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Overview on structures and
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Models

Models with fixed locations of Gaussian kernels

Poisson—Gamma models with additive influence of benzene:
model a: no latent risk sources;

model b: 4 latent risk sources with d; = 15km;

model c: 9 latent risk sources with d; = 15km;

model d: combination of sources from b and ¢ to 13 latent risk sources;

model e: 36 latent risk sources with dy = 5km;

Poisson—Gamma models with multiplicative influence of benzene:
model g: no latent risk sources;

model h: 4 latent risk sources with d; = 15km;

model i: 9 latent risk sources with d; = 15km;

model j: combination of sources from b and ¢ to 13 latent risk sources;

model k: 36 latent risk sources with dy = bkm;

Poisson—Gamma model with no influence of benzene:
model w: 36 latent risk sources;

model x: 13 latent risk sources;

Other spatial models:
model y: BDCD algorithm, wards parted by river Thames are neighbours;
model z: CAR model, neighbourhood structure as used in BDCD;

model v: CAR model, wards parted by river Thames are not neighbours.

Models with random locations of Gaussian kernels
model f: Poisson—Gamma model with additive influence of benzene;

model m: Poisson-Gamma model with multiplicative influence of benzene;

model o: Poisson-Gamma model with no influence of benzene.

vi



Chapter 1
Introduction

In spatial epidemiology interest often focuses on describing and modelling spatial
variation of diseases and other spatial phenomena. The area of research can be
divided into ecologic regression studies and disease mapping studies. The first
group focuses on the estimation of regression coefficients in order to quantify the
exposure/disease relationship, whereas the second one has the objective to estimate
the spatial risk surface by highlighting areas of elevated and lowered risk. Another
field of spatial models is given by cluster models which focus on determining disease
etiology but provide also a popular tool in disease mapping. As the variance of the
ratio between observed and expected cases, the so—called standardised mortality
ratio (SMR) depends reciprocally on the number of expected cases differentiation
between random variation and variation in the SMRs is difficult. Methods based
on Bayesian assumptions have been used to remove sample variation. To improve

prediction, measured as well as latent covariates can be included in the model. For
an introduction on spatial epidemiology see for example [Elliot et alJ (IZDQd)

The spatial analysis performed in this thesis was motivated by the paper by
|B_QSL_eLt_al.| (|2DQ].|) who analyse childhood leukaemia rates in dependence on en-

vironmental benzene emissions using ecologic regression models.

Childhood leukaemia and its causes are a main research area. Compared to other

diseases in economically developed parts of the world cancer in children is a rare

disease. It accounts for less than 1% of new cancers each year (Wild and Kleinjans,
@) and has an incidence rate of about 4 in 100 000 per year ,M) Never-

theless, cancer follows accidents as the second most common entry in cause of death




statistics for children. Among cancers, leukaemia is the most frequent one. Various

causes for leukaemia are discussed. [Dockerty et alJ (IZDQ]J) investigate the effects of

parental age, parity (the total number of previous children live born and stillborn to

the mother) and socioeconomic level on childhood cancer in a case—control study in-
volving more than 10 000 matched pairs of children. Other risk factors are the expo-
sure to high doses of ionising radiation, trisomy 21, certain rare diseases (Fanconis
anaemia, ataxia-telangiectasia, type 1 neurofibromatosis), and certain chemother-

apies (ISJ}E&ML_aﬂ, M) Dickinson et alJ ([ZM) analyse the proximity of rail-

way lines to the household as an alternative risk factor for childhood leukaemia

but found no significant association. W&Mﬂﬂﬂg&m

) perform a case—control study involving 3838 children with cancer and

7629 unaffected children living in England, Scotland, and Wales in the period
1991-1998 to evaluate possible causes of childhood cancer. Among other re-
sults, they have found no association between higher radon concentrations and
risk of any of the childhood cancers or the residential proximity to power lines
(UK_Childhood Cancer Study Im@sﬁjgamri |209Q§J) Another report on the devel-
opment of childhood leukaemia in Great Britain from 1969 to 1993 is published by
the ittee on Medical A Radiation i i OM )
(@) The authors show evidence for spatial clustering in Britain, but no evi-

AR

dence for clustering around nuclear installations in general, although the village

next to the Sellafield power plant showed an excess of cases.

In this thesis, we model childhood leukaemia data previously analysed bym

). At the level of electoral wards leukaemia cases of children under 15 years
old are given as well as corresponding population counts. These are related to
environmental benzene exposure modelled on a 1 km x 1 km grid. As an alter-

native covariate we use a deprivation index which is given on ward level. The

chosen index is the one of |Q_alsjmg§] 1995). The data set is presented in detail in
Chapter 21

When analysing the observed leukaemia cases in relation to benzene emissions,
we have to cope with different spatial resolutions. The usual approach to deal
with such data is to aggregate data and covariates to a common spatial scale.
The frequently used Markov random field (MRF) ecologic regression model is one

example for such models that have to deal with the problem of the ecological

fallacy (IB.i.(;h.a.Idst, |_L9_9d) This term reflects the idea that group-level exposure—

response relationship may not reflect individual-level relationship. As we usually



assume a Uniform distribution of risk within aggregated areas the problem of
ecological fallacy tends to be larger for higher aggregations. Nevertheless, it the

MRF ecologic regression model is almost exclusively used.

A random field generalisation of Poisson—Gamma hierarchical models, introduced

byMp_eﬁ_amiMSLa&iﬂ (|L9_9§) and generalised by [Best. et alJ (IZDM) for an appli-

cation in epidemiology, provides a more suitable modelling framework. Here, we

are able to model data and covariates on their original spatial scales. A further
advantage is the possibility to model covariates either as excess or relative risk
factors (|BI_QSMLand_Da.y|, |L9§_d) leading to different interpretations. The additive

influence of excess risk factors allows alternative explanations of an event and is

preferable for competing, non—interacting effects. The multiplicative influence of
relative risk factors reflects different individual susceptibilities to a covariate. La-
tent covariates can be introduced to improve risk estimates not associated with

considered covariates.

Commonly used log-linear models allow only for multiplicative modelling which
may not reflect the true influence of each covariate. The class of Poisson—-Gamma
random field models provides a flexible tool which does not rely on multiplicative
modelling of covariates and latent risk. In this thesis, we focus on investigation
of the impact of a relative risk factor modelled as an excess risk factor and vice
versa as well as the performance of Poisson—-Gamma models in general using sim-
ulated data sets as well as the one by [Best et alJ d201H|) This includes the effect

of different settings of the latent spatial structure. Different spatial resolutions of

benzene and leukaemia rates are neglected for computational reasons. Neverthe-

less, modelling of the latent field is on a different scale.

