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Chapter 1

Introduction

1.1 Non-equilibrium Dynamics in QFT

Non-equilibrium dynamics have become a very active field of research in the last few years
in nearly all parts of physics. In condensed matter physics for example the description
of the dynamics of non-equilibrium phase transitions plays an important role [1]. Such
phase transitions occur in ferromagnets, superfluids, and liquid crystals to name only a
few. They are subjects of intensive studies, both theoretical and experimental.

Also in cosmology some phenomena require the use of non-equilibrium technics. One
example is the electroweak phase transition which took place 107'? seconds after the Big
Bang. If the electroweak phase transition is a phase transition of first order then it leads
to a possibility to explain the observed asymmetry between matter and anti-matter. The
mechanism which is responsible for the asymmetry is called baryogenesis. It can only occur
if the so-called Sakharov conditions [2] are fulfilled. They are non-conservation of baryon
number, C and CP violation and a system out of thermal equilibrium. This problem is
investigated by several groups, e.g., [3, 4], using non-equilibrium methods.

Another phenomenon in cosmology where non-equilibrium dynamics are important is
the inflationary phase of the early universe which is studied intensively by different groups
[5, 6, 7, 8,9, 10, 11, 12, 13, 14]. Inflation refers to an epoch during the evolution of
the universe in which it underwent an accelerated expansion phase. This would resolve
some of the short comings of the Standard hot Big Bang model, e.g., the flatness problem,
concerning the energy density of the universe and the horizon problem, related by the
large scale smoothness of the universe, indicated by the Cosmic Microwave Background
Radiation (CMBR). For a general introduction to inflation, see e.g. [15, 16].

At lower energies heavy ion collisions are under consideration as non-equilibrium pro-
cesses [17, 18, 19, 20, 21, 22]. In such heavy ion collisions a new state of matter could
be reached if the short range impulsive forces between nucleons could be overcome and if
squeezed nucleons would merge into each other. This new state should be a Quark Gluon
Plasma (QGP), in which quarks and gluons, the fundamental constituents of matter, are
no longer confined, but free to move around over a volume in which a high enough tempera-
ture and/or density reveals. Heavy ion collisions are studied experimentally at current and
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CHAPTER 1. INTRODUCTION

forthcoming accelerators, the Relativistic Heavy Ion Collider RHIC at Brookhaven and the
Large Hadron Collider LHC at CERN. The occurring Quantum Chromodynamic (QCD)
phase transition in these processes could be out of equilibrium and lead to formations of
coherent condensates of low energy pions, so called Disoriented Chiral Condensates (DCC).
Recent results reported from CERN-SPS [23] seem to indicate a strong evidence for the
existence of a QGP in Pb-Pb collisions.

The described systems cannot be analyzed in equilibrium because of their extreme
environments. For example a rapid decrease of temperature as it occurs in the early
universe does not allow an equilibrium description. In the last years many efforts have been
made in developing a formalism which allows a description of systems out of equilibrium. It
is based on the CTP formalism developed by Schwinger [24] and independently by Keldysh
[25]. This is only a perturbative approach and in the last decades different nonperturbative
approximation schemes were developed and improved. Classical approximations were used
for example by Khlebnikov and Tkachev [26] to study the non-equilibrium evolution during
inflation and reheating. In this approach the classical equations of motions are directly
solved on a computer. Since the theories contain an infinite number of degrees of freedom
the regularization is performed on a lattice in space. Questions about the dependence of the
results on the lattice space and if a classical description of the physics in the early universe
leads to the right predictions were studied by Smit and Aarts [27]. Beyond the classical
approximation there are several different methods, semiclassical, large N, and mean field
methods, under investigation. The Hartree approximation as a mean field method was
extensively analyzed for example by Boyanovsky et al. [28]. They have also worked on the
large N approximation [28, 29] beside other groups as for example Cooper et al. [21]. We
have concentrated ourselves on the semiclassical one loop approximation and the large N
expansion and study them in this work in detail.

We are especially interested in the quantum field theoretical aspects of non-equilibrium
dynamics. In our previous works we have developed a method which allows a clean sep-
aration between divergent and finite parts of the equations and thus makes a numerical
implementation rather simple. The method is based on [30, 31, 32] and we have extended
it to different models and approximations. The simplest model we have analyzed is the
¢* theory in the one loop approximation [33]. This paper constitute the basic for all our
further studies. Here, we extend the approximation to the large N model. The ¢* theory
offers, as a simple toy model, the possibility to study different approximation schemes and
analyze the behavior of the system in detail without leading to further problems induced
by the complexity of the model, as is, for example, the case in gauge theories. We are
especially interested in the effects caused by spontaneous symmetry breaking. For the
unbroken case we have published our results in [34] and here we show only some special
examples of the numerical results. Furthermore, we investigate finite temperature effects.
Due to the spontaneous symmetry breaking the possibility for a phase transition occurs.
Such a phase transition is important for many physical phenomena and the non-equilibrium
description is necessary for systems as diverse as formation and evolution of defects in *He
after a rapid quench, or the efficiency of baryogenesis in the electroweak phase transition
as mentioned above.
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As for models discussed in the context of the electroweak phase transition gauge fields
and fermions are of importance, we discuss, beside the ¢* theory, gauge theories in detail.
The inclusion of fermion fields is studied in [35]. It is not part of this thesis. Gauge theories
form the basis for all modern elementary particle theories. An unalterable requirement of
such theories is that they are renormalizable. The renormalization of the parameters of a
theory is necessary to find a relation between the computed and the measured observables.
Important for the success of gauge theories is the fact, that they can be always renormalized
if the gauge bosons are massless. This was shown in the fundamental works of 't Hooft
and Veltman [36] and Lee and Zinn-Justin. Herewith, their important role as models
describing interactions was founded. Due to the various degrees of freedom they offer a
wide range for numerical experiments. We are interested in two different aspects: the first
one concerns gauge invariance. We investigate the dependence of the effective action of
the gauge parameter £ for general R¢-gauges. We start with the analysis of the gauge
invariance of the effective action for the static case of bubble nucleation. Motivated by the
result that the exact one loop correction to the nucleation rate is gauge independent we
then study the fluctuation operator for a system out of equilibrium for general R¢-gauges.
We find after a suitable transformation a new fluctuation operator equivalent to that of
the Coulomb gauge. Therefore, we investigate the non-equilibrium system in the Coulomb
gauge and in a gauge invariant formalism also leading to the same operator. Our second
purpose concerns the influence of the different degrees of freedom on the behavior of a
system out of equilibrium. Hence, we carry out some numerics for different parameter sets
for the Coulomb gauge and as a special case of R¢-gauges the 't Hooft-Feynman background

gauge.

1.2 Content of the Thesis

This work is organized as follows. In chapter 2 we analyze the ¢* theory in the large N
approximation. We describe the model and the approximation in section 2.2 and carry out
the renormalization in section 2.3 and 2.4 in order to implement the model numerically.
We are especially interested in the influence of spontaneous symmetry breaking on the
development of the system. Hence, we study in section 2.5 numerically the broken and
unbroken symmetry case and analyze the different effects which occur. We dicuss the phase
structure of the system as a function of temperature and initial conditions. Furthermore,
we generalize some predictions which were made in [29] for the long time behavior of the
system to finite temperature.

In chapter 3 we investigate gauge theories under different aspects. Our interest concerns
the dynamical evolution of gauge theories as well as the problem of gauge invariance, which
is discussed in section 3.1. We describe the model under consideration in section 3.2. We
calculate the gauge and the gauge fixing mode and explain their role for the search of a
gauge invariant description of the effective action of the Higgs field in the SU(2) Higgs
model. Then in section 3.3, an explicit example for the computation of the effective action
independently of the gauge fixing parameter ¢ is given. We discuss the bubble nucleation
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as a time independent, metastable, and radially symmetric configuration. As a second
example we study in section 3.4 the SU(2)-Higgs model in the non-equilibrium context.
We derive the mode functions for arbitrary £ and create a new fluctuation operator whose
diagonal elements are independent of the gauge fixing parameter.

Another approach we investigate in the next chapter is based on the gauge invariant
description of the effective potential developed by Boyanovsky et al. [37]. We extend their
method to the non-equilibrium case and show which problems arise in this context. Then
we study the Coulomb gauge, which is very similar to the gauge invariant description in the
one loop approximation. After a renormalization procedure, we carry out some numerical
simulations and analyze the behavior of the system for different masses and couplings. We
compare the results with those we have found in our previous work [38] where we have
used a 't Hooft-Feynman-background gauge in order to investigate the influence of different
gauges in non-equilibrium systems.

Finally, we present in the last chapter our conclusions and give an outlook.



Chapter 2

¢* Theory in the Large N
Approximation

2.1 Introduction

The time evolution of a system out of equilibrium is described in the Heisenberg picture by
the Heisenberg equation of motion. After specifying an initial density matrix the dynamics
of the system can be in principle described. The problem which arises is that in general the
equations of motion cannot be solved exactly. Therefore, approximation schemes have to be
developed. Perturbative expansions are only useful if the identification of a small parameter
is possible. For a non-equilibrium system this identification is very difficult because, even
for a small coupling constant, the field amplitudes can become nonperturbativly large and
the expansion breaks down. Different nonperturbative approximation schemes have been
developed recently in a non-equilibrium context. They include the quantum fluctuations
explictly in the effective equations of motion. The simplest nonperturbative approximation
is the one loop approximation where the effective mass of the mode functions includes the
second derivative of the classical potential and not just m?. Extensions of this approxi-
mation are, e.g., the large N approximation and the Hartree approximation since in these
approximations also the fluctuation terms are included in the effective mass. Here, we
study the one loop approximation and the large N approximation in order to investigate
the behavior of a non-equilibrium system under the different approximations schemes. We
discuss the main properties of these two schemes and their main differences. We analyze
numerically both of them and show for which setting the one loop approximation is not
reliable anymore. For this purpose we choose the simplest model for the description of a
phase transition, the ¢* theory with spontaneous symmetry breaking. The results can be
used to make predictions for the development of extended models, like the SU(2) Higgs
model which is studied in the next chapter.

In the one loop approximation we deal with a single field theory. We expand the field
® about its mean value and include only the one loop self energy diagram of the form
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O

without further resummation. This leads to an effective mass in the mode functions which
contains only the second derivative of the classical potential and no fluctuation terms.
This approximation is also often referred to as one loop resummed approximation. As
we will see this kind of resummation leads to problems in a spontaneously broken theory
for the complex part of the effective potential. During the evolution of the zero mode in
the complex part of the effective potential instabilities arise. They lead to an exponential
growth of the modes and therefore, the approximation breaks down.

Better results can be obtained with mean field approximations. Two of them are
discussed extensively in the literature for non-equilibrium processes, the Hartree and the
large N approximation. They are closely related to each other. Both are based on graphs
of the form

whereby the propagators corresponding to the lines differ for the two approximations. For
both approximations the second derivative of the classical potential for the mass term of
the mode functions in the one loop approximation is replaced by its Gaussian mean value.
This leads to self consistent equations. The explicit structure of the effective mass is of
course different in the two approximations, see e.g. [21]. Since the Hartree approximation
is only a variational ansatz and not a consistent expansion in any small parameter the
renormalization procedure is not clear.

In the large N approximation the scalar field ® is replicated in ¢ components & —
®;, + =1,..., N which leads to the possibility for a systematic power series in the param-
eter 1/N. The leading order in the large N corresponds to a self-consistent mean field
approximation. We are especially interested in the effects of the spontaneous breakdown
of the global O(N) symmetry which leads to the existence of N — 1 massless Goldstone
bosons. They dominate the dynamics in the large N limit and lead to an efficient mech-
anism for the mean field to continously transfer its kinetic energy to the massless modes
over time. It is important to notice that mean field approximations contain no mode-mode
collision terms which means that the particles interact with each other only through the
mean field. Since the large N approximation is a well defined expansion in powers of N
it has two advantages over the Hartree approximation: the renormalization can be done
in a consistent way as we will show in the following section, and furthermore, it leads to
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the possibility to improve the approximation in a systematic way by retaining higher order
terms in the series. A detailed description and comparison of the different approximation
schemes can be found e.g. in [21].

In the following section we consider the ¢* theory in different approximation schemes.
We investigate in detail the model with spontaneous symmetry breaking at finite tempera-
ture in the large /N approximation with special emphasis on the renormalization procedure.
We carry out numerical studies for the one loop approximation at 7" = 0 and show in which
regime it fails. In order to study the effects of the symmetry breaking we compare for 7' = 0
numerical results for the unbroken and the broken symmetry case in the large N limit. We
discuss the effects induced by finite temperature and calculate the critical temperature for
a phase transition.

2.2 The Model

We consider the O(N) model with the Lagrangian

——awww [@%0 7 (2.1)

where ¢',i = 1,.., N are N real scalar fields. The non-equilibrium state of the system is
characterized by a classical expectation value which we take in the direction of ¢%. We
split the field into its expectation value ¢ and the quantum fluctuations v via

¢ (%) = Sy VNG(t) + ¢ (7, 1) . (2:2)

In the large N limit all terms which are not for the order N are neglected in the Lagrangian.
In particular terms containing the fluctuation 1"V of the component ¢ are at most of order
V/N and are therefore dropped. This is in contrast to the Hartree approximation where the
fluctuations of ¢x are included. The fluctuations of the other components are identical,
their summation produces factors N — 1 = N(1 + O(1/N)). Identifying all the fields
Y, pN~1 as 9 the leading order term in the Lagrangian then takes the form

L=N ([,¢ + [,1/, + [,]) , (23)
with
1
£¢=-@¢m¢—1@%wq , (24)
A
L, = = Nwaﬂw 5Y vy? _ZW)Z’ (2.5)
[’I = _§w2¢27 (26)

where ¢? is to be identified with 3" ¢%)!/N.
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We decompose the fluctuating field into momentum eigenfunctions via

k1 - o
T/J(f, t) = /W m [akUk(t)GZk'x + aLU,:(t)e_lk"”] s (27)

with w?y = m3+ k2. The mass mg will be specified below. This field decomposition defines
a vacuum state as being annihilated by the operators ay.

The equations of motion for the field ¢(¢) and of the fluctuations Uy () have been derived
in this formalism by various authors [21, 22, 39]. In addition to the large N Lagrangian
(2.3, 2.4) we use, on averaging over the quantum fluctuations, rules like

@) = @»*, (2.8)
a(;}w) = 4w<w2> , or (2.9)
0*(¥?)” 2

e = 4%, (2.10)

which follow at large N from the identification ? ~ 3~ ' /N.
We include in the following the counter terms that we will need later in order to write
the renormalized equations. Then the equation of motion for the field ¢ becomes

B(t) + Ao [7(t) — 0] + ONGP () + 6m?B(t) + (A + IN)G(t) F (£, T) = 0. (2.11)

Here F(t,T) is the divergent fluctuation integral, it is given by the average of the fluctuation
fields defined by the initial density matrix. For a thermal initial state of quanta with energy
Wi 1t reads

k1 Buwro
t,T) = (V7,1 :/ th 225 . ()2 2.12
F(LT) = (0(#.0) = [ 5 5 eoth S 00) (212
The mode functions satisfy the equation
d2
l@ + w,%(t)l Un(t) =0, (2.13)
and the initial conditions .
Uk(O) =1 5 Uk(O) = —iwkg . (214)
The time dependent frequency wy(t) is given by
wi(t) = k> + M?(t) , (2.15)
with the time dependent mass
M2(t) = M(¢? — v?) + A + 0m? + (N + SN F(t) . (2.16)
We rewrite the mode equation in the form
d2
[ ] Uil = VO @17

10
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whereby we have defined the time dependent potential V(t) = M?(t) — M?(0). We further
identify mo = M(0) as the initial mass. The equation of motion for the expectation value
can also be rewritten as

B(t) + M2 (1)6(t) = 0., (2.18)

which is of the same form as (2.13) with £ = 0. The expectation value is also referred to
as zero mode, average field or mean field. The average of energy with respect to the initial
density matrix is given by

_ Ly 1 2 . 2)? 1o o 1oy
£ = 2¢>(t)+4)\(¢> v?) + O+ Sm?¢* + 10X

k1 Puwro (1, 1
+/(27r)3 2o O {§|Uk(t)|2 + §w13(t)|Uk(t)l2} (2.19)

—)\+6)\.7-'2(t,T) .

Note that twice the last term, with positive sign, is included in the fluctuation energy,
since w?(t) contains F(t,T). Tt is easy to check, using the equations of motion (2.18)
and (2.13), that the energy is conserved. The energy density is the 00 component of the
energy-momentum tensor. The average of the energy momentum tensor for our system is
diagonal, its space-space components define the pressure which is given by

p = ¢'>2(t)—5+A5—; [62(t) + F(1,7)] (2.20)

Pkl Buro k2
th 2 — | U]
+/(27r)3 2oy OB Wk + 5 ) U]

The term proportional to A as introduced by Callan et al. [40] is the space-space component
of the improvement term A(g,,,0*—38,0,)$* for the energy momentum tensor. Here it serves
as a renormalization counter term. The determination of the pressure is essentially for the
consideration of a system in expanding space time, since there the covariant conservation
of the energy includes the energy itself as well as the pressure.

2.3 Perturbative Expansion

In order to prepare the renormalized version of the equations we introduce a suitable
expansion of the mode functions. We have used this method exhaustively in our previous
publications for the inflaton field coupled to itself [33] and to gauge bosons [38, 41] in
Minkowski-space and for the inflaton field coupled to itself in a spatially flat FRW-universe
[42]. All these calculations have been done for 7' = 0. The renormalization procedure does
not change for 7' # 0. Therefore, we give here only a brief review of the perturbative
expansion. For details the reader is referred to our previous work.
The mode functions can be written as

[ k] Uil = VOt (2.21)

11
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with

V() = M3(t) — M*0), (2.22)
Wl = K4+ M*0). (2.23)

The mode functions satisfy the equivalent integral equation

Up(t) = e~ vt 4 / At Ay ren(t — )YV VU(E) (2.24)
0
with .
Apres(t — ') = ———0(t — ') sin [wyo(t — 1')] . (2.25)
Wko

For Uy(t) we choose the following ansatz
Up(t) = e [1+ fi(t)] (2.26)

to separate Uy(t) into the trivial part corresponding to the case V(t) = 0 and a function
f1(t) which represents the reaction to the potential. fi(¢) satisfies the differential equation

Folt) = 2iwo fr(t) = V() [1 + fu(t)] | (2.27)

with the initial conditions f;(0) = f¢(0) = 0 or the equivalent integral equation

filt) = [t Bpralt = YVEL+ fult)esol ). (2.28)
0
We now expand fi(t) with respect to orders in V(t) by writing
fet) = 20+ P+ FO )+ (2:29)
= O+, (2.30)

where f,g") (t) is of nth order in V(t) and fé?)(t) is the sum over all orders beginning with
the nth one:

IOED S IOR (2.31)

The function f,gT) (t) is identical to the function fi(#) itself which is obtained by solving
(2.27). The function f,EZ) (t) can be computed by using the differential equation, via

F2 ) = 2i0n fP () = V() 1D(8) (2.32)
or by iteration via
flg_)(t) _ /dt,Ak,ret(t B t/)v(t/)flgT)(tl)eiwko(t—t’) . (233)
0

12
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This iteration has the advantage for the numerical computation that it avoids comput-

ing f,?) via the small difference f,gl) — f,gl). However, the integral equations are used as
well in order to derive the asymptotic behavior as wiy — 0o and to separate divergent and
finite contributions. The leading orders of fi(t) are discussed in detail in [33, 42, 38] and
we do not want to repeat them here. Some more details can be found in section 3.5.4.
In this chapter we are more interested in the effects of the finite contributions at finite
temperature and in the self consistent solving of the large N limit.

2.4 Renormalization

2.4.1 Equation of Motion

We use the expansion and the definition introduced in the previous section in order to
single out the divergent terms from the fluctuation integral. We have

M2(t) = MN? —v?) +6m> + 6Ad* + (A + 0N) {I_1(mo, T) (2.34)
~L_s(mo, T) [M2(t) = M?(0)] + Fuu(t,T)}

where the finite part of F(¢,T) can be written as

3k
(27)3 4w,

Fan(t,T) = / /dt cos [2wpo(t — )] V(') coth

b [ s+ D0 com 220 )

and where the divergent integrals are defined as

Bk 1 2
I_l(mg, T) = /W m <]_ + W) = I_l(mg) + E_l(mg, T) s (236)

PPk 1 2
1,3(m0, T) = /W Hi’o <1 + m) == [,3(m0) + 2,3(m0, T) . (237)

The integrals I ,(mg) are those which occur in the renormalization at 7" = 0. Their
dimensionally regularized form will be given below. The additional temperature dependent
terms X_(myg, T) are finite. They are defined as

d*k 1
27)3 wyo (ePwro — 1) 7

S 1(mo, T) = /( (2.38)

A3k 1
S _y(mo,T) = / . 2,
3(m07 ) (27T)3 2(,()20 (eﬁwko _ 1) ( 39)

We derive some useful explicit expressions for these integrals in Appendix A.

13
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It is convenient to include these finite terms into the definition of Fg, (¢, 7). Then the
time dependent mass takes the form

MP(t) = N(@* = v%) + 678" +6m? + (A+06A) [T_1(mo) — I 3(mo)V(t) + Fan(t, T)] , (2.40)

with
Fean(t,T) =% _1(mo,T) = V()L _5(mo, T) + Fin(t, T) . (2.41)

The time dependent mass (2.40) contains both renormalization constants dm and 0. Fur-
thermore, its definition by this equation is implicit, M?(t) appears also on the right hand
side of (2.40) in V(¢).

We now have to fix the renormalization counter terms in such a way that the relation
between the time dependent mass and ¢(¢) becomes finite. An additional constraint derives
from the requirement that the renormalization counter terms should not depend on the
initial condition but only on the parameters appearing in the Lagrangian, i.e., A and m.
For the simpler case of the one loop equations this has been achieved [33].

We first determine 0\ by considering the difference

V(t) = M) — M*(0) (2.42)
= (A+0)) [6*(t) = 6*(0) = T_s(mo)V(t) + Fun(t, T) — Fin(0, )] -

The divergent parts depend on the initial mass my. We have to replace this by a renor-
malization scale independent of the initial conditions. In [34] we chose the scale m, where
m was the mass parameter appearing in the Lagrangian. Here the analogous mass squared
would be m? = —\v? and therefore, m would be imaginary. In order to circumvent this
problem we introduce another scale m; which we do not specify here. In the numerical
computations we have used the physical mass m? = m3 = 2 \v*. We rewrite the implicit
equation for V(t) as

V() [1+ A+ s(m1)] = (A +00) {@°(8) = 6°(0) — [1_3(mo) — I_5(m1)] V(#)
+Fan(t,T) — Fu(0,7)} (2.43)
We now require
A+0A
TE O o 5my) (2.44)
Solving with respect to A we find
N 3(my)
oA = T o) (2.45)

Inserting this relation into (2.43) we have
V(t) = M@ (t) — ¢%(0) = [T_5(mo) = T_5(m)] V(t) + Fiu(t,T) = Fu(0,T)}  (2.46)

14
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or

B A
LN 3(mg) — T 3(my)]

V(t) [6*(t) = 6°(0) + Fau(t, T) = Fau(0,T)] . (247)

This is a finite relation for the potential V() since the difference [I_3(mg) — I_3(my)] is
finite. Using dimensional regularization (for some more details see Appendix C)

k1 1 2 47 p?
I_ = /—— = —+1 — 2.48
s(ma) { Gy 4w;zo}reg 16%2{e+“m3 7}’ (248

1 m?
5 n — -
167 mg

we find

I3(mo) — I_3(my) = (2.49)

We now go back to equation (2.34) which we take at the initial time ¢t = 0:
mg = M?(0) = \[¢?(0) — v?] + 5A$*(0) + dm” + (A + ) [1_1(m0) + Fin (0, T)] . (2.50)
This is an implicit relation between mg and ¢(0) which, however, contains still the infinite

quantities 6\, dm and I_{(mg). In order to proceed we note the following explicit relation
between I_; and I_3 which follows from the dimensionally regularized expressions for these

quantities
k1 m2 (2 4t
Lifmo) =4 [So—tb = —n i —y+1
1(1mo) { (27)3 2w }reg 1672 {6 i m vt }
2
m
= —mgyl_3(my) — 167?2 (2.51)
Therefore, we can rewrite (2.50) as
2 ~
ma = (—)\v2 + 5m2) + (A +6N) [QSZ(O) —mZl 3(mg) — 1%17?2 + Fan (0, T)] . (2:52)

As renormalization condition we require mg = 0 for 7' = 0 at the minimum of the potential
¢ = v so that the effective potential and the tree level potential have the same value at
their minimum. For T = 0 we have Fg,(t = 0,7 = 0) = ¥_;(my, T = 0) = 0. Setting
mo = 0 and ¢(0) =0 in (2.52) we find

)\21)2[_3(7711)

om? = —a? = — =BT 2.53
" v 1— )\I_g(ml) ( )
Inserted into (2.52) we obtain the renormalized gap equation
mg
my = AC |¢*(0) — v* — + X 4(mo, T)| , (2.54)

1672
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with

A m2\ "'
C=|1 — . 2.55
( * 1672 nm%) (2:55)
The gap equation (2.54) and the renormalized definition of the potential (2.47) constitute,
along with the equations of motion the basic renormalized equations for the self consistent
large N dynamics.
The gap equation has to be solved at ¢ = 0 and determines the relation between my
and ¢(0). For later times we have

M2(t) = mj+V(t)
mj +CA [¢%(t) — 6%(0) + Fuu(t. T) — Fau(0, 7)) - (2.56)

Since the gap equation can be cast into different forms we can obtain several equivalent
forms of this equation. Solving the gap equation for ¢?(0) we find

2
)\C¢2(0) = mg + AC [02 + 12222 - E_l(mg,T)] y (257)
or equivalent,
2 2 2
2 My 2 my my
= — — |14+In— ) —%_ T 2.
»~(0) ;) +v +167r2< +nmg> 1(mo, T) (2.58)
so that )
Mz(t) =\C [¢2(t) — 2 = 1727?2 + ﬁﬁn(t, T)] . (259)

Having obtained a finite relation between ¢(¢) and M(t) the equations of motion for the
zero mode ¢(t) and for the modes Uy (t) are well defined and finite.

