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0����y(���>9(��74z4��!3m�!� �7ik(�<?>7�,�r~}B�4��!� ��*�A$BDC7� �,:;3¸%D�!:z(+<?>�"$�,�ob�#�3=3H(�%D�!�²��C��,A�4�� ��V��!��"H3=<?>�A$�F"$"jg
s��,A=ik(+>�A$�!����C��,Aj"HA$(�%D�,�}3$��<?>¨(+#�<?>¨(+#7i¸(+��4��,A=�`4768�9(�:;� 3$<?>7��@y� ��47�,A$�7� 3$*7A$BDC����,:;��/9§m�,��4��!:
���Ó')(+*���"$�,�wT¢C��!"$AH(�<?>P"$�!"H�!�¼M�*��,f!�´(��Fik(�� ��4��!3x4768�9(�:;� 3$<?>7�,�±@�����4��,A=��� 3=*�A$B�C�� �!:o3S3=� ��4Ó4����
0���3$W�A$�X"H��3$� �!A$#��7%D�,�}i���A�47� �`��� <?>P"�BD*7"$� :o(�� �!��{|(�AH(+:o�X"H�,A5����<?>P"�sD�!A$�����7i�"$� %�/�b�#�<?>¶4�����§m�Xg
4�����%D#��7%�©l49(�3=3z4��!Az'yBD�P"?(�WP";i���Ao4�(�3²d�g

α h �!A=ik(�>7A$�,�¬:o�F";4��,�ª{.(�A$(�:o�X"H�!A$�
Pα

%D�!�9(�#
f!#¨4��!:×V��!��"$*�#���WP"��,� �7�,3�V��,��"$3$<?>�A=��"="H3y�,A=i�B�� %D�!��:S#73$3,©���C��,Aj"HAHu+%�"y3$� <?>�/�0����,3=��§w�!4�� �7%D#���%
:o(�<?>P"z�!� ���}%D�!�9(�#���]É(+>��54��,A²V��,��"$3$<?>�A=��"="H�´u+��%D�r�,Aji�BDA$47�,A$��� <?>±#���4¥3=<?>�AHu+��WP"²49(�:;��";4����
h �!A=Om�,��4�#7��%z4��!3�d2g

α h �,A=ik(+>�A$�!��35�,� ��/
R.�7A�4��!�±���µ'`(�*��F"H�,��T¶C��!"$AH(�<?>P"H�X"H�!�¥M�*��,f!�´(��Fik(�� �l47�,3¯4768�9(�:;� 3=<?>��,�Ó@y� ��47�,A$�7� 3$*7A$BDC����,:;3
��3="e4����x(��9(��F6�"H� 3=<?>��;��ÂD3$#��7%}C��,Wv(��7��",/¹0��,3=>9(���CqWv(����Î4��!A)0�� 3=W8A=�!"$� 3$���,A=#���%D3ji��,>����,Ae��#�:;�Xg
A=� 3$<?>±C��,A$�!<?>����X"zOm�,A$47�,��/�02(�:;��"x��3="x�!3o:;ÂD%D��� <?>�©|b�#�3=3H(�%D�!�ª��C��,Ax4����}'�BD�PsD�!A$%D�!��f¨47�,A
��#�:;�,A=� 3$<?>7�,�±��ÂD3$#��7%¢%D�,%D�!�µ4�� �²(��9(��F68"$� 3=<?>��r��ÂD3$#7��%¢f,#Ó:o(�<?>��,��/¸02(�f!#µO5� A$4µ47� �zb�C�g
>9u+��%D� %�W��,�F"54��,3�0���3$W�A$�X"H� 3=� �!A$#���%�3=i��,>7� �,A=3psDBD��4��,�¨{.(�A$(�:o�X"H�!A$�}4��,A�V��,�F"H3$<?>7A$��"="$s��,A=ik(+>�A$�!��©



�8�����+�8� ��Ñ���Ò Ø
4��,A�V��,�F"H3$<?>7A$��"="H� u���%D�x#���4q4��,A�G��X"Hf!Om�,�F"H�o#��P"H�,A=3$#�<?>P",/l0��,�_W8���,����3="$�,�µ0���3$W�A$�X"H��3$� �!A$#��7%D3jg
i��,>����,Ap�,A=>9u��F"5:z(���©7Ow�!���}49(�3yG��XO5:z(�A=W h �,Ajik(�>�A=�,�}:o�F"

γ = β = 1
2

s��,AjOw�!��4��!"�O5� A=4�/
0�� �QÙe#�(�� �F"?u+"¹4��!Al0���3$W�A$�X"H� 3=� �!A$#���%�>9u���%�"|����<?>�"¸�8#7A|sDB��¯4��,�x{|(�AH(�:;�!"$�,A=�S4��,3lV��,��"$3$<?>�A=��"="=g
sD�,Ajik(�>�A=�,��3!©v47�,A|V��,�F"H3$<?>7A$��"="H� u���%D�¸#7��4�47�,A°G��X"Hf!Om�,�F"H��3$B���4��,A=�S(�#7<?>)s�BD��47�,��b��7ik(���%�3=Om�,Ajg
"H�,�z#���4r4��!��@�� �74��,A=��� 3=3$�,��(+C�/70��,3$>�(�� CzOm�,A=4��,�����r'`(�*���"$�,��Z)s��,A$3=<?>�� �!4��,�7�)4�6���(�:o��3$<?>��
@�� �74��,A=��� 3=*�A$BDC7� �,:;��C��!"$AH(�<?>P"$�!"�©�i���AQ4����24�� �ed`�!3H(�:�"$�,���!A$%D����Owu�>�A$�!��4�4��,A5�5�,<?>7�8#7��%o�!Ajg
>9(���"$�,�q� 3=",/.0�(�i���A�47� �,3=�²{lA$B�C�� �!:o�oW��,�����²(+�9(���6�"$� 3$<?>7�,�µ��ÂD3=#���%D�!�µC��!W+(+���P"¯3$����4�©¹O5� A$4
4��,A.���7�,A$%�� �!s��,A=� #�3j"¸OQu+>�A$�!�;47�,Al�5�,<?>���#��7%`(�� 3¸~¨( Ì i���A|4�� �QÙ2#9(�� �F"?u+"°4��!Al0���3$W�A$�X"H� 3=� �!A$#���%
sD�,AjOw�!��4��X"�/�M8� �2O5� A=4}s�BD�¨47�,AyR9BDA$:�47�,A5b��7ik(+��%D3H(+#�3$���,��W�#���%o#���4�4��,3�@�����4��,A=��� 3=3$�!3�C��Xg
�,� ��9#�3$3j"�/8R.��A�49(+3wGy�!O5:o(�A$W h �!A=ik(�>�A=�,�o:o�F"

γ = β = 1
2

��3="�4��,Am�l� �7�#�3$3�� :Ú(+� � %��,:;�,� �7�,�
3$B®%D�,A=� ��%�©|49(�3=3o�!Axs��,A=�9(�<?>�� u�3$3=� %�"xOm�,A$47�,�ªWv(��7��/�G�#�A¯Om�,���¬3$�!>�Ao3=<?>�:o(�� ��@y� ��4��!A$����3jg
3$�rC��!"HA$(�<?>P"H�X"¯Ow�!A$4��!��©l� 3j"¯4�� � h �,AjOw�!��4�#���%®4��!3xG��!O5:o(�A=W h �,Ajik(�>�A=�,��3¯����<?>P"¯3$�����PsDBD���È©
49(¨>�B8<?>7i�A$�!Ô�#��,�P"H��M�<?>PO5����%D#���%��,�Ó�,�P"H3j"H�!>��,��©l47� �z�7� <?>P"¯%D�!49u�:;*7i�"�Om�,A=4��,��/�R|��A�3=BD� <?>��
{�A=BDC����,:Û3$BD����"H��02(�3yd�g

α h �,A=ik(+>�A$�!�r:o�F"Q4��!��{.(�A$(�:o�X"H�!A$�
Pα

s��,A=Om�,�74��!"yOw�!A$4��!��/�0��!���
� :Üd`�!%D�,�73H(+"$fpf,#�:ÜG��XO5:z(�A=W h �!A=ik(�>�A=�,�¯49u+:o*7i�".�,3l4����w>�B8<?>7i�A=�,Ô�#��,�P"$�,�rM8<?>�O5����%D#��7%D�,��/
V�#�4��,:ÜWv(����¯�,3¸s��,AjOw�!��4��!"�Om�,A$47�,��©DOm�,���;49(�3�@y� ��47�,A$�7� 3l(��7�9u�>��!A$��4x4��!A�R�B�A$:Ý4��,Alb�#�3jg
� �,�7W8#7��%¶f,#7:ÞV��,�F"H*�#7��WP"S4��!3¯'�BD�P"H(�WP"H3¯�,�P"$3$*�A=� <?>P"�/¸«n�É(���4��!A$�,�±R¸u+� � �!�®i��7>�A="¯4�(�3xd�g

α

h �,A=ik(+>�A$�!�¨(�#�i.W+�,� �7�`s��,A=�8�7�7i�"H��%D�,�¨0�� 3=W8A=�!"$� 3$���,A=#���%D�!��/
«n�ª'`(�*��F"H�!�5\ÎOm�,A=4��,�¬f!Om�,��§w�,��3$*����,� �²i��7A;4�6���(�:o��3$<?>��¨M���%D��BDA=� ���w{�A=BDC����,:;�}��#�:;�,A=� 3=<?>
%D�,��ÂD3=",/�0�(�C��!�|Om�,A=4��,�ÎW��!� ���Sß��P"H�!A$3$<?>7� �,47�¯f!O5� 3=<?>��,�¢47�,�Î�5�,3$#7��"?(v"H�,��i���A�49(+3`d2g

α h �!Ajg
ik(�>�A$�!�¯:o�F".47�,�;{.(�A$(�:;�!"H�!A$�

Pα

#7��4¯4��,�7�,�¯i���A¸49(+3�G��!O5:o(�A=W h �!A=ik(�>�A=�,�x:;��"
γ = β = 1

2C��!BDC9(�<?>P"H�X"�/90�(S49(�3yd�g
α h �,A=ik(+>�A$�!�}��#�:;�,A=� 3=<?>r4�� 3=3$� *�(+"H�Fso��3=",©�3=BD� �F"H���!3pf,#�AQ0�� 3=W8A=�!"$� 3$���Xg

A$#���%¯s�BD�¨4768�9(+:o��3$<?>��!�¶M���%D��BDA=� ����{lA$BDC����,:;�,�rsD�!A=Om�,��47�!"�Om�,A=4��,��/
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V�#�§m�,%D������4�� �!3$�,3y'`(�*��F"H�!� 3mOm�,A=4��,��4�� �e%�A$#���47� �,%��,��4��!�¨GyB�"?(v"H� B����,�r�!� ��%D�Xi���>�Aj"�©�4����ef,#�A
R�B�A$:S#���� �!A$#���%¯47�,3y4768�9(�:;� 3$<?>7�,�¢@y� ��4��!A$����3$*�A=BDC����,:;3QsD�,AjOw�!��4��X"2Ow�!A$4��!��/�b���3$<?>7� � � Ì �,�74
O5� A$4�49(�3�4768�9(�:;� 3$<?>7�S@�����4��!A$����3$*�A=BDC�� �!:�� �}3$�!� ���!A�W��´(�3=3$��3$<?>��!�ÎR�B�A$:Ë(���%��,%D�!C��!��/�0�(�Ajg
(�#�3mO5��A$4²47� �y3$<?>POQ(+<?>��)R�B�A$:S#���� �!A$#���%)� �zR9BDA$:Ú�!� ���!A h (�A=�´(+"$� BD��3=#���%D���,��<?>8#7��%)(�C�%D�!� �,�F"H�X"�/
h BD�¢4��,A�3$<?>POQ(+<?>��,�µR9BDA=:×(+#�3$%D�!>��,�74ÎO5��A$4¢49(+324768�9(�:;� 3=<?>��x@�����4��,A=��� 3=*�A$B�C�� �!:Í���¢4��,A
V��,��")4���3$W�A$�X"H��3$� �!A=",/¹02(�C��,��� 3j"�����ë=�!4��,:NV��!��"H3=<?>�A$�F"$")�,���µ~������ :;� �!A$#��7%D3$*�A=BDC����,:Í:o�F")G��Xg
C��!�8C��,47� ��%D#7��%D�,�rf!#r� ÂD3=�,��/�02(�3p~�� ����:o���,A=#���%D3=*�A$BDC7� �,:ÜO5� A$4z:o�F"w4��!AQR.������"$�,�z�����,:;�,�P"H�
~��!"$>�B�47�x(�#7im�,� �¢�!��4���� <?>Î4�� :;�,�73$� B��9(�� �!32{lA$B�C�� �!:ìA=�,4�#�f!� �!A="�©�4�(�3e:o�F"24��!:×<!%+g�{�M�M�[e�
h �,A=ik(+>�A$�!�¬%D�!� ÂD3j"xO5� A$4�/�V�#�:íb�C73$<?>���#�3$3o4�� �!3$�,3o'`(�*��F"H�,��3SOw�!A$4��!�¥��B8<?>ª�!� ����%D�²Ow�!��"$�,A$�
3$<?>POQ(+<?>��¯R9BDA$:�#�� ���,A$#7��%D�,�z4��,3y4768�9(�:;� 3=<?>��,��@�����4��,A=��� 3=*�A$B�C�� �!:o3p(+��%D�,%��,C��,��/

Ä9îkÄ�îoï�ð9ñ�ò�ñYókð�ô¹õ8ô
«n�¨4����,3$�!:Ëb�C�3=<?>�����"="�Om�,A=4��,�¶47� �)%DA$#��74�� �!%D�,��47�,�¶GyB�"?(v"H� B����,��#���4¶§m�,%DA=��³����!� ��%D�Xi���>�Aj"�©
4�� �5� �;4����,3$�!Amb�A$C��,�F"�C��!�8#�"Hf!"mOw�!A$4��!��/������rM�<?>POm�,A=*�#���WP"p��3="�4�� ��0��X¦9����"$� BD�x4��!AQM8BDC�B�� �!sPg
��u�#7:o�!��©D� �x4��!���,�o4�� �5��ÂD3=#���%D�!�o47�,3�4768�9(�:;� 3$<?>7�,�o@�� �74��,A=��� 3=*�A$BDC7� �,:;3l�,�P"$>9(���"$�,�x3$����4�/
~���"

Ω
O5� A=4¥�,�����¨º°�,��� :;�,��%D��4��!3

Rd
C��!f,�,��<?>����X"�©wOmBDC��,�

d = 1, 2, 3
%D� �F"�/�0����¶~��!��%D�

Ω
>��,� Ì "xde�,C����!",©°Om�,���µ3=� �oB�³��!�µ#���4Éf!#�3H(+:o:;�,��>�u���%D�!��4µ� 3j"�/°«n:1i�B�� %D�!��4��,�_3$�,�

Ω
�,���

C��!3$<?>�A$u���WP"H�!3ede�,C����!"5:;��"
Γ := ∂Ω

/
0�� �p���;47� �,3=�,A�b�A=C��!��"ls��,A=Om�,�74��!"$�,�}M�BDC�BD���!sPg��yu�#�:;�QC9(�#7�,�o(�#7i�4��,�o��u+#�:o�!�

L2 (Ω)
#7��4

L∞ (Ω)
(�#7i�/�02(�C��,�¸��3="

L2 (Ω)
4����x~��!��%D�;(�� ���,A�R9#���WP"H��BD���,�

u
©�47�,A$�!�qÙe#�(�4�AH(v"e��C��,A

Ω�¹�!C��!3$%D#7�Xgn���P"H�,%�A$� �!A$C9(+Al� 3=",/�V�Om�,��R9#���WP"H��BD���!�
u

#���4
v

Om�,A=4��,�z:o�F"H�,���9(���47�,A.��4��,�P"$��¦9f!� �,Aj"�©
Ow�!���

u (x) = v (x)
i��7AQik(�3="y(���� �

x ∈ Ω
%D� �F"�/�0�#�A$<?>�49(�3�M�Wv(��´(+A$*�A=B�4�#7W�"

(u, v) :=

∫

Ω

uv dx

O5� A$4
L2 (Ω)

f!#��!� ���!:�@���� C��,A="jg��y(�#�:ö:;��"p4��!AyG�BDA=:

‖u‖ :=
√

(u, u).

0��,Am§Q(��9(+<?>�AH(�#7:
L∞ (Ω)

C��,3j"H�,>P"Q(�#�3m(�� ���,�;R9#���WP"H��BD���,�
u

©P4�� �pik(�3j"w�7C��!AH(����9C��!3$<?>�A$u���WP"
3$� �74�/D02(+C��!��Ow�!A$4��!�zR9#���WP"$� BD���!��©�47� �Qik(�3j"l��C��,AH(+� �7%�� �,��<?>¯3$����4�©�:;��"$�,���9(���4��!A.��4��,�P"H�F¦9f,���,Aj"�/
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b�� 35G�B�A$:ÃO5��A$4

‖u‖∞ = ess sup
x∈Ω

|u (x)|
%D�XOQu+>���",/Y��������(�#�3ji���>�A$��� <?>���0��X¦9���F"H� B��)#7��4S§w�X"HA$(�<?>P"H#���%�4��,A°�yu�#�:;�

L2 (Ω)
#7��4

L∞ (Ω)¦9�74��!"y3$��<?>����®»J½��7Á¹'`(�*��F"H�,�
1
/

Gy#��SOw�!A$4��!�x4�� �QM�BDC�BD� �Xs�gn��u+#�:o���,����%D�Xi���>�A=",/�R|��A¸�,�����w47�!"?(+� � ��� �!A="H���l� ��i���>�A$#7��%�O5� A=4¯(�#7i
»LÅ7Á¹'`(�*���"$�,�

5
s��,AjO5� �,3=�,��/��l353$�!� �,�

u, v ∈ L2 (Ω)
#7��4

α
�!� ��~�#��F"H��� ��4�����/�02(��7����3="

v
4�� �

3=<?>�Ow(�<?>���*9(�Aj"H� �!� ���2b�C����,�F"H#���%¯47�,A�[2A$4���#���%
α

sDB��
u

©9W�#�A$f
Dαu = v

©7ik(+� � 3
∫

Ω

uDαφ dx = (−1)|α|
∫

Ω

vφ dx

i���A`(+� � ��º|�!3="$i�#7��WP"H� B����,�
φ ∈ C∞

c (Ω)
��3="�/�02(�C��,��� 3j"

C∞
C (Ω)

4��!A)��(�#7:×4��!A)#7���,��47� � <?>
B�i�"547��³��,A$�!��f,���,A=C9(�A$�!�}R�#7��WP"H� B��

φ : Ω → R
©�4����e�,�����,�}W�BD:;*9(�WP"$�,�}º|A$u�%D�,A5C��,3=��"Hf!�,��/

0��!A�M�BDC�BD� �XsPg��y(�#�:
Hk (Ω)

�,�P"H>�u���"�(+� � �wR9#���WP"H��BD���,�
u

(�#�3
L2 (Ω)

©vi���Al4����Q4�� �w3$<?>POQ(+<?>��
b�C�� �!��"H#7��%

Dαu
i���Amë=�,47�,�_~�#���"$� ����4����

α
:;��" |α| ≤ k

����� 3j"H� �!A="`#��74®f!#
L2 (Ω)

%D�!>�ÂDAj"�/
0��!Ay��(�#7:

Hk (Ω)
� 3j"5�,� �}@y� � C��,Aj"HA$(�#�:Û:o�F"p4��,:�M�Wv(��´(�A=*�A$B84�#�WP"

(u, v)k :=
∑

|α|≤k

(Dαu,Dαv)

#��74�4��!A5f,#�%D�!>�ÂDA=� %D�!��GyBDA$:

‖u‖k :=
√

(u, u)k =

√
∑

|α|≤k

‖Dαu‖.

~��F"
Hk

0 (Ω)
O5� A=4}47�,A5b�C�3=<?>�� #73$3�s�BD�

C∞
C (Ω)

���}47�,AyG�BDA=: ‖·‖k

C��,f!�,��<?>����!",/
R.�7A

u, v ∈ H1
0 (Ω)

� 3j"54�#�A$<?>
a (u, v) := (∇u,∇v)

�!� ���m3=68:o:;�!"$A$��3$<?>��p§m� � ������(+A=i�BDA=:¤%D�!%D�,C��,��/DM�� �m� 3j"¸�,��� ��*7"H��3$<?>�©�49(+3¸>��,� Ì "�©v�,3.%D� �F"|:;��"
µ > 0

a (u, u) ≥ µ ‖u‖2
1 .

���X"Hf!"�Om�,A$47�,�}M�BDC�BD���!sPg��yu�#�:;�5:o�F"��,� �7�,AwV��,��"$W�BD:;*�BD���,�P"$��C��!"$AH(�<?>P"H�X"�/8«n:Úi�BD� %D�!��4��!�o3=�,�
X

�,���¢A$�!�,� ���,A`§Q(+�9(�<?>�A$(�#�:}/�]_�!��"$�,A23=�,�
I := [0, T ]

�!� �Î«n�P"H�!A=s+(�� �.:o�F"
T ∈ (0,∞)

/�0��!A
�y(�#�:

L1 (I;X)
C��,3="$�,>P"�(�#�3y(�� ���,�r:;�,3=3$C9(�A=�,�¨R�#7��WP"H� B����,�

u : I → X
©7i���A54�� �

‖u‖p :=

∫ T

0

‖u (t)‖X dt <∞
%D����",/70�����~��,��%���(+� � �!AQ:;�,3$3=C9(�A=�,��R�#7��WP"H� B����,�

u : I → X
:;��"

‖u‖∞ := ess sup
t∈I

‖u (t)‖X <∞



�=ù ��ù�ú�����ú�û�����üw�´�,�7���o������ú����������Xý8��þ�ÿ7����ü �
>��,� Ì "

L∞ (I;X)
/80��!AQ�y(�#�:

C (I;X)
3$�!��47� ��~��,��%��2(���� �,Al3j"H�X"H� %��,�²R9#��7W�"$� BD�7�,�

u : I →
X

:;��"
‖u‖C := max

t∈I
‖u (t)‖ <∞.

0�� �`�yu�#�:;�
Cn (I;X)

Ow�!A$4��!�¢(��9(���BD%S4��X¦9�����,A=",/
M��,�

u ∈ L1 (I;X)
/¹�l� ���;R9#���WP"$� BD�

v ∈ L1 (I;X)
� 3j")�,� �7�¯3$<?>POQ(+<?>��²b�C7� �,�F"H#��7%�s�BD�

u
©

%D�,3=<?>�A$���,C��,��(�� 3
u̇ = v

©7Om�,���
∫ T

0

φ̇ (t)u (t) dt = −
∫ T

0

φ (t) v (t) dt

i���A;(�� ���²º|�!3="=i�#���WP"H��BD���,�
φ ∈ C∞

C (I)
%�� ��",/¸0�����f!Om�,��"$��V��,��"H(�C����,��"$#���%¶s�BD�

u
O5� A$4µO5���

%D�!OmBD>��P"�(�� 3
ü := v̇

:;��"
v = u̇

4��!¦���� �!A="�/
0��,AyM�B�C�BD���!sPg��y(�#�:

W 1,∞ (I;X)
C��,3="$�,>P"y(�#�3Q(�� ���,�rR9#���WP"$� BD���!�

u ∈ L∞ (I;X)
©�i��7AQ4�� �

4�� �e3=<?>�Ow(�<?>���b�C����,��"$#���%
u̇

����� 3j"H� �!A="5#��74�f!#
L∞ (I;X)

%��,>�ÂDAj"�/7]q�,�F"H�!Ap� 3="

‖u‖1 := ess sup
t∈I

(‖u (t)‖X + ‖u̇ (t)‖X)

4�� �lf!#
W 1,∞ (I;X)

%D�,>�Â�A$�,�74��wGyBDA$:}/�0��!A.�y(�#�:
W 2,∞ (I;X)

O5� A=4�(+�9(�� B�%p4��!¦9�7� �,Aj"�/�«n:
��(�>7:o�!�o4����,3=�,Awb�A$C��,�F"�Om�,A=4��,�r��#�Am4�� ��R¸u���� �

X = L2 (Ω)
#���4

X = H1
0 (Ω)

s��,AjOw�!��4��!",/

Ä9î ½�î��rò
	���¹ô¹ò
�Éó�	����°õ��¨ókô��¹õ��+ô°ó�	����Yð����kõ��
«n�¶4�� �!3$�!:ìb�C�3$<?>��7��"$"�O5� A$4�f,#��!A$3j"`4�� �`]_�!� ���,��%D���,��<?>8#7��%os�BDA$%D�!3="$�,� �F"�/�02(�A$(�#7i�(�#7i�C�(�#��,�74
O5� A$4�49(+����4�(�354768�9(�:;� 3$<?>7��@y� ��47�,A$�7� 3$*7A$BDC����,:Ûi�BDA$:S#7� � �!A=",/
0�� �2]q�,��� �,�7%D� �!� <?>�#���%¯� (�#7"H�X"
� -D/JI�/F- �

ü−4u = f

i���A
u ∈ C2 (I;C2 (Ω))

/�~¨(��}3$�X"HfX"yi��7A
v ∈ C2 (Ω)

4v :=
d∑

i=1

∂2u

∂x2
j

.