Spatial analyses have to deal with many sources of complexity. Therefore in mod-
elling such data, we do not directly specify parameters for all sources of variability.
Alternatively, a Bayesian hierarchical framework allows to model uncertainty in
estimation of model parameters in a flexible and hierarchical way. An overview
on Bayesian modelling is given in Chapter Bl This includes a brief introduction
to Markov chain Monte Carlo (MCMC) methods. A description of the models
applied throughout this thesis builds the main part of the third Chapter. It in-
cludes the class of Poisson-Gamma random field models, their implementation
in WinBUGS, as well as alternatively considered models. These are a cluster-

ing model by |KIMkHeJd_and_Baﬁ_Qr| (Izmd), the so—called Bayesian Detection of

Clusters and Discontinuities (BDCD), and an ecologic regression model based on




Markov random fields (MRF) similar to the one used in [Best et alJ (|2Mll|)

One focus of this thesis is to implement Poisson—-Gamma models in the Bayesian

software programme WinBUGS (IS_pj_egﬁlh.aLtﬁu_La.lJ, |ZDD_4I) This software is very

popular for Bayesian applications. Selected spatial models such as the widely used

MRF ecologic regression models are already implemented and ready to use, which
is one reason for its popularity. By implementation of Poison-Gamma models in
the software and analysing the according performance of this model class, which
is the main focus of this thesis we hope to provide an alternative easy accessible

modelling framework.

The main disadvantage of the software is it’s non—automatised state where con-
stant interaction between user and software is required. To improve the appli-
cation of WinBUGS, the development of automatisation software is necessary.
This is provided by the packages R2ZWinBUGS (Sturtz et alJ, |201ﬁ) and BRugs

, |20_0_d) which allow to use WinBUGS from the statistical software
R , ). An introduction to these packages is given
in Chapter [

When working with MCMC methods, convergence of Markov chains needs to

be assessed. The criterion of Brooks, Gelman and Rubin (IG_leum_Rulml,

) |Bmm_a11dﬁfim.aﬂl, |_L99§) is suitable to validate convergence of chains to-

wards the posterior distribution. Once the model is fitted appropriately its fit

has to be compared to alternative models. The Deviance Information Criterion

(Spiegelhalter et alJ, |21)1ﬂ, DIC) is such a criterion. We employ the DIC to select

the most appropriate model for the data. In Chapter [il we discuss both, conver-

gence diagnostics and DIC.

To analyse the performance of the proposed models and its performance within
WinBUGS, we generate different spatial structures in a simulation study, the de-

sign of the study and the structures is described in Chapter [6l

For selected basic structures we use a restricted WinBUGS’ implementation of
Poisson-Gamma random field models. Here we limit the models’ ability to estimate
latent risk in order to get an idea if such an intermediate model between the
discrete and the continuous version of the class of Poisson—-Gamma models already
gives a sufficient modelling framework. The corresponding results are presented in
Chapter [



The simulations reveal the necessity of model refinement. We therefore extend our
model and apply it on all generated structures structures described in Chapter [Gl
The collection of generated structures allows for a comprehensive judgement and

comparison of models’ performances which we present in Chapter Bl

In Chapter [@ we apply Poisson—Gamma random field models as well as the MRF
models and the BDCD algorithm on leukaemia cases observed in Inner London.
Used covariates include benzene emissions and the Carstairs index. We use both
as either excess or relative risk factor and estimate the spatial risk surface. To

improve models’ performance we include a sufficient number of latent covariates.

Finally, we summarise the results in Chapter [[0], where we also give an outlook to

future work.






Chapter 2
Data description

In many applications, disease data as well as exposure data and covariates are
measured on different geographical scales. These include individual level data and
aggregated counts for administrative areas as well as regular and irregular grid

structures.

In Britain, possible administrative areas are countries, districts and wards. Other
geographies include health structures (health authorities, primary care trusts),
electoral (parliamentary constituencies), postal (postcode sectors, unit postcodes),
statistical (census output areas) and other aggregations (national parks, local ed-

ucation authorities).

Enumeration districts (ED) build the lowest level of census geography in Britain.
Higher units, such as electoral wards and countries are merged EDs. Each of them

contains approximately 200 households or equivalently around 400 persons.

The next stage of British census geography are wards. On national average, each
ward contains approximately 5500 people, although they tend to be more populous
in urban areas. They represent convenient geographical units for small area epi-
demiological studies, as for each ward, census population and other demographic
data are available. For Greater London, we have 873 wards based on the census

of 1991. Inner London consists of 310 wards.

The next stage of this geography are local authority districts (LAD) comprising
around 20 wards. The number of comprised wards varies between eight to 45 for

the region of Greater London.



Another commonly used geography is given by the postcode of residence. It is
used to survey the number of incident cases of leukaemia. Postcodes do not nest

exactly within wards, but there exist postcode to ED look—up tables, see e.g.

http://census.ac.uk/cdu/Datasets/Lookup_tables/Postal/

Postcode_Enumeration_District_Directory.htm.

In this chapter we describe the different data sets used in this thesis. First of
all, this is information on leukaemia incidences in the study region (Section 2.T]).
Additionally, we use population counts to correlate incident cases of leukaemia
in different wards. These are described in Section As covariates, we use
benzene exposure data (Section [Z3]) and the deprivation index as introduced by
Carstairs and Merig (IL%)j) This index is described in Section 241

2.1 Leukaemia registration data

Leukaemia is the most common cancer in childhood. There are several types of
leukaemia, such as the most common type in children, called acute lymphoblastic

leukaemia. For medical background information on leukaemia see for example

\Groér and Shekleton (1979).

Incident cases of leukaemia are registered at the Office for National Statistics and
the Thames Cancer Registry for the period from 1985 until 1996. Before 1985, the
area that was covered comprised three separate cancer registries, namely the North
West, North East and South registries (hiesjjmi_“&keieljl, |L9_9_d) A review of
the complex cancer registration system operating in England and Wales is given
in[SJALQIﬂ]Q_WI (Il%d) andb;ﬂhfmd&.t_a.l] (Il&&i) They found a good documentation

of cancer in general. One major reason for decreased data quality is the existence

of different regional cancer registers which work at different completeness and
accuracy levels. Therefore, the combination of different regional registers may lead
to misinterpretations dSEﬂd.‘Qﬂl, |_L9jid) Hence, data from before the amalgamation

of the three London cancer registries in 1985 is not considered in this thesis.