Here we have included the corrections of leading order, proportional to ¥ (my, T), into
the finite part of the fluctuation integral. These terms are important at high temperature.
They appear in the gap equation via F (0, T) = Y_1(mg, T) ~ T?/12. Omitting terms of
order \/167? the gap equation (2.54) becomes

A
mg ~ —\v? + A¢?(0) + ETQ : (2.60)
Therefore, at high temperature the mass circulating in the loop is dominated by the hard
AT? term. In the following we need the fluctuation integral F (¢, T') which is and will remain
divergent. We need an expression in which these divergences appear explictly. Using

F(t,T) = Ii(mo) — I_s(mo) [M?(t) — M*(0)] + Fou(t, T) (2.61)
and inserting the expression for M?(t) we have just derived, we obtain
mg 2 2 mg
f(t, T) = - - C)\I_3(m0)¢ (t) + Av CI_3(m0) + )\C—I_g(mo)
1672 1672
A N
+C i I_3(mo)(mo + M\?) +C 1 — M _3(my)] Fan(t, T) . (2.62)
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While we have found here the gap equation as a self-consistency condition, it can also be
derived [12, 43] from a potential (free energy) which here takes the form

m2 m2  m? m2 3
Ving.r.m) = g 28 28 L (1) 2]

+/%%ln [1 — exp(—LBwy)] - (2.63)

Then the gap equation follows from the condition

oV (m2,¢*T)
— - =0. 2.64
om? 0 (2.64)

2.4.2 Energy and Pressure

The unrenormalized expressions for the energy density and for the pressure have been given

in section 2.2. Apart from the counter terms which we have already fixed in renormalizing

the equation of motion, two new counter terms appear, the cosmological constant term JA

in the energy density and the improvement term Ad*($? + (?))/dt* in the pressure. These

terms must suffice for rendering the expressions for energy density and pressure finite.
We start with the expression (2.19) for the energy which we rewrite as

£ = LHM+ ) (¢ )’

A+0A
+&a(t,T) — i F2(t,T) + A, (2.65)
with - 8
1 wro (1, 1

é‘t,T:/ th {—Ut2—2tUt2}. 2.66
W) = [ e g coth Z52 {S RO + 5ubOIULr) (2.66)
Here we have used already the relation m? = —§\v?, and part of the cosmological constant

counter term JA is included in §Av*/4. We split the Bose factor as before

Bwro 2

coth 5 =1+ m . (267)

The integrations involving the second term are finite. We define

ek 1 2
(27)3 2wy ePro — 1

1

(Loor + Sl . o)

A&(t,T) = /

The integrations involving the first term have been discussed in [33]. Following this dis-
cussion we can decompose the integral via

£0(1,0) = 1y (mo) + V()1 (ma) — V(D) L_am) + Eaalt,0),  (2.69)
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with

Easn(t,0) = / ¢k 1 {l|f,gT>|2+ @ [2Ref,§T’+ |f,£T)|2} n %} . (2.70)

k0
B3k wio mg (2 47 p? 3
I = / _— = — 0 — l — _
1(mo) { (2m)3 2 }reg 6472 | € in m3 73
4 4
_m 3mg
= A 1_3(m0) ]_287‘('2 (271)

We denote the sum of both finite contributions as £ 4, (¢, T'). The expression for the energy
now takes the form

1.,  A+0A 2 1 1
£ = 3+ 57 (0" = 0%) + Enan(t. T) + 1a(mo) + GV (mo) — 2V ()T-s(mo)
AT oy Ty oA (2.72)

4

In addition to the divergences arising from Eq(t,7') we have to take into consideration
those of F2(¢,T) which we have analyzed above. If all divergences and the renormalization
constant 0\ are inserted, the expression turns out to be finite, i.e., the remaining counter
term 0A is needed only for a finite renormalization. We require the energy to vanish at
T =0 for ¢(t) = v, which implies my = 0. Then A = 0. There remains a finite constant
depending on the initial condition

my 2\C
AN =—" (1 : 2.
12872 ( + 167r2> (273)
Then the energy is given by
Loy AL s 22, | 20,2 2

A .
+Eaan(t,T) — ZCfgn(t, T) + AN,

with

mg
1672
Finally, we have to give a finite expression for the pressure, using our last free counter

term. We write the pressure in the form

Am? = —\C (2.75)

. d?
p=¢"(t) = £ +pa(t,T) + A [62(t) + F(1,1)] . (2.76)
Here we have anticipated a special form of the counter term, indeed for the expression
in brackets it is possible choose a priori an arbitrary Lorentz scalar, the additional piece
of the energy momentum tensor being trivially conserved on account of its tensor struc-
ture 0,0, — g#,ﬁ?. Of course it has to be suited for the renormalization procedure. The
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fluctuation part of the pressure consists again of three parts, a divergent one, a finite one
independent of the temperature and a finite integral involving the thermal distribution
function 1/[exp(wgo/T) — 1]. The analysis for T = 0 has been performed in [33]. Following
the discussion there we can write pg as

4
B _omg m? 1[ 1 ]
pa(t,T) = pasn(t,0) + Apa(t, T) = 487T2V() G I_?,(mo)+48ﬂ2 V(t). (2.77)
Apq(t,T) is given by
Bk 1 2 , K )
Aoalt.T) = [ s o (o + ) WO, 278)

the finite part for 7= 0 by

3 2 — —
pmwn>:t/dk4L{Q%+%)Pmﬁ%w+w%mﬂ

(2m)3 2wy

+< 1 >/dt cos 2wt — ')V (£')

6wz, 24wk0

+< 12 n m04 >cos(2wk0t)i>(0)

12wy 24wy,

HIDWPE = 2Re o [0 (0) +icn OO 0]} 279

We call the sum of both finite fluctuation integrals Pasin(t,T). Now we have to consider
the divergent terms. We observe that V(¢) is given by
d2

V(1) = X [6°(1) + Fan(t.T)] - (2.80)

On the other hand, using (2.62) we have

d? d?
— T
F.T) = dt?

e [—ACT_3(m0)@*(t) + C(1 — AT _3(m)) Fyu (£, T)] (2.81)

and therefore

d2 d? ~
As [6*() + F(1,T)] = A 1= M_s(m)] [62() + Fin(t,T)] - (2.82)
As apparent from (2.80), this matches in form with the divergent term I_3(mq)V(t)/6.
Insisting again in choosing the counter term independent of the initial condition we fix

)\1_3 (ml)

A= 6[1 — M_3(m1)]

(2.83)
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and retain a finite term

_9617T2 [ln (%) + 2] V(t) . (2.84)

The final result for the pressure reads

p=¢(t) — € + pagn(t, T) — mp g V(#) — — [ln (%) +2] V(). (2.85)

9672 4872 9672

A further important quantity is the particle number density. The production of particles
is of interest primarily in connection with inflationary cosmology. By the end of inflation
only a scalar field remains in the universe, and the density of all other forms of matter is
exponentially small. Matter is produced again as a result of coherent oscillations of the
field ¢(t). The amplitude of the field decreases as a result of the transfer of the energy
to the produced particles. This epoch is called preheating in the literature, introduced in
[44]. The particles created during this stage are far from equilibrium, thermalization and
equilibration will be achieved via collision relaxation. This stage is called reheating. In
the approximation, we study, collisions are absent and therefore, we can not describe the
reheating process. Nevertheless, e.g. in [12] an estimate for the reheating temperature is
made under some reasonable assumptions based on the analysis of the particle spectrum.
Therefore, it is important that our approach leads to a possibility to determine the particle
number in an easy way. Since we are mainly interested in the technical details for a
suitable implementation of the large N approximation we do not give an interpretation of
the particle number in the cosmological context. The expression for the particle number
takes a rather simple form expressed by the truncated mode functions:

_ d’k 1 Puwro |1 2 T 2 1
N(t) = /(27r)3 2o coth 5 {Z [|Uk(t)| +w—20|Uk(t)| ] _5}

Bk 1 Bwko | 5,12
= th t)|” . 2.
[ Gy s com 5 A0 (2.:86)

Since the particle number is finite, we do not have to renormalize it.

2.5 Numerics

We have carried out different numerical calculations. First, we discuss the ¢* theory with
spontaneous symmetry breaking in the large N limit at 7= 0 and 7" # 0 [45]. Then we
investigate the one loop approximation and compare it with the large N approximation.
We choose for these considerations the coupling A = 1 and also the squared of the vacuum
expectation value (vev) v? = 1. At the end we show some results for the unbroken theory
(34].

2.5.1 The Broken Symmetry Case

The dynamical evolution of the non-equilibrium system depends on two parameters, the
temperature 7" and the initial value of the zero mode ¢(0) = ¢, which in analogy with

20



CHAPTER 2. ¢* THEORY IN THE LARGE N APPROXIMATION

d)

V(@)

)

)]

Figure 2.1: Classical potential

thermal equilibrium systems can be considered as an external parameter. We have plot-
ted in Fig. 2.1 a typical classical potential with four different initial values for the zero
mode. Clearly, this picture simplifies the situation too much. Since we consider quantum
fluctuations in our analysis the effective potential would describe the system in a more
realistic way. In 1987 Weinberg and Wu [46] discussed the effective potential for a spon-
taneously broken theory. They investigated the complex region of the effective potential
which leads to unstable states. In the non-equilibrium context this region of instabilities
for homogenous configurations is known as the spinodal region and is discussed widely in
recent papers in different contexts, e.g. [47, 48, 49, 50]. But also the effective potential
leads to wrong predictions for a system out of equilibrium. The effective potential gives a
static description of the physical setting and cannot describe, e.g., the dynamics of a phase
transition. It can be used to determine the nature of a phase transition and the description
of static quantities like critical temperatures. It corresponds to the equilibrium free energy
as a function of order parameters. The use of the effective potential for the description
of the dynamics of a phase transition has been criticized by many authors [39, 51, 52].
Fig. 2.1 has to give only a basic impression about the physical setting.

We begin our analysis by discussing the special features of the different starting points
and two related phase diagrams displayed in Fig. 2.2 and Fig. 2.3. These phase diagrams,
plotted in the ¢y — T plane and in the my — T plane, show different regions in which the
system can evolve. We explain the boundaries for these regions below. The first region,
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Figure 2.2: Phase diagram in the ¢q — 1" plane

labeled by I, corresponds to a negative initial mass squared. In this case the gap equation
has no real solution and the initial value becomes complex. In Fig. 2.1 an example for
such an initial value is labeled by a). In the second region, called II, m2 is positive. The
initial mass for the zero mode is chosen smaller than V[¢(0)] in the real part of the effective
potential. A possible choice is displayed in Fig. 2.1 at starting point b). In this case the
zero mode has not enough energy to reach the maximum of the potential and we find
a final state for which the symmetry is spontaneously broken. The third region in the
phase diagrams corresponds to the initial values ¢) and d). Here we find a final state with
restored symmetry. In the following we will characterize the regions in detail, evaluate the
boundaries explictly and describe the dynamical evolution of the system. In [29, 53] some
analysis of the expected long time behavior were carried out, which we generalize here to
finite temperature.

Region I: m2 < 0

The initial value ¢y and the initial mass mg are connected via the gap equation (2.54). It
requires m2 to be positive for T = 0 in order to find a real initial value ¢,. The point
where mg vanishes marks an initial value that leads to a solution ¢ =const. For T' = 0 this
stationary amplitude is given by ¢ = v. For T' > 0 we can find this amplitude as well. For
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1.5

Figure 2.3: Phase diagram in the m2 — T plane

mo = 0 the thermal integral ¥ _;(mg,T) is given by its value for massless quanta, i.e.,

T2
E_l(O,T) == E y (287)
and therefore
2 2 2 T?
¢1(T) = Pglmg=0 = v° — IR (2.88)

The region below this boundary (2.88) we call region I.

In our considerations it is not possible to start the field in the unstable region I. For
#(0) = 0 the initial frequency for the fluctuation field is complex for low momenta because
F(0) = 0. In order to circumvent this problem it is possible to prepare the initial state in
a different way

2 _ 2 2 2 2
Wiy = K—mi for k> |md

, (2.89)

wiy = k>4 mj for k*< ‘mg‘ : (2.90)
This choice corresponds to the ground state of an upright harmonic oscillator and to a
quench type of situation in which the initial state is evolved in an inverted parabolic

potential (for early time ¢ > 0) as explained e.g. in [12]. We do not consider this possibility
here.
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Region II: m? > 0, M2 =0

Now we choose the initial value above the boundary condition (2.88) but lower than V[¢(0)]
as displayed in b) in Fig. 2.1. The initial value leads to the possibility of entering the
unstable region. The quantum fluctuations begin to grow exponentially and lead to an
effective damping of the field which starts to oscillate in the minimum as it is shown in
Fig. 2.4. Since the fluctuations F(t) are growing, the effective mass

ME(t) = M@ (t) — v?] + F(t) (2.91)

becomes positive (we do not care about the renormalization here, because we are at the
moment only interested in qualitative features) and the exponential growth of the fluc-
tuations stops. Therefore, the development of the field stabilizes and ¢, reaches a finite
constant value. If the initial amplitude ¢(0) is sufficiently small, the back reaction leads
M?2(t), which is plotted in Fig. 2.5, to settle down at zero. In contrast to the dissipative
effects via parametric amplification this effect is induced by spinodal instabilities. Here
the asymptotic mass vanishes and the zero mode reaches a finite value. Another effect
missing in the unbroken theory which strengthens the damping was already explained in
the introduction. The existence of massless Goldstone bosons leads to the possibility of
the mean field transferring its kinetic energy. Another physical quantity of interest is the
particle number density shown in Fig. 2.6. It increases at the beginning until it also ends
up at a constant value. The numerical results for 7" = 2.5 are shown in Figs. 2.7, 2.8. The
effects are stronger than for 7"= 0 but the qualitative features are the same.

In the one loop approximation, where we do not take the fluctuations in the mass term
for the mode functions into account, M?(t) can become negative, instabilities arise and
the approximation breaks down. We will describe this phenomenon in section 2.5.2.

Now we consider some empirical relations describing the long time behavior of the
system which were developed in [29]. We extend their results to finite temperature [45].
At T = 0 the final value of ¢, was found to be related to the initial value ¢y by an
empirical relation

B, = A2t = 63), T=0. (2.92)
The generalization of this relation to finite temperature is not obvious. In [29] it was
remarked that the relation depends only on the initial zero mode part of the energy, which
is given by E = \(¢? — v?)?/4. Tt satisfies the constraints that ¢2, = v? if ¢ = v?, and
that ¢, = 0 if classically the system can reach the maximum of the potential, which
happens if ¢f = ¢2(T = 0) = 2v%. We further observe that the classical turning point is at
& = 20% — @2 so that we may write (2.92) as the geometric mean

0%, =\ 650, - (2.93)

This form turns out to lead to the correct generalization for finite temperature. Obviously,
the relation is characterized by the motion at early times when the quantum fluctuations
have not yet evolved. When discussing renormalization we have made an expansion with
respect to the potential V(¢) which vanishes at t = 0. The same expansion can be used
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to study the early time behavior. In the expression for the energy the coefficients of the
terms of first and second order in V have been absorbed into renormalization constants.
However, the thermal fluctuations are not absorbed in this way and will add to the zero
mode terms in an early time expansion. These appear in the energy, see (2.72), via

A& (LT) = Sy (mo, T) + %V(t)Zl(mg, ) - ilﬁ(t)Zg(mg, TV + 00,  (2.94)

as a part of g, (t,T) and via (2.41) in Fy,(t, T). Taking these expansions into account
the energy can be written in the form

A -
E~7C |a" + agg + be® + beg + cd’¢g| + const. | (2.95)

up to terms of order V3. We need the coefficients

a = 1-— )\CTE,g(mO,T) s (296)
= —2[v’ = 9_y(mo, T)] . (2.97)
c = )\CCTE_g(mo,T) 5 (298)
where we have introduced
A,om? !
Cr = [1 + 1672 In H% + )\E_g(mo, T)l . (299)

This enables us to shorten the expression for the potential in the following way
V(t) = ACr [¢2(t) — ¢*(0) + Fou(,T)] - (2.100)
The classical turning point is given by

- _ b+ (CL + C)qs% 27)2 - E_l(mo, T) - []. + )\CTE_g,(mo, T)] d)g

= = 2.101
¢0 a 1— )\CTZ,ZJ, (mg, T) ’ ( )
so that we are led to suppose
62,(T) = ! VA2 — 25 1(mo, T) — [1 + ACrS3(mo, T)]03}
o 1-— )\CTE,g(mo, T) ’ ’
(2.102)

We find that this relation is very well fulfilled numerically. We show in Figs. 2.9-2.11 the
results for different temperatures. According to this formula the region II is limited by
the requirement that the expression in the square root has to be positive. This leads to a
boundary between region II and new region III of the form

2 7)2 — E_l(mo, T)

=2 . 2.1
¢2 1+ )\CTE_:), (mg, T) ( 03)

We note that the relation is implicit, the value of my that appears on the right hand side
is related to ¢2 on the left hand side by the gap equation.
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Figure 2.4: Zero mode versus t for T'= 0, my = 0.1, and ¢(0) = 1.005
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Figure 2.5: Mass squared versus ¢ for T'= 0, mg = 0.1, and ¢(0) = 1.005
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Figure 2.6: Particle number versus ¢ for T'= 0, my = 0.1, and ¢(0) = 1.005
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Figure 2.7: Zero mode versus ¢ for T = 2.5, mg = 0.4, and ¢(0) = 1.845
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Figure 2.8: Mass squared versus ¢ for T' = 2.5, mg = 0.4, and ¢(0) = 1.845
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Figure 2.9: Late time amplitude ¢, versus ¢y for T =1
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Figure 2.10: Late time amplitude ¢, versus ¢, for T'= 2.5
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Figure 2.11: Late time amplitude ¢, versus ¢q for T'=3
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Region III: ¢, =0, M2 >0

If we choose now an initial value for the zero mode high above the maximum of the
potential, this point is considered in Fig. 2.1 in c¢), the zero mode has enough energy to
cross the maximum, begins to oscillate around zero and a stable situation occurs. The
region of initial values ¢, leading to this behavior is called region III. We have simulated
this case by choosing T'= 0 and my = 3 which leads to the initial value ¢(0) = 3.185 for
the zero mode. The behavior of the zero mode is shown in Fig. 2.12. The field reaches a
stationary oscillation around zero. In Fig. 2.13 we have displayed the corresponding mass
squared which also reaches a stable finite value. This behavior coincides with the behavior
in the unbroken theory that we will show in subsection 2.5.3. The zero mode is damped via
parametric amplification. This phenomenon occurs if the mass reaches a finite stationary
state and the zero mode oscillates around zero. It is discussed e.g. in [28]. In order to
check our numerical calculations we have also investigated energy conservation (Fig. 2.14).
The zero mode part of the energy decreases whereas the fluctuation energy increases. The
solid line shows the total energy which is conserved. Since we have computed some finite
corrections Am?2, A\ and AA which we have handled as a contribution to the zero mode
part of the energy, this part of the energy can become negative. As a second cross check we
have computed the pressure. The total pressure shown in Fig. 2.15 reaches an asymptotic
value of nearly £/3 typical for an ultra relativistic gas.

The fourth initial value, in Fig. 2.1 labeled with b), is taken only a little bit higher than
the maximum. The behavior of the zero mode is shown in Fig. 2.16. At the beginning
it is efficiently damped but then it oscillates around zero. The mass squared plotted in
Fig. 2.17 very quickly reaches nearly zero. This behavior can be understood as follows. The
mass term in the mode function is given by (2.91). We have prepared the initial conditions
in such a way that m3 is positive. Evolving in time ¢(¢) decreases and vanishes at the
maximum. The first term in (2.91) becomes negative. On the other hand the fluctuations
F(t) increase and lead therefore to a positive value for M?(t). Since the asymptotic value
of M? is only slightly larger than zero as one can see in Fig. 2.18 the oscillation period of

the field is very large.

There are two phenomena that characterize the transition to region III. On the one
hand, the stabilization of the system is taken over by the phenomenon of parametric
resonance. On the other hand the system has enough energy so that ¢(¢) can move over the
maximum of the potential at ¢ = 0, and indeed will oscillate around ¢ = 0. Accordingly,
the threshold value of ¢ at which these two phenomena set in can be characterized by two
- a priori unrelated - criteria. Both rely on plausible assumptions, which at 7" = 0 lead to
the same prediction for the critical value of ¢q.

The criterion based on the energy consideration has been presented in the previous
subsection, we now describe the criterion supplied by the phenomenon of parametric reso-
nance. For the case of unbroken symmetry it was found at zero [53] and finite temperature
[34], that the late time behavior is described by an empirical sum rule which relates M2
to the initial amplitude. We show some results for the unbroken case in subsection 2.5.3.
For T'= 0 an analogous sum rule was found to hold for the case of spontaneously broken
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symmetry as well [29]. Tt is given by

e
ugo:—1+3°. (2.104)
Here p and 7 are normalized in such a way that the classical equation of motion at early

times, i.e. in the parametric resonance regime without back reaction, reads
N —n+n =0, (2.105)

where the prime denotes a derivative with respect to 7 = at and where n = (¢, also
p = M/a. With n(7) a solution of (2.105) the mode equation becomes a Lamé equation.
The sum rule implies [53], that the frequencies w?(t) = M?(t) + k? are shifted outside the
parametric resonance band of the Lamé equation. Although there is no rigorous derivation
for the sum rule, it accordingly seems related to the parametric resonance phenomenon.

As the shift of the frequencies outside the parametric resonance region must have hap-
pened at the end of the phase where the evolution of the system is described by parametric
resonance, we will again consider the initial classical evolution. Again, in addition to the
zero mode terms we have to take into account the terms due to the thermal fluctuations.
In terms of the parameters introduced in the previous section the equation of motion is
given by

é + ACad® + %C(b +egd)p=0. (2.106)

Comparing to the normalized equation (2.105) we determine the factors a and 3 to be
AC
a = \/7\/b+cd)g : (2.107)

2a
po= \/—ma (2.108)

so that the asymptotic mass is given by
1
M2 = o <—1 + 5%&3) (2.109)
1
= XC {—U2 + E_l(mo, T) + 5 []. + )\CTE_g(mo,T)] d)g} .

Again ¢y and my are related by the gap equation. At the transition from region II to region
ITI the asymptotic mass vanishes. It is easily seen that this criterion leads to an identical
equation for the boundary, i.e., (2.103).

The field amplitude decreases to zero at late times, in this regime. So the symmetry is
restored dynamically at high excitation characterized by a high value of ¢y.

At the critical temperature T = v/12v both boundaries ¢, (T) and ¢3(T) become zero.
Above T the behavior of the system is the same as for region III, for all initial values
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of ¢o. While at the border between region I and II there was a lowest value for ¢y for
obtaining real solutions of the gap equation, now there is a lowest value of mg, the one
for which ¢y = 0. It is obtained by solving the gap equation for ¢y = 0 and agrees with
the thermodynamical equilibrium value mg at that temperature, as defined, e.g., in (3.38)
in a paper by Dolan and Jackiw [54]. Of course with ¢y = 0 the system remains static.
The sum rule for the asymptotic value (2.109) is compared to the data in Fig. 2.19. The
agreement is excellent.

0 50 100

Figure 2.12: Zero mode versus t for T'= 0, my = 3, and ¢(0) = 3.185
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Figure 2.13: Mass squared versus ¢ for T = 0, mg = 3, and ¢(0) = 3.185
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Figure 2.14: Mode energies and their sum versus ¢ for T'= 0, my = 3, and ¢(0) = 3.185
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Figure 2.15: Pressure versus ¢ for T = 0, mg = 3, and ¢(0) = 3.185
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Figure 2.16: Zero mode versus t for T'= 0, my = 1, and ¢(0) = 1.415
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Figure 2.17: Mass squared versus ¢ for T =0, mg = 1, and ¢(0) = 1.415
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Figure 2.18: The same as in Fig. 2.17 with another y-range
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3.5

@

Figure 2.19: Asymptotic sum rule for M?. The data for T = 1.5 (diamonds), T = 2.5
(asterics) and T' = 4 (triangles) are compared to (2.109) (solid line)

2.5.2 Comparison with the One Loop Approximation

In this section we compare the large /N approximation with one loop calculations by setting
N = 1. For the unbroken case we have discussed the renormalization and numerics in
[33]. Since we are here only interested in a qualitative comparison we only review the
unrenormalized equations. The renormalization is straightforward along the line in [33].
The equation of motion for the zero mode reads in the one loop approximation for 7" =0

(1) + Ao(t) [*(t) — v°] + 3A6(H)F () =0, (2.110)
with , )
F(t) 2/% 7|U2]152| : (2.111)

Ignoring the counter terms this equation is similar to (2.11) up to a factor 3 in the fluctu-
ation integral. The mode function fulfills the second order differential equation

{4 i 402 [0 -] Lo =0, (2.112)
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The difference to the large N approximation now becomes obvious, we do not include the
fluctuation integral in the time dependent mass for the modes and therefore, we neglect
the back reaction. Another point is that we deal only with a theory of a single field.