0��,Ap0���³��,A$�!�P"H�´(+� BD*��,A$(+"HBDA 4 >��,� Ì "Q�¹(�*7�´(�<!�Xgj[2*��,A$(+"HBDA!/D]_�!��"$�,Aw3=�,��4�� ��A$�,<?>P"$�`M��,�F"H�
f

4��!A
]_�!� � �!��%D���,� <?>�#��7%x(�#�3

C (I;C (Ω))
/�0�� �)§w�X"HAH(+<?>�"$#���%o4��,3�{lA$BDC����,:;3p�,Aji�BD� %�"wi���A

Ω ⊂ Rd

:o�F"
d = 1, 2

/°0�� �;]_�!� ���,��%D���,��<?>8#7��%¨��3="��,� �qsD�,A=�,���7ik(�<?>P"H�!3;~�B�47�,� �li���A�4�� �zM�<?>PO5� �7%D#���%
�,� �7�,AyM7(��F"H� �

d = 1
�wB�47�,Ap�,�����,A�~��!:SC�A$(�� �

d = 2
�X/

«n:ì�y(�>�:;�,�¨4�� �!3$�,A�b�A=C��!��"yOw�!A$4��!�®��#�A2G�#���� AH(+��4�C��,4�����%D#���%��,��(��¶4����S��ÂD3$#7��%²%D�!3="H�!� �F"�/
V�#�4��,:ËOm�,A$47�,�Îb��7ik(+��%D3=Om�,Aj"H�

u0 ∈ C (Ω)
#���4

v0 ∈ C (Ω)
s�BDA$%��,%D�!C��!��/�02(�:;��"��,A=%D� C�"

3$� <?>}49(�3pi�BD��%D�,�74��`{lA$BDC����,:}/



�"! �$ù8ú�����ú�û�����üw���!�7���;��� ��ú����������!ý���þ�ÿ��+�7ü
#%$'&)('*�+-,Ú-D/JI�/F-�..de�,3=#�<?>P"Q� 3j"��,�����yR�#7��WP"H� B��

u : Ω× I → R
(�#73

C2 (I;C2 (Ω))
3$B7©P49(�3$3

ü−4u = f
(�#7i

Ω × (0, T ]

u = 0
(+#7i

Γ × I

u (t = 0) = u0

(�#�i
Ω

u̇ (t = 0) = v0

(�#�i
Ω

:;��"
f ∈ C (I;C (Ω))

©
u0 ∈ C (Ω)

#��74
v0 ∈ C (Ω)

%D����",/

b�#�3$%D�!>��,�74Îs�BD�Î{lA$BDC7� �,:N-D/JI�/F-�O5� A=4¶49(�3e4768�9(+:o��3$<?>��¯@y� ��47�,A$�7� 3$*7A$BDC����,:ËC��,3$<?>7A$� �!C��!��/
02(+3²@�����4��!A$����3o3=�,�y4�#�A$<?>¼�!� ����R9#���WP"H��BD�

ψ : Ω → R
:;��"

ψ ∈ C (Ω)
%D�,%��,C��,��/mb�� 3

'yBD�P"?(�WP"$9u�<?>��
ΩC (t) ⊆ Ω

O5��A$4¨47� ��~��,��%��S(���� �,Ay{l#���WP"$��©�i��7A�4����
u (x, t) = ψ (x)

%D� �F"�©
C��,f!�,� <?>7���!",/�0�(�3y@�� �74��,A=��� 3p3=�,��4�#�A=<?>¨4����`§w�,47� ��%D#7��%
� -D/�I8/�I/�

u (x, t) ≥ ψ (x)

i���A�(+� � �
t ∈ I

#���4;(���� �
x ∈ Ω

C��,3=<?>�A$���,C��,��/80��!�zR�(����
u (x, t) ≤ ψ (x)

�!A$>9u��F"�:z(+��©�����4��,:
:o(���ß���%D���,��<?>8#7��% � -D/JI�/�I0��:;��" −1

:S#���"$� *���� f!� �,Aj"�/![2>����w§w�,3=<?>�AHu��7W8#7��%24��!A|b�� � %��,:;�,� �7>��,�F"
C�A$(�#�<?>P"y4��,3=>9(���C���#�Ayß��7%D� �!� <?>�#���% � -�/�I�/JI/�wC��!"$AH(�<?>P"H�X"�f!#}Om�,A=4��,��/

ßy: 4����pG�B�"H(+"H��BD�Sf!#xs��,A=�,� ��ik(�<?>��,��©�O5��A$4x(��7%D�,��B�:o:;�,��©+49(�3=3
Ω

���¯4��,A
x1

g
x2

�lC��,���5��� �,%+"
#��74�4����eb�#�3=� �!��W�#���%;� �}�y��<?>P"H#���%;4��!A

x3

bp<?>�3=���,Aji�BD� %+"�/��l3pO5� A=4

σN :=
∂2u

∂x2
3%D�!3$�X"Hf!",/�G�(�<?>_»J½�½7Á�:S#73$3yf,#�3$u+"Hf!� � <?>�f!#¨§w�!4�� �7%D#���% � -�/�I�/JI/�w��B8<?>}4�� �`§w�!4�� �7%D#���%

� -D/�I8/J&1� σN (t, x) = 0
i���A

x /∈ ΩC (t)

σN (t, x) ≤ 0
i���A

x ∈ ΩC (t)
�!A=i�������"p3=�,� ��/90�� �)§w�!4�� �7%D#���%D�!� � -D/JI�/JI/�w#���4 � -D/JI�/L&1�mOm�,A$47�,�¨47#�A$<?>
� -D/�I8/LT��

σN (u− ψ) = 0

f!#�3H(�:;:;�,��%D�Xik(�3$3j"�/|0�� �z§w�,47� ��%D#7��% � -D/�I8/LT��eO5� A=4_W�� ���!:z(v"H� 3=<?>��²'yBD�P"?(�WP"$C��!4�� ��%�#���%¶%D��g
�9(+���P"�/9«n��3=%D�,3$(�:�"y�,A=%D� C7"53=� <?>}49(�3pi�BD��%D�,��47�e{lA$BDC����,:}/



�$ù ÏXù��,�7�-2y���7���43Dþ���üwÑ��v�´���9Ñ���Ò �$�
#5$6&7('*�+�,Õ-D/JI�/JI8.pd`�!3$#�<?>P"¯��3="��,�����²R9#���WP"$� BD�

u : Ω × I → R
(�#�3

C2 (I;C2 (Ω))
:;��"

�,� �7�,:�C��,3=<?>�AHu��7W�"$�,�¶d`�!C�� �X"
Ω ⊂ Rd

©
d = 1, 2

©�3=Bo4�(�3$3

ü−4u = f
(+#7i

Ω × (0, T ]

u = 0
(�#�i

Γ × I

σN (u− ψ) = 0
(+#7i

Ω × I

u (t = 0) = u0

(�#7i
Ω

u̇ (t = 0) = v0

(�#7i
Ω

%D� �F"�/m02(�C��,�e3$�!�
f ∈ C (I;C (Ω))

3$B�O5���®47� �¢C��,� 47�,�áb��7ik(��7%D3=Om�,Aj"H�
u0 ∈ C (Ω)

#���4
v0 ∈ C (Ω)

%D�,%��,C��,��/

0�� �`{lA$B�C�� �!:o�S-�/�I�/F-e#���4®-D/JI�/JI�Ow�!A$4��!�¶(���3QW��´(�3=3$� 3=<?>��)R9BDA$:S#7� � �!A$#��7%D�,�²#7��4���>�A$�2�¹Â�3$#���g
%D�,��(�� 3wW8� (�3$3=� 3=<?>�����ÂD3=#���%D�!��C��,f!�,��<?>����!",/

Ä�î�¾�î:9;���6<Sò
���¹õ>=�ð-���@?A� ó�õ��B?°ôDC
«n�_4����,3$�!:1b�C�3=<?>�����"="�Om�,A=4��,�µ4����x3$<?>POQ(+<?>��,�¬R9BDA$:S#7� � �!A$#��7%D�,�¢i���A)4�� �o{lA$BDC7� �,:;��-D/JI�/�-
#���4®-D/�I8/�I¯(���%��,%D�!C��!��/
V�#�A�3=� ���Ps�BD� ���,�¶R9BDA=:S#���� �,A=#���%x4��!A�3$<?>POw(�<?>��!�_R9BDA=:�4��,A�{�A=BDC����,:;��A=�,� <?>P"��,3e(�#73,©�Ow�!���
f ∈ L∞ (I;L2 (Ω))

©
u0 ∈ H1

0 (Ω)
#���4

v0 ∈ L2 (Ω)
%D� �F"�/¹b���3Sb���3$(+"Hf!AH(�#7:Õi���AS47� �z3=B

%D�,�9(+���P"H�,�}3$<?>POw(�<?>��!�Î�¹Â�3$#���%��,��O5��A$4

V := W 2,∞
(
I;L2 (Ω)

)
∩ L∞

(
I;H1

0 (Ω)
)

%D�!Owu�>��F"�/|R�#7��WP"H� B����,�
v

(�#73
V

3=� ��4_� �É4��!: �y(�#�:
C (I;L2 (Ω))

�,�P"H>9(+��"H�!� � 3=� �,>7�¶»LÅ�Á
b�C�3=<?>�����"="

5.9.2
�X/

~���"54����,3=�,��G�B�"H(+"H��BD���,�r� (�#7"$�!"54����e3$<?>POQ(+<?>��¯R9BDA$:�#�� ���,A$#7��%�sDB��¨{lA$B�C�� �!:^-D/JI�/�-`49(+����/
#5$6&7('*�+�,Ë-�/J&7/F-�.�de�,3$#7<?>�"�� 3j"5�,�����)R�#7��WP"H� B��

u ∈ V
:o�F"

� -D/L&7/F- �
(ü (t) , ϕ (t)) + a (u (t) , ϕ (t)) = (f (t) , ϕ (t))

i���A5(�� ���eR9#���WP"H��BD���!�
ϕ ∈ H1

0 (Ω)
#���4�i���Apik(�3="y(+� � �eV��,��"$�,�

t ∈ I
/�V�#�4��,:·3$BD���

u (t = 0) = u0
#���4

u̇ (t = 0) = v0

%D�,�F"H�,��/

0�� �²3=<?>POQ(�<?>7�¨R9BDA=:S#�� ���,A=#���%¨���,�F"H�!"�3$��<?>µ4�� A=�,WP"x:o�F"$"$�,� 3)*9(�Aj"H���,� ���,A)«n�P"H�,%�AH(+"$� BD�µ(+#�3¯4��,A
W8� (�3$3=� 3=<?>��,�¨R�B�A$:S#���� �!A$#���%¯>7�,A,/��l� �7��(+�9(���6�"$� 3$<?>7��ßy�P"H�,A=3$#�<?>�#��7%r4��,A��l� %D�!��3$<?>9(vi�"H�,��4��,A



�n� �$ù8ú�����ú�û�����üw���!�7���;��� ��ú����������!ý���þ�ÿ��+�7ü
��ÂD3=#���%

u
3$B�O5� �¶�!� ���!�Ê§w�!Om�,��3r� >�A=�,Ar�)��� 3j"H�!��f¢#���4Ê�l� �74��,#7"$� %DW+�,�F"²¦9��4��X"r:o(��¼� �ç»LÅ7Á

'`(�*��F"H�!�
7.2

/
b�#7iw47�,Ae� �®{lA$B�C�� �!: -D/L&7/F-¯49(�A$%��,3="$�,����"H�!�Î3$<?>POQ(+<?>��,�µR9BDA=:S#���� �,A=#���%zs�BD�q{�A=BDC����,: -�/�I�/F-
C9(+#7"54�� �e3=<?>POQ(�<?>7�¯R9BDA$:S#7� � �!A$#��7%�sDBD��{lA$BDC7� �,:×-D/�I8/�I¯(�#7i�/
0����)~��,�7%D�

K
4��!AyW������,:o(+"H��3$<?>�f,#7�´u�3=3$� %��,�}��ÂD3$#��7%D�,��� 3="547�!¦9�����,Aj"y(�� 3

K := {ϕ ∈ V |ϕ (x, t) ≥ ψ (x)
i�/U��/�(�#�i

Ω × I} .
0����p~��!��%D�

K
��3="¸W+BD�PsD���;#���4x(�C�%��,3$<?>7� BD3=3$�,��/D«n��»J½�½7Á7O5��A$4S4�(�:o�F".47� �mi�B�� %D�!��4��w3=<?>POQ(�<?>7�

R9BDA=:S#�� ���,A=#���%ws�BD�S{lA$B�C�� �!:Ú-D/�I8/�IQ� ��R9BDA$:¤�,� �7�,A�s+(�A$� (+"H��BD���,��� �!�eß���%�� �,��<?>�#���%y>��,A=%D�,���,��"$�!",/
#%$'&)('*�+-, -D/J&�/�I8.°de�,3$#7<?>�"���3=".�,� �7�QR9#���WP"H��BD�

u ∈ K
:o�F"

u (t = 0) = u0

#7��4
u̇ (t = 0) =

v0

3=B�©949(�3=3pi���A5(�� ���
ϕ ∈ K

#7��4}ik(+3="y(���� �
t ∈ I

(ü (t) , ϕ (t) − u (t)) + a (u (t) , ϕ (t) − u (t)) ≥ (f (t) , ϕ (t) − u (t))

%D����",/

0����pR9AH(�%��Q�9(�<?>;4��,A��)��� 3j"H�!��fp#���4o�l� ��4��!#7"H��%DW��!��".4��,A���ÂD3=#���%`� 3j"l��� <?>P"�%D�!W��´u�Aj"�/P~�(��¯¦9��g
4��X"w���}»FE8Á h �,AjOw�!� 3$��(�#7i�b�A$C��,�F"H�!��©P4�� �53=� <?>z:;��"�47�,Am�7����3="H�!��fy#���4²�l����4��,#�"H� %�W��,�F"�4��,Am��Â+g
3=#���%¯4��!3Q�,����4�� :;�,�73$� B��9(�� �!�z{lA=BDC�� �!:o3mC��!3$<?>9uvi�"H� %��,��/70��,AQb�A="$� W��!�¸»L½�Å�Á�3$�!��>����,Aw%��,�9(��7��",©
4��!Al(���3lM8"H(�A="$*�#���WP"l4��!Alß��P"$�,A$3=#�<?>�#���%D�!�²(��7%D�,3=�,>��!�xO5��A$4�/+0�BDAj"¸O5� A=4S49(�3¸{�A=BDC����,: ��� <?>P"
���¯R9BDA$:Ý�,�����,A|s�(+A$�´(v"H� B����,��� �,��ß��7%D� �!� <?>�#���%�i�B�A$:S#���� �!A="�/v�5�,3=#���"H(+"H�wi��7Alu�>������ <?>��w{lA$BDC����,:;�
¦9�74��!"¯:o(��É���¼» À°¿�Ç7ÁÈ/.�l� �É���¼»�ÄGE8Áws�BDA$%��,3="$�,����"H�!AS�)��� 3j"H�,�7fr#���4Ó�l� ��47�,#7"$� %DW+�,��"$3S§w�XOw�!� 3
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���,A$>�(+i�"e>��!AH(�#�3=%D�,3j"H�!� ��",/¹R.��Ae4768�9(+:o��3$<?>��;@�����4��!A$����3$*�A=BDC�� �!:o�¯:;��"2�y�!� C�#7��%}¦���4��!"):o(��
b�#�3$3$(�%D�,�}f,#7A��)��� 3j"H�!��f�#7��4¨�l����4��,#�"H� %�W��,�F"5� �®»L½9À9Á /
«n�Î4��!�q�9u+<?>�3="$�,�_b�C�3$<?>7����"="H�,�®O5� A=4¢4�� �x0���3$W�A$�X"H��3$� �!A$#��7%}47�,3){lA$BDC����,:;3¯-D/JI�/�I²C��,3=<?>�A$���Xg
C��,��/�0����¨@y�,A=� �,�F"H#��7%q4��!3z4���3$W�A$�X"H�!�¥{lA$BDC7� �,:;3;�,A=i�B�� %�";(���(�� BD%Îf!#�: h BDA$%D�!>��,�ªC��!�y47�,A
]q�,��� �,�7%D� �!� <?>�#���%�©��,�����x§w�,3=<?>�A$�!� C�#7��%�4�(�s�BD�Î¦9��4��X"�:o(��Îf,#7:^§w�!� 3$*7� �,�.� �±»J½�Ç7Á�'`(�*��F"H�!�
9.11

/�0�� �y0���3$W�A$�X"H��3$� �!A$#��7%)O5��A$4;� �;f!Om�,��M�<?>�A=��"$"$�,�o4�#�A$<?>7%D�!i���>7A="�/8«n:Ú�,A=3="$�,�rM8<?>�A$�F"$"�O5� A$4
4����;V��,�F"HW�B�:o*�BD���!��"$�¯4�� 3=W�A$�!"$� 3=� �,Aj"`#���4q� :×fXOw�!��"$�,�®4�� �;[2A="$3$W+BD:o*�BD���!�P"H��/°0����;�y�!� >��!��g
i�BD��%D�¨47�,A�M�<?>7A$��"="H�¶��3="r4�(�C��!��#��7�,A$>7�,C���� <?>�/p0�(�3r� �¥47�,: V�O5��3$<?>��!��3$<?>7A$��"="}�,�P"H3j"H�,>7�,��4��
{lA$B�C�� �!:·���!���P"�:o(��r3$�!:o��47� 3$W�A=�!"H�!3�{lA=BDC�� �!:�/

Ä9îÆÀ¹îIH¸õ8ó�ñ �°ó�	�J;�YõPñYóK	,ókõ���?|ôDC
«n�¯4����,3=�,: b�C�3=<?>�����"="lO5� A=4S4�� �QV��,�F"H4���3$W�A$�X"H� 3=� �!A$#���%�4��,3�{lA=BDC�� �!:o3m-D/JI�/�IyC��!3$<?>�A=� �,C��,��/8V�#�A
0���3$W�A$�X"H��3$� �!A$#��7%oO5� A=4¨49(+3ed�g

α h �,A=ik(+>�A$�!�¨sD�!A=Om�,��4��X"�©�4�(�32� �q»L½9Á¹sDB�A$%D�!3="H�!� �F"�O5��A$4�/�0�� ��g
3=�,3 h �!A=ik(�>7A$�,�oC9(�#7"w(�#7i�4��,:ÚC��,Wv(����P"$�,�rGy�!O5:o(�A$W h �!A=ik(�>�A=�,�r(+#7i � 3$� �!>��S»L¾9Ö�ÁL��/�0��,3$>�(�� C
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O5� A$4;� :Ü�,A=3="H�!�²º°�,� �947� �,3=�,3�b�C�3=<?>����F"$"H3�49(�3mG��XO5:z(+A$W h �!A=ik(�>�A=�,�o#���4z4�(�AH(�#�i�(�#7i�C�(�#��,�74
49(�35d�g

α h �,Ajik(�>�A$�!�rsDBDA=%D�,3j"H�,����",/�«n:Ûf!Om�,�F"H�,��º°�,����O5� A=4²49(�3pd2g
α h �,Ajik(�>�A=�,��(�#7i°49(+3p{lA$B+g

C�� �!:·-D/JI�/JI)(��7%D�!Om�,��47�!"�/�«n�2ë=�,4��!:ÛV��,�F"H3$<?>7A$��"="�� 3j"��,� �x4�#7A$<?>z�!� ��� h (+A$�´(v"H� B���3$#��7%D� �!� <?>�#���%
%D�,%D�!C��!���,3y{lA$B�C�� �!:·f,#���ÂD3$�!��©�49(�3yu�Ô�#��Fs+(�� �!��"Qf,#��,�����,:�~�� ����:o���,A=#���%D3=*�A$BDC7� �,:ö��3="�/70�� �
�¹Â�3$#���%;4����,3$�!3y{�A=BDC����,:;3p� 3="54�(����¨d`�!%D�,��3j"?(��74�4��!3pi�BD� %D�!��4��!��b�C�3$<?>��7��"$"$�,3!/

Ä9îFÀ¹îkÄ9îN�rò
	NOrõ8ô¹õ��Yò
�kóQPPõR�;S
α T õ�� U
ò8�A�Yõ8ô�î`0�(�32V��!��"$� �P"H�!A=s+(�� �

I = [0, T ]
O5� A=4�� �

Nu�Ô�#�� 4���3="H(��P"H�¯º°�,� ��� �P"H�!A=s+(���� �
Im = (tm−1, tm]

4��!A`�°u+��%D�
k = tm − tm−1

:o�F"
0 =: t0 <

t1 < . . . < tN := T
f!�,A$���,%�",/��l3l3=�,�

Z := {t0, t1, . . . , tN}
4����p~��!��%D�Q47�,A�V��!��"H*7#���WP"H�+/D0��!A

R�#7��WP"H� B���3=Om�,Aj")s�BD�
u

f!#�:1V��,�F"H*�#7��WP"
tm

O5� A=4q(+� 3
um

4��X¦9�����,A=",/�0����;d`�!3$<?>PO5� ��47� %DW+�,��"
O5� A$4�:;��"

v := u̇
#��74�4����`§w�,3=<?>�� �!#�����%D#���%;:o�F"

a = v̇ = ü
C��,f!�,� <?>7���!",/

02(�3SW��´(+3$3$��3$<?>���Gy�!O5:o(�A$W h �,Ajik(�>�A=�,�µf,#7A;V��,��"$4�� 3=W�A$�!"$� 3=� �,A=#���%�>9(+"Si���A�4��,�
n

g
"H�!�±V��,�F"=g
3$<?>�A=��"$",©

1 ≤ n ≤ N
©94����`R9BDA$:

vn = vn−1 +
[
(1 − γ) an−1 + γan

]
k

� -D/UT�/F- �

un = un−1 + vn−1k +

[(
1

2
− β

)

an−1 + βan

]

k2.
� -D/UT�/JI/�
0�� �y§w�!3$<?>����,#�����%D#���%��,�

an
��:å(�WP"$#��,��� �,�zV��,�F"H3=<?>�A$�F"$"lOm�,A$47�,�z4�(�C��!��(���>9(+��4o47�,Am0���³��,A=�,��g

"H�´(+� %D���,� <?>�#��7%rC��!3="H��:o:�"�/¹02(¨���_{lA=BDC�� �!:Þ-D/L&7/�I}§w�,47� ��%D#7��%D�,�_(��
u

%��,3="$�,����")3$����4�©¹O5� A$4
>�� �!Ap4�� �`u�Ô�#��Fs+(�� �!��"$�`R9BDA$:Ã� ��4��,� h �,A=3$<?>����,C�#7��%D�,�

an =
1

βk2

(
un − un−1

)
− 1

βk
vn−1 −

(
1

2β
− 1

)

an−1
� -D/UT�/L&1�

vn = vn−1 +
[
(1 − γ) an−1 + γan

]
k

� -D/UT�/UT��
sD�,AjOw�!��4��X"�©�OwB�C��!�¸i���A

an
� �®de� �!� <?>�#���% � -D/UT�/LT1��4�� �¯d`���,� <?>�#��7% � -D/UT�/L&1���,����%D�!3$�!"$f!"`O5� A=4�/

02(�C��,�93$����4
β

#���4
γ

f!Om�,��C��,� ���,C���%D�p{|(�AH(�:;�!"$�,A!/�0�� �p]_(�>��
γ = 1

2

#���4
β = 1

4

�7�,���P"m:z(��
º|A$(�*��!f,A=�,%D�!�È/
02(�3¨d2g

α h �,A=ik(+>�A$�!�¤C��,��#7"HfX"¨47� �qd`���,��<?>8#7��%D�,� � -�/LT�/F- �²#���4 � -D/UT�/JI/�²#�: G�u�>��,A=#���%D�!�
(��

un
#7��4

vn
f!#_�!A$>9(��F"H�!��/�«n�®4�� �;0��F³��!A$�,�P"$�´(���%D� �!� <?>�#���%²Om�,A=4��,�q� :^ßy�P"H�,A=3$<?>����,4Éf!#�:

G��!O5:o(�A=W h �,Ajik(�>�A$�!��47� �e%D�XO5� <?>P"H�X"H�,�¶d`���,��<?>8#7��%D�,�

un
αH

:= (1 − αH) un + αHu
n−1,

� -D/UT�/JZ/�
vn

αH
:= (1 − αH) vn + αHv

n−1,
� -D/UT�/L\1�

an
αB

:= (1 − αB) an + αBa
n−1,

� -D/UT�/JE/�
fn

αH
:= (1 − αH) fn + αHf

n−1
� -D/UT�/Lt1�
�,� �7%D�,3=�!"HfX"�/.02(�C��,��3$� �74

αH

#���4
αB

f!Om�,�mC��!� � �!C�� %��o{|(�AH(+:o�X"H�,A!/°]q�,�7�
αH = αB = 0%D�!Owu�>��F"�O5� A=4�©��!A$>9u+��"2:o(��¶4�(�3`G��XO5:z(�A=W h �!A=ik(�>7A$�,��/�R.��A

αB = 0
#���4

αH 6= 0
�,A=%D� C7"



� Ð �$ù8ú�����ú�û�����üw���!�7���;��� ��ú����������!ý���þ�ÿ��+�7ü
3=� <?>;49(�3�@�@yºwg

α h �,Ajik(�>�A=�,��©P49(+3�����»WV�Á9���;b�C�3$<?>7����"="
9.3

s�BDA$%D�!3="$�,� �F"lO5� A=4�/�~��F"�4��,Al]_(�>��
αB 6= 0

#���4
αH = 0

�,�P"H3j"H�,>P"o49(�3x� �Ê»X�7ÁpsDBDA=%D�,3j"H�!� ��"$�²]á§pV�g
α h �,A=ik(+>�A$�!��/�02(�3zd2g

α

h �!A=ik(�>�A=�,�}3="$�,� �F"y(�� 3=Bx�,� �7��'yBD:SC����9(+"$� BD�r4��!3�@�@�ºwg
α

#7��4�47�,35]á§pV�g
α h �!A=ik(�>�A=�,��3y49(�A!/

]q�,�F"H�,A=>�� �®� 3j")49(�3�d2g
α h �,A=ik(+>�A$�!�_� �®4��!A�:;B�47��¦9f!� �,Aj"H�!�q@yB�³�g�{.(+>���R�(+:o��� � �)i���A`� ������(�A=�

{lA$B�C�� �!:o�o�,�P"H>9(+��"H�!��©.47� �²���¼»�Ä�Ö�Áws�BDA$%��,3="$�,����"�O5��A$4�/°]_�!���Ó:z(+�É4�BDAj"
θ̂1 = θ̂2 = θ̂3 =

1 − αH

#���4
η̂ = 1−αB

1−αH

Owu�>���",©��,A=%D� C�"53$� <?>}49(�3yd�g
α h �!A=ik(�>7A$�,��/

0����`�l� %D�!��3$<?>9(vi�"H�,��4��,3�d�g
α h �!A=ik(�>7A$�,�73yOm�,A=4��,��� �}'`(�*���"$�,�¹I¯(�#73=i���>�A=� ��<?>}47� 3$W�#7"$� �!A="�/

Ä9îÆÀ¹î�½�îIHlõ8ó�ñ �|ó�	�J;�YõPñYó�	�ó�õ���?°ôACY�¹õ�	[Z\�vð����kõ��]	`Ä9î�½�î ½�î`02(+3¸{lA$BDC7� �,:ö-D/JI�/JI5O5��A$4���#��
:;��"�4��!:�d�g

α h �!A=ik(�>�A=�,��3mC��!f,��%�� � <?>o4��,AQV��,�F"m47� 3$W�A=�!"H��3$���,A=",/8R.��A�4�� ��~��,�7%D�24��!AwW�� ���!:z(Yg
"$� 3$<?>�f!#��´u�3=3$��%D�,�}b�#�3=� �!��W�#���%D�!�¨%D����"Q��:�R�(�����4��!A�V��!��"$4�� 3=W8A=�!"$� 3$���,A=#���%

K̃ =
{
ϕ ∈ H1

0 (Ω)
∣
∣ϕ (x) ≥ ψ (x)

i�/L��/�(+#7i
Ω
}
.

