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=:>?= @ �:A��CBEDGFIH'J;A >$>K>$>K>K>$>K>G>$>K>$>K>K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> L

=:>?=:>?= MON AQP �SRTH �UB ��� ��V2DXWYH¢�QZ:P � @ �:A��CBEDGFIH'J;A >$>K>K>$>K>$>K>K>$>K>G> L
=:>?=:> ¤ [\D]D]P�^_P �UH �QB���� �`P]DXW3H¢�aB_A�� >K>K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> b
=:>?=:>dc e �fB��CH¢�fJCAQg�P]D ���QHhH¢�&� �QH¢�YBiH!�UB��¢�,j3P]^ �YA >G>$>K>K>$>K>$>K>K>$>K>G> ='k

=:> ¤ [lAv�����:gYW.J;AQB_D]H�^ e W&�¢���¢�YA >K>G>$>K>$>K>K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> = ¦
=:> ¤ >?= [\D �UB?R:P�mKHT^iH�D �UB_Dln[�YD�^_P�B >$>K>K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> =�b
=:> ¤ > ¤ mKH¢� �CHoFIH'Jqp��&�QAv�UA >$>K>$>K>K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> ¤ c
=:> ¤ >dc mKH�^_H�D �QB_DrA����&�fD]P]A >K>G>$>K>$>K>K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> c:s

=:>dc [lAv�����:gYW.J;AQB_D]H�^��YP �+���QB �&�:A >G>$>K>$>K>K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> k:k
=:>dca>?= nIP �+���QB �&�tg&���%�&�YD �UB ���qAQD]P �3H¢�fB�� >K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> kuL
=:>dca> ¤ nIP �+���QB �&�:A\V ���¢�v[wmGn >K>$>K>K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> k ¦
=:>dca>dc nIP �+���QB �&�:A\V ���¢�xmGFIpyA >$>K>K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> L ¥
=:>dca>zk mKH�^_H�D �QB_DD�aP �o���QB��o�`A����&�fD]P]A >K>K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> L�c
=:>dca>{L @ �:A�� �:Z:P �YB_D.�YP �o���fB��&��A >$>K>K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> L�c
=:>dca>d| } B_Z�W~P �YP �fZ�JJ�YP �o���fB��&�e�YP �UP�D �UB ��� �CP �UW&�%�YA >K>$>K>$>K>K>$>K>G> LTk
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¤ >?= [\D �QBER�P�mGH�^_H�D �QB_DOna�YD]^EP]B >K>G>$>K>$>K>K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> |:|

¤ >?=:>?= FIH¢�aB���D]^_H�AQAfP]A >$>K>G>$>K>$>K>K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> |:|
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¤ >E=:> ¤ ��� �UH'J*[wmGn >K>K>$>K>G>$>K>$>K>K>$>K>$>K>K>K>K>K>$>K>$>K>K>$>K> | ¦
¤ >E=:>dc [wmGn H!� A���V
�

γ
� �UH'J*P �aP �QZ�B_P]A >$>K>$>K>K>$>K>G>$>K>$>K>K>$>K>$>K> | ¦

¤ >E=:>zk [wmGn H!�
>
� P�� P �YP �QZ:BEP]A >K>$>K>$>K>K>$>K>G>$>K>$>K>K>$>K>$>K> |:b

¤ >E=:>{L [wmGn H!�ImGP���P �YP �fZ:B_P�A >$>K>$>K>K>$>K>$>K>K>K>K>K>$>K>$>K>K>$>K> |:b
¤ >E=:>d| [wmGn H!����P�� P �aP �QZ�B_P]A >$>K>$>K>K>$>K>$>K>K>K>K>K>$>K>$>K>K>$>K> |:b

¤ > ¤ ���XH¢� N �&�QAv�wZ.H�^iH
	aBEP]A >$>K>K>$>K>G>$>K>$>K>K>$>K>$>K>K>K>K>K>$>K>$>K>K>$>K> ¦¢¥
¤ >dc mGH¢� �hH�FIH'Jqp_�o�QA��QA >K>K>$>K>G>$>K>$>K>K>$>K>$>K>K>K>K>K>$>K>$>K>K>$>K> ¦¢¥

¤ >{ca>?= �\WYP$py[�����
 D]H �XHT^��:Z >$>K>$>K>K>$>K>$>K>K>K>K>K>$>K>$>K>K>$>K> ¦ =
¤ >{ca> ¤ �\WYP��[�����YA D]H �XH�^ �:Zj��V�AQW&�¢��� N �&�fA��UA >$>K>K>K>K>K>$>K>$>K>K>$>K> ¦ =
¤ >{ca>dc �\WYP���� BEV
� D]H �XHT^��:Z >K>G>$>K>$>K>K>$>K>$>K>K>K>K>K>$>K>$>K>K>$>K> ¦ =
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ca>?= � H�	7B����&� P �YP �QZ�J >$>K>K>$>K>G>$>K>$>K>K>$>K>$>K>K>K>K>K>$>K>$>K>K>$>K> ¦ k
ca> ¤ �;g
P�D ���QH�^ N P]W3H'R;B���� >$>K>K>$>K>G>$>K>$>K>K>$>K>$>K>K>K>K>K>$>K>$>K>K>$>K> ¦ |
ca>dc e �fB��CH¢�fJhg&���¢�����YA >$>K>K>$>K>G>$>K>$>K>K>$>K>$>K>K>K>K>K>$>K>$>K>K>$>K> ¦ |

c7>{ca>?= �+�Yg�P �f^��&�`B��YH�^ Afg
P�D ���QH >$>K>$>K>K>$>K>$>K>K>K>K>K>$>K>$>K>K>$>K> ¦�¦
c7>{ca> ¤ �+� N ^��&�`B��3HT^ AQg�P]D ���QH >G>$>K>$>K>K>$>K>$>K>K>K>K>K>$>K>$>K>K>$>K> ¦ b

ca>zk �%� N ^��o�CB �3H�^ AfW&�;D��;AwB�� mGFIp A >$>K>$>K>K>$>K>$>K>K>K>K>K>$>K>$>K>K>$>K> b�k
c7>dkY>?= �lBEAQD �aAQAQB ��� ��V��QWYP N �%�:Av�\V�H�D ����� >$>K>$>K>K>K>K>K>$>K>$>K>K>$>K> b�k
c7>dkY> ¤ ��P �`g ���QH�^�P R��:^ �o�UB ��� ��V mGFwp s�kY= ¥ = ¦ >K>K>K>K>K>$>K>$>K>K>$>K> b:|
c7>dkY>dc py[�����
 RTH¢�fBiH N B_^_B � JtAUH¢�`gY^EP >K>K>$>K>$>K>K>K>K>K>$>K>$>K>K>$>K> b:b

ca>{L �IB�� �YAQPGg3H¢�v�UBED]^_PlAQg�P]D ���UHtV ����� mKFwpyA H¢�&�~[wmGn >K>K>K>$>K>$>K>K>$>K> s ¥
c7> L7>?= � ����� AQW&�;D��qH�D�D]P]^EP �QH �UB ���*AQg�P]D ���UHe���`Hj�YB�� �YAfPKAfg
P�D �����&� >$>K> s ¥
c7> L7> ¤ �\WYP �QP�A��Y^ �UB��aZj�YB�� �YAQPGAfg
P�D �����&� >$>K>$>K>K>K>K>K>$>K>$>K>K>$>K> s ¤

ca>d| �%�&� �CH¢�SJ! D ���YD�^��YAfB����YA >K>G>$>K>$>K>K>$>K>$>K>K>K>K>K>$>K>$>K>K>$>K> s�k
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kY>?= nwP �o���QB �&�:A\V ����� � F&�(')' Z.HT^iH�	7B_P�A H¢�&� � �aF&*OA >K>K>K>K>K>$>K>$>K>K>$>K> s.L
ka>E=:>?= n[�¢���CH�^_B £'H �QB���� ��V2AfB��YZ�^_PrA����&�QD�P$Afg
P�D ���UH >K>K>K>K>$>K>$>K>K>$>K> s:|
ka>E=:> ¤ [wmGn�AQH¢�`gY^_P�A >K>$>K>G>$>K>$>K>K>$>K>$>K>K>K>K>K>$>K>$>K>K>$>K> s:|
ka>E=:>dc [!R:P �QH�Z:P �YB�� �YAfPKAfg
P�D ���UH >K>$>K>K>$>K>$>K>K>K>K>K>$>K>$>K>K>$>K> s ¦
ka>E=:>zk �7B �YZ:^_PlA����&�fD]PKg3H¢�QH¢�CP �UP �QA V ���i�YB+�	�aAQPGg&�QP �YB_D �UB ���YA >$>K>K>$>K> s:s
ka>E=:>{L �+�&� �CH¢�fJ, D �¢�YD]^ �YAQB ���YA >$>K>K>$>K>$>K>K>K>K>K>$>K>$>K>K>$>K>5= ¥ =
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kY> ¤ 
 R:P ���[�UH!�UP]A B � �aP 	%�lZ�P �YP �UH �QB����J�YP �UP�D ���¢�QA >K>G>$>K>K>$>K>$>K>K>$>K>G> = ¥ c
kY> ¤ >?= 
 R�P �Q�D�QH �UPOD]H�^_D �Y^iH!�UB��¢� >$>K>K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> = ¥ k
kY> ¤ > ¤ @ ���CgYH¢�QBEA���� ��V�P�R�P �Q�X�QH �UP�A >K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> = ¥ b
kY> ¤ >dc 
 R�P �Q�D�QH �UP�A V ��� HtAQg�P]D]B?j3D��YP �QP]D ����� D �¢�aj3Z��&�QH �UB ��� >K>K>$>K>G> =�= ¤
kY> ¤ >zk �+�&� �hH¢�SJ! D ���YD�^��YAfB����aA >K>K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> =�='k
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L7>?= mGFIpI�YP �o���fB��&�tAQg�P]D ���QH >K>G>$>K>$>K>K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> =�=�|
L7>?=:>?= �\WYPKj 	aP � gYH¢�UH¢�`P �QP �fA >$>K>K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> =�=�b

L7> ¤ �lB+� P �QP �Q�wD]^_H�AQAfP]A �x�YB��
P �fP �Q� AQg�P]D ���QH >$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> = ¤ =
L7>dc @ H�^ED �Y^_H �UB ���N��V�AQB �YZ:^_POA����&�fD]PGAQg�P]D ���UH >$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> = ¤ c

L7>dca>?= �\WYP N �&�QAv�IAQH¢�`gY^_P�A >$>K>$>K>K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> = ¤ c
L7>dca> ¤ pyP �(� P]P � D �:B �YD]B �YP �aD]PKH¢�&�~H'R:P �UH�Z:PKg&�fP �YBED �UB ���YA >$>K>K>$>K>G> ='c�k
L7>dca>dc 
 Av�UB �hH �QP.��V��YP �o���QB �&�e�YP �QP]D �QB���� �UH!�UP >G>$>K>K>$>K>$>K>K>$>K>G> ='c:s

L7>zk �+�&� �CH¢�fJ, D �¢�YD]^ �YAQB ���YA >G>$>K>$>K>K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> =]k.b
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|a>?= �\WYP M ^ N P �QA\gYH¢�UH¢�o� 	,V ���i�YP �+���QB �&�:A >K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> =�L7=
|a> ¤ nIP �o���fB��&������	q^_B �CB �UA >K>$>K>G>$>K>$>K>K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> =�L�c

|a> ¤ >?= � B �CB � D ���.R:P �Q�QB����YA >G>$>K>$>K>K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> =�L�c
|a> ¤ > ¤ � B �CB �UA���� �QWYP.���¢�UH�^��YB+�	�aAQP��YP �+���QB �&����� 	 >K>K>$>K>$>K>K>$>K>G> =�L:L

|a>dc e ��B��Q� A����o�QD]PK^_B �CB �UAx���~[wmKnH�YP �o���fB��&����� 	7P�A >$>K>K>$>K>$>K>K>$>K>G> =�L�|
|a>dca>?= �\WYP$Av�XH�D��uB �YZ�V�H�D ����� >$>K>$>K>K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> =�L�b
|a>dca> ¤ �\WYP��aB�� �YAQB?R:PrV�H�D ����� >$>K>$>K>K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> =�L�s
|a>dca>dc �%�XH�D��uB �YZ �aB�� �YAQPO^EB��`B �UAyH¢�&� ��R:P �UH�^E^��YB�� �YAQP��fP]A��a^ �UA >K>K>$>K>G> ='|:c

|a>zk �lB �QP]D �wB��`gY^_BED'H �QB����YA V ���\[wmGn
ν
��� 	 � �+�aP]^_A >G>K>$>K>$>K>K>$>K>$>K>G>5=�|.L

|a>zkY>?= ��P�� N ^_H¢£'H¢�fA >K>$>K>G>$>K>$>K>K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> ='|.L
|a>zkY> ¤ M g+�UB_D]H�^_^?J �QWYB_D��CD'H�AfP]A���� P�� H¢�o� mOP��

γ
P �CBEAQAQB ��� >$>K>$>K>G>5= ¦¢¥

|a>zkY>dc �\WYP��aB�� �YAQP ��� �UH'J N H�D��uZ������o�&��H �&�¡�QH¢�YB � �yP]H$�*[wmKn >$>K>G> = ¦ =
|a>zkY>zk FIH¢�aB���Z.H�^_H�	7B_P�A >$>K>G>$>K>$>K>K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> = ¦ k

|a>{L 
 	aH¢�CB �3H �QB����N�TV A��¢�&�QD�PKD�^iH�AfA D'H�g3H N B_^EB �UBEP]A >K>G>$>K>K>$>K>$>K>K>$>K>G> = ¦�¦
|a>{L7>?= [i�&�YB �QB����YH�^ A����&�QD�P$D]H �XHT^��:Z:A >K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> = ¦ b
|a>{L7> ¤ �+���&�fD]PGD]^_H�AQA P�R¢�:^��+�UB��¢� >$>K>K>$>K>$>K>G>$>K>K>$>K>$>K>K>$>K>G> ='b ¤



� ) ��"�����"��

|a>d| �%�&� �CH¢�SJ! D ���YD�^��YAfB����YA >K>G>$>K>$>K>K>$>K>$>K>K>K>K>K>$>K>$>K>K>$>K>5=�s ¥
� �\��
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" �,) ��% ��� <
@l>?= e H¢�UH �CP �UP �c�YBEA����QB N �o�UB ���N��V��UWYPG[D� [rn[� [ A�� N AUH¢�`gY^EP�� b ¤ N �&�fA��UA
	 > ¤¢¥ L
@l> ¤ �;B��YZ:^EPrA��¢�&�QD�P$Afg
P�D ���QH >K>$>K>G>$>K>$>K>K>$>K>$>K>K>K>K>K>$>K>$>K>K>$>K> ¤¢¥ b

� �*����%'%]+a��- � � �
� >?= � ^�� 	N�YP�j��aB �UB ���YA >K>$>K>K>$>K>G>$>K>$>K>K>$>K>$>K>K>K>K>K>$>K>$>K>K>$>K> ¤ = ¥
� > ¤ e W.J;AQBED'H�^!D �¢�YA��UH¢�Q�UAIH¢�&� �&�YB �UA >$>K>$>K>K>$>K>$>K>K>K>K>K>$>K>$>K>K>$>K> ¤ =:=
� >dc [IA������:g3H ���UBED]^EPOgYW.J7AfB_D�AIP 	ag�P �fB��`P �Q�UA >K>K>$>K>$>K>K>K>K>K>$>K>$>K>K>$>K> ¤ = ¤
' �&�aP 	 � �TP�J!�������aA >K>$>K>$>K>K>$>K>G>$>K>$>K>K>$>K>$>K>K>K>K>K>$>K>$>K>K>$>K> ¤ kY=
' �&�aP 	 �yHTA������:g3H¢�v�UBED]^_PlP 	7g
P �QB �CP ���QA >G>$>K>$>K>K>$>K>$>K>K>K>K>K>$>K>$>K>K>$>K> ¤ k.|
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�\WYP j3P�^��e��V�HTA������:g3H¢�v�UBED]^_PygYW.J7AfB_D�A BEA D �&���QP �Q�Q^EJj�YP R:P�^��:gYB �YZ��UH�gaB��Y^?J��.AQB �YD]Pc�YP ��P 	ag�P � �
B �CP ���QA DXW3H�^E^_P �YZ:PD���o���&�&�YP �QAv�XH¢�&�aB��YZj��V��QWYPrB��.R�P]A��QB_Z.H!�UP �qg&���7D�P]AfAQP]A > �\Wo�QP]P.�`P]AfAQP � �
Z:P �QA D]H¢� N P_�YAQP �e���rP 	%���UH�D � B��aV �¢���CH �UB �����¢���UWYP go���:g�P �v�UB_P�A ��V
H�Av�����:gYW.J;AQB_D]H�^aA����&�fD]P]A >
} B_A������QBED'H�^E^EJ¢� �UWaP[�:g+�UB_D]H�^&� N AQP �SRTH �UB ���e��V	� N�� P]D �UA A��YDXW*HTA ga^iH¢�YP �UA �;Av�XH¢�fA �uZ.H�^_H�	7B_P�A �.A����
g�P ���&��R�HTP¢� P �QD > �yH�A �UWYP~j��QAv� �wH¢�&��� �:Av� � N R;B��¢�YA �yH'Jh��VKH �3H�^EJ%£�B��YZ9H�A������:gaWuJ;AfB_D'HT^
gYWaP �&���`P �YH > nwP � �yH'R:P]^EP �YZ �UW N H¢�o�YAlW3H'R�P N P]P ��P 	7gY^��¢�QP ��A��YD�D]P]AfAQB?R:P]^?J���H �&�~���%�3H'J��
gYWo�¢�����aA V �������QWYP.�UH¢�aB�� N H¢�&� �Yg ���j�QWYPGWYB_Z:WaP]A�� P �YP �fZ:B_P�A � ��P�� 	\H¢�QP�� N AQP �SR:P � � B �QW
�YB+� P �QP ���x�YP �UP�D �UB ��� �CP �UW&�%�YA > ' � �QWYPc�&��� � �UWYP ���CH�^��a�YBER�P �fAQP¢�;gYW&� �����YA��`B����������UWYPwH�D �
D�P]^_P �UH �QB�����g&���;D]P�AQA.��V DXW3H �QZ:P �#gYH¢���QB_D]^EP]AwB��~�QWYP�A��¢�&�QD�P]A >$@ W3H �QZ:P � g3H¢���QB_D�^_P]AID ���`B��aZ
V ����� �¢�o�UP �yAQgYH�D]PrWYH�R�P N P�P �J� N AQP �SR:P �~AfB��YD�P =�sa= ¤+��� WaP �,�rB��Q����� } P]AfA H�D]D ���`gY^_BEAQWYP �
�`P'H�A��&�QP �CP �Q�UAa��V��QWYPGB����aB�£'H!�UB��¢�N��V��UWYPKH ��� �:AfgYWYP �QP¢�0HtgYWYP �&���`P �&�¢� D]H¢�YAQP � N JN�QWYP
B ���QP �QH�D �QB���� ��V @ ��A��`B_D*FwH'J7A � B �UWY�QWYP*H ��� �:AfgYWYP �QP >9} � � P�R�P � �x�UWYPhDXW3H¢�QZ�P � g3H¢�v�UB+�
D�^_P]Ae�&� �o�¢�tD'H¢���fJb�YB��fP]D �QB����YH�^yB �aV �����CH �QB�������AQB �YD]PN�QWYP]B ���YB��fP]D �UB��¢� B_AoAfD �UH � N ^_P � N J
B ���QP �fZ.H�^iHTD �UBEDe�hH�Z¢�YP �QB_Doj3P�^��YA > �\WaP �UWaB����M�CP�AQAfP �YZ:P ��BEA �QWYP �YP �o���fB��&�o��Av�UB_^E^ g&����R;B����
B �YZ B��7V �����CH �UB ���P���b�QWYP]B �����fB_Z:B � � �aA��tH�A �UWYPhgYW&�¢����� > �[�YPN��� �UWYP,^ � � B��Q�UP �UH�D �UB��¢�
g&��� N H N B_^_B � JN��V �UWYP �YP �+���QB �&�:A ���QWYP�J~D]H¢��P R:P � N P �YAQP �~���`P 	aH¢�`B��YP.�QWYP$V �&�o�3H¢�`P �Q�XH�^
g&���7D�P]AfAQP]A � B �QWYB�� �UWaP`A����&�fD]P]A���V @ �:A��`B_DtFwH'J7A >�� WaB_^_P��QWYPt^�� � B �Q�UP �QH�D �QB���� go��� N H
�
N BE^_B � J B_AKD ���aAQB��aP �QP � H�A$H¢� H¢�7R�H ���UH�Z:PtV ��� �CP]H�A��&�fB��YZ �UWaPhA��¢�&�QD�P��zAog&����g
P ���UBEP]A �2B �KBEA
H �YBEAUH¢�aRTH¢�Q�UH�Z:P,V ���*�QWYPJ�YP �UP]D �UB ��� > �;B��YD�PJ�YP �o���QB �&�:A N H¢�fP]^?J B ���QP �QH�D � � B �UW �CH ���QP � �
W��YZ:PwR��:^ �&�`P]A W3H'R:PX��� N PlB �YA������&�`P �Q�UP �hB � �����YP �x��� � N AfP �fR�PX�UWaP]AQPlg3H¢���QB_D�^_P]A > �+�KV�H¢� �
�YP �o���fB��&��A V ����� �QWYP A��&�hH¢�&�tV ����� HKA��Yg
P ���&��RTH$B � =�s:b ¦rW3H'R:P N P]P � � N AfP �fR�P �
	 } P]^ b ¦�� >
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P �QB �CP ���QArA��aDXW9HTA�
���� � -�� � H¢�&������������� H¢�fP N P]B��aZ N �YBE^ ��� B �QW¡�UWaPog&�QB �hH �fJ
H�B � ��� �YP �QP]D �.�YP �+���QB �&�:A V ����� RTH¢�fB����aAwZ:H�^iH�D �UBEDGH¢�&��P 	%���UHTZ.H�^iHTD �UBEDGA����&�fD]P�A � P > Z > [\D �
�QBER:PrmKHT^iH�D �UB_D na�YD]^EP]B �YmGH¢� �hHGFwH�J`p��&�QAv�UA �aP �UD > �\WYP]AfPrA��¢�&�QD�P]A\H¢�fP[�TV�WYB_Z�WhB��Q�QP �QP�A�� �
AfB��YD�P �UWYP�B��KP �YP �QZ�J����+�Ug&�o��B��9gYW&�¢�����YA�B �Cga^_B_P�AD�UWYPhH�D]D�P]^EP �UH!�UB��¢�b��V\go���¢�����YA����¡�QWYP
WYBEZ:WYP�A��wP �YP �QZ:BEP]A �
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�\WaPa�o�&�YP �fA��UH¢�&�YB �YZ��TV	�UWaPwD ���&�YP�D �QB���� N P �(�yP�P �,gaW&�¢���¢�`P �CBEAQAfB������ @ ��A��`B_D FwH�J;A H¢�&�
�aP �o���QB��o�:A BEA D ���aD]BiHT^0V �¢�x�QWYPIB �Q�UP �fg&�QP �XH �QB���� ��V��QWYPX�o�&�YP �f^EJ;B��aZ$g&���7D�P]AfAQP]AyB��,HTA������:g3H¢� �
�QB_D�^_P gYW.J7AfB_D�A �.AQB �YD]P_�&���YP��TV��UWYP��`P]AfAQP �YZ:P �fA H�^��¢�YP BEA H N ^_P����rZ:B?R:P\HlD ���`gY^_P �UPygaB_D ���&�QP >
' �j�QWYB_A �QWYP]AfB_A �ug3H ���UA��TV �QWYP D ���&�aP]D �QB���� N P �(� P]P � �UWaPc�QW&�QP�Pc�CP�AQAQP �YZ:P �QA H¢�QP\P 	YH �CB �YP �
B �e�YP �UH�B_^ �$� B �QW �QWYP\V �7D �YA��¢� �QWYPc�YP �o���QB �&�$P �CBEAQAfB���� > � P]H�A��&�fP �`P �Q�UA���V @ ��A��`B_D FwH�J;A
H �&� gaW&�¢���¢�YAIWaP]^_g ��� �YP R:P]^ �:g HTD]D]P�^_P �UH �QB���� � �+�YP�^_A&� B �UW �YB��
P �fP �Q�X�aP �o���QB��o� ���+�Ug&�o� >
nwP �o���QB �&� ��� 	(� �+�aP]^_A$V �����YB+� P �QP �Q�`A��¢�&�QD�P � J;g�P]ACH¢�QPJ�aP �QB?R:P ��� H¢�o��HT^��QP]H¢�aJ P 	7B_Av� �
B �YZ � �%�YP�^_AOH¢�fPtB��.R:P�A��UBEZ.H �QP � � B �UW��QP�AQg�P]D �����¡�YP � ^EJ AfP �$^_B �CB �UA N J �QWYP���������'��
P 	7g
P �QB��`P �Q� >
[wV
�UP �GH~A��&� �CH¢�SJ~��V��UWYPtAv�XH �QP �TV��QWYP`H¢���GB � @ WYH�go�UP � = ���UWYPtA��¢�&�QD�P`D]H �XHT^��:Z:A.�aAQP �
�QW&���¢�YZ:W&���+�.�UWYBEAD�UWYP�AQB_AGH �QPtg&�QP�AQP ���QP �9B�� @ W3H�go�QP ��¤ > �\WaB_AOB_A.�aP]D]P�AQAQH¢�fJ#AQB �YD]Pe�YP � �
���QB �&�wH�A������:gYW.J;AQBED]A��YP]P �YA����[�CH$��P��YAfP_��V+�UWYP gYWo�¢�����$B��aV �¢���CH �UB ���rB�� �����YP �����wB��aP �Q�UB?V J
gt�:AfAQB N ^_PyA����&�fD]P]A > [\D]D�P]^_P �UH �QB�����g&���;D]P�AQAQP�A B���H�Av�����:gYW.J;AQB_D]H�^YA����&�QD�P]A H¢�fP D ���aAQB��aP �QP �tB��
@ WYH�go�UP � chN J¡�YAQB �YZ*AQB ���Y^iH!�UB��¢�YAc��V D �:^E^_BEAQB��¢� � ^EP]AQA\AfW&�;D��;AGH �&� �YB_AfD �YAfAQB �YZ �UWaPoAQW3HTg
P
�TVt�QWYP @ �:A��CBED\FIH'J�AQg�P]D �����&� > [�D �����fP]^iH!�UB��¢� N P �(�yP�P � �UWYP\A����&�QD�P]A � N �%�:A��2V�H�D ����� H¢�&�
�QWYP AQg�P]D ���UHT^ N P]WYH�R;B ��� B_A g&�QP�AQP ���QP �*H �&�hP 	YH �CB �YP �`B��e�YP �XH�BE^ > ' � @ W3H�g+�UP � k �Q�UWaP[�YP � �
���QB �&��P �CBEAQAQB ���CV ����� [\D �QBER:POmKH�^_H�D �QB_Dwn[�aD]^_P�B H �&�N�UWYPX�YP �QP]D �QB���� �UH �QP]A\H¢�fPX�YBEAQD �YAQAfP � >
mGH¢� �hHhFIH'J#p_�&�fA��QA�H¢�fPCP 	aH¢�CB �YP � � B �UW��QP]Afg
P�D ����� �UWYPtP 	7g�P]D �UP � �aP �o���QB��o�~AfB_Z��YH�^
B � @ W3HTgo�UP � L7> } P �fP¢�+�QWYPlV �;D �YA ^_BEP]Ax��� �QWYP ���aD ���YH �UB ��� ��V�AQB��aZ:^_PwA����o�QD]PlAQg�P]D ���UH�� B �UW
�QWYPoB �&�YBER;B �&�3H�^!B��Q���QB��aAQB_DKg&���:g
P ���QB_P]AX��V��UWYPj� N�� P]D � > �\WYP�� �����*'��xP 	7g�P �QB �CP �Q�GH �
�QWYP�Z�P �:Z��QH�gYWYBED �+�¢�o�UW e �:^_P$D �&���QP ���Q^EJ g&����R;B��aP]AD� �:A��X�QP�A����fB_D �UBER�P�^EB��`B �UA����N�YP �o���fB��&�
�&� 	 � �%�YP�^_A\V �����vP 	%���QH �UP ���QP�A����QBiHT^�A����&�fD]P]A > ' � @ W3H�g+�UP � | ���YB��
P �fP �Q�[� �%�YP]^EAwH¢�QPGP 	 �
H �CB �YP � � B �QWT�QP�AQg�P]D �X��� �QWYP]B �ID ���YAQBEA��QP �YD J � B �QW¡�QWYPo^_B �CB �UA �3H¢�&� D ���YD�^��YAfB����YAlH N ���o�
�QWYPa�&�&�YP �Q^EJ;B �YZ�gYW.J;AQBED]AyH¢�QPa�&�UH �c� > ' �hH¢�&�YB �UB��¢���.A����o�QD]PID'H �UH�^���Z:A���V�[\D �QBER�POmGH�^iH�D �UBED
na�YD]^EP]BwH¢�fP B �uR�P]Av�UB_Z:H �UP � D �¢�YD]P ���YB �YZM�QWYP�A����&�QD�P~�YBEA����QB N �o�UB ��� B����QWYP~A)�.J > ' ���QW3H �
D ���Q�UP 	+� ���UWYP�g&���:Afg
P�D �QA �TV��UWYPj�YP 	%�GZ:P �YP �UH �QB����~�YP �o���QB �&�N�UP�^_P]AfD �:g�P]A 
���� � -��	� H¢�&�
������� ��� H¢�QPwP 	aH¢�`B��aP � > ' � @ W3H�g+�UP ��¦+�Q�UWYPa�QP�A��Y^ �UAx��V	�QWYB_A��QWYP]AfB_A H¢�QPwA��&� �CH¢�QB £]P � >
' �Y�QWYPqH�gYg�P �o�YB+	 � H¢�&�aB �UB ���3H�^ gYBEP]D�P]Aj��VwB��7V �����CH �UB �������Y�UWYPJ�aB��
P �QP �Q��DXW3H�go�QP �fACH �QP
go�QP]AfP �Q�UP � > ' ��g3H¢�v�UBED �Y^_H¢� � H¢� ���fZ.H¢�YB £'H �QB����(AfDXWYP �`P ��VX�QWYB_A��QWYP]AfB_AtB_Atg&�fP]AQP �Q�UP � B��
HTgYg
P �&�YB 	t[*�uB�� � WYBEDXW �QWYP D ���o�YP]D �UB��¢�YA��TV �QWYPIB �Q�����%�&�YD �����SJoDXW3HTgo�UP �QA���� ���YP AQg�P]D�BEj3D
DXWYH�go�UP ��H �QPtZ:BER�P � > [ A��&� �hH �fJ ��V��UWYP �YP j��YB �QB����aA.��V_�QWYP �aB��
P �QP �Q�$gYH¢���QB_D]^EP
��� 	7P]A
D]H¢� N P�V ���&�o� B�� HTgYg
P �&�YB 	T� >E=:> [��X�UWYP$P �&� ��V��QWYB_Aa�UWYP�AQBEAX�UWYP�B��&�YP 	T�TV ��P�J �_�¢���YA
H �&�~H�A������:g3H ���UBED]^EPrgYW.J;AQB_D�AIP 	7g
P �QB��`P �Q�QAIH �QPG^_BEA��UP � >
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�rHTA � P]^ � �YP �t[lAv�����¢�UP�B_^_DXWaP �YgYW.J;AQB�� P �Q�(� B_D��TP]^ �hAfB_DXW(� ���`P �Q�UH¢� �3H¢� �Y�aP �YP � 
 	7g
P �
�fB��`P �Q�UP��&�&�T�YP � AQBEDXWT�3H¢�QH¢�YAlP �QZ:P N P �&�YP ���aP �YP �T�UWYP ���QP �UB_AfDXWYP � 
�� ��P �o�����YB_AfAQP ���`B �
P 	+���QP �CP �`mGP�AQDXW � B��&�aB_Z �TP]B � > �X�fP]B\p��¢�UP ���QP]BE^_DXWYP � �.�3H�A e W&�¢���������YB_PhZ:P]^_H¢�YP �aP,�¢�:A �
�`B_AfDXWYP �%���UH�Wa^��&�YZ��&�&�N�YH�A nwP �o���QB��o� � �yP ���YP �J£ �&��� P]B � Z:P ���o��£ � �o�o� ' �7V �����CH �UB ���YP �
� N P � �YBEP 
 B_Z:P �YAQDXW3H8V
�UP � H�Av������gYW.J7AfB �8H�^EB_AQDXWaP � *D�YP]^E^_P �I£ � P 	%���QH�WYB_P �QP � > } BEA����¢�QB_AfDXW
Z:P�AQP�WYP � � H¢�.�aB_Pj�:go�QB_AfDXWYPtpyP � N H�DXWQ���&�aZ~R¢��� e ^_H¢�YP �QP ��� ���UP ���YP �	�2mGH�^_H�	7B_P �	� �+�Yg�P � �
�&��RTH�P`P �QD > �YP �KP �fA��QP �&�o�b�$�
P �YAfB_DXWQ�U^EB_DXWYAv�UP � P�Z¡£ �&� �%���&�YB��o� H�A������:gYW.J;AQB��8H�^_BEAQDXWYP �
e W� ¢�o���CP �YP > nIP �YP � P]^E^_P �a^# ¢�YZ�P � N P �QP�B_DXWYP �c�&���aP ��A����%£�P]AfAQBER P �fAQDXWY^ �:AQAfP � > } P �o�QP
� P ���YP � e W&�¢�����YP �$R��¢��FIH �YB�� � P]^_^EP � N BEA�WYB ��£ �oW&�;DXWYP �aP �QZ�P �UBEAQDXWYP � 
��QP]BEZ��YBEAQAQP � ����P����

��YP �QZ:BEP � 	��CB �KR�P �fAQDXWYBEP �YP �YP �h� P��¢�CP �UW&�%�YP � N P � N H�DXWQ�UP � > �lB_P e W&�¢���¢�YP �(AfgYB_P�Z:P]^ �
pyP�AQDXWY^EP �&�aB_Z��&�aZ:AQg&����£]P�AQAfPwZ�P]^iH �YP �YP � ��P]BE^_DXWYP ��� B��YP � > �+�:^EDXWYPyZ:P�^iH¢�aP �YP � ��P�B_^EDXWYP ��H �YA
H�Av�����:gYW.J;AQB �8H�^EB_AfDXWYP � *D�YP]^E^_P � � P ���YP �CAQP�B � [[�aV�H¢�YZ��YP�A_¤ ¥ >�� H�W&�fW��&�&�YP ���UA N P � N H�DXWQ�UP � �
H�^EA �rB��Q����� } P]AfAb�~P]AQA��&�YZ:P � �YP � ' ���YBEAUH �QB����H�aP � [���� �:AfgYW� ¢�fP �&�&�fDXWaV � W&�v�UP �qP]B �
e W� ¢�o���CP ��� �yP�^_DXWYP�A R¢��� � P]DXWaAQP]^+� B�� �%�o�YZ:P � �YP � � �:A��`B_AfDXWYP �,�%���QH�WY^��o�YZ��CB ���YP � [�� �
� �:AQgaW� ¢�QP�WYP �SR����fZ:P ���aV P � �c�&���aP > �lB_P�AQP�Z:P�^iH¢�aP �YP � ��P�B_^_DXWaP � ���¢�&�YP � � P �&�7DXW �TP]B��aP �
[[�aV AQDXWY^ �	� � N P ��BEW&�QP � �[�QAfg&���o�YZIZ�P N P ���!�3H B_W&�fP��&�QAfg&� � �aZ:^_BEDXWYP FwBEDXW����&�YZa�&�&�fDXW$B ���QP � �
Z.HT^iH$�Q�UBEAQDXWYP���H�Z��aP �QV P�^��YP �IR�P � � B � N P]^ � � B���� > �lB_P��&�QB ���UP��+���v�UP��YP �Op��¢�UP ���QP]BE^_DXWYP � B_Av�
�3HTA�nwP �o���QB �&�&� � P]^_DXWaP]A�AQP]B �YP��&�fAQg&� � �YZ:^EB_DXWYP F B_DXWQ���&�YZ N P�B��YP � e ���:g3H�Z:H �UB ��� N P]B N P]W& �^ � �
 �Wo�Y^_BEDXW � B_P,P�A N P]B_�aP � e W&�¢�����YP � �YP � � H�^_^ BEA�� > [X�aV Z����&�&� �YP �oZ:P �QB��aZ:P � � P]DXWaAQP]^ �
� B �)���&�YZ:A � HTW&�QAfDXWYP]B �Y^_BEDXW ��P�B �wR���� nIP �o���fB��&�:A �
���&�YP ��AfB_PO[X�7V AQDXWY^ �	� � N P � V �&�&�3H¢�`P ���
�UH�^_P e ����£�P]AQAfP B�� ' �o�YP �fP �I�YP �,*D�YP�^_^_P � � �:A��`B_AfDXWYP �,�%���QH�WY^��o�YZ Z:P N P � > �lB_P�AQP WYB_P �
H�^EA gt�:AQB �UBERCZ:P �yP ���UP �UP 
 B_Z:P �YAQDXWYHTV
�c�YP � nwP �o���QB �&�:A\A��QP]^E^ � AfB_DXW N P]B��YP �c�lP �QP �Q�UB ���qP]WYP �
H�^EAc�3H�DXWQ�UP�B_^_BEZe�3H¢� �_�rHhnwP �o���QB �&�:A��8H¢�&�]�`B �[��H �QP �fB_P �yP�DXWYAQP�^�� B�� ��P ���	�����hH¢�7V AQP�W&�
Z������:P � �3H � � �Q^EB_DXWYP � P�DXWYAQP�^�� B �)���&�YZ:A��CP �YB_P � £ �&� � D��uZ:P]Z¢�QB��
P � � P ���YP � > m������:P ���:^�� �
�`B��3H�� � AQAfP �*£ �&��nlHTDXW � P]BEA�B �YA������&�`P �Q�QB_P �v� �yP ���YP ���¢�o�H�YB_Px�lP �UP ���QB����aA �yH�W&�QAfDXWYP]B � �
^EB_DXW �TP]B ��£ ��P �fW	�:WYP � > p B_AQWaP � � H ��P�A��
�:Z:^EB_DXW���nwP �o���QB��o�:A�R������YP � �+���o�YP��o�&�$R¢����P�B��YP �
�+�ag
P ���&��RTH�H¢�aAx�aP � � H�Wo� ='s:b ¦X£ � N P � N HTDXW��QP �
	 } P]^ b ¦�� > 
 	7g�P �fB��`P �Q�UP � B_P 
���� � -��	�
�&�o� ������� ��� � P ���aP �j� ���CP �Q�XH¢�KZ:P N H¢�o� � �&��nIP �o���fB��&��A�R��¢�$R:P �QAfDXWYB_P �YP �YP �tZ.H�^iH � �
�QB_AQDXWaP �b�o�&�9P 	%���UHTZ.H�^iH ���QB_AfDXWYP � *D�YP]^E^_P �	� � BEPj£ > p > R����#[ �Q�QBER:P � mGH�^iH ���QB_AfDXWYP � �OP � �
�YP ���;mGH¢� �CH FIH'J$p_�&�fA��QA �YA � > £ ���aP �UP �Q�UB_P �QP � > ' �YA N P�A����&�aP �QP � P ���YP �j�YBEPyZ:P �3H¢�&�Q�QP �
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*D�YP�^_^��;^_H�AQAfP �CH�^_A gt�¢�UP ���QB_P�^_^_P nwP �o���QB �&�7P �CB ���QP � B��hpyP ���UH�DXWQ�yZ:P £ �:Z:P �	�o�3H �YP �fP � ���¢�XH�^EP
P�^_P ���������CH�Z��aP �UBEAQDXW�P �CB ���UBEP �v�UP 
��YP �QZ:BEP H¢�aV �YB_P�
��`B_AQAfB����oR¢��� } �;DXWYP �aP �QZ�B_P � e ���¢�����YP �
�
Ep ∼ 1021 P�� 	lAQDXWY^EB_P �:P � ^� ��¢� � � HTA � BEP �YP ���&�V�YB_P e ���+�o� �Q�UB��¢� R¢���#nIP �o���fB��&�:AX£ �&�
� �:^EZ:PrW3H!� >
�IB_P �a���QP �fA��YDXW��&�YZ �YP�A �	�YAUH¢� �`P �YW3H �YZ:A £ � B_AQDXWaP �e�YP � p P � N HTDXW����&�YZOR��¢� e W&� �����YP ���
� �:A��`B_AfDXWYP ���%���UH�Wa^��&�YZe�&�o� nIP �o���fB��&��AwBEA�� P�AQAQP �Q�UB_P�^_^�V � �i�YBEP ' ���QP �fg&�QP �XH �QB����~Z����o�&�Y^_P �
Z�P �&�YP � e ���¢£]P]AfAQP B �h�YP �h[lAv�����¢�UP�B_^_DXWaP �YgYW.J;AQB����&�yP�B_^���P]B �YP]A �YP � �&�QP�Blp_� �UP �Q�QP]B_^EDXWYP �
HT^_^_P�B��YPe�YBEP,gYW.J;AQB��THT^_B_AfDXWYP � � �QH�Z:P � �¢���`gY^_P ��� N P]H¢�Q�(�_���v�UP � �8H¢�o� > ' � �YB_P�AQP ��[X� N P]B �
� P ���YP � �YB_P�� P � N B��&�o�&�YZ:P � £ � BEAQDXWYP � 
��CBEAQAQB ���YAfg&����£�P]AfAQP � �YP �x�&�QP�B�p_�¢�UP �Q�UP]BE^_DXWYP �hB �
�IP �XHTB_^ gYW� ¢�&�¢�CP �&�:^���Z:B_AfDXWY�&�Q�UP �QA��aDXW�� > �lP � � � ���YAoBEA���WYBEP ��H¢�aVa�YB_P �QP�A��Y^ �UB_P �QP �&�YP �
nwP �o���QB �&� � � AfAQP#Z:P �fB_DXWQ�UP � > � P�AQA��&�YZ:P � �YP � �¢�:A��CBEAQDXWYP � �%���UH�WY^ �&�YZ(�&�&���YP � e W&� �
����� � � AQAQPOR�P �QAfDXWYB_P �YP �aP � *.�aP]^_^EP �N�aB_P �aP � �YP ��
��Q�(� B_D��u^ �&�YZ�R����~pyP�AQDXWY^EP �&�aB_Z��&�aZ:AQA�£]P �
�YH¢�QBEP ��� �yP�^_DXWYP �3H N W& ¢�YZ:BEZ�R����J�aP �qpyP �YB��YZ¢�&�YZ:P �*B��N�YP ��*D�YP]^E^_PwAQP�^ N Av� �aR�P �QAfDXWYB_P �YP �aP
nwP �o���QB �&� ���	�TR����fWYP �fAUH�Z:P �(P �fZ:P N P � > nwP �o���QB �&� ���	�¢� �%�YP]^E^_P�� P ���YP �(V � �KR�P �QAfDXWYB_P �YP �aP
*D�YP�^_^ � J7g�P �~WYP �QZ:P�^_P]B �UP � ���&�&�~P 	7BEA��UBEP �fP �&�YP��¡�%�YP]^E^_P � P ���aP � B � } B � N ^_B_D��hH¢�aV �YB_PKH$� �
���YP]^E^_P �qnIP �+���QB �&� �����:Z��QP �&£]P �~�YP�A ��������'�� � 
 	7g
P �QB �CP ���QAX�&�Q�QP �QA��YDXWQ� >
nIH�DXWoP�B��YP � �	�YAQH¢� �CP �aV�H�AQA��&�YZ[�YP]A H �����YP]^E^_P � � ���QAfDXW��&�YZ:AfA��XH �&�YA B � �GH�gYB �UP]^ = �yP ���YP �
B � �GH�gYB �UP�^&¤[�aB_P *D�YP�^_^��TH!�XH�^ �:Z:P¢���YBEPyB �*�YBEP]AQP � [X� N P�B ��R:P � �yP �&�YP � � P ���YP �	�.g&�� �AfP �Q�UBEP �v� >

 A B_A����&�¢�(� P �o�YB_Z&�aH¢�aV *D�YP�^_^ �8H �UH�^���Z:P\P]^EP �Q�������hHTZ��YP �QB_AfDXWYP � �%���QH�WY^ �&�YZ�B �CR�P �QAfDXWYB_P �YP �
�aP � � P�^_^_P �Y^#  �YZ:P ��£ �&� � D���£ �YZ��QP�BEV P �����&�H�
�:Z:^EB_DXWYP nwP �o���QB �&� � �YP�^_^EP ��£ �KB��YP �Q�UBEj&£]B_P �QP � >
p P]AQDXWa^_P �o�YB_Z��o�YZ:AQgo����£�P]AQAfP�B�� H�A������:gaWuJ;AfB �8H�^_BEAQDXWYP � *D�YP]^E^_P � � P ���aP � B�� �GH�gYB �UP]^ c �&� �
�QP �fA��YDXWQ� >C} BEP � � P ���YP � �7B����a^iH �QB����YP � R¢��� � �:^_^EB_AQB ���YASV �QP]BEP � �7DXW&�;D��;AKR:P � � P �&�YP � ���&�
�YH�A �7g�P �Q���UH�^?R:P �fW3H�^ �UP �~R:P �QAQDXWaB_P �aP �YP ��*D�YP�^_^ � J7g�P �¡£ � N P]Av�UB � �`P � > �lP � �	�YAQH¢� �CP � �
WYH¢�YZ £ � B_AfDXWYP �b�YP � � ���fP �Q��£ V�H$�Q����� �YP ��*D�YP]^E^_P ���o�&�b�YP � �7g
P �Q���UHT^ER:P �QW3HT^ �UP � � B ���
B � �lP �UH�B_^IH¢�3HT^EJ;AQBEP ��� > ' � �KHTgYB �QP]^ k � P ���YP � nIP �o���fB��&� � � AQAfP�R��¢��[ �Q�UB?R:P � mGH�^_H$� �
�QB_AfDXWYP � �OP ���YP � N P ���QH�DXWQ�UP �$A�� � B_P��YBEPoP � � H ���UP �UP �b�lP �UP ���QB����aA��UH!�UP ���YBEA)���o�UBEP �v� > �lP]A
� P]B �UP �QP �!� B ���N�3HTA\P � �yH¢�v�UP �QPGnIP �o���fB��&�:AfB_Z��YH�^�R¢��� mKH � �CH�FwH'J,p_�o�QA��QA\B�� �GH�gYB �UP�^ L
H N Z:P]AfDXW�  ��£ � > } B_P � ^EB_P]Z ���YP � � � ���YA H¢�7V��YP � � ^��������3H �QB����YP � �aP �&
 B �&£]P�^ � �YP]^E^_Afg
P �����QP ����aB_P�AfB_DXWP�&�&�fDXW B��&�YB?R;B��&�YP�^_^EP¢�0B��Q���fB��YAfB_AfDXWYP�� H¢�fBiH �QB����YP �~�YP � N P � N H�DXWQ�QP �UP � 
��fP]B_Z¢�YB_AfAQP
P �QZ:P N P � > ' � �GH�gaB �UP�^ | � P ���YP �(R�P �QAfDXWYB_P �YP �aP �¡�%�YP]^E^_PtB�� } B �YAQBEDXW���H¢�aV��YB_P �[�¢�YAQBEA �
�QP �&£ N P £ � Z�^_B_DXW¡�YP �[� N P �QP � nwP �o���QB��o� ���	�:Z¢�QP �o£]P � �o���QP �fA��YDXWQ� �	�YB_PGR���� � �����*'�� �

 	7g�P �QB �CP �Q� N P]Av�UB�� �*� �c�&���YP � > �lB_P �[���aAQP � �YP �&£]P ��V � ���YBEPCZ¢���&�&�a^_P]Z�P �&�YP e WuJ;AfB �
� B ���}�3H¢�fZ:P]^EP]Z¢� > �	�&�YP � � B �����YB_P � P �v�UP�B_^��o�YZ�R¢��� *D�YP�^_^_P � R�P �fAQDXWYBEP �YP �YP � �GH �UH��
^ �:Z:P#[ �Q�UB?R:P � mKHT^iH$�Q�UBEAQDXWYP � �OP ���YPY�&�Q�QP �QA��YDXWQ� > ' � �YB_P�AQP � �	�YAQH¢� �CP �YW3H¢�YZ �yP � �
�aP �N�YBEPl[[�YAQAfB_DXWQ�UP �J�YP �\nwP �o���QB �&�¢�UP�^_P�A)�¢��g
P[�YP ��£ � P]B �QP �~mOP �YP �UH �QB����	��
���� � -��	� �&�&�
������� �����	�YBEA)���o�UBEP �v� > ' � �GH�gYB �UP�^ ¦ � P ���YP ���YBEP 
��QZ:P N �YBEAQAQPj�aB_P]AfP �I[X� N P]B �D£ �YAUH¢� �
�`P �aZ:P�V�H�� � > ' � [[�YW3H¢�aZ��yP ���YP �N£ �aA�  ��£]^_BEDXWYP ' �7V �����CH �UB ���YP � £ �N�YP �hP]B �&£]P�^��YP �,�GH�gYB �
�QP]^ �9g&�� �AQP �Q�UB_P ��� > ' �YA N P]A����&�YP �QP � B����9B��#[X�YWYH¢�YZ~[ �YBEP � P � N B��&�&�o�YZ~�YP �$P�B��Y^EP]B �UP ���
�aP � �GH�gYB �QP]^ £ � �YP �~P]B �&£]P�^��YP �*V �:^_Z:P �&�YP � �KHTgYB �QP]^��hB��*P]B �YP �\AfDXWYP �CH �QB_AQDXWaP �¡�rH¢�QAv�UP�^+�
^ �&�YZ�R�P �QH¢�YAQDXWYH¢�Y^_BEDXWQ� > 
 B��YP �	�YAUH¢� �`P �aV�H�AfA��&�aZ��aP �e�lP j��YB �QB���� �aP �oR:P �QAfDXWYB_P �YP �YP �
��P]BE^_DXWYP � � � AfAQP,BEA���B�� [[�YW3H¢�aZ � >?= Z:P]Z�P N P � > [X� 
��o�YPN�YBEP]AQP ��[[� N P]B �$A��QP]WYP � £ � P]B
���UB_DXW �������fR:P ��£]P�B_DXW&�aB_AQAfP¢��B � � P]^EDXWYP � H¢�7V �7DXWY^ � AQAfP]^�� ���v�UP �X�&�&� 
 	7g
P �QB �CP ���QP*�YP �l[IA �
�����¢�QP]BE^_DXWYP �YgYW.J;AQB �CR:P � � B_P�AQP � � B���� >
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na��� � �QWYP ���hHT^3gYW&�¢�����hAfg
P�D ���QH�H�Ax� N AfP �SR:P �hB��CH�A������:gYW.J;AQBED'H�^�AQWo�7D���P �uR;B �����&�`P �Q�QA H¢�fP
B �,W3H¢�&�����YBEDrH�D�D]P]^EP �QH �UB ���,AQD�P �3H �QB���A��YB��fP]D �U^EJ`^EB�� �TP � �����UWYPrP �CBEAQAfB���� ��V!DXW3H¢�fZ:P � @ �:A �
�`B_DGFwH'J7AIH¢�&�J��� �YP �o���fB��&��A > ' � �QWYB_A DXW3HTgo�UP � ���UWYPGgt�:AQAfB N ^EPOA����o�QD]P�A[�TV @ �:A��CBEDGFIH'J;A
H¢�fP��aB_AQD �YAQAfP � � B �UW �QP]Afg
P�D �[���e�UWYP�B��wP �`B_AQAfB����qg&���:g�P ���QB_P�AwV ���wH�^E^	�UWo�QP]P��CP�AQAfP �YZ:P �QA��
g&���¢���¢�YA �3gYWo�¢�����aAIH �&�¡�aP �o���QB��o�:A >
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@ W3H �QZ:P � @ �:A��CBEDGFIH'J;A � @ F A 	 W3H'R:P N P�P �¡� N AQP �fR�P � V �����vP �YP �fZ:B_P�A[�TV