We now consider numerically the two cases b) and c¢) in Fig. 2.1. Starting point d) is
analogous to the unbroken symmetry case and not very interesting. The initial value a)
leads also in this case to a complex initial frequency and is therefore not considered. For
the evolution of the field in the minimum (Fig. 2.20), where we have chosen the initial value
for the zero mode as low that the field does not reach the unstable part of the effective
potential we find that the damping is much less efficient than in the large N approximation.
Since the zero mode does not enter the spinodal region this effect has to be expected. Only
dissipation via parametric amplification occurs. Also the possibility of the decay of the
mean field is absent because we have no Goldstone bosons in the theory. We will see
in the case of the gauge fields, where we have various degrees of freedom, that the effect
induced by the decay of the zero mode leads even in the one loop approximation to efficient
damping. We have also plotted the fluctuation integral in Fig. 2.21. It increases in time,
reaches a stationary state and oscillates forever.

In the second case we let the field evolve in the unstable region. As already mentioned in
the discussion for the large N approximation the frequency for the modes becomes complex
for low momenta and near the origin. Therefore, the modes blow up exponentially as it is
shown in Fig. 2.23. In the large N approximation the contribution of the fluctuations in
the effective mass leads during the development of the system to a positive effective mass
and stops the exponential growth of the modes. The zero mode settles down to a constant
value. In the one loop approximation the effective mass is given by

MA(t) = —%’2’ + 3\p%(t) . (2.113)

Since the mean field decreases the effective mass becomes complex if ¢*(t) < m7/6\ and
stays complex. The exponential growth of the modes is not stopped, the oscillations of
the zero mode get a very high frequency and after a while the approximation breaks down
(Fig. 2.22). For our choice of parameters (A = 1, m7 = 2\v? = 2) this happens for

o(t) < j:\/g displayed by the dashed line in Fig. 2.22. The zero mode reaches this value
at t &~ 21, the effective mass squared, which is shown in Fig. 2.23 by the dashed line,
becomes negative and the fluctuation integral growth exponentially as explained above.
This indicates that the one loop approximation is not reliable in the unstable region. For
our considerations concerning the gauge fields in the next chapter we consider only the
one loop approximation. For gauge theories already this approximation becomes rather
complicated and it is not clear yet how to improve it in a systematic way. Therefore, we
only study numerically stable configurations and initial conditions.
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Figure 2.20: Zero mode versus ¢ for mg = 0.96 and ¢(0) = 0.8
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Figure 2.21: Fluctuation integral versus ¢ for my = 0.96 and ¢(0) = 0.8
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Figure 2.22: Zero mode versus ¢ for my = 6.86 and ¢(0) = 4
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Figure 2.23: Fluctuation integral (solid line) and mass squared (dashed line) versus ¢ for
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2.5.3 Comparison with the Unbroken Theory

In this section we consider numerical studies of the unbroken theory in the large N ex-
pansion at 7= 0 and T" # 0. We have published a detailed analysis of the corresponding
equations and the renormalization for finite temperature in [34]. We present here only the
results. We have analyzed the behavior of the system for two parameter sets at T = 0,
where we have varied the coupling constant A and fixed m3 and mg which leads to different
initial values because my and ¢y are connected via the gap equation. We have also chosen
one parameter set for 7" # 0.

A T | m* | mg| ¢(0) | M*(0) | right hand side
Parameterset 1 | 1 | 0 1 3 | 2.82 5.0 4.98
Parameterset 2 | 5| 0 1 3 | 1.24 4.95 4.90
Parameterset 3|1 |10 | 1 3 |1.25 8.24 8.25

Table 2.1: Parameter sets for the unbroken theory

In Fig. 2.24 we have plotted the zero mode for parameter set 1. The damping of the
field is not very efficient and the field reaches a stable state after a short time. The effective
mass squared is displayed in Fig. 2.25. It ends up in an asymptotic average of 5 with small
oscillations. The sum rule for the unbroken theory adapted to our notation and definitions
in [34] is given at finite temperature by

A
1672

Mz, =C {m2 (m2 —m?) +AS_1(mo,T) + % [14+ ACrY _3(mq, T)] ¢g} . (2.114)
The additional term A(m3 —m?)/(167%) in comparison to (2.109) is due to another choice
of the renormalization point. We have verified this sum rule for our parameter sets, the left
and right hand sides of the sum rule are compared in Table 2.1, the agreement is excellent.

As cross check for our numerics we have also plotted energy conservation in Fig. 2.26 and
the pressure in Fig. 2.27. The zero mode part of the energy decreases and the fluctuation
energy increases like in the case of spontaneous symmetry breaking. The production of
fluctuation energy leads to an increase of the particle number shown in Fig. 2.28.

We have considered a second parameter set with a larger coupling constant A. This
leads to a smaller initial value for the mean field. The behavior of the zero mode shown
in Fig. 2.29 is qualitative the same as for the first parameter set. In order to check the
sum rule we have also plotted the mass squared M?(¢) in Fig. 2.30. The agreement is very
good for this parameter choice, too.

The behavior of the zero mode in the unbroken theory is the same as for the broken
theory in region III as to be expected. In Figs. 2.31-2.33 we have displayed the behavior
of the system for finite temperature.

'In [34] we have not considered the contribution from ¥ _3(mg,T').
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Figure 2.24: Zero mode versus ¢ for parameter set 1
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Figure 2.25: Mass squared versus t for parameter set 1
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Figure 2.26: Mode energies and their sum versus ¢ for parameter set 1
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Figure 2.27: Pressure versus ¢ for parameter set 1
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Figure 2.29: Zero mode versus t for parameter set 2
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Figure 2.30: Mass squared versus ¢ for parameter set 2
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Figure 2.31: Zero mode versus ¢ for parameter set 3
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Figure 2.32: Mass squared versus ¢ for parameter set 3

2.0 ‘ ‘ ‘ |

N(t)
5

0.0 ‘ * ‘ *
0 100 200

Figure 2.33: Particle number versus ¢ for parameter set 3
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Chapter 3

Gauge Theories

3.1 Introduction

In the last few decades gauge field theories have become an important part of elementary
particle physics and cosmology. They successfully describe the strong interactions of quarks
and the weak forces of quarks and leptons. The development and progress in this field since
the fundamental work of Yang and Mills [55] in 1954 have been manifold. We provide some
comments on gauge theories with emphasis on the aspect of gauge invariance.

First, we recall some of the key works describing the evolution of the field. In 1954,
Yang and Mills generalized the principle of local gauge invariance to a non-Abelian gauge
group. This generalization made it possible to build a model in quantum field theory of
interacting elementary particles.

The quantization and the perturbative renormalization of such a theory was unclear for
a long time until 1967 when Faddeev and Popov [56] and de Witt [57, 58, 59] constructed
a scheme for the quantization of massless Yang-Mills theories. In the same year Weinberg
[60] and Salam [61] independently proposed a unified model of weak and electromagnetic
interactions. It was based on the Higgs-mechanism [62] which generates masses for vector
bosons by spontaneous symmetry breaking.

In 1971, G. 't Hooft showed [63] that it is possible to construct a self consistent quantum
theory of massive vector fields by generalization of the quantization of massless Yang-Mills
fields including spontaneous symmetry breaking.

In 1972, by analyzing the perturbative behavior of the theory, the frame work for a
quantum field theory of gauge fields was completed. In papers by 't Hooft and Veltmann
[36], Lee and Zinn-Justin [64], Slavnov [65] and Taylor [66], different methods of regular-
ization were developed, renormalization in a perturbative approach was discussed and the
Ward identities were derived.

Since then, the quantum theory of gauge fields has developed rather fast. In 1973 [67]
QCD was constructed as a gauge field theory and in 1974 [68], the first attempts for the
unification of the strong, the weak and the electromagnetic interaction in the so-called
Grand Unified Theories were successful. The development of supergravity theories began
in 1976 [69], and for the unification of all interactions superstring-theories [70] are very
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important.

The fast development of elementary particle physics also influenced the forthcoming in
cosmology. We are interested in this work on gauge field theories with special regard to the
early stage of the universe. Many processes in cosmology can be described by using gauge
field theories. They offer the possibility of the description of phase transitions which have
occurred in the early universe. We consider the SU(2)-Higgs model as it is the simplest
non-Abelian gauge theory. This model is suitable, for example, to describe the electroweak
phase transition which plays an important role in the explanation of baryogenesis. It can
also be used as a starting point for more complex models to investigate an even earlier epoch
of the universe the so-called inflationary phase. For comparison we have considered the
Abelian Higgs model, too. Our considerations have the aim of examining gauge invariance.
Furthermore, we investigate the influence of different quantization schemes by considering
the Abelian Higgs model in a gauge invariant formulation and compare it with gauge fixed
results for the SU(2) Higgs model. This comparison is possible because we choose the
Higgs field as a background field and no classical gauge field. The difference between these
two models then results only in degeneracy factors.

3.1.1 Gauge Invariance

In general, there exist two kinds of symmetry: symmetry under translation and rotation
and internal symmetries. Noether’s theorem states that for every symmetry of the La-
grangian there exists a conserved quantity. In gauge theories the internal symmetries are
of special interest. First, we consider the global gauge invariance or invariance of the first
kind. As a simple example we investigate the conservation of the electric charge. We define
a finite gauge transformation

o(x) = ¢ (z) = e "(x) (3.1)

where ¢ is the electronic charge belonging to the field ¢. In a Lagrangian with m fields
¢i(x), the sum over the charges vanishes Y}, ¢; = 0 and therefore, £ is invariant under
the gauge transformation. This implies that the Lagrangian is electrically neutral and all
interactions conserve the charge. The symmetry group of these unitary transformations
is the U(1) group in one dimension. In Quantum Electrodynamics (QED), the uncharged
photon has ¢ = 0 while the electric field and its conjugate transform respectively according
to

b= =, = = (3-2)
f is constant, and therefore the gauge transformation has to be equal at all points in space-
time. Thus, it is a global invariance. If we consider # as an arbitrary function depending

on x, we find that £ is invariant under a much larger group of transformations, the local
gauge transformations

o= P =e 0y (3.3)
A, o A=A+ éaue(x) | (3.4)
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If we apply these transformation to a simple Lagrangian like
L= Z (J}ﬂ”(’)ﬂ)i - m&i@bi) : (3.5)

we find that £ due to the derivative d,, which now also acts on 6(x), is not locally gauge
invariant. One has to introduce a new derivative

D, =0, +ieq;A,(x) , (3.6)

which is called covariant derivative. One can also show that the field strength tensor
F.(x) = 0,A,(x) — 0,A,(x) is locally gauge invariant. Therefore, the gauge invariant
Lagrangian of QED takes the form

£:¢@$—mm—iﬂi. (3.7)
The local gauge group is the group U(1). The photon mass term m?A4,A" is not locally
gauge invariant. Therefore, local gauge invariance physically corresponds to the fact that
the photon is massless. These considerations can be extended to non-Abelian gauge the-
ories. The simplest one is the SU(2) gauge group. Clearly, the form of the covariant
derivative and of the field strength tensor depends on the underlying gauge group. Some
problems arise in the quantization of gauge theories. For example the electromagnetic field
has, as usual for a massless field, only two independent components, but is described by a
4-vector A,. Therefore, we have to introduce a gauge fixing. If we choose two components
as the physical ones, manifest covariance is lost. In order to preserve covariance, one is left
with two redundant degrees of freedom. These choices correspond to two types of gauge
fixings: the physical gauges like Coulomb or Lorentz gauge, and the covariant gauges like
R¢-gauge, with the special cases for £ = 1 which is called Feynman-gauge and £ = 0 known
as Landau-gauge. We investigate in this work as a physical gauge the Coulomb gauge and
a closely related gauge invariant formalism. In order to compare them with a covariant
gauge we also study R¢-gauges. We analyze the different degrees of freedom in order to
show how the different approaches are connected.
Another problem arises by the derivation of the gauge field propagator. In the gener-
ating functional

Z:/D@é““, (3.8)

where £ is invariant under local gauge transformations, one integrates over all A, including
those only related by simple gauge transformations. This leads to an infinite contribution
to Z and thus to the Green functions. We need a gauge fixing so that the integral does
not extent over values simply related by gauge transformations. The quantization of gauge
field theories has been unclear for a long time because of the freedom to make gauge trans-
formations. In 1962, Feynman [71] showed that the naive quantization of the theory was
not unitary. In order to cancel the nonunitary terms from the theory, Feynman postulated
the existence of a term that did not emerge from the standard quantization procedure.
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Faddeev and Popov [56] gave a derivation of this term which is today known as Faddeev-
Popov term. Since then, different methods for the quantization of gauge field theories have
been developed. We have summarized some of them with a closer look to their special
features concerning gauge theories.

e Canonical quantization

This is the most direct method for quantizing a field theory. It is closely related to
the development of quantum mechanics. Time is singled out as a special coordinate
and Lorentz invariance is lost. The advantage of the method is that only physical
states are quantized and thus, unitarity is guaranteed. For simple field theories it is a
convenient way to quantize the system but for more complex systems like non-Abelian
gauge theories it becomes rather complicated.

e Gupta-Bleuler quantization

The Gupta-Bleuler method is closely related to canonical quantization but it has the
advantage of maintaining full Lorentz invariance. The disadvantage of this quantiza-
tion is the appearance of propagating ghosts or unphysical states. They have to be
eliminated by constraints.

e Path integral method

A very powerful method has been developed by Feynman and Hibbs [72] and is known
as the path integral formalism. The great advantage of quantizing gauge field theories
using this method is the freedom to choose or change the gauge fixing in a simple
way. In the canonical formalism the gauge has to be fixed from the beginning. In
the path integral the gauge fixing is performed by introducing certain delta functions
and the gauge can be changed simply by replacing these factors. The path integral
formalism for gauge fields was developed by Faddeev and Popov [56]. A disadvantage
of the path integral formulation is that the functional integration is mathematically
not well defined.

e Dirac quantization with constraints

Dirac quantization [73, 74] is based on a Hamiltonian description of the system. The
advantage of this method is that it exhibits gauge invariant states and operators.
It begins by recognizing the first class constraints. Then, these constraints become
operators in the quantum theory and are imposed onto the physical states, thus
defining the physical subspace of the Hilbert space and gauge invariant operators.
In Dirac’s formulation, the projection onto the gauge invariant subspace of the full
Hilbert space is achieved by imposing the first class constraints onto the states.
Physical operators are those which commute with the first class constraints. The first
class constraints are the generators of gauge transformations. In [37], this approach
is used to formulate a gauge invariant description of the Abelian Higgs model. It is
not clear yet whether one can extend their formalism to non-Abelian gauge theories.
We will discuss some details of this procedure in section 3.5.1.
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e BRST quantization

This approach developed by Becchi, Rouet, and Stora [75], and independently by
Tyutin [76], is a convenient method for quantizing gauge field theories. As in the
Gupta-Bleuler quantization, ghosts and unphysical states are allowed to propagate.
They are eliminated by the BRST condition. This condition can be derived as follows.
After fixing the gauge, the theory has lost its local gauge invariance. But one can
prove that the gauge fixed Lagrangian of the general form

__1 a 2_i A 2 saqu a
L= =5 (FL) = 560 A 0" Dy (3.9)

is gauge invariant under a new global symmetry

1

0A;, = —Q(Dw“)k, (3.10)
1

577a _ _§fabc77b770)\, (311)
1

57 = ——(9MAY)N, 3.12

U] gg( ") (3.12)

where A and n® are both Grassmann variables and A is constant. Using Noether’s
theorem it is possible to construct a current .J, belonging to the BRST variation and
also a BRST charge Qprst. One can show [77] that the condition for physical states

is given by

Qprst|¥) = 0. (3.13)
Thus, this method leads to a compact and elegant statement of the physical state
condition.

It is clear that one cannot distinguish cleanly between the different methods. For example
the BRST quantization is compatible with the path integral formulation as well as with the
canonical quantization; and into the Dirac quantization one can implement a gauge fixing
which leads to the usual gauge-fixed path integral representation in terms of Faddeev-
Popov determinants and ghosts. Here we have given only a short overview of the common
methods and their advantages and disadvantages. In the first part of our work, we use
the path integral method and a general R¢-gauge which leads to a description with ghost
fields. We investigate the £-dependence of the one loop effective action in the SU(2) Higgs
model. In the second part, we use the gauge invariant description obtained by Dirac’s
quantization in the Abelian Higgs model and compare the results with those found in our
previous work [38], where we have used a 't Hooft-Feynman background gauge in order to
give some statements about the influence of the gauge in the non-equilibrium case. We
also discuss the Coulomb gauge which is strongly related to the gauge invariant approach.
It has the advantage that the approximation to one loop order is more transparent than
in the gauge invariant approach.
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3.1.2 The Effective Potential

The problem of the gauge invariance of the effective potential is widely discussed in liter-
ature. Since the effective potential is closely related to the effective action we give some
remarks on this problem.

The effective potential is the sum of one particle irreducible (1-PI) Green functions
at zero external momentum. In a gauge theory with massive scalars, these are off-shell
quantities, and thus, in general, gauge dependent. The question arises how to extract
physical quantities from a gauge dependent effective potential. Shortly after the paper by
Coleman and Weinberg [78] showing that radiative corrections could induce spontaneous
symmetry breaking, the gauge dependence of the effective potential V[¢] was pointed out
by Jackiw [79]. This gave rise to a long controversy. Dolan and Jackiw [54] found that
the critical temperature extracted from the effective potential is gauge independent. They
analyzed different gauges, e.g. Lorentz gauge, R¢-gauges and unitary gauge, and claimed
that the unitary gauge is the relevant one because it is a physical gauge. Fukuda and Kugo
[80] showed that the value of the effective potential is gauge invariant at any stationary
point. A solution of the problem how to find gauge independent quantities from a gauge
dependent potential was found by Nielsen [81]. He derived a set of identities (the so-called
Nielsen identities) which give a functional connection between the generating functional
and the gauge parameter £. For the effective potential this connection is of the form

ovld] , 950V(s) _

This means that the total derivative of the effective potential with respect to the gauge
parameter vanishes when the corresponding shift in the expectation value of the quantum
field is taken into account. In other words the effective potential is gauge invariant at
the classical extrema. This implies that spontaneous symmetry breaking through radia-
tive corrections is a gauge independent phenomenon derived from a gauge fixed effective
potential. With these identities it is also possible to derive physical quantities like masses,
couplings, etc. in the correct form. There was a lot of progress made in this field; e.g.,
Aitchison and Fraser [82] explicitly computed the Nielsen identities for Scalar QED in Re-
gauge. Metaxas and Weinberg [83] verified, using the gradient expansion for the leading
orders in the coupling, the gauge independence of the quantum corrections to the bubble
nucleation rate.

There are many attempts to find an alternative way to derive of a gauge invariant
effective potential. Buchmiiller, Fodor, and Hebecker [84] developed a method for calculat-
ing the effective potential by introducing so-called composite operators ¢f¢. They are, in
contrast to ¢, gauge invariant. A group in Pittsburgh worked on the problem of the Higgs
mass bound in the Abelian Higgs model. In a first paper, Loinaz and Willey [85] considered
the effective potential in the R¢-gauge and found a {-dependent Higgs mass bound. They
also verified that the effective potential is gauge invariant in the minimum of the classical
potential. In a second paper by Duncan, Loinaz, and Willey [86], the problem of the gauge
dependence was solved by using the Coulomb gauge and a description in terms of gauge
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invariant composite operators. The last publication on this field by Boyanovsky, Loinaz,
and Willey [87] was based on [37]. In [37], a concept for a gauge invariant effective poten-
tial was developed. They used the canonical formulation to find gauge invariant states and
operators. For quantizing the theory they applied Dirac’s method of quantization (see e.g.
[74]). After selecting the gauge invariant states, namely, those that are annihilated by the
first class constraints they were able to fix gauge invariant order parameters. This enabled
them to construct the effective potential for the order parameter without involving any
gauge fixing. They discussed some non-equilibrium features of their effective potential and
compared it with gauge fixed results. They also made some statements about higher-loop
resummation and gauge invariance and found that also in these higher orders no gauge in-
variance can be found. Since we extend their approach in this work for the non-equilibrium
case in order to compare it with our results [38] for the 't Hooft-Feynman-gauge we give
a more detailed description of the method in section 3.5.1. In [87], the Higgs-mass bound
in this approach is discussed. They also compared the effective potential with gauge-fixed
results. They found by numerical computations that the differences between the various
descriptions are very small. But they stated that in the one loop approximation only small
coupling constants were chosen and, therefore, the effect is negligible.

There are many other papers concerning the problem of gauge invariance of the effective
potential and the effective action. We have only stressed a few of them. For our purpose
the Hamiltonian approach seems to be very interesting for comparison with our results and
therefore, we analyze and extend it in detail.

Our investigations concerning the effective action [88] are based on Nielsen’s theorem.
We substantiate the general statement that gauge invariance is expected if the classical
background field is an extremum of the classical action, as computed by mode functions. We
make a general analysis of the modes in the gauge-Higgs sector in order to find modes that
cancel the unphysical ghosts. We apply this method to the computation of the fluctuation
determinant for bubble nucleation in the SU(2)-Higgs model in the 't Hooft-background
gauge with general gauge parameter ¢, and for the same model in the non-equilibrium
context.

3.1.3 Systems under Consideration

As a first example, we investigate the SU(2)-Higgs model with an isoscalar Higgs back-
ground field stationary in time and inhomogeneous in space. Such a configuration plays an
important role in the discussion of the electroweak phase transition. If the Higgs mass is not
too large a phase transition of first order occurs via bubble nucleation [89, 90, 91, 92, 93].
This scenario yields the possibility of explaining baryogenesis within the minimal standard
model [94]. Since we are interested in a gauge invariant formulation of the fluctuation op-
erator and do not want to give physical results, we do not go into the details of the physics
of bubble nucleation. We give a short introduction about the assumptions we make for the
model in section 3.3. For a general overview about bubble nucleation, see e.g. [95].

The second system we consider is the SU(2)-Higgs model in the non-equilibrium context.
The purpose of the investigation is twofold: In the first part we are only interested in a
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gauge invariant description of the fluctuation operator. At this point we are not considering
the problem of renormalization. In the second part we use a gauge invariant approach
developed by Boyanovsky et al. [37] and apply it to non-equilibrium dynamics in the
Abelian Higgs model. Here, we use our formalism for renormalization. We find some
problems in the infrared region. They are due to higher loop effects. In order to find
a well defined approximation, we investigate the Coulomb gauge. We will show that a
linearized form of the gauge invariant approach, where we neglect all contributions higher
than one loop, is equivalent to the Coulomb gauge. After renormalization, we implement
the equations numerically. We compare the results with the 't Hooft-Feynman gauge fixed
theory.

3.2 The Model

First of all, we give a general description of the model we consider in the R¢-gauge. We
choose the simplest non-Abelian gauge theory the SU(2) Higgs model. We analyze the
model in a general 't Hooft- R, gauge where we use the Higgs field as the background field.
We do not consider the gauge field as a background field.

3.2.1 The Lagrangian
The Lagrangian of the SU(2) Higgs model reads

1 1
L=—JFLF" + §(DM(I>)J‘(D“(I>) —V(0'd) (3.15)
with the field strength tensor
Fi, = 0,A; — 9,A% + ge™ A? A7 (3.16)
and the covariant derivative
D,=0, - %A;TG . (3.17)
The potential has the form
A
V(0T) = Z(qﬂq) —v?)? (3.18)

In the following we will assume a classical field (condensate)

B(x) = b(x) ( ! ) . (3.19)

Its space-time dependence is not further specified here. A time independent, metastable,
radially symmetric configuration will be relevant for bubble nucleation; a spatially homoge-
nous time dependent field describes a non-equilibrium situation, as considered in [38, 41].
The fluctuations around this space-time dependent condensate are parameterized as

O(z) = [p(z) + h(z) + iTa0a ()] ( (1) ) , (3.20)

23



CHAPTER 3. GAUGE THEORIES

with the isoscalar Higgs mode h(z) and the would-be Goldstone fields ¢,(z), a = 1...3.
This generates the would-be Goldstone which has the mass of an isoscalar Higgs field in
the case of v = 0, i.e., in the symmetric case, and in the case of broken symmetry it has
the mass of a gauge field in the minimum v = ¢. Since there is no classical gauge field, we
have

Al(z) = al(x) . (3.21)
Inserting the field expansions leads to
L = —i (aﬂag — al,az + gﬁ“bCaZaf,) (8"@”“ — 0%a"* + gﬁ“bca“ba”c)
= (0. - igr0az) @]T (o~ iZrta) @
—2 (20 —v?)°

1
= 5 <8uafﬁ8”a”“ — 0uay,0”
92
abc b cau va J__abc b _c ade pd ev
+2ge"a;,a;,0"a”™ + R A

0,00" b + 20,00"h + 0,hd"h + 0,0 0" ")

+ o+
N N —
| — —

(Oup)al* " + (9uh)a! "
- auSOa)alm - h(a“(pa)aua + Eabc(auSOa)aub@c]

+g§ [¢2a““az + 2¢ha""a, + h2a““az + a““aZapbcpb]

—~

N

A 3 A
_Z¢4 o )\h¢3 o 5)\h2¢2 o §¢2g0a90a o )\h3¢

A A A
_)\hd)(pa(pa o _h4 o §h2(,0ag0a o _(,OaQOaQObQOb

4 4
A A A A
+2020% + M?ho + ZvPh? + Sttt — Sot . (3.22)
2 2 2 4
The Lagrangian can be split into a classical part
L _ 1 0, 0" — 2 (62 — v?)?
cl(x) — 2 u¢ ¢ 4(¢ v ) ) (323)

and a fluctuation Lagrangian. The part of first order in the fluctuating field vanishes, if
the classical equation of motion

06+ M@ — 16 =0, (324

is fulfilled. The part of second order in the fluctuations reads
1
£? = 5 {=0u000" g + 0u050" a
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2
g a
+ 5707004 + 0upad” 0u + 9O0uPaa — 960,0" P, (3.25)
—A (¢>2 - qﬂ) Patpa + 0,h0"h — \(3¢% — qﬂ)/ﬂ} .