02(+:o�F"p�,A=>9u���"Q:z(��ri�BD��%D�,�74��,3y{lA$BDC7� �,:}/
#%$'&)('*�+-,�-D/UT�/F-�.�R|� ��4��

u : Z → K̃
:;��"

u0 = u0

#���4
v0 = v0

3$B7©949(�3$35i���Ay(���� �
ϕ ∈ K̃#��74¨(���� �

n ∈ {1, 2, . . . , N}
� -D/LT7/JK1� (

an
αB
, ϕ− un

)
+ a

(
un

αH
, ϕ− un

)
≥
(
fn

αH
, ϕ− un

)

%D����",/

ßy:�� :öOw�!��"$�,A$�!�¨4����`G�B�"H(+"H��BD�rf,#�sD�!A$�!� �7ik(�<?>7�,��©9O5� A=4�4�� �`§w��� ������(�Aji�BDA$:

c (ω, ϕ) :=
1 − αB

βk2
(ω, ϕ) + (1 − αH) a (ω, ϕ)

i���A
ω, ϕ ∈ K̃

#��74�49(+3�R9#��7W�"$� BD��(��

bn (ϕ) := (F n, ϕ) − αHa
(
un−1, ϕ

)

4��X¦9�����,A=",©7OmBDC��!�

F n := fn
αH

− αBa
n−1 + (1 − αB)

[
1

βk2
un−1 +

1

βk
vn−1 +

(
1

2β
− 1

)

an−1

]

��3="�/80�����§m� � ������(+A=i�BDA=:
c

� 3j"mi���A�3$�����PsDBD��� �
β

©
αB

#���4
αH

�,��� � *�"H� 3=<?>�/P0�#7A$<?>��l� ��3=�!"$f,�,�r47�,A
de� �!� <?>�#���%D�!� � -D/LT7/J&1��#��74 � -D/UT�/UT���� �)4�� �mß���%�� �,��<?>�#���% � -D/UT�/JK/�¹�!A$%D��C7"°3$� <?>�4�� ��ß��7%D� �!� <?>�#���%
� -D/LT7/�-�a/�

c (un, ϕ− un) ≥ bn (ϕ− un) .

R.�7A
ϕ ∈ H1

0 (Ω)
O5� A=4�49(�3yR9#���WP"H��BD�9(��

Jn (ϕ) :=
1

2
c (ϕ, ϕ) − bn (ϕ)
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4��!¦9�7� �,Aj"�/�02(�:;��"��,A$>�u���"�:z(���i�BD� %D�!��4���R�B�A$:S#���� �!A$#���%;sDBD�Î{lA=BDC�� �!:Õ-�/LT�/F-¯(���3e~������ :;� ��g
A$#���%�3$*�A=BDC�� �!:�/
#5$6&7('*�+�, -D/LT7/�I8.yR.� �74��

u : Z → K̃
:o�F"

u0 = u0

#���4
v0 = v0

3$B�©m49(�3=3²i���Ar(���� �
n ∈ {1, 2, . . . , N}

un = min
ϕ∈K̃

Jn (ϕ)

%D� �F"�/

«n��4��!Api�BD� %D�!��4��!�}b�#�3$3$(�%D�eO5� A=4�4�� �_^pÔ�#���s+(����,��fe47�,Ay{lA$BDC����,:;�¯-D/UT�/�-`#��74q-D/UT�/JIS%D�,f!�,� %+"�/
#5$6&7`�&7a bdcDbL&7e£-D/UT�/L&
.gfghji0k�lnm�oqp1rWs-rLp�tnu�v%w1x�y�tLz�{0lnm�|
v�}�yIfgh~i0k�lnm�o�p1rWs-rn��r

�[+8�I+�bLa�.mR.��A5C��,��� �,C7� %D�!3
ϕ ∈ K̃

%D����"

Jn (ϕ) − Jn (un)

=
1

2
cn (ϕ+ un, ϕ− un) − bn (ϕ− un)

=
1

2
cn (un − ϕ, un − ϕ)
︸ ︷︷ ︸

=:I

+ (cn (un, ϕ− un) − bn (ϕ− un))
︸ ︷︷ ︸

=:II

.
� -D/UT�/F-D- �

02(
un

{lA$BDC����,:ì-D/LT7/�-`� Â�3="�©�� 3j"54��,Apº°�,A=:
II

%DA=Â Ì �!AQB�47�,Ap%D���,� <?>
0
/902(

c
�!� ���e�!� � ��*7"H��3$<?>��

§w� ��� ���,(�A=i�BDA=:ö� 3=",©�%D����"p(+#�<?>
I ≥ 0

/902(+:o�F"p� 3j"

Jn (ϕ) ≥ Jn (un)

i���A5(�� ���
ϕ ∈ K̃

/
M��,�

ϕ ∈ K̃
i��!3="r%D�XOQu+>���",/wR.�7A

0 < λ < 1
O5��A$4

ϕ
47#�A$<?>

λϕ + (1 − λ)un ∈ K̃
� �

d`���,� <?>�#��7% � -D/UT�/�-�- �m�,A=3$�X"Hf!"�#���4}:o(����,A$>�u���"

0 ≤ Jn (λϕ+ (1 − λ) un) − Jn (un)

= cn (un, λϕ+ (1 − λ) un − un) − bn (λϕ+ (1 − λ)un − un)

+
1

2
λ2 ‖un − ϕ‖2

= λ [cn (un, ϕ− un) − bn (ϕ− un)] +
1

2
λ2 ‖un − ϕ‖2� -D/UT�/F-YI/�

]_�!���¨:o(��}4�� �)ß��7%D� �!� <?>�#���% � -D/UT�/F-YI/�w4�#�A=<?>
λ

4��Fs���4�� �!A="5#��74¶(���3=<?>�� ��� Ì �!��4¨47�,�ÎdeA$�!��fXg
Ow�!A="

λ→ 0+ C��!"$AH(�<?>P"$�!"�©��!A$%D��C7"53$��<?>¨ßy��%D� �!� <?>�#���% � -D/LT7/JK1��/
�

Ä9î�Å�î4����ñ 	��°ó�	�J;�YõPñYóK	,ókõ���?|ôDC
0�#�A$<?>}4����`V��,�F"H4���3$W�A$�X"H� 3=� �!A$#���%�O5� A$4�{lA=BDC�� �!:×-D/L&7/JIS(�#7i|4�� �2�¹Â�3$#���%x�!� ���!3p#����,�74�� ��<?>}47�Fg
:o�!��3$��BD�9(����,�r~}� ����:o���,A$#7��%D3$*7A$BDC����,:;3l� �)ë=�!4��,:·V��,�F"H3=<?>�A$�F"$"mA$�,47#�f,���,A=",/�0����,3=�,AQb�C�3$<?>��7��"$"



�"� �$ù8ú�����ú�û�����üw���!�7���;��� ��ú����������!ý���þ�ÿ��+�7ü
C��,3=<?>9u+i�"H��%�"y3$��<?>¨:;��"54��!A�R9AH(+%D��©�O5����4����,3=�,3e~}� ����:o���,A$#7��%D3$*7A$BDC����,:Û�9u�>��!A$#��7%D3=Om�,��3$�S%D��g
��ÂD3="QOm�,A=4��,�¨W+(+����/
~��F"54��,AyR.������"$�,�}�l� �!:o�!��"$��~��!"$>�B�47�`O5��A$4}49(�35#����!��4���� <?>}4�� :;�,��3=� BD��(�� �`~}� ����:o���,A$#7��%D3jg
*�A=BDC����,:å(+#7i��!� �¯�!��4�� ��<?>x4�� :;�,��3=� BD��(�� �!3¸f,#�A=��<?W�%D�!i��7>�A=",/7V�#7A��¹Â�3$#���%)4��!3��!��4���� <?>x4�� :;�,�8g
3=� BD�9(+� �,��{lA=BDC�� �!:o3QO5��A$4�49(�35<!%+g�{�M�M�[e� h �!A=ik(�>�A=�,�rsD�!A=Om�,��47�!"�/
0����,3=�,AQb�C�3$<?>��7��"$"5C��,3j"H�!>�"y(+#�3p4�A$�!��º°�,��� �,��/7«n:Û�,A$3j"H�!��O5��A$4r4����e[2A="$3$4���3$W�A$�X"H��3$� �!A$#��7%¯:o�F"
@y� ��i��r47�,A;R.� �7��"H�!�±�����,:;�,�P"H�¨~��X"H>�B84��}#���4ª47� ��49(�A$(�#�3;�,�P"H3j"H�,>7�,��4��!�¼�,��47� � <?>¬4�� :;�,�8g
3=� BD�9(+� �,�¶{�A=BDC����,:;�SC��!3$<?>�A=� �!C��!��/�«n:×fXOw�!��"H�!�®O5��A$4¢49(+3`{mM7M�[e� h �,Ajik(�>�A$�!�¢sDBDA=%D�,3j"H�,����",/
«n:^47A$��"="H�!�ÎO5��A$4Î49(�3!©¹(�#7im4��,:1{�M�M7[`� h �!A=ik(�>7A$�,�q(�#7i�C�(�#��,�74���©�<!%+g�{�M�M�[e� h �!A=ik(�>�A=�,�
49(+A$%D�!3="H�!� �F"�/

Ä9î�Å�îkÄ�îI����ñ 	��°óK	�J;�Yõ�ñ�óK	�ó�õ���?|ôDC¹î�«n: ��(�>7:o�!�µ4�� �!3$�,A¯b�A$C��,�F"¯3$����4Ó4�� ��[2Aj"H3$47� 3$W�A=�!"H�Æg
3=� �,A=#���%D�!�¨���xë=�,47�,:ìV��,�F"H3$<?>7A$��"="�%�� �,��<?>�/�0��!3$>9(���C¨O5� A=4¨f!#�A h �!A$�,���7ik(�<?>�#���%z4��,A�G�B�"H(+"H��BD�
���r4�� �!3$�,:�b�C�3$<?>7����"="�(+#7i.47� � h �,AjOw�!��4�#��7%²4��,35«n��47���

n
sD�!A$f,��<?>P"H�!",/

V�#��!A$3j"2Ow�!A$4��!�Î�,� �7� %D��§w�,%�A$��³���i��7A�4��!�¢f!Om�,� 47� :;�,��3=� BD�9(+� �,�¨R�(�� �¹�,����%D�Xi���>�A=",/�0��!"?(+� � 3�f,#
4��!������4�� �!3$�,:·b�C�3=<?>�����"="5sD�,AjOw�!��4��X"H�,�Î§m�,%DA=��³��,�r¦9��4��X"y:z(������q»L½�V7ÁÈ/
§w��3$>��!A¯O5#�A$4��}��#�A;%D�!i�BDA=4��,Aj"�©l49(+3$3

Ω
�,���¬C��,3=<?>�AHu+��WP"H�,3rd`�!C�� �X"x� 3=",/¸]_�!��"$�,A¯O5� A=4±��#��

s��,A$� (���%�",©�49(�3=3
Ω

3$��<?>����}�y�!<?>�"$�,<?W+�Sf,�!A$� �!%D�,�}�´u+3$3=",/
��+��8bLeAbdcDbL&7eá-�/�Z�/F-�.��l� ����V��,A=� �!%D#���%

T = {Ti| 1 ≤ i ≤M} sDBD�
Ω

��� h � �,A=�,<?W�3$�!� �!:o�!��"$�
>��!� Ì "`A=�,%D#7�´u�A!©�Ow�!���É(���� � h � �,A=�,<?W+�oW+BD��%DA=#��,�P"S3=� ��4�/°M�� �x>��!� Ì ")f,#7�´u�3=3$� %7©�Ow�!���_i�BD��%D�,�74��
�l� %��,��3=<?>9(+i�"H�!���!A=i�������"p3=� ��4�/

� - �
Ω̄ =

⋃M

i=1 Ti

/
� I/��§m�,3="$�,>P"

Ti ∩ Tj

(�#�3e%D�!�9(�#Î�,�����,:ì{l#���WP"�©�3=B}��3="�4�� �!3$�,Ae�!� �Î�l<?W�*�#���WP"�3$B�OmBD>��
s�BD�

Ti

(���35(�#�<?>�sDBD�
Tj

/
� &1��§m�,3="$�,>P"

Ti ∩Tj

i���A
i 6= j

(+#�3m:;�,>7Am(+� 3��,�����,:ö{l#���WP",©�3=B�� 3j"
Ti ∩Tj

�!� ����'`(��P"H�
3=B�OwBD>7�¹s�BD�

Ti

(���35(�#�<?>�sDBD�
Tj

/

�l3QO5� A=4r�,�����2A$�!%D#�� u�A$�2#7��4rf,#�� u�3$3=� %D�eV��,A$���,%D#7��%
Th

s�BD�
Ω

s��,AjOw�!��4��!",©�4�� �e(+#�3
M

Ù2#9(vg
4�A$(+"H�!��C��!3="H�!>P"�/�0�� �)'`(��P"H�!���´u+��%D�e4��!A�Ù2#9(+4�AH(+"$�2O5� A=4�:;��"

h
C��!f,�!� <?>����X"�/

b�� 3pb��73H(+"$f,AH(+#�:·i���A54����`R.� ���F"H�e�l���,:;�,�P"H�`R9#���WP"$� BD���!�}O5��A$4�4����)~��,��%��

Sh :=
{
v ∈ H1

0 (Ω) |v |Ti
∈ P2, v |∂Ti

∈ P1, Ti ∈ T
}

%D�XOQu+>���",/�02(�C��,��C��!f,�,��<?>����X" Pi

4��,���y(�#�:Û4��,A5{°BD��68��BD:;��s�BD:�deAH(�4
i
/9R9#���WP"H��BD���!��(�#�3

Sh

3$� �74;3j"H�X"H� %7/�0�� �y'�B8���;f!� �,�P"$�,�z47�,Am§Q(�3$��3=i�#��7W�"$� BD�7�,�xOw�!A$4��!�z49(�C��,��4�#7A$<?>z47� �5R9#���WP"H�Æg
BD�73=Om�,A="$�e� �²47�,�}�l<?W8*7#���WP"H�!��4��!AyÙ2#9(�4�A$(+"H��C��!3="H��:o:�"�/�0�� �2~��,��%��e4��,Ap�l<?W�*�#��7W�"$��47�,A
Ù2#9(�47AH(+"$�2O5� A$4�:;��"

P
C��!f,�,��<?>����X"�/



�$ù Ø�ù7þ��8���Xú��´��M��������´�X� �8�9Ñ���Ò ��÷
«n:í�,����4�� :;�,�73$� B��9(�� �!�µR�(�� �mO5� A$4

Ω
� �
M

u+Ô8#7� 4���3="?(+��"$�rº|�!� ��� �P"H�!A=s+(�� ���
Ti

47�,A;�¹u���%D�
hf,�,A=� �!%�"�/�0�� �o~��,�7%D�x4��,A)�l��4�*�#7��WP"H�z47�,A`º|�!� ��� �P"H�!A=s+(�� ���)O5��A$4¢O5� �!4��,A)(���3

P
C��,f,�!� <?>��7�!"�/

0��,A5b��73H(+"$f,AH(+#�:�3$�!�

Sh :=
{
v ∈ H1

0 (Ω) |v |Ti
∈ P1, Ti ∈ T

}
.

b�#�<?>Ó>����,ASOm�,A$47�,�±4�� �r'yB����;f,� �!�P"H�,�±4��!Ax§Q(�3$��3=i�#��7W�"$� BD�7�,�µ4�#�A=<?>¬47� �rR9#���WP"$� BD��3jOw�!A="$�
(��r4��,�}«n�P"H�!A=s+(�� ���,��47*�#���WP"H�!��C��,3j"H��:o:�",/7R|��AQ�,�����`(�#�3ji���>�A=� � <?>7�`02(�A$3j"H�!� � #7��%S4����,3$�!3y�����Xg
:o�!��"$3pO5� A$4}(�#�iQ»L½�Ç�Á�s��,AjO5� �,3=�,��/
0�� �ef!#��´u�3=3$��%D�)~��,�7%D����3="

Kh = {ϕ ∈ Sh|ϕ (x) ≥ ψ (x)
i��7A5(�� ���

x ∈ P} .
0�� ��R.� �7��"H�}�l� �!:o�!�P"H��0�� 3=W8A=�!"$� 3$���,A=#���%É��3="o��� <?>P"o#���C��!4�� ��%+"²W�B��7i�BDA$:}/�R.��A;*�B���68%DBD�9(+� �
B�4��!A�W+BD�PsD���7�;@y� ��4��!A$����3$3=��� 3j"�3=� �)W�BD��i�BDA$:}©9i���A�W+BD��Wv(�sD�S����<?>P"2*�BD��68%DBD��(�� �)@�����4��!A$����3$3$�
��� <?>P"�/
~���"

Ih
O5��A$4�4�� �e�!� ��47�,#7"$� %xC��!3="$� :;:�"H�2«n�P"$�,A$*�BD��� �,A=�,��47�)����4��,:��y(�#�:

Sh

C��,f!�,� <?>7���!",/
02(�:;��"p�!A$>9u��F"5:z(+�²i�BD� %D�!��4��e4���3$W�A$�X"H��R9BDA$:ÛsDBD��{lA$BDC����,:ì-D/J&�/�I�/
#5$6&7('*�+�,×-D/JZ�/�IG.�R.����4��

uh : Z → Kh

:;��"
u0

h = Ihu0

#��74
v0

h = Ihv0

3=B�©�4�(�3$3�i��7A2(���� �
ϕ ∈ Kh

#7��4¨(+� � �
n ∈ {1, 2, . . . , N}

� -D/JZ�/F- � (
an

h,αB
, ϕ− un

h

)
+ a

(
un

h,αH
, ϕ− un

h

)
≥
(
Ihf

n
αH
, ϕ− un

h

)

%D� �F"�/

0�� �`u�Ô�#��Fs+(�� �!��"$�`R9BDA$:S#7� � �!A$#��7%¯(�� 3y~}� ����:o���,A$#7��%D3$*7A$BDC����,:ö�´(+#7"H�X"�/
#5$6&7('*�+�,�-D/�Z8/J&
.�M�#7<?>��

uh : Z → Kh

:;��"
u0

h = Ihu0
#��74

v0
h = Ihv0

3=B�©�49(+3$35� ��ë=�!4��,:
V��,��"$3$<?>�A=��"="

tn, 1 ≤ n ≤ N, un
h

49(�3²R9#��7W�"$� BD��(��
Jn

h

��C��,A;4��,A²~��,��%��
Kh

:o����� :;� �!A="�/
02(�C��,��� 3j"

Jn
h

4�(�354�� 3=W8A=�!"$��b��9(�� B�%DBD�rf,#
Jn

/

G�(�<?>z{�A=BDC����,:�-D/JZ�/L&)��3="����eë=�!4��,:ÛV��!��"H3=<?>�A$�F"$"��,���x�,��4���� <?>;4�� :;�,�73$� B��9(�� �!3�~�� �7� :;� �,A=#���%D3�g
*�A$BDC7� �,:Ã:o�F"5ß��7%D� �!� <?>�>��!��"$3$���!C��!�8C��,47� ��%D#7��%of!#���ÂD3$�!��/

Ä9î Å�î�½�îN�rò
	�Z�9A9���� T õ�� U
ò8�A�Yõ8ô�îe«n�¨4�� �!3$�,:Ë#��74¶4��,:Ë�9u+<?>�3="$�,�¢b�C73$<?>����F"$"�O5� A$4
49(�3r<,%vg�{�M�M�[e� h �!A=ik(�>7A$�,�¼s�BDA$%D�!3="$�,� �F"�©m:o�F"z4��!: 49(+3}~�� ����:o���,A=#���%D3=*�A$BDC7� �,: -�/�Z�/L&É� �
ë=�,4��!: V��!��"$3$<?>�A=��"$"�%D�!� ÂD3j")O5��A$4�/|02(�3�<,%+gn{�M�M�[e� h �,A=ik(+>�A$�!�_O5� A=4_� �ª»�ÄDÁ�sDBDA=%D�,3j"H�!� ��",/°��3
C9(�#7"�(�#7i54��!:N{mM7M�[e� h �!A=ik(�>�A=�,�µ(+#7i�©¹49(�3�f!#��,A=3="¯C��,3=<?>�A$���,C��,�ÉO5��A$4�/°0����zb�C7W8�7A$f,#7��%
{mM7M�[e��3="H�!>P"z49(+C��!�Qi���Ax*�A$Bvë=�!<!"$�,4ª3j68:o�X"HA$��<�3$#�<!<,�,3=3$�FsD�¶B�sD�!A$A=�,�´( ��(v"H� B���/¸«n:Þ�9u�<?>73="H�!�
b�C�3=<?>�����"="5O5� A$4�49(+����4�(�35<,%+gn{mM7M�[e�¤C��X"HA$(�<?>P"H�!",/



�
ø �$ù8ú�����ú�û�����üw���!�7���;��� ��ú����������!ý���þ�ÿ��+�7ü
§w�XsDBDA�49(�3 h �!A=ik(�>�A=�,�;C��!3$<?>�A=� �!C��!�zO5� A=4�©DOw�!A$4��!�z��B8<?>z�!� ����%D�5§w�!:o�!A$W�#���%D�!�zf!#�A�G�B�"H(+"H�Æg
BD�z#���4²f!#�:Ã:o(+"$>��,:o(+"H��3$<?>��!�r@����P"H�,A=%DA$#7��4²%D�!:z(�<?>P",/�b�� � �yb�#73$3H(+%D�,�rC��,f!� �,>7�,�r3$��<?>r(�#7i
�!� ���!�ÉV��!��"H3=<?>�A$�F"$"

tn
:;��"

n ∈ {1, 2, . . . , N} /�«n:ìi�BD� %D�!��4��!�®Om�,A=4��,�Éf!#�A h �,A$�!� �7ik(+<?>8#7��%
4��!AyG�B�"H(+"H��BD�r4�� �e«n�74�� <!�,3

n
#���4

h
Ow�!%D%D�!�´(�3=3$�,��/

0����5%D�,3=#�<?>P"H�e��ÂD3=#���%
u

��� �!%�"�� �;�,�����,:ö(�C7%D�,3=<?>�� BD3=3$�!���,��#���4oW�BD�Ps������,�}'e�,%D�!��� �
H1

0 (Ω)#��74�����<?>�".� �)�,�����,: h �,WP"$BDA$A$(�#�:}/Y0��,3=>9(�� C�� 3="|49(�3.~������ :S#7: �,�����,A°�,��� � *�"H� 3=<?>��,��R9#���WP"H��BD�
(�#�i��!� ���!ArW�BD�Ps������,� #7��4¤(+C�%D�,3=<?>�� B�3$3$�!���,� ~��,�7%D�Î%D�,3=#�<?>P"�/�M�BD:;��"r��3="r4�(�3}~�� �7� :S#�:
�!� ��4��!#7"H��%¯C��!3="$� :;:�"�/
b�#7i�%DA$#7��4�4��!A|s��,A=Om�,�74��!"$�,�oR.� ���F"H�!���l� �!:o�!�P"H��Ow�!A$4��!�¯f,#�A h �,A$�!� �7ik(+<?>8#7��%24��!A¸G�B+"?(+"$� BD��©
4����`R.� �7��"H���l� �,:;�,�P"$��R9#��7W�"$� BD�7�,�

v ∈ Sh

:o�F"p4��!: h �,WP"HB�A
v

©�47�,3$3=�,�¢'yBD:;*�BD�7�,�P"H�!��4����
R9#���WP"$� BD��3jOw�!A="$�¯(��¶4��!�Î�l<?W8*7#���WP"H�!�

xi

4�(�A$3j"H�,��� �!��©���4��,�P"$��¦9f!� �,Aj"�/�de�,�9(�#73$Br�,A=>9u��F"�:o(��
ψi := (Ihψ) (xi)

/
]q�,���¢:o(��Î{lA$B�C�� �!:Õ-D/JZ�/JIo� �¢~¨(+"HA=���8i�BDA=:Í3=<?>�A$�!� C7",©��,A=>9u��F"2:o(��¢�,�����x~¨(�3=3$�!:z(+"$A$���

M#��74}�!� ���eM8"H�!��¦9%DW+�,�F"H3$:o(+"$A$���
K

/90�� �,3=�e�´(�3=3$�!�}3=� <?>�%D�!:zu Ì 4��,A50��X¦9���F"H� B��²sDBD�
c

f!#��,� �7�,A
~¨(v"HA$���

A :=
1 − αB

βk2
M + (1 − αH)K

f!#�3H(�:;:;�,��3=�!"Hf!�,��/�0�� �2~¨(+"HA=���
A

��3="w3=68:o:;�!"$A$��3$<?>r#���4oi���AQ3$�����PsDBD��� �
αB

©
αH

#���4
β

*�B+g
3=��"H�Fsx4��!¦�����",©�49()4�� �2~¨(�3=3$�,:o(+"$A$���o#��74²4�� �2M8"H�!��¦9%�W��,�F"H3=:z(+"$A$���x3=68:;:o�X"HA$��3$<?>²#7��4r*�B�3$��"$��s
4��X¦9���F"53$� �74�/
ßy��%D� �!� <?>�#���% � -D/�Z8/�- �w��3="yu�Ô�#��Fs+(�� �!��"Qf,#¨47�,�}W�BD:;*�� �!:o�!�P"?u�A=�,�}�y�!�´(+"$� BD�7�,�

Au ≥ b,

u ≥ ψ,

(Au− b)T (u− ψ) = 0.