ECR ∼ 109 P���Yg ���
ECR ∼ 1020 P�� > �\WYPqAQg�P]D �����&� B_A�H�^ �UP �QP � N JM�UWYP �+��^iH¢��� B �&�(V ���oP �YP �fZ:B_P�A

N P]^ �
� H N �¢�o�
ECR ∼ 20 · Z

mGP��*� � WYP �fP
Z
B_AJ�UWYP#DXW3H¢�fZ:P���V��UWaPM���YD�^_P �aA > [��

WYBEZ:WYP �yP �aP �QZ�B_P]A �+�QWYPlP �YP �fZ�JhAfg
P�D �����&� V �:^_^ � � A H$g � � P �Q^_H � � B �UW �(�_�&�7g ��AQAQB N ^EJj�QW&�QP�P
N �fP'H$�uA > �\WYP gt�
� P �f^iH ��A������YD ���&�QPyD'H¢��B �oZ:P �aP �UHT^ N P P 	7gY^_H�B��YP � N JoAfW&�7D���H�D]D�P]^EP �UH!�UB��¢�
B � HTA������:gYW.J;AQBED'H�^�A����&�QD�P]A > ' � �UWYBEA\AQP�D �UB �����o�QWYP�� N AfP �fR�P � AQg�P]D �����&� � B �UWqB �QA V P'H ���&�QP�A
BEA��YBEAQD �YAQAfP � H�A �yP�^_^ H�A �UWYPCH�D]D�P]^EP �UH!�UB��¢�M�`P]DXW3H �YB_A�� N �YB_^ � ��� Av���;DXW3H�A��QB_DCH�D]D�P]^EP �UH
�
�QB����M��Vi�UP�A��ogYH¢���QB_D]^EP]A$H ���CH�Z��aP �UBED�j3P]^ �(B��YWo��� ��Z:P �YP�B �QB_P]AOB �(H�Av�����:gYW.J;AQB_D]H�^yAfW&�;D��;A >
@ W3HTgo�UP � c � B_^_^��UWaP �J�YP]H�^ � B �QW �UWaPOB��Q�UP �Qg&�fP �XH!�UB��¢� ��V�DXW3H¢�fZ:P �qg3H ���UBED]^EPIAfg
P�D ���QHoV �����
H�Av�����:gYW.J;AQB_D]H�^!AQW&�;D��uAlH �&� �QWYP]B � H�gYg�P'H¢�QH¢�YD�PKB �*P 	%���QH�Z.H�^_H�D �QB_DrA����&�fD]P]A >
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VW>%X�7
[I^��QP]H¢�aJCB�� �QWYPrP]H¢�Q^?JJ¤¢¥!�UW,D�P �Q���&�SJ��3B � �yH�A��YBEAQD ��R�P �QP � �QW3H ���UWYP 
 H¢�v�UW,BEA P 	7gt�:AQP � ���
HhD ���Q�UB �%�o���YA �&� 	¡��V DXW3H¢�fZ:P � gYH¢���QB_D]^EP]A\V ���¢� �¢�o�UP �IAfg3H�D]P ��AQP�P�P > Z > 	 } P]A = ¤o���[�:W ='c � >
} P]AQAGH �&� �¢�UWaP �QAlg
P �fV �����CP � N H�^E^��%��� �YB_Z:WQ�UAlg&����R;B��YZ �UW3H �X�UWYPoB ���YB £'H �QB���� ��V��QWYP�H � �
� �:AQgaWYP �fPwB �YD �fP'H�AfP]A � B �QW�WYP]BEZ:WQ� > �\WYBEA D ���Q���UH¢�YBED �QP �e�UWYP W.J;g �¢�QWYP]AfB_A��UWYH ���UWYP ����	e��V
B ���YB�£�B��YZ�gYH¢���QB_D]^EP]A\H �QB_AfP]A\V ���¢���UH �YB��.HTD �UB?R:PD�CH ���UP �\B �J�UWYP 
 H¢���QW �zAa���7D��uAwP 	7D]^ �YAQB?R:P�^EJ >
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�QH¢�YZ:P���V P �YP �QZ:BEP]A

ECR

�	�YAQB �YZ N H�^E^��%����P 	7g
P �QB��`P �Q�QAOH¢�&� AQH �UP�^_^_B �UP�AIV ���I^�� ��P �YP �QZ:BEP]A
�
ECR < 1014 P�� 	�H¢�&� 
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�&�¢�YP V �����UWYP j��fA����UB �CP H¢�3H�^?J%�QB_D]H�^_^?J N J � P ���`B�	 � P � k.s � � P � LTk � > �%���;DXW3H�Av�UBED AfW&�;D��OH�D]D�P]^ �
P �UH �QB����J�fP]A��a^ �UA\B �qHog � � P �f^iH � Afg
P�D �����&� �TV2g&�fB��CH¢�fJ`DXW3H �QZ:P �~gYH¢���QB_D]^EP]A > �\WYPD�UWYP ���fJ
��V
H�D�D]P�^_P �QH �UB ����WYH�A N P�P �j�fP�j��YP �t^iH �QP �2B �*�UWaP =�s ¦¢¥TA N J�pyP�^_^ 	dp P]^
¦ b H+�.p P]^
¦ b�N � � �.�fJ%� �
A �;BEB 	 ���SJo¦�¦ � �3py^_H¢�&�aV �����! M Av���fB ��P ��	zp M ¦ b �!H �&�*[�	;V ������� � P]P �� ���TH �&����� 	 [ � �&¦ b � >
� WYBE^_PKpyP�^_^ �����)�TP �T���+�lHe�`B_D ���:AQD �:gYBEDGH�gYg&���.H�DXW��0B�� � WYBEDXW B �&�YBER;B �&�3H�^�gYH¢���QB_D]^EP]AwH¢�fP
���UH�D�P ��� �.�fJ%�`A)�uB_B � p ^iH¢�&�7V �����  M A����QB �TP �OH �&� [�	;V ����� ����� ��P �P���T�QWYP��CH�D ���:AQD �:gYBED
�YP�AQD �QB_g+�UB��¢���TV H�Av�����:gYW.J;AQB_D]H�^ AfW&�7D��uA ���YP�Z:^_P�D �QB��YZqH¢�.J B �&�YB?R7B �&�3H�^�� ��R�P �`P �Q� ��V g3H¢� �
�QB_D]^EP]A >,M �YPtB��`gt�����UH¢�Q�GD ���YAfP � �YP �YD]PN�TV H�D�D]P�^_P �QH �UB ��� �UWYP ���fJ BEA.�UW3H ���QWYPe�hH�	7B ���&�
P �YP �fZ�JP�YP]g�P �o�YA��¢���QWYPe�hH�Z¢�YP �QB_Doj3P�^��#H¢�&�P�UWYPtAfB�£]Pe��Vx�UWaPCHTD]D]P�^_P �UH �QB����P�QP�Z:B��¢� H�A
�YP �QB?R:P � N J } BE^_^iHTA 	 } B_^ b�k � >
[IA¡�YBEAQD �YAQAfP � N J � P ���`B 	 � P � k.s � � P � LTk �GH¢�o� H�^EA�� N J}�rH¢� � B�� 	 �rH¢� k:s � �IA����7DXW3HTA��UBED
g3H ���UBED]^EPtH�D]D�P]^_P �UH �QB���� D]H¢� N Pe�YP]AfD �QB N P � N J V �:^_^ � � B��YZ*Hqg3H¢�v�UBED]^_P�P �Q�UP �fB��YZ H¢�9H�D]D�P]^ �
P �UH �QB����P�QP�Z:B��¢� � B �UW#H¢� P �YP �fZ�J

E
�UWo�����YZ�WP�QWYP`H�D]D�P]^EP �UH!�UB��¢� g&���;D]P�AQA ���&�Q�QB_^ B �OP 	7B �QA

�QWYP �QP]Z�B���� H�Z:H�B�� > ' �tB_AoH�AQA��&�CP �(�QW3H �tg3H ���UBED]^EP]A�H¢�fPqH�D]D�P]^EP �UH!�UP ��H �e� ��R;B��YZT�CH�Z �
�YP �UBED`j3P�^��#B��YWo��� ��Z:P �YP�B �QB_P]A �!H¢�&�9B�� P'H�DXW P �YD ���&�Q�UP � � H � P �aP �QZTJP��V

∆E = ξ · E
B_A

Z.HTB��YP � > �\WYPj� ���CP �Q���&� Z.H�B �
ξ
D ���CP�AlV ���¢� �QWYP�� ��R�P �`P �Q�.��V��QWYP��CH�Z��YP �UB_DKj3P]^ �

B �YW&��� �:Z:P �YP]B �UB_P�A >
�\WYP �QPlH¢�QPi�(��� N H�AfB_D D �¢�aj3Z��&�QH �UB ���YA V ��� A����7DXWYH�A��QB_DwH�D]D�P]^EP �UH!�UB��¢� > �\WYPwj��QAv� H�gYg&���.H�DXW
�yH�A_����D �¢�YAQB �YP �yH�� ��R;B �YZ&�ug3H¢�v�UBiHT^_^EJ�B����aB�£]P �CZ:H�A D�^����o�,H�A AQW&� �c�*B�� � BEZ >3=:> ¤ > ' � �QWYP
j3Z¢�&�QP �

E1 , p1

H¢�&�
θ1
H¢�QP.�QWYPGP �YP �QZ�JqH �&� � ���`P �Q���&����V��UWaPKB �YD]B �YP �Q�\gYH¢���QB_D]^EP¢�3H �&�

E2, p2

H¢�&�
θ2
H �QP.�UWYPOP �YP �fZ�J���� ���`P �Q���o� H¢�&�~H¢�aZ:^_P.��V��QWYP����o�UZ¢�:B��YZ�g3H¢���QB_D�^_P > � �¢�

B �YA��UH¢�YD]P ���hH�Z¢�YP �QB�£]P �qZ.H�AwD]^��¢�&�YA B��J�UWaP$B ���QP �fA��UP�^_^_H¢���`P �YB �&� � ��R�P � B �UW H�R:P]^ �7D�B � J
��V

∼ 15
�����TA 	 e ��� s:b � > ' �¡�QWYB_AwD ���7j3Z��&�QH �UB �����0g3H¢�v�UB_D�^_P�AlH¢�fP$AfD'H ���UP �QP � � �M�CH�Z��aP �UBED

j3P�^�� B��aW&��� �:Z:P �aP]B �QB_P�A�� WYBEDXW9H �QP N ���&�&� ���N�QWYP�D]^ ���&����AfP]P � BEZ >�=�> ¤ > �\WYPe�YB��fP]D �UB��¢�
��V��UWYP @ �:A��CBEDtFIH'J;AKB_A.�UH �&�&���`B�£�P � B�� �UWaP`D�^����o���!AQB��aD]Pj�UWYPtg3H ���UBED]^EP]AOP]AfD'H�g�PtV �����
�QWYPhD�^����&�#B��9H¢�.JP�YB �QP]D �UB ��� > �\WaP � ���CP �Q���&� Z:H�B��

ξ
B��P�UWYBEAKD]H�AQPCg&����g ���v�UB ���3H�^ ���

�QWYPGA � �3H¢�fP �~D]^��¢�&�*R:P]^ �7D�B � J¢� ξ ∝ V 2
c

�3HTAa�aB_AQD �YAQAfP � B��*P > Z > 	 e ��� s�b � > �\WaB_Ai�`P]DXW3H¢�aB_A��
BEAj�QP�V P ���fP � ���#H�A 
 � � ����� ����� ����� ��� ����� � � � � ��� � � � ��� > �\WYP~P �aP �QZTJ Z.H�B � B_Aogt�:AQB �UB?R:P¢�
B �&�YP]g�P �o�YP �Q�i��V	�UWYPwR:P]^ �7D�B � Je�YB �QP�D �UB ����� N �o�yB � B_Ax��V�AfP]D �¢�&�N�����YP �yH¢�&� �QW%�aA �o�o�¢� R�P �SJ
P%�CD�B_P ��� �

Vc < 1
	 >
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1 2

� B_Z��&�fP =�> ¤ � �\WYP ���QBEZ:B��3HT^ � P ���`Bx�QWYP �¢�fJ
� �7P]D ���&� �����YP � � P ���`B2HTD]D]P�^_P �UH �QB���� 	 > ' � �
�QP �QH�D �QB����N�TV2HoD �:A��`B_DIg3H¢�v�UB_D�^_P[��V�P �YP �QZ�J
E1

B��KH\D]^ ���&��� ��R;B��aZ&� B �UWOAfg
P�P � � > � BEZ �
�o�QPOV ����� 	 e ��� s:b � >
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1

1

2

2
2

1

θ2

p

p s

� BEZ��&�fP =:>dc � � B �QAv�.�����aP � � P ���CB�H�D]D�P]^ �
P �UH �QB���� > �\WYP*AfW&�7D��9V �����Q��BEAoD ���aAQB����
P �QP �T��� N P�gY^_H¢�YP � � ��R7B �YZ � B �UW H`R:P �
^ �7D�B � J ��V

VS
> � B_Z��o�QPlV ����� 	 e ��� s:b � >

' �tD ���CgYH¢�QBEA�������� � 
	� ����� ��� � ��� ��� � � � � � ��� � � � ��� B_A D ���YAQB �YP �fB��YZGHOgY^_H¢�YP �.B��aj��aB �UPyAQW&�;D��
V �����Q� � AfP]P � B_Z > =:>dca> ' � �UWYP,j3Z¢�&�QP � B �oB_A$R7BEA��3HT^_B�£�P �Y�QW3H ��g3H ���UBED]^EP]AoZ.HTB��(P �YP �fZ�J N J
D ���:AfAQB �YZ~�UWaPhAQWo�7D�� V �����Q� > [vgYH¢���QB_D]^EP � B �UW(H¢�(B��aB �UB_H�^ P �YP �fZ�J

E1

���Y^?J DXW3H¢�YZ�P]AoB �UA
P �YP �fZ�J N J D ����AQAQB �YZT�UWaP*AQW&�;D���� � WYP �QP*B ��B_A�H�D]D�P]^_P �UH �QP ��H �j� ��R;B��YZT�CH�Z��aP �UBEDCj3P�^��
B �YW&��� �:Z:P �YP]B �UBEP]AD����H¢�(P �YP �fZ�J

E2
> [lZ.HTB������UWYPCB��YD�B��YP ����H¢�YZ�^_P`B_A �YP�j��aP � H�A

θ1
B��

�QWYPoj3Z��o�QP`H¢�&� �UWaPCH �YZ:^_P*��V��QWYPe�QP ���&���YB��YZqg3H ���UBED]^EP���� �yH¢���aA �QWYP�AQW&�;D�� V ���¢���GBEA
θ2
>

} P �fP¢� j��fA��J�����YP �CP �
P]D �UA*H¢�fP~�&�¢�CB �3H¢�Q�tV ��� �QWYP~� ���`P �Q���&� Z.HTB��(��V.�UWYP g3H¢�v�UB_D�^_P >
� ���KA��������aZ AQW&�;D��uA � B �UW H¡�YP �YAfB � J � �&�Cgb��V

∼ 4
H ���UWYP �YB_AfD ���Q�UB ���YB � J¢� �UWYP,P �YP �fZ�J

Z:H�B�� B_A
ξ ∼ 1/2 · uu

B�� P'HTDXWY�YB��fP]D �UB��¢� > �\WaP ��� �XH�^�� ���`P �Q���&� Z.H�B�� V �������aPCD J7D�^_P
�TVwH�D]D�P]^_P �UH �QB����9B_A �UWYP �

ξ ∼ uu
� AQB �YD]P �QWYP,AfB_Z��YA���Vi�UWaPhR:P�^��;D]B � JM�YB �QP]D �UB ���YA�D]H¢�YD�P]^

V �¢�lH`g3H¢���QB_D�^_PGD ���:AQAfB��YZ �QWYP�AfW&�;D��qV �����Q� > [ �fP�R;B_P � ��V j��fA��OH �&��AfP]D �¢�&� �����aP � � P ���`B
HTD]D]P�^_P �UH �QB����*BEA\Z:BER�P �~B�� 	 e ��� s:b � >

�*��������
!� �: ;

�� u��+Y1�1��8�;�!��& +a��� ��
 � WYBE^_P P]H¢�Q^?J��QP�A��Y^ �UA,� P �fP9H �3H�^EJ��QB_D'HT^a���QP'H!� �
�`P �Q�QA �&� ���QPIg&�QP�D]BEAQP.�QP�A��Y^ �UA H¢�fPGH�DXWYBEP�R:P �J���%�3H'J N J �¡�¢���QP @ H¢�Q^ �oA����&�YBEP]A > �������QH�D]P
�QWYPog3H ���UBED]^EP¢� �QWYP�Z��YB �YB��aZhD]P �Q�UP �KH�gag&��� 	7B��CH �UB ����D]H¢� N Pj�YAQP � > �\WaP`WaP]^_BED'H�^�� �¢�UB ���
�TV��QWYPOg3H¢�v�UBED]^_P[�&�YPD����Z�J%�UH �QB����*BEA D ���aAQB��aP �QP �J��� N POA��CH�^_^�D ���`g3H¢�fP �N�����UWYPOZ:P �YP �QH�^
�o�QBEV
����V��QWYPGg3H¢�v�UB_D�^_POH �&� BEA\WYP �aD]P �YP]Z:^EP]D �UP � > �\WaPKZ¢�YB��YB �YZ�D]P �Q�UP �wB_Ai�aP�j��YP � H�A

~rgc := ~r − ~rg ,
� =:>zk 	

� B �UW
~r
H�A��UWYPhR�P]D �����oV �����z�QWYPN� N AQP �SR:P �����~�QWYP*g3H¢�v�UB_D�^_P �dA$^��;D'H �QB����9H¢�&�

~rg

H�A��UWYP
ZTJ+�����UH �YB��YA H�Ax�`P'H�A��&�QP �hV �������QWYPwD]P �Q�QP �_�TV��UWYPwWYP�^_B+	 > �\WaPlgY^_H�A��CHOB_A D ���YAfB��YP �QP �*H�A
D �:^_^EB_AfB���� � ^_P�AQA � � WaB_DXWj�`P'H¢�YA��UW3H!� N B �3H¢�fJKg3H ���UBED]^EP B �Q�UP �QH�D �QB����aA H¢�fP_���YDXW � P'H ��P � �QW3H¢�
�QWYPrB � ���YP �YD]P.��V��QWYPOP 	%�UP ���3HT^��hHTZ��YP �QB_Dwj3P]^ � > �\WYPOg3H¢�v�UBED]^_P�A\H¢�fPX�UW��YA\AfD'H ���UP �fP � H¢�&�
HTD]D]P�^_P �UH �QP �oH!� � ��R7B �YZwB��YW&�¢� �:Z�P �YP�B �UBEP]A���Vo�UWYP P 	%�UP ���3HT^7j3P�^��*�QH �UWaP ���UW3H¢� N J$gYH¢���QB_D]^EP
D �:^_^EB_AfB����YA > �\WYP\AQD]H ���QP �QB �YZGg&���;D]P�AQA D'H �CW3HTgYg
P �`H � A��CH�^_^%��� ^_H¢�QZ:P H¢�YZ:^EP]A ���
�yH¢���YA��UWYP
�aB��QP�D �QB����J��V��UWaP.�hH�Z¢�YP �QB_Drj3P�^�� > �+�CH�^E^ H¢�aZ:^_POAfD'H ���UP �fB��YZtBEA H�^_A��j�QP�V P ���fP �¡���`H�A�� ��� ���
� ��� � � ��� �
	 
�� ��� > e H¢���QB_D�^_P]A Z�J%�QH �UP$H�^��¢�YZ �QWYP �hH�Z¢�YP �QB_Drj3P�^���^EB��YP �3BEV��UWYP�B�� R:P�^��;D]B � J,B_A
gYH¢�UH�^E^_P�^%��� �QWYPc�hH�Z¢�YP �QB_Dyj3P�^��e�YB �QP]D �UB ��� > �\WaPIH �YZ:^_P

α
N P �(� P]P � �UWaPwgYH¢���QB_D]^EPyR:P�^��;D]B � J



@ W3HTgo�UP � =:> �\WYP @ �:A��`B_DGFwH'J��3gYWo�¢�����  W�YP �o���QB �&�CD ���&�YP�D �QB���� =:=

H¢�o���UWaP �CH�Z��aP �UBED,j3P]^ ��^EB��YP�A�B_Ae�QP V P ���QP �(���9H�Aj�UWYP � ��� ��� � ��� � � > � �¢�
α 6= 0

�x�QWYP
g3H ���UBED]^EP]A_�aB�� �YAQP[��� �UWaPrAQD]H�^_P[��V��UWYPIgYB �QDXW*H¢�YZ�^_P > � �¢�_�QP�^iH �QBER;B_Av�UBED\AQW&�;D��uA �&�UWaB_A H �YZ:^_P
BEArD ���o�YP]D �UP � ��� �UWYP N �%�:A��IV�H�D �����D��V��QWYPoAfW&�7D��

Γ
�
α ≤ 1/Γ

> mOP �aP �UHT^_^EJ¢�t�QWYB_AIB_Aa�UWYP
� �:A��a�fP'H�^EB_A��QB_DGH�gag&���.HTDXW ���CWYBEZ:WY^?J � �QP�^iH �QBER;B_Av�UB_DIAQW&�;D��*gYWYP �&���`P �3H > �\WYP$A��CH�^_^�H �YZ:^_P
�YB+�	�aAQB��¢� D'H�AfPtH¢�QBEAQP]A N P]D]H¢�YAfP � �:Av�rj3P]^ � g
P �����&� N H!�UB��¢�YAD� �+�YP�^_P � D'H¢�&�o�¢�.���&��� g3H¢� �
�QB_D]^EP]Aa� �¢�QP��QW3H¢�

α ≈ 1/Γ
N P V ���QPKAQW&�;D�� �QP ���&��� >O@ ���YD�P �Q���QH �UP ����WYBEZ:W jYP]^��aAlAQD]H ���QP �

D�P �Q�UP �QA H�D �UB��aZ$B �,HKV �QH�D �QB���� ��V��QWYPX�YBEA��UH¢�YD]P N P �(�yP�P �*AfD'H ���UP � D]P ���QP �fA H¢�QPa�YP]P �YP �,V �¢�
� � � � � � ��� � � 
 � � � � ��������� > �\WaB_A D ���7j3Z��&�QH �UB ���*D'H¢� �;D]D �o�\B�� �&��� � ���e�CBE^��Y^?J � �QP�^iH �QBER;B_Av�UBED
AfW&�7D��uA >�� ��� WYBEZ:W �hH�Z¢�YP �QB_Drj3P�^��YAwB��~D ��� N B��3H!�UB��¢�,� B �UW~A��CH�^E^!H�D]D�P]^_P �UH �QB���� �fP]Z:B ���YA �
^_H¢�QZ:PGH �YZ:^_POAfD'H ���UP �QB��aZ`BEA � �YA��QBEj3P � >

),+Y
 ����
! �
���!�0��
�� �3���� ;��+7������
�% �\WYPa�YP]AfD �QBEgo�UB ��� ��V�H�Av�����:gYW.J;AQB_D]H�^�AQW&�;D��uAyB_A��&�¢�YP
B ���UWaP V �UH �CP �_��� �.��V��CH�Z��YP ���:W.J%�&���+�aJ%�3H �CBED � � } � 	 ���YB ���QWYP ���SJ > �\WYP_�CH�D ���:AQD �:gYBED
N P]W3H'R;B��¢� ��V ���YB �YACBEAtB��.R:P�A��UBEZ.H �QP � B �(�QWYP�go�QP]AfP �YD�PT��VlA��������YZM�hH�Z¢�YP �QB_D,j3P�^��YA > [
D �:^_^EP]D �QB���� ��V g3H¢���QB_D�^_P]A BEAa���QP'H!�UP ��H�AIH ���YB �����hH!���UP � � WYB_DXW D]H¢� N P �YP�V �����CP ��B � �QWYP
D ���Q�UB����&�o� > �\WaPIB �&�YBER;B �&�3H�^7B��YP ���QB � J*��V �QWYP g3H¢�v�UB_D�^_P�A B_A B_Z¢�&���QP �`H�A��UWYPc� �¢�UB ���j��V H¢�
P �YAQP � N ^_Pe��V g3H ���UBED]^EP]AlBEAOD ���aAQB��aP �QP � > � WaP �#H,V�H�A��.� ��R;B��YZ*gY^_H�A��CHhD �:^_^EB��YP�A�� B �QW H
Af^�� �yP �2gY^_H�A��CHo�THIAfW&�7D����YBEAQD ���Q�UB����YB � JGB_A!V �����`P � > �\WYP AQW&�;D��.V �����Q�2B_A�Ha�UWaB������UH �YAQB �UB��¢�
^_H�J�P � N P �(� P]P � 	 � 
	� � � ��� �¢�QP]go�QP]AfP �Q�UB �YZ.�UWYP_�&�YAQWo�7D��TP �hga^iH�A��hHo�TH¢�&� � �

�
� 
	� � � ��� � �QWYP

AfW&�7D��TP �9gY^iH�A��hH > �\WaP`Z�P ���`P ���fJ B_AD�YBEAQgY^_H'J:P � B � � B_Z >�=:>zk H¢�&� � B_^E^ N Pj�YBEAQD �aAQAQP �9B �
� ���QP*�YP �UH�B_^�^iH �QP �IB��~�QWYB_ArAfP]D �UB��¢� > � ���rHN�YP �XH�BE^_P �T�QP R7BEP �W��V AQgYH�D]P�gY^_H�A��CHCgaWuJ;AfB_D]A �
AfP]PKP > Z > 	 e H¢��¥ k � � 
 sa= � >
[��c�UWaPKAfW&�;D��J�YB_AfD ���Q�UB ���YB � J¢�o�UW&�fP]PKgYW.J;AQB_D]H�^�D �¢�&�YB �QB����aA W3H'R:P���� N PGV �a^Ej3^E^_P �	�

∂

∂x
(ρ u) = 0 ,

� =:>{L 	

∂

∂x

(

ρ u2 + P
)

= 0 ,
� =:>d| 	

∂

∂x
(ρ u3 +

γg

γg − 1
uP ) = 0

� =:> ¦ 	
B �M�����YP �.��� � N P J �UWYPtD �¢�YAQP �fRTH �UB ���#^iH � A���V_�CH�AfA ��� ���`P �Q���&� H¢�o�9P �YP �fZ�J > ' ���QWYP
H N ��R:PrP � �3H �UB ���YA � ρ BEAx�QWYPX�CH�AfA_�YP �YAQB � J�� u BEAx�QWYP �&�
��R�P]^ �7D�B � J`H�^ ���YZ��UWYP�	�� H�	7B_AyH¢�&�
P
BEA_�UWaPKgo�QP]AfA��&�fP���V��QWYPOZ.H�A > �\WYP��UH �QB��j��V�Afg
P�D]BEjYDKWaP'H �QA V ��� H�� �¢�&�7DXWo�����CH �UBEDlZ.HTA

BEAOZ:BER�P � N J
γg
> �\WYP � �&�Cg D ���&�YB �UB��¢�YAOH �.�QWYP�AQW&�;D�� N �����YP �GH¢�QP��QWYP �#Z:B?R:P � N JT�QWYP

FwH¢� �uB��aP � } �YZ����aB��¢�i�fP]^_H �UB ���YA �
ρu uu = ρd ud ,

� =:>{b 	

ρu u
2
u + Pu = ρd u

2
d + Pd ,

� =:>{s 	

uu ·

(

1

2
ρu · u2

u +
γg

γg − 1
· Pu

)

= ud ·

(

1

2
ρu · u

2
d +

γg

γg − 1
· Pd

)

.
� =�>E= ¥ 	

�\WYPyB��&�YP 	 � A��XH �&�YA2V ���1� �&� �c�YAv���fP'H¢� � ��� WYB_^EP 	 A��UH¢�&�YA2V �¢��� �agYA����QP'H ��� RTH�^ �YP]A > �\WYP�AQP
V �&�o�3H¢�`P �Q�XH�^;D �¢�&�YB �QB����aA�AfP �fR�P H�A��QWYP N H�AQBEA�V ��� �¡���Q�UP @ H¢�Q^ �lAv���&�YBEP]A �TV0H�A������:gaWuJ;AfB_D'HT^
AfW&�7D��uA >
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�\WaPwR�P]^��;D]B � J�D �¢�Cg&�fP]AfAQB��¢� �UH!�UB��
r
BEAx�aP�j��YP �*H�A

r := uu/ud

H¢�&�`B_A H¢�CB��`g �¢���XH ��� g3H��
�QH¢�`P �UP � V ��� AQW&�;D��*AQB ���Y^_H �UB ���YA�� >&� ��� H �YBiH N H �UBEDrAQW&�;D��uA

(γg = 5/3)
���&�¢� � �fP]^iH!�UBER;BEA��UBED

A����&�fD]P]A � J7gaB_D'HT^_^EJ(W3H'R:P D �¢�Cg&�fP]AfAQB��¢�h�UH!�UB���A �YP]H¢�
r ∼ 4

> � ��� �QP�^iH �QBER;B_Av�UB_D �yg&�o�QP]^?J
W.J%�&���+�aJ%�3H �CBEDIAfW&�7D��uA H¢�o�*H¢� �a^ ���QH�� �fP]^_H �UB?R7BEA��QB_D P � �YH �UB ���N��V�Av�XH �QP¢�%�UWYPID ���`g&�QP�AQAfB�����QH �UB ��B_A�� J;gYBED'H�^E^EJhH�AQA��&�CP � ��� N P

r ∼ 3
�aAQP]P 	zpi�T¦ | � >

� �!����� �0 u��&  .����-

� B_Z��&�fP =�>dk AfW&� � A��UWYPlZ:P ���`P ���fJ ��V�H�AfW&�;D��hB��CB �QA_� �c�J�QP�A��QV �QH¢�`P > �\WYBEAyB��`gY^EB_P]A��QW3H �
�QWYPoAfW&�7D��~V �����Q�lB_AlAv�XH �QB����YH¢�fJ H �

x = 0
B �~�UWaB_AD�fP]g&�fP]AQP �Q�XH �QB���� > �\WaP�AQW&�;D��~�&�¢���CH�^

n
H¢�&� �UWYP��hHTZ��YP �QB_DOj3P�^��

Bu

H¢�QPKD �¢�&�YP]D �UP � R7B_H �QWYP�H �YZ:^_P
ψ
> ��H�Z��YP �UBEDKj3P�^��YAlH¢�&�

�&�
� R�P]^��;D]B �UBEP]AKDXW3H¢�YZ:P,H �*�QWYPN�YBEAQD �¢���QB����YB � J�� N �¢�UW B � Av���QP �YZ¢�QW H�AoB��b�YB��fP]D �QB���� > ' �
D]H¢� N P��YAQP V �Y^����,�_�¢�)� � B �UWT�aB��
P �QP �Q�rV �UH¢�`P]A[��V��QP V P �fP �YD�P`B �T�����YP �X���,AQB �Cga^_BEV J �UWYP
Z�P ���`P ���fJ > �\WaB_A&� B_^E^ N P.�YB_AfD �YAfAQP ��B��N�UWaP �aP 	%�lgYH¢�UH�Z¢�UH�gYW >

���������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
upstream downstream

u
u

B

n

B

u

u
d

d

x

y

z

ψ

Shock plane
x=0

� B_Z¢�&�QP =:>zk � mOP ���`P ���fJ ��V H � H�A������:gaWuJ;AfB_D'HT^2AQWo�7D��~B�� B �UAa�QP�A��QV �QH¢�`P > [ R:P�^��;D]B � J
���UH¢�YASV �����CH �QB����J��V��UWYP$AQW&�;D��*g3H¢�QH�^_^EP]^	���hB �UA A��&�SV�H�D]PKB_Aa�&���aP ���CZ:P �
V ����� �QWYPG^iH N V �UH �CPX���j�UWYPGAQWo�7D��J�fP]A��fV �UH¢�`P > [ gY^_H�A��CH���V�R:P�^��;D]B � J
uu

�`P]P �UA$H�gY^iHTA��CH �TV R:P�^��;D]B � J
ud

� B �UW
uu > ud

> [vAfW&�;D�� V �����Q�
N �aB_^��aA��ag�H �

x = 0
N P �(� P]P ���QWYP_�agYA����QP'H � H �&�*�&� �c�YAv���fP'H¢�W�QP�Z:B���� >

�\WYP`AQWo�7D�� V �����Q�$Av�XH'J;A$Av�XH �QB����YH¢�fJ B � �UWYBEAGV �QH¢�`P > ��H�Z��aP �UBED�j3P]^ �YA
Bu

H¢�&�
Bd

W3H'R�PlH¢�CH¢�YZ�^_Pi��� �yH¢���YA��UWaPwAfW&�;D�� �o�����CH�^
n
> �\WYPIH¢�YZ:^EP

N P �(� P]P �
Bu

H¢�&� �UWYPGAQWo�7D��N�o�����CH�^�BEA\^iH N P]^EP �
ψ
>

����( /<$ /<5 -8/ /<5)$
	%$:J.(�XW+3/ = XW(���
 2L$YQLQL+3(0& 2�-8/L+.(
r
XW(02L2<$'Q�
 (%&��)Q1/L(F/L5 $�
 2L$YQLQLK)2<$ X:(��

)2<$'Q<Q�+.(%& 2�-8/<+3(

rp
+.&F/L5)$ &)(0&�� 2L$'J.- /L+�	 + Q�/L+ X�X'-%QL$��

rp = r
���)K)/�/L5 - /�/L5)$ / 79(���+���$:2�� (02�2L$'J.- /L+�	I+.Q�/L+ X Q�5)(�X�"�Q��

rp 6= r �



@ W3HTgo�UP � =:> �\WYP @ �:A��`B_DGFwH'J��3gYWo�¢�����  W�YP �o���QB �&�CD ���&�YP�D �QB���� =�c

�\WYP`AQWo�7D�� Z�P ���`P ���fJ BEA.�YP�j&�YP � N J~�UWYPe�YgYAv���fP'H¢� �CH�Z��YP �UBED�j3P]^ � A����fP �YZ �UW9H¢�&� B �QA
B �YD]^EB��3H �QB����hH¢�YZ:^EP[���
�yH¢���YA��UWYPOAfW&�;D��N�&�����hH�^

ψ
> � WYB_^EP � � � � ��� � � 
���� � � 
 W3H'R:P

ψ = 0◦H¢�o� � ��� � �	�����	� 	 � � � 
���� � � 
 H¢�fPqZ:BER�P � V ���
ψ = 90◦

�x� �:A��`AQWo�7D��uA,H �QP ��� � ��� 	 � � B �QW
0◦ < ψ < 90◦

> �7W&�;D��uA � B �QW
0◦ < ψ < 45◦

H¢�QP��fP�V P ���QP �T���*HTA � 	 ��
���� � � � � ��� � �3H �&� H
45◦ < ψ < 90◦

D ���aj3Z��o�UH �QB����*BEA��3H¢�`P � � 	 ��
���� � ��� � �	�����	� 	 � � � > MrN ^EB � �YPlAfW&�;D��;Ac�;D]D �&�
B ���CH¢�.J�H�A������:gaWuJ;AfB_D'HT^wgaWYP �&�¢�CP �3H > �\WYP N P�A�� � A����&�YBEP � D]H�AQP B_Aj�UWaP 
 H¢�v�UW �zA N � �&�
AfW&�7D�� � WYP �QP �QWYP,A���^iH¢� � B��&�M�CP�P �QA��UWaP!
 H¢���QW �dA��hHTZ��YP �QB_D�j3P�^�� > �\WYPN� N AQP �SRTH �UB ���
��Vi�QWYB_A$AQW&�;D��#A������YD ���&�QP � H�A��UWYPhj&�QA��$R:P �QBEjYD'H �QB����#V �����QWYP �;D]D �&���fP �YD�PJ��V\D ��^_^_BEAQB ��� �
^EP]AQAGAfW&�7D��uA$B�� AQg3HTD]P¢��AQP�P 	 � 
 sa= � H �&�M�fP�V P �QP �aD]P]A��UWaP �QP�B�� > p_� �&� AQW&�;D�� � N AfP �fRTH �QB����aA
H¢�fP � �3HTAQB+� g3H¢�QH�^_^EP]^�H �&� go����R:P��UW3H!�ID �:^_^EB_AfB���� � ^_P�AQAyAfW&�;D��;AID'H¢��H�D]D�P]^EP �UH!�UPGg3H¢�v�UB_D�^_P�A > [
AfP]D �¢�&�*P 	aH¢�`gY^_P\V �����QWYPX�&�YH¢� N BEZ��&���YA�� N AQP �SRTH �UB ��� �TV�D �:^E^_BEAQB��¢� � ^EP]AQA�AQW&�;D��uA\H¢�fPIA��:^iH¢�
�0H �QP]AIH¢�&�qB ���QP �fgY^iH¢�aP �XH �fJ ���UH'R:P�^_B �YZtAQW&�;D��uA >

), u�  u�� ;
��: �� ��+3&  ;%

�X�aPN���~�QWYP,^iHTD����TV AfJ%� �`P ���QBEP]A �2g3H¢���QB_D�^_PCH�D]D�P]^_P �UH �QB����9B����UWYP,^_H N ���UH �����fJ V �QH¢�`PCBEA
R�P �fJ �aB �`D �Y^ ����� WYH¢�&�Y^EP > �\W��YA �����UH¢�YASV �����CH �QB����YA$B�� �YB+� P �QP ����V �QH¢�`P]A�H¢�fPJ�YAQP �(���
AfB��`gY^_B?V J �CH ���UP �fA >

� ��������� �8+Y&  ' � � B_Z >�=�>dk ���QWYP 
���� � � � � 
	��� � ��� � B_Ac�YAQP ��������� �;B �YZ � B �UW HCAv�XH �QB���� �
H¢�SJ*AQWo�7D��hV �����Q�wH �

x = 0
> [H���QH¢�YASV �����CH �UB ���N��V�R:P�^��;D]B � J

VS
B_Ai�o���YP.���tZ��oV ����� �QWYP

^_H N �¢�UH �����fJ~V �UH¢�`P����~H*V �QH¢�`P�B�� � WYBEDXW �UWYP�AfW&�7D�� R:P]^ �7D�B � J�B_AD£�P ��� > �IgYAv���fP'H¢� H �&�
�&� �c�YAv���fP'H¢� ���YB��aArW3H'R:PoR�P]^��;D]B �UBEP]Aa��V

uu

H¢�&�
ud

B�� �UWYPoAfW&�;D�� V �UH �CP � H¢�o�~�UWYP�D ��� �
�fP]AQgt���&�aB��YZN�CH�Z��aP �UBEDOj3P]^ �YArH¢�fP

Bu

H¢�&�
Bd
> ��HTZ��YP �QB_DKj3P]^ �YAID]H¢� Z:P �YP �QH �UP$P]^EP]D ���QBED

j3P�^��YA
Eu

H¢�o�
Ed

R;BiH

~E = −
~u× ~B

c
.

� =�>E=:= 	

�! �~��� & +3
�
 �U�y ;���  u�\� ��+3&  [IA�g ��B��Q�UP � �¢�o� N J.�YP } �$� �CH¢�&�GH¢�&� ��P]^E^_P � 	 } � L ¥�� �
P�^_P]D ���fB_Dlj3P�^��YA � WYB_DXWqD'H �qH¢�QBEAQPlV ����� �QWYPD�CH�Z��YP �UBEDlD �o���QP �Q� D ���`gY^_BED'H �QPlD]H�^_D �Y^iH �QB����aA >
�\W��YA ���UWaP �aP } �$� �hH¢�o� �(��P]^E^_P � � } � 	rV �QH¢�`P��YAQP�A�H*R:P�^��;D]B � J~���QH¢�YASV �����CH �UB ���T��V R:P �
^ �7D�B � J ~VHT

A��YDXWP�UW3H!�D�UWYP*�QP]A��Y^ �QB��YZJ�agYA����QP'H � R:P�^��;D]B � J�BEAlg3H¢�QH�^_^EP]^���� �QWYPj�CH�Z��YP �UB_D
j3P�^����

~V‖ = ~uu − ~VHT .
� =�>E= ¤ 	

} P �QP �
~uu

B_A��UWaPX�YgYAv���fP'H¢� R:P�^��;D]B � J N P�V �¢�QP[���UH¢�aAfV �����hH �QB���� > ' � �QWYB_A D'HTAQP¢�%�UWYPIP]^EP]D ���QBED
j3P�^��qRTH¢�YB_AfWYP]A �

~E = −
~V‖ × ~B

c
= ~0 .

� =:>E='c 	
�\WYP ���QH¢�YAfV �¢���CH �UB ���,B��Q��� �QWYP } � V �QH¢�CPOD]H¢� N P �&���YP N JqZ��:B �YZj���e�UWYPGAfW&�7D��*V �QH¢�CP
j��fA�� > �\WaP$D �����fP]^iH!�UB��¢� N P �(�yP�P �¡�QWYP

z
� D ���`g ���aP �Q�a��V��(���tR:P]^ �7D�B �QB_P]A\BEA

V z
HT =

Bz

Bx

· V z
S .

� =�>E='k 	
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�\WaB_A�D �¢�aj3Z��&�QH �UB ��� �QP�A��Y^ �UA�B � H ga^iH�A��hH �&�
�vg3H¢�QH�^_^EP]^����T�UWaP �CH�Z��aP �UBEDCj3P�^�� N �¢�UW
�agYA����QP'H �xH¢�&� �&� �c�YA����QP]H¢� >
�\WaP ���UH �YAfV �����hH!�UB��¢�X�����QWYP } �#V �UH¢�`P B_A	���Y^EJIgt�:AQAfB N ^EP2V ����B �YD]^EB��3H �QB����lH¢�YZ:^EP]A V �a^Ej3^E^_B��aZ
�QWYP D ���&�YB �UB��¢�

tanψ ≤ 1
� B �UW

ψ
Z:BER�P ��B����UWYP AfW&�;D���V �UH �CP > �\WYP } � Afg
P�P �5B_A

�aP]AQD �QB N P � N J
VHT = VS · tanψ

�wAQB��aD]P
Bz/Bx = V z

HT/V
x
HT = tanψ

> �\WaP } �
Afg
P�P � D'H¢�&�o�¢�wP 	7D]P�P �¡�QWYPKAQW&�;D��,R:P�^��;D]B � J,H¢�&� �UWYP �QP V ���QP ���QWYPGD ���o�YB �QB����

tanψ > 1
B_A

�o�YgYW.J;AQB_D]H�^ > n[�*���UH¢�YASV �����CH �QB����tB��Q��� �QWYP } ��V �UH¢�`PIBEA gt�:AfAQB N ^_P B�� �UWYBEA D]H�AQP > �7W&�;D��;A
H �QPKD]^iHTAQAQB?j3P ��H�A 
 	 � � 	 ����� � � �3BEV��UWYP J ���UH¢�aAfV �����xB��Q���e�UWYP } � V �QH¢�`P¢� � WYB_^EP.�UWYP J�H �QP
�fP�V P ���QP � ���`H�A 
 	 � ��� � 	 ����� � �;B?V2A��YDXW H����UH¢�YASV �����CH �QB����,BEAi�&�¢�wgt�:AQAfB N ^EP >

�\������� � ��+3&  ;% [lg3H ���tV ����� �QWYP~AQW&�;D�� �QP�V P �QP �YD]P~V �UH¢�`P]A ���UWaP �QP H¢�fP �(��� gY^_H�A��CH
�&�YB��*V �UH �CP�A >

•
' � �UWYP��YgYAv���fP'H¢� V �QH¢�CP �o�UWaP �agYA����QP'H � ��� � BEA H �a�QP]Av� >

•
' � �UWYP��&� �c�YAv���QP]H¢� V �UH �CP �o�UWYP��&� �c�YAv���fP'H¢� R�P]^��;D]B � J,BEAi£]P ��� >
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' �e�UWaB_A AQP�D �QB������Q�QWYP D �����QP]^_H �UB ��� N P �(� P]P �,H�D]D�P]^_P �UH �QP �`g&�QB �hH �QB_P�A H¢�o�CAfP]D �¢�&�3H¢�SJe�UH¢�YB �
H!�UB��¢�*P �
P]D �QA�� BE^_^ N PGP 	aH¢�`B��YP � > �\WYPGV �7D �YA ^_B_P�Ai��� �UWYPGAfJ%�YDXWo���¢������� P �CBEAQAfB������7AQB �YD]P
B �UAc� N AfP �SR�H!�UB��¢�~�QP R:P]H�^_Ac�UWYP$AQg�P]D ���UHT^ N P]WYH�R;B ���[�TV �UWYPKg&�fB��CH¢�QBEP]A H�Aa�YB_AfD �YAfAQP � B�� �UWYP
V ��^_^�� � B �YZ >

� �0�'+3�y%�-�
��8�����3������
 1 ���� u�

�\WaP���� �XH�^��UH¢�aBiH �QP ��gt� �yP �
Ptot

B_AIg&���:gt���v�UB��¢�3H�^����
m−4 � B �QW

m
H�Aa�UWYP��hH�AfAX��V �UWYP

gYH¢���QB_D]^EP > �7B �YD]P �UWYP$P]^_P�D ������� � g&��� �����¡�hH�AfAX�QH �UB �CBEA
me/mp ∼ 5 · 10−4 ���UWaP��UH¢�aBiH �QP �

P �YP �fZ�JKV ����� P�^_P]D �������YA BEA2HIV�HTD ���¢�
∼ 1013 WYB_Z�WYP ���UW3H¢�$V ����go���¢�����YA >2e ���¢�����YA ���a^EJG^���AQP

P �YP �fZ�J~���qAfJ%�YDXW&���¢�������M�QH¢�YB_H �UB ����V ���rP 	%���QP �CP�^EJ�WYB_Z:W P �YP �fZ:B_P�AGH¢�&� ^iH �QZ:P��CH�Z��aP �UBED
jYP]^��aA �8AQB��aD]P��UWYP g � � P ��B��YD �QP]H�AQP�A � B �QW �QWYP A � �3H¢�fP �ogo���%�&�YD ����V+�UWYP P 	%�UP ���3HT^%�CH�Z��aP �UBED
jYP]^��

B
H¢�&��g3H¢���QB_D�^_P��zAwP �YP �QZ�J

E
�
Ptot ∝ (B · E)2 > 
 ^_P�D �������YA[�&�&�YP �QZ��,ASJ%�YDXW&��� �����¢�

^ �:AQAfP]AwH �c� �+�aP �UH!�UPOP �aP �QZ�B_P]AwH�^ �QP]H¢�aJ >
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��T�!���3�����

��8+Y��� +a��� ��
�+3
������� �%]1  ;������+3� %'�!+Y1  

� ���J�o��� � �QWYP ���hHT^rAQg�P]D ���UH+�D�UWYP AQg�P]D ���QH�^GB��&�YP 	}��V �UWYP#g&�QB �hH �fJ�AfW&�;D�� � H�D]D�P]^EP �UH!�UP �
gYH¢���QB_D]^EP]A D'H¢� N PrP 	7g&�QP�AQAQP � B � �QP ���`A_�TV��UWYPrASJ%�YDXW&��� �����¢�*AQg�P]D ���UH�^
B��&�aP 	 ��V�H�A��¢�&�QD�P >

 ^EP]D �������aA H¢�&�~g&���¢�����YA\V �:^E^�� �I�UWYPGAQH¢�CP��YBEA����QB N �o�UB �����;B > P > �QWYPGAQg�P]D ���UH�^!B �&�YP 	N��V��UWYP
P�^_P�D �������YA B_A��UWYPwAUH �CPIH�A V ���x�QWYPlgo���¢�����YA �

αp
> �\WYPIV ��^_^�� � B �YZOD'H�^ED �Y^_H �UB ����V �:^_^ � � A �UWYP

�¢�YPX��V�F\J N B_D��uB�H �&� � B_Z:WQ���hH¢�
	dF � ¦ s � > �\WYPrgt� �yP �
P (ω)

g�P ���&�YB �yV �QP � �YP �YD J dω V ���
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H�g3H¢�v�UBED]^_PlH�D]D�P]^EP �UH!�UP � N JqH �*P 	%�UP ���3H�^	�hH�Z¢�YP �QB_DIjYP]^��
B
D]H¢� N P �c�QB ���UP �*B��N�UP ���`A���V

H�V �&�YD �UB��¢�
F (x)

��� WYBEDXW¡�¢�Y^EJ �YP]g�P �&�aA[��� �UWaP �aB��`P �YAfB����Y^EP]AfAyRTH¢�QB_H N ^_P
x := ω/ωc

�

P (ω) ∝ F (
ω

ωc

) .
� =�>E=�L 	

�\WYPKD �fB �QB_D'HT^
V �QP � �YP �YD J ωc

��V��UWYPGASJ+�aDXW&���¢������� AQg�P]D �����o� B_A Z:B?R:P �~H�A

ωc =
3q B sinα

2mc
· γ2 ,

� =�>E=�| 	

Z:B?R;B��YZ�H��`P'HTA��&�fP#V ���J�QWYPM�CH�	7B��*�&� V �fP � �YP �aD�J}��VtH�D�D]P�^_P �QH �UB ����V ���J�UWYP#g3H¢�v�UBED]^_P
Afg
P�D �����&� > ' � �QWYB_A�P 	ago�QP]AfAQB �����

q
B_A��UWaP~DXWYH¢�QZ:P �

m
�UWaP �CH�AfAtH¢�&�

γ
B_A��UWYP N �+�:Av�

V�H�D ��������V��UWYPCH�D�D]P]^EP �QH �UP � g3H¢�v�UBED]^_P�A > �\WYPh^_H ���QP �OD]H¢� N PtP 	7g&�QP�AQAfP � B��P�UP ���`A���V_�QWYP
P �YP �fZ�J��

E = γ m c2
>

�7B �YD]PGAfW&�7D�� � H�D]D�P]^_P �UH �QP � g&�QB �hH¢�fB_P�A V �:^E^�� � Htgt� �yP �Q^_H � �YB_Av���fB N �o�QB����	�
dNp

dEp

dEp ∝ Ep
−αp dEp ,

� =�>E= ¦ 	
�QWYP.���¢�UH�^��UH �YBiH �QP �qgt�
� P �

Ptot(ω)
D]H¢� N PGP 	7g&�fP]AfAQP � H�A

Ptot(ω) ∝

∫ Ep
2

Ep
1

P (ω)E−αp

p dEp ∝

∫ Ep
2

Ep
1

F (
ω

ωc
)E−αp

p dEp .
� =�>E=�b 	

�wAQB��aZ
Ep ∝ ω

1/2
c

� AQP]P�
 � � >�=:>?=�| 	 � γ D'H¢� N P$A�� N A��UB ���o�QP ��V �¢� x := ω/ωc(γ)
H¢�&�¡�QWYP

���¢�XH�^ g � � P �wD'H¢� N P �c�fB ���UP � H�A

Ptot ∝ ω−(αp−1)/2 ·

∫ x2

x1

F (x) · x(αp−3)/2 dx .
� =:>E='s 	

�7B �YD]P[�UWYPOB ���QP]Z��QH�^t���Y^EJ`Z:B?R:P�A H�D ���aA��XH ���\RTH�^ �YP¢�%�UWYPIV �QP � �YP �YD�JN�YP]g�P �&�aP �YD J*B_A Z�BER:P �
H�A

Ptot ∝ ω−(αp−1)/2 .
� =�> ¤¢¥ 	

�\WYP���� �XH�^:ASJ%�YDXW&��� �����¢��AQg�P]D �����&� V �:^_^ � � A	�UWYP �QP V ���QP H g � � P �Q^_H � � B �QWKH Afg
P�D ���UH�^.B �&�YP 	
s

Ptot ∝ ω−s .
� =�> ¤ = 	

�\WYBEA ^_P]H¢�YA����OHl^EB��YP]H¢��D �����QP]^_H �UB ��� N P �(�yP�P �tAfJ%�YDXW&���¢�������`H¢�&�ogYH¢���QB_D]^EP Afg
P�D ���UH�^7B��&�YP 	 �

s =
αp − 1

2
.