Cancer type, date of birth, sex, and postcode of residence (at the time of diagnosis)
are available for each registration. Each registered case was checked involving
matching cases with regards to postcode, sex and date of birth. In two postcode

areas Health Offices of Qatar and Kuwait were located. This leads to unusually



Greater London

Inner London

number of cases 734 295
median 1 1
arithmetic mean 0.841 0.916
variance 1.070 1.224
form of distribution  right skewed right skewed
wards with 0 cases 418 (47.9%) 133 (42.9%)
wards with 1 cases 267 (30.6%) 101 (32.6%)
wards with 2 cases 125 (14.3%) 51 (16.5%)
wards with 3 cases 44 (5.0%) 13 (4.2%)
wards with 4 cases 11 (1.3%) 7 (2.2%)
wards with 5 cases 7 (0.8%) 5 (1.6%)
wards with 6 cases 1 (0.1%) (0.0%)
Table 2.1: Some descriptive characteristics of incident cases of childhood

leukaemia for Greater and Inner London.

high numbers of registered cases. Best et alJ (IZ_OQJ) estimate the number of cases
in these two areas as additional parameters in the model. In this thesis we will
use the estimated numbers from that paper. Additional data checks are described

in more detail in [Best et alJ ([Zﬁjﬂb

734 registered cases of cancer in children under 15 years old in the area of Greater

Over the 12—year study period, we observe

London. For Inner London, there are 295 cases. Some additional characteristics
of these data are given in Table 211

For the spatial distribution of the data see Figure [2.Jl They look rather scattered
over the whole area of Greater London. Nevertheless, there are less cases in the
south—western part of the area. Additionally, high incidences of more than three

cases are more likely to be observed in the north—east of Greater London.



Figure 2.1: Incident cases of childhood leukaemia registered in the period of
1985-1996, bold line marks border of Inner London.

2.2 Population estimates and number of ex-

pected cases

The number of observed cases is directly influenced by the population at risk.
Therefore, it is necessary to involve population figures into the analysis. Popula-
tion counts stratified by sex and age are available for enumeration districts from
the 1981 and 1991 censuses. For intercensual years, counts must be interpolated
accounting for demographic changes (e.g. deaths and births), aging of the popula-

tion, and migration. Several approaches to model population counts are discussed

in ).

In this thesis we use a set of annual age— and sex—stratified population estimates
produced for 1991 EDs following the approach by (@) using simple
linear interpolation. The interpolated strata— and ED-specific counts are rescaled
to sum to the published Registrar General’s mid—year population estimates which

are available only for much larger geographical areas, i.e., LADs (IB_esLjL_a.lJ, |2£)D_l|)

Using population estimates it is possible to calculate the number of expected in-

10
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Figure 2.2: Number of expected incidences in the period of 1985-1996, bold line

marks border of Inner London.

cidences FE; for each ward i, i = 1,...,n. This is done separately for six different
age—sex strata corresponding to boys and girls aged 0-4, 5-9 and 10-12 years old,
for twelve time periods ¢ corresponding to each of the years 1985-1996. Given
the national leukaemia rate ry for age—sex stratum s and year ¢, we calculate the

number of expected cases
E; = 5 TstNist
st

using the estimated population at risk N, in ward ¢, age—sex stratum s and year .

An impression of the spatial distribution of the number of expected incidences is
given in Figure Here, we can see parts with high population density, e.g., in
the north of Greater London or the east of Inner London. Some characteristics of
population figures are given in Table 22l These are very similar for both regions

and show smaller values than the ones of observed cases, compare Table 211

Using both, observed and expected cases, we can calculate incidences corrected for
population figures. This corresponds to SMRs which are given in Figure [0.1] on
page [124]

11
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Greater London Inner London

number of expected cases 679.119 237.848
minimum 0.0001 0.0001
1% quartile 0.543 0.533
median 0.752 0.756
arithmetic mean 0.778 0.767
37 quartile 1.005 1.025
maximum 1.924 1.924
variance 0.110 0.125

Table 2.2: Some descriptive characteristics of the expected incidences of child-

hood leukaemia for Greater and Inner London.

2.3 Benzene exposure data

Benzene is a colourless liquid with a sweet odour found in air, water and soil. It
is produced by human activities, but comes also from natural processes like for-
est fires or eruption of volcanoes. It passes into the air from burning coal or oil,

benzene waste and storage operations, motor vehicle exhaust or evaporation from

%etrol service stations (Agency for Toxic Substance and Disease Registry (ATSDR )],

). Smoking was found to be the largest anthropogenic source of background

exposure to benzene (IHaL_t.emekErﬁm_alJ, |19_9_d) A review of large—scale studies

Most people are exposed to a small amount of benzene on a daily basis, mainly

of personal or indoor air levels of benzene is given in

through breathing air that contains the substance. For small children, the daily

intake of air has been estimated to be 2.3 times higher than in adults, accounting

for body weight in kg (IEMﬂd_a.nd_KJﬂma.nA, |2Q0j) Benzene is classified as a group

1 carcinogen by the International Agency for Research on Cancer. It is well known

that benzene exposure increases the risk of leukaemia in adults, see for example

|YardleV—Jones et alJ M)W ([ZDDJ), Mﬂﬁi&ﬂ ([Zlﬂ)j),
Linet and Cartwright (1996).

and

Obtaining benzene exposure data via personal devices is extremely costly. An al-

ternative is to monitor air quality at selected locations. This gives only information

12



Greater London Inner London

minimum 0.247 0.341
1t quartile 0.862 1.149
median 1.123 1.319
arithmetic mean 1.101 1.321
3" quartile 1.333 1.485
maximum 2.612 2.612
variance 0.122 0.092

Table 2.3: Some descriptive characteristics of the atmospheric benzene emissions

for Greater and Inner London.

about benzene level at these locations and is still expensive.

Another option is the use of an atmospheric emissions inventory. Such an inventory
schedules the sources of pollutants within a particular geographic area. For each

of the scheduled sources, the emission rate can be calculated by
emission rate = activity rate X emission factor.

Activity rates are collected for all sources related to benzene emissions and applied
to the activity to estimate the likely emissions in each of the observed areas.
Sources of emissions include modelled traffic flows, petrol stations and commercial,

residential and industrial combustion processes.

The London Research Centre (http://www.london-research.gov.uk) has pro-

duced such an atmospheric emissions inventory for London i ,

). Using the estimates provided by this inventory, benzene exposure data is
provided for the area of Greater London on 1km x 1km grid squares covering
the area within the M25 orbital motorway. The estimated numbers are given in
tonnes per year, ranging between 0.247 and 2.612 for Greater London, see Fig-
ure Estimates in this inventory are based on data collected in 1995. By that
time traffic flows on most London roads had been at capacity for several years.
Therefore it is not unrealistic to assume that these estimates are applicable from
the early 1990s onwards. Table 23] compares some characteristics of benzene emis-

sions for Greater and Inner London. As we see we estimate higher emissions in

13
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Figure 2.3: Observed benzene exposure data for Greater London on 1 km x 1 km

grid cells, line marks border of Inner London.

the Inner London area leading to a smaller variance as well.

