pointwise separability
of F5 can be shown by a standard argument considering the countable subclass indexed by
rational y € Q. Moreover, F» has a square integrable envelope by assumptions (M2) and (A)
and is therefore Donsker [van der Vaart and Wellner (1996), p. 141].

For the calculation of the covariances denote H;(y) := I{e; < y}—F(y)+f(y)ei—U(y) TS (g(e;)—

Elg'(e1)]es) so that /n(Fu(y) — F(y) = b(y)) = o 3212, Hi(y) + 0p(1) and E[H,(y)] = 0. For

the covariance one obtains

Cov(—= 3" Hily). 5= 30 Hy(2)) = ELH (1)1 (2)]

= E[(I{e1 <y} — F(y))(H{er < 2} = F(2))] + f () f(2) E[e]
+U(y)" 27 El(g(e1) = Elg'(e1)]en)(g(er) = Blg'(e1)]en) U ()27
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+E[(IH{er <y} — Fy) f(2)ed] + El(I{er < 2} = F(2)) f(y)ed]
—E[(I{er <y} = F(y)U(2)" 27 (g(er) — Elg'(e1)]en)]
—E[(I{e1 < 2} = F(2))U(y) 27 (g(e1) — Elg'(e1)]en)]
—E[f(y)eiU (=)' (g(e1) — Elg'(e1))e1)]
—E[f(2)e1U(y)" 27 (g(e1) — Elg'(e1)]en)]
which coincides with the asserted asymptotic covariance in Theorem 3.3. O

Proof of Theorem 3.7

Using Propositions 3.2, 3.1 and Lemma B.1 (iii) the proof follows analogously to the proof of
Theorem 3.3. O

D Appendix: Proofs for the heteroscedastic model

Let K7, K3 > 0 denote constants such that 2K; < o(z) < K3/2 for all z € [0,1] and the
derivatives ¢’ and ¢” are also bounded by K5/2 according to assumption (M). Then it follows
that P(K; < 6(z) < K> for all x € [0,1]) converges to one. From the argumentation in Akritas
and Van Keilegom (2001) we have that 1 —m and 6 — o are elements of C}**[0, 1] for all p > 0
for n — oo with probability one. A suitable choice of p yields that (. —m)/é and (6 —0) /¢ are
elements of H = C;7[0, 1] with constant § from assumption (G2’), for n — oo with probability

one. This is assured by the next Lemma and is needed in the proof of Proposition 4.1.

Lemma D.1 Let 6 > 0 and Ky, Ky > 0 such that s € C}(JQFO‘[O, 1] with infyepoq |s(x)] > K.
Then there exists some p > 0 such that & € C5+*[0,1] for all h € C}**[0,1].

Proof. Let h € C;™[0, 1]. Then from the definition of the function class we have that
N (x)—H
(D.1) max( sup |h(z)|, sup |h'(x)|> + sup W) = Wy)l <
z€[0,1] x€[0,1] z,y€[0,1] |z — yle
[van der Vaart and Wellner (1996, p. 154)] and the analogous inequality for function s and
constant K. From this and the boundedness of s by K; from above it follows with technical

but straightforward estimations omitted for the sake of brevity that

h h By () — (LY
max( sup (@), sup (_)/(@D+ sup 1(5)(2) = (3)'(v)] < e
zel0,1] 1 S z€l0,1] | S 2,y€[0,1] |z — yle

with some constant ¢ only dependent on K7, K5. The assertion follows by the choice p = §/c
from the definition of C§[0,1]. O

29



Proof of Proposition 4.1

The proof follows the lines of the proof of Lemma B.1 (ii). The function classes G; [compare

(B.5)] is now defined as
g, = {gj R x[0,1] = R, g;(e, ) = g;j(e + hi(z) + ehao(x)) — g;(e) ) hy, hy € H},

where H = C;7%[0,1] with constant § from assumption (G2’). We show in the following
that G; is Donsker. To this end let for £ > 0, as in the proof of Lemma B.1 (ii), hy,...,hy
A = N(&,H,]|| - ||o)] denote the centers of a supremum-norm covering for H with radius
£ = (£/(2C))" with constant C' from assumption (G2’). Then we have Njj(&,G;, Lo(P)) = A2

brackets
9j(e + he(z) + ehi(x)) — g;(¢) — g5 (e, 2) , gj(e + he(x) + ehi(x)) — g;(¢) + Gj (e, 2) |,

(ke {l,...,\}, where gi(e,x) = sup |gj(e + 21 + €22) — g;(e + Z1 +€Z5)| and the supremum is
built over ||, |22, |Z1], |Z2] < 6, |21 — 21|, |22 — Z2| < €. Bach bracket has Ly(P) length less or
equal to & by assumption (G2’). The bracketing integral (B.6) is finite with the same reasoning
as in the proof of Lemma B.1 (ii).

Now, from Lemma D.1 we have that the probability that (i —m)/6 € H and (6 —0)/6 € H
converges to one. The rest of the proof follows as the proof of Lemma B.1 (ii) leading to the

expansion
% Z: gi (&) = % z:; gi <€i n (m ;(Zz)) () Ve (o ;(Zg(x)>
" // <gj (y + i ;(Z><x) + y(a g 6)(3:)) - gj(y)>fx(x)f(y) dx dy.