� =�> ¤�¤ 	
�\WYP.�aB��
P �QP �Q�UBiHT^�Afg
P�D ���UH�^�B �&�YP 	 � WaB_DXW,� B_^E^ N PD�aAQP �*B � �UWaPlV �:^_^ � � B��YZKB_A

αγ = −s− 1� B �UW
dNγ/dEγ ∝ Eγ

αγ
H�AqB �*BEAJ�YB_AfD �YAfAQP � B�� �7P�D �UB ��� =:> ¤ > �\WYP �0H ���YP]AfA �TV��QWYP

ASJ+�aDXW&���¢������� AQg�P]D ���UH�B_A*^_B �CB �UP � N JI�UWYP �UWaP ���SJF��VoASJ+�aDXW&���¢���������UH¢�aBiH �QB���� > �;B��YD�P
H AQB �YZ:^_P*P�^_P�D ������� g&���%�&�YD�P]ACH AQg�P]D �����&� � B �UW

αγ = −2/3
���UWYPJ���¢�XH�^yAfJ%�YDXW&���¢�������
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Afg
P�D �����&� ��VKH¢��P�^_P�D ��������gt�:g&�Y^_H �UB ����D]H¢�&�&� � N P �0H ���UP � �UW3H �
αγ ≤ −2/3

> �\WYBEA
gaWYP �&�¢�CP �&���~B_Ai�QP V P ���QP � ���`H�Ai�QWYP � ��� �
� � � � � � ��� 	 e + s:b � >
' � N P�D ���`P]ACB��`g �¢���XH ��� � V ���`B��aA��XH �YD]P �wB ���QWYP�D]H�AQPT�TVKmKH � �CH9FwH'J�p_�&�QAv� � mGFwp 	
Afg
P�D ���UHo� � WYB_DXW(H¢�QPj� J;gYB_D]H�^_^?J P 	aga^iH�B �YP � N J ASJ%�YDXW&��� �����¢�(P �`B_AfAQB��¢���TV P]^EP]D �����¢�YA > ' �
A����`PoD'H�AfP]A ���QWYP N �&�fA��GAfg
P�D ���QHqH¢�QP �3H ���QP �D�UWYH¢�T�UWYPj�CH�	7B��*�&�xR�HT^��YP�A � � WYBEDXW#B �&�YB �
D]H �UP�A��UW3H!�j�¢�UWaP ��gYWYP �&���`P �3H ^EB ��P,H N A��¢�Qgo�QB����Y�o�YPJ��� WYBEZ:WY�:go�QB_D]H�^_�YP�go�UW(�YP�P � ���
ga^iH'J~H ���:^_PGB�� �UWYP��UH¢�aBiH �QBER:PGg&���7D�P]AfAQP]AlB�� mGFwpyAlHTA�� P]^E^ > �\WYBEA�� B_^E^ N P �YBEAQD �aAQAQP � B��
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�\WaP D]H�^_D �Y^iH!�UB��¢�YA�H N ��R:P H�AQA��&�`P��QW3H ���QWYP��7J+�YH¢�CBED'H�^!�UB �CP�AQD'HT^_P ��V+�UWYP ASJ7Av�UP � B_A����YDXW
AfW&���v�UP �a�UW3H �~�UWYP$D �%�:^_B �YZe�UB��`P���V P]^EP]D �����¢�YAX�&�aP���� �UH¢�YB_H �UB ���q^��:AfAQP�A > �\WYBEAlBEAID]H�^_^EP �
�QWYP 
 � �

�
� � � � ����� � � ����� � �;AQP�P 	 �GH¢� | ¤ � > ' �N�UWaP � ��
	� � � � � ����� � � ����� � �TV!^����YZ*�aJ%�3H¢�`B_D'HT^

�QB��`P]AfD'H�^EP]A D ���CgYH¢�QP � ��� �QH¢�YB_H �UB?R:PrD �+�:^EB��YZo�%�QWYPGgYW&�¢����� Afg
P�D �����&�xBEA �0H ���QP � N J
1/2

�

s =
p

2
.

� =:> ¤ c 	

� ��� �QWYPwg&�����`go� P �`B_AfAQB ���tB��hmKFwpyA �.V ��� P 	YH �CgY^EP¢�Q�UWaP[�aJ%�3H �CBED'H�^&�QB��`P\AQD'HT^_P B_A AQW&�¢���
D ���`g3H¢�QP �J���j�UWYPGD �+�:^EB��YZ��UB��`POH¢�o� Af^�� � D �+�:^EB��YZ�W3H�Ai��� N PKD ���YAfB��YP �QP � >
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na�¢�UPi�QW3H �x�UWYPwAfJ%�YDXW&���¢�������,Afg
P�D �����&� B_A B � �CH¢�.JtD'H�AfP]AyH�^ �QP �QP � N J�V �&�v�UWYP ���QH¢�YB_H �UB ���
P � P�D �QA > �\WYPoAfJ%�YDXWo���¢������� j3P�^�� D'H¢� B �Q�UP �QH�D ��� B �QW¡�QWYP�P�^_P]D ��������gt�:g&�Y^_H �UB �����3^EP'H¢�YB �YZ
���.�UWYP�� ��� ��� 
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AfD]P �3H¢�QB �,B_AlD'H�^E^_P ��� � � ��� � ��� � ��� � � � � ����� � ����� � � � @ 	 >�e ���7D�P]AfAQP]AG^EB ��P��:go�QB_D'HT^��YP�go�UW
P � P�D �QA � P 	%�QB��YD �UB��¢� N Jb�&�aA�� � g3HTB��Kg&���%�&�YD �UB��¢�b��� N �QP �CAfA����QH�WY^ �&�YZ D'H � H¢�&�YB �UB ���3H�^E^EJ
HT^ �UP � �QWYP~� N AQP �fR:P �5AQg�P]D �����&� > [�� �UWYP WYB_Z:WaP]A��hP �YP �QZ:BEP]A �

Eγ ∼
��P�� 	 ���QWYP~�aP]D'H'J

�TV
π0 g3H¢�v�UBED]^_P�A[�fP]A��Y^ �QB��YZ`V ����� g&���¢������� g&���¢������H¢�&� go���¢����� � gaW&�¢���¢��B��Q�QP �UHTD �UB ���YAID'H¢�

HT^_A�� �o���CB �3H �QPN�UWYPqAQg�P]D �����&� > �\WYP~^iHTA��tg&���7D�P]AQA`D �¢�Cg�P �QP]A � B �QW(�QWYP � � @ � �%�YP]^ >
��P��5P �`B_AfAQB ����B���A��YDXWhW3H �&�����aB_D�� �+�aP]^_A H¢�QPi�fP�V P ���QP � ���$HTA
	 � ��� ��� � � ��� 	 � � � � ��
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π0 � �YP]D]H�J;A
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go���;D]P]AfAQP�A*B_AN���aPT��V.�UWaP � �:Av�,Av���QB��uB��YZb�QWYP]AfP �3H'J;A > ' ��A����`P D'HTAQP]A ����P�� gYW&� �����
P �CBEAQAfB����*D]H¢��HT^_A�� N PGP 	7gY^_H�B��YP � N Jqgo���¢�����qAfJ%�YDXW&���¢�������~�QH¢�YBiH!�UB��¢� >
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� (%&�/L(�K Q�$F/<5)$ ��+���$:2<$:& /<+.-%J�2L$�
)2L$YQ�$'& /<-8/<+3(0& � /<5)$N+3& /L$'C%2�- J � (%2 � + Q
� (02L$
XW(��
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Afg
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P�^_AfP > �\WYB_AOB �&�YB_D]H �UP�AOH¢� P 	+���UH�Z:H�^iH�D �UBED*���fB_Z:B �~��V��UWaP�P�R:P �Q�UA >t} � �yP R:P � �!AQD]P �3H¢�fB��:A.��V
H Z.H�^_H�D �QB_D,WYH�^�� � B �QW�A��9V�H¢�j�o� ���&� �c��A����o�QD]P�A ��VOmKFwpyA � P �QP�H�^_A�� g&���:gt�:AfP ��� AfP]P
P > Z > 	 } + s�k � e FIF s.L � � � s:| � > [ j��QAv�OB��&�aB_D'H!�UB��¢�~��V HhD �:A�� �:^ �:Z:B_D]H�^����QBEZ:B�� �yH�AOZ:BER�P �
N J �UWYP�AQg3H �QBiH�^E^EJ �&�¢� � 
��YD�^_B��aP'H¢�T�aB_A����QB N �o�UB ���~�TV��UWYPoA����&�fD]P�^��o�CB �&�:AQB � J > �lP �UH�B_^EAX���
��� � 2�� + /<+3&)C#46(%J - 2 �
� Q�$'2�	8-8/<(%2<= ���
�<� !W&0/<$:2 
)J - &)$:/<- 2<= � (0&)+ /<(%2<+3& C�� J -8/�� (%2 � ��	
��?�
 K)2�Q /
��& ��&V2<-%& Q�+.$:& /�46(%K)2�XW$ ' � 
 $:2<+�� $'& /
� ��� (���
)/L(%& *F- �
� - E#->= ��� QL$:2 	>- /L(02L=
� �
� & /<5)$ � (0J3J.(87�+.&)C��'/L5)$ ��$W/<$'XW/L+.(%& $:& $:2<C%=�2�- & C%$ ( �)-%J3J��0K ( /L$�� +3& Q /<2LK � $'&0/�Q + Q6C0+ 	0$:& +.& /L5)$T&)( /�-8/L+.(%&

(Emin, Emax) keV
� (021Q�+��

)J.+.X:+ / =
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� B_Z��&�fP =:>?= ¥ � �7gYH �UB_H�^ �YB_Av���QB N �o�QB���� ��V}¤¢¦¢¥ k mGFwpyA B �z�QWYP � � � � � @ H!�XH��
^ �:Z 	 e + s�s �lp [��c¥ | �OB ��Z.H�^iHTD �UBED�D �+�����YB��YH �UP�A > �\WYPP�YB_Av���QB N �o�QB����
BEAwBEA��¢�����:gaB_D > � B_Z��o�QPrD ���&���QP]ASJ~nI[ �;[B� @ mGF M � � ��� �h�UP]H¢� >

�QWYP AQg3H!�UBiHT^wP R��:^ �o�UB ������VGA����&�fD]P D]^_H�AQA �YB_Av���QB N �o�QB����YA`D'H � N P�V �¢�&�&��B�� @ W3H�go�QP � |a>
�\WYP$j��3H�^�g&���%��V��TV �UWYP$D �:A�� ��^��:Z:BED'H�^��aB_A��UH¢�YD�P*��V mGFwpyA��yH�AD�¢�Y^EJqZ:B?R:P � B�� =�s:s ¦ N J
�QWYP�j��QAv��H8V
�UP �fZ:^�� �W� N AfP �SR�H!�UB��¢� N JT�QWYP �[�����t)V��� � � �KAUH �QP]^_^EB �QP¢��AfP]PtP > Z > 	 � FX� s ¦�� >
� WYBE^_Px�UWYP go�����`go� P �CBEAQAfB����oBEA �CH�B��a^EJ��YP �UP]D �UP �`B �*�UWaP&��P����v� P�� N H �&�����UWaP A�� � D'H�^E^_P �
HTV
�QP �fZ:^�� �(D ���Q�UB �%�aP]A��&�Q�UB_^u^ ���YZwHTV
�UP ���UWYP g&���¢�Cgo�!P �CBEAQAfB����KH¢�&�$B_A!AQP�P �$B�� N H�AQBED'H�^E^EJrH�^_^
�yH'R:P]^EP �YZ �UW � N H¢�&�YA �3V ����� �UWYP.�QH¢�YB � N H¢�&� �YgN���`mGP���� P �YP �fZ:B_P�A > � ����� �UWaPGHTV
�UP �QZ:^ �
�&�
� N AQP �SRTH �UB �����rW&��A�� Z.H�^iH
	aBEP]A*D]H¢� N P#B��YP ���QBEj3P ���D���~H N A����fgo�UB ��� H¢�&� P �CBEAQAfB����5^_B �YP]A
D]H¢� N Pe�CP]H�A��&�fP ����� �YP �QP ���`B��aPe�QWYP �QP �aAQWYB?V
��H!� � WaB_DXWP�UWYPhmKFwp �7D�D �&���QP � > �\WYP�AQP
�fP �YAfWYBEV
�QAhH¢�fP D �:A�� �:^ �:Z:B_D]H�^ � A��M�QW3H �hmKFwpyA`H¢�fP ���&� �c�h���9W3HTgYg
P �h���+�UAQB �YP ��VD���o�
mGH�^iH
	7J > �\WYP �QP]H�A����#V ���.�UWYP`B��Q�QP �YAfP �YBEAQD �aAQAQB ������V HqZ.H�^iHTD �UBEDj���QBEZ:B�� �yH�A �UW3H ���QWYP
gYWo�¢����� ���aP �YD�P

Fγ
B��b�QWYP

(20, 2000)
��P�� P �YP �fZ�J N H¢�&��H�A��`P'H�A��&�QP � N J � � ��� �

AfD'H ���UP �fAlH �����&�o�
Fγ ∼ 10−6 P �fZ6�TD � 2 .

� =�> ¤ k 	
�\WYP��QP ��� � ���YP �aD]P%��B_A[�YAQP � WYP �fP�H�AD�:gag �:AfP �T��� ��� 	 ��AfB��YD�P*�UWYP*�&�YB �QArH¢�fPoP �fZ6�TD � 2 �
� WYBE^_PtH ����	 B_AD� J;gYBED'H�^E^EJ¡�CP]H�A��&�fP � g�P �GH¢�fP'HqH¢�&�P�UB �CP$B��Q�UP �fRTH�^ >�� ���rP 	%���UH�Z.HT^iH�D �UB_D
�YBEA��UH¢�YD]P�A ���UWaP����¢�XHT^�^��&�`B��o�:AQB � J

LGRB

��V2HhmGFIp�P R:P ���l^_BEP]A\H¢�����&�&�
LGRB ∼ 1051 P �fZ6�TA � =�> ¤ L 	

V ����B_A��¢�����:gYB_D P �`B_AfAQB ����� N �o� Hl^EB ���Q^_P N B � ^�� � P ��B��*�QWYP D'HTAQP���V N P'H �CP ��P �`B_AQAfB����KV�H'R����fP �
� � 
 G ����� Q /�- &��)Q � (%2 ��K)+ QL$�
 
 $���X'X�5)+ - J.+3&)+ �B- &����
	�����
�+.Q�- & -%XW2<(%&I= � � (%2 46- /L$'J3J.+ /<$ 
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 #Q�/L2<(%&)(�� +.- �
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D �&���fP �Q�U^?J > �\WYB_A����fP �`P �&�&�¢�YA ���+�Ug&�o�2^_BEP]A�� �¢�QP��UW3H ��V ���&�������aP �QA���V&�CH�Z��aB ���o�YP WYB_Z:WaP �
�QW3H¢�J�UWaP�� J;gYBED'H�^��¢�o�Ug&�+�c��V [wmGn��o�QWYP�� ��A�� ^��o�CB �&���YA A����&�fD]PGD]^_H�AQA B��J�QWYPGA)�.J��

LAGN ∼ 1044 − 1047 P �fZ6�TA . � =:> ¤ | 	
� WaB_^_P`mGFwpyAGP �`B � ���Y^?J V ���KH~AfW&���v���QB��`Pj��V\HqV P � AfP]D �¢�&�YA �2[wmKn H¢�fPhH�D �UB?R:P ��R�P �
^ ���YZrg�P �fB��%�YA ��A��.�UW3H!� �UWYP��QB��`PyB ���QP]Z��QH �UP �j���o�Qg&�o� B_A2D ���`g3H¢�QH N ^_P �

∼ 1062 P �QZ > ' ���UWYP
gYH�A�� �YP�D'H¢�YP�A � �aB��
P �QP �Q��� �%�YP]^EAOW3H'R:P N P]P �b�YP R:P�^��:g�P �����~P 	7gY^iHTB�� �UWYP ���o�Qg&�o�GV ���¢�
mGFwpyAtH¢�&��[wmKn > ��H¢�.J ��Va�UWaP~D�^iH�AfAQBED'H�^\H �QZ��&�`P �Q�QAtV �¢���UWYP �YP�AQD �fB_go�QB���� ��VrmGFIp
gaWuJ;AfB_D]AtH �QP N ������� �yP � V ����� A��Yg�P ���&��RTHP�fP � �3H¢�Q�UA 	 � �:^
¦¢¤%� @ � 	&¦�¤+� @ �&¦ k �����o[wmGn
� �%�YP]^EA 	dF P]P ¦¢¥�� �8AQB �YD]Px�UWYP gYWYP �&���`P �3HlH¢�QP AQB �CBE^iH¢� ��H�^ �QW&���YZ�W������YB��
P �fP �Q� Afg3H�D�P �UB �CP �
AfD'H�^EP]A > p_�¢�UW [wmGnvH �&��mKFwpyAoAfW&� � H�R�H �QBiH N ^_Pe�UB �CP`A������YD ���&�fP > A��Yg�P ���&��RTHP�fP � �
�YH¢�Q�UAGH�A � P]^E^ H�AO^��¢�YZ~mKFwpyAOH �QP�g&���+�&�aD]P �#B��T�QWYP�P 	7gY^ �:AQB ��� ��V A��UH¢�QA > ' �#H�^_^��UW&�fP]P
� N�� P]D �UA ��AQWo�7D�� V �����Q�UAKH¢�QPe�fP]AQgt���YAfB N ^EPoV ���Gg3H¢�v�UB_D�^_P�HTD]D]P�^_P �UH �QB����#H¢�&�P�UWaP �QP V ���QP ���UWYP
�o��� � �QWYP ���hHT^ P]^EP]D �������CH�Z��aP �UBED*AQg�P]D �����o� D'H¢��P 	7gY^iHTB��YP � N J AfJ%�YDXWo���¢���������QH¢�YB_H �UB ���
�TV!P]^_P�D �������YA ��' �.R:P �QAfP @ �¢�Cgo�����,AfD'H ���UP �fB��YZoH¢�&�qH�^EA�� N Jhg&���¢����� � gYW&�¢�����hB ���QP �QH�D �QB����YA >
�\WaPhV�H'R����fP � � �%�YP�^ � WYBEDXW B_A�H N ^_P ��� P 	7gY^iH�B �Y� �:A��*��Vi�UWYPhgYWYP �o���CP �3H D �¢�&�YP]D �UP �
���(H mGFwpvB_A �UWYP~j��QP N H�^_^a� �+�YP�^ � P 	7gY^iH�B �YB��aZ��QWYP W��YZ:P P�^_P�D �������CH�Z��YP �UB_DqP �CBEAQAQB ���
N J AfW&�7D�� V �����hH!�UB��¢���TV��QP�^iH �QBER;B_Av�UBEDogY^iHTA��CH~AfWYP]^E^_A ��AQP�PhP > Z > 	 e B�� s�s � e B ��¥ L H+� ���~¥ k � >
[I^ �QP ���YH �UB?R:P]^?J����QWYP @ H¢�&�&��� N HT^_^ � �+�aP]^ ���QB_P�A.���qP 	7gY^_H�B��9mGFIpyA N J D �:^_^EB��YB �YZhgY^_H�A��CH
N H�^_^EA ��AQP]PhP > Z > 	 �rFa¥ k � �rH¢��¥ | � > �\WYP,^_H ���QP � �CP�P �QA � W&� � P�R�P � ��� N AQP �SRTH �UB ���YA*�aB �`D �Y^ �
���T�CH �UDXWb�QWYP,g&�fP �YBED �QB����YA$B��b�QWYB_A�� �%�YP�^ �2P > Z > �QWYP,g&�fP �YBED �UB ���Y��VwHTgYg3H¢�fP �Q�j� �¢�UB ���
V �¢�X�UWYPj�QH¢�YB �,P �`B_AfAQB��¢��� � WYBEDXW#BEAD�&�¢��� N AQP �fR:P �9V ���OmKFwpyA > �\W��YA �����Y^?J¡�QWYPoj��fP N H�^E^
� �%�YP]^ � B_^_^ N P.�YBEAQD �YAQAfP � B �J� ���fP.�YP �UH�B_^ B��J�UWYPOV �:^E^�� � B��aZog3H¢�QH�Z��UHTgYW >

�\� �� ��+3��� & ���! 7�

[ AQDXWYP �hH!�UB_D$R7BEP �W��V��QWYP�j��fP N H�^E^ � �+�aP]^�B_AlAfW&� �c� B�� � BEZ >!=:>?=:=:> ' �OBEA N HTAQP �P���¡�UWYP
� �%�YP]^t��V!A��QP]^E^iH¢�����o� N �&�QAv�UA H�A��aP]AQD �QB N P �~B � 	 �7P � LTb �!H¢�&�*WYH�A N P]P �qP �YW3H¢�YD�P �qB��aD]^��o� �
B �YZ �QP�^iH �QBER;B_Av�UB_D�P �
P]D �QA�B ���¢���YP � ���¡�CH �UDXW mGFIp � N AfP �fRTH �QB����aA > �\WaP`j��fP N HT^_^�� �+�YP�^
�o�7P�Aa�o�¢� Z:BER�PGH¢�.J*D �¢�YA����UH�B ���a���J�QWYPGg&���:Z�P �YB ����� > ' � J7BEP]^ �YA H�gYWYP �o���CP �&�:^ �:Z:B_D]H�^	�aP �
AfD �fB_go�QB����J��V��UWaP$HTD ���YH�^ N �&�fA��a� N AfP �fRTH �QB����aA > �\WYP N H�AfB_DOB��aP'H�B_A��QW3H �IH�^iH¢�fZ:POH¢� ���&�Q�
�TV��hH�AfAOB_ArP � P]D �UP � � B �UWYB � H,AQW&�¢���.�UB �CP$B��Q�UP �fRTH�^ N J H,D]P �����UH�^2P �YZ:B �YP > �\WYP�gY^_H�A��CH
BEAOP � P�D �UP � A��YD]D�P]AQAfBER�P]^EJ B � AQWYP�^_^_A > [��KA����`Ptg �:B �Q� ���UWaP �¢�o�UP �OAQWYP�^_^_AGAf^�� � �o�
�c� H¢�&�
H �QP,D]H¢�YZ:WQ� N J(B �&�YP �oAQWYP�^_^EAoH¢�&� H AfW&�;D��9V ���¢���oB_A N �aB_^ ���Yg�� H�D�D]P�^_P �QH �UB �YZ�P�^_P�D �������YA
H �&� N H �fJ��¢�YAyB � �QWYPIga^iH�A��hH��Yg ���$WaB_Z:W`P �YP �QZ:BEP]A > � WYB_^EPwgo���¢�����YA D'H¢� N PIH�D]D�P]^EP �UH!�UP �
N H�AQBED'H�^E^EJ(^ �:AQA � V �fP]P �Yg���� P �aP �QZ�B_P]AhH�A`WYB_Z:W�H�A

1021 P�� 	 �rB_P s.L � � H�	o¥�¥�� � P�^_P�D �������YA
^ �:AQP��QWYP]B �OP �YP �QZ�J~���~AfJ%�YDXW&���¢�������b�QH¢�YBiH!�UB��¢��� P�AQD'HTgYB��YZqV ���¢�V�UWaP`AfW&�;D��;A$H�AGA��%���9H�A
�QWYP~�fP]Z:B ��� N P�D ���`P]A �:go�UBED'H�^E^EJY�QWYB�� > �\WaB_A`B_A � N AQP �fR:P �5H�Ahgo�����`go�CP �`B_AQAfB���� V ���¢�
mGFwpyA > �\W&��AQPOAQWo�7D��uAc�QP�A��Y^ �UB��aZoV ����� D �:^E^_BEAQB��¢�YA��TV�AfWYP]^E^_A\H �QPOD'HT^_^_P � ����� ���	� � � 
���� � � 
 >
�%� � D]H�^_^EP � ��� � ��� � � � 
���� � � 
 �fP]A��a^ �rV ����� D �:^_^EB_AfB����YAa��V��UWaP�AQWYP�^_^_A�� B �UWT�QWYPoB ���QP �fA��UP�^_^_H¢�
�`P �aB��&� ^EP'H¢�YB �YZ¡��� HTV
�QP �QZ�^�� � P �`B_AfAQB ���(H�A*�YP]AfD �QB N P � B����UWYPhV ��^_^�� � B �YZqg3H¢�UHTZ��UH�gaW >
� WaB_^_Pc�UWaPrg&���¢�Cgo�yP �`B_AfAQB��¢� �;D]D �o�QA��CH�B��a^EJ`H �yP �YP �QZ:BEP]A���V

Eγ > 100
��P��*�3HTV
�UP �QZ:^ � �

P �CBEAQAfB���� BEA � N AQP �fR:P �(B��#H�^ � ��A��GH�^E^ �yH�R�P]^EP �YZ¢�QW N H¢�o�YA > FwP R;B_P � A ���P�UWYPe�YP �XH�BE^_A.��V
�QWYP��&�&�YP �Q^?J7B �YZ�gYW.J;AQBED]AIH¢�QPGZ:B?R:P �~B��*P > Z > 	 e B�� s:s � e B ��¥ L H%� ���~¥ k � >
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� B_Z¢�&�QP =�>E=:= � �7DXWYP �CH �QB_DrR;B_P �H��V��UWYPOj��fP N HT^_^�AfD]P �YH¢�QB �
	 ��� B#¥ |�N � >

�,) �  .��1  u�8��&  ;

��%�+Y� �� u� ���K� � �

[wV
�UP � �UWYP � � ��� � P �QHo� �CH¢�.J mKFwp AQH �UP�^_^_B �UP�A � P �fP �XH �;B �YZ �3H �XH+�2P'HTDXW D ��R:P �QB��aZ H
���aDXW A��hH�^E^_P � j3P�^��J��V!R;B_P � H¢�&�N�QW��YA g&����R;B��YB �YZj���YDXWq^EP]AQA\Av�XH �QB_Av�UB_D�A��UW3H � � � ��� � >
[i�&�aB �UB ���3H�^E^EJ¢�Q�hH¢�.J ��V��QWYPlAQH �UP�^_^EB �UP�A��yP �QP.�&�¢�yH N ^EPa���oZ:B?R:Pa�YB��fP]D �QB����YH�^0B��aV �����hH!�UB��¢� >
� ���c�UWYP �YP �UP ���CB �3H �QB���� ��V �QWYP�mKFwp Afg3H �QBiH�^����fB_Z:B ���YB �wBEAa�aP]D]P�AQAQH¢�fJ ���CW3H'R:PoH!�l^EP'H�Av�
�QW&�QP�P[�YP �UP�D ���¢�QA > � � � � � W3H¢�tV ���&� P �YP �fZ�JtDXW3H¢�o�YP]^EA H �&�CD ���Y^ �`^ �7D]H�^_B £]P mKFwpyA > �\WYP
g&�fP]D�B_AQB ��� � HTA N P �(�yP�P �,HTgYg&��� 	7B��CH �QP]^EJ

10◦
H �&�`HlV P ���YP]Z��fP]P�A > M �UWYP � AUH �QP]^E^_B �QP]A�W3H'R:P

���a^EJ ���YPD���x�(�_�tB �YA������&�`P �Q�UA_��� N �:H¢��� > ����B �Cg&����R:PX�QWYPr^��;D'HT^_B�£]H �UB ���e��V�mGFIpyA �+�QWYP

���"���
�� ��������"%� 
Q� ����"�� ) 
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 � � � > ��) ��-��IBEA R:P �fJ
AfP �YAfB �QBER:P����*AQWo�����KmGFwpyAOH¢�&� HCD'H �UH�^��:Z ��V

∼ 130
AQW&���v�KmGFIpyAlB_ArP 	YH �CB �YP � B �~�UWaP
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�2H N ^_P =:> ¤ � �+���`POmGFwp �aH �QP]^_^EB �QP]A H¢�&� �QWYP N H�AfB_Dlgo���:g�P �v�UB_P�A���V��QWYPD�CH�B��CB��YAv�������
�`P �Q�UA V �����QWYPX�YP �UP�D �UB ���N��V!go�����`go� P �`B_AQAfB���� >�� �$�po � BEP]^ � ��V �lB_P � >
� ∗ :

@ �&���fP �Q���`P � N P ����V ' e n c7> � ∗∗ ���UWYP P �YP �QZ�J��UH¢�aZ:P V �¢� ��� M � BEA
Z:B?R:P ��B ���UP ���`A���V � H'R:P�^_P �YZ¢�UW	�;B �j�&�YB �UA���Vt�3H¢�o� � �`P �QP �QA � �&��	 > � ∗∗∗ �
� �$� V ��� � � � � � H �&� ��) ��,.) � � � � �hBEAlH�D ���3HT^_^EJ

4 π
A�� � N �+�rWYP �QP�B �

B_A HTAQA��o�CP � �QW3H �
∼
W3HT^EV�H`WaP �`B_AQgaWYP �fPKBEAi�7D�D �Y^ �UP � N JN�QWYP 
 H¢���QW >

�\WaPF� � ���o",AQH �UP�^_^EB �UP �yH�A ^iH �&�YDXWYP �`B �ona��R�P � N P �x¤ ¥�¥ k � V ��� HD�fP�R;B_P ��AQP]P\P > Z > 	 @ WYB#¥ | �
H �&�e�QP�V P �QP �YD]P�A��QWYP �fP]B � > � � ���+"~BEA HD�YP �aB_D'H!�UP �hmGFIp(AQH �UP�^_^_B �UP � B �UWoV �¢�&� B��YAv�����&�CP �Q�UA
�¢� N �.H¢��� > �\WYPe�hHTB�� g&�&�fg ��AQP ��V��QWYP`py[��F� �*�aP �UP�D �����$BEAD�UWYPe�YBEAQD ��R�P �SJP��V g&�����`go�
P �CBEAQAfB�����V ����� mGFwpyA > �\WYPc�hH�B �oAQP �YAQB �UB?R7B � JoBEA B����UWaP\P �YP �QZ�Jj�QH¢�YZ:Pi�TV

(15, 150)
�TP��

H �&� �QWYPGj3P]^ �~��V�R7BEP � BEAwH N �¢�o�
2
A�� > [ N ���+� = ¥¢¥hmGFIp Awg�P � J:P]H¢�IH¢�QP �YP �QP]D �UP � � B �UW

p [�� > �\WYP&�OF � 
 � D ��R:P �fAyH ��P �YP �QZ�Jj�QH¢�YZ:P_��V
(0.2, 10)

�TP�� H¢�&�tAQP �fR:P�AyH8V
�UP �fZ:^�� � � N �
AfP �SR�H!�UB��¢� > �\WaP ��� M � 
Y� B_A2H¢�oB��aA������&�`P �Q�2V �����UWaP��YP �QP]D �UB��¢����V��UWaP_�:go�QB_D]H�^aH8V
�UP �fZ:^�� �
H!�

(170, 650)
�&� � H'R:P�^_P �YZ¢�UWaA >
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@ W3HTgo�UP � =:> �\WYP @ �:A��`B_DGFwH'J��3gYWo�¢�����  W�YP �o���QB �&�CD ���&�YP�D �QB���� ¤ s

�\WYP H¢�aRTH¢�Q�XH�Z�P~��VGH#AUH �QP]^E^_B �QP*D'H¢���fJ;B��aZ N �¢�UW�go�����`go�`P �`B_AfAQB��¢��H¢�&� HTV
�UP �QZ:^ � �xB�� �
Av�����o�CP ���QA B_A��UWYH �i�UWYPGH8V
�UP �fZ:^�� � D'H � N PrV �:^E^�� �yP �qH�^�� �:Av� A��UH¢���QB��YZoV ����� �QWYPOg&�����Cg+�
P �CBEAQAQB ��� gYW3HTAQP > �\WYBEAOW3H�AGH�^ �QP]H¢�aJ ^EP'H¢� ���N�UWYPe�YBEAQD ��R�P �fJP�TV��o�YP 	7g�P]D �QP �b�QP �`g �¢�UH�^
N P]W3H'R;B��¢� �aB��QP�D �Q^EJ H8V
�UP �.�QWYPtg&�����`go�GP �CBEAQAQB ������AfP]P`P > Z > 	 ���]A�¥ | � V ���GH �QP�R;BEP � > �\WYP
N HTAQB_DGV P'H!���&�fP]Aa��V �QWYP$P]H¢�Q^?JqHTV
�QP �QZ�^�� � H¢�fPGAQW&� �c� B � � BEZ >�=:>?= ¤ > � WYBE^_P.�UWYP$HTV
�QP �QZ�^�� �
H�gag
P]H¢�UH¢�aD]P`H �

t ∼ 104 AGHTV
�QP �D�UWaP�g&�����`go�OP �CBEAQAfB���� WYH¢� N P�P � ���&� �c� N P�V ���fP¢���QWYP
�QP �`g ���QH�^ N P]W3H'R;B��¢�tH �`P'H¢�f^_B_P �*�UB �CP�A � HTA �o�YP 	7gY^ ���QP ���&�Q�QB_^��UWaP~^_H¢�&�YDXW(��V � � ���o" >
� �_�~�hH�B �#V P]H ���o�QP]A$H¢�fP`V ���o�&� > � B��fA��Q^EJ���H N �QP]H$� B����UWYPe�UP �Cgt���UHT^��YP]D]H�J#Av�����aD ���o�QP
tαt

BEA*� N AQP �SR:P � > �\WaPJ�YP]D]H�J B��&�aP 	 DXW3H¢�YZ:P�AoV �����
αt ∼ −3

���
∼ −0.5

H �tH �����&�o�
100

A}���
1000

AIH8V
�UP ���UWYPGg&�����Cg+�\P �`B_AfAQB��¢�qH¢�&�qB �\DXWYH¢�YZ:P�A N H�D��N�����QWYPGg&�QP R7B ���YAf^EJ
� N AQP �SR:P �

αt ∼ −1.3
N P�W3H'R7B ��� H �

104 A ��� 105 A > �7P�D ���o�Y^EJ¢� ��� �QH�J �0H¢�fP]A H¢�fPi�YP �QP]D �QP ��&�o�QB��aZ �UWaP�P'H �Q^EJ~H8V
�UP �fZ:^�� ���0B��o�YB_D]H �UP � N J �UWYP��3H�AQWaP �T���fBiH¢�aZ:^_POB �¡�UWaP�D �o�fR:P > ��� �UH'J
�0H �QP]A_�7D�D �&�����Y^EJtB �*HKV �QH�D �QB���� ��V��QWYPD� N AfP �SR:P � N �&�QAv�UA > �lB+� P �QP ���_� �%�YP�^_A����oP 	aga^iH�B �
N �¢�UWM�UWYP`DXW3H¢�YZ�P]AoB �M�UWaP �YP�D'H'J#B��&�YP 	 H¢�&�b�QWYP ��� �QH�J �0H �QP]A$W3H'R:P N P]P �Y�YP R:P]^ �:g�P �
� WYBEDXW H¢�fP.�QP R7BEP � P � B��qP > Z > 	 ����A�¥ | � >

log(F)

log(t)

� B_Z��&�fP =:>?= ¤ ��
 H¢�f^EJtHTV
�QP �fZ:^�� � ���QP �`g �¢�UH�^YB �Q�UP �aAQB � J N P]WYH�R;B ��� > �\WYPIAfD'H�^EPIBEA��&��� �
N ^EP$^ �:Z.H¢�fB �QW&�CBEDrH¢�o�¡�UWaP��UP �Cgt���QH�^ N P�W3H'R;B���� V �:^_^ � � A

tαt
� B �UW �YBEV �

V P �QP �Q�i�aP]D'H'JCB��&�aB_D]P�A
αt

V ���x�YB��
P �fP �Q�_�QB��`Pwg�P �fB��%�YA HTAyB��o�YB_D]H �UP �hB��
�QWYPOj3Z��&�fP > � B_Z¢�&�QPrV ����� 	 ���]A�¥ | � >
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�\WaPCg&�����`go��mGFwp gYWo�¢�����9AQg�P]D �����o�¡�
dNγ/dEγ(Eγ)

��B_A �YA��YH�^_^?J Z:BER�P � N J9H p H¢�&�
V �o�YD �QB���� 	zp + s:c � �
dNγ

dEγ
(Eγ) =







A
(

Eγ

100
"%$�� )αγ

e(−Eγ/E0) Eγ ≤ (αγ − βγ)E0

A
(

Eγ

100
"%$�� )βγ

[

(αγ−βγ)E0

100
"%$�� ]αγ−βγ

e(−(αγ−βγ)) Eγ > (αγ − βγ)E0 .

! � � 5�� $

} P �QP �
Eγ

BEA �UWYP gYW&� �����`P �YP �QZ�J¢�
E0

BEA �UWYPc�fP�V P �fP �YD�PlP �YP �fZ�J � B �QW
(αγ −βγ) ·E0 = εbγHTAN�UWYP N �fP'H$� P �YP �QZ�J�B ���UWYP gYWo�¢�����5Afg
P�D �����&� > �\WYP P �YP �QZ�J��UH¢�YZ�P ��V*�aP �UP�D �QB����

�CH'J �&�¢�`D ��R�P � N �¢�QW�gYH¢���QA ��V[�UWYPqAfg
P�D �����&� H¢�&���hH¢�.J Afg
P�D ���UH�^\j&�QA �YAfP AfB��`gY^_P �
HTgYg&��� 	7B��CH �QB����YA > �\WYPOAQH¢�`gY^_P�A��YAQP �qB��N�UWaB_A AfP]D �QB����qH �QP N H�AfP � ���N�QW&�QP�P.�YB��
P �fP �Q�\j&�
�`P �QW&�%�YA > 
 H�DXW � �%�YP�^��QP�g&�QP�AQP �Q�QArH�AQB �CgY^EBEj3P �,R:P �QAQB ��� ��V��QWYPKp H¢�&�qV �&�YD �UB ��� �
=:>�� � � � � � B_A HGAQB �YZ:^EP\g � � P �Q^_H � j&� � B �QW`H¢�CP 	7g ���aP �Q�UB_H�^3D �o���$�qB��j�QWYP AQg�P]D �����&� �

dNγ

dEγ
∝ Eαγ

γ · exp(−Eγ/E0) .
� =:> ¤ b 	

¤ >�� � � � � � BEA HtAfB��YZ�^_POgt�
� P �f^iH � jo� � B �UW �&�`D �+���$���
dNγ

dEγ
∝ Eαγ

γ .
� =:> ¤ s 	

' � �QW3H � D]H�AQP �&�UWYPOD �o���$� ^_B_P�A����o�c�TV��QWYP.�YP �QP]D ����� �dAc�UH �YZ:P > �\W��YA �0Ht^ � �yP �\^_B��`B �
��Vt�UWYP D �+���$�qBEA Z:BER�P � N Jj�UWYPc�CH�	7B����&�W�YP �UP]D �UB ���tP �YP �QZ�J`H¢�o� 
 � � > � =�> ¤ b 	2D'H¢�
N P��YAfP � >

ca>�� � � � ��� BEA H N ��� �TP ��gt� �yP �Q^_H ���
dNγ

dEγ

∝

{

E
αγ
γ

V ���
Eγ < εbγ

E
βγ
γ

V ���
Eγ ≥ εbγ .

� =:>{c ¥ 	
�\WaP N �fP'H$�GP �aP �QZTJ$V �����UWaP gYWo�¢������AQg�P]D �����&� B_A�Z:B?R:P ��H�A

εbγ,MeV = E0/
� P���V �¢��� �+�aP]^

= H¢�o�T¤+�YH¢�&�
εbγ,MeV = (αγ − βγ) · E0/

� P���V ���i� �+�YP�^ ca>
�\WaP Afg
P�D �����&� B_A�go�QP]A��&�CH N ^EJrg&���%�&�YD�P � N JGASJ+�aDXW&���¢���������UH¢�aBiH �QB����.��VaP]^EP]D �������aA�B �.�UWYP
B �Q�UP ���3H�^.AfW&�7D��rV �����Q�UA���Vo�QWYP � P � ��AQP�P P > Z > 	 } H } �Q¥Q¤ �;H¢�&���QP�V P �QP �YD]P�A��UWaP �QP�B�� > �\WYP �QP H �QP
�(���rHTgYg&���:H�DXWYP]A����IP 	7gY^iHTB����UWYP N �QP]H$�OB�� �UWYP AQg�P]D �����o� H!� H N �QP]H$�GP �YP �QZ�J ��V+� J7gaB_D'HT^_^EJ
εbγ ∼ 250

��P�� > �\WYP�� �:A��ID ��� � ����P 	aga^iH¢�3H!�UB��¢��B_Ac�UWaPoA��QP]P]g�P �aB��YZN�TV��UWYP$AQg�P]D �����&�
N Je���aPlgt�
� P ���&�YPc���$D �%�:^_B �YZ.��V�P�^_P]D �������YA H �yWaB_Z:W`P �YP �QZ:BEP]A �7AfP]PIV �¢� P 	YH �CgY^EP 	 ���~¥ k �
e B ��¥ L H � H�AtHT�fP�R;B_P � > �\WYP N �fP'H$�9D'H¢��H�^EA�� N P*P 	7gY^iHTB��YP � N J H�AQA��&�CB �YZ H¢� ' �.R:P �QAfP
@ �¢�Cgo�����tAQD]H ���QP �QB �YZKAQD]P �3H¢�fB��&�uAQP�PIP > Z > 	 �rFa¥ k ��H �&� �fP�V P �QP �aD]P]A��UWYP �QP]B � > �\Wo�����YZ�W&���o�
�QWYB_A��UWYP�AQBEA �uH�^E^;Z�BER:P ��P �YP �QZ:BEP]A2V �¢� mGFIp Afg
P�D ���UHGH¢�QP B��*�QWYPi� N AfP �SR:P � �dA V �QH¢�`P H � 
 H¢�v�UW
�o�Y^_P�AQA*�aP]D]^_H¢�QP � �¢�UWaP � � BEAQP > � ���oH¡�QP]Z¢�Y^iH¢��mGFIpX���QWYP,AQg�P]D ���QH�^yB �&�YB_D�P]A$H¢�QP �YA��3HT^_^EJ
�aB_A����QB N �o�UP �hH �����&�o�,H'R:P �UH�Z:PwRTH�^��YP�A��TV

αγ ∼ −1
H �&�

βγ ∼ −2
> �\WYP]AfPlRTH�^��YP�A AfD'H ���UP �

��R�P ��H � B��YP �UH¢�YZ�P > �;W&������mKFwpyA �UP �o�b��� WYH�R�P,W3H¢���YP �$AQg�P]D ���UH � B �UW
αγ ∼ 0

H¢�&�
βγ ∼ −1

> [IAQA��o�CB �YZ�W3H �&�����aB_DwH�D]D�P]^EP �UH!�UB��¢�hB�� �UWYP � P � �YHKg&�����`go���YP �+���QB �&� �&� 	 �UW3H �
BEA\D �����QP�^iH �QP �J���j�UWaPKgaW&�¢���¢� Afg
P�D �����&�]�QP�A��Y^ �UA\V ���¢�vgYW&� ��� � W3H¢�&�����YB_DOB �Q�UP �QH�D �QB����aA\B��
�QWYPGA����o�QD]P >



@ W3HTgo�UP � =:> �\WYP @ �:A��`B_DGFwH'J��3gYWo�¢�����  W�YP �o���QB �&�CD ���&�YP�D �QB���� ca=
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� B_Z��&�fP =:>?=�c � MrN AfP �fR�P � N �&�QAv�UA � B �QW(�`P'HTA��&�fP � �QP �YAQWYB?V
�UA > �\WYPqA��:^EB��(^EB��YPN�fP]g �
�fP]AQP �Q�UA�^ ���YZ N �o�QA��QA � B �UWF�QP �YAQWaBEV
�UAqV ���¢� �UWaP � � ���o" �UB��`P¢�a�UWYP
�3HTAQWYP � ^_B��aP`AfW&� � A�^ ���YZ�mKFwpyAKB��M�QWYPhgo�QP �Y� � ���o"�P �UH > �\WYP �fPhB_A
HqD]^EP'H¢�rAfWYBEV
���TV��QWYPe�YB_Av���QB N �o�QB����YA > p_�o�QA��QA$B �T�UWYPtg&�fP �Y� � ���o" P �QH
� � �:Av�U^?J � � ��� � �`P'H�A��&�QP �CP ���QA 	�W3H'R�P*^�� �yP �j�QP �YAQWYB?V
�UA��¢� H�R�P � �
H�Z�P > �\WYPa�&�¢���UP �h^_B �YP AfW&� � A��UWaPa�aB_A����QB N �o�UB ���j��V AQW&���v� N �&�QAv�UA � B �QW
�`P'H�A��&�QP � �QP �aAQWYB?V
�UAoB �b�UWYP � � ���o"�P �QH > �\WYP �fP,�yP �QPJ�&� �fP �YAfWYBEV
�
�YP �UP�D �UB ���YAa��V�AQW&���v� N �&�fA��UA N P�V ���fP��QWYPG^iH¢�o�YDXW ��V � � ���o" >

�\WYP`j��QAv�$HTV
�UP �QZ:^ �
� � N AfP �fRTH �QB���� N J �[������) ��� �5V �¢�KmKFwp s ¦¢¥�¤�¤ b H�^_A��qB��`gY^_BEP �~�QWYP
j��fA����CP]H�A��o�QP �`P �Q� ��V��UWYPe�QP �YAQWaBEV
� ��VyH�mGFIp > pyP �(� P]P � =�s:s ¦*H¢�o� na��R�P � N P �*¤¢¥�¥ k
�.�QWYP �QB��`P ��Vi�QWYP,^_H¢�&�YDXW ��VB� � ���o" �.�fP �YAfWYBEV
�QA���V k:k mKFwpyAoW3H'R�P N P�P � �YP �UP]D �UP � >
�7B �YD]P �UWYPC^iH¢�&�aDXW ��VN� � ���+" � L�b ^ ���YZ H �&� | AfW&�����tmKFwp �fP �YAfWYBEV
�QA��yP �QPN�`P'HTA��&�fP �
H�Ac��V ��H¢�fDXW = ¤ ¤ ¥�¥Q¦ >�� B_Z��&�fP =:>?=�c AQW&� � Ac�UWYP��fP �YAfWYBEV
�c�YBEA����QB N �o�UB ���J��V��UW&�:AfP$mKFwpyA >
�\WYPhA��:^EB�� ^_B �YPe�QP]go�QP]AfP �Q�UA�� � ���o" N �o�QA��QA�� WYBE^_Pj�UWaP �3H�AfWYP � ^_B��aP`AfW&� � Aog&�fP �>� � ���o"
�`P'H�A��&�QP �CP �Q�UA.��V��fP �YAfWYBEV
�QA > �\WYPj�`P'H¢�T�TV��UWYP��aB_A����QB N �o�UB ���YAIB_AlAfWYBEV
�QP ����� � ���o"Y� N �
AfP �fRTH �QB����aA\AQW&� ��HoWYBEZ:WYP �\D ���Q���fB N �+�UB��¢�J��V!R:P �SJ �YB_Av�XH¢�Q� N �&�QAv�UA >yM �YP.�QP]H�A��¢�~V �����UWYBEA
BEA �QWYP N P ���UP �$AfP �YAfB �UB?R;B � JP��V,� � ���o" D ���`g3H¢�QP ������g&�fP �Y� � ���o"�B��YAv�����o�CP ���QA > p_�o�QA��QA
H �KWYBEZ:WP�QP �YAQWYB?V
�UAGW3H'R:Pe� J;gYB_D]H�^_^?J H!�yP]H$��P � �&�YP �YD�P,H¢�o�M�CH'J W3H'R:P N P]P �M�CBEAQAfP � N J
B �YA������&�`P �Q�UA ��Vy^�� �yP �$AfP �YAfB �QBER;B � J > �\WYPCAfJ;A��QP �CH �UBED'H�^E^EJ�WYB_Z:WaP ���QP �YAQWYB?V
� N P�W3H'R7B ������V
� �J���o"�� P �UH N �&�QAv�UAwB_A AQWo�
�c� B�� � BEZ >�=:>?='k � � WYP �QP��UWYP��`P'H�A��&�QP �~�fP �YAfWYBEV
�QAIH �QPGAQW&� �c�
R�P �QA��YAD�UB �CP �&�UWYP �3H �UH`gt�:B ���QAID �+�aP � HTD]D �¢���YB �YZ ��� �QWYP�B �YA������&�`P �Q�a��V g&�����`go�wP �`B_A �
AfB���� �YP �QP]D �UB��¢� >



c ¤ ����� ��� 
	� � � � � � 
��	� � � 	 ��������� 


time [year]

lo
g(

z)