2.4 An index of deprivation

An alternative explanation of leukaemia incidence can be seen in deprivation. A

prominent example of a deprivation index is the Carstairs index proposed by

). It focuses on material deprivation, i.e., the access
to material resources to reflect wealth and income (IQals_tail:sL |2£)Dd) It includes
the percentages of

e individuals living in overcrowded accommodation, i.e., more than one person

per room;
e male unemployment;
e low social class households (head of household in social class IV of V);

e households without a car.

14



Figure 2.4: Quantiles of Carstairs index for Inner London.

These percentages are reduced to a single standardised value with mean zero and
variance one without any weighting or transformation (glarsLairEJ, bﬂl)d) There

exist alternative deprivation indices differing by weighting scheme, used transfor-

mations and the variables included. The larger the score, the greater is the depri-

vation suffered by the according ward. For a comparison of deprivation indices see

g}arsﬁajrsj (IM)

The Carstairs index is given on ward level for the area of Inner London. It is

aggregated to quintiles referring to Greater London. For Inner London, this results
in a single ward with an index of “1” representing the lowest quintile, while most
wards lie in the highest quintile. For modeling purposes, we use the highest class
including 233 of 310 wards as reference value. Additionally, we combine class 1
and 2 to a single class of 6 wards. The resulting spatial pattern is presented in
Figure 241

15
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Chapter 3
Spatial models

There exist several alternative approaches for modelling spatially distributed data.
Data sets can consist of either point-referenced data, areal data or point pattern
data.

For point-referenced data, there are observations for a chosen set of locations which
vary continuously over the space. Here methods like the descriptive covariogram
— a plot of the covariance versus the distance — or exponential modelling are
used to describe or to analyse dependence between two locations as a function of
the distance, see for example E@ ). Spatial prediction at points where

no data are observed can be done by spatial interpolation, so—called kriging. For

details on kriging see (@)

With areal data a fixed subset of the space is partitioned into a finite number

of areal units with well defined boundaries. Commonly used models incorporate

Markov random fields (IBue_a.nd_H_e]d, |20_O_i MRF) and the usage of neighbour-

hood information by simultaneously and conditionally autoregressive models (see

M, m, and |Bes@gml_J, |L9_9;|, respectively).

For point pattern data the location of an observation itself can be considered

to be random. Therefore data indicate the occurrence of an event and possibly
give additional covariate information. In the later case we refer to marked point
processes. Here, tests for spatial randomness, applications of Poisson processes

and Markov point processes are appropriate approaches ,12003).

A comprehensive review on modelling all kind of spatially distributed data is given

17



by, e.g., |B_a.DﬂJEE_€I_a.L| (|2Q0_4I) Inclusion of a time dimension leads to spatial—
temporal processes which are discussed for example by |Emke.nsha.d.tﬁ_aﬂ ZD_Oj)

In the context of spatial epidemiology we usually deal with areal or point pat-

tern data. The number of observed incidences is usually assumed to follow a

Poisson distribution, for nonrare diseases a binomial model is more appropriate

= , |_L9_9é) There exist several alternative approaches when

a Poisson distribution can be assumed. Best et alJ (IZDDd) for example model the

observed counts by a Poisson—-Gamma model, 1 by a Poisson—

)
Gamma and a Poisson—log—Normal model. Different modelling approaches given
by [Ferndndez and Greed (2002) and |Green and Richardsord w

mixture model for Poisson distributed data in which the weights vary according

) introduce a

to the observations. Spatial dependencies are commonly modelled in the context
of MRFs via conditional autoregressive (CAR) terms. Univariate CAR models
introduced by |B_Q$ag_em_alj (I_L9&].|) are extended to multivariate CAR models for
two related diseases by [Held et alJ ([ZQQd) and lJin et a!J (IZDQj)

Recent model approaches include the analysis of boundaries that separate areas

of elevated and lowered risk by Bayesian wombling (see j , , for

point—referenced data and in, , for areal data).

Other approaches try to reduce ecological bias of data that are given on an aggre-

gated level. ) show improvement of inference for these data by

combining individual-level data with aggregated data.

This chapter focusses on the models employed on observed as well as generated
data in this thesis. Following an overview on Bayesian inference and Markov
chain Monte Carlo (MCMC) methods in Section B.I] and definitions of Poisson
and Gamma random fields in Section [3:2] we introduce conjugate Poisson-Gamma

hierarchical models (Iﬂa;ﬁgu_amiﬁakjgﬂ, 198 d) in Section 3.3l This approach

assumes data and covariates given for equal geographies.

) present a generalisation using a random field approach, allowing for data

and covariates on disparate spatial scales. The random field approach is generalised

by ) for an application in epidemiology, allowing to model covari-
ates either as excess or relative risk factors. This extension of Poisson—Gamma
models is also described in Section

To employ Poisson—-Gamma random field models on a specific data set we have to

adopt the theoretical approach presented in Section to the given data. Sec-

18



tion B.4] discusses the chosen settings and the implementation in WinBUGS.

Parameter estimation is done in a Bayesian framework using MCMC methods.
Therefore, it is necessary to introduce prior distributions on the highest level of
hierarchy expressing uncertainty about the parameters. The choice of prior dis-
tributions for the data analysed in this thesis is described in Section B4Jl Im-
plementation in WinBUGS is discussed in Section and Section While
the first deals with the implementation of a restricted version of Poisson-Gamma
random field models, the latter discusses a more appropriate implementation of

this model class.

Alternative spatial models are used to compare model performances of the different
modelling approaches. We employ an alternative ecologic regression model based
on a Markov random field (MRF) involving a CAR term as well as the cluster

model by IMM@LM@M (IZDQd) These are presented in Section B.5 (MRF

model) and Section (clustering approach).

3.1 Bayesian inference

From a Bayesian point of view both the observables and the parameters of the
statistical model are considered to be random. The joint probability function
P(Y,3) of observed data Y and model parameters [ combines information from
the data given by a likelihood function and a prior distribution P(3) expressing

uncertainty about ( before taking data into account, i.e.,
P(Y, ) = P(Y|B)P(B).