�l3pO5� A=4
ψi = −∞ %D�!3$�!"$f!",©�Ow�!���¶(+��4��!:�{l#���WP"

xi

W��!� ���)�5�,3j"HA$��WP"H� B��²sDBDA=� � �!%�"�/
02(+3�{�M�M7[`� h �!A=ik(�>7A$�,�

S (u)
:;��"p�!� ���!:��y�!�´(��7(+"$� BD�73$*9(�A$(�:;�!"H�!A

ω ∈ (0, 2)
� (�#7"$�!"��

�8�B�
i = 1, 2, . . . , dim (A) ���R� �8�B�

i = dim (A) , . . . , 2, 1�

� -D/�Z8/�I/�
ui = max

{

ψi, ui +
ω

aii

(

bi −
∑

j

aijuj

)}

�
0��!A�b�#7i�Ow(���4xi���A

m
«
"$�,AH(v"H� B����,�x4��!3w{�M�M�[e� h �!A=ik(�>7A$�,�73m��3="�#���%��!iku�>�A�4��!A$3=�,� C���©DO5���Qi���A

m+ 1/2
~¨(+"$A$����g h �,WP"HBDAy~}#���"$� *���� Wv(+"H��BD���!��/



�$ù Ø�ù7þ��8���Xú��´��M��������´�X� �8�9Ñ���Ò ���
«n�¢»J¾7Á�O5� A=4z%D�!f,�!� %�",©84�(�3$3Q���eë=�!4��,:Û«
"H�!AH(+"$� BD�73$3$<?>7A$��"="w4�(�3QR9#���WP"$� BD�9(+�

J
sD�!A$W�� �!� ���!A="mO5� A$4
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�8�0�
ν = 1, 2, 3, . . .�

ũν+1 = S (uν)

dν−1 = uν − uν−1

gν = ũν+1 − uν

�8�B�
i = 1, 2, . . . , dim (A)�

dν−1
i = gν

i = 0 �I�G�0��� max
{∣
∣dν−1

i

∣
∣ , |gν

i |
}
≥ ũν+1

i �1�� ¢¡�
£ � �  6��¤�¤ � dν � � ���R¥ ��� ũν+1 + dν

� � �§¦0�8¥/� � ¥  -�1��¨ª© �¬«/���R  -� � �®¥B� � �R� �°¯ �0�R±R�
uν+1 + span {dν−1, gν} ¤'� � ��¤;� � �  
uν+1 = ũν+1 + dν�
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ui > ψi
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ui−ψi
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u̇ (t, x) ≤ 0
i���A

x ∈ ΩC (t)

u̇ (t, x)
i�A$�!�åi���A

x /∈ ΩC (t)
(���4����`��ÂD3$#��7%

u
%D�,3j"H�,����",/902(�:;��"p�!A$>9u+��"p:o(���4�� �eW������,:o(+"H��3$<?>��!�¨'yBD�P"?(�WP"$C��!4�� ��%�#���%D�!�

σN (u− ψ) = 0

σN

(

u̇− ψ̇
)

= 0.

0����Sf,#7�´u�3=3$� %��x~��,�7%D�
K̇
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u ∈ K̇
:o�F"

u (t = 0) = u0

#7��4
u̇ (t = 0) =

v0

3=B�©949(�3=3pi���A5(�� ���
ϕ ∈ K̇

#��74}ik(�3j"y(�� ���
t ∈ I

(ü (t) , ϕ̇ (t) − u̇ (t)) + a (u (t) , ϕ̇ (t) − u̇ (t)) ≥ (f (t) , ϕ̇ (t) − u̇ (t))
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|σN (u)| = cn |u− ψ|mn

:;��"5fXOw�!�.'yBD��3="H(��P"H�!�
cn

#��74
mn

(���%D�!��BD:;:o�!��/��l3��!A$%D��C7"y3$� <?>�4�� �`i�BD��%D�,��47�)3=<?>POQ(�<?>7�
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u ∈ V
:;��"

u (t = 0) = u0
#���4

u̇ (t = 0) =

v0

3=B�©949(�3=3pi���A5(�� ���
ϕ ∈ V

#���4�ik(�3="y(+� � �
t ∈ I

(ü (t) , ϕ (t)) + a (u (t) , ϕ (t)) + 〈P (u (t)) , ϕ (t)〉 = (f (t) , ϕ (t))

%D����",©8OmBDC��,�
〈P (u) , ϕ〉 =

∫

ΩC

cn |u− ψ|mn dx

��3="�/
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λ ∈ C
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�!� ���e����<?>P"y"$A$�Fs�� (�� ����ÂD3$#��7%

w
4��!3y{�A=BDC����,:;3

4w = λw
� �

Ω

w = 0
(�#7i

∂Ω

���7��3="$� �,Aj"�/
w

>7�,� Ì "y����%D�,��i�#���WP"H��BD�rf,#�:Ë�l��%D�,�POm�,A="
λ

/

0����¨�l��%D�,��3=<?>9(+i�"$�,�¥4��!Az�l��%D�,�POm�,A="$�¨#��74¼�l� %D�!�7i�#���WP"H��BD���!�ª4��!3z�¹(�*�� (�<,�¨[2*��!AH(+"$BDA$3 43=� ��4�� ��4��!:·i�BD��%D�,��47�eºp>��,BDA=�,:�f!#�3H(�:;:;�,��%D�Xik(�3$3j"�/

¾_¿A+-&)$A+�,öI�/F-D/JI8.gÀÂÁRhÄÃ0tÅmÇÆgt�È�m�|
É¢m�h�v�mÄÃ�mjuËÊ;{�Ì-l�{�ÍjmYÎ�Ì
m�hÏ{0vÐi�h~u[È0tLlFvÅÑ

� - �YÒ
m�Ã�m�hÇÆgt�È�m�|
É¢m�h�vÓtnu�vÓh~mjm�lLl�r
� I/�]ÔYm�|
|ËÕ�m�Ã�m�hÖÆ¢t�È�m�|
É¢m�h�v;È�m�oYw�×Øuªm�tL|'m�h_m�|-ÃGlFtÅÍjÙ
m�|ÛÚtÅm�l Ü�{�ÍjÙ1Ù
m�tLv7ÉÝtÅm�Ã�m�h~Ù
i�lFv)ÉÝtLhÏÃ�Þ

m�h~ÙGw0lFvÓoY{0|
Σ = {λk}∞k=1o�tLv

0 < λ1 ≤ λ2 ≤ λ3 ≤ . . .y�|-Ã
lim
k→∞

λk = ∞.
� &1��ÆÂußmÏà/tnu�vKtÅm�h�v´m�tL|'mÛi�h�vQÙ
i�|'i�h�oY{0lnmâá[{�u�tnu {wm}∞m=1

z0i�|
L2 (Ω)

ÞNÉ¢i0k�m�t
wk ∈

H1
0 (Ω)

m�tL|'mãÆ¢t�È�m�|�Ü�y�|Gä�v�tÅi�|I}�yRoåÆ¢t�È�m�|
É¢m�h�v
λk

Ü�ÁRh
k = 1, 2, . . .

tnu�v"r

�æ+
�4+-bLa�.y»JÅ7Á¹b�C73$<?>����F"$"�\7/JZ
�

«n:×i�B�� %D�!��4��,�Î3=�,� {wm}∞m=1

4�� �¯���Îºp>��,BDA=�,:NI�/F-D/JI�%��,�9(��7��"$�;§Q(�3$��3`#���4 {λk}∞k=1

3$�,���,�
4����e4�BDAj"5%D�,�9(+���P"H�,�¨�l� %D�!��Om�,Aj"H�)4��,3y�¹(�*�� (�<,�)[2*��,A$(+"HBDA=3 4 /



��ù �=ù�����Ò����62x���8�9�8���G2¯���GM¹�vÑ���ÒÎú����ç2x�8���+�8��Ò��������7��Ñ���Ò �$Ø
0�� ����ÂD3$#��7%

u
#���4²47� ��º°�,3j"$i�#��7W�"$� BD�7�,�

ϕ
Om�,A=4��,�r���z��>�A$�!Aw§Q(+3$� 3=49(�A=3="H�!� ��#���%S(+��%D�,%��,C��,��©

OwBDC��,��47� �`'�B8���;f!� �,�P"$�,�
ϕm ∈ R

#7��4
um ∈ C2 (I)

3=� ��4�/��l35%D����"

u (t) =

∞∑

m=1

um (t)wm

ü (t) =

∞∑

m=1

üm (t)wm

ϕ =

∞∑

m=1

ϕmwm.

]_�!����:o(���4����`§Q(�3$��3$49(+A$3="$�,��� #���%��,��� ��de� �,��<?>�#���% � -�/J&7/F- �w�!� ��3=�!"HfX"�©9�!A$>9u��F"5:z(+�

0 = (ü, ϕ) + a (u, ϕ)

=
∞∑

m,l=1

{ümϕl (wm, wl) + umϕla (wm, wl)}

=
∞∑

m=1

ϕm {üm + λmum} .

02(�:;��"
u

�,� �7�`�¹Â�3$#���%;4��!A5]q�,��� �!��%D� �!� <?>�#���% � -D/JI�/�-ª�w� 3=",©�:S#�3=3pi���Ay(�� ���
m ∈ N

� I�/F-D/F- �
üm + λmum = 0

%D�,�F"H�,��/
��35��3="y(���3$Bx49(�3pi�BD��%D�,��47�`{�A=BDC����,:·:;��"

ω2 = λ
f,#}C��!"HA$(�<?>P"H�!��/

#5$6&7('*�+�,ÃI8/�-D/L&
.lR.����4��
u ∈ C2 (I)

3=B�©949(�3=3
� I�/F-D/JI/�

ü+ ω2u = 0

%D� �F"�/

§w�,��{lA=BDC�� �!:�I�/F-D/L&¯>9(���4��!��"p�!353$� <?>�#�:·�,� �7�2%D�!OmÂD>��7� � <?>7��0���³��,A$�!�P"H�´(+� %D���,� <?>�#��7%Sf!Om�,�F"H�,A
[eA=4���#���%�/
0�� �2>7� �,AmsDBDA=%D�,3j"H�,����"$�e�y�!<?>���#���%x�´u+3$3="Q3$� <?>}(���(�� BD%�i���AQ>P68*��!A$C�BD� ��3$<?>��e*9(+A="H���,��� ��0���³��,A=�,��g
"H�´(+� %D���,� <?>�#��7%D�,�²fXOw�!��"$�,A�[2A$4���#���%x4�#7A$<?>7i���>7A$�,��©�4�(xºp>7�,BDA=�,:ËI�/F-D/JI¯(�#�<?>�i���Ap�,��� � *�"H� 3=<?>��
0���³��,A=�,�P"H� (�� BD*��,A$(+"HB�A$�,��%D� �F"�/�02(+3e>��,� Ì "�©�{lA$BDC����,:ìI�/F-D/L&²>9(+"e(+#�<?>Îb�#�3=3H(�%D�!W�AH(+i�"2i��7Ae(�� �Æg
%D�,:;�,�����¶�,� (�3="$� 3=<?>��®{�A=BDC����,:;�¶#���4á4�� �¨>�� �!A²sDBDA=%D�,3j"H�,����"$�,�èµ�C��,A=� �,%�#���%D�!�á3=� ��4Ê4���A$�!W�"
��C��!A="$AH(�%DC�(�A,/
�������Q3=BD� <?>��Q����%D�,�POm�,Aj"H�,�P"nO5��<?W8��#���%)� 3j"�(�C��,A¸����<?>P"¸i���A¸49(+3l@�����4��,A=��� 3=*�A$B�C�� �!:Ã-D/JI�/JI�:;ÂD%+g
� � <?>�/�0��,3=>9(�� C�3$����4¨4����`� �}4��,�¶��u�<?>�3="$�,�¢'`(�*7��"H�!� �}C��X"HA$(�<?>P"H�!"$�,�¶b�#�3$3$(�%D�!�¨i���Ay4768�9(�:;�Fg
3$<?>���@�����4��,A=��� 3=*�A$B�C�� �!:o�2��#�A5�!� ��%D�!3$<?>�A$u���WP"ysDBD��G�#7"$f,�!��/



�²� ��ù8�������?û¹�X�oú����`Ò��8���8�����v���Y�8ú6½
α

���8�63������������
½�î�½�îNérôA�¹õ��Yõ�=¹ð����@?��kó�õ���?°ôAC�õ8ôê�¹õ�	4O�S

α T õ�� U
ò
�D�Yõ�ôA	
]Ê���;3=<?>�BD�É���q47�,AS�l����� �!��"H#7��%�f,#_47� �,3=�,:N'`(�*��F"H�,�l�!A=Owu�>��P"�©°� 3j"�47� �x� �®b�C�3=<?>����F"$"²-�/LT�/F-
s��,A=Om�,�74��!"$��0�(�A$3j"H�,��� #��7%S4��,3pd2g

α h �!A=ik(�>�A=�,��3w4��,AQb��9(��F6�3=�2����<?>�"wf,#�%Du���%D��� <?>�/8«n�r4�� �!3$�!:
b�C�3$<?>��7��"$"5Om�,A=4��,��4��,3=>9(�� C}4����`i��7Ap4�� �eb��9(���683=�)%��,�,��%D���X"H�,A=�,�¨R�B�A$:S#���� �!A$#���%��,�r(���3pb�:¯g
*�����¦9<,(+"H��BD�q~¨(+"$A$���®#7��4µ� ������(�A=�,3�~��,>7A$3$<?>7A$��"="$s��,A=ik(+>�A$�!�¬(+��%D�,%��,C��,��/|0�� �ob�:;*�� �F¦9<�(v"H� B��
~¨(v"HA$���xR9BDA=: �´u+3$3="�3=� <?>;4�� A=�,WP"�(�#�3�4��!A�� �xb�C�3=<?>����F"$"y-D/UT�/�-5%D�!%D�,C��,�7�,�²R9BDA=:S#���� �,A=#���%e(+C�g
���,��"$�,��/�b��®4��,:c<?>9(+AH(�WP"H�!A$��3="H��3$<?>��!�É{°BD��68��BD:×4��,A`b�:;*�����¦9<,(+"H��BD�Î~¨(+"$A$���ÎW�ÂD�7���,�q49(����
4����`'�B8���;f,���,�P"H�!��47�,3y� � �7��(�A=�,�}~��!>�A$3=<?>�A$�F"$"$s��,Ajik(�>�A$�!��32(+C�%D�,���,3=�,��Ow�!A$4��!��/
V�#��!A$3j"�O5� A=4¨49(+3ed�g

α h �,A=ik(+>�A$�!�¨i���Ay4�� �Sd`���,� <?>�#��7% � I8/�-D/JI/�p� ��4��,A�R�B�A$:
Xn+1 = AXn

%D�!3$<?>�A=� �!C��!��/�02(�C��,�¹� 3j"
A

�!� ����~¨(+"$A$����©947� �)(�� 3pb�:o*7� ��¦�<�(+"$� BD��~�(+"HA=����C��,f!�,� <?>7���!"�O5� A=4�©
#��74

Xn
�,� � h �!WP"HBDAx4��!AoR9BDA=: {un, kvn, . . .}T /l�l� �7��(�#�3=i��7>�A$��� <?>���02(+A$3="$�,��� #���%Î4����,3=�,A

M�<?>7A$�,��CPOw�!� 3$�`¦9��47�!"y:z(+�}���®»WV7Á /
]q�,���x:o(��S49(+3�d2g

α h �,Ajik(�>�A=�,�;(�#7i�4����p0���³��,A=�,�P"H� (�� %�� �,��<?>�#���% � I�/F-D/�I0�|(��POm�,��4��X"�©�%D����"|:o�F"
Ω := kω

(1 − αB) 1
2
k2an + 1

2
Ω2 (1 − αH) un

= −αB
1
2
k2an−1 − 1

2
Ω2αHu

n−1.
� I�/�I8/�- �
0����)d`���,��<?>8#7��% � -D/UT�/F- �mO5� A=4�(+� 3
� I�/�I8/�I/� 1

2
kvn − 1

2
γk2an =

1

2
kvn−1 +

1

2
(1 − γ) k2an−1

#��74�4����)d`���,��<?>8#7��% � -D/UT�/JI/�w(���3
� I�/�I8/J&1� 1

2
un − 1

2
βk2an =

1

2
un−1 +

1

2
kvn−1 +

1

2

(
1

2
− β

)

k2an−1

%D�!3$<?>�A=� �!C��!��/�0�� ��~¨(v"HA$���
Al

O5� A=4�(+� 3





1Ω2 (1 − αH) 0 1 − αB

0 1
2

−γ
1
2

0 −β






#��74�4����)~¨(+"$A$���
Ar

(���3





−1
2
Ω2αH 0 −αB

0 1
2

1 − γ
1
2

1
2

1
2
− β




 .

4��X¦9�����,A=",/¸M8�,��Ow�!��"H�!A
Xn =

{
un, kvn, 1

2
k2an

}T /|0�� �zd`���,��<?>8#7��%D�,� � I�/JI�/F- �X© � I8/�I�/JI/�e#���4
� I�/�I8/J&1��Ow�!A$4��!�¶49(�:;��"wf,#�3$(�:o:;�,��ik(�3$3=�,��4¨(�� 3

Xn = A−1
l ArX

n−1



�?ù ��ù7����ú��8���N3Dþ���üwÑ��v�´���9Ñ���Ò��8�¶ú��7�`Ò6½
α

���8�63������������ �$÷
%D�,3=<?>�A$���,C��,��/�R.��Apb�:o*7� ��¦�<�(+"$� BD�²~¨(+"HA=���

A
%�� ��"

A = A−1
l Ar

/
02(�3�<?>9(�A$(�WP"H�,A=� 3j"H� 3=<?>���{|BD�F6��7BD: sDB��

A
O5� A=4¯i���A�4�� �5§w�!3="$� :;:S#���%`4��!Am'yB����;f,� �!�P"H�,�;4��!3

� � �7��(�A=�,�}~��!>�A$3=<?>�A$�F"$"$s��,Ajik(�>�A$�!��3�#7��4�47� �eOw�!��"$�,A$�`b��9(���683=�)C��,�7Â�"H��%�"�/7��3y>9(+"547� �`R9BDA$:

χ (λ) = λ3 − 2A1λ
2 + A2λ− A3.

02(�C��,��3$����4
A1

©
A2

#��74
A3

4����e«n�Ps�(+A$�´(+��"$�,�rsDB��
A

/���3y3$�!�

Ci :=
[
Ω2β (αH − 1) + αB − 1

]−1
.

��35%D����"

A1 =
1

2
tr (A)

=
1

4
Ci

[
2Ω2β (3αH − 2) + Ω2 (2γ + 1) (1 − αH) + 6αB − 4

]

#���4

A3 = det (A)

=
1

2
Ci

[
αHΩ2 (2β − 2γ + 1) + 2αB

]
.

A2
��3="y4�� ��M�#�:;:;��4��!A�0��!"H�!A$:;� �9(+��"$�,�¶47�,A

2 × 2
ß��P"H�!A$:o(+"HA=� f,�!�

Ai
sDBD�

A
©�4�� �)4�#�A=<?>

49(�3�M8"HA=�,��<?>��,�}4��,A
i
g
"H�!�¶V��!� ���2#���4

i
gÈ"H�,�¨M�*9(+��"H�2s�BD�

A
�,�P"H3j"H�!>��,��/��l3��!A$%D��C7"p3=� <?>

A2 =
1

2
Ci

[
2Ω2αH (3β − 2γ) + Ω2 (2γ − 2β − 1) + 6αB − 2

]
.

���!"HfX"|Om�,A=4��,�¯��� ���,(�A$��~}�,>�A=3$<?>�A=��"$"=sD�!A=ik(�>�A=�,�Si���A°�,�����m'`� (�3$3=�lsDBD�¯0���³��,A$�!�P"H�´(+� %D���,� <?>�#��7%D�,�
4��!¦9�7� �,Aj"5#���4¨(���3$<?>7� � � Ì �,�74�O5��A$4�49(�3�d�g

α h �!A=ik(�>�A=�,�}� �r4����,3=�,��'�BD�P"H���8"��!� ��%D�!C��X"$"$�!"�/
#5$6&7('*�+�,ÃI8/�I�/F-�.�de�,3$#7<?>�"�� 3j"5�,�����)�¹Â�3$#���%

u ∈ C2 (I)
47�,A�d`���,��<?>8#7��%

� I�/JI�/UT��
ü = f (t, u)

:o�F"
u (0) = u0

#���4
u̇ (0) = v0

/90����)A=�,<?>P"H��M��!��"H�
f

3=BD� ��:;� �74��,3j"H�!��353="H�X"H��%;3=�,����/

0�� �5§w�X"HA$(�<?>P"H#���%��,�zC7� �,��C��!�¯� �x4����,3$�!Alb�A=C��!��"�(�#7i�4��!�zR�(����7C��,3$<?>7AHu���WP",©84�(�3$3
f

����<?>�"�s�BD�
u̇

(�C�>9u+��%�"�/�«n�o4��,:öR�(����È©D49(+3$3
f

s�BD�
u̇

(�C7>9u���%�",©P� 3j"m�!3w����<?>P"w:;�,>�A�:;ÂD%D��� <?>x4�� �5��� ���,(�A$�!�
~��,>�A=3$<?>�A=��"="$sD�!A=ik(�>7A$�,�ri���Am(���� %D�!:o�!� ���

f
f,#zi�B�A$:S#���� �!A$�,��/8~¨(��z¦9�74��!"w�,� �7�2§w�!3$<?>�A=�,� C7#���%

sDBD�}� ������(�A=�,�}~��!>�A$3=<?>�A$�F"$"=sD�,Ajik(�>�A=�,�¨i���A

f (t, u, u̇) = M−1R (t) −M−1Ku−M−1Cu̇

� �É»FÄ��7ÁÈ/�02(�C��,�.3=� ��4
M

©
K

#��74
C

~�(+"HA=� f,�!�¶#���4
R

��3="��,� � h �,WP"HBDA!/�0����¯~¨(v"HA$���
M

� 3j"
A$�,%�#��´u�A!/
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α

���8�63������������
��+��8bLeAbdcDbL&7eáI�/�I8/�I8.m�����¢� ������(�A=�,3`~}�,>�A=3$<?>�A=��"$"=sD�!A=ik(�>�A=�,�q:o�F"

m
M�<?>�A$�F"$"$�,�¢i���Ae{lA$B�C�� �!:

I�/JI�/F-`>9(+"54����`R�B�A$:
� I�/�I8/�Z/� m∑

i=0

αiu
n+i = k2

m∑

i=0

βif
(
tn+i, un+i

)
.

0����2sDBD�}4��!�¶'�B8���;f!� �,�P"$�,�
αi

#���4
βi

�,A=f,�!#�%�"H�!�¶{°BD��68��BD:;�2Om�,A$47�,�¶:;��"

ρ (ζ) :=

m∑

i=0

αiζ
i #��74

σ (ζ) :=

m∑

i=0

βiζ
i

C��,f!�,� <?>7���!",/

]q�,���¨:z(��}�,���¨��� ���,(�A$�!3�~}�,>�A=3$<?>�A=��"$"=sD�!A=ik(�>�A=�,�Î�9(�<?>¶0��!¦9�7��"H��BD�¨I�/�I8/�I;(�#7il49(+3�{lA$B�C�� �!:
I�/F-D/L&x(��POw�!��4��!",©��,A$>�u���"5:o(���4�� �`0���³��,A$�!��f,�!��%D���,� <?>�#��7%

m∑

i=0

(
αi + Ω2βi

)
un+i = 0.

§w�!��4��,Ay��ÂD3=#���%x4�� �!3$�!A�de� �!� <?>�#���%x�!A$%D��C7"53$��<?>�4����e<?>9(�A$(�WP"H�,A=� 3j"H� 3=<?>���d`���,� <?>�#��7%
� I�/�I8/J\1� m∑

i=0

(
αi + Ω2βi

)
ζ i = ρ (ζ) + Ω2σ (ζ) = 0,

4����x:o�F"`4��,:c<?>9(+AH(�WP"H�!A$��3="H��3$<?>��!�µ{|B���68��BD:c4��!A�b�:o*7� ��¦�<�(+"$� BD�®~¨(v"HA$���
A

C�� 3�(�#7iw�,�����,�
W+BD��3="H(��P"H�!�¶R�(�WP"HBDAp�7C��!A$�,����3="$� :;:�"�/
02(o49(�32<?>9(+AH(�WP"H�!A$��3="H��3$<?>��S{|BD�F6��7BD:Ís�BD�

A
i��7A249(�32d2g

α h �!A=ik(�>7A$�,�¢C��,Wv(��7��"2� 3=",©��!A$>9u+��"
:o(��

ρ (ζ) = αB + (1 − 3αB) ζ + (3αB − 2) ζ2 + (1 − αB) ζ3

#��74

σ (ζ) =
1

2
αH (2β − 2γ + 1) +

1

2
[1 + 2β − 2γ − 2αH (3β − 2γ)] ζ

+
1

2
[2β (3αH − 2) + (2γ + 1) (1 − αH)] ζ2 + β (1 − αH) ζ3.