-2

-1

0

1

2

3

1998 2000 2002 2004 2006 2008

� B_Z¢�&�QP =:>?='k � mGFwp �QP �aAQWYB?V
�*R:P �fA��YA �UB �CP > � �J���o" N �&�QAv�UA ��Av�XH¢�f^_P �QA 	 � J;gYBED'H�^E^EJ
WYH�R�P�H WYBEZ:WYP �j�fP �YAfWYBEV
�QA �QW3H¢� N �&�fA��UA �YP �UP]D �UP � N J �¢�UWaP �`P 	7g
P �QB �
�`P �Q�QAD�&�YP*���J�YB��
P �fP �YD�P]ArB �~�UWaP�AQP �aAQB �QBER;B � J H¢�o� P �YP �QZ�J~�UH¢�YZ�P���V
�aP �UP�D �QB���� >

�\WaPlWYBEZ:WYP � A��UH �UBEA��QB_D]Ax�QP�^_BEP]A���� �QWYPlgt�:AfAQB N B_^_B � J���V�P'H¢�f^EJ`HTV
�QP �QZ�^�� �I� N AfP �SR�H!�UB��¢� ��V	�UWYP
� � ���o",B��aA������&�`P �Q�UA �rF ��H¢�&����� M � > �\WaP\B��YD �QP'HTAQP���Vt�fP �YAfWYBEV
� �CP]H�A��&�fP �`P �Q�UA � B �UW
�QB��`PtAQB��aD]P �QWYPh^_H¢�&�YDXWb��VN� � ���+" B_A �YB_AfgY^iH'J�P �(B � � BEZ > =:>?=�L � � WaP �QP �UWYP �%�o� N P �*��V
N �&�QAv�UA � B �UW��`P'H�A��&�QP �b�QP �YAQWaBEV
�UAKB_A��YBEAQgY^_H'J:P � R:P �QA��YA*�UB �CP > �\WaP ���&� N P � ��V N �&�QAv�UA
B �YD �fP'H�AfP]Ar^EB��YP]H¢�Q^?J!� B �QWT�UB��`P¢� N �o�rDXW3H¢�YZ:P�A.���*HN�YB+� P �QP ���rAQ^���g
P � B �UWT�QWYPo^_H¢�&�YDXW ��V
� � ���o" >
' ��W3H�A N P]P � �%�o�
�c� AfB��YD�P ¤¢¥�¥ c �UW3H ��^����aZ mKFwpyA�H¢�QP,D ���&�YP�D �QP � ��� A��Yg
P ���&��RTH P 	 �
ga^��:AfB����YA���Va� J7g�P ' D¢� � WYB_DXW V �:^E^�� � �UWaPJ�YP'H �QW��TV � �:^?V � FwH�J�P ��Av�XH¢�fA 	 � + ¥ c H�� > � �_�
AfD]P �3H¢�QB �:Ai��V2g&���%�&�YD�B��YZ � P �UA B��qP 	7gY^ �+�aB��YZ�Av�XH¢�fAIW3H'R�P N P]P �~�YBEAQD �YAQAfP � �
=:> �UWYP D �¢�QP D �:^E^iH�gYAfP V �������UWYP D]P �Q�UP ����V3H �0H ���UP �YP ���8V�H�A������¢�XH �QB��YZ\Av�XH¢� �TAfP]P 	 �aH �o¦ = �
� �:^#¦ | ���

¤ > �UWYP¡�hHTZ��YP ������� �XH �QB����3HT^ D ���fP D �:^_^_H�gYAfP � B �UW�H � B��aB �UB_H�^_�aB_gt�:^_P �CH�Z��YP �UB_D*j3P�^��
D ���7j3Z��&�QH �UB ���~H�A A��YZ:Z�P]A��QP � B�� 	dp B_A ¦ ¥+�3pyBEA ¦ = � >

�;W&����� N �&�QAv�UAqW3H'R:P N P�P � g&����R�P � B �}¤¢¥�¥ L ���(�¢�QB_Z�B��3H �QP V ����� �QWYPP�CP �QZ:B �YZY��V �(�_�
�aP �o��������Av�XH¢�fA ��� H[�YP �o��������Av�XH¢� H¢�&��H N ^_H�D��GW&�:^EPyB��oH N B��YH¢�fJKAfJ;Av�UP � 	 } + ¥ L �$� + ¥ L D �



@ W3HTgo�UP � =:> �\WYP @ �:A��`B_DGFwH'J��3gYWo�¢�����  W�YP �o���QB �&�CD ���&�YP�D �QB���� c:c

time [year]
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� B_Z��&�fP =:>?=�L � na�&� N P � ��V N �&�QAv�UA � B �UW ���&� �c�h�QP �YAQWaBEV
�tR:P �QA��aA �UB �CP > �\WaP �QP~B_A
H�D]^_P]H¢�!�uB�� ��B �I�UWYP#D �&�SR:P �$H!� �QWYPP�UB��`P � WYP �QP � � ���o" A��XH ���UP �
�UH$�uB��YZ��3H �UH > �\WaPIB �YD �fP'H�AfP �e�CP]H�A��o�QP �`P �Q�x��V �QP �YAQWYB?V
���YP]g�P �o�YA��¢�
�QWYP`V�HTA����QP]Afg �¢�YAQP ��V_�QWYP � � ���o" ��� ��� � WYB_DXW H�^_^ � � AGH¢� H �QD �`B��
^ �7D]H�^_B £'H �QB���� � B �UWaB��*^_P�AQAi�UWYH¢��Hj�`B����o�QP >

m + ¥ |�N � > �\WaP[�YB+� P �QP �YD]P�AyB��j�QWYP[� N AQP �fR:P �*P�R�P �Q�UA ^_B_Pi�o�¢�x���Y^EJoB��e�UWYPa�&�&�QH �UB ���e��V	�QWYP
N �o�QA��QA � N �o�wH �QPKH�^_A���AQP�P �~B��J�UWYP��fP �YAfWYBEV
�c�YBEA����QB N �o�UB ��� > � WaB_^_Pl^����YZ`mGFwpyA H¢�QP.� �:Av�
^EB ��P�^EJP��� V ��^_^�� ���QWYP*A��UH¢��V �����hH!�UB��¢�M�QH �UP*H �&��H¢�QP,^ �7D]H �UP �(B�� A��XH �fV �����CB �YZ~�fP]Z:B ���YA �
AfW&����� N �&�fA��QACW3HTgYg
P � B �(�fP]Z:B ���YAe��VX�UH �QWYP �t^�� �vA��XH �tV �¢���CH �UB ��� �UH �QP~H¢�&��H �`A��CH�^_^
�fP �YAfWYBEV
�QA

(z ∼ 0.1)
>

nwP � �QP�A��Y^ �UACV �����:�UWYP � � ���o" AQH �UP�^_^EB �UPqAfW&� ���wWo�
� P�R�P � �a�QW3H � �QWYB_ACAQDXWYP �CP�B_A`A��UBE^_^
���+�~AQB �CgY^EP �X�QWYP �fPhH �QPtP 	7D]P�go�UB ���3H�^ N �o�QA��QA � WaB_DXW��&�¡�o�¢�Gj&�KB��Q��� �UWYBEAOAQDXWYP �CP ��P > Z >
mGFIp_¥ | ¥Q¤ ='b �7mKFwp�¥ | ¥ |a='k 	 	 @ + ¥ | Ho�Ym + ¥ | H�� > [l^EA��&�T� � ���o"T�o�7P�A��&�¢�yAQP]PD�QWYPrAv�����¢�YZ
P 	+�QB��YD �UB ��� N P �(� P]P � AfW&���v� W3H ���xH¢�o�v^��¢�YZ A���V
� N �&�QAv�UA�HTA B � �yH�Ah� N AQP �fR:P � N J
� � ��� � 	 �aH � �a¥ | � > �\WYB_A`B��o�YB_D]H �UP�Ae�QW3H �e�UWaP D�^iH�AfAQBEjYD'H �QB���� AQDXWaP �`P�B_Ae� ���QPqD ��� �
gY^EP 	J�QW3H¢�~B �\D]H¢� N P��YP �UP ���CB �YP �*J�P �lH¢�&� �YP]P �YAc��� N P��fP�j��YP ��B � �QWYPOV �o���o�QP >

), ;��%'����� �` ;%�����& +a�'���8%

�X�aPc���D�UWYP\^_H�D�� ��V�B��aV �����hH!�UB��¢�����tHTD ���YH�^3mGFIpY�fP �YAfWYBEV
�QA �Q�YB+� P �QP ��� P�A��QB��CH �������`P �UW��
�%�YAOW3H'R:P N P]P ���aP�R:P�^��:g�P � > �\WYPtH�B � BEA[��� �aAQP�AQP�D ���o�3H¢�fJ g&���:g�P �v�UBEP]A � WYBEDXW D'H¢� N P
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�`P'HTA��&�fP � V ��� � �:A���mKFwpyAoH �&� � WYBEDXW H¢�QP �YB��fP]D �U^EJ D �����fP]^_H �UP �b��� �UWYPN�fP �YAfWYBEV
� > ' �
�QWYP,V �:^E^�� � B��YZo���UWo�QP]PqP�A��UB �hH!�����fA�� B_^E^ AfW&�����Q^EJ N PJ�YBEAQD �YAQAfP � > � �_����Vc�UWaP � � BE^_^ N P
�aAQP � B � @ W3H�go�QP � L ���J�YP �UP ���`B��YP*�QWYPj�YP �o���fB��&� ��� 	�V �����f�UWaP�A����&�fD]P�A � B �UW gYAfP �&�&�
�fP �YAfWYBEV
�QA > F P �aAQWYB?V
�UA���V L�|:brN �o�QA��QA W3H'R:P N P�P � �YP �QP ���`B��aP � N J 	{m + ¥ k ���YAfB��YZ.�UWaP ��� �����
� � � � ��� � � �	� ��� � H¢�o�N�QP �YAQWYB?V
�UA V ����� ¤ s ¤ N �&�fA��QA W3H'R:P N P]P �hV ���&�o� N JhHTgYgY^EJ;B �YZ �QWYP � � �
� �	� ��� � >
[I^_^i�fP �YAfWYBEV
�CP]Av�UB��CH �����QA`H¢�fP N H�AfP ���¢� D �¢���QP�^iH �QB����aA N P �(� P]P �5H9D�P ���UH�B���� N AfP �fRTH N ^_P
H �&�J�UWYP N �&�fA��w^��o�CB �&�:AQB � J > �\WYP��`P �QW&�%�YA H¢�QPKH¢�YH�^��:Z¢���YA_��� �aB_A��UH¢�YD�P �`P'HTA��&�fP �`P �Q�UA
N H�AQP ���¢�T�UWYP�AfP]^_P�D �QB���� ��V Av�XH¢�&�YH¢��� D'H �&�Y^_P�AOAQP ���UB �YZJ�Yg �UWaPtH�A��������&�¢�CBED'H�^��YBEA��XH �YD]P
^_H¢�&�YP � > �\WYP*�fP �YAfWYBEV
�ID'H¢� P'H�AfB_^?J N P � N �UH�B��aP �qV �������QWYP�^ �&�`B��&�:AfB � J¢�aAQB �YD]P �UWYPK^iH!���UP �
BEA\D �����QP�^iH �QP �!� B �QW �QWYP�� N AfP �fR�P � ���YP �aD]PGR7B_H��UWYPG^��o�CB �&�:AQB � J �aB_A��UH¢�YD�P

dl(z)
�

L(z) =
Fγ

t90
· 4 π dl(z)

2 · (1 + z) .
� =:>dca= 	

�\W��YA � �%�o�
� B �YZj�UWYPG^ �&�CB �&�:AfB � J`J7BEP]^ �YA��UWYPGgt�:AQAfB N BE^_B � J �TV �fP �YAfWYBEV
�a�YP �UP ���CB �3H �QB���� >

�K+Y�8� + ������� � -~&  .���!��� 
 H�DXWCmGFIp9^_B_Z�W��QD �&�SR:P AfW&� � A HlD]P ���XHTB�� 	 AfgYB �uB �YP]AfA 	�����AQW&�¢���
�QB��`P AQD'HT^_P]A > �lP�j&�YB��YZoH 	 RTH¢�fBiH N BE^_B � J 	���V��QWYP �&� 	*HTA H*�`P'H�A��&�QP[��V��UWaPlAQgaB �uB��YP�AQA �+�UWaB_A
D]H¢� N P D �¢���QP�^iH �QP � � B �QW �QWYP ^��&�`B��o�:AQB � JX��V%�UWaP N �o�QA��QA 	 � Fa¥�¥�� > �+� �%�¢�QW N �&�QAv�UA�AQP]P �H���
N P B��Q���fB��YAfB_D'HT^_^EJw^EP]AQA�^��&�`B��o���YA > � B��&�YB �YZi�UWYP P 	aH�D � D �����fP]^iH!�UB��¢�GV �¢� N �&�QAv�UA � B �UW ���&� �c�
^ �&�`B��&�:AfB �QB_P]A ��B � D]H¢� N PIH�gYgY^EB_P �`H�A H��QP �aAQWYB?V
�yP�A��UB �hH!����� V ��� N �o�QA��QA � B �UW �&�*� N AQP �SR:P �
�fP �YAfWYBEV
�QA > [��CP]H�A��&�fPIV �����UWaPIRTH¢�QB_H N BE^_B � J

V
BEA_�YP j��YP �*B � 	 � Fa¥�¥�� > �\WYPlRTH¢�fBiH N BE^_B � J

VBEA��aP�j��YP �tB��oHID]P �v�XH�B �oP �aP �QZTJ�B ���QP �SR�HT^
[Elower, Eupper]

�
V := V (Elower, Eupper)

�TAQB �YD]P
�QWYPD�YB+� P �QP ��� P �YP �fZ�J,DXWYH¢�&�YP�^_Ac��V � � ��� �[�aAfP]PGP > Z > 	 e + s:s �Ypy[��c¥ | � ��� B_^E^ N P.�YAfP �J���
D]H�^_B N �UH!�UP �QWYP��fP]^_H �UB ���GH�A � B_^E^ N P AfP]P ��B��.�UWYP V �:^E^�� � B��YZ > �lP�j&�YB��YZ

Y := (1+z)/(1+zb)� B �UWhH N H�AfP]^_B �YPa�QP �aAQWYB?V
�_��V
zb = 2

��AfB��YD�PX� �:A��\mKFwpyA H¢�QPI^��;D'H �QP �,H!�yWYBEZ:W �fP �YAfWYBEV
�QA �
B > P >

z > 1
	 �3H¢�&�¢�QWYP � g3H �UH¢�`P �QP � �

Cx :=
V (Y Elower, Y Eupper)

V (Elower, Eupper)

� =:>{c ¤ 	
D]H¢� N P~�YP j��YP � > � ���

Y = 2
�
Cx

D'H � N P P]Av�UB��CH �QP �h�aAQB��aZM�UWYH � � � ��� � P �YP �fZ�J
DXWYH¢�&�YP�^_A = H¢�&�b¤ H �QP`AQWYB?V
�UP � N J9H~V�H�D ������¤ ��DXW3H¢�o�YP]^ = �

(25, 50)
��P��*��DXWYH¢�&�YP�^�¤ �

(50, 100)
��P�� 	 > [X�3H�^?J%£]B��aZ � � ��� �F�3H �UHo�YB � B_A V ���&�o� �QW3H �

Cx(Y = 2) = 0.85 .
� =�>{c:c 	

�a�&�YP �c�QWYPKH�AQA��&�`go�UB ���J�UW3H �i�QWYP��QP�^iH �QB����,BEA B��.R:P ���UB N ^_P �aB > P >
(

V (Y Elower, Y Eupper)

V (Elower, Eupper)

)−1

≈
V (Y −1Elower, Y

−1Eupper)

V (Elower, Eupper)
,

� =:>{cTk 	

B �\B_A ���&� �c� �UW3H �
Cx(Y = 2−1 = 0.5) = (0.85)−1 .

� =:>{c:L 	



@ W3HTgo�UP � =:> �\WYP @ �:A��`B_DGFwH'J��3gYWo�¢�����  W�YP �o���QB �&�CD ���&�YP�D �QB���� c.L

�\WYPwH'R:P �UH�Z�Pwgo�Y^_AfP&� B��o�QW �TV HKmGFIp HTA HlV �&�YD �QB����j�TV P �YP �fZ�J N P]W3H'R:P�AyHTA Hrg � � P �Q^_H ���
H¢�o�b�UW��YA � V �:^_^ �
� B �YZ � P �YB � �¢�QP  FIH¢�`B��fP £ 	 � F[¥¢¥�� � H¡�fP]^_H �UB ��� N P �(� P]P �

Y
H¢�o�

CxD]H¢� N P��YP �fBER�P � H�A\V �:^_^ �
� A��
Cx(Y ) ∝ Y −0.24 .

� =�>{c:| 	
�7P R:P � N �&�QAv�UA � B �UW ���&� �c� �QP �YAQWaBEV
�OH �&��RTH¢�QB_H N BE^_B � JCW3H'R:P N P]P � H¢�3HT^EJ%£]P � H¢�&� B �lWYH�A
N P]P � V ���&�o� �QW3H �c�UWaPKD �����fP]^_H �UB ��� N P �(� P]P �¡�UWYPG^��o�CB �&�:AQB � J`g
P �wA��:^_B �qH¢�YZ:^EP

dΩ
BEA

L/dΩ =

{

5.9 · 1060 · V 5.8 P �fZ6�TA
2.4 · 1054 · V 2.2 P �fZ6�TA .

� =�>{c ¦ 	
�\WYP �QP H¢�QP �(��� g � � P �f^iH � A!A��YZ:Z�P]A��QP � N J 	 � Fa¥�¥ � ��AQB �YD]P �QWYP��3H �UH Av�UBE^_^8AQD'H!���UP ���QP]^_H �UB?R:P�^EJ
� B �YP]^?J > � �J���o" 	 @ WYB#¥ | ��B_AwH�^��fP'H¢�7JqH N ^EP����CD ���Q���fB N �o�QP��CH¢�.J N �&�fA��QA�� B �QW¡�`P'HTA��&�fP �
�fP �YAfWYBEV
� �yA����UW3H!�tB�� �UWYP*V �o���&�QP � H N P ���UP � �aP]AQD �QBEgo�UB ��� ��VX�QWYPqD �����QP]^_H �UB ��� N P �(�yP�P �
B �����QB �YAQBEDO^��&�`B��&��AQB � JCH¢�o�~RTH¢�fBiH N BE^_B � JtB_A\P 	7g�P]D �UP � >

�y ;& 1 �0��+3����+Y� [X�&� �UWYP �x�`P �QW&�%�j��V P�A��QB��CH �UB �YZD�QP �YAQWaBEV
�UA BEA HGD �����fP]^_H �UB ��� N P �(�yP�P �
H¢�*� N AQP �fR�P ���UP �Cgt���QH�^u^iH�Z

τlag

B�� � � � � �#P �YP �QZ�J$DXW3H¢�&�aP]^_A = H¢�o� c H¢�o���UWaPyB��Q���QB��aAQB_D
^ �&�CB �&�:AfB � Je��V��UWaP N �&�fA��UA

Lγ
	zn[����¥Q¤�� > �\WYP.�CP �UW&�%�,BEA��YP]AfD �fB N P �qB��N�aP �XHTB_^ N J,n[�����QBEA

P �wH�^ > 	dna����¥Q¤ � > �\WYP.�fP]A��Y^ � BEA_�UW3H!���UWYPO^ �&�`B��&�:AfB � J`B_AyD �����QP]^_H �UP �N�����QWYPD�UP �Cgt���UHT^ ^iHTZ
H�A

L52
γ ≈

{

13
( τlag

0.01
Q )−1.14 V ���

0.003
A
< τlag < 0.35

A

78
( τlag

0.01
Q )−4.7 V ���

τlag > 0.35
A
.

� =�>{c:b 	

�  u+ �  ;
! ;���3- [lA,B �hW3HTA N P�P ��gt�:B��Q�QP �h�¢�o� N J�P > Z > 	 [�����¥ c � � + ¥ k � e } ¥ | � ���QWYP
g�P'H$�hP �YP �QZ�J*B �qP'H�DXW�mKFwp�AQP�P �`Aa��� N PGD �����fP]^iH!�UP �!� B �UWN�UWaP �fP �YAfWYBEV
�c�TV��QWYPGA����&�fD]P >
�wAQB��aZ �QWYP$P 	aH�D �[�YP]AfD �fB_go�QB���� ��V��UWYP�mKFwp�AQg�P]D �����o�f�QW&���¢�YZ:W �UWYPKp H¢�o� V �&�YD �UB ���~H�A
�YP�AQD �QB N P � g&�QP R;B����YAf^EJ¢�o�UWYPGg�P'H$�hP �YP �QZ�J ��V��UWaPKAfg
P�D �����&�

Epeak
D'H¢� N P.�aP �QB?R:P � H�A

Epeak = (2 + αγ)E0 ,

�&�o�YP �J�UWaP H�AQA��&�Cg+�UB��¢���UW3H �
αγ > −2

H¢�o�
βγ < −2

	 � + ¥ k � > � ��� N �&�QAv�UA!� B �QW
�`P'H�A��&�QP ���fP �YAfWYBEV
�QA ���UWaP*g
P]H$�(^��o�CB �&�:AQB � J D'H¢� N P*D'H�^ED �Y^_H �UP � �YAQB �YZT�UWaP ���¢�XHT^���� 	
Φγ

�
Lp = 4 π d2

l Φγ kc
>
kc

B_AlH,D �����QP]D �UB ��� V�H�D �����X�UH$�uB��YZ,B �Q���*H�D�D ���o���GD �:A�� �:^ �:Z:B_D]H�^
�fP �YAfWYBEV
�QB��YZ`H�Ai�YP�AQD �QB N P �~B�� 	 [ + ¥�¤�� > [�D �����fP]^iH!�UB��¢� N P �(�yP�P �

Epeak

H¢�&�
Lp

WYH�A N P�P �
�YP R:P�^��:g�P �~V ����� �UWYP�AQPKgYB_P�D]P]Ac��V�B��7V �����CH �UB ���*H¢�o�~B � B_A\Z:B?R:P � HTA 	 � + ¥ k �

Lp

1052
P �fZ6�TA = (2.34+2.29

−1.76) · 10−5

[

Epeak (1 + z)

1
�TP��

]2.0∓0.2 � =�>{c:s 	

� B �UW
1σ

P �������fAwZ�BER:P � >
@ �&���QP ���Q^EJ¢��B �GAQP]P �CA.�QW3H �.�UWaB_A��CP �UW&�%� ��V_�YP �QP ���`B��aB��YZqmGFwp �fP �YAfWYBEV
�QAGB_AD�UWaP � �:Av�
�fP]^_B_H N ^EPJ��VD�UWaP �QW&�QP�P~�`P �UWo�+�YA 	 �7DXW�¥ k � > �\WYP �fP�BEA �&�9AUH¢�`gY^EP H'RTH�BE^iH N ^EPhV ���¢� �UWYBEA
�`P �QW&�+�~H �c�QWYP�� ���`P �Q� >
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 �0� �,) ��%

' �(�����YP �e���#P 	7gY^_H�B�� �UWaP¡� N AQP �SRTH �UB �����TVX�UWaP g&�����`go�tP �`B_AfAQB��¢��B ��mGFwpyA �yH N �+��A��
V�HTD ���¢� ��V

Γ > 100
V �¢� �UWaP AQW&�;D���V �����Q�UA,BEAN�YP]D�P]AfAUH¢�SJ > � ���C^�� � P � N �+��A��,V�H�D �����fA �

�QWYP*AQWo�7D��Y�fP]Z:B ���(BEAj�:go�UBED'H�^E^EJ �QWYB_D������ g3H�B �og&���+�&�aD �UB ��� g&���7D�P]AQAfP]A >�M � �QWYPJ�¢�UWaP �
WYH¢�&���o�QWYP N �+�:Av�\V�H�D ���������aA��c�&�¢� P 	7D]P]P �

Γ ∼ 1000
�aAfB��YD�PKgo���¢�����YA&�����Y^��q^ �:AQPD� �:Av�

�TVi�UWYP�B���P �YP �fZ�JY�o�YP ����AfJ%�YDXW&���¢������� �UH¢�YB_H �UB ��� B �M�QW3H ��D]H�AQP 	 } H } �Q¥Q¤ � > �\WYPhg
P]H$�
P �YP �fZ�J��TV��UWYP mGFwpX�

Epeak

B_A �YB��fP]D �Q^EJKD �¢���QP�^iH �QP �����X�UWYP N �%�:A���V�H�D ����� H¢�&��^EB_P�A H¢�����&�&�
Epeak ∼ (100, 1000)

��P�� V ���[�fP]Z��a^iH¢�lmKFwpyA > � J;gYB_D]H�^_^?J���H N �+��A��lV�HTD ���¢�[��V
Γ = 300BEAoH�AfA��&�`P � > �\WYPN�(��� �CH�B��(A�� N � D]^iHTAQAQP�Aj��VImGFIpyAoH¢�QP,^ ���YZ H �&� AQW&�¢���j���aP]A > �\WYP

�aB��
P �QP �YD]P�Ac�&�e�&�¢�c���Y^?Jh^EB_PrB �N�UWYP.�o�&�UH �QB����J�TV��QWYPGP�R:P �Q�UA � N �+�wH�^_A��`B �N�UWYPOWYH¢���&�aP]AQA
�TV��UWYPOAfg
P�D ���QH > �7W&�¢��� N �&�fA��QA�� J7gaB_D'HT^_^EJ`W3H'R�P.���YDXWqW3H¢���YP � Afg
P�D ���UH��UW3H �*^����YZ�mKFwpyA
� WaB_DXW~B_A&� W.JJ�UWYP JqH¢�fP �aA��3H�^E^EJ �QP V P ���fP � ���`H�A��7W&���v� } H¢����p��&�QAv�UA � � } pyA 	 >

� B_Z¢�&�QP =:>?=�| � } H¢���o�YP]AfA��QH �UB �.��V � � � � � � �&� �UA 	 H¢�o� ��) ��-�� � A��UH¢�QA
	 mGFwpyA R:P � �
A��YA

t90
> �7Wo����� N �&�QAv�UA � B �UW

t90 < 2
A_�QP �&�J��� N PlW3H¢���aP �_�QW3H¢�,^ ���YZ

�¢�YP]A > � B_Z��&�fPlV ���¢� 	 �aH ���a¥ | � >

[ �`P'HTA��&�fPGV �¢���UWYPGW3H¢���&�YP�AQAwB_A��UWaP �QH �UB �j��V�A���V
�c���tW3H ���qP �`B_AfAQB��¢���
W3H¢���&�YP]AfA[�QH �UB �

:= H :=
S(
WYH¢���

)

S(
A���V
�

)
.

� =:>dk ¥ 	
� B �UW

S
H�A��UWaP gYWo�¢����� ��� 	 > ' ���UWaP D]H�AQPx��V � � � � �X� � WaB_DXW�WYH¢�$V ���o��P �YP �fZ�JGDXW3H¢�o�YP]^EA �

DXWYH¢�&�YP�^ c � B �UW9H¢� P �YP �QZ�JP�QH¢�YZ:Pe��V
(100, 300)

�TP�� H¢�o�9DXW3H �&�YP]^ k �
(50, 100)

�TP��
� P �fP �YAQP �}��� �YP �QP ���CB �YPT�UWYP WYH¢���&�aP]AQA �QH �UB � > �\WYP �QP�A��Y^ �qB_A,AfW&� �c� B � � B_Z >I=:>?=�|
� WaP �QPj�QWYPe�&�&�UH!�UB��¢� ��V��UWYP N �&�fA��QA$H �QPj�YBEAQgY^_H�J�P � R:P �QA��aA �QWYPtW3H¢���o�YP]AfA �QH �UB �

H32 =
S(100, 300)/S(50, 100)

> � � ��� � N �&�fA��QA H¢�fPx�CH¢� ��P �$H�A��&�¢�QA > p_�&�QAv�UA � B �QW
t90 < 2

A
H �QP`Z:P �YP �UH�^E^EJ W3H ���YP ���UWYH¢�(^��¢�YZ N �o�QA��QA �

t90 > 2
A 	 > ' �oAfW&���Y^ � N P �&�¢�QP �����UW&���aZ:W��



@ W3HTgo�UP � =:> �\WYP @ �:A��`B_DGFwH'J��3gYWo�¢�����  W�YP �o���QB �&�CD ���&�YP�D �QB���� c ¦

�QW3H �yV ��^_^�� �&� �YgCP 	7g
P �QB��`P �Q�QAy^_B���P 	 � ����� 
 
 ��� ) ��-��OH¢�o��� � ���o"T�o���&�¢� AQP�PrP � �3H�^E^EJ
W3H ���(AfW&����� N �&�fA��QA > ' � � B_Z > =:>E='| ��Av�XH¢�fA*�YBEAQgY^_H'J � ) ��-�� N �&�QAv�UA > �\WYPCAQW&���v� N �o�QA��QA
H¢�fPtA��UBE^_^ WYH¢���YP � � N �o��� J;gYB_D]H�^_^?JT�&� �KH�AGW3H¢���9H�A � � ��� � N �o�QA��QA > � ����� ���fPj�YP �UH�B_^EA �
AfP]P 	 �aH ���a¥ | � >
�lP �XH�BE^_P �$Av���&�YBEP]A N J 	 � ���x� 
 
�WYH�R�P AfW&� �c���QW3H ��H�g3H¢�v��V �������UWYP��QP�Z��Y^_H¢� ��^��¢�YZImKFwpyA �
�QWYP �fPrH¢�fP N �&�QAv�UAyWYH�R;B �YZ$g�P'H ��P �YP �QZ:BEP]AyB �j�UWYP���� �UH'Je�QP�Z:B��`P 	 � + ¥ L H�� >�� �����UWaPID�^iH�AfAQB+�
j3D]H �UB ��� ��V P R:P ���QAlB � �QP ���CAi��V��UWYPGP �YP �fZ�J N H¢�&� ��V�P �`B_AfAQB��¢���o�UWaPKWYH¢���&�aP]AQAa�UH!�UB��oV �¢�
�QWYP ��� 	 H �

(30, 400)
�TP�� H �&�

(2, 30)
��P�� �yH�AIP 	aH¢�CB �YP � �

HHETE =
S(30, 400)

S(2, 30)
.

� =�>dkY= 	

F P]Z��a^iH¢� mGFIpyA W3H'R�P
H > 1

> [ N ���o��¤�� c ��V	�QWYP k.L 	�� ���x� 
 
 N �&�QAv�UA W3H'R:P �aW&� � P�R:P � �
H < 1

> �\WaB_AqD]^_H�AQA ��V�mKFwpyAqg
P]H$�uB��YZ�B��I�QWYP ��� �QH�J��QP]Z�B��`P¢�lWYH�A*V �&���QWYP � N P�P �
A�� N �aBER;B��YP � B��Q��� ��� FIH'J FwBEDXW N �&�fA��QA ���rFIF A 	 � B �UW ��� �QH'J�H �&� A��TV
�

γ
� �QH'J P �CBEAQAfB������

0.3 < H < 1
� H¢�&� ��� FwH�J � ^_H�AQWYP�A � �OF � A
	 � B �UWb�¢�Y^EJ ��� �UH'J#P �`B_AfAQB��¢���

H < 0.3
>

�\WYP �UH!�UB�� N P �(� P]P �~�UWaP]AQP.�QW&�QP�P N �o�QA��wD�^iH�AfAQP]AwH�Ac� N AQP �SR:P � N J 	 � ���x� 
 
\B_A
� mGFwp � �rFIF � �OF � 	

= (1 : 1 : 1) .
� =:>zk ¤ 	

[ AfDXWYP �CH �QB_DCR;BEP � ��Vi�QWYPhD�^iH�AfAQBEjYD'H �QB�������VImGFIpyA$B��Q��� ^����aZ H¢�&� AQW&���v�oP R:P �Q�QACH �&�
�QWYP`V �o���UWaP �KA�� N �YBER;BEAQB��¢�M��V��UWYPt^ ���YZ~P�R:P �Q�UAoB ����� �QP]Z¢�Y^iH¢�$mGFIp A � �OFwFwAKH¢�&� �OF � A
BEAhAQWo�
�c��B � � BEZ >\=:>?= ¦ > �\WYP~�QH �UB �b��Vr^����YZ����9AQW&���v�qmGFIp AhB_A`B��o�YB_D]H �UP �h��V

2 : 1H�A �YP �QP]D �QP � N J � � � � � 	 e + s:s � > } � �yP R:P � � 	�� ���x� 
 
 �QH �UWaP � �aP �UP�D �QAqHb�UH �QB�����V
3 : 1

> �\WYP��aP �UP�D �QB����T�QH �UB �CAfW&���Y^ � N PoD ���aAQB��aP �QP � H�AD�aP]g�P �&�YP �Q�.���~�QWYPoB��aA������&�`P �Q�
g&���:g�P ���QB_P�A 
!
 > � ��� �UWYP H¢�YH�^EJ;AQBEAN��V��UWaP#mKFwp ���rFIF&���rF � �QP�^iH �QB������ W&� � P�R�P � �lB �*BEA
Av�XH �QP �¡�QW3H �c�&� �[�CH¢�.J~mGFIp A H¢�QP��`B_AQAfP � �QP�^iH �QBER:PD��� �OFwF H¢�&� �OF � P�R:P �Q�UAD�&�aP����
H¢�.J � N AQP �SRTH �UB ���3H�^�P � P�D �QA 	 � + ¥ L H�� �3A��j�UW3H!�lH = � = � = �UH �QB���AQP�P �`Ai��� N P.�fP'H�A����3H N ^EP >
M �YP B��Q�QP �Qgo�QP �UH �UB ������V%�UWYP Av�����¢�YZwRTH¢�fBiH �QB����X��V+�QWYP g
P]H$�rP �YP �fZ�JOB_A N H�AQP �����GRTH¢�QB_H �UB ���YA
B �F�QWYP N H¢�SJ����YBED ^��.H¢�I�TV*�UWaP#AfW&�;D��;A � � WYB_DXW B_AqH � B �Cgt���v�XH¢�Q�*g3H �UH¢�`P �QP �,V ���N�QWYP
�YP R:P�^��:g&�`P �Q� ��V��QWYP N �%�:Av�,V�H�D ����� 	 � @ p s:s � > � B �QW5H(WYB_Z:W N H¢�fJ¢���YBED ^��.H¢� B��h�QWYP
P R��:^?R7B �YZ � P � ���QWYPtAfJ;A��QP � D]H¢�&�&�¢� N PtH�D]D�P]^EP �UH!�UP �P���qWYBEZ:W P �YP �QZ:BEP]A��&�YPj��� �QWYP�WYBEZ:W
�CH�AQA.�TV��QWYP N H¢�SJ����YA > �\W��YA ��HN�UWYBEA ��� � � � � � � � � ���0W3H�A N �+�:Av�rV�H�D �����fA.��V H¢�P�����YP �.��V
�CH�Z��YB ���&�aP ^_P]AfA��UW3H¢�KHi�QP�Z��Y^_H¢��mKFwpX�

Γ ∼ 10
> �7B �YD]P��QWYP g
P]H$�rP �aP �QZTJOP�R¢�:^ER�P]A � B �UW

Γ
�

�QWYP.� J7gaB_D'HT^ RTH�^��YP�AyV ���i�YB ��� J`j��QP N H�^E^_A\H¢�fP
Epeak ∼ (1, 100)

��P�� H �&�!�OFwFwAi���&�rF � A
H¢�fPJ� N AfP �fR�P � > mGFwpyA�H�A�� J;gYBED'H�^E^EJM� N AQP �fR�P � N J � � ��� � H¢�fP,D]^_H�AQAfBEj3P ��H�A � � � 	 � � �
� � � � � ��� 
 > � � � � � � � � � � ��� 
 W3H'R�PrHKR�P �SJh^ �
� N H¢�fJ¢���YBEDI^ �.H¢�CH¢�&� �QW��YA �aH$WYBEZ:WCZ:H¢� �CH.��V
H¢�����&�&�

Γ ∼ 1000
�;^_P]H¢�YB��aZ ���og
P]H$�tP �YP �QZ:BEP]A��TV

Epeak >
� P�� > �\WYPD�&�&�QH �UB ��� �TV�A��YDXW

AfW&�����lWYB_Z�W�P �aP �QZTJ N �&�QAv�UA � � } 
 	 �_���a^�� N P�A��hHT^_^ �aAQB��aD]P��QWYP�^_H�D��J��V WaP'H'RuJ N H �fJ��¢�YA
P �3H N ^EP]Aj�UWYP � P �j��� P R��:^?R:P � �¢�QPN�QH�gYB��a^EJ�� A�� �UW3H �

t90 ∼ 0.1
A > �%�YDXW�P R:P ���QACWYH�R�P¢�

W&� � P�R�P � � �&�¢� N P�P �¡� N AQP �fR�P ��J�P � > � B �UW �UWaP$^_H¢�&�YDXW ��V ��� ��� � 
 � ���QWYP��aP �UP�D �QB���� ��V
?L? E>f hkj�l � (%2 +.& Q /�- & X:$��)$W/L$YX!/�Q�(0&)J.=B(%&)$ Q�5 (%2L/������ � (02 ��6 J.(%& C#(%& $'Q � IS5)+.Q + Q - J Q�( ��K)$ /L(,/L5)$

�D-%XW/ /L5 - / E>f hkj�l ��$:/L$'XW/<Q - /V2L$'J.- /L+�	%$:J.=BJ.(87 $:& $:2<C%+.$'Q
E < 150

"%$�� � 7�5)+3J.$ /L5)$ $�� +.Q<Q�+.(%& � (%2 Q�5)(02�/
����� 2�-8/<5)$:2�5 - 
 
 $:& Q�- /15)+.C%5)$'29$'&)$:2<C%+.$'Q�-0Q ��+ QLX:K QLQL$�� � $ � (%2<$

�?��>*F- �
� - � �1->= �T-%2LC0$� #2L$Y-;4 
 -0XW$ & $'J3$YQLX:(�
 $



c�b ����� ��� 
	� � � � � � 
��	� � � 	 ��������� 


t    > 2s90
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1   :    1  :  1
(HETE)

t    < 2s90

α ∼ −1γ α ∼ −1γα ∼ −1γ α ∼ 0γα ∼ 0γ
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2:1
(BATSE)

long Bursts short Bursts

Gamma Ray Bursts

GRB XRR XRF SHB SHE
H>1 0.3<H<1 H<0.3

� B_Z��o�QP =:>?= ¦ � @ ^_H�AQAfBEj3D]H �UB ���qAQDXWYP �CP���V mGFIpyA >

A��YDXWhgaWYP �&�¢�CP �3H � B_^_^ N P gt�:AQAfB N ^EP 	{m � s:s � > [ A��&� �hH¢�SJ���Vt�UWaPa�aB��
P �QP �Q� N �&�QAv��� J7g�P]A
H �&�N�UWYP�B�� N H�AQBEDrg3H¢�QH¢�`P �UP �QA BEA Z:B?R:P �*B �N�XH N ^_P =�>{ca> �\WaPrV�H�D ���QW3H �i� �:Av� N �&�fA��QAa�;D]D �&�
HTAD�QP�Z��Y^iH �lj��QP N H�^E^_ArAfW&� � A��QW3H �KH,D�P ���UH�B�� V �QH�D �QB���� �TV N H¢�fJ¢���YA��YP]P �YA.��� N P�g&�QP�AQP ���
B � �QWYP � P � � WYB_DXW*B �YP�R;B �XH N ^?Jt^_P]H¢�YA����*�UWaPlg&���+�&�aD �UB ���N��V��aP �o���QB��o�:AyB �,g&��� ����� � gYW&�¢�����
B �Q�UP �QH�D �QB����aA > �\WYP � �YP�A��UB ��� H N ���+�a�QWYPGB��Q�UP �YAQB � J ��V A��YDXW He�YP �+���QB �&�`AQB_Z¢�3H�^�W3H�AwA��QB_^E^��� N PGA���^ER:P � >

g3H¢�QH¢�CP �UP � D]^EP'H¢� �YB ��� J �fP]Z��Y^_H¢�
���rFIF,���rF � 	 ��mKFwp 	

Γ ∼ 3000 ∼ 30 ∼ 300
Epeak

	 ��P�� �
> 1000 1 − 100 100 − 1000

t90
	 A � ¥ >?=

∼ 10 ∼ 10

��H N ^_P =�>{c � pyH�AQBEDKgYH¢�UH¢�`P �QP �fAi��V2D�^_P]H¢� � �YB ��� J,H¢�&� �QP]Z¢�Y^iH¢� j��QP N H�^_^EA >

�\WaPKD�^iH�AfAQB?j3D'H �QB����*AfDXWYP �`P$H�A g&�QP�AQP �Q�QP ��WaP �QP �YP�P �YAc��� N P �fP�j��aP ��B �YD]^ �&�YB �YZ�Hj� �¢�QP
�aP �XHTB_^_P �~R;BEP �W���~�QWYP*�CH ���QP �wB�� �UWYP�V �+���&�fP �����%�3H'J��t�UWYP �QP�H �QP�AfP�R�P �UHT^ N �&�fA��QA � WYB_DXW
V�HT^_^����o�*��Vi�UWaPhAQDXWaP �`P¢� P > Z > mKFwp�¥ | ¥�¤ =�b H¢�&��mGFIp_¥ | ¥ |a=]k ��H¢�&� � �J���o"�AQP�P �`A*���
�aP �UP�D �,HM�YB+� P �QP �Q�hA�� N � D]^_H�AQA ��VOAQWo����� N �&�QAv�UA*HTACD ���CgYH¢�QP �h��� � � ��� � 	 �7H ���a¥ | � >
[ �QP R7BEP � ��V��QWYP*� N AQP �fRTH �UB ���~�TV��UWYP��YB��
P �fP �Q�rA�� N � D�^iH�AfAQP�A ���OF � �:mGFwp �TAQWo����� 	&� B �UW
� � ���o" BEA$Z:B?R:P �(B�� 	 � + ¥Q¦�� > ' � 	 � + ¥�¦�� ���UWYP �YP �QP]D �QB����M��V��QWYP,AQWYH�^_^ �
� �YP]D]H'Jb��V_�UWYP
P]H¢�Q^?J#HTV
�UP �QZ:^ � � H�A��fP]D]P �Q�U^EJM� N AfP �SR:P � B �b�CH¢�.J � � ���o" N �&�fA��QA�H�A�P �YP �fZ�J9B�� � P�D �UB ���
V P]H ���o�QP]A > �+�YDXW#HhAfD]P �YH¢�QB �N�YB_ASV�H'R����fAD�UWYPoB �Q�UP �fg&�QP �XH �QB����¡��V��OF � AOH�AI^�� �

−Γ
mGFIp A >

� � ���o" � BE^_^:WaP]^_g����wB��`g&����R�P��UWYP D �&���QP ����D]^_H�AQAfBEj3D]H �UB ���GAQDXWYP �CP > � �����&� ��� �QWYP AQDXWYP �CP
HTA\g&�QP�AQP �Q�QP � H N ��R:PGB_A\Av�UBE^_^��YAfP�V �Y^ �YAQB �YD]PGB � D'H¢� �YP]AfD �fB N P��QWYP��hH � ���QB � J ��V N �&�fA��QA >



@ W3HTgo�UP � =:> �\WYP @ �:A��`B_DGFwH'J��3gYWo�¢�����  W�YP �o���QB �&�CD ���&�YP�D �QB���� c:s

/10<��0 � ��>V�U>1H @CBUH 7CD �-;KH 9P7
' �I�UWaB_AhAfP]D �UB��¢���a�QWYP P�^_P]D �������hHTZ��YP �QB_D ���o�Qg&�o�J��VKZ.HT^iH�D �UB_D~A��¢�&�QD�P]AJ��V �&����� �UWaP ���CH�^
P �CBEAQAQB ��� � B_^E^ N Pc�YAfP � ���KP]A��QB��CH �UP��QWYP]B � D ���Q���QB N �o�UB ���j���.�UWYP @ �:A��CBED FIH'J�Afg
P�D �����&� >
�¡�¢�QPc�YP �UH�B_^EP �j�fP�R;B_P � A����j�UWYP A�� N�� P]D � D]H¢� N P V �¢�&�&�tB���P > Z > 	dmGH�B s ¥����%�UH�¥ k �.[IW3H�¥ k H � >
�\WYP @ �:A��CBEDGFIH'J*^ �&�CB �&�:AfB � J`D'H¢� N P �c�fB ���UP �~H�A

LCR =
4 π

c
· jE(Emin) ·

VGD

τR

� =�>dk.c 	

H�AfA��&�`B��aZ �QWYPlg&���+�o�YD �QB���� ��V @ ��A��`B_DwFIH'J;A B��e�UWYPD� B_^��uJ � H'J � B �QW,H��QP�AQB��aP �YD�P[�UB �CP
τR ≈ 6 · 106 J%� B��N�QWYPOR��:^ �&�`P.��V��QWYPGZ.H�^_H�D �QB_DD�YBEA)� VGD ≈ 1067 D � 3 > } P �QP¢�

jE(Emin) =

∫

Emin

dNp

dEp
Ep dEp

� =�>dk:k 	

BEAN�UWYP @ �:A��CBED FIH'J�P �YP �fZ�J ����	 > �\WaP @ ��A��`B_D FwH'J�^��&�`B��o�:AQB � J��aP]g�P �&�YA ���I�QWYP
�`B��YB ���&� P �YP �fZ�J�� WYBEDXWtB_A2go���%�&�YD]P � > �\WYP\D]H�^_D �Y^iH �QB����KD'H �j���Y^EJ N PyRTH�^_B �oH � P �YP �fZ:B_P�A
N P]^ �
� �QWYP\H¢� �u^EP¢�

ECR < 3 ·1018 P��
�.H ���UWYPyWYB_Z:WaP]A�� P �YP �QZ:BEP]A � ECR > 3 ·1018 P�� 	 � �QWYP� N AQP �SR:P �~Afg
P�D �����&� B_A����%�oB_A��¢�����:gYB_Di��� N P[��V!Z.H�^_H�D �QB_Dc���fB_Z:B � > � B_Z��&�fP =�>E=�b AQW&� � A_�QWYP
@ �:A��CBED FIH'Jl^��&�`B��&��AQB � J R�P �QA��YA��CB �YB����o��P �YP �QZ�J > �\W&�fP]P g � �UP �Q�QBiH�^TA����&�fD]P D]^_H�AQAfP]A�H¢�fP
B �&�YB_D]H �UP � H�A j3^E^_P � �TW3H �QDXWYP ��H¢�QP]H�A N P]^ �
���UWYP$D �&�SR:P > ' � �UWYPKV �:^_^ �
� B �YZ&�o�QWYP*�aB��
P �QP �Q�
A����&�QD�P,D]^_H�AQAfP]A�� BE^_^ N P �fP�R;B_P �yP � � B �UW��UWYP�B��Kg �¢�QP �Q�UB_H�^ D ���Q���QB N �o�UB ���M���¡�UWaP @ �:A��CBED
FwH'Jo^��o�CB �&�:AQB � J >�} P �QP �.B � BEA H�AfA��&�`P �j�QW3H � �QWYP ^��o�CB �&�:AQB � JGB�� @ ��A��`B_D FwH'J;A g&���%�&�YD�P �
N JqH�A��¢�&�QD�POD]^iHTAQAi���YAv� N PO^EP]AfA��UW3H¢�J�QWYPD���¢�UH�^ P�^_P�D �������CH�Z��YP �UB_D[���o�Qg&�o�c��V��UWYPOAQH¢�`P
D�^iH�AfA �

Lclass
CR < Lclass

em

>



k ¥ ����� ��� 
	� � � � � � 
��	� � � 	 ��������� 


� B_Z¢�&�QP =:>?=�b � @ ��A��`B_D FwH'Jr^��o�CB �&�:AQB � J V �����}�UWYPx� BE^ �.J � H'JOH¢�o�Kgt�:AfAQB N ^_P A��¢�&�QD�P]A
Z�BER:P ���QWYP]B �`P�^_P�D �������CH�Z��YP �UB_D ���+�Ug&�o� > �\WYP~�agYg
P � N ���&�&����VD�QWYP
D �&�fR�P B �&�YBED'H �QP]A��UWaP @ ��A��`B_D*FwH'J ^��&�`B��o�:AQB � J9V ����P �YP �fZ:B_P�A

Ep >
Emin

> @ �:A��CBED\FIH'J;A H N ��R�P��UWYPwH¢���;^EP¢�.B > P >
Ep > 3 ·1018 P�����D'H¢�&�o�¢�

WYH�R�POH�Z.HT^iH�D �UB_Dc���fB_Z:B ���.AQB �YD]Pa�UWYPX� N AQP �fR�P �qAQBEZ��3H�^0B_A����%��BEA��¢�����:gaB_D >
�;B��YD�PhA��ag
P ���&��RTHT�QP � �3H ���QAoB��b���&��mGH�^_H�	;J D'H¢� g&���+�o�YD]P*H ^��&�`B+�
�o�:AQB � J*��V

LSNR ∼ 1042 P �fZ6�TA ���UWYP J�D'H¢� N P��QP�AQgt���YAfB N ^EP V ��� @ �:A��CBED
FwH'J`g&���%�&�YD �UB��¢�,A��UH¢���QB��YZ�H �_�QWYPr^�� � P]Av�\P �YP �QZ:BEP]A �aB > P >

Ep ∼ 1
mOP��

� N ^��aPGjY^_^_P �~H¢�QP]H 	 > ��� �UH'J N B �3H¢�QBEP]A �
LXRB ∼ 1038 P �QZ �TA 	 H¢�&�~g&�Y^ �

AQH¢�QA �
Lpulsar ∼ 1037 P �fZ6�TA
	wD'H �~���Y^?J N P �QP�AQgt���YAfB N ^EPKV ���i�QWYP @ �:A ��`B_D�FIH'J ��� 	 H N ��R�P