In the one loop approximation we do not have to consider higher order terms, but for the
leading Feynman graphs up to second order, also fluctuations of the third order are of
interest. They are discussed in the non-equilibrium context.

The gauge-fixing term, in the 't Hooft background gauge is given by

1
= — S Yava> 2
L 25.7-" F (3.26)
with the gauge conditions
1
Fo = Ouag + 589 (9 +h) pa (3.27)

which leads to
1
28

guaaa guaaah 922aa
+507 "0 + S 0 — "2 LPT e

Ly = 0,a"0,a"" + ggzﬁa”“aucp“ + gha““aﬂgoa

9’ 9’
—gfh%“s@“ — T Eohete" (3.28)

The background field method has the advantage that it is gauge invariant under infinites-
imal gauge transformation which was shown by Abbott [96]. Normally, explicit gauge
invariance is lost when quantum corrections are included. The background field method
allows the fixing of a gauge without losing explicit gauge invariance. This gauge invariance
does not lead to an independence of the gauge fixing parameter £. In the following we use
the terminology gauge invariance for the independence of £ and not for invariance under
infinitesimal gauge transformation. If one is only interested in the fluctuations up to second
order, the gauge fixing term reduces to

1
Fo = Outig + 58900 - (3.29)
The corresponding Faddeev-Popov Lagrangian which is relevant for our calculations is
g
Lrp = {@mla“na - fz¢2773;77a} : (3.30)
The whole Lagrangian then reads

1 1 1 2
Ly = —§8ﬂa$8"a”“ + 3 (1 — g> 0,a"0,a"" + %UZGZG’M

+%8“¢8"¢ — %(qu —v?)?
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1
+50uh0"h 22

1 a ), G
+53u903<,0 e

g%¢
+(9“77T“8“77“ — Tv%ﬂ“n“ , (3.31)

_ abe b cau, . va gabcbcadeudue
L1 = —gea,a,0"a — € e aa

+0,00"h + g(8,d)at " + g(D,h)a" " + gem(a“w)aub@c

2 2 2 2

g a . a g a . a g a a g a . a
+§(¢2 —v%)atall + Zd)ha“ ay, + §h2a“ ay, + ga” aucpbgpb
A
MG = SRS =) = 5 (67— o) — A
_)\hd)(pa(pa o 2h4 o %hQ(,Oa(,Oa o gwagpagpbgpb —|—)\U2h¢
2 2 2
g 5 a, . a gé’ a, . a gé’ a, . .a
— =2 (07 — 0t — TRt — T2 0he"p
8 8 4
2
9°¢€ 14 a
AN G U (3.32)

The separation into a free and an interacting part makes it more convenient to read off the
Feynman rules. As already mentioned for the one loop calculations, we are only interested
in the part of second order in the Lagrangian, but for the Feynman-graphs we also need
some vertices up to third order. The fourth order terms are irrelevant and they are only
given for completeness.

3.2.2 Gauge Mode and Gauge-fixing Mode

Before we discuss the fluctuation operator for a specific physical setting we specify here
the unphysical degrees of freedom in the gauge field and would-be Goldstone sector whose
cancellation against the Faddeev-Popov modes will lead to a gauge invariant fluctuation
determinant. The fluctuation operator of the isoscalar Higgs mode h(x) is gauge invariant
from the outset.

We arrange the gauge field fluctuations a¥ and the would-be Goldstone fields ¢, in a

(4 4+ 1) column vector
o
Yo = (p“ : (3.33)

We start with the equations of motion obtained without the gauge-fixing term. The differ-
ential operator (fluctuation operator) governing the mode evolution then takes the form

_ [ O+ L0+ 070, —50"6 + S0
M= { —gaiqﬁ - §¢aﬂ ’ |:|24r A2 2 ?) } : (3.34)
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The mode equations are the same for all a = 1,2, 3:
My, =0. (3.35)
An infinitesimal gauge transformation is given by

vy () = { g g:x) }fa(fv) : (3.36)

These modes satisfy the mode equation (3.35) if ¢(x) satisfies the classical field equation
(3.24). The latter condition is crucial. It arises from the mode equation for ¢,; the one for
the vector potentials is fulfilled trivially.

If the gauge mode is substituted into the gauge condition we find

(}—a) =

g

O+ fgzcﬁz(fv)] fa s (3.37)

where the differential operator on the right hand side is just the Faddeev-Popov operator.
So, if the gauge mode is inserted into the Lagrangian, the gauge-fixing term contains the
Faddeev-Popov operator squared. It is very suggestive that the contribution of this squared
operator to the effective action, i.e., to the logdet of the fluctuation operator, is cancelled
by twice the log det of the Faddeev-Popov operator.

If the gauge-fixing term is included, the fluctuation operator takes the form

M= d O To°)d+ (1) 00, —99°9 . (3.38)
— 900 O+ A(¢? —v?) + §€¢?

If we apply the fluctuation operator to the gauge mode and use the classical equation of
motion, we obtain

Mo (z) = { %_f(ilg } 0 +§g£¢2(x)] falz) = { %_f(%

The differential operator appearing on the right hand side is just the Faddeev-Popov op-
erator

} Megp fo(z) - (3.39)

2
Mpp = O + 5%&(;}5) . (3.40)

If f, is an eigenfunction of the Faddeev-Popov operator, Mgp f, = wip fa, then the associ-
ated gauge mode satisfies

{51 Moot =aour. (3.41)

The factor £ in the matrix multiplies the four gauge field components. So the fluctuation
operator modified by multiplication with a constant matrix, has a class of eigenfunctions
with the same eigenvalues as the Faddeev-Popov operator. In the effective action, the
modification by the constant matrix is irrelevant, as one computes the ratio between the
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fluctuation determinants in the background field and in a standard vacuum configuration,
to which the same arguments apply.
Now consider the gauge condition F,. We introduce the covector

ue = [0,.0(0)] | (3.42)

so that
Fo= u&wa . (343)

Consider an arbitrary mode v,. We then find, using again the classical equation of motion,

uf{ _Og ?}Mfwa:

Let ¢/ now be an eigenmode of the modified fluctuation operator with eigenvalue w?. Then
this equation entails

2
O+ g%q?(x)] ucth, = MppF, . (3.44)

uewi iy = (wg)* Fot = MepFy . (3.45)

So if the projection on the vector u is different from zero, the eigenvalue is simultaneously
an eigenvalue of Mpp. We thereby have a second class of modes on which the fluctuation
operator of the gauge-Higgs system has the same spectrum as the Faddeev-Popov operator.
We call them gauge-fixing modes. We have to make sure that this class of modes, obtained
by a projection, is not empty, and not identical with the gauge modes.

Obviously, the modes on which the projector u¢ yields zero are those which satisfy the
gauge condition; these are the physical modes. We know that out of the five components
of the gauge-Higgs modes 1) only three are physical; they represent the spatial components
of the massive gauge field.

We next consider the action of the projector on the gauge eigenmodes. It is convenient
to introduce a vector v that generates the gauge modes via

O
9 _ _
%—Vfa— { %¢(x) }fa- (3'46)
We note that )
wev =0+ g%& . (3.47)

This implies that the gauge-fixing mode obtained by projection of a gauge mode satisfies

Fo=ue? =uevf, =

0+ 5%2¢2(x)] fa - (3.48)

So if f, is an eigenfunction of the Faddeev-Popov operator, then the gauge-fixing mode
generated from it does not represent a new, independent mode. However, the gauge modes
and the physical modes do not exhaust the Hilbert space that is based on five field degrees
of freedom, and we are sure that the projector does not give zero on the remaining subspace.
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We have shown up to now, that for a background field satisfying the classical equation
of motion there are two classes of modes whose contribution to the effective action will be
cancelled by the one from the Faddeev-Popov sector. We have not shown, thereby, that the
remaining physical part of the gauge-Higgs sector becomes independent of £. Furthermore,
the way in which the modes are eliminated is a technical matter; it depends on the structure
of the background field, and on the problem under consideration. So if we want to illustrate
the application of these general results we have to consider specific models.

We will here analyze the modes introduced above, and the cancellation of their contri-
bution to the fluctuation determinant, for the case of bubble nucleation in the SU(2) Higgs
model and as a second example for a system out of equilibrium.

3.3 Bubble Nucleation

Bubble nucleation occurs in the SU(2) Higgs model if the phase transition from the sym-
metric high temperature phase to the broken symmetry phase at low temperature is first
order. It has been considered as providing a possible mechanism for baryogenesis, a possi-
bility ruled out by the present lower limit for the Higgs mass. Still the model is of interest;
in particular, it can be studied in lattice simulations for sufficiently low Higgs masses. The
phase transition is described (see, e.g., [97]), by the 3-dimensional high-temperature action

1

[ A—
ht g3 (T) 2

[ @ [LFsFy + (D) (D®) + Viu(6'0)
5o (~DiDi+ 1610) 4] (3.49)

Here, the coordinates and fields have been rescaled as [98]

gv(T)

The vacuum expectation value v(T') is defined as

T — , 0 —=v(T)p, A—=v(T)A. (3.50)

v*(T) = %(TO? - T%. (3.51)

T}, is the temperature at which the extremum at ¢ = 0 of the high-temperature potential
Vit changes from a minimum for 7" > T to a maximum for 7" < T,. The temperature
dependent coupling of the three-dimensional theory is defined as

gl

93(T) = o(T) (3.52)

We use the standard parameters
D = (3miy +2m)/8v¢ , (3.53)
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E = 3¢°/32rm, (3.54)

B = 3(3mjy —4m})/64n%v; (3.55)

T2 = (m} —8viB)/4D , (3.56)
4 miy 4 m; 2 4

Ar = A—=3 <3mW In i 4my In aFT2> /167wy, . (3.57)

We use in the following a different rescaling, introduced in [99, 100], based on the secondary
minimum of the high-temperature potential which occurs at

3ET 3ET\?
o) = =5 +\/( = ) +02(T) . (3.58)
The high-temperature potential then takes the form
A 3
Vil9'9) = 75 { (610" — D) (@10)"* + [Je0) ~2| olo} . (359

with

4 v(T)?
TY=-1|1- . 3.60
@ =3(1-5r5) (300
The standard formula [101, 102, 103, 104, 105, 106] for the bubble nucleation rate is
given by
w 5 3/2
V=22 —S8) g * . .61
/V o <27r> exp(—S) J (3.61)
Here S is the high-temperature action, (3.49), minimized by a classical minimal bubble
configuration (see below), while J is the fluctuation determinant which describes the next-

to-leading part of the semiclassical approach and which will be defined below; its logarithm
is related to the one loop effective action by

1
Slot = S (3.62)

Finally, w_ is the absolute value of the unstable mode frequency.

The classical bubble configuration is described by a vanishing gauge field and a real
spherically symmetric Higgs field ¢(r) = |¢|(r), which is a solution of the Euler-Lagrange
equation

an B 2 ’ tht o
¢"(r) = —¢'(r) + o0 0, (3.63)
with the boundary conditions
lim ¢(r) =0 and ¢'(0) =0. (3.64)

7—00

We expand the gauge and Higgs fields around this classical configuration via

AL@) = (@),

I

o) = [o(r) + 1) + 0] § ) (5.65)
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where ay, h and ¢, are the fluctuating fields, denoted collectively by ;.

If the action is expanded with respect to the fluctuating fields, the first order term
vanishes if ¢(r) satisfies the classical equation of motion (3.63). The second order part
defines the fluctuation operator via

1 1
(@) — / B
S 2T :E2<pm/\/lmng0n ) (3.66)

The fluctuation determinant J appearing in the rate formula is defined by !

det M

j: detMo ,

(3.67)

where M is the fluctuation operator obtained by expanding around a spatially homoge-
nous classical field that is a minimum of effective potential. The gauge conditions for the
3-dimensional theory read

Fo = Oualt + gqs% =0. (3.68)
The total gauge-fixed action S; is obtained from the high-temperature action by adding to
it the gauge-fixing action

x—f F,. (3.69)

The corresponding Faddeev-Popov action reads

SFP = % /d?’l‘?fr [—A +§ (370)

o)

3 ]
The fluctuation operator is obtained from the total action S; = Sp; + Sgr + Spp. The
fluctuation operator, and along with it the fluctuation determinant, decomposes under
partial wave expansion into fluctuation operators for fixed angular momentum. We will
consider this in the following.

The background field is isoscalar, so the isospin index a just results in multiplicity
factors, we will omit it in the following. The scalar fields h(Z), o (%), n(Z), and ao(7) are
expanded with respect to spherical harmonics Y;™ ( 7), the partial wave mode functions are

denoted by f(r), f5(r), f5(r), and f§(r). The vector spherical harmonics Y™, rVY™, and
leém are used for expanding the space components of the gauge fields via

a(7) = fa(r) SEY AN ZY" ﬂfx m
(7) % WD VY™ + [ (r) Y + D) vyl . (3.71)

The fluctuation operator is block-diagonal. In the following we consider just one partial
wave and omit the superscript /. We denote the partial wave reduction of the fluctuation

I'We omit some sophistications related to zero and unstable modes.
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operator M by M*; we omit the superscript, however. The components fy,(r), f,(r), f.(r),
and fo(r) are decoupled, the operator has the form

2 2d  0(0+1)
_l’_

— 24 V,(r) . 3.72
dr?  rdr r2 + o, + Val(r) ( )

my = (3¢ —4) . (3.73)

The potentials are Vo(r) = Vo(r) = ¢*(r) /4, Vi (r) = £6*(r) /4 and

Valr) = 13 [1262(r) — 6eg(r)] . (3.74)

The Faddeev-Popov fluctuations are fermionic and two-fold degenerate, as usual.
The modes f,, fi and f, are coupled. The non-vanishing components are

P 2d (41 F()

Maa(r) = _W —;54— §T2 4 , (375)
M) =~ - 24 MY | ) (3.77)
+mg + = [qb?(r) - Zeaﬁ(r)] :
(e+1
My (r) = —% l2+(1—§)r%] : (3.78)
0
Mui) = - ive-a-ors]. (3.79)
Mpy(r) = My(r) = —¢'(r) . (3.80)

The fluctuation operator of this coupled system is hermitean, as it should be, because it
arises from the variation of a Lagrangian. The asymmetry suggested by the explicit form
arises from integrations by parts.

The gauge parameter £ only occurs in the coupled system and for the Faddeev-Popov
modes. The cancellation of the £ dependence will have to occur between these two sectors.
They will be analyzed in the next section.

3.3.1 Analysis of the Fluctuation Operator

In analyzing the gauge dependence we have to consider the coupled system of the modes
fa, [, and f,, i.e., the radial mode functions for angular momentum ¢. In analogy to
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section 3.2.2 we consider the fluctuation operator multiplied from the left by a constant
matrix diag(&,&,1). The eigenvalue problem for the fluctuation operator then takes the
form of the three differential equations for the radial mode functions for angular momentum

l:

—fd — %f& + g(é;l)fa + ¢2ir) fa (3.81)
_$ 2fy +(1=&rfy] = %Qfa :
R ARG 3

- % fl+ Wr—tl)f@ +mirf, + 5@& (3:83)
+% #r) = Seo)] fo - )y = Py

In view of the general arguments of section 3.2.2, we now should identify the gauge and
the gauge-fixing modes. A general gauge transformation is parameterized by a function
X(%). Tt can be expanded into partial waves with respect to spherical harmonics; the radial
mode function is denoted by f,(r). The gauge mode then takes the form

filr) = U+ DL (),

) = £, (3.84)
for) = 250

The partial wave amplitude of the gauge-fixing mode F is obtained from the general
definition
¢(r)

— (@) (3.85)

This equation is expanded into partial waves. The radial mode function of the mode F
then reads

F(¥)=Va(Z) + ¢

2 (e +1) o(r
folr) = Fir) + 2 1ulr) — £ur) + €2 ). (3.56)
It can be checked, using the basic differential equations (3.81)-(3.83) and the differential
equation for the background field (3.63), that the mode fr satisfies the differential equation
for the Faddeev-Popov modes

T

L(l+1)

2 2
- lé’P—;ngnL ) fFP+§¢ (r)

4

frp = W’ frp . (3.87)
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Likewise, if the gauge function f,(r) satisfies this differential equation then the mode
functions f¢ generated from it via (3.84) satisfy the basic differential equations (3.81)-
(3.83). This is as to be expected from the general arguments.

We now try to separate the system of differential equations by introducing a suitable
set of new mode functions. We first eliminate the mode f,(r) in favor of fz(r),

Jr(r) + fi(r) + 2f5(r) = (£/2)¢(r) fo(r) (3.88)
0+ ' '

falr)y=—r

As mentioned above, fz(r) satisfies

1404 2
N AL

1 fr=wfr. (3.89)

Having eliminated f,(r) in this way it cannot be used anymore as a gauge mode, for which
now f,(r) is a possible candidate. However, it is not possible to use a simple algebraic
substitution. We introduce the new mode function f,(r), analogous to x(r), and eliminate
fo(r) with the substitution

d
folr) = = fo(r) - (3.90)
We make the two other amplitudes gauge invariant by defining
o) = 100+ 20, (3.91)
fr(r) = fr(r) +W2f,(r) . (3.92)

The latter equation follows from the general relation (3.48). We now have to find the
equation of motion for the amplitude f,(r). In view of its close relation to the gauge
function x(r) we make the ansatz

0(l+1)
7"2

2 ¢*(r) 2
—f;,—;f;—F L fo=w fo+R(r) . (3.93)
We insert the substitutions into the differential equations (3.82), (3.83), and (3.89) for the
amplitudes fy(r), f,(r), and fz(r), respectively. We find, after some algebra, the equation

+

1d 1 d N
S PR(r) = o [€6(n) fo(r) = Fr(r)] (3.94)
1(d ~ d -~ 1d -~
by [0 = S0V 70| + 0
as a consistency condition for R. It can be solved readily
R() = Sor7ur) - Fa(r) (3.95)

bams [ ' SO o0 lr) + 21500
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This fixes the right hand side of equation (3.93) for f,(r), which is one of the basic ones
for the new amplitudes. The equations for the other amplitudes become

_f”__f+ (€+1)fcp {

=, - o)+ 20 /d'ﬂ[" )= 607 + 250

e )f LAUYA (3.97)

{f——h vz [ e [ #1007t - 0/ + 2500)]

Obviously, we have not succeeded in separating the system. However, in this form the
gauge and gauge-fixing modes are easy to identify. We see that with the choice f@ =0 and
fr = 0 the function R(r) vanishes and the differential equation for f, becomes the Faddeev-
Popov equation again, with a corresponding energy spectrum. Likewise, the combination
fr= f}' + w? f, still satisfies (3.89) and has a Faddeev-Popov eigenvalue spectrum as well.
However, we do not find another linearly independent combination of amplitudes involving
the amplitude f:o that would satisfy a differential equation independent of £&. So that
part of the energy spectrum that is not compensated by the Faddeev-Popov contributions
apparently still depends on the choice of £.

Matters are different, however, if we evaluate the effective action. This can be done
using the fluctuation modes at w = 0, using a general theorem on fluctuation determi-
nants [107], generalized to coupled systems, that has been used, e.g., for computing the
fluctuation corrections to bubble nucleation [91]. It is based on the equation 2

¢%>—§wvﬂ}ﬁ (3.96)

det(M + 1/?) — hm det f(v,r) . (3.98)

J) det(Mp +v2) = det fy(v, 1)

Here, M is the partial wave fluctuation operator as defined previously, and the matrix
f(v,r) is an (n x n) matrix formed by a fundamental system of n linearly independent
n-tuples of solutions for a given v, regular at » = 0. The operator M, and the solutions
fy refer to a trivial background field configuration, in the present case to the symmetric
vacuum state characterized by ¢(r) = 0. It is understood, that both systems f and f
are started at » = 0 with identical initial conditions. Finally, the desired fluctuation
determinant is given by J = J(0).

If we apply the theorem we only need the coupled system of differential equations
for w = iv = 0, and then it decouples in a triangular way. The right hand side of the
equat1on for ff vanishes entirely, the right hand side of the differential equation for f(p
only depends on fz, while both f(p and fr appear on the right hand side of the equation
for f,. Furthermore, for fr =0, the differential equation for f(p becomes independent of £.
We can choose the following set of linearly independent solutions:

2For a short proof along the lines of [107] see [108].
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(i) a gauge mode solution f¢ with f% = 0 and fg = 0, for which f7 evolves in the same
way as a pure Faddeev-Popov mode;

(i) a physical solution f¢ with ff = 0; then f“” evolves independently; it appears on
the right hand side of the differential equation for f ¥ which can be obtained by using the
Green function of the homogenous equation, and ﬁnally

(i) a gauge-fixing mode solution f7, where fZ is different from zero. For v = 0 the
right hand side of (3.97) vanishes and f7 evolves like a Faddeev-Popov mode. Both other
amplitudes are different from zero in this case. Note that the second type of solution is
determined only modulo an arbitrary multiple of the first one, and the third one only
modulo arbitrary multiples of both other ones. This does not affect the determinant
det £(0, ), however.

The structure of the matrix £(0,r) now is triangular and its determinant is obtained
from the diagonal elements as

det f((), T) = fg(oa T)J;;':(Oa T)f:f(oa 7”) = fIgP (Oa T)fg(oa 7”) . (3'99)

The same structure holds for the free solutions which have to be started at » = 0 with
identical initial conditions, i.e. with the same coefficients of the lowest powers of r, as
determined by the centrifugal barriers. We have considered the behavior at » = 0 in detail
and have verified that an appropriate choice is possible.

The effective action is obtained by adding the logarithms of the various fluctuation
determinants for all independent systems, and for all partial waves. The only £ depen-
dence occurs in the gauge and gauge-fixing modes of the coupled system, and for the
two Faddeev-Popov modes. Since these compensate each other the total effective action
becomes independent of .

For the practical computation this means that for the coupled system we just have to
solve the integro-differential equation for f@ with fr =0, i.e.,

_f,,__f (€+1)

)

4r2

———fo+ {m% + % {¢2(r) — Zﬁqb(r)} } fo (3.100)
Ad”ﬂwvﬁwwwwmﬁﬂ.

From this derivation and discussion it is clear that the gauge independence only holds
for the effective action, and not for other physical quantities. The non-diagonal parts of
the mode solutions still depend on &, so other expectation values are affected by the gauge
parameter &.

3.4 Non-equilibrium Dynamics: R¢-gauges

3.4.1 Perturbative Expansion: The Leading Feynman-Diagrams

In this section we consider the R¢-gauges in the context of non-equilibrium dynamics. First
of all, we want to get a deeper insight into the relevant degrees of freedom for our model.
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Therefore, it is useful to analyze the leading Feynman-graphs. It allows us to extract
the UV divergences and to investigate the £-dependence of the counter terms. Since the
counter terms are unphysical quantities they are not gauge invariant and contain the gauge
parameter £&. We derive the relevant propagators and vertices and calculate the leading
diagrams with the CTP-formalism which was developed for systems out of equilibrium
by Schwinger [24] and Keldysh [25]. It allows the description of the time development of
quantum fields with given initial conditions. In recent works it is implemented to the use
of functional technics. Usually the in-out-formalism is used to calculate the generating
functional W and the effective action I'. The CTP-formalism is a generalization of the in-
out-formalism. It is based on the sum over paths first going forward in time in the presence
of one external source from an in vacuum to a state defined on a hypersurface of constant
time in the future, and then backwards in time in the presence of a different source to the
same in vacuum. Therefore, it is also called in-in-formalism. It yields a real and causal
effective action, field equations, and expectation values. The number of Green function
and propagators is doubled, they are labeled with G, G, G*~, and G~*. They are
also causal. A detailed discussion of the formalism can be found e.g. in [109, 110].