M�B�:o�F"S3$����4µ4����r'�B8���;f,���,�P"H�!�¬47�,3;d�g
α h �!A=ik(�>�A=�,��3x(+� 3S��� ���,(�A$�!3x~��,>7A$3$<?>7A$��"="$s��,A=ik(+>�A$�!�

C��,Wv(����P",/
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α T õ�� U
ò
�D�Yõ�ôA	

«n�¶47� �,3=�,:Íb�C�3=<?>����F"$"�O5��A$4¶4�(�32'yBD�PsD�,A=%D�,�7f!sD�!A$>9(+��"H�!�q47�,3`d�g
α h �,Ajik(�>�A$�!��32#��P"$�,A$3=#�<?>P"�/

V�#��!A$3j"�Om�,A$47�,�¢4����S�5�,3$#7��"?(v"H�`i���A2(���� %D�!:o�!� ���e��� ���,(�A$��~��!>�A$3=<?>�A$�F"$"$s��,Ajik(�>�A$�!�®(���%D�!%D�,C��,�
#��74¬(+��3$<?>���� � Ì �,��4±(�#�i�4�(�3;d2g

α h �!A=ik(�>�A=�,�±(���%��!Om�,��4��X"�/��l3¯f,�!� %�"¯3=� <?>�©.49(�3$3x49(+3;d2g
α

h �!A=ik(�>�A=�,�}:z( �7��:z(+��s�BD��fXOw�!��"$�,A�[2A$4���#���%;W�B���s��,A=%D�,�P"2��3=",/
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α

���8�63������������ �Ï�
02(�3 h �,Ajik(�>�A$�!� � I�/JI�/�Z0�mO5� A$4}(�#�i.49(+3yb��7ik(���%�3=Om�,A="$*�A$B�C�� �!:

ü = f (t, u) , u
(
t0
)

= u0, u̇
(
t0
)

= u̇0

(���%D�XOQ(��747"�/�ßy: 4����p'�BD�Ps��,A$%��,��fy4��,3 h �!A=ik(�>�A=�,��3 � I�/�I8/�Z/�¹i���Al4�� �!3$�!3m{lA=BDC�� �!: f!#;3=� <?>��!A$��©
:S��3$3=�,�}4�� ��M8"H(�A="nOm�,Aj"H�`W�B���3$��3="H�!�P"�f!#�C��,��4��,�}b��7ik(+��%D3=Om�,Aj"H�!�¨3$����4�/��l35:S#�3=3�(+� 3$B

ui − u0 − iku̇0

k
→ 0

i���A
h→ 0

#7��4
i = 0, 1, . . . , m− 1

%D�,�F"H�,��/
]_�!��"H�!A$>�����C��,�7Â�"H��%�"°:z(��)�,�����,�SM8"?(+C�� ����"?uv"H3$C��,%�A$��³|/,V�#�A.0��!¦9���F"H��BD��47�,3lM�"?(�C���� �F"?u+"$3$C��,%DA=��³�3
O5� A$4�49(+3y�!� �7ik(+<?>��){�A=BDC����,:

ü = 0, u0 = 0, u̇0 = 0

C��X"HAH(+<?>�"$�!",/�M8�,� �7�e�8#7:o�!A$� 3=<?>����¹Â�3$#���%;�,Aji���� �F"p�,�����`� ������(�A=�e0��F³��!A$�,�7f,�,�7%D� �!� <?>�#���%�©947�,A$�!�
<?>9(�AH(+W�"$�,A=� 3="$� 3=<?>��,3`{°BD��68��BD:

ρ (ζ)
��3="�/�0����,3$�!� C��,�@µyC��!A$� �!%D#���%��,�¶O5� ��i���A2� ������(+A$�¯~}�,>�A�g

3$<?>�A=��"$"=sD�!A=ik(�>�A=�,�®i���A�0���³��,A$�!�P"H�´(+� %D���,� <?>�#��7%D�,�¢�!A$3="$�,A�[2A$4���#���%}i���>�A=�,�É(+#7iQ4����¯i�BD� %D�!��4��
0��!¦9�7��"H��BD��4��,3�M8"H(�C���� ��"Hu+"H3=C��!%DA$�F³�3!/
��+-�GbLe�bdcDbL&7e®I�/L&7/F-�.°0�(�3 h �,Ajik(�>�A$�!� � I�/JI�/JZ/�|>��!� Ì "l3j"?(�C7� �È©YOm�,���;49(�3l�!A$f,�!#�%D�!��4��y{|BD�F68��BD:
ρ (ζ)

4�� �2i�B�� %D�!��4��,�}§w�!4�� �7%D#���%D�!���!A=i�������"��
� -ª��0�� �)Gy#�� ��3="H�!� ���,�zs�BD�

ρ (ζ)
��� �!%D�,��(�#�i.B84��,A5��:·«n�����!A$�!��4��!3��l����>��,�F"H3=W8A=�,��3$�,3!/

� I0��0�� � h � �,�Fik(�<?>�>��!��"p47�,AyG�#���� 3j"H�,��� �!�r(�#7i|4��,:Ë�l����>��,�F"H3=W8A=�,��3p� 3="5>7Â�<?>�3j"H�!��3�fXOw�!�È/

b�� 3)� �X"HfX"H�,3�C��!��Â�"H��%�"�:z(��q��B8<?>É4��,�Ó§m�,%DA=��³±4��,A�'�BD�73$� 3j"H�!��f�©|4��,A�(��9(���BD%�f!#µ4��,:1sDB��
0���³��,A=�,�P"H� (�� %D���,��<?>8#7��%D�,�r�!A$3j"H�,A�[2A$47�8#7��%o47�!¦9�����,Aj"yO5��A$4�/
��+-�GbLe�bdcDbL&7e±I�/L&7/JI8.¸0�� �)~}�!"H>7B�4�� � I�/JI�/�Z0��� 3j"pW�B���3$��3="H�!�P"ys�BD��[2A$4���#���%

p
©�Om�,����i���Ap(���� �

>�� ��A=�,��<?>��,��4}%D� (+"$"$�eR9#���WP"H��BD���,�
u (t)

L (u, t, k) = O
(
kp+2

)

%D� �F"�©�OwBDC��,�

L (u, t, k) :=
m∑

i=0

(
αiu (t+ ik) − k2βiü (t+ ik)

)

�,� ����� ���,(�A$�!Ap0���³��,A=�,��f!�,��B�*��!AH(+"$BDA5� 3=",/

02(�35i�BD� %D�!��4��)ºp>��,B�A$�,:Ë%D��C7"y�,������u+Ô8#7��s+(�� �!�P"H�)R9BDA$:S#7� � �!A$#��7%;47�,A�'�BD��3=� 3j"H�,�7f,C��,4�����%D#���g
%D�,��(���/
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α

���8�63������������
¾_¿A+-&)$A+�,�I8/J&7/L&
.%Æ¢tL|ØlFtL|'m�{0h~mju\íâmjÙ�h~uªÍjÙ�h�tLvKv�z0m�hLÜ�{�Ù�hjm�|îÃ�m�hÄÀAi�h�oðï"��rn��rLñ�ò�tnu�v¢ä1i�|Gu�tnu�v�m�|
v
z0i�|óÎ%hÏÃ0|
y�|�È

p
È�m�|-{0y´Ã1{0|
|GÞÂÉ¢m�|
|

m∑

i=0

αi = 0,
m∑

i=0

iαi = 0

y�|-Ã
m∑

i=0

αii
q = q (q − 1)

m∑

i=0

βii
q−2

Ü�Á�h
q = 2, . . . , p+ 1

È0tLlFv"r
�æ+
�4+-bLa�.y»�Ä�ÄDÁ°'`(�*���"$�,��«=«$«?/

10 �

R.�7Az4����¨'yBD�PsD�,A=%D�,�7f¶sDBD�¼��� ���,(�A$�!�¼~��!>�A$3=<?>�A$�F"$"$s��,Ajik(�>�A$�!�ái��7A²0��F³��!A$�,�P"$�´(���%D� �!� <?>�#���%D�!�
fXOw�!��"H�!A�[eA=4���#���%;%D� �F"Q49(+35i�B�� %D�!��4��eºp>��!BDA$�!:�/
¾_¿A+-&)$A+�,ÜI�/J&�/LT�.�ÔYm�|
|�Ã0tÅmãíâm�vLÙ
i�Ã�m�ï"��rn��rLñ�ò_u�v"{1k�tLl6yR|-Ãôä1i�|Gu�tnu�vÐm�|
v)z0i�|îÎ%hÏÃ0|
y�|�È

p
tnu�v

y�|-Ã�É¢m�|
|@Ã0tÅm_õ�vÅ{0h�vKÉ¢m�h�v�m
u
(
tj
)
− uj = O

(
kp+1

)

Ü�Á�h
j = 0, 1, . . . , m − 1

m�hLÜ�ÁRlLlnm�|GÞ[ä1i�|
z0m�hÅÈ0tÅm�h�v\Ã1{�uöÚ-m�hQÜ�{�Ù�h~m�|¬ï"��rn��rLñ�ò0rÖ÷DyGÃ�m�oøtnu�vÄÃ0tÅm
ù�i�|
z0m�hKÈ�m�|�}\z0i�|>Ã�m�h�Î%hÏÃ0|
y�|�È

p
Þ¢Ã1{�uãÙ
m�tú×�vLÞ¢Ã1{�uju
‖u (tn) − un‖ ≤ Ckp

Ü�Á�h
0 ≤ kn ≤ C

È0tLlFv"r
�æ+
�4+-bLa�.y»�Ä�ÄDÁ8'`(�*���"$�,�D«=«$«?/F-�a7/�0�BDA="�O5��A$4`49(�3¹� ������(+A$��~��!>�A$3=<?>�A$�F"$"=sD�,Ajik(�>�A=�,�¯(���3¹(�� ��%D�Xg

:;�,�����,3���� ���,(�A$�!3 h �,A=ik(+>�A$�!�)i�BDA=:S#���� �,Aj"�#��74�4����l49(+i���A�C��,Wv(��7��"$�mºp>7�,BDA=� ��(���%��!Om�,��4��X"�/
�

0����p'�B���s��,A=%D�,��fy4��!3�d2g
α h �,Ajik(�>�A$�!��3¸O5� A=4¯��#��o#7��"$�,A=3$#�<?>P"�/�V�#��!A$3j"lO5� A$4¯4�(�f,#¯i�BD��%D�,��47�,3

�5�,3=#���"H(+"5��C��,A54�� �`'yBD��3=� 3="$�,��f!BDA$47�8#7��%oC��!O5���,3=�,��/
û7+�,Ë,Çü¥I�/L&7/JZ8.¢ÀÂÁRh

γ =
1

2
− αB + αHtnu�v7Ã1{�uôý%þ

α
Ú-m�hQÜ�{�Ù�h~m�|4z0i�|�}�É¢m�tLv�m�hÄÎ%hÏÃ0|
y�|�ÈÄä1i�|Gu�tnu�vÐm�|
vÅr
ÿã|Guªi�|Gu�vÐm�|4tnu�vÝÃ0tÅm5ù�i�|Gu�tnu�vÐm�|
þ

}�i�hÏÃ0|
y�|�È
1
r

�æ+
�4+-bLa�.���3mO5� A$4o�9(�<?>�%��,A$�!<?>����X"�©�49(+3$3w47� �2u+Ô8#7��s+(�� �!�P"H�,�z§w�,47� ��%D#7��%D�,�z�9(�<?>²ºp>��!B+g
A=�,:ËI�/L&7/L&Si���Ap4�� �`'yBD��3=� 3="$�,��f!BDA$47�8#7��%

p = 2
�!A=i�������"Q3=� ��4�/

�l35%D� �F"
3∑

i=0

αi =
3∑

i=0

αii = 0
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α

���8�63������������ ÏX�
#���4}:o�F"

q = 2
3∑

i=0

αii
2 = 2

3∑

i=0

βi = 2.

M�BD:;��"pC����,��C7"p��B8<?>�47�,AyR�(�� �
q = 3

#���4}49(+i��7Ay%�� ��"
3∑

i=0

αii
3 = 12 − 6αB

#���4

6

3∑

i=0

βii = 9 + 6γ − 6αH .

02(�AH(+#�3pi�BD� %�",©749(+3$3
1

2
− αB + αH = γ

%D�,�F"H�,��:S#�3=3,©v49(�:;��"¹49(�3¸d2g
α h �,A=ik(+>�A$�!��sDBD��f!Om�,��"$�,A¸[eA=4���#���%2W+BD��3=� 3="$�,�P"l��3="�/Yb���3$BD�73="H�!�

� 3="547� �`'�B���3$��3="H�!��f,B�A$4���#���%
1
/

�

R.��Ap4����)M8"?(�C7� � �F"?u+"w4��,3�d�g
α h �!A=ik(�>7A$�,�73�%D����"w49(�3pi�BD� %��,��4��+/

ûÝ+�,Ë,ÇüªI�/J&�/J\
.��Ä{�uYý%þ
α

Ú-m�hLÜ�{�Ù�hjm�|´tnu�vÂu�vÅ{1k�tLlWÞÓÉ¢m�|
|
αB ≤ 1

2

È�m�ÉÓw�Ù�lFvÂÉÝtLhÏÃ1r
�[+8�I+�bLa�.m�l3�%�� ��"

ρ (ζ) = (ζ − 1)2

(

ζ − αB

αB − 1

)

(1 − αB) .

���!"HfX"x� ���,3="�:z(+�µ4�� A=�,WP"x(�C�©.49(�3$3
1

�,� �7�²f!Om�,�Fik(�<?>��}G�#���� 3j"H�,��� �;#���4 αB

αB−1

�,�����²�,���7ik(�<?>��
G�#���� 3="$�,��� ��s�BD�

ρ
��3="�/

R.��A
αB < 1

2

%D� �F"
∣
∣
∣
∣

αB

αB − 1

∣
∣
∣
∣
< 1.

R.��A
αB = 1

2

%D� �F"
αB

αB − 1
= −1,

OwBD:;��" −1
�,�����e�,���7ik(�<?>��)Gy#�� ��3="H�!� ����� 3j"�/90�(�:o�F"5� 3j"54�� �)M8"H(�C���� ��"Hu+"mC��XO5� �,3=�,��/

�

0�� �e���!:o:o(+"?(�I�/L&7/�Z�#7��4�I�/J&�/J\���:o*7� � f!� �!A$�,�;f,#73H(�:;:o�!��:o�F"wºp>��!BDA$�!:�I�/L&7/UT¯4�� ��i�BD� %D�!��4��
b�#�3=3H(�%D�`��C��,A54����`'�BD�Ps��,A$%��,��f�4��,3�d�g

α h �,Ajik(�>�A=�,��3!/

¾\¿A+�&7$D+�,^I�/L&7/�EG.4ÔYm�|
|
αB ≤ 1

2

y�|-Ã
γ = 1

2
− αB + αH

È�m�ÉÓw�Ù�lFvÇÉÝtLhÏÃ�Þãtnu�vËÃ1{�uçý%þ
αÚ-m�hQÜ�{�Ù�h~m�|çz0i�|4}�É¢m�tLvÐm�h�Î%hÏÃ0|
y�|�È�ä1i�|
z0m�hKÈ�m�|
v"r
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«n�²47� �,3=�,:öb�C73$<?>����F"$"QO5��A$4²47� ��M8"?(�C7� � �F"?u+"ls�BD�²��� ���,(�A$�!�r~��!>�A$3=<?>�A$�F"$"$s��,Ajik(�>�A$�!���9u�>��!AwC��Xg
"$AH(�<?>P"H�X"�/90��,Ap� :Ús�BDA$>��!A$%D�!>��,�74��,��b�C�3=<?>�����"="5�,����%D�!i��7>�A="$�e§w�,%�A$��³�4��!AyM8"?(�C7� � �F"?u+"�3=� <?>��!A="
4����l'�B���s��,A=%D�,��f�sDB��)��� ���,(�A$�!�)~��,>7A$3$<?>7A$��"="$s��,A=ik(+>�A$�!��/v��A�3=� <?>��!A="°(�C��,A�f!#�: §m�,� 3=*�� �!�D����<?>�",©
49(+3$3y(�� ���2��#�:;�,A$��3$<?>}C��!A$�!<?>����!"$�,�¢��ÂD3=#���%D�!��47�,Ay0���³��,A=�,�P"H� (�� %�� �,��<?>�#���%
� I�/LT7/�- �

ü = −ω2u

:;��"
ω ∈ R+ C��!3$<?>�A$u���WP"mC�� �!� C��,��©vO5� �p4����p(��9(��F6�"H� 3=<?>��5��ÂD3$#7��%D�,�

eiωt
/P0����pº|�!3="$%D� �!� <?>�#���%

� I�/LT7/�- �QO5� A=4¨sDB��¢02(�>���Ô�#�� 3j"2� �_»�Ä8½7Á|�,� �7%D�!i���>7A="�/�M�����3="$� :;:�"y%D�,A$(�4��S:;��"�{lA$B�C�� �!:×I8/�-D/L&
��C��,A=�,����©�4�(�3p(�#�3m4��,AQ����%D�,�POm�,Aj"H�,�P"nO5��<?W8��#���%x4��!Aw]_�!� ���,��%D���,��<?>8#7��%�3j"?(�:;:�"�/�~¨(+�r���,���P"
�!� �r� ������(+A$�,3Q~��,>7A$3$<?>7A$��"="$s��,A=ik(+>�A$�!��©9i���AQ49(�35(+� � �yC��,A$�!<?>����X"H�,�¨��ÂD3$#��7%D�,�rsDB�� � I�/UT�/�-ª��C��Xg
3=<?>�AHu��7W�"²3$� �74�©m#7�8C��,47� ��%�"²3="?(+C�� � /���3z3$BD����(���� �!A$4�����%D3x4�� �¨0��!¦�����"$� BD�¬4��,A²#7�8C��,47� ��%�"$�,�
M8"H(�C���� ��"Hu+"m:o�F"5@�����i��24��!A5<?>9(�AH(+W�"$�,A=� 3="$� 3=<?>��,�¨{|BD�F6��7BD:o�e%��,��#7"HfX"5Ow�!A$4��!��/

��+��8bLeAbdcDbL&7e±I�/LT7/�-�.�~¨(+�}�7�,���P"y49(�3 h �,Ajik(�>�A=�,� � I�/JI�/JZ/�m#���C��,4�����%�"53j"?(�C����È©8Ow�!���}i��7A5(�� ���
Ω ∈ R+ ©¹(���� ��G�#���� 3="$�,��� �,�

ζj (Ω)
sDBD� � I�/JI�/L\1��(�#�iQB84��,Ae��:×«n�����!A$�!�_4��!3��l����>��,�F"H3=W8A=�,��3$�,3

��� �,%��,�r#���4�(���� �eGy#�� ��3="H�!� ���,�r(�#�i¸4��!:��l� ��>��!��"$3$W�A$�!� 3p�,���7ik(�<?>}3$����4�/

02(+>�� Ô�#���3="�>9(v"¹� �x»FÄ�½7ÁPC��!O5���,3=�,��©�49(+3$3��,���e#���C��!4�� �7%�"¹3="H(�C�� ���,3 h �!A=ik(�>7A$�,�)4��!A¹R�B�A$: � I�/JI�/JZ/�
>�Â8<?>�3j"H�,�73ys�BD��fXOw�!��"$�,A�[2A$4���#���%oW�BD�73$� 3j"H�!��"y3=�,� �}Wv(�����/
ßy:í4�� ��#���C��,4�����%�"$�¨M�"?(�C���� �F"?u+"�4��,3zd2g

α h �,Ajik(�>�A$�!��3;f,#±C��XOw�!� 3$�!��©�O5� A$4Ó49(+3;i�BD��%D�,�74��
���,:;:o(�sD�,AjOw�!��4��X"�/

û7+�,Ë,Çü¥I�/UT�/JI8.YÔYm�|
|�Ü�ÁRhÄÃ0tÅmÇù�iªm��î}�tÅm�|
v�m�|@Ã�mjuÇfÖi�l���|'i�o�u
χ (λ) = λ3 − 2A1λ

2 + A2λ− A3

Ã0tÅm	�D|�È0lnm�tÅÍjÙ�y�|�È�m�|
1 − 2A1 + A2 − A3 ≥ 0

� I�/UT�/�I0�
3 − 2A1 − A2 + 3A3 ≥ 0

� I�/UT�/J&/�
3 + 2A1 − A2 − 3A3 ≥ 0

� I�/UT�/LT1�
1 + 2A1 + A2 + A3 ≥ 0

� I�/UT�/�Z0�
1 − A2 + A3 (2A1 − A3) ≥ 0

� I�/UT�/J\/�
m�hLÜ�Á�lLlFv)u�tL|-Ã�Þ7lFtÅmÅÈ�m�|�{0lLlnm�
ãy�lLlWu�vÐm�lLlnm�|´tLo�i�Ã�m�hÇ{0y�ÜËÃ�m�o ÆgtL|GÙ
m�tLvLujä�hjm�tnuãy�|-Ã�Ã0tÅm�
Çy�lLlWu�vÐm�lLlnm�|
{0y�Ü\Ã�m�o ÆgtL|GÙ
m�tLvQujä�h~m�tnu[u�tL|-Ã:m�tL|�Ü�{�ÍjÙGr
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α

�����63X�������8��� Ï$Ï
0�� �`§w�!4�� �7%D#���%D�!� � I�/UT�/�I0�wC�� 3 � I�/LT7/�Z/�w3=� ��4���B+"nOw�!��4�� %7/�]_�!����f!#�3Huv"Hf,��� <?>}4�� �`§m�,4�����%D#���%
� I�/UT�/L\1���,Aji���� �F"e� 3j"�©�3=B���3="`49(�3`>�����A$�!� <?>��!��4�/¹02(+3����,:;:o(²� 3="`��:ìOm�,3=�,�P"H��� <?>_4�(�3)�yBD#�"H>�g
@�#�AjO5��"Hf`'eA=��"H�!A$��#�:�/

�[+8�I+�bLa�.�»FÄ�À�Á�b�C�3$<?>��7��"$"
3.7 �

R.��Ap4����e#���C��!4�� ��%+"H��M8"?(+C�� ����"?uv"Q4��!3�d�g
α h �,A=ik(+>�A$�!��3�%�� ��"w49(�3pi�BD��%D�,��47�eºp>��,BDA=�,:}/

¾\¿A+�&7$D+�,ÛI8/LT�/L&
.�ÔYm�|
|
� I�/UT�/JE/�

β ≥ 1

4
+

1

2
(αH − αB) ,

� I�/UT�/Lt1�
γ =

1

2
+ αH − αB

yR|-Ã
� I�/UT�/LK1� −1 ≤ αB ≤ αH ≤ 1

2È�m�ÉÓw�Ù�lFvÓÉÝtLhÏÃ�ÞÂtnu�v¢Ã1{�uYý%þ
α

Ú-m�hQÜ�{�Ù�h~m�|çy�|-k�m�Ã0tL|�È0v7u�v"{1k�tLl�r
�[+8�I+�bLa�.m�l3�3=� ��4�4���� h BDAH(+#�3$3=�!"Hf!#���%D�!�¨sDB��¨���,:;:o(xI�/LT7/�ISf,#}f,�!� %D�!��/

ß���%D���,��<?>8#7��% � I�/UT�/JI/���9�l35%D����"p�9(+<?> h BDA$(�#�3=3$�!"$f,#��7%

Ω2β (αH − 1) + αB − 1 ≤ 0

#���4}49(�:;��"
Ci ≤ 0

/�@�� �!AH(�#73Qi�BD� %�"

0 ≤ −Ω2Ci = 1 − 2A1 + A2 − A3.

ß���%D���,��<?>8#7��% � I�/UT�/L&1���90�� � h BDA$(�#�3$3=�!"$f,#���%��,�¶��:o*���� f!� �,A=�,�

0 ≤ 1

2
− αB

(2.4.8)
= γ − αH .

02(�:;��"p%D����"

0 ≤ −2Ω2Ci (γ − αH)

= 3 − 2A1 − A2 + 3A3.

ß���%D���,��<?>8#7��% � I8/LT�/UT������l3Q%D����"m�9(�<?> h BDAH(+#�3$3=�!"Hf!#���%
αH ≤ 1

2

#7��4
αH ≥ αB

/�0��!3$>9(+� Cr%D����"
1

4
+ α2

H − αBαH ≤ 1

4
+

1

2
(αH − αB) ≤ β.
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α

���8�63������������
02(+:o�F"Qi�BD� %+"p:o�F"5de� �!� <?>�#���% � I8/LT�/Lt1�

−4β + 4γαH + 1 − 2αH

= −4β + 4α2
H − 4αBαH + 1

≤ 0.

02(+3y>7�,� Ì "y(�C��!Ap%D�,A$(�4��

0 ≤ Ci

[
Ω2 (−4β + 4γαH + 1 − 2αH) − 4

]

= 3 + 2A1 − A2 − 3A3.

ßy��%D� �!� <?>�#���% � I�/LT7/�Z/���9�l35%D� �F"p�9(�<?> h BDAH(+#�3$3=�!"Hf!#���%
2β ≥ γ

#���4}3$B�:o�F"

0 ≤ −2Ci

[

2Ω2

(
1

2
− αH

)

(2β − γ) + 4

(
1

2
− αB

)]

= 1 + 2A1 + A2 + A3.

ßy��%D� �!� <?>�#���% � I�/LT7/J\1����G�(�<?>q47�,� h BDAH(�#73$3$�X"Hf!#���%D�!� � I8/LT�/JE/��#��74 � I�/LT7/JK1�y%D� �F"24����xß���%D���,�Æg
<?>�#���%

0 ≤ (αH − αB)

(

αH − 1

2

)(

αB − 1

2

)

= (αH − αB)

(

αHαB − 1

2
αH − 1

2
αB +

1

4

)

≤ β (αH − αB) + α2
HαB − α2

H − αHα
2
B + αHαB.

0����eb��POm�,��4�#7��%zsDB�� h BDA$(�#�3=3$�!"$f,#��7% � I8/LT�/LK1�w�!A$%D��C7"p4����e«n4��,�P"H�F"?u+"

4γβ − 4γ2αH + 4γα2
H + αH − 2α2

H − 2β

= 4
[
β (αH − αB) − α2

H + αBαH + α2
HαB − α2

BαH

]
.

V�#�3$(�:;:o�!�r�,A$%�� C7"53=� <?>

0 ≤ 1

4
Ω4C2

i

(
4γβ − 4γ2αH + 4γα2

H + αH − 2α2
H − 2β

)

+Ω2C2
i

[

γ −
(

1

2
+ αH − αB

)]

= 1 − A2 + A3 (2A1 − A3) .