Using Bayes theorem, we can express the distribution of the parameters § given
the observed data Y by

 POPYY)
POR) = Tp5)p(viads

The posterior distribution P(3]Y") is used for Bayesian inference m,

) and to obtain moments, quantiles and other functions f(/3) of the pa-

rameter of interest.

In many applications, we can use the concept of conjugacy to evaluate the posterior
distribution for a given likelihood and prior distribution. This will result in a pos-

terior belonging to the same family of distribution. For the Poisson distribution for
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example, the conjugate prior is a Gamma distribution, see the conjugate Poisson—
Gamma model in Section There are other examples of conjugate priors such

as Binomially distributed data with a Beta prior that has a Beta posterior distri-

bution. For details about conjugate priors see for example man ).

Hierarchical models are a more flexible approach allowing for prior distributions for
the priors themselves, so—called hyperpriors. These reflect uncertainty about the
true values of the parameters of the prior distribution. Additionally, this concept
allows for structural dependencies of 3. Information of all areas is combined via

the joint influence of the hyperprior distribution.

In a hierarchical model we improve model formulation of the priors 5 by hyper-

priors ¢. The joint distribution is given by

P(B,¢) = P(Blo)P(9),

leading to the posterior

P(¢,8Y) o P(B,9)P(Y5,9)
= P(B,9) P(Y|B).

Note that
P(Y|3,¢) = P(Y|[B),

therefore hyperpriors ¢ are independent of Y given f3.

Unfortunately, integration of the numerator of the posterior distribution, namely
J P(B)P(Y|3)dp can be difficult, especially for high dimensional problems.

Alternatively, we can employ Markov chains to construct samples from the pos-
terior distribution. By Monte Carlo integration, samples are averaged to obtain
the required model parameter. This approach is referred to as Markov chain
Monte Carlo (MCMC) methods. The construction of a suitable Markov chain with

the desired stationary distribution can be done, for example, by the Metropolis—

Hastings algorithm (IMEJmeﬁSjL_a.].J, |.L9_5j, |HaS‘EiD9“F], |L9_51|) or the Gibbs sampler
(Geman and Qeman,m, Gelfand and Smitd, |L9_9d, Casella_and Qegrgfj, |L9_9j)

Each Markov chain starts at initial values chosen by the user. A suitable algorithm

constructs a chain of length w. After a sufficiently long burn—in period of length
¢, the Markov chain will reach its stationary distribution, i.e., the posterior of

the according parameter. When the steady state is reached, the distribution stays
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stationary (IG_a.mﬂmad, |_L99j) After discarding ¢ samples from the so—called burn—
in period, we estimate the expected value of any function f(-) by the remaining

w — ( iterations by averaging

- 1 @
f(B) = e f(B)
t=C+1
(Gilks et a!J, |L9_9_6ﬁ|) Introduction of a thinning parameter reduces autocorrelation

between the samples. For an overview about MCMC methods and applications
see |G_les_e:c_al.| (IJ_9_9_6H) A popular criterion to determine the length of a sufficient
burn—in period is the one by Brooks, Gelman and Rubin described in Section (.11

m M) suggests to use multiple chains for each MCMC simulation and the
usage of widely dispersed initial values. This helps to identify whether a Markov
chain has reached its target distribution, especially if convergence is slow. We

follow this recommendation by employing two Markov chains for each run.

For the Bayesian analysis of the leukaemia data set as well as the simulation

studi we use the software WinBUGS (Spiegelhalter et alJ, [ZM) and OpenBUGS

, ). All other computations are done in the statistical software R

(IB_DQ_MD_WIMDJ, |ZDD_d) For linking WinBUGS and R, we use the R

package R2WinBUGS (Sturtz et al., 2005), linking between R and OpenBUGS
is done via the R package BRugs (Thomas et alJ, bﬂﬂd) An introduction to the

software packages is given in Chapter [

The BUGS software uses Gibbs sampling to construct transition kernels for Markov
chain samplers. While compiling, it sets for each model parameter a method to
draw a sample from the relevant full conditional distribution. These are chosen
according to the hierarchy given in Table Bl A review of WinBUGS as well as
an example of usage can be found in (M)

3.2 Poisson and Gamma random fields

Before we introduce Poisson—Gamma models we need to define Poisson random
fields (Definition B.2.1]) and Gamma random fields (Definition B.2.2]). For these

definitions we follow the work of (@)
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discrete target distribution

finite upper bound | inversion
shifted Poisson direct sampling using standard algorithm

continuous target distribution

conjugate direct sampling using standard algorithms
log—concave adaptive rejection sampling (Gilks, 1992)
restricted range slice sampling (Neal, 1997)

unrestricted range | random walk Metropolis (Metropolis et al., 1953)

Table 3.1: Sampling methods hierarchy used by WinBUGS (Spiegelhalter et alJ,

Definition 3.2.1 (Poisson random field)
Let Y ¢ IR? with Borel o-algebra B(Y) and N(A) a number of points in Y N A.

N(dy) is a Poisson random field on Y with non-negative oc—finite intensity measure

Ady) if
a) for each measurable set A € B(Y) with A\(A) < oo and integer k > 0
k
POV = by = 200
and

b) for any disjoint measurable subsets A1, ..., A C B(Y),j =1,...,k, the random
variables N (A1), ..., N(Ay) are independent.

Therefore, for each A the number of points in A has a Poisson distribution with
mean A(A). As the Poisson process is a point process, realisations of a Poisson
random field are almost surely discrete with finitely many integer point masses or

jumps.

Similar to a Poisson random field we can define a Gamma random field.

Definition 3.2.2 (Gamma random field)

Let § ¢ IR? with Borel o-algebra B(8) and T'(A) a number of points in § N A.
I'(ds) is a Gamma random field on 8§ with non-negative oc—finite shape measure
a(ds) and inverse scale 3 > 0 if

a) for each measurable set A € B(S) with a(ds) < oo the random variable I'(A)

has a density

B ﬁa(A)ta(A)fl eXp (—5t)

fryt) = T(a(A) : t >0,
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and
b) for any disjoint measurable subsets Ay, ..., A, C B(8) with a(A;) < o0, j =
1,...,k, the random variables I'(A;),...,T'(Ax) are independent.

It follows, that for each set A the random variable I'(4) has a Gamma(a(A), 371)

distribution with

a(A) = /A a(ds) = /A o(s)TI(ds)

where a(s) is a density w.r.t. some reference measure II(ds). Realisations of a
Gamma process are almost surely discrete as they consist of countably infinitely

many jumps at locations s,, € 8§ with corresponding magnitudes ~,, > 0, i.e.