We also want to make some comparison with [37]. We use the method which they have
developed in the next section in order to compare different gauges. Here, we identify the
degrees of freedom in the R¢-gauge with their degrees of freedom. From the kinetic part
of the Lagrangian (3.31), we get the following free propagators. *

1. The gauge boson propagator is :

SAah 15‘“’ Oy i§e0 OuOy
ANANANANANANANANAN B = " Fmmg <g’W %V> e i my
with m¥, = e?v?
(3.101)
2. The propagator for the isoscalar Higgs field is given by:
iAh Zk2 m? +ie
m (3.102)
with m7 = 2\
3. The propagator for the isovector Higgs field is given by:
. b gab
AAAAANAAANAA HAG = VR —emZ, Tie (3.103)
4. The propagator for the ghost field is given by:
Aab - 5ab
,,,,,,,,,,,, 1AL = g - (3.104)

3For a simpler comparison with [37], we have replaced the gauge coupling g by 2e.
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The connection between the free propagators and the propagators developed from the
CTP-formalism is discussed in [111] great detail. There, the discussion is limited to the
Feynman gauge, i.e. to the choice & = 1. Since the proceeding is straightforward and can
simply be expanded to general ¢ by introducing the new propagators, we do not repeat
the whole formalism here. For the perturbative expansion, we also need the vertices read
off from (3.32). We have listed only the relevant ones, which are:

V1) V2)
(o] h q,\\\
[ ) h > ////
il = —i5A[¢%(t) — v?] iD= —i (3 +65) 0 [¢%(t) — 7]
V3) V4)
CD\\\ al, ‘b\\\\ n
\\ \:O\/\/
/// b [ ,/// n°
(I)// 7/
il =i%0%g,, [¢*(1) — v?] il = —ige?6e [¢*(t) — v
V5) V6)
h h
o — — — h o- - @
(Ph
h
il = —idg(t) il = —idP(t) (A + £e?)
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V7) V8)

il = ie?6%g,, o(t) il = —2ied®¢(t)
V9) V10)
9 ¢
h >
q q
il = ie?e®q,p(t) il = 2ied®q,¢(t)

In zeroth order in the fluctuation, we obtain the classical equation of motion. The
corresponding Feynman graph has the following form:

A (3.105)

The plus signs at the propagator indicate the use of propagators in the CTP-formalism.
The related equation of motion then reads

é+Ap(¢? —v?) =0. (3.106)

In the first order we get tadpole-graphs which lead to quadratic divergences. They have
to be removed in a mass counter term. Graphically, the following Feynman diagrams
contribute:

+ +
T + + +
— ////
~
+ +
+ o
+ + + +000
— B ——
- - \ /’
+ — N o
+

69



CHAPTER 3. GAUGE THEORIES

The equation of motion in this order is given by

k1
27)3 2wy,

SN —0?) + 3)\¢/

Bk 1
A+ &) / .
+3(+§e ¢ 3 T

N 96¢>/d3k 1 +3§ ¢/d3k 1

3 2&)5
— 1
6ce’s / o 2% , (3.107)
with
wp = k*+m;, (3.108)
w) = wi=k+&miy, (3.109)
wl = K +my. (3.110)

The first momentum integral is due to the isoscalar Higgs field. It is gauge invariant
from the outset and clearly independent of . In [37], this field is denoted with ¢. The
second fluctuation field is the Goldstone boson. It depends on & and is therefore a gauge
dependent field. In Landau gauge, i.e., £ = 0 this field belongs to the Goldstone mode
in [37]. But they have compared their results with the Landau gauge and found that the
effective potential in Landau gauge is not equivalent to their gauge invariant approach.
The third and the fourth integral represent the gauge sector. They contain two transversal
degrees of freedom, a longitudinal and a temporal one. The two transversal fields are the
physical ones and they are gauge invariant. They are the same as in [37]. The other two
degrees of freedom do not exist in [37] because they only have taken physical fields into
account. In the next order, five additional graphs contribute:

+ +/- My -
i . . -
x <
g + +- - 4 -
- R 2
+ + - + 4 </
- ~_ TN ~
+ +/- - + -7t

= o) [ar [26) ) [ @k {—;’ﬁsm(zwhm) Msin(zwwm)

Wh, Wy
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2gt R 3\ .
+ 2ose sin(2weAt) — 6e K% + 4—wg> sin(2w,At)
k2 9 . k? 62 -
_2m%1/waw§ (wa + wf) S [(wa + wg)At] + m—%v + w SlH(2w§At)
t
. Bk (w, +w
2 a %)
—12¢ _[o dt'¢(t')/(2ﬂ)3 { Yo, o8 [(wg + wy,) At]
Wa(We + wy) we(we + wy)
2 a At] = ———5— At 3.111
o) cos ()] = ) o (g 4 )M (3.111)
d3k INZ 3N +&e?)? 9t 3¢%t 6%t
_ 208y _ 0.2 B _ B B
= ¢(t) [¢ (t) —v ] /(2ﬁ)3 { 4} 4w} 17 1ot + 17

, A3k 1 w w
1262 t/ + d - ¢
eﬂ)@W{MMM+W Sty (wa b g) Doy (e + 05)
+OW™), At=t—-t.

The first four graphs lead to coupling constant renormalization and the fifth one to
wave function renormalization. This graph is due to the coupled channel of the Goldstone-
gauge-sector. The counter terms are given by

omp = 3 mil 3(my) + 3\ +&e*)mil 3(my) (3.112)
N = 9)\21_3(mh) + 3()\ + §€2)21_3(mh) + 9641_3(mw) - 352641_3(7711/[/) ,(3113)
5 1
- _ 2(2 _ —
57 = —12 (4 45) Iy, (3.114)
where we have used
k1 m? (2 4t m?
- - _ | _ 1% = —m?I_ — 11
{/(%)3 Qw}reg 1672 {e T T } mls(m) = 15 (3.115)
Pk 1 1 (2 . dmp?
_ - | — =71 11
{/(2%)3 4w3 }reg 1672 {6 L fy} s(m) (3.116)
1 2 47 p?
1,3(m) == ]_67'('2 {E—Fln 2 —’)/} . (3117)

For non-equilibrium systems, the perturbative expansion is not useful to get information
about the development of the zero mode under influence of quantum fluctuations. In order
to go beyond the early time regime, we have to include the full back reaction and, therefore,
we have to use nonperturbative methods. Nevertheless, the analysis of the leading terms
and divergences in the equation of motion leads to some interesting results. First of all, we
have been able to make some comments on the arising degrees of freedom and their gauge
dependence. The graphs are also instructive to get an insight into the renormalization.
The isoscalar and the isovector fields contribute to both the mass counter term and to
the coupling constant. The gauge field and ghost field only lead to a coupling constant
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renormalization. This corresponds to the gauge invariant results. The explicit form of the
counter terms is of course different, because they are unphysical. The coupled channel be-
tween the gauge field a and the isovector field ¢ leads to the wave function renormalization.
The counter terms we have obtained are the same as we would get if we were to consider
the full nonperturbative equations in the Rc-gauge. The {-dependent counter term must
be proportional to the classical equation of motion because the effective action is gauge
independent if the classical equation of motion is fulfilled. From the functional derivative
of the counter terms in the effective action

1 .
5S = / d'v 70 (=202 + mig* = As") | (3.118)
we expect for the £-dependent parts of the counter terms the following relation
S\ = demiy, Jv? = 206:Z = 6Ae*Ev” (3.119)

which is obviously fulfilled. Therefore, the gauge dependence of the counter terms vanishes
if the classical equation of motion is fulfilled.

3.4.2 The Fluctuation Operator for Non-equilibrium Dynamics

In this section we extend our considerations from section 3.2.2 to non-equilibrium dynamics.
We derive the fluctuation operator in the one loop approximation and investigate the
different modes in order to construct an analogous effective action as in section 3.3 for
the bubble nucleation. In our discussion of non-equilibrium dynamics, the field ¢(z) is
assumed to depend on time only. Then, in the presence of spatial translation invariance,
it is appropriate to perform a spatial Fourier transform. We introduce a vector of mode
functions U,,, where n denotes the various components h, L, 0, L, ¢, n for the isoscalar Higgs
mode, the transverse, time and longitudinal components of the gauge fields, the would-
be Goldstone fields, and the two Faddeev-Popov fluctuations, respectively. We omit the
isospin indices entirely, as they will lead to combinatorial factors only. The field fluctuations
then takes the form

Un(x) = Uy (k, t) exp(ik - T) . (3.120)

The functions U,, only depend on k = ||.
The isoscalar Higgs mode, the transverse gauge field modes and the Faddeev-Popov
modes are decoupled; their fluctuation operators are diagonal elements given by

e,
Mo = =5 + (1) (3.121)
with
Wi(t) = K +mi+3)[e%(t) — 7] (3.122)
Wwit) = kK +e*¢%(t), (3.123)
wi(t) = K +E29°(t) . (3.124)
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The isoscalar Higgs and the transverse gauge field modes are clearly gauge independent.
The fluctuation operator of the remaining components 0, ¢, L is given by the 3 x 3
matrix

—az —CWl(t)  —2ed  (E—1)ikg
M, = —2e¢) L+ w2 y(1) 0 , (3.125)
ik(1—&) 4 0 i + €Wl (1)

where w}(t) = w? (t), wi(t) = wi(t), and

Wi (t) = K + €262 (1) + A [¢7() — v?] . (3.126)

The gauge mode introduced previously in section 3.2.2 is

U§(k,t) = f(k,t), (3.127)
US(k,t) = —ikf(k, 1), (3.128)
Ug(k,t) = ed(t)f(k,1), (3.129)

and the gauge fixing mode becomes
Ur(k,t) = Up(k,t) +ikUy (k. t) + Eep(t)U, (K, 1) . (3.130)
Using the differential equation for the modes and for the zero mode ¢(t), we find
Ur(k,t) + [k + £?0*(t)| Ur(k,t) = 0, (3.131)
flk,t) + [K2 + 6@ ()] f(k,t) = 0. (3.132)

We now define two mode functions that are independent of gauge transformations via

Dok, t) = Uo(k,t)—%UL(k,t), (3.133)
O,k 1) = Uw(k,t)—%w(t)UL(k,t). (3.134)

In terms of these functions we find
U (k1) + w2(OUL(, 1) = (1 — £)ikUg(k, 1) . (3.135)
Furthermore, the new functions satisfy
Uo(k,t) + w2 ()00 (k,t) = —2ed(t)T,(k, 1) , (3.136)
Uk, t) + Wi (0a(k 1) = 2e(t)0o(k, 1) + ed(t)(1 - E)U(k,1) . (3.137)

Note that now Uy, does not appear anymore on the right hand sides of the equation for Us
and U,.
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We find furthermore, that the gauge fixing mode Uz can be expressed entirely in terms
of the functions Uo and U

Ur(k,t) = E[edU, (K, t) + Uo(k,t)] = EUx(k, 1) . (3.138)
Inserting the differential equation for the new modes we find
Us(k,1) + [K + £0*(1)| Ur(k, 1) = Ur(k,t) + w2 ()T (k,t) = 0. (3.139)

We now use (3.139) to eliminate Uy in favor of Uz. We can rewrite the differential equation
for Uy in the form

WEOTo(k,t) = ~Ur(kt) + ed(O)U (k1) — eb(t)T (k. 1) | (3.140)

so that Uy becomes a dependent variable, expressed in terms of the modes Uz and ap.
The fluctuation operator for the modes F, ¢ and L now takes the triangular form

L+ wi(t) 0 0
M= | (€=Des(t) + 204 M, 0 : (3.141)
€- ik (1 - &)ikeg(t) L +wl(t)
with
Mop= s 412+ 2620 4 [20) - 7 - 2200 o G -] . )

Since wg(t) = w; (t), the diagonal elements My, and Mzx are equal to the Faddeev-Popov
fluctuation operator. The diagonal element M,,, is independent of &.

We thereby have reduced the fluctuation operator to a triangular form. We can choose
the following set of linearly independent solutions in the same way as for the case of bubble
nucleation:

(i) a gauge mode solution UL, with UL = 0 and UL = 0, for which U} evolves in the
same way as a pure Faddeev-Popov mode;

(ii) a physical solution U;f with U 2 =0; then U:ﬁ evolves independently, and is indepen-
dent of the gauge parameter; it appears on the right hand side of the differential equation
for Uf, which can be obtained by using the Green function of the homogenous equation;
and finally

(iii) a gauge fixing mode solution U7, where U Z is different from zero and Uz evolves
like a Faddeev-Popov mode. Both other amphtudes are different from zero in this case.

This structure indicates that the effective action, i.e., the fluctuation determinant, will
be independent of £, after cancellation of the FP modes. This will now be demonstrated
explicitly.
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3.4.3 Gauge Independence of the Effective Action

The one loop effective action is given by

Ser = - lndet M (3.143)

DN | =. DD

(Indet My, +2Indet M | +Indet M, —2Indet M,) .

We will now relate the fluctuation operator M to the triangular operator M, introduced
in the previous section.

The various substitutions leading to the new mode functions Ur(k,t), U,(k,t) and
Uy (k,t) can be represented by the relation

Usr Us
NS U, t=%U, ¢, (3.144)
UL UL

where the matrix N is given by

_wgl(t) 8t _wge(t) |:¢(t) - ¢(t)at] . % t
N = 0 1 feg(t) | - (3.145)
0 0 1

At the same time, in order to obtain the triangular form of the operator M we have formed
various linear combinations of the basic differential equations for Uy (t), U,(t) and Uy (t).
The relation between M and M can therefore be written as

MN =UM . (3.146)

The matrix ¢ is found to be given by

o(t) _ i
wi (1) X

ﬁt% —e@t
U= . 0 . 1
(61— 1) —Eep(t) (€1 - 1)

Therefore, in (3.143), we have to substitute M by UMN~". This leads to

| S =l

e

B

O
) | . (3.147)

Indet M, = IndetU + Indet M, —Indet \V . (3.148)

We can factorize N' and U in the following way

N = NN (3.149)
25 00 -0 —e [¢(t) - ¢(t)5t] W ()0
= 0 10 0 1 %eq&(t) )
0 01 0 0 1

75



CHAPTER 3. GAUGE THEORIES

and
U = Ul (3.150)
9 0 0 1 —ep(t) =i\ [ Hm 000
= | 0o 10 0 1 reo(t) 0 10
0 0 1 ik(€~1=1) k(€7 =1)ed(t) -1 0 0 1

wi (1) wg (t)

In the same way as in (3.148), the Indet of the products can be decomposed into a sum of
terms for the single factors. The contributions of A and Us are identical, so they cancel
in the difference Indet 4 — Indet N'. The same is true for the contributions of A5 and U,
the former one being triangular. Finally, U5 is a c-number matrix; its determinant turns
out to be one, so Indet Uy = 0. Therefore, we obtain

Indet M, = Indet M, (3.151)
= Indet My, + 2Indet M,, ,

using the triangular form of M,. The contributions of M,, cancel against the Faddeev-
Popov contributions as expected, and In det M is independent of the gauge parameter £.
The remaining contributions of the isoscalar Higgs and the transverse modes are indepen-
dent of & as well.

We have shown so far that the one loop effective action for the SU(2) Higgs model, and
for its Abelian counterpart, are independent of the gauge parameter &, if evaluated for a
classical background field that satisfies the classical equation of motion. At the minimum
of the effective potential ¢ = v we find M, = m, as expected for a massive gauge field.
In general it can be shown that the fluctuation operator M., is identical to the fluctuation
operator of the Goldstone mode in the Coulomb gauge. This will be done in section 3.7.

For the calculation of the equation of motion we have to compute the first derivative of
the effective action. Unfortunately, if we evaluate this derivative for the classical minimum
o(t) = v we find a £—dependent result.

Considering a general variation of the background field, H(t) + dH (t), will not, in
general, satisfy the equation of motion. In order to allow such general variation we should
not use the equation of motion when computing the effective action. (3.146) then gets
replaced by

MN =UM, + A (3.152)

A vanishes if H(t) is a solution of the classical equation of motion. Otherwise it can be
found to have the form

0 550 0
A =10 0 —ie [q’5+A(¢2 —v2)q§] , (3.153)
0 iggmE'-1) 0

displaying explicitly the classical equation of motion.
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We have in general the relation
§Sur = %Mn det M = %TrM’léM . (3.154)

Using
My =UMN T+ AN, (3.155)

and the vanishing of A along the classical path, we find
TeMOM, = TINMIUT [SUMNT) + AN
= TeM'OM, + Tid = oU — TIN TN + TesAMZTU™ . (3.156)

We now use the factorization of the matrices A" and U, as in (3.149), (3.150). In the same
way as in (3.156) the trace over the products can be decomposed into a sum of traces.
The functional derivative of N5 and U; vanishes and, therefore, also the contributions
TeNT 0N, and T 6U,. The contributions from N; and Us are the same. As they are
subtracted in (3.156), they cancel. Next consider the contribution of Uy. The inverse is
given by ;

e eH(t) ik

-1 e —¢! i
Uy — H(tl%l(t)ﬁ ) 1 —leH(t) |, (3.157)
ik(1-€1)
wg (t)

=
—

and the functional derivative reads

0 —e —Q%G?H(t)
Uy = 0 0 €% : (3.158)
2ike’ H()(1—€~1)  dke(1—€71) {1 . 2e2H(t)] 0
wg () wg () wg (t)

It is easy to see that the trace of the product of the two matrices vanishes. For the
calculation of the equation of motion we are left with

TrMT'OM, = TIMTUOM, + TesAMZ U™ . (3.159)

The last term is explicit £-dependent. It seems not possible in the non-equilibrium case
to formulate a gauge parameter independent equation of motion. Nevertheless, we have
formulated a fluctuation operator whose diagonal element M,,, coincides with the Gold-
stone mode in the Coulomb gauge. This result indicates the importance of this mode and a
detailed analysis of it is worthwhile. We will investigate M., in subsection 3.6.2 in detail.

3.5 Non-equilibrium Dynamics: Gauge Invariant
Approach

In this section we consider the Abelian Higgs model in a gauge invariant formulation in
order to compare it with our previous results found for the Feynman-gauge [38]. There, we
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investigated the SU(2)-Higgs model. Since we have chosen the isoscalar field as background
field, the only difference between the models arises in some multiplicity factors. Another
choice for the background field would not allow a comparison of the two approaches. As
it is common for the Abelian Higgs model, we choose the gauge coupling e in contrast to
our paper where we used the coupling constant g = 2e.

3.5.1 The Formalism

We study the Abelian Higgs model in a gauge invariant formulation. The basic ideas for this
description are developed in [37, 87]. We give here a short overview about the derivation
of the Hamiltonian. For details the reader is referred to the two papers mentioned above.
The Lagrangian density for the Abelian Higgs model reads

1 A
L= —F"Fu+ D,®'D'd — Z(qﬂ@ —v?)?, (3.160)
D, = 0,+1ieA,d. (3.161)
We want to formulate a gauge invariant Hamiltonian. Therefore, we use as in [37, 87] the

canonical formulation. We have to identify the canonical field variables and constrains.
The canonical momenta conjugate to the scalar and vector fields are given by

nm’ = o, (3.162)
M = A4+ViA'=_F", (3.163)
= d+ied, (3.164)
T = ¢ —ied%". (3.165)

Therefore, the Hamiltonian reads

-

H = /d3x {%ﬁ T+ 7fr 4+ (Vo — iedg) - (Vol) + =(V x A)?

DO | =

+ %(qﬁ% —?)? 4 Ap [V - 1T — ie(mep — nquf)]} . (3.166)

We will quantize this system with Dirac’s method [74]. Therefore, we have to recognize the
first class constraints (mutually vanishing Poisson brackets). Then the constraints become
operators in the quantum theory and are imposed onto the physical states, thus defining
the physical subspace of the Hilbert space and gauge invariant operators. We have two
first class constrains

5L
0 _ _— =
m=—5=0, (3.167)
and Gauss’ law
G(#t) = Vir'i—p=0, (3.168)
p = ie (¢7r - qffwf) : (3.169)
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with p being the matter field charge density. We can now quantize the system by imposing
the canonical equal time commutation relations

[1°(z, 1), A°(¢,1)] = —id (& — %) , (3.170)
[T1°(Z, 1), A (7, 1)] = —i6" (2 — i) , (3.171)
7 (Z,1), 9" (. 1)] = —id (% — §) , (3.172)
[ (7, 1), 6, 1)] = —id (& — 7)) (3.173)

In Dirac’s formulation, physical operators are those that commute with the first class con-
straints. Since IT°(%, ¢) and G(7, t) are generators of local gauge transformations, operators
that commute with the first class constraints are gauge invariant [37, 87]. As shown in [37]
the fields and the conjugate momenta can be written in the following form

O(F) = (F)exp {ie /d?’yﬁ’(g)ﬁyc:(g—f)] , (3.174)

(@) = (@) exp|—ie* [ d@ﬁ(g)ﬁyc:(g—f)] , (3.175)

with G(i — #) the Coulomb Green’s function that satisfies
AG(j—%) =8 - 17) . (3.176)

They are invariant under gauge transformations [37]. The gauge field can be separated
into transverse and longitudinal components

A(#) = AL(7) + Ap(T) (3.177)
V x AL(Z) =0, (3.178)
V- Ap(#)=0. (3.179)

(3.180)

Since the fields A'T and & and their canonical momenta commute with the constraints,
they are gauge invariant. It is also possible to write the momentum canonical to the gauge
field in longitudinal and transverse components

(7) = (&) + () (3.181)

where both components are gauge invariant. In [37], it is mentioned that in all matrix
elements between gauge invariant states the longitudinal component can be replaced by
the charge density
i, (%) — ie [BE(H) — &' NI ()] = p . (3.182)
Finally, the Hamiltonian becomes
1= = - - - - 1= -
Ho= [a {§HT Ty + T+ (V0 — ie A7®) - (VO +iedy @) + - (V x Ap)?
A 1
+2(@10 — )2 4 [ [@yp@)ci- g)p(g)} . (3.183)
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The features of this Hamiltonian are discussed at length in [37, 87]. One of the striking
points is the equivalence with the Hamiltonian in the Coulomb gauge. This similarity
is not uncommon because, in the Coulomb gauge, only the physical degrees of freedom
are taken into account. We do not want to go deeper into the discussion of the gauge
invariance of the Hamiltonian. We focus our interest on the non-equilibrium aspects of the
theory. In [37, 87|, the effective potential was derived and Some aspects of non-equilibrium
dynamics were discussed. But as they explain and we have explained in our discussion
of the ¢* theory, the effective potential is not suitable for non-equilibrium dynamics. We
derive here the full non-equilibrium equations. We include not only the terms which are
quadratic in the zero mode, but all terms up to second order which are relevant for the one
loop approximation. We consider the derivate terms of the zero mode and its conjugate
momentum. This yields the wave function renormalization which is not considered in
[37, 87] or has to be introduced by hand. We will also see that the formalism does not give
a clear statement about the loop order which is included. A linearization of the equations
leads to the Coulomb gauge, which we consider in detail in chapter 3.6. There, we show
the correspondence of the Hamiltonian approach and the Coulomb gauge. As we will show,
the inclusion of higher loop terms in the Hamiltonian approach leads to problems in the
IR-region. First of all, we derive the equation of motion for the fields. Therefore, we
separate the expectation value of ® and of its canonical momentum into a mean value and
a fluctuation part

O(7,t) = ot) +p(Z,t), (3.184)
(% t) = TI(t) + 7 (Z,1) . (3.185)
We also introduce real fields and canonical momenta as follows
1
= —(h+1iyp), 3.186
@ \/5( i) ( )
1
T = ﬁ(ﬂh —iTy) . (3.187)

Therefore, we find as a gauge invariant Hamiltonian

H = QFHMU(&)

2
1., 1. 1 1., 1
+ [ dPx bﬂi - E(V X @)+ ieQaiqSQ + 5%2 + 57‘(’3
1 = 1 = A
+5 (VA + 5 (Vo) + (0" = v°)(B* + &) + A¢*h?

2 2 2
2
€ — — — — — —
+ [ [@y S 6mo(@) — @] G - §) [oma(7) - (@), (3.188)
with the following commutation relations:
i

[, TT] = q’ (3.189)
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023 = (5~ T2 5 - ). (3.190)

[p(7), (7)) = i6*(F — ) . (3.191)

3.5.2 Equation of Motion

We are now able to find the equations of motion for the zero mode and the fluctuation
fields. In the Hamiltonian formalism we find the equation of motion by calculating the
commutator between the Hamiltonian and the field

F=i[H, f]. (3.192)
We get for the zero mode ¢
¢ = iH,J]
2
I [1 + 5 [dn [dy o6 - ﬁ)w(ﬁ)]

_%qﬁ / P / &Py [p(D)G(T — P () + T (DGE — D], (3.193)

and for the canonical momentum

II = i[H I
= —U'(¢) — % /d% [e%ﬁ + A+ ?) + 2)\h2]
62

35T [da [dy (7, (@G - Do) + (@G Drp(@)] - (3.194)

We also need the equations of motion for the three different quantum fluctuations. The
first one is the transverse gauge field. We find an equation for the field a; itself and for its
canonical momentum. We can combine these two expressions to a second order differential
equation for the gauge field:

A =m1, Tu=(0-€e@)al;
=i = (A —e*pHay, . (3.195)

In the same way, we get the equation of motion for the real component of the Higgs
fluctuation

h=[A= X3¢ = )] h. (3.196)

More difficulties arise for the Goldstone sector ¢ because the field and its canonical mo-
mentum are coupled via Green functions. We find for the field itself

2
p=mp+ 5 [ A [6Ge (67, — o) + (67, — )Gy | (3.197)
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and for the momentum

Ty = Np — Ap(¢? — v?) — 6—22 /d3x [HQGW(,O — (IIp + qSH)nymp] : (3.198)

Now we transform the equations of motion into Fourier space. Therefore, we expand the
fluctuation fields in the following way (see also (2.7))

ed dgk 1 ik-T—iwt * —ik-F+iwt
o(T,1) = /W o {a Uk, t)e +alU (k, t)e b (3.199)

with the usual commutator relations for the annihilation and creation operators a;, aL:

[ag, al,] = (27)*2wod (k — k') . (3.200)

The U(k,t) are the mode functions for the fluctuations depending on k. For convenience
we omit this dependence in the following. The Fourier transform for the Green function
leads to a factor 1/k?. With these expansions, the equation of motion for the zero mode
reads

o = e |1+ [ Lo

—%fﬁ(t) / (;Z:;?, m [U@(t)U;‘;y, (t) + Un, (t)U;;(t)] : (3.201)

and for the canonical momentum
) = —U'[¢(t)]
Ak e? 3\ A e?
—o(t — O+ ——|U, (1) ? )2 1|2
o) [ 5y L}OWL(M + g GO + 52 1U,0) +2wp0,€2|Um<>|]

a

i) [ % m [Un (DU + U2 (U, (1) | (3.202)

where we have introduced the following frequencies

wﬁo = [EZ + A3 — v2)] (EZ +e2pR) K = w?powgo/lsQ , (3.203)
wly = K+ ¢ —v?), (3.204)
w2 = kK +mly+e(gh — 07, (3.205)
Wl = K24m?+3\¢E —v?), (3.206)
m; = 2\, my =’ . (3.207)

The index 0 indicates the choice of # = 0. Notice, that we have included a factor two for
the two transverse gauge freedoms in the equation of motion for II. The choice of w,y will
become more transparent in the next section. By comparing these results with the zero
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mode equation in the gauge fixed theory we find some analogies in the fluctuation integrals.
The transverse gauge field and the Higgs field component h lead to the same contribution
in both theories. The Goldstone channel ¢ fulfills a coupled differential equation. In the
gauge invariant description we have a coupling between the field itself and its canonical
momentum. In the R¢-gauge, it couples to the time and longitudinal component of the
gauge field. These components do not appear in the new description because they are
unphysical.