By assumption (G1’) we further obtain

2 @) = 2> ae+ [ [ o™ ) ) dedy




where the last equality follows from the uniform almost sure convergence of & to o with rate
O((n~*h~'log h~1)¥/2) [confer Prop. 3, Akritas and Van Keilegom (2001)], the bandwidth con-
ditions (H), and 6 — o = (6% — 0?)/(20) — (6 — 0)?/(20), where the last term results in a
negligible remainder. The rest of the proof follows by inserting the definitions of m from (2.2),

62 from (4.3), and some straightforward calculations of expectations and variances. O

Proof of Theorem 4.2

The validity of Propositions 3.1 and 3.2 in the heteroscedastic model (4.1) under the assump-
tions of Theorem 4.2 can be shown following the steps of the proofs for the homoscedastic case.
To this end one shows that Lemmas B.1 (i), (vi), (v), B.2 and B.3 hold as well under these
assumptions. The proofs are analogous, using the following estimation for Lemmas B.1 (i) and
B.3 and noting that (G2) follows from (G2’). We have

m(x) o ()

. m(z) o o(x)
max le; — &i| < sup | | + max |g;| sup | ) |
1= 1=

A_ A_ = Op 1
..... n €[0.1] () L' gy 0(@ W

form rates of convergence, sup,cp i; [/(z)—m(z)| = O((n=*h~"log h™')"/?) and sup (o 1 16 () —
o(z)] = O((n"*h~'log h=")'/?) a.s. [confer Prop. 3, Akritas and Van Keilegom (2001)], the
boundedness of o from zero, and the bandwidth conditions (H).

The rest of the proof is exactly the same as the proof of Theorem 3.3. O
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Figure 1: The figure shows curves for squared bias, variance and mean squared error for Example
5.1, i.e. g(e) = €. The solid lines correspond to F),, the dashed lines to the new estimator F,,.
The first row corresponds to standard normally distributed errors. Here, the dashed bias curve
vanishes. The second row shows results for student’s t-distributed errors with three degrees of
freedom. In the third row the errors are double exponentially distributed. In all three examples

the two variance curves are identical.
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Figure 2: The figure shows curves for squared bias, variance and mean squared error for Example
5.2,1.e. g(¢) = €2 — 02, The solid lines correspond to F,, the dashed lines to the new estimator
F,,. In the first row the errors are standard normally distributed. In the second row the errors
are student’s t-distributed with five degrees of freedom. The third row displays results for the

double exponential distribution. The two bias curves are identical in all three examples.
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Figure 3: The figure shows curves for squared bias, variance and mean squared error for Example
5.3, i.e g(e) = (e, — 0*)T. The solid lines correspond to F), the dashed lines to the new
estimator F,,. In the first row the errors are standard normally distributed and the dashed bias
curve is zero. In the second row results for student’s t-distributed errors with five degrees of

freedom are displayed, whereas in the third row the errors are double exponentially distributed.
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Figure 4: The figure shows curves for squared bias, variance and mean squared error for Example
5.4, ie. g(e) = I{e < 0} —b. The solid lines correspond to F,, the dashed lines to the new
estimator F',,. The first row corresponds to standard normally distributed errors (b = 0.5), the
second row to student’s ¢-distributed errors with three degrees of freedom (b = 0.5). In the

third row we have double exponentially distributed errors (b = 0.570371).
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Figure 5: The figure shows curves for squared bias, variance and mean squared error for Example
5.5, i.e. g(e) = (g,1{e < 0} —b)". The solid lines correspond to F},, the dashed lines to the
new estimator F,. The error distribution in the first row is standard normal (b = 0.5) and
the dashed bias curve vanishes. In the second row the error distribution is student’s ¢ with
three degrees of freedom (b = 0.5), whereas in the third row the errors are double exponentially

distributed (b = 0.570371).
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Figure 6: The figure shows curves for squared bias, variance and mean squared error for Example
5.6, i.e. g(e) = (,2 — 1)7 in the heteroscedastic setting. The solid lines correspond to Fj,
the dashed lines to the new estimator F,,. The error distribution in the first row is standard
normal, in the second row standardized t-distribution with five degrees of freedom and the
standardized double exponential distribution in the last row. The two variance curves coincide

for all considered distributions. In the normal case the dashed bias curve vanishes.
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Figure 7: Example 5.1. The figure shows the MISE as a function of ¢, where for the bandwidth
it holds that » = ¢/n'/*. The sample size is n = 50 in the left panels and n = 100 in the right
panels. The error distribution is standard normal in the first row, t3 in the second, and double
exponential in the third row. The solid curves (curves 1) correspond to Fn, whereas the dashed

curves (curves 2) correspond to F,.
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Figure 8: Ezamples 5.3 (left panel) and 5.5 (right panel). The figure shows the MISE as a
function of ¢, where for the bandwidth it holds that h = ¢/n'/*. The sample sizes are n = 100
in the left panel and n = 50 in the right panel. The error distribution is standard normal in
the first row, t5 resp. t3 in the left and right panel of the second row, and double exponential in

the third row. The solid curves (curves 1) correspond to F,,, whereas the dashed curves (curves

2) correspond to F,.
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