02(+:o�F"p� 3j"54��,Ay§w�XOw�!� 354��,3yºp>��!BDA$�!:o3y(�C�%��,3$<?>7� BD3=3$�,��/
�

R.�7Ap49(�3yG��XO5:z(�A=W h �,Ajik(�>�A=�,�}%D� �F"Q49(�A=��C��,A5>�� ��(�#�3p49(�3pi�BD��%D�,�74��`�y�!3$#��F"?(+",/
#%$'&)`-&)a�bdcDbL&)eªI�/UT�/UT�.��\{�u�
Äm�ÉÝoY{0h~äØÚ-m�hLÜ�{�Ù�h~m�|çtnu�v�Ü�ÁRh

2β ≥ γ ≥ 1
2

y�|-k�m�Ã0tL|�È0vÂu�vÅ{1k�tLl�r
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�[+8�I+�bLa�.�»FÄ�¾�Á

�

½�î�Å�îY¼eô¹õ���C�ó�õ�õ����¹ò
��ñ ?|ôDCØ�°õ�	;ï�õ1<��_ò8� J T õ�� U
ò
�D�Yõ8ô�	
«n�®47� �,3=�,:ìb�C�3=<?>�����"="eO5� A=4¢#��P"H�,A=3$#�<?>P",©¹i��7A�Ow�!� <?>��;{|(�AH(�:;�!"$�,A

γ
#���4

β
49(�3`Gy�!O5:o(�A$W

h �,A=ik(+>�A$�!�¨4������l���!A$%D���ei���A�47� �`>�BD:;BD%D�!���e]_�!� � �!��%D���,� <?>�#��7%;�!A$>9u+��"�/�0�� �`>�� �!ApsDBDA=%D�,3j"H�,���Fg
"H�,���5�,<?>���#���%��,�¨%��,��"$�,�}(��9(+� BD%Si���A54768�9(+:o��3$<?>��`�,� (�3="$� 3=<?>��){�A=BDC����,:;��/90����,3=���5�,<?>7�8#7��%
¦9��4��X"m:o(��x� �;u�>7��� ��<?>��,A�R9BDA=: C��,��»XV9Á /PR.�7A�4�(�3md2g

α h �,Ajik(�>�A$�!�o�7� :;:�"¸4����yd`�!3H(�:�"H�,�7�,Ajg
%D� �;� :N�¹(�#7i54��!A¯�5�,<?>���#���%Îf!#�:o����4��!3="¯����<?>P"¯f,#�/.�l� ���o%D�,�9(+#��,A=��§w�,3=<?>�A$�!� C�#��7%Î¦���4��!"
:z(��r���®»J¾�Å7ÁÈ/
��+-�GbLe�bdcDbL&7e¼I8/�Z�/F-�.�0�� �)W�� ���X"H��3$<?>������7�,A$%�� ��O5��A$4}:o�F"

T (v) := 1
2
(v, v)

#���4¶47� �)*�B�"$�,��g
"H� �!� ���2�l���,A=%D� �`:;��"

U (u) := 1
2
a (u, u)

C��!f,�!� <?>����X"�/
��3o3$�!�

[un] := un+1 − un
4��,A;sDBDAjOQu�Aj"H3²%��,��BD:;:;�,���}0��F³��!A$�,�7f,BD*��,A$(+"HBDAo#���4 〈un〉 =

1
2
(un+1 + un)

4��,A�~��F"$"H�!��Om�,Aj"HBD*��,A$(+"HBDA!/

��3�%D� �F"
(〈un〉 , [un]) = 1

2
[(un, un)]

/�0�� ��d`���,� <?>�#��7%D�,� � -D/UT�/F- �Q#���4 � -D/LT7/�I/�p4��!32G��XO5:z(+A$W
h �,A=ik(+>�A$�!��35�´(�3=3$�,�}3$��<?>�:;��"p@�� �Fi��24��!3�0���³��,A$�!��fXgm#��74�4��!3�~���"="H�,�FOw�!A="$BD*��!AH(+"$BDA$35(+� 3

[vn] = k
(
(1 − γ) an + γan+1

)

#���4
[un] = k 〈vn〉 + k2

(

β − γ

2

)

[an]
3$<?>�A=�,� C��,��/
0�� �e>�B�:oBD%��,���2]q�,��� �,�7%D� �!� <?>�#���% � -D/J&�/�- �wC��,f!��%D��� <?>�4��,A�V��!��"54���3$W�A$�X"H� 3=� �!A="5>9(+"547� �`R9BDA$:
� I�/JZ�/F- �

(an, ϕ) + a (un, ϕ) = 0

:o�F"p�,�����,ApC��,��� �,C7� %D�!�rº|�!3="$i�#7��WP"H� B��
ϕ ∈ H1

0 (Ω)
/9�l35%D� �F"QOm�,��"$�,A

([an] , ϕ) + a ([un] , ϕ) = 0

#���4
(〈an〉 , ϕ) + a (〈un〉 , ϕ) = 0.

V�#�3H(�:;:;�,�r�,A=%D� C�"53$� <?>

[T (vn)] = ([vn] , 〈vn〉)
=

(

(1 − γ) an + γan+1, [un] − k2
(

β − γ

2

)

[an]
)

=

(

〈an〉 +

(

γ − 1

2

)

[an] , [un] − k2
(

β − γ

2

)

[an]

)

.



ÏÏ� ��ù8�������?û¹�X�oú����`Ò��8���8�����v���Y�8ú6½
α

���8�63������������
~��F" � I�/JZ�/F- �m�!A$>9u��F"5:z(+�

(

〈an〉 +

(

γ − 1

2

)

[an] , [un] − k2
(

β − γ

2

)

[an]

)

= −a (un, un) −
(

γ − 1

2

)

a (un, un)

−k2
(

β − γ

2

)(

[T (an)] + 2

(

γ − 1

2

)

T ([an])

)

= − [U (un)] − 2

(

γ − 1

2

)

U ([un])

−k2
(

β − γ

2

)(

[T (an)] + 2

(

γ − 1

2

)

T ([an])

)

.

0����eBDC���%D�)d`���,��<?>8#7��%x� 3="yu+Ô8#7��s+(�� �!�P"pf,#

[T (vn)] + [U (un)] + k2
(

β − γ

2

)

[T (an)]

= −2

(

γ − 1

2

)

U ([un]) − k2

(

γ − 1

2

)

(2β − γ)T ([an]) .
� I�/�Z8/�I/�
0����,3=��de� �!� <?>�#���%x��:o*���� f!� �,Aj"w47� �2i�BD��%D�,��47�`{�A=BD*�BD3$�F"H� B���/
#%$'&)`-&)a�bdcDbL&)eÚI�/�Z8/�I8.´ÔYm�|
|

β = 1
4

yR|-Ã
γ = 1

2

È�m�ÉÓw�Ù�lFv_ÉÝtLh�Ã�Þ�m�h~ÙGw0lFv�Ã1{�u�
Äm�ÉÝoY{0h~ä
Ú-m�hLÜ�{�Ù�h~m�|@Ã0tÅmYý[mju�{0o�v�m�|'m�hKÈ0tÅm

E (un, vn) := T (vn) + U (un)

Ü�Á�hÄÃ0tÅmÇÙ
i�o�i�È�m�|'m:ÔYm�lLlnm�|�È0lnm�tÅÍjÙ�y�|�È1r
�æ+
�4+-bLa�.m~���"

β = 1
4

#��74
γ = 1

2

s��,A$�!� �7ik(+<?>�"�3$��<?>�d`���,� <?>�#��7% � I�/JZ�/�I0�wf,#

[E (un, vn)] = [T (vn)] + [U (un)] = 0,

OmBD:;��"p4����eb�#�3=3H(�%���C��!O5���,3$�!����3=",/
�

de� �!� <?>�#���% � I�/�Z8/�I/�w��� �Xi��,A="p(�#�<?>}b�#�3=3H(�%D�!�¨��C��,A54��!� h �!A$� (�#7i|4��,Ayde�,3$(�:�"H�!���,A=%D� �2i��7A�(+��g
4��!A$� h �,Ajik(�>�A=�,��(�� 3p4����eº|A$(�*��,f,A=�,%D�!�È/

½�î Ç�îzï�?A�_õ��+ó�	����°õ:��ó�	�	�óQ�|ò7ñ�ókð�ô
§w�!�P4��,A|0���3$W�A$�X"H� 3=� �!A$#���%y4768�9(�:;� 3=<?>��,A°3="$A$#�WP"$#�A$:;�,<?>9(+��� 3=<?>��,A.{�A=BDC����,:;���!�P"H3="$�,>��!�S>�B8<?>�g
i�A=�,Ô�#��,�P"$�eb��P"H�!� � �y� �o4��,�}de� �!� <?>�#���%��,��©84�� ����� <?>P"Q(�#�3w47�,:Ã{�A=BDC����,:ö3$�!� C�3j"p3$BD�74��,A=��(�#�3
4��!A;0�� 3=W8A=�!"$� 3$���,A=#���%Î3="H(�:o:;�,��/���3x��3="xO5����3=<?>��,��3jOw�!A="r#7��4ª:o(���<?>�:o(��Q#7�8#7:o%Pu+��%D� ��<?>
4����,3=��b���"$�,��� �yf,#z4�u�:o*�i��,��/80�����02u+:o*7i�#7��%�C��,3=<?>�A$�!� C7"w:z(��;:;��"�4��,:Û§w�!%DA$�F³�4��,A���#�:;�Xg
A=� 3$<?>7�,��0�� 3=3$� *�(+"H��BD��/
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ß�:Ý4�� ����#�:;�,A=� 3$<?>7�p0�� 3=3$��*9(+"H��BD�)�,� �7�,3.V��,��"$3$<?>�A=��"="$sD�!A=ik(�>7A$�,�73¸f,#�C��!3$<?>�A=�,� C��,��©�C��!"HA$(�<?>P"H�X"
:z(��r47�,�¢M8*��!W�"$AH(���AH(�47� #�3

ρ (A) := max {|λ||λ ����%D�,�POm�,Aj"�s�BD��b }
4��,A¹b�:;*�����¦9<,(+"H��BD�`~¨(+"$A$���e� �`b�C�>9u���%�� %DW+�,��"�s�BD�

Ω
/YR|��A¹W8���,�����

Ω
3=BD� �F"H�l4��!A|M�*��!WP"HAH(+� AH(+4��Fg

#�3
1

3$�!� ��©�49(+:o�F"�4�� �5�����,4�A=� %D�!�zR9A$�!Ô�#��,��f!�,�r����<?>P"w%D�!49u�:;*7i�"�Ow�!A$4��!��/7~���"mf,#��7�,>�:;�,��47�,�
Ω

� 3j"o�!3oO5���73$<?>��!��3=Om�,Aj"�©p49(�3=3z3=� <?>ª47�,AzM�*��!WP"HAH(+� AH(+4�� #�3x3j"H�!"$� %®sD�,A=W�� �,�����,Aj"z#7��4ª�!� ���!�
:oÂD%�� � <?>73="QW����,� �7�,�¨d`A=�,��fXOw�!A="

ρ∞ = lim
Ω→∞

ρ (A)
C��!3$��"$f!",/Y0��,A¸d`A=�,��fXOw�!A="

ρ∞
O5� A=4�(���3°(�3=68:;*7"HB�"$� 3=<?>��,�SM�*��!WP"HAH(+� AH(+4�� #�3�C��,f!�,��<?>����!",/DM8B�i��,A=�

3$� <?>Ê4����¢b�:;*�� �F¦9<�(v"H� B��¼~¨(+"$A$���¼4�� (�%DBD�9(+� � 3=� �!A$�,�¬�´u�3=3=",©Q� ���,3="²:z(��¼47� A$�!WP"¨(+C�©Q49(�3=3�4�� �
�¹Â�3$#���%2O5���

ρ (A)n (�C�W���� ��%�",/+b���3$B���3="$�,�;W+(+���¯:z(+�¯�,3�(��¯4��!AÓ��BDA$4�(���3$<?>7�,�oG�BDA=:z(��Fi�BDA$:
(�C�� �!3$�!��/�0����20��X"?(���� 3�>�� �!A$f!#z¦9��4��X"p:o(��²� �¨»�Ä�V�ÁÈ/��l� ���yOw�!��"$�,A$%��,>��!��4��`§w�!3$<?>�A=�,� C7#���%x4��,A
�8#7:o�!A$� 3=<?>��,��0���3$3$��*9(+"$� BD�r��3="5� �®»XV7Á¹�,�P"H>9(+��"H�!��/
G�#���O5� A=4�4����`�8#7:o�!A$� 3=<?>���0�� 3=3$� *�(+"H��BD�r4��,3�d�g

α h �,Ajik(�>�A=�,��3y#��P"H�!A$3$#7<?>�",/�02(+C��!��O5� A$4}� �
f!Om�,�7M�<?>�A$�F"$"$�,��s�BDA$%D�!%P(���%��,��/+V�#��!A$3="|O5� A=4�4����m��#�:;�,A=� 3=<?>��w0�� 3$3=� *9(v"H� B��)i���A°49(�3|G��XO5:z(+A$W
h �,A=ik(+>�A$�!��©�(�� 3=B;i���A

αB = αH = 0
©�#���4¨4�(����¨47� �`4��,32d2g

α h �,A=ik(+>�A$�!��3�C��!"$AH(�<?>P"$�!"�/�0����
ß��P"H�!A$3$#7<?>8#7��%q47�,3xG��XO5:z(+A$W h �,A=ik(+>�A$�!��3¯f,�!� %�"�O5� <?>P"H��%D�r�l� %D�!��3$<?>�(+i�"H�!�¬(+#7i�©|47� �r(�#7<?>
i���Ap49(�3�d�g

α h �!A=ik(�>�A=�,�}�,�����eO5� <?>P"H��%D�`�yB�� � ��3$*����,� �!��/
½�î Ç�îkÄ9î²ï´?��_õ��vó�	��B�¹õÄ�}ó�	�	�óQ�°ò7ñYó�ð�ôIU��D�Ë�¹ò
	�ï}õ�<��_òG��J T õ�� U
ò
�D�võ8ô�î2]_�!���

αH =

αB = 0
%D� �F"�©�sD�!A$�,���7ik(�<?>P"�3$� <?>}49(�35<?>9(+AH(�WP"H�!A$��3="H��3$<?>���{|B���68��BD:;�

χ (λ)
f!#

χ (λ) = λ2 − 2A1λ+ A2

:o�F"
A1 = 1 − 1

2

(
γ + 1

2

)
Ω2

1 + βΩ2#���4
A2 = 1 −

(
γ − 1

2

)
Ω2

1 + βΩ2
.

02(�:;��"p%D����"mi���A54�� �`�l� %��,�POw�!A="$�
λ1,2

4��,A5b�:;*�����¦9<,(+"H��BD��gj~�(+"HA=���

λ1,2 = A1 ±
√

A2
1 − A2.

§w�!s�BDAe4�� �xR9A$(�%D�S�9(+<?>®47�,�q����%D�,�73$<?>9(+i�"$�,�®4��,3`Gy�!O5:o(�A$W h �,A=ik(+>�A$�!��3eC��!f,��%�� � <?>Î��#�:;�Xg
A$� 3=<?>��,AQ0�� 3=3$� *�(+"H��BD�²%D�!W8� u�A="mO5� A=4�©�O5��A$4²#��P"$�,A$3=#�<?>P"�©9Ow(�����4�� ���l� %D�!��Om�,Aj"H�

λ1,2

W�BD:;*������
W�BD�vë=#7%D� �!A="53$����4�#���4�49(�35G��XO5:z(+A$W h �!A=ik(�>�A=�,�}%D� �!� <?>�f!�,�F"H� %�#���C��!4�� ��%+"�3j"?(�C7� ����3="�/
]_�!���¶(�C��,�����,:

Ωbif

(�#�3yf!Om�,�°W�BD:;*�� ���}W�BD�Yë=#�%D� �!A="$�,������%D�,�POm�,Aj"H��fXOw�!�|A=�,�!� � �`%D�X"HA=�,����g
"H�rOw�!A$4��!��©�49(����±� ���,%�"¯4�(�3²~}� ����:S#�: 47�,3zM�*��!WP"HAH(+� AH(+4�� #�3S"n68*���3$<?>��!A=Om�,��3$�¨�7� <?>P"zC��,��:
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α

���8�63������������
deA$�!��f!ik(����

Ω → ∞ 3$BD�74��,A=�£C��,�
Ωbif

/w��3�3=� ��4Ê(���3$BÉi���Az4�� �¶��#�:;�,A=� 3=<?>��®0�� 3=3$� *�(+"H��BD�
h �!A=ik(�>�A=�,�}� �P"H�!A$�!3$3H(+��",©�i���A54�� �

Ωbif = ∞ %D����"�/
#%$'&)`-&)a�bdcDbL&)eªI�/L\7/F-�.�ÔYm�|
|

γ ≥ 1
2

yR|-Ã

β ≥ 1

4

(

γ +
1

2

)2

È�m�ÉÓw�Ù�lFvæÉÝtLhÏÃ�Þætnu�v_Ã1{�u�
Äm�ÉÝoY{0h~ä Ú-m�hLÜ�{�Ù�h~m�|óyR|-k�m�Ã0tL|�È0v5u�v"{1k�tLlÂy�|-ÃIÈ0lnm�tÅÍjÙ0}�m�tLvKt�ÈIu�tL|-Ã@Ã0tÅm
Ægt�È�m�|
É¢m�h�vÐmãä1i�oãÌ-lnmÏà�ä1i�|�Õ�y0È0tÅm�h�vÅr

�æ+
�4+-bLa�.�G�(�<?> h BDAH(�#73$3$�X"Hf!#���%;%D� �F"

1

4

(

γ +
1

2

)2

< Ω−2 + β.

0�#7A$<?>¯�,���7ik(�<?>��!3¸ßy:;i�BDA=:o�!�)i�B�� %�"°49(�A$(�#�3
A2

1 < A2

/�M�BD:;��"°3=� ��4�4�� �m�l� %D�!��Om�,Aj"H�QW+BD:;*�� ���
W+BD�vë=#�%D���,Aj"�/
�l3`� 3j"`��B�<?>qf,#®f,�!� %D�!��©�49(�3=3�4���� h BDAH(+#�3$3=�!"Hf!#���%D�!�qs�BD�É{lA$B�*�BD3=��"$� BD�®I�/UT�/UT��,A=i��7� ��"23$� �74�/
�l35%D� �F"

2β ≥ 1

2

(

γ +
1

2

)2

=
1

2

(

γ − 1

2

)2

+ γ ≥ γ.

02(+:o�F"p� 3j"54��,Ay§w�XOw�!� 3y(�C�%D�!3$<?>���BD3$3=�,��/
�

0��!Ay§w�!Om�,��3yf!�,��%�"�©�4�(�3$3 1
2
γ ≤ 1

4

(
γ + 1

2

)2 %D� �F"�/�G�#���O5� A=4�%D�,W��´u+A="�©�OQ(��7��4����`�l� %D�!��Om�,Aj"H�
i���A

β
f!O5��3$<?>��!� 1

2
γ

#7��4 1
4

(
γ + 1

2

)2 W�BD:;*������rW+BD�vë=#�%�� �,Aj"53$����4�/
#%$'&)`-&)a�bdcDbL&)eªI�/L\7/JI8.%ÀÝÁRh

γ ≥ 1
2

y�|-Ã
1

2
γ ≤ β <

1

4

(

γ +
1

2

)2

tnu�væÃ1{�u�
\m�ÉÝoY{0h~äÛÚ-m�hLÜ�{�Ù�h~m�|Øy�|-k�m�Ã0tL|�È0v%u�v"{1k�tLlWÞÖÃ0tÅm�Ægt�È�m�|
É¢m�h�vÐmÄu�tL|-Ã�{1k�m�hô|
y�h%Ü�Á�h
Ω <

Ωbif

o�tLv

Ωbif :=

[

1

4

(

γ +
1

2

)2

− β

]− 1

2

ä1i�oãÌ-lnmÏà�ä1i�|�Õ�y/È0tÅm�h�vÅr
�æ+
�4+-bLa�.�G�(�<?>�{lA$BD*�BD3$�F"H��BD��I�/UT�/UT;��3="pW�� (�A,©�4�(�3$3549(�35Gy�!O5:o(�A$W h �,Ajik(�>�A$�!�}i��7Ap4�� �!3$�

{|(�AH(�:;�!"$�,Ay#���C��!4�� �7%�"�3j"?(�C7� �¹� 3j"�/�V�#¶f,�!� %D�!�¨��3="�(�� 3=Bz��#�A,©�49(�3=3�4������l��%D�,�POm�,A="$��i���A
Ω <

Ωbif

W�BD:;*�������W+BD�vë=#�%D���,Aj"53$� �74�/90�����ßy��%D���,� <?>�#��7%
A2

1 < A2

� 3="yu+Ô8#7��s+(�� �!�P"5f,#
[

1

4

(

γ +
1

2

)2

− β

]

Ω4 < Ω2.
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Ω

0�� �!3$�¯ßy��%D� �!� <?>�#���%r%�� ��"y%D�!�9(�#¢49(+����©�Om�,�7�
Ω < Ωbif

� 3=",/�0�(�:o�F"2��3="247�,Ae§w�XOw�!� 3`(�C7%D�Xg
3$<?>���BD3$3=�,��/

�

«n�zb�C7C�� ��4�#���%�I�/L\7/�-y3$����4oi��7A
γ = 0.9

47� � h �,A=�´u�#7i��54��!ApM�*��,WP"$AH(���AH(�4����7i���A�sD�!A$3$<?>7� �,47�,���
βf,#¨3=�,>��!��/��l3�%D� �F" 1

4

(
γ + 1

2

)2
= 49

100

/�0�����b�C�C���� 4�#��7%²I�/L\7/F-�f!�,� %+"�©949(�3=3�:o(���i��7A
β = 49

1004��,�¶C��,3j"H�!� h �,A=�´(�#7i.�,A=>9u���",/�R.��A
β > 49

100

3=� ��4�4�� ��d`A$(�*�>��!�¶u�>7��� ��<?>�©�>9(�C��,�¶(+C��!A��!� ���!�
%DA$Â Ì �,A$�!�ÓdeA$�,�7f!Om�,A=",/¸R.�7A

β < 49
100

�!A$A=�,� <?>7�,�µ4����rdeAH(�*�>7�,�É%D�!AH(�47�oi���A
Ωbif

� >�A�~�� �7�Fg
:S#�:}/�0�� �,3=�,3 h �!A$>9(+��"H�!�z��3="�"n6�*7� 3$<?>²i��7Aw4��!�rR�(�� � ©DOw�!����(�#�3mf!Om�,��W+BD:;*�� ���zW+BD�vë=#�%�� �,Aj"H�!�
����%D�,�POm�,Aj"H�)f!Om�,�¹A$�!�,� ���2%D�X"HA$�!���P"H�`Ow�!A$4��!��/
02(�3y�y�!3$#��F"?(+"y(+#�35b�C�C���� 4�#7��%;I�/L\7/�-eO5��A$4}�8#7�¨(���(���6�"H��3$<?>�C��!O5� �!3$�!��/
¾\¿A+�&7$D+�,ÚI�/J\�/J&
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Ü�{�Ù�hjm�|�o�tLv

2β ≥ γ ≥ 1
2

ÞÓtnu�v¢Ã�m�h\{�u#�BoãÌ-v�i�vKtnuªÍjÙ
mÇõ/Ì
mjä�vKhÏ{0lFhÏ{1Ã0tLy�u
ρ∞

o�tL|
tLoY{0lWÞÝÉ¢m�|
|

β =
1

4

(

γ +
1

2

)2

tnu�v"rAÆÂu[È0tLlFv¢Ã1{0|
|
ρ∞ =

∣
∣
∣
∣
1 − 2

γ + 1
2

∣
∣
∣
∣
.

ÀÂÁRh
2β = γ

tnu�v¢Ã�m�hÄ{�u#�BoãÌ-v�i�v�tnuªÍjÙ
mËõ/Ì
mjä�vKhÏ{0lFhÏ{1Ã0tLy1u
1
r
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α

���8�63������������
02(+3�ºp>��!BDA$�!:ìC��,3$(�%�"�� ��3=C��!3$BD��47�,A$�+©�49(+3$3�i��7A

γ = 1
2

W+�,��������#�:;�,A=� 3$<?>7�S0���3$3$��*9(+"$� BD��i���A
49(+3�G��!O5:o(�A=W h �,Ajik(�>�A=�,�Êf,#Ê�,AjOQ(+A="H�!�£��3=",/p02(�3r>��!� Ì "r(�C��!Ar%D�,A$(�4��+©Q49(�3=3}47� 3$3=� *9(v"H��s��
Gy�!O5:o(�A$W h �,A=ik(+>�A$�!���9(+<?>¨ºp>��!BDA$�!:ÍI�/J&�/�E���#�A5sDBD�}�,A=3="$�,A�[2A$4���#���%;W�B���s��,A=%D�,�P"23=� ��4�/

½�î�Ç�î�½�îzï�?A�_õ��vóK	����¹õI�}ó�	�	�óQ�°ò7ñYó�ð�ô]U$�A���°ò8	NO�S
α T õ�� U
ò8�A�Yõ8ô�î`0�(x���²4����,3$�!:Ãb�C�g

3=<?>�����"=")>9u�#7¦9%�:;��"e47�,:c(�3j68:o*7"$B�"H��3$<?>��!�µM�*��,WP"$AH(���AH(�4���#�32%D�,(�A$C��,�F"H�X"eO5� A$4�©�O5� A$4Î4����,3=�,A
f!#��,A=3="yC��!A$�!<?>����!",/�R|��Ap4�� �`�l��%D�,�POm�,A="$��47�,A5b�:;*�� �F¦9<�(v"H� B��r~¨(+"$A$���r%D����"p:;��"

Ω → ∞

λ∞3 =
αH

αH − 1#��74
λ∞1,2 =

1

4β

(

4β − 2γ − 1 ±
√

4γ2 + 4γ + 1 − 16β
)

.

R.�7Ap4��,��(�3=68:;*7"HB+"H� 3=<?>��,�¨M�*��,WP"HA$(�� A$(�4���#�3p%D� �F"

ρ∞ = max
{∣
∣λ∞1,2

∣
∣ , |λ∞3 |

}
.