104.5 mGP�� ���OFwpyA ���QP � WYH �UDXWYP � H �QP'H+��^_B �YP]A
	
�fP]Afg >

105.8 mGP�� ��go�Y^_AQH¢�QA � Z��fP]P � WYH �UDXWYP � H¢�QP]Ho� D�B��fD]^_P�A 	 > [I^ �UP ���3H
�
�QBER�P]^EJ¢�3A��Yg�P ���&��RTH � B��&�aAID]H¢� N P��fP]Afg ���aAQB N ^_PGV ���i�UWYPKD ���Q���QB N �o�UB ���
H N ��R:Pe�UWaP ���YP�P¢�2AfB��YD�PCWaB_Z:WYP �OP �YP �QZ:BEP]AKD'H¢� N Pe�fP'H�DXWYP �(B�� � B��o�YA
HTAi�:gYgt�:AQP � ���,�an P 	7gY^��:AfB����aAwB �Q�����UWaPKB �Q�UP �fA��QP]^_^_H¢���`P �YB �&� >



@ W3HTgo�UP � =:> �\WYP @ �:A��`B_DGFwH'J��3gYWo�¢�����  W�YP �o���QB �&�CD ���&�YP�D �QB���� kY=

� ��1  u�8
!� �Y+9�� 7& 
�+3
���%

�\WYP @ F AQg�P]D �����&� H!�oP �aP �QZ�B_P]A N P�^�� � �UWaP,���YP]P,BEA�D ��� � ���Y^?J N P]^_BEP�R�P �b��� N PCg&�����
�&�aD]P � N JJ�UWYPGAQWo�7D��,V �����Q�UA\B��qP 	agYH¢�&�YB �YZCAfWYP]^E^_Ai��V�A��ag
P ���&��RTH �fP � �3H¢�Q�UA � N ^��YPrj3^E^_P �
H¢�fP'H 	 > � WYP �(H A��UH¢�Kg
P �QB_AfWYP]A$B��9H A��Yg
P ���&��RTH � �an 	OP 	7gY^ �:AQB �������UWYPCP �`B ���QP ���hH!�UP �
�fBiH�^ P �YD �¢�&�Q�UP �fA �QWYPtB��Q�UP �QAv�UP]^E^iH¢�X�CP �YB��&� � ' �o� 	 � N �aB_^��aB��YZqH*AQWo�7D���V �����Q� ��V�� J;gYBED'H�^
R�P]^��;D]B �UBEP]A

VS ∼ 105 � �TA > � B �QW(�QWYPJ� J7gaB_D'HT^a�QH �UP ��V �an P 	7gY^���AQB��¢�YAtB���H#Z.HT^iH�	;J��
dNSN/dt ∼ 3/(100

J%�
)
�!H¢�&�#HN�`P'H¢� P � P]D �UP ���CH�AQA.��V

MSN ∼ 10M�

g�P � �7n��	�QWYP
A��Yg
P ���&��RTH��QP � �YH¢�Q� �zAyAQWo�7D��tV �����Q�yB_A H�D �QBER:PIV ���yH N ���+�

∆tSNR ∼ 1000
J%� > �\WYPr^��o�CB �

�&��AQB � J ��V HCAfB��YZ:^EP��anlF��
LSNR ∼ 1041 P �fZ6�TA �
D]H¢�¡�QWYP � N PKD ���.R:P ���QP � B��Q��� �UWaP ���¢�XH�^

^ �&�CB �&�:AfB � J ��V��7nlF AwB �J�UWYP�� BE^ �.J � H'J��

LSNR
tot ≈

dNSN

dt
· LSNR · ∆tSNR ≈ 3 · 1042 P �fZ6�TA . � =�>dkuL 	

mOBER�P �F�UWYP B��Q�QP]Z��QH�^O^��&�`B��o�:AQB � J��fP � �YB �QP �5V ���J�UWaP#go���%�&�YD �QB����F��V @ �:A��CBED FIH'J;A�H!�
Ep > 109 P����

LCR(Ep > 1
mGP��

) ≈ 1041 P �QZ �TA , � =�>dk.| 	
�anIFwA`H¢�fP,Z��%�+� D'H¢�&�aB��3H �QP]AoV �����UWYP*g&���+�o�YD �QB���� ��V @ �:A��CBED*FwH�J;A > ' �tB_A � W&� �yP R:P � �
�YBD�`D �Y^ � ��� P 	7gY^iH�B ���QWYP N �QP]H$� B��P�UWYPtAfg
P�D �����&� H �

Ep ∼ 1015 P�� >�M �YPCgt�:AfAQB N B_^_B � J
BEA �UWYH �h^EP'H$�8H�Z�P¡��Vrg3H¢���QB_D�^_P]A ���o� ��VD�QWYPP� BE^ �.J � H�J N P]D ���CP�AhB �Cgt�����UH¢�Q� � ^_P'H'R;B��aZ
���a^EJ*WYP]H'R;JqP�^_P �CP ���QAlH!�i�UWYPKWYB_Z�WYP �\P �YP �fZ:B_P�A > �\WYB_A D'H ��^_P]H¢�J���CH�A��UP�P]g�P �YB �YZ �TV��QWYP
Afg
P�D �����&� > [[�&�¢�QWYP �\gt�:AQAfB N BE^_B � JCBEA_�UWYH ���an P 	7gY^ �:AQB ���YA B �Q���j�UWYP�B���� �c�!� B��o�YA\D'H¢� N P
H N ^_P_���GH�D]D�P]^_P �UH �QP\g3H¢�v�UB_D�^_P�A����OWaB_Z:WYP � P �aP �QZ�B_P]A �.AQB �YD]P\WYBEZ:WYP � �CH�AQA����&� N P �fA � } P]^_B �&�
�Yge���GB ����� 	�H¢�QP\g&���+�o�YD]P � > �an�P 	7gY^ �:AQB ���YA���Vt� J;g
P�' N H¢�&� ' D\^���AQP��UWaP]B�� W.J%�&���:Z:P � � V �¢�
' D�HT^_A�� �UWYP$WYP]^EB��&��	 P �.R:P�^��:g�P N P�V ���fP�D �:^_^_H�gYAQB �YZ > �\WYBEAl^_P]H¢�YAa���,HCWYB_Z:WaP �a�YP �YAfB � J¡��V
g3H ���UBED]^EP]A � WYP ���QWYPtAQW&�;D���V �����CAGH¢�o�P�QW��YA.��� �YB��
P �fP �Q�KAQW&�;D�� D ���&�YB �UB��¢�YA > F P]Z¢�Y^iH¢�
�anIFwA~D'H � B��I�QWYB_AqAQD�P �3H �QB���g&���+�&�aD]P @ FwA �Yg}��� �UWYP ���YP]P H¢�&� �anlF&� � B �&�YA~H¢�fP
�fP]AQgt���YAfB N ^EPOV �����UWYPGAfg
P�D �����&� N P �(� P]P � �UWYP ���YP�P�H¢�o� �QWYPKH¢� �u^_P >

� ����%]+Y�8%�/�� �U��+.- �2��
�+a�T�  ;%�+3
���& ���:�������!+3%]+a�T%

[IA�H¢� H�^ �UP ���3H �QBER�PCP 	aga^iH¢�3H!�UB��¢�9V ��� �UWYPCD ���Q���fB N �+�UB��¢�(H N ��R:P �QWYP,���YP]P � AfJ;A��QP �`A�B�� �
D�^��&�YB �YZe�YP �+�����¢� Av�XH¢�fAa�¢� N ^iH�D��hW&�:^_P�A H¢�QPGD ���YAQB �YP �fP � >
nwP �o�������*Av�XH¢�fA D'H¢� N PD� N AQP �fR:P � �&�YP[���*�UWaP]B�� P �`B_AfAQB��¢� ��V�P�^_P�D �������CH�Z��YP �UB_Da�UH �YBiH �QB����
H�^ ���YZJ�UWaP �CH�Z��YP �UBEDoj3P]^ �(H�	7B_A > �;B��YD�P �QWYP ���¢�XH!�UB��¢�3H�^ H
	aBEA��TV��QWYP � N�� P]D �UA*�o�7P�A��&� �
H�^EB_Z�� � B �UW �UWYP �CH�Z��YP �UB_D,jYP]^�� H�	7B_A ���UWaP�J�H¢�fP � N AQP �fR:P ��H�A`g&�Y^EAUH¢�fA � �UWYP~P �`B_AfAQB��¢�
BEA*���Y^?J AQP�P � � WYP �Y�UWYPCg3H¢���QB_D�^_P � P ��g �:B �Q�UA���� � H ���YA 
 H¢�v�UW > e �Y^_AQH¢�QA$W3H'R:P,g�P �fB��%�YB_D
AfB_Z��3HT^_A��UH¢�aZ:B��YZGV ���¢� AQP R:P �QH�^ AfP]D ���&�YA��&� �c� ��� �CBE^_^EB_AQP�D ���o�YA > �\WYP @ �QH N HTAx�QWYP[� �:Av�
g&�����`B��YP ��� �YAQB �YD]P.� �:Av� ^��&�`B��&�¢�YA �;P 	aH¢�`gY^_POBEA\Hj�CBE^_^EB_AQP�D ���o�hg&�Y^EAUH¢� > ' � B_A\Hj�YP �o�������
Av�XH¢� � WYB_DXW �yH�A g&�fP]A��&�hH N ^EJGg&���+�o�YD]P ��B��oH �an�P 	aga^��:AfB������ N AQP �fR�P �e��� � �Y^?J�¥ k � = ¥ LTkY>
� ��� Hj�QP R;B_P � ��V WaB_A������QBED'H�^ �anIPGAfP]P�	{m �o¥ c � > �\WYP �QP � �YH¢�Q� W3H�A N P�P � � N AfP �fR�P � H!�wH�^_^
�yH'R:P]^EP �YZ �UWYA > � ���¢���UH¢�aB��KP �YP �QZ:BEP]A_�ag ��� ��� ^_BEZ:WQ� ���UWaPlA��ag
P ���&��RTH*�QP � �YH¢�Q�yBEA AfP]P ���
� WYBE^_P.�UWaP$g&�a^_AUH �wB �UAfP]^EV�B_A\R;B_AfB N ^EPGH ����� �QH'JqH¢�&� WYB_Z:WaP � P �YP �QZ:BEP]A > �\WYP�� N AQP �fR�P � ��P��



k ¤ ����� ��� 
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��	� � � 	 ��������� 


AfB_Z��YH�^�V �����]�UWYP @ �UH N BEAX�&����� �UWaP ���CH�^ � H¢��B��&�YBED'H �QB����qV ���Ig3H¢���QB_D�^_PoHTD]D]P�^_P �UH �QB���� B�� H
AfW&�;D���P �.R;B������&�`P �Q� �
AQP�P�P > Z > 	 [lW } + ¥ |�N � > �\WYP��CH�B �~�QP]H�A��¢� � WuJ�g&�Y^EAUH¢�fAOH¢�QP�Z��+�%�
D]H¢�&�YB �3H �QP]AOV ���Kg3H¢���QB_D�^_PtH�D�D]P]^EP �QH �UB ��� H �QPj�UWYPtR:P �fJ#WYBEZ:WM�CH�Z��aP �UBED�j3P]^ �YA��TV\H¢�����&�&�
B ∼ 1012 m >�e �Y^EAUH¢�fAOW3H'R:Pt^��&�`B��o�:AQB �UB_P�AlH �����&�o� 1037 P �QZ �TAGH¢�&� D'H �P�QWYP �fP�V ���fPe�&�¢�
N PD�fP]AQgt���YAfB N ^EPlV ���_�QWYP @ F �&� 	 N P]^ �
�F�QWYP ���YP]P > �\WaP�J*D]H¢���YW&� � P�R�P � �0D ���Q���QB N �o�QPX���
�QWYP��QP�Z:B���� N P �(� P]P � ���YP]P$H¢�&�~H¢���;^EP ��AQP�P � B_Z >
=:>?=�b �YZ��fP]P � W3H!�UDXWYP � H¢�fP'Ho�YD�B��fD]^_P�A 	 >
� H�Z��YP �XH¢�fA � � WYB_DXW�H¢�fPb� N AQP �SR:P � HTA�[X�o���hHT^����YA ��� �UH'J e �a^_AUH �QA � [�� e A
	¡��� �+��V
�
mGH¢� �hH�FwP�g
P]H �UP �QA � �YmGFwA
	 �x�QP�g&�QP�AQP �Q�hg&�Y^_AQH¢�QA � B �UW�P�R:P � WYBEZ:WYP � �CH�Z��aP �UBED,j3P]^ �YA
�TV
B ∼ 1015 m > � ����HT�QP R7BEP � ��� [�� e ACH �&� �YmGFwAoAfP]PqP > Z > 	 � �c¥ k � > � BER�P �YmGF

D]H¢�&�YB �3H �QP]AyWYH�R�P N P�P �J� N AQP �SR:P � B � �UWaP�� B_^��.J � H'JhA��oV�H¢� > �\WYP]AfP.�QP�R�P'H�^ �UWYP �CAfP]^ER�P]A
N J �UH �&�&���`^EJtP �CB ���UB �YZ

γ
�UH¢�aBiH �QB�����V ���¢���UB��`Pc�����QB��`P > �\WYPrA��CH�^E^_P � P ���Ygo�QB����aA W3H'R�P

�aA��3H�^E^EJj�QWYP ���hH�^�AQg�P]D ���QHo��� WYBE^_PlZ�BiH¢�Q� N �&�QAv�UAi��V��o��� � �QWYP ���hHT^
P �CBEAQAQB ���,H �QPD� N AQP �SR:P �
V ����� �UB��`PX�����UB��`P > � H � ���aA P�R�P �Q�UAIH¢�QPD�QWYP.���o� N �&�fA��UAc��V �YmGF ='b ¥ | �n¤¢¥*��� � H¢���3H¢�SJ
¦%� =�s ¦ s H¢�&� ���J�lP�D]P � N P �a¤�¦+�o¤¢¥�¥ k HTA � P]^_^ H�A��QWYPrZ:B_H¢�Q� P �CBEAQAQB ��� �TV �YmKF =�s ¥�¥ �o='k
�¢� [X�YZ��aA���¤�¦+� ='s:s:ba> � ^_H¢�QPo^ �&�`B��&�:AfB �QB_P]Ac��V&�YmGFwAX�UH¢�YZ�PoV �����

∼ 1038 P �QZ �TA.�Yg ���
∼ 1044 P �fZ6�TA > [�� e AOAfW&� � AfB��`B_^_H¢�\gYWYP �&���`P �3Ho� N �o� � B �UW P �CBEAQAQB ��� H!� ��� �UH'J~P �YP � �
Z�B_P]A��UH �QWYP ���UW3H¢�

γ
�QH�J;A > �\WaP.���QBEZ:B��3HT^��YP�j��aB �UB ���N��V�[�� e A&� HTA��UWYPrAv�UP]H¢�aJ,P �CBEAQAfB����

�TV&��� �UH'J;A > [ N ���+�oW3H�^?Vi��Vi�QWYP,[�� e A*���%�3H'J9H¢�QP,���&� �c�Y��� N P`RTH¢�QB_H N ^_P`B�� ��� �UH'J;A �
�QW&���YZ�W > 
 B_Z:WQ�`[�� e D]H¢�&�YB �3H �QP]A`W3H'R:P N P]P ��� N AfP �fR�P ��B �(�QWYP � BE^ �.J � H'J�A��9V�H¢� >
�\WaPhP ���Ygo�QB����YAKV ����� �CH�Z��YP �XH¢�fA�H �QP N P]^EB_P R:P �M��� D ���CPtV ���¢� Av�XH¢� � �3H$��P�A � P 	7D�B �UB �YZ�QWYPlA��&�fV�HTD]PX�TV��UWYP[�hH�Z¢�YP �UH¢��� WYB_DXW*^EP'H¢�YA������UWYPIP �`B_AQAfB���� ��V�WaB_Z:WCP �YP �QZ�J �UH¢�aBiH �QB���� >
�\WaPKP �YP �fZ�J ���o�Qg&�o�\V ����� [�� e Aw^EB_P�A H �wH¢���¢�&�&�

1033 − 1036 P �fZ6�TA >
p B��3H¢�SJ*AfJ;Av�UP �`AlB �YD]^ �&�YB �YZ`H �YP �o������� A��UH¢�a���wH N ^_H�D��*W&�:^EP$H �QPKZ��+�%�~D'H¢�&�aB��3H �QP]A V ���
AfW&�;D��CHTD]D]P�^_P �UH �QB����hH�A � P]^E^ > � � �&�v� H�AQA ��� �QH�JCpyB �3H¢�fB_P]A � � � �OpyA
	 D ���aAQB_Av�_�TV!H�� WYB �UP
� � H¢�SV V P]P �YB��aZ �QWYP��aP �o������� A��XH � � � WYB_^EP��YP �o������� A��UH¢�QAIB�� } BEZ:WT� H�AQA���� �QH'J N B��3H �QB_P�A
� } � �rpyA 	KH¢�QP`V P � N J H N ^ �YPhAv�XH¢� � M ��p A��XH � 	 > ' �b�QWYPhD]H�AQPN�TV } � �rpyA ���¢�YD]P �UWYP
�aP �o�������CA��XH � D ���`g3H¢�YB ���tP 	7D]P�P �YA_�QWYPIFa�;DXWYP R��:^ �&�CPc��V �UWYP N B �3H¢�fJoAfJ;A��QP � �aB � Av�XH¢�v�UA
���CV P�P �~�QWYP�D ���CgYH�D �[� N�� P�D � � B �UW~�CH ���UP � > �\WYP*�YP �o������� Av�XH¢�[��� N ^iH�D��qW&�:^EP$B �¡���&���
P �CB �UA��UWaPyZ.H�B �YP �$P �YP �QZ�J$B���H � P � H�^ ���YZc�UWYP��hH�Z¢�YP �QB_D H�	7B_A > �+�YDXW�ASJ;A��UP �CA2D'H¢�o^EP'H¢� ���
gYH¢���QB_D]^EP H�D]D�P]^EP �UH!�UB��¢� �ag �����UWaPIH � �u^_PIH �x� �:Av� > �\WYPa� J;gYBED'H�^0P�^_P]D �������hHTZ��YP �QB_D\P �YP �fZ�J
�TV A��aDXW ��� �QH'J N B��3H �fJ*ASJ7Av�UP �CAIB_A

∼ 1038 P �fZ6�TA > �\WaB_AwB_Ac���YDXW ^ � �yP �a�QW3H¢�¡�QWYP����¢�UH�^
P �YP �fZ�J �QP � �YB��fP �~���CP 	aga^iH�B � �QWYP @ F ^ �&�CB �&�:AfB � JhV �¢�

Ep > 1010 P�� > p_�o�wD �¢�YAQB �YP �fB��YZ�¢�Y^EJ P R:P �Q�QA*H �,WaB_Z:WYP �CP �YP �fZ:B_P�A �\B > P >
Ep > 1013.5 P�� ^_P]H¢�YAe��� H����YDXW�^ �
� P � @ F

^ �&�`B��&�:AfB � J �&�YPj��� �QWYPtA��QP]P]ga^EJ V�H�^E^_B �YZhAfg
P�D �����&� ��AfP]P � BEZ >2=:>?=�b ���fP �#W3H �QDXWYP � H¢�QP]Ho�
^EB��YP�A 	 >�� ��� H�A��&� �hH �fJN�TV��QWYP �OFwp H �&� @ F D ���&�YP�D �QB������3AfP]PGP > Z > 	dmKHTB s ¥ � >
[ AQg�P]D�BiH�^ D'H�AfPN��VwH¢� ��� �UH'J N B �3H¢�fJ#BEA*�UWYPhA�� � D'H�^E^_P �M�CBED ��� � �3H�AQH¢� > �\WYP �fPqH¢�QP �(�_�
� J;g�P]AJ��VGA����&�fD]P]A!� WYBEDXW5H¢�QP�D]^iHTAQAQB?j3P �5HTAJ�CBED ��� � �3H�AQH¢�QA > � ���N���YD�P¢�IH WYP]H�RuJ5p P �
Av�XH¢�GHTD]D �¢�Cg3H �YB_P � N J HN�YP �o�������#A��UH¢�O^_P]H¢�YAD���qHqg�P �fB��%�YB_D$P �`B_AfAQB��¢� ��VyWaB_Z:W P �YP �fZ�J
gaW&�¢���¢�YA �$pyP � A��UH¢�QAKH¢�fP �CH�AfAQBER�PCAv�XH¢�fA � B �UW9HqD]B��fD �&�`A��QP]^E^iH¢�D�aB_A)� > �\WYP`g3H �UWM��Vx�UWYP
�aP �o������� A��XH �rH¢�����&�&� �UWYP�pyP � A��XH �IBEAIWYBEZ:WY^?J*P]^E^_B_g+�UB_D > �\WYBEAI^EP'H¢�aA[��� �UWYP$H�D�D �QP �UB ���~��V
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N �o�QA��GBEAlAfP]P �#H �[�UWYPoH�D]D �QP �QB����~�YB_A � B �UAQP�^EV B � ��� �UH'J;A > ' �D�QWYP � go���:g3HTZ.H �UP�AX���+�(� H¢���YA
H�^ ���YZ��UWYP � P �UACB�� V ����� ��VD�UH¢�YB �����b�:g+�UB_D]H�^ P �`B_AfAQB��¢� > � ���hH��QP�D]P �Q�*A��&� �hH¢�SJ ��V
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�\WYP @ �:A��CBED nwP �o���QB��o� p H�D��uZ����¢�&�&� � @
ν
p 	hB_A*H ��B_A�� ������gYB_D¡�YP �o���QB �&� ��� 	�W3H'R7B �YZ

�YP�D ���agY^_P � B��¡�QWYP 
 H¢�f^EJ �a�YBER�P �QAfP¢� ���Y^EJ
1
ArHTV
�QP �c�UWYP�pyB_Zhp H¢�YZ > ' �lB_Ac�UWYP��YP �+���QB �&�

P � �aBERTH�^_P �Q����V��UWYPCD �:A��CBED �`B_D ��� � H'R�P N H�D��uZ������&�&� > �7B �YD]P`B � �YP�D ���agY^_P � R:P �fJ9P'H¢�f^EJ��
�QWYPj�UP �`g�P �UH!���&�fP���V��UWYP N ^_H�D�� N �%�aJ AQg�P]D �����o� D �����QP�AQgt���&�YA.���

∼ 1.9
� ���+�YH�J¢�!H¢�&�

�QWYP ��� 	tg�P'H$�uA H ���`B_^E^_B+� P�� P �YP �QZ:BEP]A > � WYB_^EP_�UWaB_A N H�D��uZ������&�&�`B_A P�AQAfP �Q�UB_H�^_^?J�g&�fP �YBED �QP �
B �N�UWYPOAv�XH¢�&�YH¢��� � �+�YP�^	��V�D �:A�� �:^���Z�J��;B �&�yH�Ai�&� � g �:AfAQB N ^_Pa���j�UP�A�� B �yP 	7g�P �QB �CP �Q�XH�^E^EJ
J�P � > �\WaPoA��&� P �CB �UA[�YP �o���QB �&�:AlB �~�YB+� P �QP ���lV �YAQB ����g&���7D�P]AfAQP]AGB �¡�UWaPe� P�� �QH¢�YZ:P > ' �
�QWYP\j3Z��&�fP¢�Q�YP �o���fB��&�:A�V �����

p p
B��Q�UP �UH�D �UB��¢�YA H¢�&���QWYP 7 p AQg�P]D �����&� B_A AfW&� �c� > ��H�AfAQB?R:P

Av�XH¢�fA �
M ∼ 1020 ·M�

	 H �QPrP 	ag�P]D �UP �¡����P �CB �i�YP �o���fB��&�:A H!�
∼ 1

� P�� �&�YP.��� �7B_^EB_D �¢�
N �o���YB �YZ 	 M � � ¥ k �Q� M ��¥ | � > [��2AQ^EB_Z:WQ�U^?JOWYBEZ:WYP ��P �YP �QZ:BEP]A�^_B_P�A��QWYP��YP �o���fB��&�IAQg�P]D �����o�
V ����� �an =�s�b ¦T[ > �\WYP P 	7g
P�D �QP � �&� 	�V ���¢� H �an5H � H.�YB_Av�XH¢�aD]Pi��V
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�ug
D BEA B��&�aB_D'H!�UP � >

�+�aDXW H`D�^��:AfPGA��Yg�P ���&��R�H � B_^E^ N P�� N AQP �SR:P � N JJ���%�3H'J7Aa�YP �o���fB��&�e�UP�^_P]AfD �:g�P]A > �\WYP ��� 	
V ����� �anIFwA � 	 �QP]^EB_D � 	 �7W&� �yP R:P � ��B_AwH N ���o�\V ���&�c�����YP �fA[�TV �CH�Z��YB ���&�aPO^�� �yP �wH¢�&�~D ���Y^ �
�&� � N P[�QP]A��QP �hJ�P � > [�� P �aP �QZ�B_P]A

> 0.1
mGP��*�Q�UWYP[�CP]H�A��&�fP �CAQg�P]D �����&� ��V�H ��� �:AQgaWYP �fB_D

�YP �o���fB��&��A B_A�B��&�aB_D'H!�UP �	��A � �3H �QP]A H¢�QP��CP]H�A��&�fP �`P �Q�UA�V ��������
���� -�� 	dp P � b ¦+��� + s:L �3H �&��&� �UArH �QP � ������'����`P'HTA��&�fP �`P �Q�UAlV ����� �UWaP$J:P]H¢�.¤ ¥�¥�¥ 	 � + ¥ L � � > [��[�UWYP$WYB_Z�WYP]Av�
P �YP �fZ:B_P�A �rH(Z�P �YP �QB_D�AQg�P]D �����&� V ����� mGFIpyAhB_A,B �&�YB_D]H �UP � 	 � p s ¦+� � p s:s � �IH�A � P]^E^
H�Ae�UWaP¡�CH�	7B����o�6D ���Q���QB N �o�UB ��� V �����6[wmGn 	 � e Fa¥ = �IH¢�&�(�UWYP~P 	7g�P]D �UP �h�YP �o���QB �&�
����	 V �����z�UWYPqH N A����fgo�UB ��� ��Vwg&���¢�����aA N Jb�UWYP m � � P � P�D � 	 � � s:c � > �\WYP�AQPqA��¢�&�QD�P]A
W3H'R�P �o�¢� N P]P � � N AQP �SR:P �~J�P �c�&�YPD�����UWYPlWYB_Z:WqH!��� �:AQgYWaP �QBED N HTD��;Z¢�����&�o� H �&�q^_B��`B �QP �
AfP �YAfB �UB?R;B �UBEP]AD�TVx�QWYPe�YP �QP]D �����fA > � BEZ��&�fP =:> ¤¢¥,AQW&� � A.�UWaPoR�H �QB��¢�YAD�YP �o���fB��&�qAQg�P]D ���QH~H!�
�QWYP$WaB_Z:WYP�A�� P �YP �fZ:B_P�A �

Eν > 100
mOP�� > � H¢�.JqA����&�fD]P�AlH¢�fPGP 	7g
P�D �QP �¡���tD ���Q���fB N �+�UP.���

�QWYP[�aP �o���QB��o�KAfg
P�D �����&� H � WaB_Z:WtP �aP �QZ�B_P]A > �\WYPa�YB��
P �fP �Q� A����o�QD]PwD]^_H�AQAfP]A H¢�fPa�aB_AQD �YAQAfP �
B � � ���fP.�YP �UH�B_^�B �J�UWYPOV �:^E^�� � B��YZ�g3H¢�UHTZ��UH�gaWYA >

/10 �-02/ � 9 � @C;�BUELD �L;�D�O � H @CBUD3E 7CH�9PEL>M;KBUD
nwP �o���QB��o�:A`H¢�QPqg&���+�&�aD]P ��B���H�Av������gYW.J7AfB_D]H�^ AQW&�;D��(V �����Q�QA`B � g&���¢����� � gYW&�¢������H¢�&� � �¢�
g&���¢���¢� � g&���¢���¢�,B��Q�UP �UH�D �UB ���YA R;B_H�gYB��¢� � g&���+�o�YD �QB���� > �\WYPD�&�¢�CB �3H¢�Q� DXW3H �&�YP]^EA\H¢�fPrWYP �fP

p γ −→ ∆+ −→

{

p π0 �aV �QH�D �QB����
2/3

n π+ �aV �QH�D �QB����
1/3

� =�>dk ¦ 	

p p −→

{

p p π0 �YV �QH�D �QB����
2/3

p n π+ �YV �QH�D �QB����
1/3 .

� =�>dk.b 	

�\WYPIAUH¢�`Pwg&���;D]P�AQAQP�A��;D]D �o� V ��� B �YD]B �YP �Q���YP �o�������aA B �YA��QP'H¢� ��V�g&���¢�����aA �u^_P]H¢�YB��aZ ��� �QWYP
g&���+�o�YD �QB����T�TV

π− g3H¢�v�UBED]^_P�A > [��OWYBEZ:WYP �IP �YP �QZ:BEP]A � �8H¢���YAID'H¢� HT^_A��CD ���Q���QB N �o�UP ��� �QWYP
Afg
P�D �����&� 	zFIH�D ¥�¥ � >
� WYBE^_Pc�UWYP[�QP�A��Y^ �UB��aZ��YP �o�������YA\H �QPw^_B �TP]^?J����$B��Q�UP �UH�D � N P�V ���fP[�YP�D'H'J;B��YZo�aDXW3H¢�fZ:P �hgYB����aA
�YP�D'H'J~H¢�&�~g&���+�&�aD]P��YP �+���QB �&�:A �

π+ → µ+ νµ → e+ νe νµ νµ

� =�>dk.s 	

π− → µ− νµ → e− νe νµ νµ .
� =�> L ¥ 	
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� B_Z¢�&�QP =:> ¤¢¥ ���IB�� �YAQPY�aP �o���QB��o����� 	 g&�QP �YB_D �UB ���YA > �rH �XH�gt�:B ���QA H¢�fPb�`P'H�A��&�QP �
�`P �Q�QA � B �UW ����� �*'�� �!J:P]H¢��¤ ¥�¥�¥o��B �YD]^ �&�YB��aZN�UWYPt^_B �CB �lV ���.�¢�YP
J�P'H¢� 	 � + ¥ L � � > �\WYP,V �¢�&�KJ�P'H¢��^_B��`B �KH �QB_AfP]AKV ����� �UWaP*H¢�3H�^?J;AQB_A���V
�QWYP�WaB_Z:WYP�A��*P �YP �fZ�J�P�R:P �Q�UA!� B �QW ����� �*'�� > �¡�%�YP�^ � = 	 �QP�g&�QP �
AfP �Q�UAP�UWaP �YP �o���QB �&� ��� 	 P 	7g�P]D �UP � V ����� � P���� gYW&�¢����� P �`B ���QB��YZ
N ^iH¢£]H¢�QA 	 �%�QP ¥ L � > � �+�YP�^ � ¤ 	~�YP]AfD �QB N P�AT�UWYP �aP �o���QB��o� �&� 	�H¢�fB_A �
B �YZ � WYP � g&���¢�����YA H �QP�H N A���� N P � N J �UWYP5m � � P �
P]D � 	 � � s:c � >
�\WaPj�&�YD]P ���UH�B��Q�UBEP]ArD ���`P$V ���¢�V�YB+� P �QP ���rA����&�fD]P�P R��:^ �o�UB ��� AQD�P �3H¢� �
B �:A > �¡�%�YP]^ � c 	��QP]go�QP]AfP �Q�UAa�UWYP �CH�	7B����&� D ���Q���QB N �o�UB ���*V ����� ��P��
N ^iH¢£]H¢�QA 	 � e F[¥ = � > [X���Ygag
P � N ���&�&�$V ������go�UBED'H�^E^EJX�QWYB�����^ � �yP ��^EB��YP 	
H �&�*�:g+�UB_D]H�^_^?JD�UWaB_D�� � �Ygag
P �2^_B �YP 	�A����&�QD�P]A BEA��aP �QB?R:P ��B����QWYB_A�D �¢���QP 	%�
� � �%�YP�^ � k 	 	 >

[IAQA��&�CB �YZc�UW3H ��gYB ���YA���V��YP�Z.H �UB?R:P H¢�&�$g �:AfB �QBER:P DXW3H¢�fZ:Px�7D�D �&��P � �3H�^E^EJ����UWaPyg&���+�&�aD �UB ���
�3H�R¢���c�UH �QB��j��V��YP �o���fB��&�:A H!�a�QWYPGA����o�QD]PGBEA

(νe : νµ : ντ ) = (νe : νµ : ντ ) = (1 : 2 : 0) .
� =:>{L7= 	

�\WaB_A\B��`gY^EB_P]Ax�UW3H!�a�UH¢� �YP �+���QB �&�:AwH¢�fP.�&�¢� g&���+�&�aD]P � B��~H�Av������gYW.J7AfB_D]H�^�A����o�QD]P�A > } � �&�
P R:P � �YAfB��YD�PX�YP �o���fB��&�:AyW3H'R:PD�&�¢� � RTH¢�YBEAQWYB �YZ*�CH�AfAyP]BEZ:P �.RTH�^ �YP]A �+�UWaP�J �:AQD�B_^_^_H �UPc��� �UWYP�B��
�yH'JN��� 
 H¢�v�UW > � ��� gYH �UWq^_P �YZ¢�QWYA\P 	7D]P�P �YB �YZe�UWYPOAfB�£]P���V��QWYPGA��:^_H¢� AfJ;Av�UP � �&�UWaP �0H'R����
�QH �UB �tH�gYg&���.H�DXWYP�A

(νe : νµ : ντ ) = (νe : νµ : ντ ) = (1 : 1 : 1) .
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���QB N �o�UB ���hV ���¢� �UWaP.�:go�UBED'H�^E^EJj�QWYB_D�� � � �&� V �QP � �YP �YD�Jqg�P'H ��P � p � � H�D]A � � p � A
	yD'H¢� N P
D]H�^_D �Y^iH �QP ���YAfB��YZ��QWYP%�,����� �(�YB�� �YAQP P 	%���UHTZ.H�^iHTD �UBED N H�D��uZ������&�&�GV ���!Hi�&�����hHT^_B�£]H �UB ���
��V_�UWYPe�YP �o���fB��&� AQg�P]D �����&� ��AQP]P
	 � + ¥ c�N � > [ � �+�YP�^���V go���¢����� � gaW&�¢���¢�#B �Q�UP �QH�D �QB����aA
B � [wmKn H¢�&� D ��^_^_BEAQB ���YAa��V g&��� �����YAIV �����f�UWYP�D ���fP�� B �QW g&��� �����YA.�TV��UWYPoWo�:A��OZ:H�^iH�	;J
BEAi�YP �fBER:P ��B � 	 ��H � s.L � > �\WYB_Ai� �+�aP]^ � BE^_^ N P.�QP V P ���QP � ���`H�A ����� � �G> [I^ �QP ���YH �UB?R:P]^?J ���
�:g+�UB_D]H�^_^?J��QWYB��`A��¢�&�QD�P]A � B �UW`gYW&�¢�����`P �`B_AQAfB����`H N ��R:P
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�����Y^ � P �YW3H¢�YD�P.�UWYPGD �¢�����QB N �o�UB ���J��V��YP �+���QB �&�:A V �����vg&���¢���¢� � gYWo�¢�����*B �Q�UP �QH�D �QB����aA N J
H�^ � ��A��lH¢�T�����YP �[��V��CH�Z��YB ���&�YP$H�AIAQW&� �c� B���	 ��H � s.L � > � P�� BE^_^��QP V P �[��� �UWaB_Aa� �%�YP]^
H�A ����� � � B��J�UWYPOV �:^E^�� � B��aZ >
[ � �%�YP]^ N J 	 �%� �7H s:| � � HTA����QBEZ:B��YH�^_^?JT�YAfB��YZ~�QWYP �aB�� �YAQP,D �:A��`B_D ��� �UH'J N H�D��uZ����¢�&�&�
H¢�o� W3HTAa�fP]D�P �Q�U^?J N P�P � � �%�YB?j3P �*B � H �yH'JJ�UW3H � B �\B_Ai�aAQB��aZe�QWYP � ����� ��� �(�YB�� �YAfP
N HTD��;Z¢�����&�o� ���a�o�����CH�^_B £]P��UWYP��aP �o���QB��o�wAfg
P�D �����&� 	 �%�QP ¥ L � > �\WYB_A��fP �&�aD]P]A��UWaP V �����`P �f^EJ
R�P �fJ`WYBEZ:WtD ���Q���QB N �o�UB ��� N J`HGV�H�D �������TV = ¥ > ' �hH �&�YB �QB����	���:AQD�B_^E^iH �QB����YA�W3H'R:P N P�P � �XH$�TP �
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�QWYP ��� �UH'J*P �CBEAQAQB ���*D �¢�CP�A V ����� �UWYPOV �%�¢�i��V��UWYP � P � �&�QWYP ��� �QH'J,AQBEZ��3H�^��_���a^�� N PGHTD �
D ���`g3H¢�YBEP � N JtHD�YP �o���fB��&� �&� 	 > [�� �%�YP�^ N J 	znD��p s�c �3H¢�o�CH �CHTgYg&���:H�DXW N J 	 ��� �aH s�| �
WYH�R�P N P�P �*g&�fP]AfP �Q�UP � > [[�qH�^ �QP ���3H �UB?R:PIAQD]P �3H¢�fB��������Y^ � N Pa�UWYP.�Yg�� AQD]H ���QP �fB��YZ��TV��UWYP � �
�CH�^0P]^EP]D �����¢�YA R;BiH �UWYP�' �uR�P �fAQP @ ���`go�����CP �
P]D � > ' � �UWYH � D]H�AQP �+�UWaP ��� �UH'J`D ���`g �¢�YP �Q�
�����Y^ �M�o�¢� N PCH�D]D ���CgYH¢�YB_P � N J#H �YP �o���QB �&� AfB_Z��YH�^ �!AQP�PCP > Z�	 � �aF s:L � > �[�Q�UBE^����+�YH�J¢�
H N ���+�
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�IP �XHTB_^_P �*P 	aH¢�`B��3H!�UB��¢�N��V����Y^ �UB+� � H'R�P]^_P �YZ¢�QWJ� N AQP �fRTH �QB����YAyW3H'R:PKAQW&� �c� HtD �����fP]^_H �UB ���
N P �(� P]P �(�QWYPJ�YBEA)�9H¢�&� � P ��gt� �yP �e��V [\D �QBER:P mGH�^iHTD �UBEDhna�YD]^EP]B � AQP]P 	 � ��p s.L � � p s:L �
� p s:s � > �\WYBEA$D �����fP]^_H �UB ��� D'H¢� N P �YAQP �b��� P]Av�UB��CH �QPe�QWYP �YB�� �YAQP �YP �o���fB��&� ��� 	#V ���¢�
� F ��')'yZ:H�^iH�	7BEP]AwH¢�&� �3H �lAfg
P�D �����&� �UH¢�aB�� � �YH�AUH¢�fA � B �QWYB�� �UWaP$V �UH �CP �_��� �J��V �QWYP � P � ��aB_A)�`AfJ%� N B��:AfB_A_� �%�YP]^ 	dp pyF[¥ L � > �\WaP.�YP �o���QB �&�
��� 	hW3H�A N P]P �qH�AQA��&�CP �J���oV �:^E^�� �5H¢�
Eν

−2 AQg�P]D �����o� � WaB_DXW(^EP'H¢�YA���� H¡�fP]^_H �UB?R:P]^?J WYBEZ:WM�aP �o���QB��o� ����	(H!��P �YP �fZ:B_P�A�H N ��R:P
Eν ∼

��P�� > [IAQA��o�CB �YZe���J�UWYP��¢�QWYP �\W3H �&�~HtD �����fP]^_H �UB ��� N P �(� P]P �¡�UWYP.�QH¢�YB���Afg
P�D ���UH�^
B �&�YP 	 H¢�&� �QWYP*B��&�aP 	 �TV[�QWYP*g&��� ����� AQg�P]D �����&�6^_P]H¢�YA���� H¢�

Eν
−2.6 �YP �o���fB��&� Afg
P�D ������&� > �;B��YD�PN�UWYP ��� 	(B_Aj�&�¢���CH�^_B £]P �(H �t^�� � P �YP �QZ:BEP]A �x�QWYPqD ���Q���fB N �+�UB��¢� �YP]D �QP'HTAQP]A

AfB_Z��aBEj3D]H¢�Q�U^EJhH � WYBEZ:WYP �\P �YP �QZ:BEP]A � B �QW H � B �YD �fP'H�AfB��YZ�Afg
P�D ���QH�^!B��&�aP 	 >
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Wo���&�QAGg&�fB����[���J�UWYPCmGFIp 	zFX� � ¥ c H�� �!P �`B_AfAQB��¢� �&�&�QB �YZJ�UWYPtg&�����`go�OgYW3HTAQP 	 � p s ¦+�
� p s:s ��H�A � P]^_^!HTAlHTV
�QP �fZ:^�� � P �`B_AQAfB���� 	 � p�¥�¥ � > �\WYP$^ � �yP �a��� � AQW&� � Aa�UWYP��YP �o���fB��&�
P �YP �fZ�JOAfg
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•
[ � � � � 	 � 
 ��� � � � � ��W3H�A N P]P � �YP R:P]^ �:g�P �`B�� 	zFX� � ¥ c H � > �\WYP N H�AfB_D\B��aP'HrB_A �QW3H �
� �YA���� WYP �¡�UWaP$AfW&�7D��uA[�QP'HTDXW¡�UWaPKgo���:Z:P �YB ����� �zA A��&�SV�H�D]P � � WYB_^EPD�UWYP N �&�fA��wB_A A��QB_^E^
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H¢�&� BEA
Eν

−2 � AfW3H�g�P � > �\WYP �&� 	 H ��P �YP �QZ:BEP]A
Eν > 105 mGP�� ���QBEZ:B��3H!�UP]AGV ���¢�

g&��� ����� � gYW&�¢������B �Q�UP �QH�D �QB����aA > �\WaP��(���O^_B��aP]A�B����QWYPy^ � �yP �2^_P V
�2gYH¢�YP]^%��V � B_Z >.=:> ¤ =
�QP�g&�QP�AQP �Q� �YB��
P �fP �Q�`AQW&�;D��O� � P � �UH¢�aB_B\H¢�o��P �uR�P]^ �:g
P �CH�AQAtAfP ���QB��YZ�A > � �¢��� �¢�QP
�YP �UH�B_^EA �YAfP]P 	dF[� � ¥ c H�� >
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�\WYP � � ��� � � gYWo�¢����� ����� 
 
�� ��� V ����� mGFIp ArB_ArP 	7g
P�D �UP �M��� N Pj�YB �QP�D �U^?J�D �����fP �
^iH �QP � ���#H �YP �o���fB��&� ���+�Ug&�o� > �\WYPqP �YP �QZ�J(B��Y�UWaP~go�����`go��gYWo�¢����� Afg
P�D �����&�
B_AOB �uR�P �fAQP]^?J D �¢���QP�^iH �QP � ���N�QWYPe�YP �+���QB �&�qP �YP �QZ�J > � �&���QWYP ��� �¢�QP¢���QWYP���� �XH�^ �&� 	
B�� �UWYP ��P���� �QH¢�YZ:PKB_A P 	7g�P]D �UP �¡��� N PGg&����g ���v�UB ���3H�^	��� �QWYP �YP �o���QB �&� �&� 	~B��Q�UP � �
AQB � J��_�o�YP ��� H D ���&�YP�D �UB ��� N P �(�yP�P �h�QWYP P�^_P�D ��������AfJ%�YDXW&���¢������� P �CBEAQAQB ����H¢�&�
�UWYPP�YP �o���fB��&� P �CBEAQAQB ��� > �%�YDXW H D �����fP]^iH!�UB��¢��P 	7B_Av�UA!� WYP � H�AfA��&�`B��YZ P �YP �fZ�J
P � �YBEg3H¢���QB �QB���� ��V!g&���¢�����aA H¢�&�hP]^_P�D �������YA B�� �UWYPGmGFwpX� � WYP �fPX�UWYPX�YP �o���QB �&�:A H �QP
g&���%�&�YD�P �qB��*go���¢����� � gaW&�¢���¢�,B��Q�UP �UH�D �UB ���YA > �\WaP.�QP]A��Y^ �QB��YZ ��� 	*BEAyAfW&� �c��H�A��UWYP
A��:^EB�� ^EB��YPKB��¡�UWYPo^ � �yP �D�CB �&�Y^EP$gY^ �¢�D�TV � B_Z >!=:> ¤ =:> �\WaPj�YP �UH�B_^EA[��V��QWYB_A[� �%�YP]^EA
H¢�QPGP 	aga^iH�B �YP �qB�� @ W3HTgo�UP � L;>
[i�&�YB �UB��¢�3H�^_^?J��7Hj�YP �o���QB �&�CD ���`g ���aP �Q� B��&�o�YD]P � N JN�QWYPGg&�QP�D �&�fA����wA��Yg�P ���&��RTH ��V
^����aZ,mGFIp A � A�� � D'H�^E^_P � 	 A��Ygo�UH¢�&��RTH�P � 	\B_A P 	7g�P]D �QP � 	zF[� � ¥ c�N ��H�Aa�YBEAQgY^_H�J�P � B��
�UWYPj�`B��o�Y^_P���V � B_Z >�=:> ¤ = � �YH�AQWYP �9^EB��YP�A 	 >$e ���¢�����aAGH¢�QP�HTD]D]P�^_P �UH �QP � N JT�UWYP�A�� �
g
P ���&��RTH,� WYB_DXW#W3H�gag
P �YA��Yg ���J� ���Q�UWYA N P�V ���fP��UWYP`mGFwp > �\WYP�AQP`g&��� �����YAGH �QP
B�� � P�D �QP �(B �����¡�QWYPhB ���QP ���3H�^ AQW&�;D��M�TV��UWYP,mKFwp � WaB_DXW(^EP'H¢�YA ���¡�YP �o���QB �&��g&��� �
�&�YD �UB��¢� �UW&�����YZ:Whg&���¢����� � g&���¢�����,H �&�,g&���¢������� gYW&� �����CB��Q�UP �UH�D �UB��¢�YA > �\WaPD�YgYg�P �
^_B �YPc�QP]go�QP]AfP �Q�UA��QWYP ��� 	CB�� �UWYPwD'H�AfPX�UWYH � H�^_^0A��ag
P ���&��RTH�Plgo���%�&�YD]PrmKFwpyA � WYB_^EP
�UWYPG^ �
� P � ^EB��YPrAfW&� � Aa�QWYP����o�Qg&�o�wBEV����Y^?J = ¥ � ��V2H�^_^
A��Yg�P ���&��R�HTP$D ���Q���QB N �o�QP >

•
� � ����� � � �

�
� � 	 � � ��� � 
 H¢�fP�g&���+�&�aD]P � � WYP �~�QWYPKB��Q�UP ���3H�^!AfW&�7D��uAlV ����� �UWaP*���fB_Z:B �

�3H�^uj��QP N H�^E^.WYB ���UWYP B��Q�QP �QAv�UP�^_^iH ���`P �aB��&��H¢�o��g&���+�&�aD]PyP 	%�UP ���3H�^;AQW&�;D��uA 	 � p�¥�¥ � >
[lA V ��� �UWaPwgo�����`go� P �`B_AfAQB �����¢�QWYP AfJ%�YDXW&���¢�������,P �`B_AfAQB ���j��V
P]^_P�D �������YA Z:B?R:P�A P R;B+�
�YP �aD]P\V �����QWYP\P 	7BEA��UP �YD]Pi�TV �fP]^_H �UB?R7BEA��QB_D DXW3H¢�fZ:P �tg3H¢�v�UBED]^_P�A � WYBEDXWtB��*���&����B �CgY^EB_P�A
�YP �+���QB �&�hgo���%�&�YD �QB���� N J �QWYP N H¢�fJ¢���YB_DKD �¢�Cgt���YP ���X��V �QWYP � P �OH¢�o�¡�UWaP�gYW&� �����
j3P]^ � > ' � �UWYPKD'HTAQP*�TV HTV
�QP �QZ�^�� � P �CBEAQAfB������ � H�	+�CH¢��H �&� p HTWYD'H�^E^ 	 � p�¥�¥ ��g&�fP �
�YB_D ���UWaPrH�D�D]P]^EP �QH �UB ���N��V��Y^ ���QH�� WYBEZ:W`P �YP �QZ�Jhg&���¢�����YA �

Ep > 1020 P�� 	 B �N�QP R:P �QAQP
AQW&�;D��uAD�;D]D �o���QB �YZ � WYP �~�QWYPKB��Q�UP ���3H�^�AfW&�;D��;AlWYB �i�QWYP�B ���QP �fA��UP�^_^_H¢�i�CP �YB��o�xH¢�&�
H¢�QP �fP��3P�D �QP � H!�N�UWYP N ���&�o�3H¢�fJ A��&�SV�H�D]P 	 ��F s ¦�� > �\WYP�AQP AQW&�;D��uA�H �QP �`B_^��a^EJ
�QP�^iH �QBER;B_Av�UB_D > �\WYP,HTD]D]P�^_P �UH �QB����M��V\g&���¢�����aA���� A��YDXW WaB_Z:W9P �YP �QZ:BEP]AoHT^��yH�J;A$B�� �
gY^_BEP]A��QWYPGg&���%�&�YD �UB��¢� �TV �YP �o���fB��&��AwB �qg&���¢����� � gYW&�¢�����qB��Q�UP �UH�D �UB��¢�YA > [IA V �¢���UWYP
g&���¢�Cgo�GP �CBEAQAfB������ �UWYPe�YP �o���fB��&�*Afg
P�D �����&� B_AX�YB��fP]D �Q^EJ�D �����QP]^_H �UP � ���J�UWYP�gaW&� �
����� AQg�P]D �����o� > �uJ+�aDXW&���¢�������~�UH¢�YB_H �UB ���J��V��UWYP$HTV
�UP �QZ:^ � � B_Ac� N AQP �SR:P � H ����� �QH'J
P �YP �QZ:BEP]A > �\WaP DXW3H �UH�D �UP �fB_Av�UB_D*ASJ%�YDXW&��� �����¢� P �aP �QZTJ ^_B_P�A�H �

∼ 1
� P�� V �����UWYP

g&���¢�Cgo� P �CBEAQAfB������ N �o� H �����Y^?J�HrV P � ��P��5V ��� �QWYPwHTV
�UP �QZ:^ �
� > �7B��aD]P\gYW&� �����CH¢�&�
�YP �+���QB �&�~P �YP �QZ�J#H¢�fPtB��.R:P �QAQP�^EJ D �����fP]^iH!�UP �	���QWYP � N AQP �fR�P �Y�YP �o���fB��&��A �����Y^ � N P
P �`B ���UP �hH � WYB_Z:WaP � P �YP �QZ:BEP]A��QW3H¢� �&�&�QB �YZ��QWYPlgo�����`go� gYW3H�AfP�� WYBEDXW,B_A H�^_A��$AfP]P �
B�� � BEZ > =:> ¤ =:>

[ Z:P �aP �UHT^ � �YP]Av�UB ���*B_A_�QWYPX�QB��`B��YZ ��V!gYW&� �����*H �&�J�YP �+���QB �&�oP �CBEAQAQB ��� > �IP]g�P �&�YB �YZj����QWYPOP �.R;B������&�`P �Q�c��V��UWaPGH�A������:gYW.J;AQBED'H�^ AQW&�;D������YP �o���QB �&�:A H¢�fP.�&�¢�\P 	YHTD �U^?J,P �CB ���UP �qH �



@ W3HTgo�UP � =:> �\WYP @ �:A��`B_DGFwH'J��3gYWo�¢�����  W�YP �o���QB �&�CD ���&�YP�D �QB���� L�c

�QWYPIAQH¢�`P��UB��`P H�A��UWaPwgaW&�¢���¢�YA > �\WYBEA B_A B��`gt�����UH¢�Q� B��j�UWaPwD]H�AQPa��Vt�UP �Cgt���UHT^YAQP�^_P]D �UB ���
��Va�3H!�XH�B �(WYB_Z�W(P �YP �QZ�Jb�YP �+���QB �&� P 	ag�P �fB��`P �Q�UA > ' �oB_A�� J7gaB_D'HT^_^EJ Av�UBE^_^ H�AQA��&�`P � �UW3H!�
�0H �QB��aZ A����&�fD]P�A�P �`B �*�QWYPJ�YP �o���fB��&�:A*�&�&�QB �YZT�UWaP*AUH¢�`P �UB �CPCB��Q�UP �fRTH�^ � N �o���QWYPN�UB �CP
� B �&�&� �vBEAj��V
�UP � DXW&�:AfP � ��� N P*AQ^_BEZ:WQ�U^?J9^_H¢�QZ�P ���QW3H¢� �UWaP*gYW&�¢����� P �`B_AQAfB����M�UB��`P ���
H�D�D ���o���\V �¢���UWaB_A P � P�D � > ���UH �YAQBEP �Q� H�Av������gYW.J7AfB_D]H�^�AQWo�7D��uA\B�� �UWYPrD ���Q�UP 	+�c�TV��QP �`g �¢�UH�^
P R��:^ �o�UB ���~H¢�QP��YP�AQD �fB N P �~B�� 	zFX� s�b � >
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�\WYP N HTAQB_DoH�AQA��&�Cg+�UB��¢�YAlV ���[�YP �o���QB �&�*g&���%�&�YD �UB ��� B�� Z:H�^iH�D �UBED$A����&�QD�P]AKH¢�fP*�UWYP�AQH¢�`P
H�AGV ���GP 	%���UH�Z.HT^iH�D �UB_Dj�aP �o���QB��o�~A����&�fD]P]A��oB�� �QWYPCD]H�AQP ��V_�:go�UBED'H�^E^EJ �UWYB �9A����&�fD]P]A � ��P��
P �CBEAQAQB ���hD]H¢� N PX�YB �QP�D �U^?JtD �����QP�^iH �QP � ���*�YP �o���fB��&��P �`B_AQAfB����`B�� �UWYPID'H�AfPD��V!HKW3H¢�&�����YBED
H�D�D]P�^_P �QH �UB ��� AfD]P �3H¢�QB � > ' �(H¢�&�YB �UB��¢�����QWYPhP �CBEAQAQB ���(H!��^ �
� P �$P �YP �QZ:BEP]AoD]H¢� N PhB ���QP � �
g&�fP �QP � HTA�H¢� H'RTH�^iH¢�aDXWYP � WYB_Z�W P �YP �fZ�J5AQBEZ��3H�^ > M �aP#Av���fB �uB��YZ �YB+� P �QP �YD]P N P �(�yP�P �
Z.HT^iH�D �UB_D$H¢�&� P 	%���UHTZ.H�^iHTD �UBED��aP �o���QB��o�,AQg�P]D ���UH*BEA[�UWaP��hH
	aB ���&�xP �YP �fZ�J���AfB��YD�PoZ.H�^_H�D �
�QB_D�A��¢�&�QD�P]AKg&���%�&�YD�Pj�hH�	7B ���&� P �YP �QZ:BEP]A���V

Ep < 3 · 1018 P�� � WYB_DXW B_A.�`B��������fP � B �
�QWYP��YP �o���QB �&�:A �o�QP]^_H �UB?R:P�^EJC^�� � �CH�	7B��*�&� P �YP �QZ�J >y@ H �&�YB��YH �UP�A V �¢���YP �+���QB �&�tP �`B_AfAQB��¢�
H¢�fPN�`B_D ��� � �3HTAUH¢�fA � AfP]P*P > Z > 	dpyP ��¥ L ��� F[�~¥ L � � A���V
��Z.H¢� �CH �fP]g�P'H �QP �QAtH �&� H¢�&�¢�hH��
^ ���YA ��� �UH'J g&�Y^EAUH¢�fA ��AQP]PCP > Z > 	 } � �~¥ L � ��H¢�&� A��Yg�P ���o��RTH �QP � �3H¢�Q�QA �2AfP]P`P > Z > 	 � + ¥ | � >�¡��^_P]D �Y^iH �OD]^��¢�&�YAGH�A.�UWaP�J W3H'R�P N P]P �b� N AfP �SR:P � N J 	�� ��� � � � � 	 [lW } + ¥ | � � H¢�QPtZ��%�%�
D]H¢�&�YB �3H �UP�AwV �¢�a�aP �o���QB��o�CP �CBEAQAQB ��� � ��P�� P �`B_AfAQB ���qB_Ac� N AfP �fR�P ���
AQB �YD]P$H¢� HTA������:gYW.J;AQB �
D]H�^ H�D�D]P�^_P �QH ���¢�IWYB �YP]A N P�WYB��&�¡�UWYP$D]^��¢�&�YA > �\WYP�g&���¢�����aArH¢�fPoH N A���� N P � N J �UWYP��YP �aAQP
D�^����&�aA �

nH ∼ 250/
D � 3 	`H¢�&��go���%�&�YD]P ��P�� gYW&�¢�����YA,H �&��WYB_Z�W P �aP �QZTJh�YP �o���fB��&��A

�QW&�����aZ:W g&���¢������� g&���¢������H¢�&� go���¢����� � gaW&�¢���¢� B ���QP �QH�D �QB����YA > F P]D�P �Q�U^?J�� ��
 � ����� � �!