I'(ds) = >, ¥m0s,, (ds). hﬁblp_m_a.nd_lgkﬁ_tﬁ.d.d ) present the Inverse Lévy
Measure (ILM) algorithm to construct a Gamma random field, for our approaches
in WinBUGS and their limitations see Sections and

3.3 Theory of Poisson—-Gamma models

In epidemiological contexts, we observe N; cases in region i, ¢ = 1,...,n, due
to an infection or disease or death. This number is modelled in dependence to
the expected number F; of infections or deaths in the corresponding region and
a number of possible covariates. The usual approach is to assume NN; to follow a
Poisson distribution with mean \; E; depending on the number of expected cases

E; and the relative risk \;, i.e.,

A possible approach for modelling the relative risk )\; is given by Poisson—-Gamma

random field models (Best et alJ, bﬂﬂd)

The class of Poisson-Gamma random field models is a generalisation of conju-

gate Poisson—Gamma models first described by ).

Furthermore, these models represent a generalisation of generalised linear mixed
models as described by ) as well as McLachlan and Pgei (IZDQd)

layton and Kal 1987) assume the relative risk \; in region i to follow a

Gamma distribution with shape « and scale 7 a priori, i.e.,

Ai ~ Gammal(a, 7).
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Thus, the posterior distribution of A; is
Ai ~ Gamma(E; + a, N; + 1)

and the posterior expectation given the observed values and the prior settings of
the Gamma distribution is

N.
E(X\i|Nisa,7) = Eli;
2

(bathD_u_and_Ka.]dmL |19ﬁ7|) Hence, each estimate compromises the observed SMR

and the prior mean «/7. For large numbers in region i, E(\;|N;; a, 7) will be close

to SMR = N;/E;, while for small numbers the expectation is close to the overall
prior mean a/7. For the estimation of « and 7, empirical or hierarchical Bayes

methods can be employed.

This model is mathematically easy, but requires a sensible choice of the parame-
ters of the Gamma distribution. The generalisation of this model by hierarchical

structures is a necessary improvement.

Furthermore, the model demands the same spatial resolution of observed and ex-
pected values. When aggregating individual data to groups or combining smaller
groups to larger ones in order to get a common spatial scale, the so—called ecolog-
ical bias or fallacy occurs. Spatial models assume homogeneous risk within each
aggregated area. This implicit Uniform distribution across the aggregation may

lead to over— or underestimation of the true effect. Ecological bias is discussed in

detail for example in |B.mh.ardsp_u| (IlQ.Qé) and |Grﬁ_enla.nd_a1]d_B.Qbm§] (IlQBAI)

A generalisation of Poisson—Gamma conjugate models byblam_and_lia]dml (Il9ﬁ?|)
is Sresented by the papers of [ckstadt and Wleerﬂ (IL%)_ZI) and|Wolpert and ngstadd

) as a hierarchical Poisson-Gamma model that also allows for positive asso-

ciation between neighbouring regions. This is modelled by introducing doubly

stochastic Poisson processes whose intensities are mixtures of random fields. This

approach is generalised by lIckstadt and WleemJ (IL%)_d) allowing for covariates.

Contrary to other commonly used spatial models, Poisson—-Gamma random

field models use an identity link function rather than log—link, allowing to model
additive and multiplicative influence of covariates, not only the latter one. This
also leads to aggregation consistency. By relating all observable quantities to an
underlying random field it is even possible to model data measured at disparate

spatial scales, see hﬂksladt_andﬂldpﬂd (IJ_9_9_$J) Hence, this class of models over-

comes the problem of ecological bias.
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Additionally, the model by hgksﬁad_t_amdjﬁkﬂ.p_eid (Il&&d) relates the intensities of

the Poisson distribution to both location—specific covariates and individual—specific
attributes. Spatial dependence between subregions is introduced via kernel mix-

tures.

Assume an observed point process in some set Y in Euclidean space and a number
of covariates J. For any arbitrary aggregation of Y in region ¢, i = 1,...,n, we set

a Poisson regression model with identity link as follows:
Ai = Bo+ > XiB,
Jj€J
where w; refers to a reference weight measure, e.g., the population at risk, X;;,j €
J, is a set of covariates with corresponding coefficients 3;, By corresponds to an
intercept. Setting A; = (y leads to the conjugate Poisson—Gamma model. We

express our uncertainty about coefficients on a second stage of hierarchy by prior
distributions 3 ~ w ().

This partition—based approach still leads to ecological fallacy. Therefore, we refine
the partition of Y until ultimate refinement, leading to observations N (dy) from a

Poisson random field with mean
N(dy) ~ Pois(A(y) w(dy))
Ay) = Bo+ > X (3.1)

jeJ
with reference measure w(dy) on Y for the Poisson random field as in Definition

B21

In many epidemiologic applications we may also observe individually attributed
risk, such as age and gender, which we might want to include in the model. An
extension of model ([BJ]) is to model a point process on a space X = Y x A of

marked points © = (y,a) on location y with marks a. This leads to
N(dyda) ~ Pois(A(y,a)wy(dy)wa(da))
AMy,a) = Bo+ > a;B;,

jed
which equals model (B.1)) if a; = X (y) but setting a; = X(x) is more general. The
reference weight prior w4 (da) of the attributes is usually chosen to be space inde-

pendent, i.e., wa(daly;) = wa(daly2) = wa(da) for y; # ya, and set to wa(da) = 1,
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but can also be location—specific. Choosing w4 (da) to be location—independent

ives wy (dy) the role of a population reference measure ,
@) We use the population at risk for the leukaemia data set and the simula-

tion study.

Furthermore, we include spatial dependencies between regions introduced through
the influence of unobserved spatially varying covariates. These are expressed by
an additional component X, (y)0, of unobserved but spatially correlated covariates

X, (y) and regression coefficient f, to the intensity A(y,a).

We use a set {s;, }mensr of point locations in Y at which the m unobserved covariates
are centered. To model the decreasing influence of each latent source with decreas-
ing distance |y — s|, kernel functions k(y, s) are suitable, for example Gaussian-like
kernels proportional to exp((|y — s|/p)?) where the variance p determines the re-
gion of influence of the kernel. The influence of each kernel depends furthermore
on the latent positive magnitudes I';, associated with the set {s,, }menr, resulting
in the latent term X.(y) = >, car k¥, 5m) .