In the same way we have found the zero mode equation, we can derive the mode
functions for the fluctuation fields. We find

Rl AT B

l;_; +wi(t)1 Un(t) = 0, (3.209)

o+ o] o0 - 2lu,0 =0 e

- 6| L0+ 20+ 50| ve = 0. G2

In the mode equations for U, and Uy, a problem in the IR region arises for the first
time. The denominator with k2 will lead to problems as we will see later on. During the
discussion of the comparison of the different approaches in chapter 3.7, it will become clear
that this IR-instability is caused by higher loop effects. It is possible by combining the
differential equation for the field (3.210) and its conjugate momentum (3.211) to find an
IR-stable mode equation by neglecting all terms of higher order than one loop.

3.5.3 Energy Density

The energy density can easily be calculated from the Hamiltonian. We have to insert the
expansion of the fields in dependence of the mode functions with the corresponding creators
and annihilators. Then we have to take the expectation value in the ground state. The
field expansion is analogous to the one for the equation of motion (3.199). We find for the
energy density in the Fourier space

£ = S+ Ulo()
k1

o7 o [ 0F + 2O (0]
T GO + RO
+ G s (U OF + 200
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v/ % o (PO P + TP @I

~I(1)$(t) [Uz, (U, (t) + Us, ()U5(1)] } - (3.212)

It is easy to check the conservation of the energy by determining the time derivative. With
the equations of motion we can show that it vanishes.

3.5.4 Perturbative Expansion

We are interested in the behavior of the zero mode under the influence of the quantum
fluctuation. Therefore, we need well defined, finite relations, and we have to renormalize
the equation of motion and the energy density. In the differential equation for ¢(¢) and TI(¢)
we have some momentum integrals over the quantum fluctuations. For the analysis of the
behavior of these integrals we make a perturbative expansion of the mode functions. Then
we are able to fix the leading terms of the integrals in powers of w and to regularize and
renormalize them. For the single channels a; and h, the mode functions are the same as in
the R¢-gauge and we have already analyzed them in [38]. Nevertheless, for completeness
we give a short review for these two fields.

The Single Channels

The perturbative expansion of a single mode is already explained in section 2.3. For
completeness we review the general results with special emphasis on the leading behavior of
the mode functions for a; and h. For the transverse gauge field a¢; and the real component
of the Higgs field h, the mode functions read

d2
[@ + %20] Uj(t) = =V;()U;(2) (3.213)
with 7 = a, h. Here we have introduced the potentials
Va(t) = e’[¢*(t) — i), (3.214)
Va(t) = 3A[6°(1) — o5 - (3.215)

We separate U;(t) into a trivial part corresponding to the case V(¢) = 0 and a function
f;(t) which represents the reaction to the potential by making the ansatz

U;(t) = e ™ 1+ f;(2)] (3.216)
Then f;(t) satisfies the differential equation
Ji(t) = 2iwjof5(t) = =Vi(t)[L + f;(®)] (3.217)

with the initial conditions f;(0) = £;(0) = 0. Expanding now f;(¢) with respect to orders
in the potential by writing

O =H+ 57+ 10 4+ (3.218)

84



CHAPTER 3. GAUGE THEORIES

we can extract the leading behavior for f;(¢):

M0 = [y - A0

wjo J 4wy 4w]0

/dt’ 290NV (1) + O(wid) , (3.219)

(2) _ " //
A = i) /dt /dt Vi(#)V; (") + O(wi?) (3.220)

with At = ¢ — . A more detailed analysis can be found e.g. in [33, 38].

The Goldstone Channel

For the Goldstone mode, the equation of motion is a little bit more complicated due to the
system of the coupled differential equations. We can write the system in matrix form

( gf% ) = —Al) ( g:(z) ) ’ (3.221)

S LOEONE
Al = ( A1) - £TR() ;_i“n(t)¢(t>> | (3:222)

In order to get an equivalent differential equation as for the single channels, we add A(0)
on both sides and take the time derivative of the equation. Thus, we get a second order
differential equation system of the following form

( g(?ﬂ ) —A'0) ( 5(2) ) _ [A%(t) - A%(0) — A(b) ( Z(’g) ) C (3223)

where AZ%(0) is a diagonal matrix with the elements

with

2 .2
WaoW

A2 (0) = A%L(0)=-— LA— (3.224)

k2 p0 »

A2,(0) = A3,(0)=0. (3.225)

Now it is obvious why we have chosen w, in the field expansion for the Goldstone field.
It is a kind of plasma frequency. It is useful in the fluctuation integrals for m, and ¢
because our ansatz for the mode functions in the Goldstone sector will contain the plasma
frequency. Cancellations are possible then. Now we have to compute the pre-factor on the
right hand side of the differential equation system (3.223). We find

A%(t) — A%(0) — A(t) = M(t) , (3.226)
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with
My = —(A+e)(¢” — )
2
5 P ) ARG - )+ TP TG - T (3.227)
2 .
My = —2%@ : (3.228)
My = 2\ + Z—znﬂ) : (3.229)
Mo = ()6 - )
2
—% MO*(6° — ) = MGG (87 — v*) + I1° + 119 + TIg)] . (3.230)

From now on we omit the time dependence where it is obvious. A general solution for the
differential equation system is given by

t
|
U, = U,(0)+ / At — sin (M) (MU, + MiaUy,) (3.231)
0 PO
Foo1
U, = U, (0)+ / dt' —— sin(wpoA) (Ma1Uy + MzaUy, ) (3.232)
0 PO

Now we have to fix the initial values for the mode functions U, and Ur,. It is easy to
verify that U,Ur, — UgUs, is constant for all times by showing that the time derivative
vanishes. With the differential equation for mode functions this is obvious. We require the
constant to be —2iw,y. A second claim is a well defined behavior of the mode functions for
the initial time. We choose the ansatz

U,(0) = Ae rt (3.233)
Ur,(0) = Be ™. (3.234)
(3.235)

By inserting this in the differential equations and by utilizing the first requirement we can
determine the pre-factors A and B:

Wao

A==", B=i

= iy - (3.236)

Therefore, an efficient ansatz for the mode functions seems to be

Up(t) = S22 [L+ f (D] ™" (3.237)
Un, (t) = iwgo [1 + fr, (£)] e " . (3.238)
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We get new truncated mode functions

t
' : k?
fo = — far S (mr ) lMu(1+fw)+Wp0 Mis(1+ fr, >] , (3.239)
wPO a0
t . 2
7 .
fr, = _/dtlm (ezzwpom_l) L ‘;(;622\/[21( +f@)+M22(1+f%)] . (3.240)
p P

The analysis of the leading behavior of these two functions is a straightforward but rather
long calculation. We have given the details in appendix B. There, the reader can also find

the differential equations which have to be solved in order to find f;l), f](T), and f](T) with
Jj = ¢, m,. The main results are

t

o _ b ) Vo Ate L, .

flP Wpo / dt ()\ +e )(¢ + ¢0) (-UZO 4(,() (QZS ¢0) + O(w ) , (3241)
Lt )

(1) — _L ! 2 2 2 VLp B A +e > . oo

Jz, oy dt' (A +€7) (9" + &) + 2 ik, (0> — ¢3) + O(w™?) , (3.242)

with V,, = A(¢? — ¢2). We have also calculated the truncated mode functions in the second
order of the potential. The results are rather long and therefore, we show them only in the
appendix.

3.5.5 Renormalization

With the knowledge of the leading behavior for the mode functions, we are now able to
renormalize the equation of motion for the zero mode, the canonical momentum, and the
energy.

Equation of Motion

In the first order differential equations for ¢ (3.201) and IT (3.202), we have to deal with
several momentum integrals. The integrals with mixed mode functions are finite. This can
be seen by inserting the ansatz (3.237) for the mode functions

UpUr, +UpUr, = —iwpo(1 + fo) (1 + fr ) +iwpo(1 + f3)(1 + fr,)
= —2wpo(Imfr, —Imf, +Ref,Imf; —Imf Ref; ). (3.243)
As shown in appendix B the leading order of Imf, (B.18) and Imf, (B.9) cancels each
other. We are left with
1 — —
(U, Uz, + UsUs, ) = Kh(w) = Kh(w) + Im ) — Im f{?

2&)0

+Ref,Imfr —Imf,Refr, o Ow™?), (3.244)
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and therefore, the k-integrals are finite. The other integral in (3.201) leads to the wave
function renormalization, the integrals in (3.202) to the mass and coupling constant renor-
malization. First, we fix the wave function renormalization 6Z. Therefore, we have to deal
with the integral

ck|U,”? B 1 m2
21‘[/ el _ 21’[/ 1 o\ (149 5 o
T | G gl = T G agie \1F g ) (LF RS IRE) (3249

because this integral is proportional to II(¢). On the right hand side we already have
inserted the ansatz for the mode function. The only divergent part of this integral is given
by the one. Therefore, we have to regularize the integral

{/ k1 } o 4(my) + 2C (3.246)
—— 0 =21 3(m, , :
(27)? 2wk [,
with ,
1
C=——In—n (3.247)
16m My

A detailed analysis of the regularization of this integral is given in appendix C. The wave
function renormalization takes the form

67 = 2e*I_3(my,) . (3.248)

We also get a finite contribution
AZ =2e*C' . (3.249)

The next step is to find the mass and coupling constant renormalization. Therefore, we
have to analyze the first momentum integral in (3.202). The transverse gauge field mode
a; and the Higgs field component h give the same contribution as in the Feynman-gauge-
fixed theory. We give only the results; for details the reader is referred to [38]. For the
gauge field we get

Bk |UL|? Pk 1 Pk Vv,
—2 2 / = -9 2 / - 2 2 / fﬁn
0 | B 2ung 0| Gy 2w 20 T
1
= 20 I_5(mw) —AAL¢3+§AmL¢+ff“, (3.250)
with
64 m2 62
AN, = ——In—=Y, Am,=-—m? 3.251
L 87T2 n m%}yo ) my 471'2 Mo ( )
&kl .
fin
Flin — _262¢/(27r)3 Sl O/dt’ c08(2wao At)V (1)
Pk 1 T D
—2e2¢ / ) T <2Re £ 4 ff)|2> . (3.252)
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The divergence I_3(myy) contributes to the coupling constant renormalization. For the
Higgs field component h we find

_3)\¢/(d3k U |? _ _3)\@5/ Bk 1 ¢/ Bk, Fin

2m)3 2w )3 2wno )3 dw i?io

3
= —§mh)\¢[—3(mh) + NPT 5(my)
|
— AN + FAmae + Fi (3.253)
with
9N m? 3\ m? 3
A\, = — —h Amy, = — 2In —2 + ——Am} 254
A Tor2 Mz 0 AT = Tygmmaln s g Amy o (3:254)
Fin —3)\¢>/ &k /dt cos(2wno At Vi (1)
h 27)3 8wh0 " "
—3)\¢>/ T T <2R ef? 4 [0 ) . (3.255)

The first integral I s(my) contributes to the mass renormalization, the second to the
coupling constant renormalization. The last integral we have to deal with is due to the
Goldstone mode. This integral differs from the Feynman-gauge-fixed theory. In the Feyn-
man gauge we have taken unphysical degrees of freedom like the time component of the
gauge field into account which was coupled to the Goldstone boson. The physical degrees
of freedom are the same in both descriptions. Here we have only physical degrees of free-
dom and thus the difference between the two calculations is to be expected. We have to

analyze
o P
- o[ o 32%0{ [ o)+ ]
+e? k% l 2 ()\+e )(9° — ¢3) + w%] } +Fo, (3.256)
with
Fo= o (jﬁ’;%ﬁ [A i (K@) + 2RefP + | £)
+e? k%“ (QICR( )+2Ref§+ |f7@|2)] : (3.257)

Here we have used the ansatz (3.237) and the expansion of the truncated mode functions
(B.7), (B.16) from appendix B. We can replace wy in order to get integrals which we can
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regularize dimensionally in the following way:

2
W2 = w2y + m? (1 v M) (3.258)
p0 a0 0 k2 )

and we find for the divergent part of (3.256)

$r1 N
_¢/ 27r32wp0l +e)_2w2

0
A3k 2 ’
—¢ / ¢ V,m?

27)3 2w3 k? Ve

() (- )+ 53 (263 - )

- _%( e?) ¢1 s(my) + (A — €*)*6°T_5(my)

2

1
+5Ame6 — A9 + Fo? (3.259)

with
A+ e?
Am, = —-m;(A—e*)C+ = (m2 + miyg) (3.260)
AN, = —(A=¢*)’C, (3.261)
d3k e?
n2 __

}—2 B ¢/ 2m)3 2w, kQV Moo (3.262)

Therefore, we have found divergences independent of the initial condition. After analyz-
ing all infinities in the momentum integrals we can fix the counter terms and the finite
contributions to the fluctuation integral. The counter terms are

omy, = mp (4 — €)1 3(my) (3.263)
A = [\ =€)+ 9N Lg(mn) + 26 T_y(myy) , (3.264)
07 = 2¢°I 5(my), (3.265)

where we have chosen as the classical potential Vi = (¢ — v*)?. The finite equations of
motion read now

¢ = I(L+AZ)+AF", (3.266)
: 1
I = §(m§ +Amp)d — (A + AN¢® + AF" (3.267)
with
AZ = 26*C, (3.268)
Am; = Amy + Amy + Am, , (3.269)
AN = AN+ AN+ AN, (3.270)
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$h1 o
fin __ 2 2 1)|12
AFin = ¢ H/(%)3 T lzRef; + |fPP + e (1+2Ref + 18] )]

Pk 1
+— ¢/ 3k2 ;cf (w) — K(Z{(w)thef@Ime—Imf@Ref%], (3.271)

Aflﬁ[n — :Fﬁn :Fﬁn :Fﬁnl f—:;in2

3
_EH / (d ")73 /:2 (lmfy, —Imf, + Ref,Imf,, —Imf,Refy] .  (3.272)
In the first integral in Af};m (3.271) the IR-problem appears explicitly. We find a factor k*
in the denominator which can be reduced to a 1/k by writing the integral measure and wyg
in powers of k. In the first order also the integrand Re fg) does not fix the problem but
at this stage it is not clear if the resummation of all one loop graphs leads to a IR-stable
fluctuation integral. We will see later on that this problem also occurs in the Coulomb
gauge if we want to take higher loops into account. In the pure one loop approximation
the integrals and mode functions are well defined. At this point the disadvantage of the
formalism used for calculations which do not only concern the effective potential becomes
obvious. We are not able to make a clear statement of the order of the approximation. By
using the fields and their momenta we loose the opportunity of symbolizing the equations
by Feynman graphs even in the lowest order. We will see later on that by replacing
the relation qS = [I with qS = II + AF we consider back reactions in a not well defined
nor controllable manner. These higher loop terms lead to the IR-inconsistency. In the
Coulomb gauge we are able to show this more explictly. Nevertheless, we carry out also
the renormalization of the energy density in order to show that the formalism leads to
consistent equations and that the UV-regularization can be carried out in the usual way.

Energy Density

For the renormalization of the energy, we have to show that it contains the same divergences
and, therefore, leads to the same counter terms as the equation of motion. In addition,
we get a cosmological constant from a quartic divergence. The procedure for the single
channels is the same as in the Feynman gauge fixed theory [38]. We give here only a short
review. The Goldstone channel is a little bit more complicated but straightforward. We
have given some details in appendix B. We will discuss the renormalization channel by
channel and at the end we will collect the counter terms and formulate a finite energy
density.

The Gauge Field
For the gauge field we have to analyze
ek 1 ) )
/(27()3 5o 0L + <o) (3.273)
With the ansatz (3.216), the expansion of the truncated mode functions (3.219), and the
relations

2waRef = Re (iwan /") (3.274)
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a2 (2Ref D+ f1) = Re fiwn (A7 + 10F)] (3.275)

which we have already used in [42] we find

d*k Pk V d*k  VE
(3.273) = /—w +/( - —/( + 4 ghin

(2m)3 27)3 2wqp 2m)3 8w3,

1 1 1
= —§e4d)4l_3(mw) + ZAM& — ZAmm? + AN, + & (3.276)

with
N Bk 1 Ol ‘(1) 2@ o
e = [y g (O 2Rl ) 4 Ve (2Rer P+ 11T
t t
o /dt’ /dt// 6—2iwa0(t’—t")"/l(t’)"/l(t”)} . (3.277)
Wao 0 0
AN = 6472% (3.278)

As in the equation of motion, the gauge field contributes only to the coupling constant
renormalization. The divergence is still independent of the initial conditions.

The Higgs Field

Since the mode function for the gauge field and the Higgs field are the same we only have
to change the notation for the potential, frequencies, and the truncated mode function.
Therefore, we get the following contribution for the energy from the Higgs mode:

[ = [ + w20l

27)3 dwno
Pk who / Bk V, / Bk Vi p
= — glin 3.279
/(27r) o (2m)3 4wpo (2m)3 16w ,3;0 +Ch ( )

4

— _% (9)‘2¢4_3)‘ ¢ +T> I (mh)—|— A)\h——Amh—FAAh—FAA

with

ék 1 m
" = [y o WP+ 2ReU ) + Vi (2Rer? + 117 )

/dt /dt// —2inot' ")y (1), (¢ H)} . (3.280)

4wh0
4 2
AN, = —2;;’12 n—h (3.281)
T mi
3m}410 3 2 42
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The term oc ¢*I_5 contributes to the coupling constant renormalization J\, the one oc ¢%1_5
to mass renormalization dm, and the term oc m}1_3 leads to the cosmological constant JA.

The Goldstone Field

Finally, we have to investigate the Goldstone mode. It contains two integrals

k1
[ s gy =+ <30I
0

d*k e?
/W o (U, 2+ T|U P — 611 (U, U+ ULU,)] - (3.283)
With the identification fr, ~ f'@, the structure of the first integral corresponds to the
single channels. Therefore, it should lead to the mass counter term, coupling constant
renormalization, and the cosmological constant. The second integral contains a part o
[1?2. This looks like the wave function renormalization. In addition, the first term is
logarithmically divergent and could provide a part of the coupling constant counter term.
As in the equation of motion the term with the mixed mode functions is already finite. The
next step is the insertion of (3.237) in (3.283) and the analysis of the divergence structure.
Since we have a factor w?(t) in the nominator we find many more infinite contributions
than in the equation of motion. The terms of the form KF+/CF as well as 2Ref;2) —|—f](1)f](1)*
which were finite in the equation of motion are now taken into account for renormalization.
In particular, we find for (3.283), depending on the truncated mode functions:

3
/(;iﬂ];?, ﬁpo [wio (L + 2Refr, + |, ) + (w20 + V) 28 P (1 +2Ref, + | f,l )]

d’k ¢’ 2,2 2 2 aO 9
+/ 27 T l¢> W (1+2Ref7r¢, + | fr, | ) + 105 (1+2Ref¢+ A )

3
¢ /dk ! (T fr, —Imf, + Ref,Imfs, —Imf,Refs.)

3 12
d3k w2y
- 3.284
/(271')3 2wp0 ( )
Bk 1 2“)1%0 9 5 Zw?po wio ) )
+/(27r)3 Tom [V@ +e2 B (6 +05) +e o (#* - 2) (3.285)
Ir - - 0 2
+/ 27)3 4wy {k2 +V, (wgo 2Wp ) (¢ ¢0) + 2¢0V<p (3.286)
2
2 R R € o\ 2We0 (2 2
+2Wg0 (’Cw +IC7|’) + m()‘ —e’)g w—,% (¢ - ¢0)
_i_é 2wkp2 2(,()—12)0 _ 1 ()\+ 2) (¢2 o ¢2)
k20w ‘ wao 2 ‘ 0

+w2y [2Ref?) + fO D% 4 2RefP) + U F7] )
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gﬁn

Y )

(3.287)

with

&k 1 . .
fin 1 1 1 1
g = _¢ / 3@ FU —1m s 4 RefOIm f — ImfORe D)

d3k 1 2 wO 2 @) )2 R
* | G o {6 T 0" (2R + 1)) + 2VK

2
a (2) ) e
(75208 5, ) (2o + P + 25 Rer )
+w2g [2Refw + 2Reffr§10)Ime(r + 2Im{! Ref + |f7gi)|2

+ 2RefD) + 2RefPIm P + 2m(Ref? + O]}

&k _¢ 9Re fD 4 |2 3.288
+ 27_‘_ 3 4CU k4 aO( epr +|f(p |)] ° ( : )

At this point, we are able to analyze the divergences. (3.284) is quartically divergent,
(3.285) quadratically, and (3.286) contains logarithmic divergences. In the last integral, an
IR-divergence appears analogous to the fluctuation integral. Also, here it is not obvious
whether there is a cancellation of these divergences in higher order.

The Quartic Divergence in the Goldstone Channel
The first integral we have to consider is (3.284)

P’k W 1
e a2 et
1/3
+7 <@ + C> [4m%m — (M + miO)Z] : (3.289)

Details for the regularization of such an integral are given in appendix C. The result still
contains infinities depending on the initial conditions. But as we will see later on, they are
cancelled with divergences from the other integrals.

The Quadratic Divergences in the Goldstone Channel
The next integral which has to be analyzed is the quadratically divergent one (3.285)

k1 m?2 m2
[ g |V #0620 ) 4 T2 )

= [ o) L@ ) e T ) - L (e )] £t

—% (m2o + miy,) ( TR G) Vo + e (62 = 67)| + 2¢*m2,C? (3.290)

where we have used the relation (3.258) between w,p and w,p. Again we have infinite parts
which depend on the initial conditions. We can also see that the divergence oc ¢? in this
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form does not lead to the mass counter term. Furthermore, we are not able to identify
Am,, until now. At this point it is obvious that the evaluation which was sufficient for the
equation of motion is insufficient here. Here we have to go deeper into the expansion of
the truncated mode functions. As we will see in the next paragraph we find the necessary
infinities and can show that the dependence of the initial conditions dropped out.

The Logarithmic Divergences in the Goldstone Channel
The first integral we compute leads to the wave function renormalization

A3k 1 1 1
A [ Gy g = OO Tslm) +PIEC = SIP6Z 4 5IPAZ . (3.291)

It is useful to split the rest of the integral (3.286) into three parts. The first one is the one
which we have usually considered in our previous works:

k1 2 A+eé? e
— V= =) (6% = 42) + =2V, 3.292
/(27r)3 4wpo { ’ (wgo 2w2 ) (¢ d)o) * kZd)O 7 ( )
e? w?
T~ 216200 (42 _ 42
R ElO e il et
2 2 2
€ oWeoo | oWpo 1 2 2 2
A 0 - )

- [0 e - s
L ()] o) + €T+ 01)

The second part leads in the equation of motion to a finite contribution. Here we find

[ o et

= ¢? (m;’ — A¢2> (¢2 — qsg) [I_3(my) +C]+ O(w™). (3.293)

The integrand of the last part is analyzed in appendix B. With the result (B.28) we find

d*k W20 2 1) p(1)* 2 1) p(1)*
[ o 2 [oRe 2+ D1+ 2Res D + 101

- i (A e2)" (62— 68) " [L-a(mn) +C] + Ofw ). (3.294)
The Counter Terms

We now collect all divergences and show that they lead to the same counter terms as in
the equation of motion. We also demonstrate that all divergences depending on the initial
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conditions are cancelled. Finally, we calculate the finite contribution to the cosmological
constant. From (3.289), (3.290), (3.292), (3.293), and (3.294) we find

div mp mj 2N 42 1 2\2 44
5mp = _EI_?)(mh) + T()\ — € )d) 1—3(mh) - Z()‘ - € ) d) I—3(mh)
1 1
with
M
AN, = —hO, (3.296)
C o 2.9 3 4 2 2 )?
1

The divergences are independent of the initial conditions and, with the contributions of
the gauge and the Higgs field, we get the mass, coupling constant, and wave function
renormalization dm3 (3.263), 6\ (3.264), and 67 (3.265). Additionally, we find

m4

S\ = ?h[,g(mh) , (3.298)

and as finite contributions
AN = AN, +AA,, (3.299)
AN = AN + AN+ AA; . (3.300)

The counter term dA is up to a factor two the same as in the Feynman gauge fixed theory.
The difference is due to the fact that we have in the SU(2) Higgs model a vector meson
with isospin degeneracy three and here only a scalar particle. As a finite expression for the
energy we have now

1 1 1
£ = 5(1 + AZ)T? — 1 (mi + Ami) ¢* + Z(A + AN + AN+ AN + €1 (3.301)

with
EM =P+ EN+ER+OW). (3.302)

The part o O(w™®) comes from the subleading terms in the logarithmically divergent
contribution of the energy and can be handled numerically via subtractions.

In this section we have shown, that it is possible to extend the formalism developed
in [37] for the effective potential to the full non-equilibrium equations of motion. We
derived the equation of motion for the zero mode and the energy density and showed that
a consistent UV-renormalization for both quantities is possible. We found counter terms
independent of the initial condition. By taking into account all terms up to second order
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and not only the quadratic ones like in [37], we found in addition to the mass and coupling
constant counter term also the wave function counter term. Since we have worked in the
Hamiltonian formalism and, therefore, with the field and its canonical momentum and not
with the field and its derivative as it is usual in the Euler-Lagrange formalism we gave up
the possibility of a well defined one loop approximation. By reducing the system of classical
equations in (3.210) and (3.211), one can easily see that after taking the time derivative of
(3.210) and inserting (3.211), the equation of motion for ¢ contains a fluctuation integral
higher than one loop order. These higher loop terms lead to IR-instabilities. A better
analysis of the appearance is possible in the Coulomb gauge. There, we will localize the
1/k poles as contributions from the two loop order.