�YP �UP�D �UP �M�aB�� �YAQP���P�� P �CBEAQAfB����~V �����f�UWYP @ J;Z����YA��QP]Z�B�����	{m � + ¥ | � > �\WaB_ArBEArHhZ��%�%�
D]H¢�&�YB �3H �UPOV ��� Hj�YP �o���fB��&�tg&���+�o�YD �QB����qAQB �UPGH�A � P]^E^ >
�+�(V�H � �c���Y^?J(�QWYPT���+�UP �hg3H¢��� ��V.�UWaP Z.H�^_H�D �QB_D~gY^iH¢�aP�D'H � N PT� N AQP �fR:P �I�UW&�������YZ:Wa^EJ��
AfB��YD�P �QWYPJ� �:A��tAfP �YAfB �UB?R:P*B �YA������&�`P �Q�UA � � ��������� H¢�&� 
���� ����� ��H �QP*^��;D'H!�UP � B �
�QWYP A����o�QWYP ���CWaP �`B_AQgaWYP �fP > �\WYBEA����Y^?J�Z:B?R:P�A HGD�^_P]H¢�2R;B_P �h��Vt�UWaPi�&�����QWYP ���tWYP �`B_AfgYWYP �fP
� AQP]P �7P]D �UB ��� =:>dca>d| 	 > � B �QW ������� ��� ��� N P N �YBE^ � B�� �UWaP��&�¢���UWaP ��� WYP �`B_AfgYWYP �QP¢���QWYP
Z.HT^iH�D �UB_DlD]P �Q�QP ��� B_^_^ N P�� N AQP �SRTH N ^_P >
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} B_Z:WCP �YP �QZ�JCg&��� �����YA B��Q�QP �UHTD � � B �UW �UWYP @ �:A��`B_DX� B_D ��� �yH�R�POp H�D��uZ������&�&� � @ ��p 	x���
�QWYP]B �&� H'JJ��� 
 H¢�v�UWqR7B_HtpyP �QWYP � } P]B �U^EP �\g3H�B � g&���+�&�aD �UB �����

p γCMB → p e+ e−
� =�> L�| 	

H¢�o�~R;BiH��QWYP
∆
� �QP�A����3H �YD]P �

p γCMB → ∆+ .
� =�> L ¦ 	

�L?�� K)J3/L+�
)J.$ !!& Q�/L+3/LK�/<+3(0& �T(0Q� #J.-�� ( Q�*F- �
� - E#->= ��� Q�$'2�	8- /L(%2<=



L8k ��� � ��� 
	� � � � � � 
��	� � � � � 	 � ����� � 


' � �UWaP~^_H ���QP ��g&���7D�P]AfA ���YP �o���fB��&��AhH¢�fPqg&���%�&�YD�P ��B�� �UWYP �YP�D'H'J(��V[�QWYP
∆
� �QP�A����3H �YD]P

R;B_Hb�UWYP DXW3H �&�YP]^���VKDXW3H �QZ:P � gYB ����g&���+�&�aD �UB �����wAQP�P �7P�D �QB���� =:>dca>?=:> �\WYPP�fP]A��a^ �UB �YZ
�aB�� �YAQP��YP �o���fB��&� ��� 	KW3HTA N P]P ��D'HT^_D �a^iH �QP � N JOR�H �QB��¢�YA�H¢�o�UWo���QA �TAfP]P P > Z > 	 � � s:c �TFIp s�c �

 � �+¥ = ��� � ¥ | � > ' ��BEA��YA��3H�^E^EJ��QP V P ���fP �b��� H�A �UWYP �&� 	Y�TV � � 
�� � � �	� �	� � � 	 � � ��� � 
 ���
����� � � 	 � � ��� � 
 > �\WYP �aP �o���QB��o� ��� 	h�UH¢�YZ�P]AhV ����� HTgYg&��� 	7B��CH �QP]^EJ

Eν ∼ 1016 P��
�agY���

Eν ∼ 1021 P�� > �\WaP*AQB_Z¢�3H�^yAv���fP �YZ¢�QW �YP]g�P �o�YAtA��������YZ:^?Jb�¢�Y�UWYPJ�YBEA����QB N �o�UB ����TVx�QWYPtg&��� ����� � g&���%�&�YD�B��YZhA����&�fD]P�A$B �T�UWYPtA)�.J > � J;gYBED'H�^E^EJ���B �OB_AGHTAQA��o�CP �P�QW3H ���Y^ ���QH��
WaB_Z:W9P �YP �QZ�J g&���¢�����YA�H¢�QP,go���%�&�YD]P � B��([wmGn �¢�tmKFwpyA > �\WYP]AfPJ� N�� P�D �UAoV ��^_^�� � �UWYP
P R��:^ �o�UB ���N��V�Av�XH¢� V �����hH!�UB��¢�,H¢�&�N�QWYP.�QP �YAQWaBEV
� N P]W3H'R;B����yB_A\H�AfA��&�`P �~H�A

ρ ∼ (1 + z)m�ag¡���hH �fP �YAfWYBEV
�
z = zmax

� � B �QW
m > 0

> [��lWaB_Z:W¡�QP �aAQWYB?V
�UA �
z > 3

���
4
���QWYP�A����&�QD�P

���&� N P �\D ���&�Q�QA N P�D ���`POA��CH�^_^
H¢�&�J�QWYPOP 	aH�D � N P�W3H'R7B ������V!V ���yP 	aH¢�`gY^_PX�QWYP.�YBEA��XH �YD]P
�aB_A����QB N �o�UB ��� �TV2[wmGn W3H�A\^ ���YZ N P]P � �aB �`D �Y^ �����j�aP �UP ���`B��YP > � ���\H�^����aZ*�UB �CP �aB �yW3H�A
N P]P � H�AQA��&�`P �T�UWYH �X�QWYPoA��¢�&�QD�Pj�YP �YAfB � J B_AID ���YAv�XH¢�Q�KH �

z > zmax

�
ρ ∼ (1 + zmax)

m >
���%�3H'J����UWaP �QP H¢�QP B��&�YBED'H �QB����aAe�QW3H � �UWYP �QP BEA �YP�Z.H �QBER:P P�R¢�:^��o�QB���� H �CWYB_Z:W��QP �YAQWYB?V
�UA
(1 + z)m � m < 0

> ' ��	 � � s:c � �&�UWaPKP R��:^ �o�UB ���*B_A HTAQA��o�CP � H�A

ρ ∝

{

(1 + z)m V ���
z < zmax

(1 + zmax)
m V ���

z > zmax .

� =:> LTb 	

�\WaP �fP]A��Y^ �QAhH¢�fPqZ:BER�P � V ���j�YB��
P �fP �Q�`g3H¢�QH¢�CP �UP �`AfP �QA
(m, zmax)

���#H�D]D ���&�Q�CV �¢���UWYP
�o�YD]P ���XHTB��Q�UBEP]A B��J�UWaP$A����&�QD�P��aP �YAfB � J > ' ��	 � ��¥ | � ��H � ���fP.�YP �UH�B_^EP � �QP�g&�QP�AQP �Q�UH �UB ���~��V
�QWYPGA����o�QD]P��YP �YAQB � JqB_Ai�YAfP ���

ρ ∝







(1 + z)m V ���
z < zmax

(1 + z)m′ V ���
zmax < z < zmax,2

(1 + z)m′′ V ���
z > zmax,2 .

� =:> LTs 	

�\WaPCg3H �UH¢�`P �QP �KAQP �
(m,m′, m′′, zmax, zmax,2)

BEAOR�H �QB_P �M�aP]g�P �&�YB �YZ~�¢�M�UWaPCAfD]P �YH¢�QB �&�
B > P > BEVlg&���¢�����YACD ���`P*V ����� mGFIp A ���`[wmGn > ' �h�UWaP D]H�AQP¡��VKmGFIp g&��� �����YA ���QP�D]P ���
�fP]A��Y^ �QA,V ����� � ����� 
�W3H'R:P N P�P �}�YAQP �����(� �%�YP]^a�UWYP A��UH¢�,V �����hH �QB���� AQD]P �3H¢�fB�� V ���
�QWYP]AfP�A����o�QD]P�A > �\WaP�P�R���^��o�QB����T���&���YA.�¢�o�D��� N Pj���YDXW Av�����¢�YZ:P �D�QW3H¢� B �T�UWYP�D]H�AQPj��V
[wmGn >

/10 � 0�� 	 B2N1JF9PEL9<;�N1X EL9 � @C;�BUELD OL9 @C9PH @CBUD1E T�9 @CJ D�OL7
� WaP � H �YP �o���QB �&�

ν
B �Q�UP �QH�D �QA�� B �UW�H ���YD�^_P �¢�

N
R;BiH`DXW3H¢�fZ:P � D �&���fP �Q�rB �Q�UP �QH�D �QB����aA �

H�^EP]go�����
l
B_A\g&���+�o�YD]P ���

N νl → X l .
� =:>d| ¥ 	

} P �fP¢�
X
B��&�YBED'H �QP]A��QWYPGW3H¢�&�����YB_DGg&���+�o�YD �a��V��UWYPGB ���QP �QH�D �QB������a^_P'H �YB��YZ����hH�W3H �&�����aB_D

D]H�AQD]H¢�YP >r@ W3H �QZ:P � g3H¢�v�UB_D�^_P�AIB � H �`P �aB��&�xP �CB � @ WaP �QP � �¢��R ^EB_Z:WQ� B?V ���QH�R�P]^EB��YZ`V�H�A��QP �
�QW3H¢�*�QWYP\AQg�P]P �e��V0^_BEZ:WQ�2B �*�UWYP_�CP �YB��&� > �\WYP @ WYP �QP ���¢��RtP �
P]D � B_A �aP]AQD �QB N P ��B����YP �XH�BE^
B ��	 � HTD ¥ | � > �\WYP N ^��aP @ WYP �fP � � ��RK^EB_Z:WQ��D]H¢� N P��aP �UP�D �QP � N JOgaW&�¢���¢���Y^ �QB_gY^EB_P ����� N P]A�H¢�&�
N �¢�QWM�UWaPhB��aD]B��aP �Q�XH�^��YB �QP�D �UB ���9H¢�&�b�QWYP �YP �o���fB��&� P �YP �QZ�J H¢�fP �fP]D �¢�YA������YD �UB N ^_P > �\WYP
AfB_Z��YH ���&�fP]A�V �¢�oP]^EP]D �������aA �x���&���YAtH �&�Y�XH¢�o���YAtH¢�fP,R:P �SJ �YB+� P �QP �Q� >�� WYBE^_PhP�^_P�D �������YA
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g&���+�o�YD]P*H �(P]^EP]D �������CH�Z��aP �UBEDCD]H�AQD]H¢�YP � B �UWYB �M�QWYPN�YP �UP]D ����� � AQB �YD]PCB��Q�UP �UH�D �UB��aZ � B �QW
�QWYP�P�^_P]D �������YAX�TV �UWYP �`P �YB �&�¡�����o���YAa���Y^EJ �o�&�YP �fZ��N�QH¢�YBiH!�UB��¢�*^��:AfAQP]A > �\WaP����QH�D�� ��V
�QWYP����&���qD'H � N P��QP]D ���YAv�����aD �UP ���0AQB �YD]P.�UWaP @ WaP �QP � �¢��R~AQBEZ��3H�^ B_A\P �`B ���UP �*B��*V ����� ��V
Hj�YB �QP]D �UP � D ���YP > ��H¢�&���aAIHT^_A���^EP'H'R:PGD]H�AQD]H¢�YP � ���QH�D]P�A > [ j��QAv�ID]H�AQD]H¢�YPKB_A go���%�&�YD]P � B �
�QWYPCj��fA��

ντ N
B��Q�UP �UH�D �UB��¢��� � WYP �QPhH

τ
H¢�o�(H�W3H �&�����aB_D`D'H�AfD'H¢�YPCB_AKg&���%�&�YD�P � > �\WYP

τ
B �~���o��� �YP�D'H'J;A ��g&���+�&�aD]B��aZ,HhAfP]D �¢�&� D'H�AfD'H¢�YP�B � � WYBEDXW HCV �&�v�UWYP �

τ
BEAlZ:P �YP �QH �UP � >

�\W��YA ���XH ���aP �o���QB��o�:AGW3H'R:Pe�UWYPe�&�YB � �YPtg&���:g�P �v� JT��� �fP]Z:P �YP �QH �UPe�UWYP �CAfP]^?R:P]A > ' ���QWYP
D]H�AQP ��V��YP �o���UH�^�D �&���fP �Q�IB��Q�UP �UH�D �UB��¢�YA �aHtV �&�v�UWYP �c�YP �o���QB �&�tB_A\g&���+�&�aD]P �	�

N νl → X νl

� =�>{|a= 	

H¢�o��H�W3H¢�o�����YBEDOD'H�AfD'H¢�aP
X
D'H � N P�� N AQP �fR�P � >

�\WYPtg&�fB��CH¢�fJ �aP �UP�D �QB���� �UP�DXW&�YB � �aP�B_AX�QWYP��`P'H�A��&�QP �CP �����TV��YP �o���QB �&� � B �&�&�YD�P � ���o������UH�D��uA�B � �yH �QP � ���qB_D]P > ��� Z¢�3H¢�UH ���QP]PP�UW3H!� �QWYPP� N AfP �fR�P � ���o���YA~H¢�QP��YP �o���fB��&� �
B �&�&�YD�P �����UWaP�
 H¢�v�UW~B_Ac�YAQP � H�AwH�j3^ �QP � > � WYBE^_P.���&�¢�YA g&���%�&�YD�P ��B � �QWYP$H ��� �:AQgaWYP �fP
H¢�fP H N A���� N P � N J(�UWaP 
 H¢���QW��c�YP �+���QB �&�:A ���UH'R�P �QAfP~�UWaP 
 H¢���QW�H¢�&�h�QWYP AfB_Z��3H!���&�fP BEA
�&�aB � �YP > [wV
�UP ���UWYP,j3^ �UP �QB��aZ~��VwH ��� ��AQgYWYP �QBEDN���&���aA � �UWaPN�QP �hH�B �YB��aZ�AQBEZ��3H�^x�CH�B��Y^?J
D ���YAQBEA��QAX��V �YP �o���QB �&�:Awg&���%�&�YD�P � B � W3H �&�����aB_DGAQW&� � P �fArB�� �UWYP$H ��� �:AfgYWYP �QP > �lB��
P �fP �Q�
H¢�YH�^EJ;AQBEA*�`P �QW&�+�aAoW3H'R:P N P]P � �YP�R�P]^���g
P �Y��� AfP]g3H¢�QH �UP �UWYBEA N H�D��uZ������&�&�(V ����� H g � �
�QP �Q�UB_H�^ AQBEZ��3H�^�V ����� P 	%���QH �UP ���QP�A����QBiHT^ A����&�fD]P�A > ' � H �&�YB �QB����¡���J�UWYPe�YP �o���fB��&��� B��o�&�YD]P �
^EP]go������� H D'H�AfD'H¢�aP~go���%�&�YD]P � H!���UWYP*B �Q�UP �QH�D �QB����9R:P �v�UP 	�D ���Q���fB N �+�UP]A����T�UWYP*AfB_Z��YH�^ >
� WYBE^_P.�UWaP*���&�¢� ^EP'H'R:P�ArH¢�¡�:go�UBED'H�^����UH�D������UWYPKD'HTAQD'H �YPoP�R�P �Q�UAlg&���%�&�YD�P�H �UH¢�YB �hH �&�
H¢�tHTD ���YAv�UBED AQBEZ��3H�^7H�g3H¢�v� V ���¢�W�QWYP��:go�QB_D]H�^7P �CBEAQAfB���� > �\W��YA �Q�QW&�QP�P��YB��
P �fP �Q���YP �UP]D �UB ���
�`P �QW&�+�aA �[�:go�QB_D]H�^ ���UH �YB��~H¢�&� H�D �¢�YA��QB_D �YP �QP]D �QB���� �lH¢�QP �QP R7BEP � P �(WaP �QP > �\WYPtV �7D �YA
� BE^_^ ^EB_PJ���(�UWYP �YP�AQD �fB_go�QB����(��VX�:go�UBED'H�^_�YP �QP]D �QB���� > �\WYBEA �`P �QW&�+� W3HTA N P]P � g&����R�P �
N J � � ��� � ��H¢�o� � ��������� H�^��fP'H¢�7J > ����������� ^_B �CB �UA ��V �YB��
P �fP �Q� �YP �UP]D �UB ���
Av���UH!�UP]Z�B_P]AwH¢�fP��QP�R;BEP � P ���0AQB �YD]P.�QW&�:AQPKH¢�fP.�YAQP ��B �~^_H �UP � DXW3H�g+�UP �fA >

����& ��%]1��� u�8���~
! ;�!�'�T��
!� ��+3��� ��������
��

�\WYP~�hH�B � N HTD��;Z¢�����&�o��B����QWYP�AfP'H¢�fDXW�V ���CP 	%���UH!�UP ���QP�A����fBiH�^a�YP �o���fB��&�:ACB_A �UWYP N H�D�� �
Z������&�&� ��V2H ��� �:AfgYWYP �QB_DX���&���YA H �&�¡�aP �o���QB��o�:A > � WYP � go�QB��CH¢�SJ @ F A B��Q�UP �UH�D � B��N�QWYP
�Ygag
P �rH ��� �:AfgYWYP �QP¢�
HCAfW&� �yP �D�YP R:P]^ �:gYA > ' V��QWYPKg&�QB �hH¢�SJ*B_AIHCWYH¢�&���¢���0P > Z > H`g&��� �������
AfP]D �¢�&�3H¢�SJN�`P]A��¢�YA\H¢�&�J�*�&���YAyH¢�QPrgo���%�&�YD]P �,� WYB_^EPa�QWYPrAfW&� �yP �\g&���:gYH�Z.H �QP]A_�QW&�����aZ:W
�QWYP*H ��� �:AfgYWYP �QP > �7P�D ���o�3H¢�fJM�`P]A��¢�YA�^EB ��P`DXW3H¢�fZ:P � gYB����aAoH¢�&� �8H¢���YA$g&���%�&�YD�P �YP � �
���QB��o�:A � WaP � �YP�D'H'J;B��YZ > �\WYP �YP �o���QB �&��Afg
P�D �����&� V �:^_^ �
� AKH¢�

E−3.7 N P]WYH�R;B ��� > �\WYBEA
BEAlH N ���o�[���YPKgt�
� P �IA��QP]P]g�P �a�UW3H �¡�UWaP$g&�fB��CH¢�fJ,AQg�P]D �����&� �

∼ E−2.7 ��AfB��YD�P�H`D ���aAQB����
P �UH N ^EP`V �QH�D �QB����P��VygYB��¢�YAKH¢�&� �8H¢�¢�YA �

τ ∼ 10−8 A
	GB �Q�UP �QH�D �$H�Z:H�B�� N P V ���QPe�YP�D'H'J;B��YZ >
nwP �o���QB��o�:AIV �����xgYB��¢� H¢�&� �TH ���~�YP�D'H'J;AOH¢�fP*�YA��3H�^_^?JJ�QP V P ���QP �T���,H�A � ����� �	��� � ��� � � � ���
� � 
 � ����� �	� � � 	 � � ��� � 
 H�A*��gYg ��AQP �Y��� � � ��� � � � � � � 
 � �������	� � � 	 � ����� � 
 V ����� WYP'H'R;B_P �
W3H �&�����aA >
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cos(θ)
� � � � � � 8 � � " � � 5 � � � � � ��� �

Eπ(θ)
� ��$��D� �95�� 5 ��5 5 ��6 " ��5 ����5 6�6�� ������� �������

EK±(θ)
� ��$���� 6���� ������� 5������ 5������ 8�5�5 � ���^8�� � 6�5 � 6�� ���

EK0(θ)
� ��$��D�

194 324 473 628 915 1410 1690 1890
a(θ) −1 −0.355 −0.687 −0.619 −0.384 −0.095 0.0 0.083
b(θ) 0.0 −0.23 −0.01 −0.007 −0.09 −0.165 −0.186 −0.215

�2H N ^_P =:>{L � [X�aZ:^_P.�YBEA����QB N �o�UB ���,g3H¢�QH¢�`P �UP �QA 	 ���:^ b ¥�� >

"$��
��� ;

��� ��
�+3� +7��& ��%]1��� u�8����
� ;�����8��
!��% [[� H¢�3HT^EJ��UBED �aP]AQD �QBEgo�UB ���~��V �UWYP����&����aP �o���QB��o�`Afg
P�D �����&� H �
Eν > 100

mGP�� BEA\Z:BER�P �qB�� 	 ���:^ b ¥ �!H�A

dN

dEνdΩ

∣

∣

∣

∣

νµ

(Eν , θ) =







































0.0285 · E−2.69
ν ·

[

1
1+6Eν/Eπ(θ)

+ 0.213
1+1.44Eν/E

K± (θ)

]

100
��$��

≤ Eν < 5.4 · 105
��$��

0.48 · E−4.04
ν ·

[Eπ(θ) + 0.89EK±(θ)] Eν ≥ 5.4 · 105
��$��

! � � ��5�$

H¢�&� �UWaPKP�^_P�D ������� �YP �+���QB �&�tAQg�P]D �����o�xB_A\Z:B?R:P � H�A

dN

dEνdΩ

∣

∣

∣

∣

νe

(Eν , θ) =







































0.0024 ·E−2.69
ν ·

[

0.05
1+1.5Eν/E

K± (θ) + 0.185
1+1.44Eν/EK0 (θ)+

11.4Eζ(θ)

1+1.21Eν/Eπ(θ)

]

100
��$��

≤ Eν < 3.7 · 105
��$��

0.0071 ·E−4.045
ν ·

[EK±(θ) + 3.7EK0(θ)] Eν ≥ 3.7 · 105
��$��

. ! � � � " $
Eπ

�
EK±

H¢�&�
EK0

H¢�fPCH �YZ:^_Pe�YBEA����QB N �o�UB ��� g3H¢�UH �CP �UP �fA ���YP]g�P �&�aB��YZ¡�����QWYP £�P �YB �UW
H �YZ:^_P

θ
>
ζ
B_A P �YP �QZ�JN�YP]g�P �&�aP �Q�rHTA

ζ(θ) = a(θ) + b(θ) · log(Eν) .
� =:>{|Tk 	

�\WaP�RTH�^��YP�A ��V
Eπ

�
EK±

�
EK0

�
a(θ)

H¢�&�
b(θ)

H¢�fP ^_BEA��UP � B ���XH N ^_P =:>{L7> [��*^ � �yP �
P �YP �fZ:B_P�A �

Eν < 100
mGP��*�&�UWYP��YP�AQD �fB_go�QB����qBEA\Z:BER�P � ���&�CP �QBED'H�^E^EJ N J 	 } + s.L � >

�\WaP¡�QH �UB ���TV.�YP �+���QB �&�:Aj��� H¢�Q�UB � �YP �o���fB��&�:A�BEAtP �YP �QZ�J(�YP�g
P �&�YP �Q� > ' � 	 � P]B s:c �wB �tB_A
Z�BER:P �~H�A

Ratm(Eν) = (dNν/(dEνdΩ))ν / (dNν/(dEνdΩ))ν =














1 Eν ≤ 1
mGP��

1 + 0.3 · log (Eν/GeV ) 1
mGP��

< Eν ≤ 100
mOP��

0.6 + 0.5 · log (Eν/GeV ) 100
mOP��

< Eν ≤ 1000
mOP��

1.2 + 0.3 · log (Eν/GeV ) Eν > 1000
mOP��

.

� =:>{|:L 	

�\WaP(AQg�P]D �����o� ��V`D �¢�uR�P �Q�UB ���3H�^�H ��� �:AfgYWYP �fB_DM�YP �o���QB �&�:A B � �UWYP g3H¢�UH �CP �UP �fB�£]H �UB ���
�TV 	 ���:^ b ¥��3BEA AQWo�
�c�`B�� � B_Z >7=:> ¤ ¥ � �3H�AfWYP �`^_B �YP]A
	 > �\WYP AQg�P]D �����&� B_A ���aPwgt� �yP � A��UP�P]g�P �
�QW3H¢�J�UWaPKAfg
P�D ���UH�^ N P]W3H'R;B����i�TV��QWYPGg&�QB �hH¢�fB_P�A �aAfB��YD�P.�UWYPGg&��� N H N BE^_B � J �QW3H � gYB ���YAwH¢�&�
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�8H¢���aA\B��Q�UP �UH�D � N P V ���QP.�aP]D'H'J;B��aZ�B��YD �QP'HTAQP]A � B �UWN�UWaPrP �YP �QZ�J 	{mGH�B s ¥ � > �\WYP.�YgYg�P �\^EB��YP
�fP]g&�fP]AQP �Q�UA �QWYP*W&���fB�£ ���Q�XH�^��aP �o���QB��o� ��� 	 � � WYBE^_P �QWYP*^�� � P �t^_B �YPhAfW&� � A �QWYP,R:P ���QB_D'HT^
����	 > �\WYP�B ���QP �YAfB � J¡��V��UWaPoAQg�P]D �����o� B��YD �QP]H�AQP�A � B �QWT�UWYP�H �YZ:^_P���V��UWYP*�YP �o���QB �&� �����
�yH¢���aA �QWYPe£]P �aB �UW9H¢�YZ�^_P > �\WaPC^_H¢�QZ:P �X�UWaPCH �YZ:^_P ���UWYPt^ �
� P �.�QWYPe�YP �YAfB � J Z��QH¢�YBEP �Q����V
�QWYPwH ��� �:AQgaWYP �fP H¢�&�j�UWYP �QP V ���QP �%� ���fP\gYB����j�aP]D'H'J;A H¢�QP\gt�:AQAfB N ^EPyV ��� W&�¢�QB�£ ���Q�XH�^7P�R�P �Q�UA
H�Ac�:gag �:AfP � ���tR:P ���UBED'H�^ P�R:P �Q�UA >

� ���
&91��y+a��& ��%]1��� u�8���r
� ;�����8��
!��% � WYP �GWYP]H�RuJGW3H �&�����aA � B �UWODXWYH¢��� H �&� N P]H¢�o� J
D ���Q�UP �Q�yH¢�QP\go���%�&�YD]P �CB ���UWYPwH ��� ��AQgYWYP �QP ���UWYPc�QP�A��Y^ �UB �YZ.�YP �+���QB �&�GAQg�P]D �����o� H�gYg�P'H¢�fA
�0H!���UP � �QW3H¢� �UWYP ���aP �TVrD �¢�uR�P �Q�UB ���3H�^wH ��� ��AQgYWYP �QBEDJ�YP �o���QB �&�:A > �X�YP ���#AQWo�����`^_B?V P �
�QB��`P]A �

∼ 10−12 A
	i�QWYP]AfP�W3H¢�o�����YAa�&� �&�¢�wB��Q�QP �UHTD � N P V ���QP �YP�D'H'J;B��YZ`V ���\P �YP �QZ:BEP]Aa�Yg���
Eν < 109 mGP�� > �\WYP �fP�V ���fP¢���UWYPtAfg
P�D �����&� ��Vx�UWYPtg&�����`go�.�YP �o���fB��&�:AOV �:^E^�� � AX�QWYP

g&�fB��CH¢�fJ B��&�YP 	 �
∝ Eν

−2.7 >~M �YPhg3H �UH¢�`P �QP �QB £'H �QB���� �TV��UWYP`g&�����Cg+�*�YP �o���fB��&� ��� 	9BEA
Z:B?R:P � B�� 	 ��F �+¥ c �wH�A`AQW&� �c��B�� � B_Z >y=:> ¤ ¥ � Z��QP�P ���yW3H �UDXWaP ��H¢�fP'H 	 > �\WaP�B��o�YB_D]H �UP �
�fP]Z:B ���qB��YD�^��&�YP�Ai�&�YD�P ���UH�B��Q�QB_P]A B � �QWYPGB��Q�UP �UH�D �UB ���J� �%�YP�^_A >
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[[��P]Av�UB �hH �QP.��V �QWYP �YP �QP]D �QB���� �UH!�UP���V �aP �o���QB��o� � B �&�&�YD�P � ���&���YA>�TD'HTAQD'H �YP]A
R
D]H¢� N P

Z:B?R:P � N J~V ��^��YB �YZ �QWYPKP 	7g
P�D �QP �P�YP �+���QB �&����� 	 H � 
 H¢�v�UW � B �UW �UWYP$g&��� N H N BE^_B � J ��V �QWYP
�YP �UP�D �UB ��� ��V��QWYP��YP �+���QB �&�&�

R(Emin, θ) =

∫

Emin

Pν→l(Eν, Emin)Pshadow(θ, Eν)
dNν

dEν
dEν .

� =�>{|:| 	

} P �QP �
Pν→l(Eν , Emin)

B_AX�QWYP�g&��� N H N BE^_B � J �QW3H �GHJ�YP �o���fB��&�*B �Q�UP �QH�D �QA � B �QW H ���YD�^_P �YA
���~go���%�&�YD]P�P]B �QWYP �GHN�*�&��� �

l = µ
�i���OH¢� P�^_P]D �������hHTZ��YP �QB_D����rW3H¢�o�����YBEDoD'HTAQD'H �YP��

l =
D'H�AfD'H¢�aP�� � WaB_DXW BEA[�YP �UP�D �XH N ^_P$B�� H`^iH¢�fZ:PGR��:^ �&�CP �YP �o���fB��&� �YP �QP]D ����� > ' �rD]H¢� N P

�c�fB ���QP � H�A
Pν→l = NA

∫ Eν

Emin

dEl
dσ

dEl

rl(El, Emin) ,
� =�>{| ¦ 	

� WYP �QP
NA

B_AK[�R¢�:Z.H¢�o�����zA$D ���YAv�XH¢�Q� �
rl

B_A.�UWaP �QH¢�YZ:P ��V_�QWYPhgo���%�&�YD]P �b���o��� � B �UWYB �
�YP �UP�D �UB ���T�QH¢�YZ:P�H¢�&�

dσ/dEl

B_Ac�UWYP��YB��
P �fP �Q�UB_H�^!D ���:AQArAfP]D �UB��¢��V ���
N ν

B��Q�QP �UHTD �UB ���YA >
' ���UWYPtD'HTAQPe��V\HJ���o���9AfB_Z��YH�^ �	�QWYPtg&�&�fPCDXW3H �QZ:P �9D �&���fP �Q��D ���:AfA$AfP]D �UB��¢�9BEA.�YAQP ����B �
D]H�AQP ��V D]H�AQD]H¢�YP]A � DXW3H¢�fZ:P � H¢�&���YP �+���UHT^ D �&���fP �Q�UA$D ���Q���QB N �o�UP > �\WYPCP �YP �QZ�JP�QW&�QP�AQW&�:^ �
��V �UWaP��aP �UP�D �����*V ���*H¢� P�R�P �Q�~�aP �UP�D �QB����5B_A*Z�BER:P � H�A

Emin
> �\WYP D ���:AQAqAfP]D �QB����5BEA

�YP �UP ���`B��YP �(�aAQB��aZP�QWYP*g3H¢�v����� �YBEA����QB N �o�UB ��� V �&�YD �UB ���YA�Z:B?R:P � N J 	 @ 
 F � � � WaP �QPJ�QWYP
� �+�aP]^���V 	dmKF � s ¤���B_A\DXWo�:AQP � >
Pshadow

B_Ac�UWaP�g&��� N H N BE^_B � J �UWYH �X�QWYP*�YP �o���fB��&� ���QH�R�P �fAQP]AD�QWYP 
 H¢�v�UW � B �UWo���o�IB��Q�UP �UH�D �
�QB���� > ' �wBEA\Z:BER�P �~H�A

Pshadow = exp (−X(θ)/λ) .
� =:>d|:b 	

�\WYP[�UWYBED��%�aP]AQA
X(θ)

�TV��UWYP 
 H¢���QW ��� �UWYPa�YP �+���QB �&��BEA��aP]g�P �&�YP �Q�c��� �QWYPrH¢�aZ:^_Pc��V��QWYP
B �YD ���`B��aZ �YP �o���fB��&� ��� � H¢���YAX�QWYP��3H¢�aB�� �

θ
> ' �lB_AX�aP �UP ���`B��YP � N J¡�QWYP��YBEA��XH �YD]P�� WaB_DXW
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�QWYP_�aP �o���QB��o�[���QH'R:P]^EA �UWo�����YZ�W*�UWYP 
 H¢���QW�H¢�&�*�QWYP&
 H¢�v�UW �zA �YP �YAQB � J*�aAQB��aZ 	 � [ ba= � > �\WYP
H!��� �:AQgYWaP �QP �dA.�aP �YAfB � J ��V��QWYP�� � A��UH¢�&�3H ���#H ��� �:AfgYWYP �fPj� �%�YP�^2B_AlB��YD�^��&�YP �#H�A � P]^_^ >
� ��� H �YP�AQD �QB_g+�UB��¢� �TV

X(θ)
H �&�

λ
AQP]PGV ���\P 	YH �CgY^EP�	{mGH�B s ¥ � >

�\Wo�QP]P*�hH�B � AfB_Z��YH ���&�fP]AID'H¢� N P*�aP �UP�D �QP � V �����]�aP �o���QB��o� � ���YD�^_P �¢� B��Q�UP �UH�D �UB ���YA > �\WYP
�CH�B �(�aP �UP�D �QB������CP �UW&�%��BEAj�UWYP �:go�QB_D'HT^i�YP �QP]D �QB�������VD�QWYP @ WaP �QP � �¢��R�^_BEZ:WQ� >�} P �fP¢�
�aP �UP�D �����QAOB � � H �QP �KH¢�&� BED]PoW3H'R�P N P]P �#H¢�&�#H¢�QP N P]B �YZ N �YBE^ � > �\WaP �CH�B �T�YB��
P �fP �YD�P]A
N P �(� P]P � �UWYP��aP �UP�D �����rg�P �fV �¢���CH¢�YD]P$B�� BED]P�H¢�&� �yH �UP �r^_BEP$B �~�UWYP�AQD'H!���UP �QB �YZ*H¢�&� H N �
A����Qg+�UB��¢�C^EP �YZ¢�QWYA B�� � H �QP �yH¢�&�,BED]P > � WYB_^EPwBED]PIH N A���� N Ax���Y^?Jt^_B ���U^EPi��V	�QWYPl^EB_Z:WQ� � � H �QP �
WYH�A N P ���QP �OAfD'H ���UP �fB��YZ*go���:g�P �v�UB_P�A > ' � � H �QP � ���UWYP �QP`H¢�QP��(�_�~H¢�&�aB �UB ���3H�^ N H�D��uZ������&�&�
D ���`g ���aP �Q�UA � N B��:^ �&�`B��YP�AQD]P �YD]PqV ���¢� N H�D �QP �fBiH9gt�:g&�a^iH �QB����YAtB ���UWaP�AQP]H �yH �UP � �wH¢�&�
^EB_Z:WQ� V ����� 40 � �YP]D]H'J >
[i�o�YB �QB����3HT^_^EJ¢�!�QWYPc�YP �+���QB �&� � B��&�&�aD]P �tD]H�AQD]H¢�YP]A D]H¢� N Pi�YP �UP]D �UP �,H ���QH¢�YB�� �yH'R:P�^_P �aZ¢�UWYA
H �&��HT^_A��CH�AIH¢� H�D ���aA��UBED$go�Y^_AfP > �\WYP�AQP$D'H�AfD'H¢�YP�ArH¢�fP��aP �UP�D �UH N ^_P ��R:P �l^��¢�YZe�YB_Av�XH¢�YD�P]A
H �&� �QWYP �fP�V ���fP¢�!�UH¢�aB��wH¢�&�$H�D �¢�YA��QB_D H¢���QH'J7A��&�a�&�¢���YP�P ����� N P B��YAv�����&�CP �Q�UP �$H�A��YP �aAQP]^?J
HTA ��go�UBED'H�^��YP �QP]D �����QA >�M � �UWYP �¢�QWYP �tW3H¢�o��� ^_H¢�QZ�P �oR���^��&�`P]Aj�YP�P �(��� N P �YP�gY^���J:P ���
AfB��YD�P_�UWaPi�UH¢�YB �OH¢�&�tHTD ���YAv�UBED��YP �QP]D �UB��¢� �`P �QW&�%�YA N P]D �¢�CP P � P�D �QBER:P H!� WYB_Z�W��UW&�fP]AQWo�:^��
P �YP �fZ:B_P�A �

Emin ∼ 107 − 108 mOP�����H!� � WYB_DXWP�UWaP�P 	7g
P�D �QP �b�aP �o���QB��o� ��� 	 BEAOH�^��fP'H¢�7J
R�P �SJ,^�� � > ' �N�QWYPlV �:^E^�� � B��aZ&�Q�UWYPrD �&���fP �Q� A��UH ���aA���V��UWaPX�UW&�fP]P.�YP �UP�D �UB ���J�`P �UWo�+�YA � B_^E^
N P.�QP R;B_P � P � AQW&�¢���U^?J >

� 1������:+3� �� .�� ;����� ��
���
 ���: 

�\WaP ^iH �QZ:P�A��#D �&���QP ���Q^EJW�:g�P �QH �UB �YZ&��D �¢�CgY^EP �QP � WaB_Z:W P �YP �QZ�J �YP �o���fB��&�}�YP �QP]D �����9B_A
� ����������	 
 
 > �\WYP ^�� �(�YP �o���fB��&� � ���YD]^EP ���tD ���:AQA AfP]D �QB����e�YP �hH �&�YA �UWaPwB �YA������&�`P �Q�UH��
�QB����*��V ^_H¢�QZ�P R���^��&�`P]A ���$HTDXWYB_P R:PwHrAQBEZ��YBEjYD'H¢�Q���QH �UPi��V
P�R�P �Q�UA > ����� � ��� BEA ^��;D'H �QP �
B �T�UWYPt[[���UH¢�QD �UBED�B_D]P � N P �(�yP�P � =�L ¥�¥N� H �&�Y¤ ¥�¥�¥N� N P]^ �
�W�UWaP�A��&�SV�H�D]PCH¢�&� D ��R�P �QA
H*Z:P ���`P ���fB_D�R¢�:^��o�CPj��V

∼
¥ > ¥ =�| ��� 3 > �\WYPe�YP �QP]D �����KD ���YAfB_Av�UA���V =�s A����fB��YZ�A � B �UW#H���¢�XHT^���V | ¦�¦ e W&�¢���Q�¡�Y^ �QB_gY^EB_P ����� N P�A � e � ��A
	 > ����� � ��� D'H ���YP �UP�D � �YP �o���QB �&�:A

� B �UWqP �aP �QZ�B_P]Ac��V2H�^�� � P �i�UW&�fP]AfW&�:^��qP �YP �fZ�J ��V
Emin ≥ 50

mGP�� >
� �����������dA A��aD]D]P�AQA���� 
 ��� ��� � �*B_A D �&���QP �Q�Q^EJ N P]B �YZ N �aB_^ � H¢���¢�&�&�N�UWaP �����������
P 	7g
P �QB��`P �Q��B�� =�L ¥�¥¡� ���P¤ L ¥�¥ � �YP]go�QW > �\WYPCj��3H�^ D ���7j3Z��&�QH �UB ��� � BE^_^ B��YD�^��&�aPhH
Z�P ���`P ���QB_DwR��:^ �&�`PX��V

1
��� 3 � B �UW 70− 80

Av���fB��YZ:A �aD]H¢���SJ7B �YZ | ¥ e � ��A\P'H�DXW > �[�&�QB �YZ
�QWYPtg3H�Av���QW&�QP�PCgt�:^iH �rAQP]H�A����aA ��P]H�DXW9J�P'H¢� N P �(� P]P � M D ��� N P �KH¢�o� � P N ���3H¢�SJT�UWYPtV �:^ �
^ � � B��YZtJ:P]H¢� 	 ��H ��� �XH�^���V�¤�¤CAv���fB��YZ:AIW3H�AlH�^��fP'H¢�aJ N P]P � �YP]gY^ ��J:P � � = A����QB��aZhB��T¥ k �¢¥ L �
b A����QB��aZ:A$B �Y¥ L �¢¥ | H �&� =�c A����QB��aZ:A�B �Y¥ | � ¥Q¦ 	 > �\WaP*H¢���QH'J B_AKP 	7g
P�D �QP � ��� N PCD ��� �
ga^_P �QP � H �����&�o�P¤¢¥ =:=�> �7B �YD]P �UWYP�AQg3H�D�B��YZ N P �(�yP�P � �UWYP e � ��AGH �&� H�^EA�� N P �(� P]P � �UWYP
Av���fB��YZ:A BEA ^_H¢�QZ�P ���UW3H �CB � � ����� ��� �%�UWYPw^�� � P � P �YP �QZ�Jj�QW&�QP�AQW&��^��hBEA AQ^_BEZ:WQ�U^?JoWYBEZ:WYP � �
Emin ∼ 100

mOP�� > � B �UW �UWYP�B��YD �QP'HTAQP � R¢�:^��o�CP � WYBEZ:WYP �IP �YP �QZ�J P�R�P �Q�UAKH¢�fPoP'HTAQB_P �[���
B �YP �Q�QBEV J �
�UWYP$^_B_Z�W��c�aP]gt�:AQB �UB��¢��H¢�o�¡�UWaP�g3H �QW�^EP �YZ¢�QWYAIH¢�QPKB��YD �QP]H�AQP � � B �QW�B��aD �QP]H�AQB �YZ
P �YP �fZ�J 	\H¢�&� N P ���UP � AQP �aAQB �QBER;B �QB_P�A D'H¢� N P$HTDXWYB_P R:P � >



@ W3HTgo�UP � =:> �\WYP @ �:A��`B_DGFwH'J��3gYWo�¢�����  W�YP �o���QB �&�CD ���&�YP�D �QB���� L�s

�*
!+3� -!%'��%~% ����+a�� u���� ;%q��
 � � � � � ���7	��: Y"o���  ' �P�����YP �D��� ��P]P�g��QWYPtH¢�3HT^EJ;AQBEA
N ^EB��&�aP �J���CH'R��:B � P 	ag�P �fB��`P �Q�UP �QA N B_H�A �0H¢�YH�^EJ;AQBEA\D �o�QAwH¢�QP��:go�QB��`B�£�P �J�YAfB��YZe�$� � A����&�QD�P
AQH¢�Cga^_P]A*D �QP]H �UP � N J�AQD �UH¢� N ^_B �YZY�UWYP �fB_Z:WQ�~H�AfD]P �YAQB �����TV�P R:P �Q�QA¡���*P 	7D]^��o�YB��YZ �QWYP
�QB��`P�� B �&�&� �}��V����QH¢�YAQBEP �Q� P �CBEAQAfB����YA��&�&�YP � B��.R�P]A��QB_Z.H!�UB��¢� > �lB+�	�aAQP ����	*H¢�YH�^EJ;AQP�A\H¢�fP
�:g+�UB��`B�£�P �J��� H�^�� � P �YP �QZ�JqAQH¢�Cga^_P¢��� WYP �fP �QWYPGAQBEZ��3H�^�BEA\P 	7g�P]D �QP � ��� N P��YP�Z:^_BEZ:B N ^_P >
� ����� ��� W3H�A�H¡�(����V �:^��9A����UH �QP]Z�J V ���KAQP]H¢�QDXWYB �YZ�V ���KA��QP'H¢�7J gt�:B��Q�$A����o�QD]P�A > ' � H
j��fA��_�CP �UW&�%���7H$A��¢�&�QD�PlD'H!�XH�^ �:Z��TV c ¤GA����&�fD]P�A � HTAyP]Av�XH N ^_B_AfWYP �hH¢�&�,Afg3H �QBiH�^3D �o�UA �yP �QP
�YP �UP ���`B��YP � N H�AQP � �¢�N�UWYPOgt�:AQB �UB ��� ��V��QWYPOg � �UP �Q�QBiH�^ �YP �o���QB �&��P �`B ���UP �fA > �\WaPOAQP]D ���&�
�QP]DXW&�YB � �YPtAQP'H �QDXWYP�AGV �¢�X�UWYP�Afg3H �QBiH�^�D]^ �YA��QP �QB �YZJ��V P�R�P �Q�UA > nIP�B �QWYP �D�TVx�QWYP��(���~gt�:B ���
A����&�QD�PGAQP'H �QDXWYP�AIW3HTAwAfW&� �c��HoAfB_Z��aBEj3D]H¢�Q�\P 	7D]P�AQA[��V�P�R:P �Q�UA > �\WYP.�`P'H¢�qAQP �YAQB �UB?R7B � JhB �
�QWYP��&�����QWYP ��� WaP �`B_AQgaWYP �fP����`H¢�

Eν
−2 �YP �o���fB��&����� 	qV ����� H�gt�:B��Q� A����&�QD�P¢�

Φ
e � �YBEA

E2
νΦ
e �

= 5.9 · 10−8 mOP���D � −2 A −1 � =�>{|:s 	
V ��� L J:P]H¢�QAa��V��3H �UHj�UH$�uB��YZ >
�\WYP AQP'H �QDXW V ���~AQB �YZ:^EP#gt�:B ���~A����&�QD�P]A �yH�A D ���`gY^_P �CP �Q�UP � N J Av�XH�D��uB �YZ D�^iH�AfAQP]A¡��V
A����&�QD�P]AtH�D�D �����YB��aZ¡��� �UWYP �YB��fP]D ��D �����fP]^iH!�UB��¢� N P �(� P]P � �QWYPhgaW&�¢���¢�Y���o�Qg&�o��H¢�&�b�QWYP
gt�¢�UP �Q�UBiHT^	�YP �o���fB��&�oAfB_Z��YH�^ > �\WYB_A �yH�Ai�&�¢�YPrV ��� =�= �YB��
P �fP �Q�\[wmGn AUH �CgY^EP]A_�QW3H � �yP �QP
AfP]^_P�D �QP ��H!�j�YB��
P �fP �Q� � H'R�P]^_P �YZ¢�QW N H �&�YA � AQP�P 	z[�' + ¥ | P � > �\WYP �:g+�UB��*�&� AfP �YAfB �QBER;B � J
�yH�A�� J;gYB_D]H�^_^?J9H�DXWYB_P R:P � N J��UWYP*Av�XH�D��uB �YZ ��VwH¢�����&�&� = ¥ A����&�fD]P�A > [��`P �UWo�+�b��� B�� �
�QP �Qgo�QP �$A��UH�D��uB��YZ ^_B �CB �UArHTA��YB+�	�aAQPt^_B �CB �UAlBEAGg&�QP�AQP �Q�QP � B�� @ W3HTgo�UP � |a> �\WYP �CP �UW&�%�
BEA$HTgYgY^_BEP �T��� �QWYPe�QP]A��Y^ �QAOV ����� �QWYP ����� � ��� A��UH�D��uB��YZ H¢�3HT^EJ;AQBEAGH¢�&�#D ���YD�^��YAfB����aA
H N ���o�wD �&���fP �Q�a�YP �o���QB �&����� 	~^_B �CB �UA H¢�QP��&�QH �c� >
�\WYP AfP'H¢�fDXW�V ���*mGFwpyA � B �UW � ����� ��� B_AhH�^�� �:A�� N HTD��;Z¢�����&�o�5V �fP]P > [l^E^ N �o�QA��QA
B �T�UWYPj�&�¢���UWaP ���#WYP �CBEAQgYWYP �QP��o�&�QB �YZN�UWYPe�:g�P �QH �UB ���~�QB��`P*��V ����� � ��� WYH�R�P N P�P �
H¢�YH�^EJ%£]P � N J~�UP �Cgt���QH�^2H �&� AQg3H!�UBiHT^�AfP]^_P�D �QB���� B �~�UWYP*�3H �XH > �\WYB_Ar^EP'H'R:P�AGHhRTH¢�YB_AfWYB��aZ
H¢� ���&�Q����V!H ��� ��AQgYWYP �QBEDa�aP �o���QB��o�:AyB � �QWYPlAQH¢�Cga^_P > �\WYP N H�D��uZ������o�&�,B_A P]Av�UB �hH �QP � N J
DXW&�%�:AfB��YZ$H ¤GW&�¢�&� �UB �CP&� B �&�&� ��H¢�����&�&�e�UWaP N �&�QAv���o�&�UH �QB���� > [5AQB �CBE^iH¢��H¢�3H�^?J;AQB_A WYH�A
N P]P ���&���YP V ���!D'H�AfD'H¢�aPyP�R�P �Q�UA � WaP �QPyH�^_A��a�QWYPyA����o�QWYP ���oWYP �`B_AfgYWYP �QP D'H¢� N P H¢�3H�^?J%£]P � >
[i�&�aB �UB ���3H�^E^EJ¢� � ����� ��� AQP'H �QDXWYP�AKV ���OmKFwpyA � WYBEDXW H �QP*���+�,� P'H$�¡��� N Pj�YP �QP]D �QP �
B ��gYW&�¢�����YA N �o�*W3H'R:P H(gt�¢�QP �Q�UB_H�^_^?J A��������YZ �aP �o���QB��o�(AQBEZ��3H�^ > } P �QP �c�QWYPT�3H!�XH H¢�fP
H¢�YH�^EJ%£]P �#H�D]D �����YB �YZ ���J�YP �YAfB � J �&�YD ���3H �UB ���YArB �~�UWaP��UP �`gt���UH�^�A������YD ���&�fP > n[�*AQBEZ��3H�^
H N ��R:P.�UWaPGH ��� �:AQgaWYP �fB_DD�YP �o���fB��&� N H�D��uZ������o�&� �yH�Ac�YP �UP]D �UP � B �qH¢�.JN��V��UWaPOAQP'H �QDXWYP�A >
� B��`B �QAX���T�QWYPj�YP �o���fB��&� ����	 V ���¢� mGFIp ArD ���a^�� N P�AQP �OV �¢�rP'H�DXWP��V��QWYP�AQP]H¢�QDXWYP�AKH�A
B �&�YB_D]H �UP �GB�� � BEZ >T=�> ¤�¤ > [ � H�	+�CH¢� � pyH�WYD'HT^_^�Afg
P�D �����&� WYH�A N P�P �$H�AQA��&�`P � � WYP �fP P]H�DXW
N �o�QA��oB_AKg3H¢�UH �CP �UP �fB�£�P �M�QWYP,AQH¢�CP �yH�J 	 � p s ¦+� � p s:s � > �\WYPhAQP'H �QDXW(V ��� �Yg � Z��:B��aZ
���o���YA�Z�BER:P�A$^EB��`B �QAD���M�QWYP ���&���M�YP �o���QB �&� �&� 	 � � BEZ > =:> ¤�¤ ��H 	 	 � � WYBE^_Pj�UWaPCD]H�AQD]H¢�YP
H¢�YH�^EJ;AQBEAlZ:B?R:P�AOH�^_^ � �0H'R¢��� ^_B��`B �QA � � BEZ >!=:> ¤¢¤ � N 	 	 > [X�3H�^?J;AQP]ArH¢�QP��o�
�W�&�o�YP � � H'J � WaB_DXW
�YAfPCB �&�YB?R7B �&�3H�^E^EJqg3H �UH¢�`P �QP �QB £]P � AQg�P]D ���UH*V ���OP'HTDXW(mGFIp > � ���D� ���QPj�YP �XH�BE^_AD�¢�#P]H�DXW
��V��UWaPKmKFwp5H¢�3H�^?J7AfB_A��`P �QW&�%�YAi��V ����� � ��� �0AQP�P 	 [ ' + ¥ L � > � WYB_^EPX�UWYP � ����� ���
AfP �YAfB �UB?R;B � J�B_AN�&� �*WYB_Z�W�P �&�¢�YZ:WI��� �fP'H�DXWI�UWaP AQP �YAQB �UBER;B � Jh��V��QWYP ��� 	�g&�QP �YB_D �UB ���YA �

���� ��� � ��B_A*H � �UWYP ^EP�R:P�^D��V��UWaPT�YB�� �YAfP AQB_Z¢�3H�^lgo�QP �aB_D �QB���� > [l^_A��&� V ���hB �&�YBER;B �&�3H�^
g3H �UH¢�`P �QP �QB £'H �QB����aA*��VlmGFIp Afg
P�D ���QHo���UWYP*Av�����¢�YZ:P]Av� N �&�fA��UA �����Y^ � D ���Q���fB N �+�UP,� B �QW
H N ���o�

∼ 1
P R:P �Q�8� ��� 3 > �\WYB_A BEA\B��.R:P�A��UBEZ.H �QP �~B��J� ���QP.�YP �XH�BE^�B�� @ W3HTgo�UP � L;>
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� B_Z¢�&�QP =:> ¤�¤ ���IB�� �YAQPN�aP �o���QB��o� ��� 	 go�QP �aB_D �QB���� N J 	 � p s ¦+� � p s:s �\H¢�&� ^_B �CB �UA
�����UWYP ����	*g&�fP �YBED �UB ���,V ���i�YB+� P �QP ��� DXWYH¢�&�YP�^_A 	z[�' + ¥Q¦�� > ��H 	_�QP]A��Y^ �QA
N H�AQP �~��� �UWYP �YP �UP]D �UB ���~��V �YP �+���QB �&� � B��&�&�aD]P � ���&�¢�YA � � N 	 D]H�AQD]H¢�YP
�`P'HTA��&�fP �`P �Q�UA >



@ W3HTgo�UP � =:> �\WYP @ �:A��`B_DGFwH'J��3gYWo�¢�����  W�YP �o���QB �&�CD ���&�YP�D �QB���� |a=

' �I�UWaPT�YB�� �YAfP H¢�3H�^?J;AQB_ACWYB_Z�W�P �YP �QZ�J � } 
 	`P�R:P �Q�UA*V ����� H�^E^a�aB��QP�D �QB����YAhH¢�QP�P 	aH¢� �
B �YP � � B �QW(�fP]Afg
P�D � ��� �UWYPqAfg
P�D ���QH�^\P �aP �QZTJ N P�W3H'R7B ���j��Va�UWYPqAQH¢�Cga^_P > [ �3H ���QP �YB �YZ
��V��UWYP.���¢�XH�^��aP �o���QB��o�`Afg
P�D �����&�xBEAwP 	7g
P�D �UP � � WYP � H
�0H � �0H�A������:gYW.J;AQBED'H�^!D ���Cgt���YP �Q�
�
dNν/dEν ∼ Eν

−2 	*��R�P �QD ���`P]Aj�UWYP*Av�UP�P]g�H ��� �:AQgaWYP �fB_D N HTD��;Z¢�����&�o� �
dNν/dEν ∼

Eν
−3.7 	 > �\WYPj�fP]D ���YA������YD �UP � P �aP �QZTJ AQg�P]D �����&� V ���D�¢�YP�J:P]H¢����Vx�3H �UH � J:P]H¢� ¤¢¥�¥¢¥ 	wBEA

AfW&� �c� B�� � B_Z > =:> ¤¢¥ > ' ��V ��^_^�� � A*�QWYPqH ��� �:AfgYWYP �QB_Dhg&�QP �YB_D �UB��¢� � �3H�AfWYP ��^_B �YP]A
	 > �\WYP
� �:A��x�fP]A����QBED �UB?R:Pw^_B �CB �

Φ
� �

= Eν
2 dNν/dEν

V ����� �QWYP[�aB�� �YAQPIH¢�3H�^?J;AQB_A V ��� �QWYP J:P'H �QA
¤¢¥¢¥�¥���� ¤¢¥�¥ c BEA\Z:BER�P � H�A

Φ
� �

= 8.8 · 10−8 mOP���D � −2 A −1 A�� −1 � =�> ¦¢¥ 	
B � �QWYPGP �YP �QZ�J �QH¢�YZ:P.�TV

4.2 < log(Eν/
mOP��

) < 6.4
>

�\WYP(�QP�A��Y^ �UA � P �QP � N �XH�B �YP � N J �:go�QB��`B�£]B �YZ��QWYP H¢�3HT^EJ;AQBEA D �o�QA��¢�
Eν

−2 AQg�P]D ���UH >
na���YP �QWYP]^EP]AfA[�UWaP �aP]g�P �&�YP �YD�J¡��V��UWYP��QP�AQgt���YAfP$V �&�YD �UB ��� ��V �QWYP��aP �UP�D �����a��� �aB��
P �QP �Q�
Afg
P�D ���QH � HTA2D �¢�YAQB �YP �fP �tH¢�&��^_B��`B �QA � P �QPyAQP �2V �����aB��
P �QP �Q� AQg�P]D ���QH�^7AfW3H�g�P]A � P > Z >

Eν
−3 	���OAfg
P�D]B?j3Dj� �%�YP�^_A > � H¢�SJ;B��YZ �QWYP�AQg�P]D ���QH�^ B��o�YP 	 B��T�UWaPoAQB ���Y^iH!�UB��¢��AQWo�
� A.�QW3H �D�QWYP

P R:P �Q���YB_Av���fB N �o�QB���� AQB ���Y^iH!�UP � V ��������� � ���xg
P]H$�uAGH �rR:P �fJ �aB��
P �QP �Q�GP �YP �QZ:BEP]A.�YP �
g�P �&�aB��YZT�¢�b�UWYP,H�AQA��&�CP � AQg�P]D ���UHT^yB��o�YP 	 >
� WYBE^_P ��V ���$H¢�

Eν
−2 AQg�P]D �����&�¡� 90%

��V
�QWYPqAQB_Z¢�3H�^y^EB_P�A N P �(� P]P �

4.2 < log(Eν/
mGP��

) < 6.4
H�Aj�YBEAQD �aAQAQP � H N ��R:P �yH �

Eν
−3

Afg
P�D �����&�vAfW&� � A\H¢�,P R:P ���c�aB_A����QB N �o�UB ���`^��;D'H �QP �,H N ���+� H¢� �����YP �_��V��CH�Z��aB ���o�YPI^ � �yP �
B � P �YP �QZ�J � WYBE^_P$H¢�

Eν
−1 AQg�P]D �����&� AfWYBEV
�QA[�UWaP�AQP �YAQB �UB?R7B � J ���,WYBEZ:WYP �lP �aP �QZ�B_P]A > �\WYBEA

AfW&� � A �UW3H!�2B ��BEA��YAQP V �Y^%���X� �+�aP]^��UWaPyAQg�P]D ���QHlH�D�D �����YB��YZa���c�UWYP g&�QP �YB_D �UP ��AQWYH�g
P > �\WYBEA
BEA_�YBEAQD �aAQAQP �*B�� �YP �UH�B_^0B��
	z[�' + ¥ |�N � > �\WYPX�YB�� �YAQP[�YP �+���QB �&� �&� 	,^EB��`B �QA H¢�QPIB��Q�UP �Qg&�fP �QP �
B � @ WYH�go�UP � | � B �UW �QP�AQg�P]D �a���tD �&���fP �Q�X�aP �o���QB��o���&� 	 � �+�YP�^_A >

� 1!�����:+3�y�! .�� ;����� �

 ��
 �o+a�� u�

�\WYPP�:g+�UB_D]H�^D�YP �UP�D �UB ���F��V �YP �+���QB �&�:A,R;BiHY�QWYP @ WYP �fP � � ��R P � P�D �~W3H�AqHT^��QP]H¢�aJ N P�P �
g&��� N P � N JG^ � �yP ��P �YP �fZ�J��YP �UP]D �����fA�^EB �TP � � � � � � ��� � � � � ��� �KH¢�&��� � �5HTA��aB_AQD �YAQAfP �
H N ��R:P > ' � �UWYPrD]H�AQPX��V!WYB_Z�W � P �YP �fZ�J �YP �o���QB �&�:A �+�3H ���&�UH�^ �yH �UP �_�QP�AQP �fR���B��QA H �QPX�aAQP �,V �¢�
�YP �UP�D �UB ��� > �\WYPwj��QAv�yZ�P �YP �UH �QB���� �YP �QP]D ����� � � ��� � ���YP �UP�D �UA��YP �+���QB �&� � B��&�&�aD]P � ���&���aA
B �$^_H$��P p H�B��8H�^�	 [rp + ¥ | � � BEA�¥ | � > �\WYP H¢�aRTH¢�Q�XHTZ:P���Vo�QWYB_A!^iH ��P B_A��UWYH �!B ��B_A��aP]P]g$P �&�¢�YZ:W
���N�YP]ga^���J

∼ 80
� ^����YZCA����QB��aZ:AIB �~�YP�go�UWaAD��V

∼ 1100
� H¢�&�~�QW3H �X�QWYP*�aP �UP�D �����lD]H¢�

N P~�fP'H�DXWYP �5B�� � B �Q�UP � �&�YP ���M�QWYP~�QWYB_D�� B_D�P ^_H'J:P �CD ��R:P �QB �YZb�UWaP ^iH$�TP > � � ��� � �(BEA
�UH$�uB��YZ¡�3H �XH � B �UW��UWYP � ��	������M�YP �QP]D �����$AQB��aD]P =�s�s:ba> ' �([lgo�QB_^�¤¢¥¢¥ L ���QWYP �aP �UP�D �����
�yH�A�P �a^iH¢�fZ:P �b����� ��	�������� � P �aD]^���AQB��aZ

0.005
��� 3 ��V �yH �UP � > �\WYPhAQP �aAQB �QBER;B � JP��� H

�YB+�	�aAQP ��� 	q^EB_P�A H¢�����o�&�
Φ
� �

∼ 2 · 10−7 mOP���D � −2 A −1 A�� −1 >
@ �&���QP ���Q^EJ¢�%�aB��
P �QP �Q� P 	7g�P �QB �CP �Q�UA H¢�fP��&�&�aP � D �¢�YA������YD �UB��¢��B��*�QWYPa� P �aB �UP ���QH¢�YP'H ��AQP'H >
' � �UWYP � � � � ���#� g&��� � P]D � �

300
� ^����YZtAv���QB �YZ:A H¢�fP N P�B��YZe�YP�gY^���J�P �~�ag ���hHj�YP�go�UW

��V
∼ 2500

� 	 [l[ + s ¦+� [ln��c¥Q¦�� > [lAX��V � P N ���3H¢�fJT¤¢¥�¥�¦+� L ^_B��aP]A�� P �fPj�YP]ga^���J:P �9H �&��QWYP\j��QAv���*�&���j���QH�D��uA D ���Y^ �CHT^��QP]H¢�aJ N P\B �YP �Q�UB?j3P � > �\WYP\j��3H�^��aP �UP�D ����� D ���ajYZ��&�UH!�UB��¢�
� BE^_^�D �¢�YAQBEA��[��V = ¤�A����QB��aZ:A�� B �UW�H¢� B �YA������&�`P �Q�QP ��R¢�:^��&�`P���V

∼ 0.03
��� 3 > [ AQP]D ���&�
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H ���UH'JhB_A N P]B��aZ�D ���YAv�����YD �QP �~�aP'H¢���QWYPGD �.H�Av�c��V ' �XH�^?J��o�QWYP � � � � � � �YP �UP]D ����� 	 �aH�g�¥ | �
n�
x�~¥Q¦�� � H!�rH �YP]go�QW ��V

∼ 3500
� > �+�YDXW HCWYB_Z:W �YP�go�UW W3HTAa�(���N�CH�B�� H¢�aRTH¢�Q�XHTZ:P]A��

�QWYP �&� 	¡��V H ��� �:AfgYWYP �fB_D ���&���aAwV ����� H N ��R�P�B_AI^�� � P �wB��¡�QWYP��YP �UP�D ���¢� ��H �&� H�^EA��e�UWYP
N B��:^ �&�CB �YP]AfD]P �YD]P N H�D��uZ����¢�&�&� B_A,^ �
� H �,WYB_Z:WI�aP]go�QWYA > �\WaP j&�QA��J��� �yP �*W3H�A N P]P �
�aP]gY^ ��J�P � B�� ¤¢¥�¥ |a> ' �#HhAfP]D ���&�#gYW3H�AfP¢���UWaP��YP]ga^���J%�CP �����TV����YPj���[� ���fP�H¢�&�aB �UB ���3H�^
��� �yP �QAOH¢�fP$ga^iH¢�&�aP � > � �#� ��� � � � BEAlHe�UWYB ��� P 	7g
P �QB �CP ��� � N P]B �YZ �aP]gY^ ��J�P � �YP]H¢�c�UWYP
D �.H�Av�*��V m��fP]P]D�P,H ��H¡�aP]go�QWY��V

3800
� 	z[ln + ¥ L �2n 
 �o¥Q¦�� > �\WYPCj&�QA���gYW3H�AfP ��V_�UWYP

�aP �UP�D ����� � HTA �aP]gY^ ��J�P �9B�����H¢�fDXWY¤ ¥�¥ c ��H �&�#j&�QA����fP]A��Y^ �QA$H �QP�g&�fP]AQP �Q�UP �9B�� V ����� ��V
�QWYP��CP]H�A��o�QP �`P �Q�c��V�W&���fB�£ ���Q�XH�^�H!��� �:AQgYWaP �QBED.���&���aA 	 [rn + ¥ L � >
�\WaP$g&�fB��CH¢�fJ,H�B�� ��V �QWYP.�UW&�fP]P$H¢���QH'J7Aa�YP�AQD �fB N P ��H N ��R�P$BEAc���CP 	7gY^����fP��YB��
P �fP �Q�wAQB �QP]A
H �&�h�UP�DXW&�YB � �aP]A,V ��� �YP �o���QB �&�Y�YP �UP]D �UB ����B���AQP'H �yH �QP �,B �������aP � ��� N �YBE^�� H

1
��� 3�aP �UP�D ����� ��DXW&�%�:AQB �YZ �QWYP �:go�UB �hHT^2^��;D'H!�UB��¢� H¢�&�b�aP]AQBEZ������3H¢�`P]^?J���������� � 	 � � c H � >

�\WaB_AD�YP �UP�D ���¢� � B_^_^ N P�D ���`gY^_P �CP �Q�XH¢�SJ¡��� 
���� � � � �����aP �UP�D �QB��YZ �CH�B��Y^?J ���&���P�YP � �
���QB �&�:A V �����]�UWaP�A��¢�o�UWYP ��� WYP �CBEAQgYWaP �QP > � B �UW N �¢�QW H¢���QH'J7A ��HtR7BEP �W��V �QWYPoD ���Cga^_P �QP
A �.J BEACgt�:AQAfB N ^EP > �\WYP�R;BEP �f���h�QWYP�A����o�QWYP ����WYP �`B_AfgYWYP �QP P �3H N ^EP]A ������� ��� �UWYP
� N AQP �fRTH �UB ���P��Vx�UWYPtZ.H�^_H�D �QB_DoD�P �Q�UP � � � WYB_DXW9B_A.�&� �KR;BEAQB N ^_P�V �����V�QWYP,�%���o�UW e ��^_P > ' �
@ WYH�go�UP � | ���YB+� P �QP ���oP 	%���QH�Z.H�^_H�D �QB_D`A����&�fD]P*D]H �XH�^ �:Z:A�H¢�QP,B �.R:P]Av�UBEZ.H �UP � � B �QW �QP]Afg
P�D �
��� �QWYP]B �\D ���Q���QB N �o�UB ���qB�� �UWYP �&���v�UWYP ��� H¢�&��A����o�QWYP ����WYP �CBEAQgYWYP �QP > ' ��� B_^E^ N PGAfW&� �c�
� WaB_DXW~D]^iHTAQAQP�AwH¢�QP N P ���QP �i���e� N AQP �SR:PGV ����� �UWYP��&�¢���UW ��� V ����� �QWYPGA����o�QW >

�`�:����% �����,+Y
�����+3����� �� .�� ;����� ��


@ �o���QP �Q���YP �o���QB �&�OP 	7g�P �QB �CP �Q�UA H¢�fP H N ^EP����.�`P'HTA��&�fP_�UWYP H!��� �:AQgYWaP �QBED_�YP �o���fB��&�OAfg
P�D �
�����&� �Yg����

100
��P�� � B �UW&�¢�o� � N AQP �fR;B��YZrHlAQBEZ��YBEjYD'H¢�Q��D ���Q���fB N �+�UB��¢�$V ���¢� P 	%���QH�Z.H�^_H�D �

�QB_D A����&�QD�P]A > �+�YD�D]P]AfA����2P 	7g
P �QB �CP ���QA!^_B �TP 
���� � � � �$H�B�� H!���QWYP��YP �QP]D �UB��¢�*��Vo�YP �o���QB �&�:A
H!�

100
��P�� �ag����

100
e P�� > �\WYP �YP �UP]D �UB ���M�TV\HqAQB_Z¢�3H�^ H �KP R:P �9WYB_Z�WYP �GP �aP �QZ�B_P]AGBEA

�fP]Av���QBED �QP �Y^?J H�^EA��,gt�:AfAQB N ^_P�� B �UW 
���� ��� � ��� N �o�X���qH�DXWYBEP�R�PtH,Z��+�%�T�YP �UP�D �UB ��� g ��AQAQB �
N B_^_B � J ��V��QWYPtD �:A�� ��Z:P �YBED��YP �o���fB��&� ��� 	 ���YP � �CP �UW&�%�YAGH¢�fP N P�B��YZ �YP R:P�^��:g�P � � WYB_DXW
H �QPtD ���`gY^EP �`P �Q�XH¢�SJT��� �:go�QB_D]H�^ �YP �UP]D �UB ��� > [\D ���YA��QB_DCH¢�&���UH¢�aB�� �YP �o���QB �&�¡�aP �UP�D �QB����
HTB��`ArH �.�QWYPe�CP]H�A��&�fP �`P �Q����V��YP �+���QB �&�:AGH � 
 	%���fP �`P]^?J } BEZ:W 
��YP �fZ:B_P�A�� 
 } 
 A 	 ��B > P >
Emin ∼ 108 mOP�� >

)h+3��� ���! .�� ;����� �

 [lAGB � � H�A��YBEAQD �YAQAfP �9V �¢�D�UWYP�j��fA����UB �CP N J [IA)�8H¢�SJ.H¢� 	z[IA)� | ¤ � �
�QWYP @ WYP �QP ���¢��R~P �
P]D �wBEAi�&�¢�c���Y^?J,g&�fP]AfP �Q�rH!�c�:go�UBED'H�^ H¢�&� ��� �yH'R:P]^EP �YZ �UWYA � N �o� W3H�A
H#A��������YZ9D ���`gt���YP �Q�CB�� �UWYP¡�UH¢�aB�� > �\WaP�P]^EP]D �����¢�hH�Z¢�YP �QB_DqAQW&� � P �*H!� �QH¢�YB�� �yH'R:P �
^EP �YZ �UWYA W3H�A\H¢�hP 	%�UP �YAQB ���J��V�H N ���o�

10
D � > �\WaPr[lA �TH �fJ.H �~P � P�D �\WYH�A N P]P �J� N AQP �fR:P �

B �*AUH¢�o��	 � + ¥ = � �aAUH�^ � 	{m + ¥ L �!H¢�&�~H�^EA���B �*B_D]P�	dmO[ + ¥ | � > ' � BEA��YAQP �~V �¢�_�UWYPGg&�o�Qgt�:AQP.��V�aP �o���QB��o���YP �UP�D �UB ���`B��e�UWYPB� 
 � � � � P 	7g
P �QB �CP ���QA � WaB_DXW,HTB��`A H!�x�QWYPa�YP �QP]D �QB���� ��V �UWYP
�QH¢�YB �CAfB_Z��3HT^!V �����]�YP �o���fB��&� � B��&�o�YD]P ��D'HTAQD'H �YP]AOH!�lP �YP �fZ:B_P�AX��V

(1015, 1018)
P�� B�� �UWYP

BED]P N P]^ �
�W�UWaP`Z�P �:Z��QH�gYWYBED �+���o�QW e �:^EP 	 � + ¥ c � > [ Z:P ���CP ���fB_D�R¢�:^��&�`Pj��V
0.008

��� 3

� � � '�K�/<2L+.&)( � $��)+ /<$:2<2<-%&)$'-%& �
� QL$:2 	8-8/<(%2<=
� � �N$'K�/L2<+.&)( '��I/L$'&���$��N46K � � - 2<+.&)$ & $:J.$'Q<XW(�
 $ 7�+3/L5�� X:$'-%&)(%C02<-�
)5)+ X�E;$YQ�$Y- 2�X�5
� �:E,-���+.(%!WXW$ � 5)$'2L$'&)"%( 	 ' ��
 $'2L+�� $:& /



@ W3HTgo�UP � =:> �\WYP @ �:A��`B_DGFwH'J��3gYWo�¢�����  W�YP �o���QB �&�CD ���&�YP�D �QB���� |:c

BEAoB��YAv�����&�CP �Q�UP � � B �UWY�aB_gt�:^_P �QP�D]P]B?R:P �QAtH �oHT�YP]go�QW ��V = ¥�¥¡�z��� c ¥�¥~� N P]^�� � �QWYP
A��&�fV�H�D�P > �\WYP H �aRTH¢�Q�XH�Z:P~��V.�UWYP�WYB_Z:W P �YP �QZ�J(�UW&�fP]AfW&�:^���BEA �QW3H � �QWYP H ��� ��AQgYWYP �QBED
N HTD��;Z¢�����&�o�T��V����o���YAIH¢�&�~�aP �o���QB��o�:AID]H¢� N P �YP]Z:^EP]D �UP � > �\WYP$DXWYH�^_^EP �YZ:PKB_Ai�QWYPKR�P �SJ
A��hH�^E^�AQBEZ��3H�^��QH �UPKH �wA��YDXW WYBEZ:WqP �YP �QZ:BEP]A > �+�CV�H � ���&� �YP �+���QB �&�`AQB_Z¢�3H�^�D ���Y^�� N PKB �YP ���
�QBEj3P �9J:P � > �¡��A����QP]D�P �Q�oAv���&�aB_P]AKD �¢�YD]P ���YP �Y�UWYP`AQP]H¢�QDXW V �¢�KB �&�YB?R7B �&�3H�^ mKFwpyA � � B �QW
^EB��`B �UA����`mGFwp�HTV
�UP �QZ:^ � ���aP �o���QB��o�oP �`B_AfAQB��¢�N� �%�YP�^_AyZ�BER:P �qB�� 	zp F [ } ¥�¦�� > [ AQP]D ���&�
�YP �UP�D ���¢�����SJ;B��YZ.�����CP]H�A��o�QPi�UWYPa�UH �YB��GAQBEZ��3H�^YV �������YP �o���fB��&��� B��o�&�YD]P �CD]H�AQD]H¢�YP�AyB_A��QWYP
� � 
 � � � � N H�^E^��%��� � N �����YP*P 	7g�P �fB��`P �Q� 	zpy[ + ¥ | � �\AQP �YAQB �UBER�P�B ���UWaP�P �aP �QZTJh�QH¢�YZ:P ��V
(1018.5, 1023.5)

P�� > FwH¢�YB��CP �`B_AfAQB��¢��H¢�fB_AfB��YZ`V �����]�YP �o���fB��&�hB��Q�UP �UH�D �UB��¢�YA�� B �UWT���YD�^_P �
���aAoB����UWYPC[X�Q�XH¢�fD �QB_D`B_D]PCAQWYP�P ��BEA��`P'HTA��&�fP � V ����� H N ��R�P > � B��fA��$^_B��`B �QAOD ���`PtV �����
�QP]A�� � �3BEZ:WQ�UAa��V � � 
 � � 	#� � 
������QWYPKj&�QA��wV �Y^E^ ��� 
 � � �3B_Z�W����yH�AwA��YD�D]P]AfAfV �Y^E^EJ �&���aPKB �
�lP�D]P � N P ��¤ ¥�¥ | �$� B �UW ca>{L D]B �QD]^EP]A H �����&�o�`[[�Q�XH¢�fD �UBED'Ho� � B �UWe�&�.�fP]A��a^ �UA g&� N ^_BEAQWYP �tJ�P � >
� � 
 � ��BEA P 	7g
P�D �QP � ���GB��.R:P�A��UBEZ.H �QPc�QWYPc� �%�YP�^&��V�m � �}�YP �o���QB �&�:A �uP�B �UWaP � D �¢�aj����`B��aZ
H~g �:AfB �QBER:PtAfB_Z��3HT^ �����GAQP ���QB��YZ~^_B �CB �UA � WYBEDXW � BE^_^ �fP]A����QBED �KA����o�QD]PCP�R¢�:^��o�QB���� AfD]P �YH¢�QB �:A
V �����QWYPGg&���%�&�YD �UB ��� ��V �a^ ���QH�� WaB_Z:W,P �YP �fZ�Jqg&���¢�����aA �3AQP�P��7P]D �UB��¢� =:>dca>{L7>
nwP 	%�KZ:P �YP �UH �QB���� �aP �UP�D �����QA.��V��UH �YB��,P �CBEAQAfB�����V ����� �YP �o���QB �&� � B �&�&�YD�P � D]H�AQD]H¢�YP]A$H¢�fP
gY^_H¢�&�YP �qB��,AQH�^ � H¢�&�qB��,BED]P > ' �*B_D]P �o�UWaP�������� � 	wP 	7g
P �QB �CP ����	{m � 
 s:c ��� B_^_^ N PrA��YD �
D�P]P �aB��YZ � 
 � � > �\WYPGj��3H�^!HTB��vBEAi�UWYPGB��aA������&�`P �Q�XH �QB���� ��V2H N ���o�

10
��� 2 B��~[X�Q�UH¢�QD ��QB_D'H > [f�YP �xg&��� � P]D � �YAfB��YZP�QH¢�YB��#H¢�Q�QP �&�3HTA ��� ����g(�TVX�UWaP Fc�:AfA ' D�P �;WYP]^?VOH �j�QWYP

[[���UH¢�QD �UBEDhD �:H�A���B_A � � 
 ��� ��� � 
 	zp H¢��¥ | � � �hH$�uB �YZ¡�aAQPN��V��YP �o���QB �&� � B �&�&�YD�P �Y�QH¢�YB �
P �CBEAQAQB ���#B��P�UWYPCB_D]P`AQWaP]^EV > �aH�^ �KBEA�HqZ��%�+�P�XH¢�fZ:P ���CH �UP �QBiHT^ ��AQB �YD]P`B �KW3HTAoH N ���o�

2.3�QB��`P]A��UWYP[�YP �YAfB � J ��V �yH �QP � H �&�,B_D�P¢�7H¢�&� �UWYP �QP�V �¢�QPrHT^_A��$g&����R;B��aP]A_� ���fPa�QW3H¢�J¤��UB��`P]A
� ���QP_�%�aD]^_P ���YA � B �UWYB �*�UWaP AUH¢�`PyR¢�:^��&�`P > �\WYP��YP �o���fB��&�OP � P�D �QBER:P\B �Q�UP �QH�D �QB����KR��:^ �&�`P
BEA�WYP �YD]P,B �YD �fP'H�AfP � > �\WYP�� � � � � � � P 	7g
P �QB �CP ���$B_A$gY^iH �&�YP �	� � WYP �QP,g3H ���UA���V H~AUH�^ �
�&�¢�CP B_A A��YgYgt�:AQP � ��� N PIB �YA������&�`P �Q�UP �`V �¢���QWYP g&�&�fg �:AfP[�TV��YP �o���fB��&� �YP �QP]D �UB��¢� >�� B �QA��
�QP]A��QAlH �QPKH�^��fP'H¢�7J N P]B��aZ �o���YPOB��qAQH�^ �c�&�¢�CP�A 	 � + ¥ LTN � >
[[�&�¢�UWaP �*�`P �QW&�%�M��V_�YP �QP]D �UB��aZ¡�YP �o���fB��&��� B��o�&�YD]P �b�QH¢�YB��qP �CBEAQAQB ��� B_A���� � N AfP �fR�P �QWYP
� �+�¢� � B �UW��UH¢�aB��N�UP�^_P�AQD ��g
P�A > �\WaP � �+�¢� J7BEP]^ �YAKHqZ¢�+�%� �XH¢�fZ:P �GV ���.�YP �o���fB��&�qB ���QP � �
H�D �UB ��� H¢�o�T�UWYP �QP�V �¢�QP¢� H¢� P �YW3H¢�YD�P � �QH¢�YB��CAQBEZ��3H�^!B_AwP 	7g�P]D �UP � V �����]�UWYP��YB��fP]D �QB����¡��V
�QWYP~� �+�¢� > e ��� � P]D �UAhB �.R:P]Av�UBEZ.H �UB �YZ �UWYBEAtP �
P]D �,H¢�QPqgY^_H¢�&�YB �YZ ���M�YAQP �UWYP � �9� � � �
��� � � � � � > �\WaPo^iH ���UP �lB_AIgY^iH �&�YP �T��� N P��YAQP � B��~�QWYPoD �¢���QP 	%����V��QWYP ��� � ��� � � � 

g&��� � P]D ��	 � �lnX¥�¦�� > � ��� H¢� ��R:P �SR;B_P �}��V �UWYPIA��UH ���YA���V��YP �o���fB��&� �UH �YB�� �YP �QP]D �UB��¢� �`P �UW��
�%�YA �3AfP]PKP > Z > 	 �aH�^#¥ | � >

� $' (�F/�- 2�X!/L+ X�! �
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�`�:����% ����� �� .�� ;����� ��
 �\WYP j&�QA��,H¢���QH'J�V �¢�hH�D ���YAv�UB_D¡�YP �+���QB �&�b�aP �UP�D �QB���� �yH�AN�aP �
ga^���J:P � B � �yH �UP � �0B > P > B � �QWYP �7D�P'H¢� > �\WYP�� ��� ��� � � 	 �Im � ¥ L ��H¢���UH'JJ�CH$��P�A[�aAQP ��V H
�`B_^EB �UH¢�fJ N H�AQBEAKB �T�UWYP`p HTW3H¢�CH�A > �\WYP`H¢���QH�J B_AO^��;D'H!�UP � N P �(� P]P �b�YP�go�UWaA���V

1570
�

H �&�
1600

� �2Afg&�QP]H¢�Y��R:P ��H�A��&�fV�H�D�PN��V
∼ 250

��� 2 > � B �QAv�*�fP]A��a^ �UA �yP �QP*g&�fP]AfP �Q�UP �
B � 	 �Im � ¥ L � > �\WYPwH�D ���YAv�UB_D��QP]DXW&�aB � �YPwB����UWaPa�;D]P]H¢�tB_A H�^EA��D�QP]A��QP �hH � �UWaP � � � �����,�
AfB �QP,� B �UW �QWYP ����� � � ��� � � �YP �UP�D ���¢� �yD �&���fP �Q�U^?J N P]B��aZ �YP]gY^ ��J:P � H�^��¢�YZ � B �QW �UWYP
� � � �����,��Av���QB �YZ:A 	zn + ¥ | � > �\WYPJ�CH�B�� H�B � ��V[�QWYP]AfPqg&���¢���¢� J;g
PJ�aP �UP�D �����QAtB_A��UWYP
Av���&�7JP��V_�QWYP N H�D��uZ������o�&� H¢�&�#Z:P �YP �QH�^�� H �QP �Kg&����g
P ���UBEP]A >,� ���.�UWYPe�YP �UP�D �UB ���b�TV\H¢�

 P�� �YP �+���QB �&�`AQB_Z¢�3H�^ �YH¢� P 	%���QP �CP�^EJq^_H¢�QZ:PKH¢���UH'J �

∼ 10
��� 2 	c�YP�P �YAa��� N P �YP�gY^���J:P � >

' ��H¢�&�YB �UB ���J��� � H �QP � �
BED]P$H¢�&��AQH�^ �IH¢�fP$Z¢�+�%�qP �.R;B����¢�&�CP �Q�UAX�;D]D �&���fB��YZ �3H ���&�UHT^_^EJCV ���
�QWYP,B �YA��UH�^_^_H �UB ���P��VwH ^iH¢�fZ:PCR¢�:^��o�CPhH�D ���aA��UBEDN�YP �o���fB��&�T�aP �UP�D ����� > ' � �UWYP � � � ��� � �
go��� � P�D ��	zp + ¥ LTN ��[�' + ¥ |�N � ��j��fA��KW.J%�&���:gaW&���YP�A � P �fP �aP]gY^ ��J�P � H �D����Z:P �QWYP � � B �QWP���YP

 ��� ��� � � A����fB��YZqB � � H �%�YH¢�fJ�¤ ¥�¥Q¦,B��P�����YP �.���J�QP]A�� �UWaPCHTD ���YAv�UBED`go���:g�P �v�UB_P�A.��Vx�UWYP
[[�Q�XH¢�fD �UBEDhBED]P > �\WaP,j��3H�^yH�B�� BEA�H�Z.H�B �M�QWYP,D �¢�YA������YD �UB��¢� ��VwH

∼ 10
��� 2 ��� B �YP*H¢� ��QH'J�V ���X�QWYPj�YP �UP]D �UB ���P��V 
 P�� �aP �o���QB��o�:A >�� �¢�OH*A��&� �hH �fJ¡��V��UWYP�D �&���fP �Q�KA��XH!���YA.��V
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ρ = A ·







(1 + z)m Ms:A4
z < z1

(1 + z1)
m Ms:A4

z1 < z < z2

(1 + z1)
m · 10k·(z−z2)

Ms:A4
z < z1 .

� � ^ � �
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(z1, z2, m, k)
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(z1, z2, m, k) =















(0.7, 0.7, 4.0± 0.7,−0.32)
Ms:A4

1042.5 @54�D6�E0
(1.2, 1.2, 3.4± 0.5,−0.32)

Ms:A4
1043.5 @54�D6�E0

(1.7, 2.7, 5.0± 0.2,−0.43)
Ms:A4

1044.5 @54�D6�E0
(1.7, 2.7, .1± 1.0,−0.43)

Ms:A4
1045.5 @54�D6�E0 .
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αγp l�n u���df, r(^«rsrfw d � ^kq 1?�L� � 

p�v�=�w �(� e�EBj r(^«r �(� d � ^ � � ���������  
p�v�= � r � e�EBj r(^«r � w d � ^�w � ���������  
� >�� �9� wsw�� �(� w e�EBj r(^«r�w�w d � ^kq � ���������  
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��� 6
e � w �9� � w � l e�EBj r(^ ��� q d � ^ � � ���������  
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max := Emax/(1018 @�� � /Q0r-;G�@]th7�j(/Qty6�t @5=�@54CDEO�x3G�/Q2iGW2R79= T @]792iG�/Q@B>9@5V%�

βs = Vs/c
�
Z
/Q0l-;G�@u2iG�7E4CDA@u:9M�-CG�@\79252B@58Q@54;7�-;@5V�H�7E4�-;/Q258Q@e/1="6�=�/Q-C0l:9M�-;G�@u2iG�794CDA@

:EM�-;G�@h@581@B2B-C4C:A=%�
e
^¥u�6�4�-CG�@54�t<:A4�@9�

BµG := B/(1µ
; � /10I-;G�@<th79D9=�@B-C/12q��@58QVW:9M�-;G�@

7E2525@B81@B4;7E-C/1:A=n4C@BDA/1:A=~/1=~6�=�/Q-C0h:9M
1µ
; 79=�V

Rkpc := R/(1
v�HJ2 � /10q-;G�@e0C/QU5@�:9Mw-;G�@

7E2525@B81@B4;7E-C/1:A=z4�@5DA/Q:A="/1="6�=�/Q-C0]:9M
1
vPH�29^ }gG�@\@"a�6�7E-C/1:A="/Q0l>(/Q0C6�7E81/1UB@5V"/Q= u�/1D�^ � ^ � ^

)!/QXJ@54C@B=?-b790+-;4�:AH�G?OP0C/125798�: T =�@B2B-;0e794C@\/Q=�V�/1257E-;@BV x3/Y-;G�-;G�@B/14]-fOPH�/125798�th7EDA=�@B-C/12b��@B81V
2B:A=���D96�4;7E-C/1:A=u:9={-CG�@mO�df7�j(/10I79=�Vu-CG�@5/Q4F@kjP-;@B=�0C/Q:A=�:A=u-CG�@qj�df7�j(/105^m}gG�@h792B25@B81@54C7E-;/Q:A=
:EM&H�4�:9-;:9=�0��

Z = 1
� /1=o4�@58K7�-;/Q>P/Q0�-;/Q2h0�G�:(2ivo@B=�>P/Q4C:A=�tL@5=?-C0e�

βs = 1
� /10mH�:A0�0C/ T 81@lMs:A4

0�:A6�4�25@503x3G�/Q2iGe81/Q@F7 T : >A@�-;G�@IV�790�G�@5V�81/1=�@9^
}gG�@I0C:A8Q/1V[6�H�H�@54381/Q=�@F/1=�V�/1257E-;@B0�-;G�@I0;79tL@
2B:A=���D96�4;7E-C/1:A=lMs:94

βs = 1/300
^N}gG�@�0C:A8Q/1Vl8Q: x�@B4a8Q/1=�@&790C0�6�tL@50

β = 1
7E=�V[/14C:9=]=P6�2581@B/

�
Z = 26

� ^�,.-g2579= T @&0C@5@B=]Ms4C:At -;G�@w��DA6�4C@!-;G�7E- :<; _�2B:A4C@B0379=�V]4C79V�/1:�D?798K7�j(OL8Q: T @B05�
7E03x�@58Q8�7903G�:9-a0�HJ:9-C05� 794�@�H�4C:AtL/10�/1=�Dm2579=�V�/QV�7E-C@50�Ms:A4g-;G�@r7E2525@B81@B4;7E-C/1:A=]:9M�-;G�@�G�/QDAG�@B0�-
@B=�@54�D9O�@B>9@5=?-;0B� T 6�-[-;G�7�-e7E810C:o=�@B6�-;4�:A= 0�-i7E4C0c794C@\/Q= H�4C/1=�25/1H�81@\7 T 8Q@b-;:~79252B@58Q@54;7�-;@
H�4C:9-C:A=�0y6�HW-C:

1021 @��y^ ea: x�@k>A@54B��7b0�@525:9=�Vo254C/Y-;@B4C/1:9=�Ms:A4yH�7E4�-;/Q258Q@l792B25@58Q@54C7E-;/Q:A=o790V�/10C2B6�0C0�@5V T O�e!/Q818K7E0r/Q0�-;G�@l>9@58Q:(2B/Q-fO�:EMa-CG�@]t<79DA=�@k-;/12L��@58QVo/1=�G�:9t<:AD9@5=�@B/Q-;/Q@50B^{}gG�/10
/Q0yV�/Q4C@52k-;8YOp2B:A=�=�@B2B-C@5Vo-;:b-;G�@]@5=�@B4CD9O�-CG�4C@B0CG�:981V�Ms:A4y0+OP=�2iG�4C:E-;4C:9=~8Q:A0C0�@50m:9Ma2iG�794�DA@5V
H�794�-C/1258Q@50I79=�Vp-;:e-CG�@ht<79DA=�@k-;/Q2q��@581V�0�-;4�@5=�DE-;G%^��!7EV�/1:cD?79817�jPO\G�:9-y0�HJ:E-;0y7E8181: x -;G�@
7E2525@B81@B4;7E-C/1:A=F:9M(H�794+-;/Q2581@B0�6�H�-;:

1021 @��~79=�V�/1=�4;7EV�/1:gD?7E8K7�jPOw8Q: T @505��@5=�@54CD9/1@50S:9M 1019 @��2579= T @&H�4C:PV�6�25@BV%^ : 8Q8�:9-;G�@B4�0�:A6�4C2B@50g7E4C@&=�:9-�7 T 81@3-;:rH�4C:PV�6�2B@wH�794+-;/12B81@B0�:EMS0C6�2iG]G�/QDAG
@B=�@54�DA/1@B05��0C/1=�25@<-CG�@h0+OP=�2iG�4C:E-;4C:9=�-;/1tL@q0C257981@</10I0CG�:A4+-;@B4r-;G�79=�-;G�@l792B25@58Q@54C7E-;/Q:A={-C/1tL@
0�2R798Q@bikea/18�l�w m ^y}�:PV�7ROA�S/Q-F/Q0wv�=�: x3=p-CG�7E-I798Q0C: ; � E�0w794C@q7 T 81@y-;:[7E2525@B81@B4;7E-C@LH�4C:9-C:A=�0
-C:

1021 @�� x3/Q-;G�:A6�-�0C/QDA=�/Q��2R79=?-�0�OP=�2iG�4�:9-;4�:A=]81:90C0C@B0�7E0�/Q0�V�/Q0C2B6�0C0�@5V]/1=q-;G�@aMs:A8Q81: x3/1=�D�^

� ^�� � W 

�������,���z�z����� W ��
���Z	���
�b� �3���
:<; _ 7E4C@e-fOPH�/Q2R798Q8QOn790�0C6�tL@5V"-;:o7E2525@B81@B4;7E-C@bH�794+-;/12B81@B0h/1=|4C@5817E-;/Y>P/10�-C/12c0CG�:P2iv�05^
}gG�@ T :(:90�-3M�792B-C:A4C0!794�@r-fOPH�/12579818YO[790�0C6�tL@5Vc-;: T @y7E4C:A6�=�V

Γ ∼ 10
��798Q-CG�:A6�D9Ge/1=

0CH�@52B/K798�25790C@B05��-;G�@ T :(:90�-NM�792k-;:A4N2579=q4C@R7E2iGh6�Hm-;:
Γ ∼ 30−40

^�,.-�2R7E=%�?G�: x�@k>A@B45�
T @3H�:A0C0�/ T 8Q@g-;G�7E-N-CG�@30CG�:P2ivm/Q-C0C@B8QMJG�79H�H�@5=�0�/1=L7F4C@B8K7E-C/Q>P/10+-;/Q2�@5=?>P/14�:A=�tL@5=?-R^N}gG�/10
/1tLH�81/Q@50m-;G�7E-h-CG�@eH�81790Ct<7{��:�x /Q0<4�@58K7�-;/Q>P/Q0�-;/Q2[/Q-;0�@58YM�79=�Vz=�:9-l=�@B25@B0C0;7E4C/18YOo-;G�@
0CG�:P2iv ^ e!@B4C@9��x�@hx3/Q818
0�-C/1818
7E0C0C6�t<@h-CG�@l4�@58K7�-;/Q>P/Q0�-;/Q2mt<: >9@5tL@5=?-m:9M�-CG�@l0�G�:(2ivAd
Ms4C:A=?-5^N}gG�@wt<79DA=�@k-;/12g��@B81Vl/Q0

B ∼ 10−3
; /Q=<-;G�@E=�@B-�7E-g7I4;79V�/16�0�:9M��

r ∼ 1
v�HJ2

79=�V�-CG�@<��@581V{-fOPH�/12579818YOuV�@52B4C@5790C@B0�x3/Q-CGp-;G�@h4;7EV�/16�0B^]}gG�/10r798Q81: x30FMs:A4rH�794�-C/1258Q@
79252B@58Q@54;7�-;/1:9=h6�Hl-C:r-;G�@wG�/1D9G�@50+-�@B=�@54�DA/1@B05��/ ^ @E^