�l3�O5� A$4;(��7%D�,��B�:o:;�,��©�49(�3$3��,�����5*�B�3$��"$��s���V�(+>��
Ωbif

���7��3="$� �,Aj"�©D3=B�49(+3$3�i���A
0 < Ω < ΩbiffXOw�!��47�,Am����%D�,�POm�,Aj"H�5sDBD�

A
W+BD:;*�� ���xW�BD�Yë=#�%D� �!A="�3$����4�/�0����,3=��C��,��4��,�o�l� %D�!��Om�,Aj"H�

λ1

#���4
λ2

Om�,A=4��,�±@�(+#�*7"H�!� %D�!�POw�!A="H�o%D�,��(����P"�/.0��,A�����%D�,�POm�,Aj"
λ3

>��,� Ì "�3="HÂ�A$�,�74��,A�����%D�,�POm�,Aj"�/
R.�7A�W�� �!� ���

Ω
%�� ��"5"n68*���3$<?>��!A=Om�,� 3=� |λ3| < |λ1,2|

/�«n:Ëi�BD� %D�!��4��!�¶3$BD��� |λ3| ≤ |λ1,2|
i���A�(�� ���

Ω ∈ [0,∞)
%��,��"$�,��/¹]q�,���µ4����,3=�r§w�,47� ��%D#7��%¨sD�!A$���!"HfX"SO5� A=4�©°>9(+"¯4��!AxdeAH(�*�>q4��,3;M8*��!WPg

"$AH(���AH(�4���#�3l3$�!� �z~�� �7� :S#�: ��� <?>P"w(�:Ú�y(���4z3=BD��4��!A$�²���x4��,AQ~���"="H��/��l���o3=BD� <?>��!3 h �!A=ik(�>�A=�,�
49u+:o*7i�"SR9A$�,Ô�#��!��f,�!�ª�9(+>��r4��,3;~}� ����:S#�:;3�3="Hu�A$W+�,A;(���3S4�� �z>�BD>��!�¬R9A=�,Ô�#��,�7f,�,�¬#���4Ó� 3j"
49(+:o�F"wi���A54����`{�A$(���� 35#������P"H�,A=�,3=3H(��P"�/
0����²@�(�#�*7"$�,� %��,�POw�!A="$�²3$BD����"$�,�_i���A�(�� ���

Ω ∈ [0,∞)
W�BD:;*������qW�BD�Yë=#�%D� �!A="�C�� �!� C��,��©¹4��!���

Om�,���_4�� �;�l� %D�!�POw�!A="H�z3$� <?>_(�#7i�3=*9(���"$�,��©�Owu�<?>�3j"¯�,�����,A):;��"`f,#7���,>�:;�,�74��,�
Ω

#7��4_49(+:o�F"
Owu�<?>�3j"�(�#�<?>S47�,A.M�*��!WP"HAH(+� AH(+4�� #�3!/+M�BD� <?>��,��� h �,Ajik(�>�A=�,����3="|#��P"H�!A.4����,3$�!�xde�,3$��<?>P"H3$*7#���WP"H�!�
�9(v"H��A=� � <?>z(�#�<?>²�7� <?>P"p� �P"$�,A$�!3$3$(��P"�/�0�� �,3=�,3 h �!A$>9(+��"H�!�zO5� A=4²(�#7<?>rC��!� :öG��XO5:z(+A$W h �,A=ik(+>�g
A=�,�®C��!BDC9(�<?>P"H�X"�/|02(�:;��"e��3=")4��!A�R�(����.� �P"$�,A$�!3$3$(��P"�©�Ow�!���É4����;����%D�,�POm�,Aj"H�;3$� <?>q� :×�¹��:o�!3
Ω → ∞ (�#7i�3=*9(��F"H�,��/

#%$'&)`-&)a�bdcDbL&)e·I�/L\7/UT�.%�_tÅm>k�m�t�Ã�m�|'&_{0yªÌ-v�m�t�È�m�|
É¢m�h�v�m:u�tL|-ÃØÈ�m�hÏ{1Ã�m�tLo Ê�tLo�mju
Ω → ∞È0lnm�tÅÍjÙIy�|-Ã�h~mjm�lLlWÞÓÉ¢m�|
|

β =
1

4
(1 − αB + αH)2

y�|-Ã
γ =

1

2
− αB + αHÈ�m�ÉÓw�Ù�lFvÂÉÝtLhÏÃ1r



��ù �Xù���Ñ�üQ�8�����!�7���zú��´�,���´ýY�����´þ�� Ð �
�[+8�I+�bLa�.m�l3���3="

λ∞1 = λ∞2
%D�,��(�#�4�(�����©7Om�,�7�

β =
1

4

(

γ +
1

2

)2

=
1

4
(1 − αB + αH)2

� 3=",/902(�:;��"Q� 3="547�,Ay§w�!Om�,��3y(�C�%D�!3$<?>���BD3$3=�,��/
�

0��,Ay§w�XOw�!� 3yf,�,��%�"y(�#�<?>�©949(�3$35%D�!AH(�47�)47� �`§w�!4�� ��%�#���%;4��,3yG��XO5:z(+A$W h �!A=ik(�>�A=�,��3

β =
1

4

(

γ +
1

2

)2

>��,A=%D�,���,��"$�!"pO5��A$4�/
V�#�3Hu+"$f,��� <?>¶f!#¢4��,A2:o(���� :o(����,��0�� 3=3$� *�(+"H��BD��i���A�4�� ��>�BD>��!�qR9A=�,Ô�#��,�7f,�,�Î3=BD� �F"H��47� �S0�� 3$3=�Fg
*9(+"H��BD�²i���A5�����,4�A=� %D�eR9A=�,Ô�#��,�7f,�,�¨:o����� :o(���3$�!� ��/��¹(�#7"�»L½7Á�� 3j"549(�3 h �,A$>�(���"$�,�ri���Ap�����,4�A=� %D�
R�A=�,Ô�#��!��f,�!�¨BD*7"$� :o(��È©�Om�,���

λ∞3 = λ∞1,2%D� �F"�/Y02(�C��,�8O5� A=4¯(���%D�!��BD:;:o�!��©v49(�3$3.4�� � h BDAH(�#73$3$�X"Hf!#���%D�!�xs�BD�x{lA$BD*�BD3=��"H��BD�¯I8/J\7/UT2�!A=i�������"
3$� �74�/902(��7��%D����"
� I�/L\7/F- �

λ∞1,2 =
αH − αB − 1
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(1 − αB) an + αBa
n−1 = 0

%D�!� ÂD3j"pOw�!A$4��!��/�0�#�A=<?>¶�l� ��3=�!"$f,�,��4��,Ayde� �!� <?>�#���% � -D/LT7/J&1�w�!A$>9u+��"5:o(��
� &7/�-�/�I/�

un = un−1 + kvn−1 +

(
1

2
− β

1 − αB

)

k2an−1.
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un ≥ ψ = 0
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n
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un < 0
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un = 0
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γ = β = 1
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u2 = −u0 /°02(
u2 < 0

��3=",©¹O5��A$4
u2 = 0
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u3 = −
(
u0 + v0k

)
> 0.
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a3 = 0
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γ = β = 1

2

%D�,A$(�4���4�� �
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R.��A

β = 1
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iku�� �F"54��,A�º|�!A$:
an−1 (�#73ede� �,��<?>�#���% � -D/UT�/J&/�pOm�,%²#7��4¢3$BD:;��"y>9u+��%�"

an
����<?>�"

:o�!>�AQ4���A$�,WP"Qs�BD�
an−1 (�C�©�3$BD��47�,A$����#�Ap����4�� A=�,WP"Q47#�A$<?>

vn−1 /�d`���,� <?>�#��7% � &7/F-D/JI/��s��,A$�!� ��g
ik(�<?>P"�3=� <?>}f,#

un = un−1 + kvn−1.

V�#�4��,:Û%D����"
v1 = −u0

k

#���4
u2 = −u0 /702(�:;��"m>9u���%��,�

v1 #���4
u2 ����<?>P"p:o�!>�Ams�BD�

v0 (�C�/
02(�3SGy�!O5:o(�A$W h �!A=ik(�>�A=�,�É:;��"

γ = β = 1
2

>9(+"�(�� 3)� ������(+A$�,3�~��!>�A$3=<?>�A$�F"$"$s��,Ajik(�>�A$�!�Ó4�� �
R�B�A$:
� &7/JI�/F- �

un+2 − 2un+1 + un =
1

2
k2
[
f
(
tn+2, un+2

)
+ f (tn, un)

]
.

R.��A�4�(�3¯~�B84��!� � *7A$BDC����,:1&7/F-D/F-z%D����"
f = 0

©
u0 ≥ 0

#��74
u1 = 0

/|R.��A�4��,�µC��,�7Â�"H��%�"H�!�
]_�!A="

u−1 O5��A$4;� ��µ�C��,A$�!� ��3j"H��:o:S#7��%e:o�F"�4��,A�%D���,��<?>7i�ÂDA$:;� %��,�x§w�XOw�!%D#���%
u0−v0k

(+��%D�Xg
��BD:;:o�!��/�~���"

fn
O5� A$4

f (tn, un)
(�C�%D�!W8�7A$f!",/�02(

u1 (�#7i�%DA=#���4¢4��!A2{lA$Bvë=�!WP"H� B��¶%D� �!� <?>
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α

���8�63����������Îüw�´�´M°þ����D�-M¹�
��3="�©PWv(��7�z����<?>�"w:o�!>�A

f 1 = 0
%��,��"$�,��©P47�,���²3=BD��3j"wOwu�A$�2d`���,� <?>�#��7% � &7/�I8/�- �¸sD�!A$���!"HfX"�/80����,3$�

de� �!� <?>�#���%¯��� �!i��!A="p%��,AH(+4��
f 1 = − 2

k2

(
u0 + v0k

)
.

M�B�:o�F"l�,A=>9u���"�:o(��
u2 = −u0 ≤ 0

/80�� �y{lA$BYë=�,WP"H��BD�o��� �Xi��,A="���#��z(�C��,A
u2 = 0

/�02(�:;��"�Wv(����
(�C��,A

f 2 O5���,4��!Ay�7� <?>P"yG�#�����3$�!� ��©93=BD��4��!A$���,35%D� �F"

f 2 =
2

k2
u0.

R.�7A
u3 %D����"

u3 =
1

2
k2f 1 = −u0 − v0k.

0����,3��,�P"$3$*�A=� <?>P"Q%D�!AH(�47��de� �!� <?>�#���% � b�/Ja�/LT���©DOw�!���
γ = β = 1

2

%D�,3=�!"$f!"�O5� A$4�/P«n:Ú�9u�<?>�3j"H�,�
V��!��"H3=<?>�A$�F"$"p�!A$>9u+��"5:o(��

u4 = 2u3 +
1

2
k2f 2 = −u0 − 2v0k.

b�� 3$B¯��3="
u4 = u3 − v0k
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γ = β = 1
2

� �_de� �,��<?>�#���%
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[E (un, vn)] = −k
2

4
[T (an)] .
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3=<?>9u+"HfX"5Ow�!A$4��!��/���35W+ÂD�����!�¨(���3$B;M�<?>POw(���W�#���%��,�¢� �r47�,Ayde�,3H(+:�"H�!���,A=%D� �e��: h �,A=�´(�#�i|47�,A
�5�,<?>���#��7%²(�#7i�"$A$�X"H�,��/
V��!��"H3=<?>�A$�F"$"=sD�,Ajik(�>�A=�,�Îf,#�A`0�� 3$W�A=�!"H��3$���,A$#7��%²sDBD�Î4768�9(+:o��3$<?>��!�_@y� ��4��!A$����3$*�A=BDC����,:;�,�¶3=BD� �Æg
"$�,�¥��#�:;�,A=� 3$<?>¼47� 3$3=� *9(v"H��s±3=�,� ��/w02(+3rG��XO5:z(�A=W h �!A=ik(�>7A$�,�¼:;��"

γ = β = 1
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γ > 1

2
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u0 = 0
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W+(+���P"���3="�©9��3="y�,3�:oÂ�%D� ��<?>�©74��!�¢0���3$W�A$�X"H� 3=� �!A$#���%�3=i��,>7� �,A5��#�:;�,A=� 3$<?>¨f,#¨C��,A=�,<?>��7�,��/�02(�:;��"
� 3="�:o(��z���o47�,AQ�¹(�%���©�4�� �yb�#73=O5� A=W�#���%D�!�²4��,Aw{.(�A$(�:;�!"H�!Aw(+#7i�4��!�²0���3$W�A$�X"H� 3=� �!A$#���%�3=i��,>7� �,A
f,#}3="H#74�� �!A$�,��/
b�� ���e�5�,<?>���#���%��,�¨Om�,A=4��,�¢(+#7i.�!� ���!:�{IH£:;��"p�!� ���!:�bQ"H>���BD�:Je{
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de� %P(+C�6�"$��@�(�#�*7"$3$*��,��<?>��,A�(�#�3$%��!i���>�Aj"�/�02(�3�§w�X"HA$���,C�3=3=683="$�,:Í� 3j"eM�#73$���¹����#R�
9.0

/�b���3
R.� ���F"H�}�l� �!:o�!��"$�ÎM�B�i�"nOw(�A=�¨O5� A=4¥49(�3z{.(�W+�!"�M�[eR�b�� � õ.:o(�����Î�C8ë=�,<X"rBDA=� �,�P"$�,4¬À�� ���F"H�
�����,:;�,�P"m��� C�A$(�A=6Si�B�A¢ÿp*�*���� <,(+"H��BD�x(���4:Ly�,3$�,(�A$<?>
��C��,��#7"HfX"�/�02(�3m{.(�W+�!"wC��X¦9��4��X"Q3$��<?>²(�#�i
4��,:�47�,A5b�A=C��!��"5C��,� ��� �!%D�,��47�,��02(+"$�,�P"HA$u�%D�!A,/
«n: h �!A$f!�,� <?>7��� 3NMPO «PQSR C��!¦9��47�!"¯3=� <?>µ4��!AS� �q4��,A¯{lA=BD%DAH(+:o:;� �!A$3$*7AH(�<?>����D(�s+(¨*�A$B�%DAH(�:¯g
:o���,A="$�2º°�,� ��4��,3�{.(�W+�!"$3,/�«n: h �,A=f,�!� <?>�����3�M�O «PQSR?T � £ 3$����4�4�� �eW+BD:;*�� ��� �,Aj"H�!�r§w� C7� � B+"H>��!W��,�
4��,3;�9(+"$��sD�!�UHwB84��,3;#���4¬4��,A;� �P"$�,%DA=� �,Aj"H�!�¥M�B+i�"nOQ(�A=�,*9(+W��!"$�¨i���A¯sD�!A$3=<?>�� �!4��,���¶§w�!"$A$� �!C�3jg
3=683="$�,:;�²3$B�O5� �o4�� �zÙ2#��,����"$���8"H�!3�4��!3S�9(+"$��s��,�.HwB84��,3�(�C�%D�!� �!%�"�/°R.��A)4����z�5�,<?>���#��7%D�,�Ó� �
4�� �!3$�,A�b�A$C��,��"lOm�,A=4��,�o4�� �5§m� C���� B�"$>��,W+�,�x� �x4��!: h �,A=f,�,��<?>�����3�MPO «PQPR?T � £)V T � £)V T � ���,W,XSY�Z�[C��!�8#�"Hf!",/�«n�o4��!: h �,A=f,�!� <?>�����3�MPO «PQSR V � ��\ T � ¤ V C��X¦9��4��!�z3$��<?>o47� �yÙ2#��,����"$���8"H�pf!#o4��!�z>����,A
4�#�A$<?>7%D�!i���>7A="H�!�²�5�,<?>���#��7%D�,�²#7��4o���¯4��,: h �!A$f!�,� <?>7��� 3(MPO «�QSR V � �]\ T � ¤ V � �  S\ �   V 4�� �y�lAjg
%D�,C��7� 3$3=�`4��,Ay�5�,<?>���#���%��,��/
«n: �y(�>�:;�,�¬4�� �!3$�!A²b�A=C��!��";O5#�A$4��¨49(�3rd�g

α h �!A=ik(�>�A=�,�¼f!#ÊM�[eR�b��Í>�����f,#7%D�!i���%+"�/�0�� �
Ùe#7�,� �F"H����"$�Q49(�f!#xC��X¦9��4��!�;3=� <?>x� �¯47�,: h �!A$f!�,� <?>7��� 3IMPO «PQPR V � �B� ¥ � V � � ¤ V �P^/�
¥ ¤'�1¨ V /�0�BDA="
� 3="²>9(�#�*7"$3Hu�<?>7� � <?>¼47� �¢'e�´(+3$3$�`_ ^/�8¥ ¤'��¨ba ��� T � f!#á�7�,�����!��/Q]q�,��"$�,A=�¶«n�7i�BDA=:z(+"$� BD�7�,�¥f!#
M�[eR�b2�á¦9��4��X"�:o(���#��P"H�!A)»J½6E�ÁÈ/
V�#�A���ÂD3=#���%¶47�,AS�!��4�� ��<?>_4���:o�!��3$��BD�9(����,�_~�� �7� :;� �,A=#���%D3=*�A$B�C�� �!:o�SO5��A$4_4�(�3�<!%+g�{�M�M�[e�
h �,A=ik(+>�A$�!�¶sD�,AjOw�!��4��X"�/¹R.��A�4��,�Î�5�,� (��7(+"H��BD��3=*9(�AH(+:o�X"H�,Ay%D����"

ω = 3
2

/�0�����«
"H�!AH(+"$� BD��O5� A$4
(�C�%D�!C�A$B8<?>��,��©�Ow�!���¨49(+3��5�,3=� 4�#7#�:�W�� �!� ���!A5(�� 3

10−12 ��3="�/
«n:ì���!"HfX"H�!�Î')(+*���"$�,�.>�(+"e3$��<?>¢%D�,f!�,��%�"�©�49(�3$3e47� �S�5�,3=#���"H(+"H��i���A24����¯{.(�A$(�:;�!"H�!A

P1
C7� 3

P4� 4��!��"$� 3=<?>¶3$����4�/�02(�3�%D� �F"�(+#�<?>¨i���Ay4�� ���5�,3$#7��"?(v"H��47� �,3=�,3�')(+*���"$�,� 3!/�0��,3=>9(���C¨O5� A=4¨� :;:;�,A
�8#7Ay�!� �}§w�!� 3$*7� �,��4��,Ay{.(+AH(�:;�!"$�,A

P1

C���3
P4

C��X"HAH(+<?>�"$�!",/
ØÏ�
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{lA$B�C�� �!:ì-D/L&7/JI)O5� A=4rf,#��!A$3j"�:;��"
Ω = [0, 1] ⊂ R

C��!"HA$(�<?>P"H�X"�/9@y� �,A=C��!��>9(+��4��,�F"p�,3p3=� <?>�#�:
49(+3Q{lA$BDC7� �,:Ú�!� ���!AQM�(���"$��©�4�� �y3$<?>PO5����%�"p#��74r(��zC��,��4��,�z�l��4��,�r�!� ��%��,3$*�(����P"Q��3="�/8�l3wO5��A$4
(��7%D�,��B�:o:;�,��©�49(�3=3

f = 0
%�� ��",/70�� �`b��7ik(+��%D3H(+#�3$���,��W�#���%;4��!A�M�(���"$�e3$�,�

u0 (x) = sin (πx)

#��74¥i���A²4����¨b���ik(���%D3=%D�,3=<?>�O5����4���%DW��!��"�%D�!��"H�
v0 = 0

/Q02(�3�@y� ��47�,A$�7� 3z3=�,�
ψ ≡ C

:;��"
C ∈ [−1, 0]

/�R|��Ap4��,�¨deA$�,�7f!Om�,A="
C = −1

� 3j"54�� �`��ÂD3=#���%
� T�/�-�/�- �

u (x, t) = sin (πx) cos (πt)

R.�7Ap4��,��(���4��!A$�!�¢deA$�,�7f!Om�,A="
C = 0

%�� ��"
� T�/�-�/�I/�

u (x, t) = sin (πx) |cos (πt)| .
R.�7A24��,�qR�(�� �

C = −1
>�(���4��!��"`�,3e3=� <?>Î#�:ì�,� �7�Si�A$�,���xM�<?>PO5� �7%D#���%}BD>����x'yBD�P"?(�WP",/�0�� �

{°�,A$��B�47�,��� u���%D�e4��!A5��ÂD3$#��7% � T�/�-�/�- �w��3="
2
©�4�� �`4��!Ay�¹Â�3$#���% � T�/�-�/�I/�w��3="

1
/

R.�7A
Ω = [0, 1]2 ⊂ R2 3$�!��O5� �,47�,A

v0 = 0
#��74

u0 (x1, x2) = sin (πx1) sin (πx2) .

@y� �,A=C��!��>9(���47�,��"y�!3�3=� <?>¨#7:�4�� ��M�<?>PO5� �7%D#���%²�!� ���!A�~��,:SC7AH(���4�� �)(�:Ë�y(���4�i��,3j"��!� ��%D��g
3=*9(����P"2��3=",/�R|��A�4�(�3�@y� ��47�,A$�7� 3

ψ = −1
�!A$%D��C7"�3=� <?>}O5� �,47�,A��!� ���`i�A$�!� ��M�<?>PO5� ��%�#���%²#��74

4����`��ÂD3$#��7%o��3="
u (x1, x2, t) = sin (πx1) sin (πx2) cos

(√
2πt
)

.

0����`{|�!A$� B84��!���´u��7%D�eC��X"HA$u�%�" √
2
/9R.��A

ψ = 0
� 3="

u (x1, x2, t) = sin (πx1) sin (πx2)
∣
∣
∣cos

(√
2πt
)∣
∣
∣

4����`��ÂD3$#��7%�/�0�� �`{°�,A=� B84��,��� u���%D�e��3=" 1
2

√
2
/

«n�Ó(���� �!�µR¸u���� �,�qC��X"HA$u�%�"S47� ��de�,3$(�:�"H�!���,A=%D� �z(�: b��7ik(���%¨4��,Ax�5�,<?>���#��7% 1
4
π2 /¸0����r��Â+g

3=#���%D�!�q��:^R�(�� �|:o�F"`'�B���"H(�WP")3$� �74Îi��7A
tc,i = −1

2
+ i

©
i ∈ N

©��7� <?>P")C��!f,��%D��� <?>Î4��!A�V��!��"
4��F³��!A$�!��f,���,A$C�(�A,/
«n�S47� �,3=�,:Ýb�C73$<?>����F"$"l3=BD� ��4��!A¸R9�,>7� �,A|4��,A.0�� 3=W�A$�!"$� 3=� �,A=#���%2C��!"$AH(�<?>P"$�!"¸Om�,A=4��,��/�0��,A¸R��!>�� �!A
O5��A$4�49(�C��,�����r4��,�}i�BD� %D�!��4��!��GyBDA$:;�,��%D�!:o�!3$3=�,��/

��+��8bLeAbdcDbL&7e±T7/�-D/F-�.l0����
L2 gnG�BDA=:ÃO5� A=4�:o�F" ‖·‖ C��,f!�,� <?>7���!",/�0�� �

l2
g�G�B�A$:·O5��A$4}(�� 3

‖u‖l2 := max
0≤n≤N

‖un‖
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4��!¦9�7� �,Aj"�/�0����`G�BDA=:�(�#7i

L∞ (Ω)
� 3j"

‖u‖∞ := ess sup
x∈Ω

(u (x)) .