For a Bayesian analysis we need to introduce prior distributions for the additional

reiression coefficient (3, as well as for the magnitudes {I';;, }ynens. Ickstadt and ngperﬂ

) suggest using the conjugate prior I'y, ~ Gamma(afn, Tﬁl)

So our model is as follows:

N(dyda) ~ Pois(A(y,a)wy (dy)wa(da))
Ay.a) = Bo+ > aiBi+ > k(y,sm)Tm B (3.2)
jeJ meM

I ~ Gamma(a?,70)

B~ w(B)dp)

including m latent risk sources on point locations {s,,}mens with magnitudes
{T}tmenm- We may extend model ([B2)) by enlarging the number of point sources
m leading to an inhomogeneous Gamma random field I'(ds) on space § as in Defini-
tion Shape measure o (ds) and scale 7°(ds) must be reduced appropriately

when increasing the number of sources. This extends model [B.2)) to
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N(dyda) ~ Pois(A(y,a)wy (dy)wa(da))
Aga) = B+ asf+ / k(y, $)T(ds) B, (3.3)
jeJ $
[(ds) ~ Gamma(a®(ds),7"(ds))
B~ w(B)d(pB).

This hierarchical model representation allows for additive influence of covariates
as well as for spatial dependencies. For some applications we might doubt the va-
lidity of additivity. Additive influence of covariates is more appropriate when
we believe in competing, non-interacting effects of covariates, giving alterna-
tive explanations of an event. Such covariates are called excess risk factors

(IBIffJDﬂm.n_d_Da.yl, |L9&j) and are interpretable as the difference of stratum-specific

incidences 3; = ;1 — pj0 for covariate 3;,j € Ja, for any p;.. The mean of the

J-th covariate is denoted by f; 1 for diseased/dead persons, while 1 g corresponds
to non—diseased /living persons. Therefore, covariate j increases the risk additively.
Excess risk factors are represented in an identity link Poisson regression model by
Az) = >;c;, Xj(2)B; for marked points = = (y, a).

|B_QSL_eLt_al.| (IZDDd) extend model (B.3) for covariates to be modelled either as ad-
ditive or multiplicative risk factors. Multiplicative modelling reflects different in-

dividual susceptibilities. By defining exp(f;) = p;.1/pj,0 for covariate 3;,5 € Jur,

we increase a background rate of non-infected persons p;0 by exp(3;). These are
also called relative risk factors by m As multiplicative

risk factors affect the scale of A(z), we need to introduce a normalising term c(x)
leading to A(z) = c(z) exp(}_ ;e 5, X;j(2)0;) (Best et alJ, |ZDQd)

Generalising model ([B.3]) by allowing for excess and relative risk factors leads to

the formulation:

N(dyda) ~ Pois(A(y,a)wy (dy)wa(da))

Ay.a) = [Bo+ D ajﬂj+/8k‘(y, $)T(ds) B. | x c(By)exp | D a;B;

J€JA Jj€Im
I(ds) ~ Gamma(a?(ds),”(ds)) (3.4)
B~ 7(B)d(B)

using a normalising term ¢(f3,y) leading to mean relative risk factor of unity cal-
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culated by
-1

c(B.y) = /AGXP( > a;B)wa(daly)

J€IMm

(Best et alJ, |1)Dd) Risk factors and attributes a; may depend on either or both
the location y and attribute a in z = (y,a) in Equation (B.4]).

3.4 Settings and Implementation of Poisson—

Gamma models

In the leukaemia example, we model the number of observed cases of childhood

leukaemia NV; in ward i, i = 1,...,n, as a realisation of the random field N (dz) by
Ni ~ Pois(A(y) wy (dy)),

where we use the number of expected cases of childhood leukaemia as described
in Section as reference measure wy (dy) for region i, i = 1,...,n, and set
wa(da) = 1.

Covariate information about benzene is available and modelled either as an excess
or a relative risk factor. A maximum of one relative risk factor is considered.

Hence, the normalising term ¢(3,y) reduces to

C(ﬁ,y) = {/AeXp <Zk: )‘zk(Bk - E)5benz> } - 17

as (By, — B) = 0 and is therefore no longer considered. In the left-handed term
By, represents the amount of benzene in a grid cell k, k € K, with overall mean
B. When including the Carstairs index as an alternative covariate to benzene

emissions this holds accordingly. For details on the benzene covariate see below.

Furthermore, unobserved risk can be modelled by latent spatial variables. For
the number and location of latent risk sources, different options are considered.
Chapter [f] discusses implementation for a fixed number of kernels at fixed locations
which is a restriction of the flexibility of Poisson-Gamma random field models.
Chapter [§ applies unrestricted Poisson—-Gamma random field models allowing for

a random location of covariates.
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Benzene is considered as both, an excess and a relative risk factor to compare the

different model approaches. This leads to the additive model

A(.%') = ﬁO + Xbenz (y)ﬁbenz + X. (y)ﬁ* (35)

and multiplicative model

A(z) = (Bo + X«(y)Bs) exp(Xbenz (¥) Obenz) (3.6)

including a baseline risk [y and unobserved risk X.(y) = >, ,car k¥, $m)Tm in
both equations. The benzene term Xi,p, is calculated using mean polished benzene
by
Xoenz = »_ Aik(Bi — B).
k

The coefficient \;; equals the amount of area grid cell k£ and ward ¢ have in com-
mon. This is equivalent to an aggregation of benzene to the spatial scale of the
observations. This is necessary to reduce computational time and saves up to
several days for models with higher numbers of latent risk sources. Latent risk
sources are used on their original spatial scales which is continuous following the
Gaussian kernel. The WinBUGS code for an additive model is shown exemplarily
in Appendix [A.J] implementation details are discussed in Section for fixed
locations of latent kernels. The assumption of a random location requires a more
complex implementation as discussed in Section B.4.3l Furthermore, this includes

a more flexible estimation of variance.

3.4.1 Prior settings

We need to define prior distributions for all uncertain parameters. For the Poisson—
Gamma models, these are the regression coefficients 3;, j € J, the latent magni-

tudes I';,, and the variance parameter p of the Gaussian kernel.