EAGN
max ∼ 1021 @���790�/1=�V�/12R7�-;@5Vh/1=

u�/1D�^ � ^ � ^



��G�7EH�-;@B4 � ^|��:A0�t</Q2��!7ROP0aMs4�:At)4�@5817E-;/Y>(/Q0�-C/12&0�G�:P2iv]@5=?>P/14C:9=�t<@B=?-;0 n �

u�/1DA6�4�@ � ^ ��� }gG�@yea/18181790IH�81:9-�0CG�: x3/Q=�Db>E794C/Q:A6�0�: T =�@52k-;05^{}gG�@l8Q:AD?794�/Q-CG�t :9M3-;G�@
th7EDA=�@B-C/12���@58QVb:9MN-CG�@y0C:96�4C2B@50F/10!0CG�: x3=u>A@B4C0�6�0F-;G�@y0�/1UB@y:9MN-;G�@y: T d
=�@52k-;05^�}gG�@�8Q/1=�@B0�4C@BH�4C@B0C@B=�-�H�4C:9-C:A=m792B25@B81@54C7E-;/Q:A=]�s6�H�H�@54 �

βs = 1/30079=�V�t</QV�V�81@ �
βs = 1

� 79=�V�/14�:A=e7E2525@B81@B4;7E-C/1:A=[x3/Q-CG
βs = 1

^ � T =�@52B-C0T @B81: x`-;G�@l81/Q=�@50I2R79=�=�:9-q792B25@B81@54C7E-;@L-;G�@h25:A4�4C@50�HJ:9=�V�/1=�Du=P6�2581@B:A=�-C:
@5=�@B4CDA/Q@50a7 T : >A@F-;G�@ ;�� � 2B6�-;:EX~�

E > 5 · 1019 @�� � i : 4�D�rsr m ^

� ^�� � W 

�������,���z�z����� W ��

��Z	� �
�`�3� �Bx �
}gG�@eH�4�:At<H(-<@Bt</Q0C0�/1:A=o:9M ; �RE�0LG�79H�H�@5=�0h7E-<7{4C79V�/Q6�0

r ∼ 1012 − 1013 25tMs4�:At -;G�@h25@B=?-;@54B^[}gG�@h@�j�7E2B-yt<79DA=�@B-;/Q2m��@58QVp0+-;4C@B=�D9-CG�:9M ; � E�0r2579=�:A=�8QO T @
@B0�-C/1t<7E-;@BVI0�:aM�7E45^ºu�:A4�/1=�0+-i79=�25@9��/1=�i�j d r � 7 m �E7g81: x�@B4S81/1tL/Q-J:9MP-;G�@
t<79DA=�@k-;/Q2���@58QV7�-�-CG�@a:A4CV�@B4�:EM

Bmin ∼
t ; G�7E0 T @5@B=hV�@k-;@54�t</Q=�@5VZ��-CG�@a@kj�792B-�>E79816�@aV�@5H�@5=�V�/Q=�D

:9=�-;G�@lV�@5=�0�/Q-fOp:9Mg-;G�@ht<@BV�/16�tc^c}gG�/10yD9/Q>A@B0m7e8Q:�x�@54r81/Qt</Y-�:9Mg-;G�@hth7�j(/Qty6�t
@B=�@54�D9O�794�:A6�=�V

1020 @�� Ms:A4lH�4�:9-;:9=�05�3x3/Q-CG"0C81/QDAG?-;8YO~G�/1DAG�@B4ht<79DA=�@k-;/Q2���@B81V�0B�
1021 @��`2R7E= T @y4�@R792iG�@5V%^F}gG�@mG?OPH�:9-;G�@B0C/Q0w-;G�7E- ; �RE�0&794C@y2579=�V�/QV�7E-C@�0C:96�4C2B@50
Ms:94�-;G�@37E2525@B81@B4;7E-C/1:A=y:EM%��:90CtL/12g�a7RO(0�-C:w-;G�@gG�/1DAG�@B0�-N@B=�@54�DA/1@B0NG�790
798Q4C@579V�O T @B@5=
@B0�-;7 T 81/Q0CG�@BV�/Q= i d 7�j rsr�� �&/1@"q ��m ^



n � �±����� �s{}�z��
 W ��� � ��� ������Z W
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}gG�@gH�4C/Qth794+OIH�794�-C/12B81@�0�HJ@B2B-;4C7wMs:A818Q:�xn7wH�: x�@B4C817 x~V�/Q0�-;4�/ T 6(-;/1:9=�x3/Q-CGq79=m6�H�H�@54
256(-;:9X �
7�M -;@54�:A=�@h792B25@B81@54C7E-;/Q:A={2BOP258Q@9��-CG�@LH�794�-C/12B81@50I794�@<0+x�@BH�-m7Rx�7RO{Ms4�:At -;G�@h792B25@B81@54C7E-;/Q:A=
4�@5DA/Q:A=c79=�VcG�7R>A@r:A=�8QOl81/1tL/Q-C@5Vl2iG�79=�25@r:9M�4C@B-C6�4C=�/1=�D T 792iv]-;:m-CG�@r0�G�:P2iv�^�}gG�@r2iG�79=�25@
:EM�6�=�V�@54�DA:A/1=�D[7c0�@525:9=�V�7E2525@B81@B4;7E-C/1:A=\2BOP2B81@q/10B��G�: x�@k>A@54B��=�:E-F>97E=�/10�G�/1=�D98QO�0Ct<79818 �%0C:
-CG�7E-q0�:At<@]H�794�-C/1258Q@50mV�:\4�@B-;6�4C=o-;:u-;G�@[0�G�:(2ivW4�@5DA/Q:A=%^W,f=W-;G�/10q2R790�@9�
-;G�@[0�HJ@B2B-;4�6�t
2B:A=?-;/Q=P6�@50�6�Hp-;:�G�/1D9G�@54I@5=�@B4CDA/Q@50r79=�VW7 T 6�tLH�/Q0�>P/Q0C/ T 81@L7E-I-;G�@<HJ:A/Q=?-Ix3G�@54C@<t<:90�-
H�794�-C/1258Q@50F8Q@R7R>A@m-;G�@<7E2525@B81@B4;7E-C/1:A=\4C@BDA/1:9=%^q}gG�@<H�794�-I7E-IG�/QDAG�@B4F@5=�@B4CDA/Q@50I/10FH�4�:(V�6�25@5V
T OLH�794+-;/Q2581@B0
6�=�V�@B4CDA:A/Q=�Dr-fx�:m792B25@B81@54C7E-;/Q:A=h2kOP2581@B05^N}gG�@B0C@&Ms@57E-;6�4C@50�794C@&79810�:I>P/Q0C/ T 81@a/1=
-CG�@?p�:A=?-;@r��794�81:m0�HJ@B2B-;4C7<V�/Q0C2B6�0C0�@5Ve/Q=]-;G�@FMs:A8Q81: x3/1=�D�^
}gG�@<0�HJ@B2B-;4C798
/1=�V�@kj{:9M�-;G�@LH�4C/Qth7E4�OuH�7E4�-;/Q258Q@m0CH�@52B-C4C6�tc�

αp
��/10FMs:A6�=�Vp-;:[>E794�Oux3/Y-;G

-CG�@ T :(:A0+-FM�792B-C:A45^m�(:AtL@y0C/Qty6�8K7�-;/1:9=�0&/Q=�V�/1257E-;@r-;G�7E-F-CG�@m0CH�@52k-;4C798N/1=�V�@kj{79H�H�4C:?7E2iG�@50
7l2579=�:A=�/12R7E8�>E79816�@�:9M

αp → 2.23
Ms:A4

Γ → ∞
�%0�@5@q@9^ D�^ i	� + rsr(�'E � qsl(� � EBr ��m ^r,.-�/10H�:A/Q=�-C@5Vb:96�-F/1=�iFE�794 r�w m �%G�: x�@B>9@545�S-;G�7E-w-;G�/10&/Q0F7l4;7�-;G�@B4w0CH�@52B/K798�2R790�@yx3G�/12iG{79H�H�81/1@B0

Ms:94gH�794;7E8181@B8%0CG�:(2iv�03x3/Q-;G[>A@B81:P25/Y-fO]25:AtLH�4�@50C0�/1:A=c4;7�-;/1:90g:9M
r := uu/ud = 3

x3/Q-CG�H�/Q-;2iG
7E=�DA81@!V�/QXJ6�0�/1:A=%^�u :94�81: x�@54�2B:At<H�4C@50�0C/Q:A=[4;7E-C/1:A0B�P-CG�@F0CH�@52k-;4C6�t T @B25:AtL@50g0+-;@B@5H�@54a79=�V
/Y-�D9@B-;0I� 7E-�-;@54IMs:A4IG�/1DAG�@54�4C7E-;/Q:A05^ : 8Q0C:���0CH�@52k-;4;7e-C@5=�Vp-;:bDA@k-�� 7�-C-;@B4�/Q=p-;G�@h2R7E0C@l:9M
0�@52B:A=�V|2kOP2581@�792B25@58Q@54C7E-;/Q:A=%^n}gG�@�@k>A:A8Q6�-;/Q:A=o:9M&-CG�@c0CH�@52B-C4;7983/Q=�V�@kjox3/Y-;Go-;G�@ T :(:90�-
M�7E2B-;:94�x3/Q818 T @&@kj�79tL/1=�@5Vh/Q=htL:A4C@aV�@k-i79/Q8 Ms:94�: T 81/�a�6�@E��0C6 T 8Q6�tL/1=�798 �?4C@B8K7E-C/Q>P/10+-;/12g0�G�:P2ivP0
/Q=l-;G�@FMs:A8Q81: x3/1=�Dy0C@B2B-;/Q:A=�0B^
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�P6 T d�79=�V<0C6�H�@54�816�tL/1=�7E8�H�794+-;/12B81@g0�HJ@B2B-;4C7rG�7R>9@ T @5@5=<2R798Q256�817E-;@BV</Q=vpc:A=?-;@&��794C8Q:I0�/1tmd
6�8K7E-C/1:A=�03ikp�@58�r �fm ^�}gG�/Q0�0C@B2B-;/Q:A=q4C@k>(/Q@Bx30�-CG�@�H�4�/1t<794�OIH�794+-;/Q2581@�@5tL/10�0C/1:9=y:9M 4C@B8K7E-C/Q>P/10+-;/Q2
0�G�:P2ivP0B^N,f=y-;G�@�0C/1t�6�8K7E-C/1:A=Z��H�/Q-;2iGq7E=�DA81@�V�/QXJ6�0�/1:A=y/Q0�6�0�@5VmMs:A4

∼ 105 H�794+-;/12B81@B0�/1=�=�@52B-C@5V6�H�0�-C4C@R7Et ikp�@58�r �\m ^u}gG�@h>9@58Q:(2B/Q-fO{25:AtLH�4�@50C0�/1:A=W4C7E-;/Q:�/Q0�2iG�:90C@5=W-C: T @
r = 3

^b}gG�@
0�HJ@B2B-C4;7I794C@gH�4�@50�@5=?-;@BVlV�: x3=�0�-C4C@579t��?Ms:A4NH�4C:9-C:A=�05^�}gG�@30CH�@52B-C4;7I7E-N-;G�@a0�:A6�4�25@a790N-;G�@kO
7E4C@32R798Q256�817E-;@BV<G�@54C@!794�@!817 T @B81@BV

dΦ/dEp

��x3G�/18Q@aH�4C:AH�7ED?7E-;@BV<0�HJ@B2B-C4;7�7�-g>
794+-;Gh794C@!790
T @BMs:94C@FDA/Y>A@5= T O

dNp/dEp

^
}gG�@&0CH�@52k-;4C7�7E-�-;G�@!0C:A6�4C25@&794C@a/1=?>9@50�-C/1D?7�-;@5V</1=L-;G�@a25:A=?-C@kjP-g:9MJ-;G�@!th7�j(/Qty6�t @B=�@54�D9O
: T -i79/Q=�@5V�Ms4C:At -;G�@�pc:A=?-;@L��794�81:]79=�V\-CG�@y0�HJ@B2B-;4C798 T @5G�7R>P/1:945^I}gG�@m2R798Q256�817E-;/Q:A=�03Ms:A4
0�6 T 8Q6�t</Q=�798�0CG�:P2iv�0�794�@qH�4C@B0C@5=?-C@5V�/Q={tL:A4�@mV�@B-;79/18 ��0C/1=�25@q@R794�8QOe4C@50�6�8Q-C0�0CG�: x�@5V�-CG�7E-
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� ^�-;G�@ 
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θ = 0◦ − 90◦
79=�V

φ = 0 − π
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∼ 2−3
8Q:�x�@54B��/1tLH�8QO?d

/Q=�Dq-;G�7E-a-;G�@r@k>A@5=?-F4C7E-;@B0w7E-!G�/QDAG�@B=�@54�DA/1@B0w798Q0C:LV�@52B4C@5790C@ T O[-;G�@�0;7Et<@�M�792B-C:A45^�>
792iG
tL:PV�@58�4C@50�6�8Q-C0F/1=\7]V�@k-;@52k-;/Q:A=u4;7E-C@m:9M�0C@B>9@54C798N@B>9@5=?-;0IHJ@B4wOA@5794I79=�V\256 T /12mv�/18Q:At<@k-;@B4
Ms:94

Emin = 107
; @��y��x3G�/12iGu/Q=�V�/Q2R7E-C@50!-CG�7E-w-CG�@y@�j�H�@52k-;@BV{@k>A@B=�-I4C7E-;@B0w0CG�:96�81Vb8Q/1@r/1=

-CG�@q4;79=�DA@q:9M
0.1 − 25

@B>9@5=?-;0 	�OP4�	Ev�t 3 ^�u�:A4I7[V�@B-C@52B-C/1:A=\>A:9816�tL@m:9Mg7EH�H�4C:Rj(/1t<7E-C@58QO
∼ 100

v�t 3 �A7E0�/Y-�/10SH�4C:9HJ:A0�@5V�Ms:94�7E=y794�4;7ROF:9M�4C79V�/Q:!7E=�Vy792B:A6�0+-;/12�79=?-C@5=�=�7E@�25:9=�=�@52k-;@BV-C:I-CG�@�6�
� R���
�  <794C4C7 O9� T @B-fx�@5@B=
∼ 10

79=�V
∼ 200

@k>A@5=?-C0�HJ@B4�O9@R794�25:9=�0C/QV�@54�/1=�D T :E-;G
=�@56�-C4C/1=�:l� 7R>A:A4�0I2579= T @m@�j�H�@52k-;@BV%^�e!@54�@9��7l4C@BV�6�2k-;/1:9={:EM�-CG�@y��6(j(@50 T O\7lM�792B-C:A4w:9M
2
G�790 T @5@B=\790C0�6�t<@BV\V�6�@y-;:l-CG�@y8Q/1tL/Q-3DA/Y>A@5= T O 
  2
.���8
L^S,.M�0C798Q-&/10!6�0C@BV�790&V�@kd

-C@52k-;:A4FtL@5V�/Q6�t�/Q=�0�-C@R79V\:9M�x�7E-;@B45��-;G�@q@k>A@5=?-r4;7E-C@yx�:96�81Vp79V�V�/Y-;/Q:A=�798Q8QO T @m/1=�2B4C@R7E0C@5V
T Oe7<M�792k-;:A4!:9M

2.3
�JOP/Q@581V�/1=�D

∼ 20 − 440
@k>A@B=�-C0�	�OP4 	Ev�t 3 �Zx3/Y-;Gu7hV�@B-;@B2B-C:A4wV�@BH�-;Gu:9M

0.5
v�tc^

}�7 T 8Q@�w�^ � 0CG�:�x30�G�: x"-;G�@a@B>9@5=?-�4C7E-;@3Ms:A4
@58Q@52k-;4C:9=h=�@B6�-;4�/1=�:A0�2iG�79=�DA@50�x3/Q-;Gq-;G�@!V�@BH�-;G
:EMF-;G�@uV�@k-;@B2B-;:94 T @B81: x -;G�@¥>
794+-;Gc� 0]0C6�4�M�792B@9^ �a@B0C6�8Y-;0lMs:A4L-;G�4�@5@uV�/YXZ@B4C@5=?-]V�@5H�-CG�05�
d = 0.5, 1.5, 2.5

v�t���794C@L0CG�:�x3=pMs:A4I7[-CG�4C@B0CG�:A8QV�@B=�@54�D9O{:9M
Emin = 107

; @��y^S}gG�@
4C7E-;@�V�@52B4C@5790C@B0cx3/Y-;G|-CG�@uV�@5H(-;G%�a0C:�-CG�7E-]/Y-l/10<4C@BV�6�25@BV T O|7�M�792B-C:A4l:9MF-fx�:Wx3G�@5=
-CG�@qV�@B-C@52k-;:A4�/10 T 6�/18Y-�7E-

1.5
vPt�V�@5H�-CGp/Q=�0�-C@R79V{:9M

0.5
vPtc^�u�:A4w-;G�4�@50�G�:A81V\@B=�@54�DA/1@B0

:EM
Emin > 107

; @�� 790y-;G�@BOo794�@l@kj(H�@52k-;@5VnMs:A4m4;7EV�/1:u7E=�Vn7925:A6�0�-;/Q2]V�@B-C@52k-;/1:9=%�N-;G�@
T 792iv�DA4C:A6�=�Vo:9M!7E-;tL:A0CH�G�@54�/12lty6�:A=�0q79=�VW=�@56�-C4C/1=�:A0m/10y0�th7E818 ^u}gG�@54C@kMs:A4C@E��/Y-m/10�=�:9-
=�@525@B0C0C794�Ob-C:]V�@5H�81: O�-CG�@yV�@k-;@B2B-;:94FV�@5@BH{/Q=?-;:h-CG�@ >
794�-CGb-;:]4C@BV�6�2B@q79=?O T 792iv�DA4�:A6�=�V
7E=�Vc7LV�@k-;@B2B-;:94aG�790g-;G�@ T @50�-aV�@k-;@B2B-;/Q:A=[HJ:E-;@5=?-C/K798�7�-30CG�798Q81: x V�@5H�-CG�05^

log(Eν
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@B81@B2B-;4�:A=q=�@56(-;4C/Q=�:�/1=�V�6�25@BV<25790C2579V�@50�7 T : >A@a7F25@54+-i79/Q=q@5=�@B4CD9O
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��G�7EH�-;@B4Lw�^I��@B4Ct<79=�@B=�-
ν
0C:A6�4�25@B0 � H�4C@BV�/12k-;/Q:A=�0 � V�@B-;@B2B-C/1:A=c4;7E-C@50 �A�A�

R0

i v�t −3 OP4 −1 m R0/R0

� 7�-;t �
Emin = 107

; @��
108

; @��
109

; @��
107

; @��
108

; @��
109

; @��
EUE��gd.,C, � ^ � r(^«lsq r(^«rsq�q

6 · 106 4 · 108 5 · 1010p��
� �A� w�^ � r(^ �A�
3 · 107 2 · 109 2 · 1011�RE r�^ � q r(^ � l r(^«r � q
4 · 105 1 · 108 3 · 1010

�w} r�^ � n r(^ � w r(^«r �9�
2 · 105 7 · 107 2 · 1010: -Ct<:A0B^

1 · 10−06 2 · 10−09 2 · 10−12 � � �

}�7 T 8Q@�w�^ ��� _!6�t T @B4N:9MZ@B81@B2B-;4�:A=q=�@56(-;4C/Q=�:Ed./1=�V�6�25@5Vm@k>A@B=�-C0�Ms:A4�7
1
v�t 3 /Q25@�:94�x�7�d-;@B4�V�@B-;@B2B-C/1:A=L794�4;7ROA^�}gG�@a=�6�t T @B4C0
G�7R>A@ T @B@5=L2R798Q256�817E-;@BVyMs:A4�>E794C/Q:A6�0

V�@B-C@52k-;:A4N-;G�4C@50�G�:A8QVL@B=�@54�DA/1@B05�?/ ^ @E^
Emin = 107, 108, 109

; @��y^E}gG�@34;7�d
-;/Q:r:9MZ-;G�@a@B>9@5=?-g=�6�t T @54�0�Ms:A4�V�/YXZ@B4C@5=?-�t<:PV�@B810
79=�VL-;G�@&7E-;tL:A0�H�G�@54�/12
4;7E-C@</Q0I79810�:8a�6�:E-;@5VZ^l}gG�@LV�@5H�-CG�:9M�-;G�@LV�@k-;@52k-;/Q:A=�7E4C4;7RO T @58Q: x -;G�@
>
794�-CGc� 0a0C6�4�M�792B@I/Q03790C0�6�tL@5V[-;: T @

d = 500
t�^

R0
i v�t −3 O(4 −1 m

d = 0.5
vPt

1.5
v�t

2.5
v�t

EUE���df,C, � ^ � � ^«n � ^ n
p��
� �A� � � � �
� E r�^ � q r�^ � n r(^«rsq�l
�F} r�^ �R� r�^kr � w r(^«r � q

}�7 T 8Q@�w�^ ��� >N81@52k-;4�:A=o=�@56�-C4C/Q=�:u@B>9@5=?-L4;7E-C@50yMs:A4rV�/QXJ@54�@5=?-qV�@B-C@52k-;:A4mV�@BH�-;G�05�
d =

0.5, 1.5, 2.5
v�t�^�}gG�@gV�@B-C@52k-;:A4�-CG�4C@B0CG�:A8QVm@5=�@B4CD9O�/10

Emin = 107
; @��y^

}gG�@L4;7E-C@mV�@52B4C@R7E0C@50�x3/Q-CGu-;G�@qV�@BH�-;G%�S0�/1=�2B@L=�@56�-C4C/1=�:A0�794C@q7 T 0C:A4 T @BV
/1=]-;G�@?>
794+-;G%^
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�<A�@BAM9 � �EU�A�< �]H(<TUVS >zM=� HPS �,UVO�K�� O�J	U <TUVO <TM=�XO�MSA�� C � � H(< KNM+A
>�XJ@52k-;/Q>9@g>A:A8Q6�t<@B0NMs:A4N7�V�@B-C@52B-C:A4
25:A=(��DA6�4C7E-;/Q:A=q:9MZ4C79V�/Q:�79=?-;@5=�=�79@a79=�VLG?O(V�4C:AH�G�:A=�@50
/Q=p-CG�@ : =�-;794C2k-;/Q2h/12B@l794�:A6�=�V 6�
� R���
�  �G�7R>9@ T @B@5=W2579812B6�8K7E-C@5Vp/1=Xi � + r � 7(�=E�, + r �\m ^,f=�-;G�@B/14&0�/1ty6�8K7E-C/1:A=�0B��7hDA@5:9t<@k-;4�Oc:9M�7<G�@kj�79DA:9=�798

10 × 10
v�t 2 794C4C7RO�:EM'q � 0�-C4C/Q=�DA0@2a�6�/1H�H�@5V\x3/Q-CG\4;79V�/Q:[79=�V{792B:A6�0�-C/12m4�@525@B/Q>9@54C0IG�790 T @5@B=�790�0C6�tL@5VZ^L}gG�@<7E25:A6�0+-;/Q2m@BMKd

Ms@B2B-C/Q>A@a>A:A8Q6�tL@!4C79=�DA@B0�Ms4C:At
∼ 100

v�t 3 7E-�-CG�@!-CG�4C@B0CG�:A8QVl@5=�@54CDEO Emin = 109.5
; @����

x3G�/181@�-;G�@3V�@k-;@52k-;/Q:A=m-;G�4�@50CG�:A81Vq:9MZ7F4;79V�/Q:F0C/QDA=�798(0�-i7E4�-;0�798Q4C@579V�Om7�-
Emin = 108.5

; @����
x3/Y-;G

1
v�t 3 ��/Q=�254�@R790�/1=�D�-C: ∼ 100

v�t 3 /1=F:9=�@N:A4CV�@54�:9M(th7EDA=�/Q-C6�V�@E��7E- Eν = 109.5
; @���^

}gG�@r@kXZ@B2B-;/Y>A@�>A:A8Q6�tL@503V�/QXJ@54�Ms4�:At DA@B:AtL@B-;4�/12F:A=�@505� 0�/1=�2B@I-CG�@�V�@B-C@52B-C:A4!79=�Ve25790C2579V�@
H�4C:AH�@54+-;/1@B0I7E-IV�/QXJ@54�@5=?-I@5=�@B4CDA/Q@50I4C@5V�6�25@L:A4�@5=�81794CD9@q-CG�@LV�@B-C@52B-C/1:A={H�4�: T 7 T /Q81/Y-fOA^�u�:A4
V�@B-i7E/1810a:9M
-;G�@y0C/Qty6�8K7�-;/1:9=�05� 0C@B@bi � + r � 7P��E�, + r ��m ^�,f=b-CG�/10w0�@52k-;/1:9=%�J-CG�@m@BXJ@52k-;/Q>9@y>A:A8 d6�t<@B0<7E4C@]Ms:A81V�@5Vox3/Q-;Go-;G�@�=�@B6�-;4�/1=�:u��6Pj|tL:PV�@58Q0q790qV�@50�254C/ T @BVz7 T : >A@c/1=n:A4CV�@54m-;:
/Q=?>A@50+-;/QD?7E-;@FH�:A0�0C/ T 81@FV�@k-;@52k-;/Q:A=[4;7E-C@50�a�6�79=?-;/Y-i7E-C/Q>A@B8QO9^
u�/1DA6�4�@�w�^ ��� 0�G�: x30!-CG�@�V�@BH�-;G�V�@5H�@5=�V�@5=�2B@y:9M�-;G�@IV�@B-C@52k-;/1:9=e4;7�-;@r7E-3-;G�@I@kj�79tLH�81@�:9M
-CG�@g0�-;79=�V�7E4CVL25:A0�t<:AD9@5=�/Q2���6(j �w}I�
w��sw � ^�}gG�@3=�6�t T @54
:9MJ: T 0�@54+>A@5V<@B>9@5=?-;0�V�@52B4C@R7E0C@50
0�/1DA=�/Q��2579=?-;8QO]x3/Y-;Gb-CG�@yV�@BH�-;G\:9M
-;G�@m794C4C7RO T @58Q:�x -CG�@¡>
794�-CGc� 0F0C6�4+M�7925@E^,u�/QDA6�4�@?w�^ � �
0�G�: x30N-;G�7E-�-;G�@g4C7E-;@g/Q0N7 T :A6�-N2B:A=�0�-;79=?-Nx3/Q-CGm4C@50�HJ@B2B-
-;:w-CG�@g81: x�@54N@B=�@54�D9Om/1=?-C@5DA4C7E-;/Q:A=
8Q/1tL/Q-

Emin

Ms:A4I792B:A6�0�-C/12qV�@k-;@52k-;/Q:A=%��0�/1=�2B@L-CG�@L@BXJ@52B-C/Q>9@<>A:9816�tL@qV�:(@B0r=�:9-y7E8181: x 79=?O
0�/1DA=�/Q��2579=?-gV�@B-C@52k-;/1:9= T @58Q:�x

∼ 109
; @��y^�E�@k-fx�@B@5=

109.5 − 1010.5
; @�����G�: x�@k>A@B45� -;G�@

4C7E-;@NV�@5254�@R790�@50�7 T :96�-�79=r:94CV�@B4�:EM�t<79DA=�/Y-;6�V�@�x3/Q-;GF-CG�@�-CG�4C@B0CG�:981V�@5=�@B4CD9OFMs:94S-CG�@N-;G�4�@5@
tL:PV�@58Q0 T @5/1=�DbV�/10�256�0�0C@BV%^�}�7 T 8Q@vw�^ � 0C6�tLth7E4C/1UB@50I-;G�@l4C7E-;@B0yMs:A4�-CG�@lV�/Q0C256�0C0C@BVn��6(j
tL:PV�@58Q0�x3/Q-CG[7�-;G�4�@50�G�:A81V]@B=�@54�D9Ol:EM

107.5
; @���^#EUE��gd.,C,
V�:P@50g=�:9-�O(/Q@58QV]7m0C/1D9=�/Q��2579=?-

2B:A=?-;4�/ T 6�-C/1:A={7E-I-;G�@50C@<G�/1D9Gp@B=�@54�DA/1@B0�79=�V�/10I7 T @k-C-C@54I2R79=�V�/1V�7E-C@h7�-r8Q: x�@B4r@B=�@54�DA/1@B05^
}gG�@&t<79/1=L4C@5790C:A=<Ms:A4�-CG�/10�4C@B0C6�8Y-�/Q0�-CG�@&@�j�H�:A=�@B=?-;/K7E8J2B6�-;:9X�:9M%-CG�@&0�HJ@B2B-C4C6�t 7E-

Eν ∼

109.5
; @��y^Z}gG�@mth7�j(/Qty6�t =�@56(-;4C/Q=�:h��6PjbMs4C:9t T 8179UR7E4C0&D9/Q>A@B0w-;G�@ T @B0�-�4C@B0C6�8Y-;0&x3/Y-;G

0�@B>9@54;7E8�-;@B=�0w:9M
@k>A@5=?-C0FHJ@B4&OA@57945^F,.-&0CG�:A6�81V%�JG�: x�@k>A@54B� T @�v9@5H(-F/1=btL/1=�V�-;G�7E-&-CG�/10!/10
7E=c6�H�HJ@B4!8Q/1tL/Q-�:A=[-;G�@F��6(j]:9M�-CG�@50�@r0�:A6�4C2B@50B��0�:L-CG�7E-3-;G�@I@k>A@B=�-&4;7E-C@Fth7RO]/Q=[4C@R7E81/Q-fO
T @q@B>9@5=�8Q:�x�@54B^h}gG�@q��6(jp:9M ;�� �)=�@56(-;4C/Q=�:A0�81@579V�0F-;:�7[0C/1D9=�/Q��2579=?-I4;7E-C@L:EM�0C@k>A@B4;798
@k>A@B=�-C0l79=�V~/Q0<7\DA6�7E4;79=?-;@B@5Vn0C:A6�4C25@E^z}gG�@B4C@BMs:94C@9��x�@c25:A=�25816�V�@]-;G�7E-q-CG�@�V�@B-;@B2B-C/1:A=
H�:A0�0C/ T /181/Y-;/Q@50
Ms:A437925:96�0�-C/12�79=�Vc4;7EV�/1:mtL@B-CG�:(V�0!7E4C@w>A@B4�O[H�4�:AtL/10C/Q=�D�^
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ν
0C:A6�4�25@B0 � H�4C@BV�/12k-;/Q:A=�0 � V�@B-;@B2B-C/1:A=c4;7E-C@50 �A� �

depth [m]
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u�/1DA6�4�@�w�^ ����� )&@BH�-;GcV�@BHJ@B=�V�@5=�25@�:9M�7yHJ:90C0C/ T 81@&0C/1D9=�798�0CG�: x3=�7E-�-;G�@F@kj�79tLH�81@!:9M
�w}I�
w��}w � ^

log(Emin/GeV)
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m
in

) 
[y

r-1
]
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u�/1DA6�4�@�w�^ � � � }gG�4�@50�G�:A81Vp@5=�@B4CD9O{V�@BHJ@B=�V�@B=�25@<:9M�-CG�@L-C:9-i7E8N4;7E-C@qMs:94r7E=�792B:A6�0+-;/12
794�4;7RO[79=�VcMs:A4�>E794�/1:A6�0���6(j[tL:(V�@5810B^�}gG�@IV�@5H(-;Gc:9M�-CG�@�V�@B-C@52k-;:A43/10
0�@B-a-;:L7mV�@5H�-CG�:EM

d = 500
t�^
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�!7E-C@ 	�OP4 p��
� �F} EUE���df,�,
:AH�-;/Q2R798 � q

1.4+4.6
−1.3

r�^kr �
7925:A6�0�-;/Q2 �

4.7+24.3
−4.0

r�^kr �
4;79V�/Q: � �

6.6+25.4
−5.7

r�^ �
}�7 T 81@�w�^ � � }�:9-i798 4C7E-;@!7E-�7I-;G�4C@50�G�:A8QVh@5=�@54CDEOh:9M

Emin = 107.5
; @�� Ms:A4�-CG�@3-;G�4�@5@

V�@k-;@52k-;/Q:A=htL@B-CG�:(V�0 � �w}"G�790 T @5@B=l2R7E81256�8K7E-C@5V<Ms:94
(m, zmax) = (4, 4)x3/Q-CG�7E=y7 T 0�:A816(-;@
81: x�@54�79=�V�6�H�HJ@B4�8Q/1tL/Q-ZDA/Q>9@5=rMs:94
(m, zmax) = (2, 2)79=�V

(m, zmax) = (4, 5)
4�@50CH�@52k-;/Y>A@58YOA^ }gG�@b4C7E-;@B0LMs:A4�EUE���df,�,m79=�V

p��
� G�7R>A@ T @5@5=p4C@BV�6�25@BV T O{7]M�792B-C:A4 � V�6�@m-;:c4C@50+-;4�/12B-C/1:A=�0F:9M�-CG�@
tL:(V�@B810 T Ol-CG�@�256�4�4C@B=�-�
  2
 � � 
 =�@B6�-;4�/1=�:m��6Pj[81/Qt</Y-R^

�<A�@BA�� ��� � � H=�D� � O�M+A	ORQ �LSTKNM+A	S
,f=y�(@52k-;/Q:A=,w�^ � ��-;G�@�@B>A@B=?-N4;7E-C@50�Ms:A4�-;G�@g>'eL>uV�@B-C@52B-C/1:A=�:9M�=�@B6�-;4�/1=�:�df/1=�V�6�25@BV�G�7EV�4C:A=�/12
7E=�V|@B81@52k-;4�:Ath7EDA=�@B-C/12]0�G�: x�@B4C0lG�7R>9@ T @5@5=|V�/10�256�0�0C@5VZ^ ea@54�@9��-CG�4C@B0CG�:A8QV|@B=�@54�DA/1@B0<:9M
Emin = 107

; @��)6�H�-;:
Emin = 109
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∝
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E−βν
ν
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1 − exp(−Eν/ε
b
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−αν
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b
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−βν
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①

②
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/ �10��������2���43657
���8+��86�:9��-; dΦ/dEp ∝ E
−αp
p

36��<�������36��=> �?���A@6��3+5B���A�-�����4��8C9��-; Φν
36��<�������36��=/ �10��������2���43657�����-�����1��8D9E�-; dΦν/dEν
36��<�������36��=> �?���A@6��3+5B
�F�8+��86�:9��-; Φγ
36��<�������36��=G 51�H�I����86�J36@6�7K-54�����1��82�����L= L ����@-MN�O �����1��82�����L=P3+�Q3����A����36�1�:R%����S?���A�E��= Lν T M+UWV "!YX[Z+,I!\$

/ �10��������2���4365B9��-;]8+RY��F�3+��@6�H^]_a`W� dNCR/dECR ∝ E−αCR

CR b �dc −1 ��� −2 � −1 ��� −1

/ �10��������2���43657
���8+��86�:9��-; dNp/dEp ∝ Ep
−αp b �dc −1 ��� −2 � −1 ��� −1

/ �10��������2���43657�����-�����1��8D9E�-; dNν/dEν · Eν
2 ∝ E−αν

p b �dce�A� −2 � −1 ��� −1

f F�8+��86�]9���������� Fγ
����@-MN�A� 2

/ �10��������2���43657
�F�86��82�P9���; dNγ/dEγ ∝ Eγ
αγ 36��<�������36��=

g 8+��3+57��=h����F���8+����86�:
E8Nia�A� Ptot ∝ ω−s 36��<�������36��=
f F�8+��86�]9��-;j^-�A�����1�L= S ∝ ν−s 36��<�������36��=
_k8?�����l�m`W3n=o�A���A��@6=P^-���������L= jE =

∫

Emin
dNp/dEpEp dEp b �dce�A� −2 � −1 ��� −1

_a`p54�����1��82�����L= LCR = 4 π
c · jE(Emin) · VGD

τR

����@-MN�
q @2365432�I���l��r τR s _a`t�������l^-�A���A�u���4�C�

Vgd swv 8251���C�u@2365432�I���4�m^-�l��x_a`p54�����1��82�����L= LCR = 4 π
c · jE(Emin) · dV

dz tH
����@-MN�

q ��;h����3+@?3+5l36�����l��r dV/dz : ��86��8 v �4��@ v 8654�����
tH s UQ��<�<�54�m���4���y &A*-!z,I{\|�)[}a*6~o��{\�C{\!z'

f 82�1�?�Q��86�������u51�4����� Φ
fk�

b �dce�A� −2 � −1� ��36��xh�4��@�51�4����� Φ
�-O

b �dce�A� −2 � −1/ �10������(54�1���1� Φ
/"O

b �dce�A� −2 � −1 ��� −1� ��36��xh�4��@J^-�10�������54�1���1� Φ
�-/"O

b �dce�A� −2 � −1 ��� −1

�G~��
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1 � 9 � )��#��� 
�� 5 
 $:%����*� % �*� ��%�� !�%+� �*�

� ��! ��
���4
���1�l3W�,01��01�,5.(��$+:=25.(���0?��(�0 � ��] + � 3 � G = 6.6742 · 10−11  3 X�- −1 � −2

jG�:%2%/)75$Q¢+!�,-.>I0 � ��] + � 3 � c = 2.998 · 108  ����
�	��
���� ��4�� � '�� ��� � �

(c = ~ = 1)6¥3.5.-.�$)��&5A=25$(���01�$(I0 � ��] + � 3 � NA = 6.022 · 1023  #5.+ −1

��>�5$ #��5.(s=/�&5.���O�&%2=L01�,5.( � ��] + � 3 � σT = 0.665 · 10−24 =/ 2

+ 9H5.��5.(p n�$��� � ��] + � 3 � MW = 80.403
��% @

�g9H5$�&5.(p n���&� � ��] + � 3 � MZ = 91.188
��% @

]��&5�015.(p n���&� � ��] + � 3 � mp = 0.9383
��% @

_4%2'�0&�&5.(p n���&� � ��] + � 3 � mn = 0.9396
��% @

�7���&�
∆+ � ��] + � 3 � m∆ = 1.232

��% @
�7���&�

π+ � ��] + � 3 � m+
π = 0.1396

��% @
�7���&�

π0 � ��] + � 3 � m0
π = 0.1394

��% @
�s'�5.(s #�$��� � ��] + � 3 � mµ = 105.7

�s% @
��+!%/=/0&�&5.(p n���&� � ��] + � 3 � me = 5110

X$% @
��%2�� #�^=25.(���0?�$(I0 � ��] + � 3 � GF = 1.166 · 10−5 ��% @ −2

+¦%l�$Xn #��E��,(�-z���$�&�$ A%/01%/� � ��] + � 3 � xW = sin2 θW = 0.2315)*����
 �"! �"
�� �}=2-$�?�
68��01��5.(�5. A�!=2�$+�;4(��,0 � � ����3 � 1

6O;
= 1.4960 · 1013 =/ 

+,�!-.>I0�V.%2�$� � � ����3 � 1
+,V

= 9.4605 · 1017 =/ 
�����&�&%/= � � ����3 � 1

�H=
= 3.0857 · 1018 =2 

� � ����3 � = 3.2616
+,V

%/�&- � � ����3 � = 10−7 �

� � ����3 � = 0.624
�¢% @

�B�$��01>p�1�$)��,'�� � � ����3 � R⊕ = 6378
X� 

jG5$+t�$���7���&� � � ����3 � M� = 1.989 · 1033 -
jG5$+t�$�O��'� A�!(�5$�&�,0�V � � ����3 � L� = 3.826 · 1033 %/�&-��P�
jG5$+t�$�OM4�$)��,'�� � � ����3 � R� = 6.9599 · 1010 =/ 

� � ��
��"4�� ���
�4'�9�9�+,%<���$�1�$ A%/0&%2� � j + �.� � h = 0.72�7�P0&01%/�O)�%2(����,0�V � j + �.� � Ωm = 0.24
� 5.�� #5$+!5.-.�,=l�$+:=25$(���01�$(I0 � j + �.� � ΩΛ = 0.76jG=?>Ie��$�&i/�&=?>��,+!)*�&�$)��,'�� � � ����3 � rs = 2 G M

c2
≈ 3 · M

M�

X� 
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1 ��� ,0����� $�4"��� ��� 
 5 � 4 )�� ��� 
�� �C�#4 ��� �
� � % �*�

� b � � � � x2�A��8��:�l3+�?� � �4�
	BF�8Nia�A� � ����3n= � � + 
����� b >LO7G � ������8�� ��� v ��543+��82�����]36����3�3��I���J3+@2�1�������"@6@6����8 � f#g ����� ���� � /"G�!"� ��" g � ` Gk�$# 8-^-��54���aR%82� � " +
�%� �� �A86�������l�'&(�Q���H�I���486�*):��^-��� ��F��+	7��3

��� � � 54
�F�3 # 36@6���A���l�,	7
����I����82��������� ��_k��� ��- ���� ��" / � � �?��36�������l� # ��86� � �E^/.j���-�����4��80&P�A��������82� � ����3n=�� >�> � � > + �%� 3 ���" >Lg � � .]��3+���I���l�'�I��
���5l��� v �,1���3+�E���4�A�?� � �?��������3 G ;-
��A���1�����2� � 2 � +
��� ���" g � ` Gk� � ������86��82� =Ji[�1��F 3�.j�A�-�����4��801���51�H���A86
��m36��^ � � 86� ��- �� <h=-��� ��� v �4��86�����A�?��3+543��,	B�H3+����F � ��� + 
�5��� ` > ��"�"
� � �?��36�������l�'3o82���6�����H��F��A51R � .]���A����3�.j�A�-�����4��8 � ����3n= � 2 3+� ��� �� ��@6�A� f �87A����� ��9;:=<%>�? <������ v 3+��86��= � / � +
�%� �� ! ` � � ��xN3+��=23+�/)P�E^-�A���4�A�,3P36^��18 � ����3n= � b � G 
 - �2 3+�4xN3+5 g F��m��;-
��A���1���A�?�W�l� 518-��3+54�1V���^:�1�j5l3+x6�,@BADCFEDAHG � T �4� ��� �

2 � gW�hG @ �������IA-��^$1���3+�����1���?��	786�����A�'�Q;-
E�����4���A�?� � f + 
%
J�
2a�A
�
�8 � 3N; @ <�K;K�L ����3+�E^��aR%86� b ���l���A
�
�� ? �A��F��l3+54�4���NM � T ` � 
O5��� �IP,Q 	73+����5154������
E��� � ������86��82���43BR
2 Gk��� @D3651548h86�/@ 82�����,�Q;-
E�����4���A�?�[i[����F � � +

� � � �3S	B��
��A����82��^-�������4��@ � 8654�A��86�l^�3+5�	7
E�H�I����82�C�A�����_kF�36��^-��3 � F�82��� R%86�
T+U;ADV;W > A����AxhF�36� � X +
��Y < �_ b ` ? T 86��
-��82�*�]36����3�3:3n=(Z�<����A� v 3N��82��= ��_ b ` � 5��_ ?�� f#g GkO T�Z # 
-��86�$1[��� ������82
E� � X + 
 � �_ g � T F��A���A��x28 v 1��A54������82
E� � ����3n= � g �H� �%� �G b ` Gkg �Q���A��@6�����4�,�]3+���J3�3P3n=��Q;-
E�����4���A�?�I1��A54������82
E� � � + 
�\]�^ �`_baL�E� ��F����A;-
E�����4���A�?�[�4�[548-�A3+����^:���H3+�a��F�� ^ ��������F]��8Ni[�$c >]dfe�9�g � 2a�A� \�5h�

b O � �-g �]3+���J3]�d`W3n=S�#36��@2� � ���H3S	B
�32���,1���51�H���A86
�� � b � 
�
]�U � T _ ij�1@2F � 5���������^-�,j 3N���A�
T F���������x68 v � ��� �k� ���U G ��? � � ij�1@2F/�"������@2= � ������86��82� =(Z�<E����� v 3N��86���1�H�bl � � �-/ 5]\]�U Gkg G � >�> ij�1@2F/�"������@2=S1���36�����1���2�I�Q;-
�5182�����m� >�> � � +
� � 3 �U G b ` � ij�1@2F/�"������@2=(�]3+���J3]�n3P3n= � ������86��82� = � � F�3 ��Y < �U(K G K � K � K ij�1@2F/�"������@2=(	����A���A82����82
��l�'	7=-�L���A� � c 36� � ���UW�l`[�H� i*C%@2F(3 <Og 8654�-���486� ^ 51=po � G =6� / ����������86� � UW�l` ��Y �> ���N_k��<�� � � � > + ��Y �> � f � � �I�?������
�5l3+������36��= # 86���1��82���4��@�qm543+��R%86��� � > � f � 5��> " g G b ` � O �r.*1[�"���E3N���486�E3+5s�]3+���J3]�n3P3n= � ������86
�F?=-���4���6�#3+<�86��3N��86��= � T �1� ��Y �>df "
- g F��4��^/�I�?�����`qm5l3+���A��36��=S.j�A�Lik82��x � >df "�� 5��> ` � � �I�-R%��3�3P��^ � ������86��82�C�l�A365s	73+���A5454����� � � +
��- �
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X�3+���486xN3+�E^-� � � # ��Z � � .j���A51��86�/&P�H�A3n=��Q;-
E�����4���A�?� � ^ X + 
�\]�i[F������u��F�����;-
E�����4���A�?�W�l� 518-�A3+���H^
X � � _ � /"G � � ��5l������F�� 	7F�8Nik����T(82����36��^ � ����3n=S&/�W�����I��86� � � +

� ���
X � � _ � /"G � b ��3+�E^-� ���A�[X � � X � /"G � U
X + ��- �
X �k-%" � g � � X �k- 3 �
X"86�h��� T �1�E^ � � � +

� � 3 �
X"82���C8?�b� Y%�"! � � � + 5����O ? ^ � ` � ZJi c ����S?��������= � ����3n= � ^ +

��� �O ? f#Gk� � Z ^ � ` qm��8+��8+�L=h
H� 	���3N���182� � ^YO +
� ���Os! "�� � X � � ����3+��):51����3]� F��1@2F � �A������@2=�.j���-�����4��8 � ������86
�Fh=-���l�A� � O�! "�� 5�������1��@(	#� �

�k� b > _ # 3�aL86� � ���C8?��
�F��A���4�[�]36�C�J3 � �
� + ��� < �
�I�J3+@2�1��@ST F���������x68 v g �A54������82
E�� 36��� ? ^-=-������= � � � 36� � 5h�� G b � # �H^-�1��� �"���A��@6=(�]36�C�J3�� ��3n= � ������86��82� = � X +

��Y 3 �� >LO � b ` ? # ��51���4
�54�[�I�������1���-���182�k� 8?� � 5l3+��82� � b � +
�%� �

�]3+���J3�3P3n=/ZJ<����A� v 3+��82��=" G � ? .*�"�-�����1��8 # ��^-�1��������3+���H3+�*Z�<����A� v 3N��82��= � � 36
 ��� �" Ga�-g ? ` .j�A�������1��80�Q;h���A�E^-��^k	7��<��J3+���1���'1(�A54������86
��mi[����F � �
" +
� ���

ZJ�A��36��86@2��36
�F��l��3o�H���H3+����F
? ���hG Z����4�A�?���H^$	 ���4�?���4515l3N���182�k	7
����I����82���������I�W;-
��A���1�����2� � $ + 
�5��? � ? � 5 Z���<��1���4��@�	B825436�
Z�<����A� v 3N��86��=%�&% � ? � ?�� 5h�f ��� GkO � � q�3n=h518?36^oR%86� � �?���1�J3N������� # 3N�������I�W;-
�5486��3N���182�:3+�E^ � f +

��� �
� �4@6F?� � �h���A51��� � ������86
�Fh=-���4���f 5l3+����x 3NR\���A� � 3N;(q,GNADV('�E � � c"c �*) �`WU Gk���h> 3P36�J3N�L=�ij�4@6F$�Q���A��@6=(	7865l3+��	B
���������82����82
��4���I�J3+@2�A� � X�U ��Y �` > _ G 3P32^-�48��A��� T F��A���A��x28 v �W;-
��A���1�����2� � X +

�%- �` ? � � g 3SZ����2��@6���*	 � 1��A5451�1��� � 2 U > 
 Y �` P g G 3o8?����� R0� ��3n=S1��1���4��@S�Q;h
�5182����� � ` +
��Y �� 365 � � 	sADG\�Q^-82���+	BF�8Nia�A� � ����3n= � c +
� � < �� � ! " / 	B����^-=:8+R � �A86�������l� � c b O � ���):5�����3�� F��4@6FD� �����A��@6=S.j���-�����1��8�&:�����������486�� X � 	 S2�E3+���+�j�45486��������� � ����3n= � � X �
� 5��� "'? 	7��^-<�����=(.j���-�����4��8�Z�<����A� v 3N��82��= � � "'?���) ��hf � gW� 	786�-��F$qm8251� � ��86�E�L���4�,1��H�L��	7������
 � 2 +
� � < �� ��
��A� X�3+���486xN3+�E^-� 	7��
E���,� � # ��Z � � .j���A51��86�$&P�H�A3n=��Q;-
E�����4���A�?� � ^ X + 
�\]�� ��VH3+xh� ��36�C�H^j3NR\�����W3C���H^:��
�3+����8Ni6� 54�1x2�Q<��4��^ � � +
� 5���4� _kF��1���H�����D=?��F�825182@6=� i[�1R\� � � _kF�� ��� �! 54=-������� � � U + 
 ) �! � ` ��? ):��� v �A�����1�L=o86R # �l��F��4@236�(3P32^-�48 � ! � ` � 5��� ������86
�F?=-���4��3+5sZ�<E����� v 3N��86��=cw�A5l3 � 3N���A5451�1���H� � � X � ? 5 - �

T F��4
�
�54� ��36�C�H^j3NR\����� ^ ����^ O 3ni[���A�E����j U;C K;K G < � Xm��� 
%\��
T �k� f j �154x682����86� # �4�A��8Ni 3 v � � ���l��86����86
h=�qm��86<�� � � +

� 5��c G ` >Lg � � - ��� v �Q������@2�����4�'3P32^-�l3N���486� � UQ865 ��� �
�I�J3+@2�1��@�1(�A54������86
�� � ����3n=(	7=-�L���A�c O � - ����=(�#3+��@6� � ����3n= � c O ��� 5��

T � ` g j ����������<�86��x(	B=h�?��F������4� 3:36^-�4801��A54������82
E� � U
2 5 Y �P
� � � " �Ai ��86� R0� ��3n= # ��51��� � # �4����82� � �4�����486�$. <*.0/�L V � $ + �1! �
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� � � � ��� � ����� 	�� � � � � ��� 	���� � � � ����� ������� � � � � � � � � � � � � � � � � � � �
� � � � ��� � ��� � � ��� ��� � ��� 	 � ����� � � ��� � 	 � � � � � � � � � � � � � � � � � � � � � � �"!
� �$# � 	 ���%� � � � � ��� � ��� 	 � ���*� � � ���&� 	 � � � � � � � � � � � � � � � � � � � � � � � �"!
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