3.6 Non-equilibrium Dynamics: Coulomb Gauge

3.6.1 The Fluctuation Operator in the Coulomb Gauge

Our starting point again is the Lagrangian (3.15). As discussed, e.g. in [37], and in the
last section it is possible to find a gauge invariant description of the Abelian Higgs model
by quantizing the theory with Dirac’s method. It is developed from the corresponding
Hamiltonian to £. First, one has to find gauge invariant observables that commute with
first class constraints which are Gauss’ law and vanishing canonical momentum for Ay.
Then the Hamiltonian has to be written in these gauge invariant quantities. An equivalent
way is to choose the Coulomb gauge condition V-A=0. One gets a Hamiltonian written
in terms of transverse components and including the instantenous Coulomb interaction.
This Coulomb interaction can be traded with a Lagrange multiplier field linearly coupled
to the charge density. This leads to the Lagrangian in the Coulomb gauge

]. ]_ - - - — — —
L = iaﬂqﬂaw + 5 OuArd" Ay — eAg - jr — e?Ap - Ard'®
1
+§(VA0)2 + 2 A2DTD —jeAgp — V(DTD)

ir = i(®'Vp® —Vid'd), p=—i(dd" — dTP) (3.303)

where Ar is the transverse component of the gauge field. The field A, is a gauge invariant
Lagrange multiplier whose equation of motion is algebraic:

V2Ao(Z,t) = p(&,1) . (3.304)
Using the usual decomposition of ® into an expectation value and a fluctuation part, and

splitting the fluctuations into a real part A and an imaginary part ¢, one finds for the
Lagrangian in the Fourier space

1. . 1 1 1
E - = h2 _-2__k2 h2__k2 2
2(¢+ ) 5905 (p+h) koY
1 1 1
+5id 5 K+ (¢ + h)?] a? — S (3.305)

—% [((6+m2+7) + %(k? +€26%)a + eao (9 — ¢9) |
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with p? = —\v?. The physical degrees of freedom - the transversal gauge mode and the
Higgs mode h - are the same as in the R gauge up to a factor three. This factor is the
degeneracy factor of the non-Abelian model. Since we are analyzing the model with an
isoscalar Higgs background, this is the only difference between the two models. We now
investigate the remaining degrees of freedom, the Higgs field component ¢ and the Lagrange
multiplier ayg. As already mentioned, the equation that fixes aq is purely algebraic. The
field equation reads

w(B)ao(t) = e [(D(1) = p(1)(1)] - (3.306)

This corresponds to our choice of Uy in (3.140) as a dependent, variable. For the Goldstone
field we find

B(t) + [k + 1? + A8* ()] 0 (t) = edo(t)d(t) + 2ea(t) (1) . (3.307)

It is possible as in the R¢-gauge to eliminate the mode function for the Lagrange multiplier
ap in (3.307). By using the differential equation for ¢ and the classical equation of motion
(3.24) it is easy to show that the time derivative of aq is given by

in(t) = s [00(0) ~ 2030 ~ 20016 0an(t)] = —coe(t) . (3308)
Inserting (3.306) and (3.308) in (3.307) leads to

Moy (t)p(t) =0, (3.309)

where M, is given by (3.142). Thus we have found the same fluctuation operator for
the Goldstone mode as in the transformed R¢-equations. ag is a dependent mode and
the physical modes are the two transversal gauge fields a; and the scalar Higgs mode h.
Therefore, the equation of motion for the mode functions in the Coulomb gauge is the
same as we found in the previous section for the R¢-gauge. From the Lagrangian (3.305),
we can also derive the equation of motion for the zero mode ¢. We find

6+ A0(6° —v%) + 3AG(h?) +26°(a?) + Ap(p)
—e?plad) + 2e{app) + elagp) =0, (3.310)
where the expectation values for the fields and their normalization are not specified yet.

Now we eliminate the field ay without using the classical equation of motion. We set ¢
equal to

¢ = —Ap(¢* —v*) + R(1) (3.311)
where R(t) contains the fluctuations. The field equations are then given by
t = (66 =d9), (3.312)
G = —edp+ %@R : (3.313)
b = —wop+t 25?(@ —dp) + Z—ZqﬁRw , (3.314)
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with
w2 = k> +e*¢” + \(@* —v?) . (3.315)

By taking the fluctuation integral R(¢) into account, we receive a mode function which is
of order higher than one loop. In this case we are dealing with the back reaction of the
quantum fluctuations ag and . Obviously, these higher loop terms contain a factor e?/k?
as in the Hamiltonian approach which lead to the IR-instabilities. By choosing R(t) = 0
we consider only one loop effects and (3.314) is identical with (3.309) We will discuss this
case in detail at the end of this section. Using (3.312) and (3.313), we find for the zero
mode the equation of motion in terms of the quantum fluctuations

b+ 20(¢% — 1) + 3AG(h%) +226(a?)
i 2
+ (A=) o) —e'od(5)

i

=) =0. (3.316)

k2
- 262052(@%090)7”5273(

Again we see here the appearance of a higher loop contribution which is IR-divergent. We
can also compute the energy density in the Coulomb gauge. It is given by

=@+ 7 (=) 4 [0+ (in?)
+ [(a?) + (wia?)]
+ 2[99 + (@26
_ %@gag)_ (3.317)

The component (a3) has a negative sign because of the indefinite metric of the time com-
ponent of the gauge field. By inserting (3.312) into the last term of the energy, £ can be
written similar to the equation of motion in the form

£ = %Q'SZ + % G v2)2 + % [(h?) + (wih?)]

+ [(@%) + (wla?)]
(

k2 1 2¢2
r g (a- )
¥ e%q’b(%cp). (3.318)

With (3.311), (3.314) and the equations of motion for h and a,, it is straightforward to
show that the time derivative of £ vanishes. Now we have to decide whether we neglect
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R(t) or not. For a well defined one loop approximation which we have considered in the 't
Hooft-Feynman gauge in [38] we have to take it to be zero. Numerically, this leads to some
problems for the energy conservation. In order to show the energy conservation, we have to
compute the time derivative of £. In the energy density terms proportional ¢ appear, and,
after performing the time derivative, it is necessary to insert the equation of motion for the
zero mode. Since we have taken R(t) = 0, we have to insert ¢ = —Ad(¢2—v2). Analytically,
this is no problem, but numerically this equation is only solved at the initial time. By
solving the equation of motion for the zero mode numerically we automatically take the
fluctuation integral into account. Therefore, we cannot expect exact energy conservation.
On the other hand this is a good cross check for the quality of the one loop approximation.
For small coupling constant e? the numerical energy conservation has to be acceptable.

3.6.2 Perturbative Expansion

In order to renormalize the equation of motion and the energy density, we have to inves-
tigate the Coulomb mode function in more detail. The isoscalar Higgs field h and the
transversal gauge field component a | are gauge invariant from the outset. Therefore, their
mode functions are independent of the chosen gauge and of the taken formalism. They are
the same in the R¢-gauge, in the Hamiltonian approach, and of course also in the Coulomb
gauge, and so we can use the results found in section 3.5.4 for the perturbative expansion
of these fields. The equation for the Goldstone field has a different structure. Since we
are only interested in the one loop approximation, we have to choose R = 0 in (3.314).
Therefore, we have to investigate the following equation for the Goldstone field ¢

2d>

p+wihe+ =5 [0 — de] =0. (3.319)

First of all, we have to quantize the field ¢ and we have to introduce the mode represen-
tation. In order to quantize the field we have to find the conjugate momentum. We can
read it of from the Lagrangian (3.305):
k2 2¢¢
I, = ¢ —eapp = gp T (3.320)
a

a

The commutation relation for the field and its momentum is given by
[, I1,] = i0(Z — ') . (3.321)

By computation of the commutator for the field and its time derivative, we find that it is

multiplied by a factor
Lk
[, @]E =id(7—12') . (3.322)
a
Now we can expand the field in terms of the mode functions and the corresponding anni-

hilation and creation operators

dSk 1 ik Trrs —ik-Z
o= / —— (U, (1) + alU(8)e 7). (3.323)

2w
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In order to satisfy the commutator for ¢ and ¢, the commutator for a, and a,t differs from
its common form

. - oo 1
[ay, al] = 2i(2m)36% (k — K)o - (3.324)
The expectation value for the field is then given by
Bk U,
= . 3.325
wo)=| (27)?7 2wk? (3.:325)
The mode function satisfies the differential equation
. 262§Z.3 . .
Up +wiUs + = (60, — oU,) =0. (3.326)

a

The frequency in the expectation value has to be fixed by the determination of the Wron-
skian which belongs to the mode equation. Since the form of the differential equation is
not standard due to the first derivative of U,, the following transformation is efficient

U, =w,U, . (3.327)
The Uw—terms are cancelled and we find a new mode equation of the form

o 3e2h2 |2 207\
U, + (wé + ei + 65?) U,=0. (3.328)

a

Now we redefine the frequency w?, in order to find a suitable Wronskian. We choose

32'2k2 2407
~9 2 ‘¢ +€¢¢

Wex = Wen i 2 (3.329)
and get the mode function )
U, +04U,=0. (3.330)
The Wronskian then has the well known form
U,U;-U,U,=C. (3.331)
Since ,Uw behaves like e #<»! we can fix the constant to be C' = —2i@,)o. For the initial
time ¢ and the fluctuation integral vanish so that &2, simplifies to
~2 2, 2,2 2 2 N 5o 2
WeA0:k+6¢0+)‘(¢0_U)_wg ¢0(¢0_U)- (3.332)
a0

For high momenta, which are important for the UV-divergences, the last term is negligible.
We discuss this point in more detail within the renormalization. By introducing &3,, on
the left hand side of the mode equation, we find
= . B 3e2dh2k2 e2dhd ~
Uy + wz/\OULP = VU, — ¢ Uy — d)d)Uw -

2
Wa

2\
‘ RACRESE (3.333)

4
wy w
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with
Vr = (2 +X) (6" — 2) . (3.334)

As for the h- and a,-channel in (3.216) we choose the following ansatz

U,(t) = e =t [1 4 f,(8)] (3.335)

and we find for the new truncated mode function the differential equation

s o 3¢2 2k 2¢>¢> 2>\¢
fnp_zlwe/\Ofw:_lVe/\+ o + w? : (

a

¢2 — )] (1+f,) .  (3.336)
In the leading order we find

FO = 2idero £ = V() (3.337)

or the equivalent integral representation for the function itself and its derivative

t
1 .
m - _ /dtfi 2idexoAt _ 1 , 3.338
15 [ 55 (e )V(@r) (3.338)
t
o o= - /dt/ezmemmv(@,), (3.339)
0

with
301’k | o(t)o(t) | *Adg(gf — v?)
V(o) = Vealt :
B [ R 10 RS
Integration by parts allows us to extract the leading behavior of the truncated mode
functions. We find

(3.340)

Refl = Vo / dt’ cos(20er0 At) V(o) (3.341)
4 4we)\0 e)\O

mf = - / dt —2 2w6m + / dt’ o cos(2Wer0 AH) V() (3.342)

Reji) = V(0 /dt c0s(2er0 AV (6 (3.343)
¥ 4&}6)\0 0 We)\O ,

Imf() = _ V(g dt c0S(20eng ALYV (dy) - (3.344)
v 2<f‘)e/\O We/\O A0 !

Now we can start to analyze the divergences in the fluctuation integrals and perform the
renormalization.
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3.6.3 Renormalization

In order to get a well defined equation of motion and energy density, we have to extract
the divergences and introduce counter terms. As already mentioned, the isoscalar Higgs
field h and the transversal gauge field component a, fulfill the same mode equations as in
the gauge invariant approach. Also, the structure of the fluctuation integrals are the same.
Therefore, we can take the results from section 3.5.5.

Equation of Motion

The fluctuation integral for the transversal gauge mode is analyzed in detail in (3.250)-
(3.252). The results for the isoscalar Higgs field are given in (3.253)-(3.255). The Goldstone
channel looks slightly different from the gauge invariant approach, where we have worked
with the field itself and its canonical momentum. Since we started in this section from the
Lagrangian and not from the Hamiltonian we have only introduced the field. We have to
consider the following part of the fluctuation integral

2% + e2¢? ,

Fo = (A=)p(%) — e'd” < > EH——7—¢")

—2¢%( 4<,o<,o> (3.345)

By introducing the mode functions [7@, and rewriting the expectation values as momentum
integrals we find

d3k w? B 07,2
= — U 2 _ 4 2/ ©
" ) ¢/ 37 Wana ] @ Wbt
d’k 2k +€2¢2 etgre? - * N
" ¢/ 3 2k2Denowy l —5Uel” +wilUy " + €°6 (UWU@ + @Uw>
2 d3k 1 5. i 1 L[ it
¢/ 2m)% 2erows {26 POV + o (UWUW * U@Uw>]
A3k w2 . Bk 2k2+€2¢2 -
) . .34
e? d’/ 27)3 2k2Deno |U “+e ¢/ 3 2k20020 w2| <,0| (3.346)

d3k2 2 4R d3k222k4 v
¢¢/ SO [ (0,0, +0:0,) -

)3 2w8&Deno )3 2k2@erowi

The first and the second integral contain divergences while the rest of the expression is
convergent and can be treated numerically. We can rewrite the integral in the following

way
A3k 1 e2p? V.
Fp = ¢ / 3 ~ + 572 ? U~ 3/\
20Wero  2K%Weng 42y,

212
+62¢/(C2i7:;3 (wem _ e, T )

k2 2]472(4)6)\0 2k2we>\0
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+finite terms

62 2 V;
= ¢/ 3 ( + —f - ~2/\ )
27) 2we>\0 k 2wy

2
e ¢/ 27)3 2we,\0 ( + 2:;@ B 23‘20)
+F" (3.347)

with

]:;m _ 2¢/ d3k myy (myy — 1miy) d k Ve)\me/\0 B 2¢/ Bl mwom
2k2wW2WDexo 3 2k203,, 27)3 k2w2)@exo
3

A— 62)¢/(;i7£3 2;@)\0 le (2Ref + |f(£1)|2) I %a)]

+62¢/ d3k 1 {(2k2 +e ¢ ) [|f( | - @2 (2Ref(1) + |f(1)|2)] _ w2 }
(27)3 2k2W2Den0 ) eA0 o b Vex
o [

Bh 202+ k2 -
d3k 2 12 2 k4 .
o2 / e oW (U 0, + U0 ) (3.348)

2
(27)3 2w6£)e,\0| ol
)3 2k2wemw3

In order to regularize the divergent integrals we have to consider the frequency @.yo again.
First, we find a quadratic divergence of the form

/ Bk 1 _/ Bk 1 1 (3.349)
3 2Weno 27)3 2wexo \/1 _e2Adf (62 — v?) . .
eAOwaO 0

For vanishing momentum, the second term in the root simplifies to

2)\% (¢ ) k=0 Ay —v?)
" 295+ Ao —v?)

and for k£ > 0 it is obvious that the term is less than one. Therefore, we can expand the

root
/(d% ~1 :/(d% 1 l1+ EAgp (¢0—U)+O(w_8)]. (3.351)

27)3 2Weno 27)3 2wexo 2w w2

<1, (3.350)

2
e)\OwaO

The first term can be regularized in the usual way. The second term is already finite.
For the numerical calculations of the finite contributions it is simplest just to subtract the
divergence from the integral in the form

$Pr1s1 1 ,
/ 5 2 (@em - wew) — finite . (3.352)

104




CHAPTER 3. GAUGE THEORIES

In the same way we can treat the logarithmic divergences. Here we find

/(di# _ /(di ! [H%(%_U?Ho(w%] . (3.353)

271')3 2k2(:)e/\0 277)3 2k2we)\0 2(")3/\0(")(10

/(di 1 _ /(d3k 1 [1+ 3@2)\¢§ (¢3 —v2) —f—O(ws)] . (3.354)

2m)3 4‘:)3/\0 2m)3 4W§Ao 2“}50%0

After regularizing the divergent integrals, the fluctuation integral reads

2

Fo = (¢ = N6 La(me) + 5\ = )0l a(mer) — 20°013(men)
FANGS — S Amg+ AZ + FE 4 Fi (3.355)
with
AZ = 2e°C, (3.356)
Am, = —-mi(A—e*)0+ (® + )\)75:50 , (3.357)
AN, = —(e2=)\)C, (3.358)

Fo = 000 f (;l:;?’ K%lem ) B (JJ;U ) Weim)]
+eott) | (32153 l(za}em - 2w1m> (1 + 277;52@))
_Ve,zl(t)< 1 i )] | 5359

~3
Weao Weao

The mass parameter in the divergent part I 3(m,,) is in this case not a time dependent
mass but independent of time and initial condition, i.e. m2, = m2 + m¥%, = 2\v? + e%v?.
The finite corrections to the wave function, the mass and the coupling constant are the
same as in the gauge invariant approach as it should be. Also, the counter terms are
exactly the same. This is clear since the UV divergences are due to the first two orders
in the expansion of the one loop graphs. In the Hamiltonian approach, the problems in
the IR region are caused by higher loop terms but in the one loop order we have taken
the same parts in the Hamiltonian approach and in the Coulomb gauge. Therefore, the
UV divergences must be equivalent in both approaches. For completeness, we give the full
renormalized equation of motion with all fluctuation integrals

1 n n n r~fin
(14+AZ)¢p— §(m2 +AmM) G+ (A+ANG® + FI" + F' + Foh+ Fo'=0.  (3.360)

Energy Density

As in the equation of motion, the channel for the isoscalar Higgs field and for the transversal
gauge field component have completely the same structure in the energy density as in
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the gauge invariant approach since they are independent of the gauge fixing. Therefore,
also here we need only to investigate the Goldstone channel. We have to show that the
divergences of the energy are the same as those we have found in the equation of motion.
We have to consider the following part of the fluctuation energy

k? 1 ©?

Ep= <2w2¢>+§<%gp>_e2¢2<2 2>+e2¢¢< >. (3.361)

Now we have again to introduce the modified mode function U@. The energy density then
becomes
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As in the fluctuation integral in the equation of motion also here the two first integrals are
divergent. By inserting the expansion for the mode function we can extract the divergences
explictly. We find in detail

$E1
£, = —e¢? / 57T T (3.363)
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A3k 2k2+62¢2 L Lk ~
S T <U@UW+U§0U@> . (3.364)

+62¢q3/(

Now we have in addition to the quadratic and logarithmic divergences a quartic one. As
for the divergent integrals in the equation of motion we can expand the frequency @.yo in
order to get the standard form of the integral for the regularization. We find

/(d3k Wero :/(d3k Wero [1_ e\ (d)g—v2)+0(w_8)] . (3.365)

2m)3 2 2m)3 2 w2ow?y,

The first term which is quartically divergent has to be regularized and to be absorbed in
the cosmological constant. The second term is logarithmically divergent and, therefore, it
must cancel with another contribution in the energy fluctuation integral. The last term
in the second momentum integral in (3.363) has the same form with opposite sign. This
term arose by introducing @.yo for weyg. After expanding @,y in the denominator, the
divergent part has the right form to cancel the upper divergences and we only get a finite
contribution from the higher order expansion terms. Finally, the energy density for the
Goldstone part becomes

—i ()\ - 62)2 T _3(mey) + mj%l ()\ - 62) ¢’ 1 3(me»)

1 1 1 / n cfin
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with
mp,
A, = Do (3.367)
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The second divergence in (3.363) leads together with a contribution from the isoscalar
Higgs field to the cosmological constant

4
A = %1,3(mh) . (3.370)

The results for the divergences of the energy density are in agreement with the counter
terms we have found for the equation of motion as well as the finite terms. The finite
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contribution to the cosmological constant is the same as in the gauge invariant approach,
only the part which depends on the initial condition A}, looks slightly different. This is due
to the changing in the perturbative expansion and the different structure of the frequencies
in the quartic divergence. Since the mode functions are not the same this is no surprise.

3.7 Comparison of the Different Approaches

At this point we can summarize the comparison of the different gauges and approaches.
In the R¢-gauges we have found, by a suitable transformation of the mode function, the
Coulomb mode (3.142). Tt is exactly the same as we have found in the Coulomb gauge after
eliminating the field ay and by neglecting all terms higher than one loop order (3.319). In
the gauge invariant approach the Goldstone channel was described by a combination of
two first order differential equations for the field itself (3.210) and its canonical momentum
(3.211). Now we show that this approach also leads in the one loop order to the same
equations as in the Coulomb gauge. If we differentiate (3.210) with respect to ¢ and use
the classical equation of motion d) = II, we find a second order differential equation of the

form
262¢¢ w? .

U, + — (¢2 +66) U, + ¢¢U 5 Us, = 75Uz, =0. (3.371)
With the relations for U, and Uw
Ue, = U 2¢¢U 3.372
T wa wg @ ( . )
2 442 12 2
- ¢¢ €9 ¢ e
Ur, = 2 Up + 55 Up = woUp = 156°Us (3.373)
and again with the classical equation of motion now in the form ¢ = —\g(¢? — v2), it is
straightforward to show
MU, =0, (3.374)

where M., is given by (3.142). By inserting the classical equation of motion without
the fluctuation part, we suppress the higher loop terms and therefore get rid of the IR
problem. Therefore, we have shown that if the classical equation of motion is fulfilled, the
Goldstone mode in the R¢-gauge, in the Coulomb gauge, and in the Hamiltonian approach
has the same fluctuation operator. We also want to compare the equation of motion for the
zero mode ¢ in the Coulomb gauge and in the Hamiltonian approach. In order to shorten
the notation and make a comparison easier we also write here the fluctuation integrals
as expectation values and do not worry about the normalization. By taking the time
derivative of the zero mode equation (3.201), we find:

. . . 2 . - m
é =11+ Ile (i ) + 2e 2H<if> e%(%) — 2 <%> + <%> . (3.375)
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Now we insert the differential equation for the conjugate momentum II (3.202). Since
we are only interested in the one loop order we can use the classical equation of motion
¢ = II without fluctuations and neglect terms of higher orders arising from the product of
fluctuation integrals. Then the linearized field equation reads as a second order differential
equation

B=-U'0) = 62 + I + M)+ 33)

L PP P :
A + 2620 20) — 0[S+ (o )] (2370
By using (3.372) and (3.373) for the conjugate momentum of the fluctuation field ¢, we
get the same result as in (3.316) if we choose R(t) = 0.

3.8 Numerics

In order to investigate the influence of the gauge field sector on the zero mode in a system
out of equilibrium, we have carried out some numerical examples. We are interested in
two different aspects: first we investigate the influence of the different gauges. Therefore,
we choose £ = 1 in the R¢-gauge which leads to the 't Hooft-Feynman background gauge
and we compare the results with those we find in the Coulomb gauge. Secondly, we
investigate the effect of the ¢-mode in the Coulomb gauge and the effect of the agp-
channel in the 't Hooft-Feynman gauge. For this purpose we consider also the case where
only the transversal gauge components and the isoscalar Higgs field act on the zero mode.
For the 't Hooft-Feynman gauge we summarize the results for the equation of motion, the
mode functions, and the energy density which we have published in [38]. For more details,
especially in view of the renormalization, the reader is referred to our paper.

3.8.1 The 't Hooft-Feynman Gauge

Starting point for our considerations is the Lagrangian (3.31), (3.32) with the choice £ = 1.
We can derive the equation of motion for the zero mode as

B —v?) + BAG() + Sg0(ad)

2
3 (A " %) 86%) — S00(ad) — Sodlanp) =0 (3377
In this notation we have not taken care of the normalization and the renormalization or
the different solutions for the mode functions of the coupled channel. We only want to
give an overview of the equations and the connections of the fields and do not go into
technical details. As already mentioned, the mode functions for the isoscalar Higgs field
and the transversal gauge field are the same as in the Coulomb gauge (3.208), (3.209). For
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the coupled sector agyp, they are given by the fluctuation operator (3.125). Obviously, the
structure of the operator simplifies for £ = 1. The longitudinal gauge component decouples
from the system, and we have to consider only a 2 x 2 system of the form

{ _8;;5(;%) o; %g(t) } { ?5((5)) } =0 (3.378)

The operator has two interesting features which distinguishes it from the single modes.
The indefinite metric of the time component of the gauge field, and the time derivative of
the zero mode in the off diagonal elements which connect the two fields. We find analogous
properties in the Coulomb gauge; the fluctuation part for aq contributes with a negative
sign to the fluctuation integral (3.310), and we find time derivatives of the zero mode in
the equation of motion for the zero mode (3.316) as well as in the mode function for ¢
(3.319).

In the Feynman gauge, the mode functions for the transversal gauge field, for the
longitudinal gauge field, and for the ghost fields are the same. Two of the three gauge
components are cancelled by the ghost fields and only one degree of freedom is left in
contrast to the Coulomb gauge where we have two transverse gauge components. The factor
three in front of the fluctuation integrals for a,, ay and ¢ reflects the degeneracy factor
which is due to the non-Abelian structure of the model. The energy density can be derived
by integration of the equation of motion for the zero mode or from the corresponding
Hamiltonian of the system. It reads (see also [38])

£ = %q? + % G v2)2 + % [(h?) + (wih?)]
b2 (@) + wiad)]
+ D[+ i)
- ;[mg) + (wlag)] . (3.379)

This expression looks very similar to the Coulomb energy (3.317) despite the fact that ay
is dynamical and contributes with a derivate part. Again the degeneracy factors appear.