0�� �
l∞

g�GyBDA$:ÛO5� A=4�(+� 3
‖u‖l∞ := max

0≤n≤N
‖un‖∞4��!¦9�7� �,Aj"�/

«n�²4��,�oi�BD� %D�!��4��!�rdeAH(+¦9W+�,�²C��,f!�,��<?>����!"(cj~¨(��Pd�4����
l∞

g�GyBDA$:}©ecn�´Ibdp47� �
l2

gnG�BDA=:Ú#���46cn�°Ibd
4�� �

L2 g�GyBDA$:}/
«n�S4��,�S�y�!<?>���#���%D�!�xO5��A$4S>�u�#7¦9%247� �m���7�,A$%�� �wC��!"$AH(�<?>P"$�!"�/�0�� ��i�BD� %��,��4��!�S§w�!%DA$�F³���Ow�!A$4��!�
49(�C��,��sD�!A=Om�,��47�!"�/
��+-�GbLe�bdcDbL&7eÉT�/F-D/JI8..�l3Q3=�,�

M
47� �e~�(�3$3=�,:o(+"HA=���o#���4

K
4����eM8"$�,�F¦9%DW��!��"$3$:o(+"HA=���;4��!3p{lA$B+g

C�� �!:o3!/90�� �e*�B�"$�,�P"H���,� ���e�l���,A=%D� �e��3="54��X¦9�����,A="�(���3

Un (un) := (un)T Kun,

4�� �eW�� �7�!"H��3$<?>��)�l���!A$%D����(+� 3
T n (vn) := (vn)T Mvn

#���4µ4�����d`�!3H(�:�"H�,�7�,A$%�� �r(���3
En (un, vn) := Un (un) + T n (vn)

/l~��F"
E0 O5��A$4É47� ��de�Xg

3H(�:�"$�,���!A$%D����(+:Úb��7ik(��7%�4��!Aw�5�,<?>���#��7%¯C��!f,�,��<?>����X"�/���3m>9u���%+"w��#�A�sDBD�
h

(+C�©PO5� �y%D�,�9(+#
E0 :o�F"l4��,:å(��9(��F68"$� 3=<?>��,�¯]q�,A=" 1

4
π2 ��C��,A=�,� �73="H��:o:�"�/D0��,A��l���,A=%D� �XsD�,A=� #�3j"w���x{lA$BDf!�,�P"w��:

n
g
"$�,��V��,�F"H3=<?>�A$�F"$"

En
v

O5��A$4�:;��"p4��!AyR�B�A$:;�,�

En
v =

E0 − En

E0
· 100

C��!A$�,<?>7���!",/�R�(�� ��3p4�� �Sd`�!3H(�:�"$�,���!A$%D���)Owu�>�A=�,��4¢47�,Ae�5�,<?>���#��7%²OQu�<?>73="�©�49(����¶��3="
En

v

���Xg
%P(+"H�Fs�/Q02(��7�ÊO5��A$4¼>9u+#7¦9%Ó4�� �¶���7�,A$%�� ��(+C�Om�,��<?>�#���% |En

v |
C��!"$AH(�<?>P"H�X"�/5ßy: 4��!�£%P(+��f,�!�

���7�,A$%�� �!s��,A=� #�3j"�Owu�>�A$�!��4Î�,�����,A��y�!<?>���#���%rf,#¨C��X"HAH(+<?>�"$�,��©�O5� A$4¨� :;:o�!Ap4��,Ae�l���!A$%D���!s��,Ajg
� #�3j"5� :·���!"$f!"H�!��V��,��"$3$<?>�A=��"="54��,Ay�5�,<?>���#���%z(���%D�!%D�,C��,��/

À¹î�½�î��rõ��N��óK	�J;�Yõ�ñ�óK	�ó�õ���?|ôDC-	�U
õ�����õ��;óK� =�ò
���mð-�°ô°õ>ë²ð�ô�ñ�ò8J�ñ
V�#��,A=3="�O5� A=4oC��!"$AH(�<?>P"H�X"�©PO5� �53=� <?>z47�,A�0�� 3=W�A$�!"$� 3=� �,A=#���%D3ji��,>����,A�� : R�(�� ��B�>����y'�BD�P"H(�WP"ms��,Ajg
>9u���",/70�� �e�lA$%��,C�����3$3=�2Ow�!A$4��!�}>7� �,AwC��!3$<?>�A=� �,C��,��©�#�:Û�,� �7�,� h �,A=%D� �!� <?>r:;��"m4��,�}�lA$%��,C�����3jg
3$�,�Si��7A|4��!�xR�(�� �P:;��"|'�B���"H(�WP"¸f!#S�,A=:oÂD%�� � <?>7�,��/Y«n�S4����,3=�,:Ý%P(���f!�,�¯b�C�3$<?>��7��"$".3$�!�

ψ = −1
/

«n:Û�!� ��47� :;�,��3=� BD�9(+� �,�xO5� A=4²49(�3QV��,�F"H� �P"$�,A=s+(����
I1 = [0, 2]

#7��4r� :ÚfXOw�!� 4���:o�!��3$��BD�9(����,�z4�(�3
«n��"$�,Ajs�(+� �

I2 =
[
0,
√

2
] %D�!Owu�>��F"�/P«n:å�9u+<?>�3="$�,�zb�C�3$<?>7����"="m�!A=i�BD��%�"l49(+���x4��,A h �,A=%D� �!� <?>x:;��"

4��,:ÍR�(�� �¹:;��"�'�B���"H(�WP"�/�02(�3 h B�A$%D�!>��,�¢��3="�(�C��!A����¨C��,� 47�,�¢R¸u+� � �!��3=�,>�A2u�>������ <?>�/�V�#��!A$3="
O5� A$4r47�,Ap0���3$W�A$�X"H��3$� �!A$#��7%D3=i��!>�� �!AQi���Awi��,3j"H�!3

h
#���4

k
C��!"$AH(�<?>P"$�!"�/�V�#�ë=�!4��,:

h
%�� C7"p�!3p�,���



�$� Ð ù8��Ñ�üQ�8�����!�7���N3P�����+�8���������?û¹�X�

 0.0001

 0.001

 0.01

 0.1

 1

 0.001  0.01  0.1  1

Fe
hl

er

h

l2
Max

� ('(6bL*,����e-�gf'.D�-.�!G.�0��,A�0�� 3=W8A=�!"$� 3$���,A=#���%D3ji��,>����,A`� �®4��,A
l2

g�#���4q4��,A
l∞

g
GyBDA$:Ûi���Api��,3j"H�,3

k
� ��b�C�>9u���%�� %DW+�,��"wsDBD�

h
BD>��7��'yBD�P"?(�WP"

BD*�"H� :o(����,3
k

©�49()49(�3�sDBDA=%D�,%D�!C��!���
h

4����2de�,��(�#�� %�W��,�F"�C��!3$<?>�A$u���WP"�/�b�Cz47�,:öBD*7"$� :o(�� �!�
kWv(����¯47�,A�0���3$W�A$�X"H� 3=� �!A$#���%�3=i��,>7� �,A.��� <?>P"l:;�,>�A|Ow�!��"H�!A¸sD�!A$W�� �!� ���!A="lOm�,A$47�,��/�R.�7A.sDBDA=%D�,%��,C��Xg

���!3
k

%D�,�F"H�,�r47� �,3=�,��C��!�}b�#�3$3$(�%D�!��/�ß�:·�!� ���e:;ÂD%D��� <?>�3j"Q%D#�"H�`'�B���s��,A=%D�,��f)4��!A h �!A=ik(�>7A$�,�
f!#¨�,A=A$�!� <?>��!��©�:�#�3$3y�,���¢V�#�3$(�:o:;�,�7>9(���%xf!O5��3$<?>��!�¢4��,�}sDBDA=%D�,%��,C��,���!�®d`A=Â Ì �,�}#���4¨4��,�
49(+f,#¶BD*�"H� :o(����,��d`A=Â Ì �!�¨%D�Xi�#���4��!�¶Ow�!A$4��!��/�G�(�<?>�4��!:ì4����,3=�,AeV�#73H(�:;:o�!��>9(��7%zC��,Wv(����P"
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u0 (x) = sin (πx)
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s��,AjOw�!��4��!",/�~¨(��q3$<?>�A=�,��C7"¯(�#7<?>ÉW�#�A$f
σ = Cε

/
0����)0�� <?>P"H�)4��!3e~¨(+"$�,A=�´(���3p3$�,�¹4�#7A$<?>¨47� �)R9#���WP"H��BD�

ρ : Ω → R
%D�!%D�,C��,��#���4¶(+� 35f,�!��"H��� <?>

W+BD��3="H(��P"�(���%D�!��BD:;:o�!��/
0��!A��y(���4

Γ
s�BD�

Ω
O5� A=4q���Îs8���,A`º|�!� ���

ΓD

©
ΓF

©
ΓW

#7��4
ΓC

f,�,A=� �!%�"�/�b�#7i
ΓD

Om�,A=4��,�
4���� h �,A=3$<?>����,C�#��7%D�,�¬� �ÓR9BDA$:Õ�,�����,AxR9#���WP"$� BD�

uD

sDBDA=%D�,%��,C��,��/m~��F"
ΓC

O5��A$4Ó4��,A¯º°�,���
4��!3`��(+��4��,3`C��,f!�,� <?>7���!",©�4��,Ae��:×'yBD�P"?(�WP"`:;��"247�,:cßy��"$�,A=%DA$#��74®3j"H�!>�",/�b�#7i

ΓF

O5� A=W��,�
u�# Ì �,A=�`'`A$u+i�"H�+/9b�#7i

ΓW

Om�,A=4��,��W��,������§w�,4�����%D#��7%D�,��sDBDA=%D�,%��,C��,��/
~��F"

N
O5��A$4Ê4��,A�GyBDA$:o(����,�PsD�!W�"$BDAr4��!A�'yBD�P"?(�WP"=�u�<?>��

ΓC

C��,f!�,��<?>����!",/y0��,Ar«n��47���
NW+�,����f!�,��<?>����!"24��,�}]_�!A="��,� �7�,A�d`A=Â Ì �`� ���y��<?>P"H#���%o4��,A�G�B�A$:o(�� �!��/90�����R9#���WP"$� BD�

g
%D��C7"

4��!��b�C�3="H(���4�fXO5� 3=<?>��,�S47�,: '�ÂDA=*��!A
Ω

#���4�4��,:Ýßy��"$�,A=%DA$#��74S� �)�5� <?>P"H#��7%�4��!A.GyBDA$:o(�� �!�
N

(���/
0����`'�BD�P"H(�WP"HC��,4�����%D#���%��,�}>9(�C��,�}�8#7��4����`R9BDA$:

g (x, t) ≥ 0

i���A5(+� � �
x ∈ Ω

#���4�(�� ���
t ∈ I

/7]_�!��"$�,A5%D� �F"

uN − g = 0 ⇒ σN ≤ 0

uN − g < 0 ⇒ σN = 0
.

�l35�,A=%D� C7"53=� <?>}4�� �eW������,:o(+"H��3$<?>��!�}'�BD�P"?(+W�"$C��!4�� �7%D#���%

σN (uN − g) = 0

(�#�i
ΓC

/



�Xù ��ù8ú��´��M��������´�X� �8�9Ñ���Ò ���
��353=�,�

W :=
{

w ∈
[
H1 (Ω)

]3
∣
∣
∣w = uD

i�/L��/�(+#7i
ΓD

}

#���4
V :=

[

W 2,∞
(

I;
[
L2 (Ω)

]3
)

∩ L∞ (I;W )
]3

.
0�� �o~��!��%D�

K ⊂ V
3=�,��4����²~��!��%D�;4��,A h �,A=3$<?>����,C�#7��%D�,��©.4����;47� �xW�� ���!:z(+"$� 3=<?>��,�_'�BD��g

"?(�WP"HC��,47� ��%D#7��%D�,���!A=i������ �,��/
��3yO5� A=4¨4���A$�,WP"�4�� �)3$<?>POw(�<?>��xR9BDA$:�#�� ���,A$#7��%x4��,324�6���(�:o��3$<?>��!�ÎM���%D��BDA=� ���¹{lA$B�C�� �!:o3�(���g
%D�,%D�!C��!��/
#5$6&7('*�+�,Û\�/�-D/F-�.�de�,3$#7<?>�"�� 3j"5�,�����)R�#7��WP"H� B��

u : Ω × I → R3 (+#�3
K

©�3$B;49(�3=3
� \7/F-D/F- �

(ρü (t) , u (t) − ϕ (t)) + a (u (t) , u (t) − ϕ (t)) ≥ (f (t) , u (t) − ϕ (t))

i���A�(�� ���
ϕ ∈ K

#��74;ik(�3j"m(�� ���
t ∈ I

%D� �F"�/+]q�,�F"H�!Al%D�,�F"H�
u (t = 0) = u0 #��74

u̇ (t = 0) = v0 /
02(�C��,��3$�!�

u0 ∈ W
©
v0 ∈ [L2 (Ω)]

3 #���4
f ∈ L∞

(

I; [L2 (Ω)]
3
) /

02(�3l4768�9(�:;� 3=<?>��yM���%D��BDA=� ����{lA$BDC����,: #��P"H�!A$3$<?>7�,� 47�!"m3$� <?>x��: Om�,3=�,�P"H��� <?>��!�o4�#7A$<?>x4�� � h �!Ajg
Ow�!��4�#���%r47�,32GyBDA$:o(����,�PsD�!W�"$BDA$3

N
#��74¶49(�4�#7A$<?>�©�49(�3=324�� ��'�B���"H(�WP"$�u+<?>��S�,���¨º°�,���°s�BD�

Γ
#���4}����<?>�"5s�BD�

Ω
� 3j"�©7s�BD�¨47�,�}� �}'`(�*���"$�,�|-�49(+A$%D�!3="H�!� �F"H�,��@y� ��47�,A$�7� 3$*7A$BDC����,:;�,��/

Ç�î�½�î��}ó�	�J;�YõPñYó�	�ó�õ���?°ôAC
«n�±47� �,3=�,:íb�C�3$<?>7����"=";O5��A$4Ó4�����0�� 3=W8A=�!"$� 3$���,A=#���%Î4��,3;{lA$B�C�� �!:o3x\7/F-D/F-�C��!3$*�A=B�<?>��!��/�02(vg
C��!�mO5� A=4Ó(��9(���BD%¶f!#Ó')(+*���"$�,��-²s��,Ajik(�>�A$�!��/�V�#��!A$3j"¯O5� A$4µ4�(�3¯{lA$BDC7� �,:Õ� �É47�,A;V��,�F"S#��74
(���3$<?>7� � � Ì �,�74���:�[2A="y4���3$W�A$�X"H��3$� �!A=",/

Ç�î ½�îkÄ9î:H¸õ�ó�ñ �°óK	�J;�Yõ�ñ�óK	�ó�õ���?|ôDC¹î��l3¯Ow�!A$4��!�¬47� ��§w�!f,�,��<?>���#���%D�!�¬s�BD�Ób�C�3=<?>�����"="}-D/LT
sD�,AjOw�!��4��X"�/�R.��A¯4�����~��!��%D��4��,A¯W������,:o(+"H��3$<?>µf!#��´u�3=3$��%D�,� h �,A=3$<?>����,C�#7��%D�,�±%D����"S��: R�(����
4��,A�V��,�F"H4���3$W�A$�X"H��3$� �!A$#��7%

K̃ = {ϕ ∈ W | g (x) ≥ 0
i�/U��/9(�#7i

ΓC} .
02(�:;��"5�,A=%D� C�"54�� ��V��,�F"H4���3$W�A$�X"H� 3=� �!A$#���%Ss�BD�¢{lA$B�C�� �!:�\7/F-D/�-):;��"54��!:Íd2g

α h �,A=ik(+>�A$�!�¨49(�3
i�BD� %D�!��4��`{lA$B�C�� �!:�/
#5$6&7('*�+�,Ã\7/JI�/F-�.lR.� �74��

u : Z → K̃
:o�F"

u0 = u0
#7��4

v0 = v0
3=B�©949(�3=3yi��7A�(���� �

ϕ ∈ K̃#���4�(�� ���
n ∈ {1, 2, . . . , N}

� \7/JI�/F- � (
ρan

αB
, ϕ− un

)
+ a

(
un

αH
, ϕ− un

)
≥
(
fn

αH
, ϕ− un

)

%D� �F"�/



�"!�! ��ù�ú�����ú�û�����üw�´�,�7���z�X�´Ò���þ���� ����ý8��þ�ÿ��+�7ü
ßy:�� :öOw�!��"$�,A$�!�¨4����`G�B�"H(+"H��BD�rf,#�sD�!A$�!� �7ik(�<?>7�,��©9O5� A=4�4�� �`§w��� ������(�Aji�BDA$:

c (ω, ϕ) :=
1 − αB

βk2
(ρω, ϕ) + (1 − αH) a (ω, ϕ)

i���A
ω, ϕ ∈ K̃

#��74�49(+3�R9#��7W�"$� BD��(��

bn (ϕ) := (F n, ϕ) − αHa
(
un−1, ϕ

)

4��X¦9�����,A=",©7OmBDC��!�

F n := fn
αH

− αBρa
n−1 + (1 − αB) ρ

[
1

βk2
un−1 +

1

βk
vn−1 +

(
1

2β
− 1

)

an−1

]

��3="�/�0�#7A$<?>á�l� ��3=�!"Hf!�,�¥s�BD�¼4��,�áde� �!� <?>�#���%��,� � -D/LT7/J&1�¯#���4 � -D/UT�/LT1�x���¥4�� ��ß��7%D� �!� <?>�#���%
� \7/�I8/�- ���,A$%�� C7"53=� <?>}4�� �`ßy��%D� �!� <?>�#���%
� \7/�I8/�I/�

c (un, ϕ− un) ≥ bn (ϕ− un) .

R.�7A
ϕ ∈ W

O5� A=4�49(�3yR9#���WP"H��BD�9(��

Jn (ϕ) :=
1

2
c (ϕ, ϕ) − bn (ϕ)

4��X¦9�����,A=",/�0����xR9BDA$:S#7� � �!A$#��7%osDB��q{lA=BDC�� �!:Õ-�/LT�/F-x(���3`~�� �7� :;� �,A=#���%D3=*�A$B�C�� �!:��´(�#7"$�!"�O5� �
i�BD��%�"�/
#%$'&)('*�+-,Þ\7/JI�/JI8.�R|� ��4��

u : Z → K̃
:;��"

u0 = u0
#7��4

v0 = v0
3=B�©w4�(�3$3²i���A²(�� ���

n ∈ {1, 2, . . . , N}
un = min

ϕ∈K̃

Jn (ϕ)

%D����",/

0����ô^pÔ�#���s+(����,��f�4��,A`{lA$B�C�� �!:o�¯\�/�I�/F-¯#���4®\7/JI�/JIzf,�!� %�"e:o(��Î(���(�� BD%zf,#Î4��,:×§w�!Om�,��3esDBD�
{lA$B�*�BD3=��"$� BD�¶-�/LT�/L&7/

Ç�î�½�î�½�îI����ñ 	��°óK	�J;�Yõ�ñ�óK	�ó�õ���?|ôDC¹î�02(+35d`�!C�� �X"
Ω

3=�,��3$BSC��,3=<?>9(+³��,��©749(�3$3m�,3Q3=� <?>²���
M@y���7(��,47�,A;f,�,A=� �!%D�,�±�´u�3=3=",/l�l3;O5��A$4µO5� �!4��,Ax�,������A$�!%D#��´u+A$�r#���4±f,#7�´u�3=3$� %��}V��,A$���,%D#7��%
Ths��,A=Om�,�74��!",/�~���"

h
O5��A$4²47� �2�¹u��7%D��4��!AQ�´u+��%D3="$�,�r'`(��P"$�2�,�����,3w@����7(��!4��,A=35C��!f,�,��<?>����X"�/��l3

3=�,�
Sh := {v ∈ W |v |Ti

∈ P2, v |∂Ti
∈ P1, Ti ∈ T} .

�l3|O5��A$4�>�� �!A|�!� ����"HA=� � ������(+A$��§Q(�3=� 3¹sD�!A=Om�,��4��X"�©D47� ��f,#�: §w�!� 3$*7� �,�����²»XV�Á8�9u+>��,A|C��!3$<?>�A=� �,C��,�
O5��A$4�/90�� �e«n�P"H�!A$*�BD�´(+"$� BD�

Ih
O5��A$4}(��9(���BD%Sf!#¶'`(�*��F"H�,�|-�47�!¦9�����,Aj"�/

0����ef,#�� u�3$3=� %D�)~}�,��%D�)� 3j"

Kh = {ϕ ∈ Sh| g (x) ≥ 0
i���A5(+� � �

x ∈ PC} .



��ù ÏXù8��Ñ�üQ�8�����!�7���²����Ò���ÿ������!�!� ��!��
02(�C��,��� 3j"

PC

4�����~��,��%��2(���� �,A�'e��B+"H�,�o(�#7i�4��,:ö�y(���4
ΓC

/�0�� �yR.� �7��"H�5�l���,:;�,�P"H��0�� 3=W�A$�Xg
"H� 3=� �!A$#���%}� 3j"�O5���oC��,��4��!AS0���3$W�A$�X"H��3$� �!A$#��7%¨4��!A�4768�9(+:o��3$<?>��!�µ@�����4��,A=��� 3=*�A$B�C�� �!:o�x����<?>�"
#���C��!4�� ��%+"5W�BD�7i�B�A$:}/
02(�:;��"p�!A$>9u��F"5:z(+�²i�BD� %D�!��4��e4���3$W�A$�X"H��R9BDA$:ÛsDBD��{lA$BDC����,:·\7/�-�/�-D/
#5$6&7('*�+�,�\7/JI�/J&8.�R.����4��

uh : Z → Kh

:;��"
u0

h = Ihu0

#��74
v0

h = Ihv0

3=B�©�4�(�3$3�i��7A2(���� �
ϕ ∈ Kh

#7��4¨(+� � �
n ∈ {1, 2, . . . , N}

� \7/JI�/L&1� (
ρan

h,αB
, ϕ− un

h

)
+ a

(
un

h,αH
, ϕ− un

h

)
≥
(
Ihf

n
αH
, ϕ− un

h

)

%D� �F"�/
0�� �`u�Ô�#��Fs+(�� �!��"$�`R9BDA$:S#7� � �!A$#��7%¯(�� 3y~}� ����:o���,A$#7��%D3$*7A$BDC����,:ö�´(+#7"H�X"��
#5$6&7('*�+�,Ú\7/�I8/LT�.�M�#7<?>��

uh : Z → Kh

:;��"
u0

h = Ihu0
#��74

v0
h = Ihv0

3=B�©�49(+3$35� ��ë=�!4��,:
V��,��"$3$<?>�A=��"="

tn, 1 ≤ n ≤ N, un
h

49(�3²R9#��7W�"$� BD��(��
Jn

h

��C��,A;4��,A²~��,��%��
Kh

:o����� :;� �!A="�/
02(�C��,��� 3j"

Jn
h

4�(�354�� 3=W8A=�!"$��b��9(�� B�%DBD�rf,#
Jn

/
«n:í�y(�>�:;�,�µ4����,3$�!A¯b�A=C��!��"SO5��A$4µ��#�Ax4��,AxR�(����mC��!"$AH(�<?>P"$�!"�©l���µ4��,:Õ4��,A;GyBDA$:o(�� �!�PsD�,WDg
"HBDA`f,#7A�'yBD�P"?(�WP"$9u�<?>��²*9(+AH(���� �,�|f,#É�!� ���!A`4��,A�'�B8BDA$4����9(+"$�,�9(�<?>73$�,�q� 3j"�/°M�BD:;��"`Wv(��7�_49(�3
� �¨b�C�3$<?>7����"="¯-D/JZ�/J&;sDBDA=%D�,3j"H�,����"$�,�¶<!%+g�{�M�M�[e� h �,A=ik(+>�A$�!��32BD>��7�S%DA$Â Ì �,A=�¯~�B84���¦�W+(v"H� B����,�
sD�,AjOw�!��4��X"�Om�,A$47�,��/¹«n:c(���� %D�!:o�!� ���!�¶R�(����.3$����4Î�,A=>��,C���� <?>��o~�B84��F¦9Wv(+"H��BD���,�Î(+�®47�,A){lA$B+g
ë=�,WP"H��BD����Â�"H��%�©747� �e� �®»L¾�½�Á¹C��,3=<?>�A$���,C��,�}Ow�!A$4��!��/
«n�¶4��,:ì>�� �!A�C��!"$AH(�<?>P"$�!"H�!�®R�(+� �¹:S#�3=32� �!4�� %D��� <?>}C��!�.4��!A2§w�!3$<?>�A=�,��C�#���%�4��!3e@�����4��,A=��� 3=3$�!3
C��,(�<?>P"H�!"eOm�,A=4��,��©�49(�3=324�� ��#��P"H�,A=3$<?>����,4���� <?>��!�¢b��7ik(+��%D3$W+B�B�A$4����9(+"H�!�¢4��,A2'`�7B�"H�!�¢�,� ��C��Xg
f,BD%D�!�}Om�,A=4��,��/

Ç�î�¾�îoï�?A�_õ��+ó�	����°õ:¼Ç� C�õ��.ô°óK	�	,õ
«n�_4����,3$�!:cb�C�3=<?>����F"$")Ow�!A$4��!�Éf!Om�,�m§w�,��3$*����,���xi��7A)4�6���(�:o��3$<?>��zM���%D��BDA=� ���l{lA=BDC�� �!:o�xC��Xg
"HAH(+<?>�"$�!",/Q02(�3z�,� �7�¨� 3j"z�!� �rHQ(+��"$� ���!sD�!A²§w�,(�:}©m4��!A²4�#�A=<?>¼�,�����¶u�# Ì �,A=�¶'eAH(+i�"²(�#7ie�!� ���
ß��P"H�!A$�´(+%D�¯%D�,*7A$�,3=3=")O5� A=4�©�#���4®49(�3`(+��4��,A=�x�,� �7�o'e#�%��,�È©�4�� �¯:;��"2W�BD��3j"?(��P"$�,A�d`�!3$<?>PO5� ��g
4�� %DW+�,�F"5(�#7i.�,� �7�,�ri��,3j"H�,�¨ß��P"H�!A$%DA=#���4�"HA=��³�"�/

Ç�î ¾�îkÄ9îNë´?AC�õ��%�Éó�ñ�U
õ�	!ñ�õ�� ��ô�ñ�õ�� C-��?°ô���î`�l3�3=�,�
Ω = {x ∈ R3| ‖x‖2 ≤ 1} /�]q�,�Æg

"H�,A�%D�,�F"H�
u0 = 0

#7��4
v0 = (0, 0,−1)T /�0�� �¯0���<?>P"H�

ρ
3$�!�¸W�BD�73="?(+��")%D���,��<?>

1
W8%S�+: 3 (�#�i

Ω
/�02(�3�@�� �74��,A=��� 35� ���,%D�e����4��,A

x1

g
x2

gn�lC��!���`#���4¨3=�,�¹4�#�A=<?>
ψ (x1, x2) = −1.4

%D�!%D�,C��,��/
��3�O5� A$W+�,�µW+�,� �7�²'eAHu+i�"$��©|(�� 3=B¶%D����"

f = 0
/.�l3�Om�,A$47�,�ÓW��!� ���r�y(���47C��!4�� ��%�#���%D�!�µ(�# Ì �!A

4��,�ª'�BD�P"?(+W�"$C��!4�� �7%D#���%D�!�±s�BDA$%��,%D�!C��!��/w0��,Ao��� (�3="$� f!��"?uv"H3$:;B84�#��
E

��3="x%D���,� <?>
500

d){|(
#���4Î4�� �SÙ2#��,A=W�BD�P"HA$(�WP"H��BD��3$f,(�>��

ν
%D���,��<?>

0.3
/�0�� �¯�5�,<?>���#��7%D�,�ÎOw�!A$4��!�q:;��"�4��,A2'`� (�3$3=�

M \�© � � � 4�#�A$<?>7%D�!i���>7A="�/
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(x1, x2, x3)
T ∈ R
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∣
∣
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}

.

]_�!��"H�!Ap%D� �F"
u0 = v0 = 0

/902(+3�@y� ��4��!A$����3p� ���,%D�2����4��,A
x1

g
x2

�lC��!���)#���4}3$�,��47#�A$<?>

ψ (x1, x2) =

{
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u1 = 0.
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a1 = −u
0 + kv0

βk2

#���4
v1 =

(

1 − γ

β

)

v0 − γ

β

u0

k
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u2 = −−2kv0β (αB − 2) + (u0 + kv0) (αB − 1) (2γ + 1) + 2βu0

2β (αB − 1)
.
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u2 > 0

B84��!A
u2 = 0
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u2 > 0
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a2 = −αB

u0 + v0k

βk2 (αB − 1)#���4
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v2 = v0 − ((γ + 1)αB − 1) (u0 + v0k)

βk (αB − 1)
.
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R.��A
u2 = 0

� 3j"
a2 = −2β (u0 + 2kv0) − (2γ + 1) (u0 + kv0)

2β2k2#���4
v2 =

2 (β − γ)2 v0k − 2β (γ + 1) u0 + (γ − 2β) v0k + (2γ + 1) γu0

2kβ2
.
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u3 =

(
γ + 1

2

)2

β2

(
u0 + v0k

)
+
v0k (αB − 3) − u0

αB − 1

−v
0k (4 (γ + 1)αB − 6γ − 5) + u0 ((3 + 2γ)αB − 4 (γ + 1))

2β (αB − 1)
.
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a3 = −αB

2β (u0 + 2kv0) − (2γ + 1) (u0 + v0k)

2β2k2 (αB − 1)#��74

v3 = v0 +
u0 + v0k

2kβ2
− 2u0 + 3v0k

kβ

+
(2γ2αB + γ (3αB − 2)) (u0 + v0k) − 2βγαB (u0 + 2v0k)

2kβ2 (αB − 1)
.
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