3.8.2 Results

For our numerical calculations, we have chosen four different sets of parameters listed in
Table 3.1. The initial value for the zero mode ¢ and the Higgs mass my, are the same for
all sets. They are chosen in such a way that the zero mode evolves in the right minimum
of the potential. With this choice of initial conditions, the zero mode can not evolve
into the complex part of the effective potential. In this region, the instabilities increase
dramatically and the one loop approximation breaks down as explained for the ¢* theory
in subsection 2.5.2.
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In order to give an impression of the potential we have plotted in Fig. 3.1 for the
Coulomb gauge and Fig. 3.2 for the Feynman gauge the potential energy versus the zero
mode as the shape of the figures (solid lines) and also the zero mode part of the energy
versus ¢ (dashed lines). The field begins to roll down the potential but the energy is not
high enough for the field to reach the maximum at zero. Therefore, it starts to oscillate in
the minimum. The prediction of these two plots in the context of non-equilibrium dynamics
is not clear. The shape of the potential is more or less equivalent to the effective potential
because we have taken the finite terms concerning from the renormalization into account,
but the effective potential is an equilibrium quantity, because the expectation value of the
scalar field, that serves as order parameter, is space time independent. Nevertheless, they
are instructive to get an idea of the potential by which the zero mode is influenced.

For our numerical considerations we have only varied the coupling constants A and e
(or g) and therefore the masses of the different fields. We have also given the initial masses
of the three different fields in Table 3.1.

For the first parameter set, we have chosen the same coupling constant for the Higgs
field and the gauge field. The initial masses for the fields are all small but not zero. Since
we have taken the initial value for the zero mode to be small, the effect of the quantum
fluctuations is negligible. The behavior of the zero mode is the same in the Coulomb
gauge, in the 't Hooft-Feynman gauge, and for the a h-system. We have displayed it in
Fig. 3.3-Fig.3.5.

The situation changes drastically, if we choose a smaller gauge coupling and therefore
a nearly vanishing Goldstone mass. We have plotted the zero mode in Fig. 3.6 for the
Coulomb gauge and in Fig. 3.7 for the 't Hooft-Feynman gauge. The field is strongly
damped and settles down to the minimum. Since this effect does not occur for the pure
ay h-system, it is obvious that it is induced by the Goldstone sector. The effect is stronger
in the non-Abelian model which is caused by the additional factors three in front of the
fluctuation integrals. In Figs. 3.9 and 3.10 we have displayed the fluctuation integrals
for the different components for both gauges. The Goldstone fluctuation is obviously the
dominant one.

In the third parameter set we have chosen a nearly vanishing mass for the isoscalar
Higgs-field component. The field is damped also in this case for all three systems Fig. 3.11—
Fig. 3.13, but not as strong as for the second parameter set. In the last case we have
considered vanishing initial masses for all fields. The results are very similar to those
found for the third parameter set, the field is damped but it oscillates forever as shown in
Fig. 3.14-Fig. 3.16.

In order to check our numerics we have plotted the energy density for the Coulomb
gauge in Fig. 3.17, 3.19 and the 't Hooft Feynman gauge in Fig. 3.18, 3.20 for the first and
the second parameter set. The upper line displays the fluctuation energy which increases
and the lower line the zero mode part of the energy which decreases. The solid line shows
the total energy. For convenience we have added in all cases a constant to the zero mode
part of the energy. Otherwise the curves are only straight lines due to their distance.
For the first parameter set, the energy conservation is excellent in both cases. Since the
energy transfer is negligible this result is to be expected. We have also chosen the second
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A €= % m,% Po mgo m1210 mon
Parameter set 1 1 1 0.5 | 0.51 0.26 0.53 0.27
Parameter set 2 | 1 0.1 051051126107 0.78 0.01

Parameter set 3 | 0.33 | 1.3 | 0.5 0.51 0.44 7.5-1073 0.28
Parameter set 4 | 0.33 | 0.8 | 0.5 0.51 0.17 7.5-107% | 2.3-1073

Table 3.1: Parameter sets for the gauge theories

parameter set because the behavior of the field is in this case more extraordinary than
in the others. For the Coulomb gauge the total energy oscillates at the beginning a little
bit. We have already explained in section 3.6.1 that we do not have to expect a perfect
result because we cannot insert the classical equation of motion numerically, which we have
done when we have shown energy conservation by taking the time derivative of the energy
density.

Summarizing the results, we have found that the damping effect is strongest for a nearly
massless Goldstone field and a massive isoscalar Higgs field. In this case the isoscalar Higgs
field has the possibility to decay into the other fields. We have found an analogous behavior
in the ¢* theory in the large N limit. There, the damping of zero mode was due to the
massless Goldstone bosons. In gauge theories a special feature of the Goldstone mode is the
occurrence of the time derivative of the zero mode. We find such a time derivative as well
in the vertex which couples the Goldstone mode to the other fields as in the mode function
itself in both gauges. We found a similar phenomenon in the ¢* theory with fermionic
fluctuations [35]. There, we noticed a catalyzing effect of the fermions to a scalar field.
The fermionic field alone has not influenced the zero mode very much and also the scalar
field alone has not shown a remarkable effect. But the two fields together have damped the
zero mode enormously. In this model, we have chosen a massless fermion and the mode
function of the fermion contains a derivative term of the zero mode.

We have also found that the behavior for the different gauges is qualitatively the same
and that the Goldstone channel plays an important role.
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Figure 3.1: Potential versus ¢ in the Coulomb gauge for parameter set 2
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Figure 3.2: Potential versus ¢ in the 't Hooft-Feynman gauge for parameter set 2
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Figure 3.3: Zero mode versus t in the Coulomb gauge for parameter set 1
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Figure 3.4: Zero mode versus ¢ in the 't Hooft-Feynman gauge for parameter set 1
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Figure 3.5: Zero mode versus ¢ under influence of the h and a, for parameter set 1
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Figure 3.6: Zero mode versus ¢ in the Coulomb gauge for parameter set 2
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Figure 3.7: Zero mode versus ¢ in the 't Hooft-Feynman gauge for parameter set 2
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Figure 3.8: Zero mode versus ¢ under influence of the h and a,; for parameter set 2
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Figure 3.10: Same as in Fig. 3.9 in the 't Hooft-Feynman gauge
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Figure 3.11: Zero mode versus ¢ in the Coulomb gauge for parameter set 3
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Figure 3.12: Zero mode versus ¢ in the 't Hooft-Feynman gauge for parameter set 3
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Figure 3.13: Zero mode versus ¢ under influence of the h and a, for parameter set 3
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Figure 3.14: Zero mode versus ¢ in the Coulomb gauge for parameter set 4
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Figure 3.15: Zero mode versus ¢ in the 't Hooft-Feynman gauge for parameter set 4
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Figure 3.16: Zero mode versus ¢ under influence of the h and a, for parameter set 4
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Figure 3.19: Mode energies and their sum versus ¢ in the Coulomb gauge for parameter
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Chapter 4

Conclusion and Outlook

In this work we have studied the non-equilibrium dynamics of different models with dif-
ferent approximation schemes under various aspects. Thereto, we have used a scheme for
the renormalization which we have developed in [33] for a system out of equilibrium. It
is based on a perturbative expansion of the mode functions and allows a clean separation
between divergent and finite parts. The advantages of this approach are manifold. Since
we have extract explicit expressions for the divergent parts we were able to regularize them
with different regularization schemes, such as dimensional or Pauli-Villars regularization.
The identification of the divergences with the common Feynman graphs was possible and
therefore, we have found the standard counter terms for the renormalization. This was
cross check for our analytical considerations. The finite parts were treated numerically. As
we have shown this scheme works for different approximations and models.

Our investigations have started with the analysis of the ¢* theory with spontaneous
symmetry breaking. We have studied a large N model at finite temperature and car-
ried out the renormalization. After formulating finite and well defined equations we have
implemented them numerically. By investigation of the evolution of the system we find,
depending on the initial conditions, final states with restored O(N) symmetry and final
states for which the symmetry is spontaneously broken. The resulting phase diagrams re-
semble typical phase diagrams of thermodynamical systems with the temperature and an
external parameter, the initial value ¢g, as parameters. We have generalized two empirical
formulae found by Boyanovsky et al. [29] to finite temperature, which relate the initial and
asymptotic value of the field and the time dependent mass squared. We have also shown
some numerical examples for the unbroken theory and investigated the behavior of various
physical quantities like the particle number and the pressure which are important in con-
nection with inflationary cosmology. The particle number leads for example to predictions
concerning the reheating temperature and the computation of the pressure is necessary if
we want to analyse a model in expanding space time. Furthermore, we studied the one
loop approximation in order to compare the results with the large N approximation. For
very low initial values of the zero mode which lead to a development in the minimum of
the effective potential we have found an analogous behavior of the field as in the case of
unbroken symmetry but for initial values lower than the maximum of the potential with the
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possibility to reach the unstable region of the potential the approximation breaks down,
because the mode functions grow exponentially. This is due to the lack of quantum back
reaction onto the fluctuations. The fact that we have found such a behavior may, however,
indicate the correct physics and is not necessarily a consequence of an inadequate approx-
imation. It is known that the system is indeed unstable for spatially constant static fields,
it is an instability with respect to the formation of domains [46]. For space dependent fields
like minimal bubble configurations the one loop approximation for the effective action does
not show any unplausible features [91, 93, 100], though the effective potential is complex
in the unstable region. Hence, it is not clear if the large N approximation necessarily
improves the understanding of the physics.

In the second part we have extensively studied gauge theories out of equilibrium. Here,
the aim of the work was twofold. We have investigated different aspects of gauge invariance
and furthermore, studied the behavior of gauge systems out of equilibrium numerically. We
started our considerations with an analysis of the R¢-gauges. As a first example we have
examined a time independent problem, the bubble nucleation. We have found a way to
transform the fluctuation operator in a triangular form whereas two diagonal elements were
the same as the Faddeev Popov fluctuation operator and one was £-independent, which led
to a gauge parameter independent effective action. The final conclusion of our consideration
was that the exact one loop correction to the nucleation rate is gauge independent. This
goes beyond the results of Weinberg and Metaxas [83], where a similar statement was
derived for the leading orders in the gauge coupling, using the gradient expansion. In the
non-equilibrium case we have also shown that with an equivalent analysis for the mode
functions as for the bubble nucleation it is possible to construct a fluctuation operator
in a triangular form. Two of the diagonal elements are cancelled by the Faddeev-Popov
ghosts and the third one is independent of £&. We found that this mode is equivalent to
the Goldstone mode in the Coulomb gauge. Furthermore, we have examined the structure
of the divergences in the R¢-gauge by computing the leading Feynman diagrams with the
CTP-formalism. The gauge dependence of the counter terms we have found vanishes if the
classical equation of motion is fulfilled.

Another approach we have studied is a gauge invariant formulation of the Abelian
Higgs model developed by Boyanovsky et al. [37]. We have extended their calculation
to a complete set of equations, which describes the evolution of the zero mode under the
influence of gauge and Higgs fluctuations. We have performed the renormalization and
found some problems induced by the inclusion of terms higher than one loop order. Since
these terms were included in an uncontrollable manner, we have computed a linearized
form of the equations. They are equivalent to the Coulomb gauge fixed theory in the
one loop approximation. In order to implement these equations numerically, we have also
renormalized the Coulomb gauge fixed theory.

The numerical simulations have shown that the behavior of the zero mode in the
Coulomb gauge is similar to the 't Hooft-Feynman gauge as a special case of the I,-
gauges. We have found that the Goldstone channel for small Goldstone masses led to an
efficient damping of the zero mode. This effect is due to the possibility that the Higgs field
can decay into the Goldstone field. As in the one loop approximation in the ¢* theory, the
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evolution of the zero mode in the unstable region was impossible.

We have analyzed different technical issues of quantum field theories out of equilibrium.
It is certainly very important to develop new approaches to the evolution of quantum
systems for theories with spontaneously broken symmetry. There are indications in a large
N quantum mechanical system [112] that the large N limit may be misleading, as the next
to leading corrections become large especially at late times. It is not clear, what the impact
of these results on quantum field theory will be. Therefore, it is necessary to develop new
methods and approximation schemes going beyond mean field methods. This would also
lead to a possibility to include the effects of the rescattering of the produced particles.

Beside these technical considerations, the implementation of our results for the gauge
fields in a cosmological context would be very interesting. Together with our studies
on fermionic systems out of equilibrium we now have built the foundation to examine
more realistic models to describe the physics of the early universe. The recent success in
detecting neutrino masses has revived the idea of grand unification. An implementation of
our method in Grand Unified Theories could lead to new and interesting results. Also the
implementation of Friedman-Robertson-Walker cosmology in the model we have considered
is interesting in order to get a more suitable model for describing the inflationary scenario.

Furthermore, supersymmetric models are expected to play a fundamental role at the
early stages of the evolution of the universe. The special form of the potential which is
important for inflation can be described very well by supersymmetric models. Further
studies on these models are important for a better understanding of cosmology.
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Appendix A

Some Thermal Integrals

In this Appendix we give some explicit expressions for the thermal integrals as we have
used them in the numerical computations. In deriving these relations we have relied on
the integral tables of Prudnikov, Brychkov and Marichev [113].
The finite temperature part of the tadpole graph, which constitutes a correction to the
mass, is given by the integral
d*k 1
Efl(mo,T) = /(27‘_)3 wko(ef’“’ko _ 1)

_ Mo 53 7‘2+—§§ !
22 = | " s 4515 + 1)!
where T, stands for nmg/T. For large values of 7y, (this means for small T) the integrand

is dominated by momenta of order k¥ ~ T'. Therefore, we can expand wyy with respect to
powers of m/k and the integral is then well approximated by

(A.1)

21n T;’ — Y+ 1) = +2)] (%)J} :

m:2 & 7 _3 3 15 105
Y TY~ 0 A —Tam an{l 1 g2, 3 n 4}
(A.2)
For T > my we find directly from (A.1) the well-known approximation
1 T?
N T)~ —(2)T* = — . A.
l(mO; ) 27r2 ( ) 12 ( 3)

It yields the hard thermal loop corrections to the mass.
The finite temperature part of the fish graph, which can be considered as a finite
correction to the coupling constant, is given by
k1 1
ol J”:/
3(mo, T) (2m)3 2w}, eBwro — 1

- S | [ -5 (B)

n=135=0

(A.4)
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For small T or large 7,,, we find the approximation

21 11
> e (1= B - e

di_ T

C4r?

42735
s +0(Tn4)}. (A.5)

For large temperatures this integral behaves linear in 7', more precisely

1T

E_g(mg,T) ~ 87Tm .

(A.6)

The finite temperature part associated with the quartic divergence in the energy is given
by the Planck formula

dSk WEko
El(mUaT) = /(271’) eﬁwko -1
0 Trm
N 27r2 Z {GT”’” ( 12 >
1 27 +1 <21 T
16 = j1(3); 2

—B+) — () +

2j2+1>}'

As an approximation for large 7, or small T" we find

m 27 705 2625

For large temperatures one obtains

2

™
Y1 (mg, T) ~ %T‘L : (A.9)
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Appendix B

Mode Functions in the Gauge
Invariant Approach

In this appendix we summarize the leading behavior of the mode functions in the gauge
invariant approach. The truncated mode function for the field ¢ is given by (3.239):

t
i _ iwpok?
fo= [t 5= (st =) [Mu(1+f¢>+ T Mo(l+fr)| - (B)
5 50 a0

As for the single channels we expand this function in orders of the potential

fo= O 4 2 (B.2)

B.1 The First Order

We find in the first order of the potential

. ) . k2w
fél) - 2pr0f<£1) = M11 + w2 P0 M12 s (B?))

a0

or the equivalent integral equation
Fo iwpoh?
; 0

i = —/dt’ e (| <M + —5—M ) : B.4
: 0 2wpo ( ) H W?zo = ( )

In order to find the leading behavior of fg) we have to insert the matrix elements M;; and
M. After integration by parts we get

t . 2
I = = far S (6P - )+ 20t 06+ ST
0 2wp0 k

2
Wao

{(A + )& — 67) + 2ie” 560 + Z—ZL}

T4 2
4wp0 a0
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t
1 . . . . e2
+/dt’ e {2¢¢(A +e?) + 2ie2 22 (42 4 ) + 221} ,  (B.5)
/ 4wy Wio k
with o
Ii = A (¢* — v*) = Ay (¢ — v°) + 1I° — TIg — 11 . (B.6)
For the analysis of the equation of motion we need the real part of fg). We can write it
in the following way

Vo

=5 2 2
2way  dwpp

Re fg)

(A +€*)(¢” = dp) + K (w) (B.7)

with
o2

4 2Ok2

Kiw) = ————=T + /dt 5 €08 (2wpo At) {2()\ +e2) oo + Z—ZZ}

pO

2

- / dt' —S— sin(2w,0 L) (% + 6) . (B.8)
WpoWao
For the imaginary part we find

Irnfg) =

+e) (0" — ¢g) + Ky(w) (B.9)

with
L 2 2

Kl(w) = —/dt’ A

2wpok? 2wpow?y

t

1
dt’
* / 402

0 PO

. . 62 .
sin(2wyoAt) {2()\ +e?)po + ﬁzl}
62 . .
+ /dt' ——— cos(2wyAt) (¢* + ¢9) . (B.10)
WpoWao
In the same way we can handle the function fr . The function is given by (3.240)

2

t .
fro == [0 g (@03 1) | a4 ) 4 M4 1] - B

w p0k2

The differential equation for fr, in the first order of the potential is then given by

2
F) _ 9 “a N4 M B.12
fﬂ'xp pr[]fﬂ' k2wp0 21 + Ma2 ( )
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or the equivalent integral equation

t .
IO /dt' v (emwpom _ 1) Wiy My + Mo | (B.13)
@ ) 2wp0

iwpok?

After integration by parts we get

t . 2 2
n ;b
f?r}a - O/dt 2wp0 {()\ + 62)(¢ ¢0) + 2Z ()\QZSQZS + HH) + kZIQ}

2 2
_4%30 {()\+e )@ — P2) + 2i 0k2 <A¢>¢>+ ) + kQIQ}

+/tdt/ LGZiwpoAt {21 2 [ (¢2 4 ¢¢) (H2 + HH)]
) 4wy

+20(\ + €%) + kQIQ} , (B.14)
with o
= AQ*(¢” — v°) = Mg (f — v°) + T + T + I . (B.15)
The separation into real and imaginary part leads to
Ve 1 2\ ( 42 2 R
Ref 2 o 2 ()\ te )(¢ - ¢O) + ’C7r ((.U) ) (B16)
T 2w 4wy
with
R e’ e? - :
CEW) =~ k212 + / it —— <A¢¢¢0 + 10T+ HHqsO)
0 pO

. 2 .
l 4w2 (2wpoAt) {2()‘ + ) + %12}

—/dt 0k2 sin(2wyoAt) l (¢ + ¢¢) + (H2 +HH)] . (B.A7)

For the imaginary part we find

t
1
I/ = — [d' s——(A+e2)(6* — 63) + Ki(w) (B.18)
¢ 5 2wp0
with
, 2 t o2
_ % 7
Kn(w) "% 30k2 (W‘H ) / dt 2unok? 2
0
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+/dt

—|—/dt 2w Sk 5 cos(2wpAt) [ (6% + ) + (l_[2 + HH)] . (B.19)

. 62 .
sm (2wpoAt) {2()\ + 2o + ng}

B.2 The Second Order

In the equatlon of motion as well as in the energy we have contributions of the form

f f f (% In the single channels the leading order of the two terms is cancelled
as we have seen in the Feynman gauge theory [38]. For the Goldstone mode we have to
check this cancellation. As we will see we are still left with contributions of O(w™*). In the
equation of motion they are finite but in the energy they lead to logarithmic divergences.
In order to find the real part of ff) we have to investigate the following integral

a0

t ! i twpo At . oW .
= O/dtﬁpo[e? . —1]{[(A+62>(¢ ¢0>+ L f$>+2ze2w—§°¢¢f,$2}.

(B.20)
We are only interested in ff) up to O(w™*) because these terms contributes to the diver-
gences. Therefore, we need fél) only up to O(w™*) and f7(r1,) up to O(w™3):

—e2 .
= A w;,j 2

4w
l (A +e”)(¢* — ¢p) + Ill +0w™), (B.21)
R OA(szs ) + Lo (¢ = N
e -+ Snlvow. @)

We have given f) also up to O(w™) because we need it for the computation of f{
We have used the connection between the frequencies w), = w2, + O(w°) to simplify the

expression for fél). Since we are only interested in the leading behavior we can identify
the two frequencies. By inserting (B.21) and (B.22) into (B.20) we find

Ref® = / v / ar O [0 - ) [ - o)
/ at / dt" 42 ::1; {[0(") = 3] Tu(t) + [9°(F) — &) T ("))
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+/dt

() [*(t) — 3]

(') [¢°(¢) — 67 (B.23)

8wy
+ 0/ dt’ 0/ dt" ”;50) [62(t') — 67| [6*(t") — 67 cos(2wpAt)
_/dtl /dt” 62(;\(;‘06 ) [¢2( //) ¢0:| ¢( )¢( )sm(?wpgAt) + O( ) .

For Re f,ﬁi) we have to investigate

t .
1o = / dtlﬁo [Piomat 1] {2z‘wio¢q5f$’+ [()\+e )(6° — 6) + = o 2] ffr})} . (B.24)
0 b P

With (B.21) and (B.22) we find

t t oo
Ref}ri) = —O/dt' O/dt” ()‘;;50) [¢2(t/) _ QZ%] [¢2(t//) B ¢3]

—far [ AL (g2 - 3] 2ule) + [02(0) - o] Ta(en)

) / 4wy k?
+ [ 2o o) - o (B.25
- Jar XA swnie o) - o
t )\2 ,
_ / dt’ St [¢( ') = ¢2] sin(2wpAt)
+ / dt’ / dt" (A;;“’OZ)Z [02(¢') — 8] [6(") — 63] cos(2wpnAt)
- / dt’ / dt”)\(;;: ) [62(8") — 2] S(F)(t") sin(2wport) + O(w™) .
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There are many cancellations in the between (B.25) and (B.23). But taking f}l)fjgl)* into
account the expression becomes even more simpler. In particular we find

/dt /dt" OE ) [g2w) - 03] [ - o3

—|—/dt /dt” )\—f—e [¢2(t/)_¢g] Il(t”)

ST [¢>() %)
+644;40A 6000 [t [(0) - 6] + 01w (B.26)

and

t
FOF = / dt' / ar O [0(t) — 5] [6°(") — 6]

+()\IGT) [¢2( ) — ¢3]
_64;;;? o) [dt' [6°() - 53] + OW™). (B.27)

0

Therefore, the relevant term in the energy becomes rather simple

(X +¢e2)?

2RefP) + f FF 4 2Re f2) 4 fLD i = i
p0

2
(0= @3) +OWw™) .  (B28)
The leading behavior in w cancels, therefore we have no problems in the equation of motion.
But for the energy the term is relevant. It leads to a logarithmic divergence. This is a
new feature in comparison to the Feynman gauge fixed theory. There, we haven’t take into
account terms from this sum, they were already finite.
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Appendix C

Dimensional Regularization

In this appendix we give a short overview of the dimensional regularization of the divergent
integrals. All these integrals are of the following form [113]

/dx Nz +y) (@ +2) =2y PBla,p+ A - a)Fy <a, Ap+ AT - %) , (C1)
0

with
['(a)T(b) I'(e) & T(a+n)L(b+n)m?

B = ——"—" F = —. 2
@) =Farp Obem = oG 2T Tern  w (©2)

We also need the following expansion formulas for the I' function

-1)" 11
I'(—n+e€) = ( n,) [E +¢Y(n+1)+ O(e)] ,

L _ L 20 ey (C.3)

L(n+e) I'(n) T(n)

We show the proceedings for the regularization explicitly for one integral. The calculations
for the others are analogous and we will only give the results for them. A typical integral

we have found is
/ d3k 1 _/ 3k 1 (C.4)
(27(')3 4u)p0k2 N (27T)3 4wa0w@0k ’ ‘

where we have used the relation wpk = wyoweo between the frequencies in order to get the
same structure for the integral as in (C.1). By shifting the dimension of the integral from
3 — 3 — € and substituting k> = x, we get

/ 3k 1 1 1

- [dvat@+m2) H@+mig) . (CH)
(27m)3 dwaowpok  4(4m)B-O2T(2 - £) J 0 wo

£
2
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APPENDIX C. DIMENSIONAL REGULARIZATION

Now we can use the integral formula (C.1), expand the [-functions, and we are left with a
finite sum over n and the typical 1/e-pole for dimensional regularization:

1 Myo [ 4m 2 1 B<1—E> (1 6111_m20
A(4m)3 2 mywe \m2y) T(E—5) 2) ! 2°2"7 myo
_ 1 Myo ( 4m ? 1 F(f)if( — £+ n)(5+n) - Mmoo \"
Aym(@m)3 2 mwo \m2y) TE-%) \2/) 72 L'(1+n)n! mévo

_ 1 m“"’(4”)5[2—%%(1—7—21112)]iw(p?‘%@)”

3/2 2
27 (47)3/2 myyg mee € — méyo

2 4 pi? 2 7
= - +1 In—+—-(1—v—2In2
167‘(’2<6+n 7>+167T2lnmg200+4( 7 n)]
= I3(mp) +C, (C.6)
with
1 mi
C = 1672 lnm—io 5 (C?)
v = 0.57721--- . (C.8)

We neglect the finite contribution 7=(1—~—21In2). In the same way we find for the other
divergent integrals

/dgk L /(d% L +C, (C.9)

(2m)3 4wl 2m)3 dw2ywpo

$re1 )
/(27r)3 %o = (o + miyo) La(mi) — (mGy + i) <C+ 167r2>  (C10)
Pk wly 1 A )
/(27r)3 Qo 4 [ 4t = (i + m3)?] Ta(mn)
3
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