For the regression coefficients §;, j € J = {00, Bbenz, O«}, we assume a Gamma

distribution Gamma(a, 7) with density

Taﬁ?_l exp (—706;5)

o if 8, >0,

else,

f(8;) =

and set the shape parameter equal to o = 0.575 because this gives the ratio of
the 90th/10th percentile of the prior distribution to be 100. This reflects a prior
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probability of 80% for the number of cases associated to each factor to lie between
a 1/10th and 10 times the prior mean. The prior scale parameter 7 is chosen so
that the prior mean assumes an equal amount of association for each covariate in
J. Since the intensity A depends on the ratio of (f observed cases)/(f expected

cases) the prior mean for regression coefficient j3; is

ap _ ZZNZ

B;" = TS B (3.7)

For the latent magnitudes I'y, of the kernel mixtures we use a Gamma distribution

as well. Here we choose
Iy, ~ Gamma(ay,, Tm)

proportional to the area of the bounding box of the modelled region. To ensure

aggregation consistency, the prior mean of the magnitudes is set to be
19/m,

where |J] is the area of region J and m is the number of latent risk sources. Further-
more, the prior weight of a single latent risk source is decreased when increasing
the number of modelled latent risk sources. Hence, the parameters of the corre-

sponding Gamma distribution are given by

= | X T
1

T = —.
m

For the kernel k(y,s) we assume a Gaussian kernel with uncertain variance pa-
rameter p. Prior distribution of p is chosen according to a log—Normal distribution
with mean 0; the precision varies between 1 and 3 where we check for consistency.
This was motivated by a prior study on model adequacy assuming fixed variances
of Gaussian kernels. Alternative kernels are also possible, see the discussion in
Chapter

3.4.2 Restricted Poisson—Gamma random field models

For a first approach to implement Poisson-Gamma random field models in Win-

BUGS, we restrict the model by assuming the location of the latent covariates
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to be fixed. In this discrete setting of Poisson-Gamma random field models, we
apply small and fixed number of Gaussian kernels with an uncertain variance. In
different settings of the model, the number of included kernels is increased. By
using infinitely many of such fixed kernels we can reproduce a Gamma random
field where only m of these have an non-negligible influence. As in the discrete
case random variables replace the random field, we can use Gamma distributions

to sample the jump height I';, of kernel m € M, i.e.,
Iy ~ Gamma(oyy,, 7,)

In the WinBUGSs’ implementation described in this section, we assume a common

variance for all kernels, for a generalisation of the model see Section [3.4.3

The results of the corresponding simulation study are given in Chapter [ Here
we present the main parts of the WinBUGS code, it is given in more detail in
Appendix [A]]

For the calculation of the latent risk we discretise the modelled area by dividing

the area into squares of a fixed size. This is done as follows:

After the standardisation of the distance between the source itself and a chosen grid
cell the cumulative density function Fx for source sx and grid cell g is calculated,
see line 7 of the WinBUGS code below. The change in the cumulative distribution
function between two points g and (g+1) (line 11) gives an estimate of the influence

of the corresponding kernel sx in the grid cell.

for(sx in 1:nx.source) # loop on sources
{
for(g in 1:(nx.grid+1)) # loop on cells
{

dx[sx,g] <- 0.001*(Sx.grid[g]-Sx.source[sx])/rho
# '"standardisation"

Fx[sx,g]l <- phi(dx[sx,gl) # phi=standard normal cdf
b

for(g in 1:nx.grid)

{

dFx[sx,g]l <- Fx[sx,g+l] - Fxl[sx,gl # change in cdf

b

To speed up simulations, this part can be replaced by lines 68-72 in Appendix
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[ATlusing the Black Box function eval.grid() that is given in Appendix[A.2]

The value of the kernel itself is calculated by matching the grid cells to the
wards they lie in. This is done for longitude and latitude separately. As
both directions are assumed to be independent, the value of the bivariate

Gaussian kernel can be calculated by multiplication.

In this setting we typically use two Markov chains with 50000 iterations
as burn—-in followed by 100000 iterations for Monte Carlo estimation. The

thinning parameter is set to be 5 in order to reduce autocorrelation.

3.4.3 Poisson—Gamma random field models

In contrast to the modelling approach described in the previous section, we
now allow for random locations of the latent covariates and independent

variances for each kernel in longitudinal and latitudinal direction.

For any ¢ > 0 a Gamma process can be viewed as jumps of size [' > €. As
discussed in Section B.2] there are countably infinitely many of such jumps,

but for any € > 0 the number of jumps of sizes bigger than e is finite with

probability one. Ipert_and Ick 1998) ensure to draw the largest m
jumps by the Inverse Lévy Measure (ILM) algorithm. We cannot use this
algorithm in WinBUGS, so we proceed as follows.

We use a fixed number m of jumps with corresponding Gaussian kernels to
model the latent risk. For the jump heights, we use Gamma distributed
draws

[y ~ Gamma(ay,, T,,)

as in the previous section. This does not ensure sampling from a Gamma
random field. Nevertheless, as we allow the location of each kernel to be
uncertain, we hope that chosen locations correspond to those with the highest

probability of the Gamma random field.

To allow for a random location of the kernel, we need to abandon the dis-
cretisation described in Section [3.4.2 but to rely on the distance between the

centroid of each ward and the location of each source. Necessary adoptions
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are described in the following.

While the location of ward i is characterised by its coordinates wardXcenter;
and wardYcenter;, the latent risk source sx is situated at (Sx.source[sx],

Sy.source[sx]).

The random vector X = (X, Xs,...,X,) is said to be p-variate normally

distributed if its distribution function is given by

1

F(X) = (g)/ I exp {50 ) 57 (X - )}

where p = (1, plo, - . ., ptp) represents the vector of means and ¥ the variance-

covariance matrix.

Setting p = 2 and covariances o5 = 091 = 0 leads to

FX1,Xs) = ¥e><p{_l ((X1 —2M1)2+(X2 _QMQ)Q)}

\V2mo 09 2 01 03
1 ((Xy—m)” | (Xo— po)?
X exp {—5 ( 2 + 2 . (3.8)

After calculation of the absolute distances in lines 5 and 6 of the WinBUGS
code below the kernel is calculated according to Equation (3.8)).

for(i in 1:1I)

{

for(sx in 1:Source)
{
distanceX[sx,i] <- abs(wardXcenter[i] - Sx.sourcel[sx])
distanceY[sx,i] <- abs(wardYcenter[i] - Sy.sourcel[sx])
kernel[sx,i] <- exp(-(pow(distanceX[sx,i]/(2*rho), 2) +

pow(distanceY[sx,i]/(2*rho), 2)) )

}

}

This improved model representation allows variance estimation for each ker-
nel separately which also allows for more flexibility. Furthermore, we assume
different variances for longitude and latitude instead of one common p for

both directions. For the prior distributions of the variances in z-direction
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pg ) and in y-direction pg ) of each kernel m € M we choose a Gaussian

distribution of the logarithm with mean 0 and different precisions p ranging
between 1 and 3 similar to Section B.4.T] i.e.,

log(p)) ~ Gan(0, px)

m

log(p))) ~ Gau(0,py)

allowing for different values px and py for each direction. Large values for
precision p € {px,py} represent a concentrated influence in a small disc
round the kernels location only, while smaller values indicate an influence in
a larger area. Both possibilities may be present in a data set given the actual

location of each kernel. Extending this approach by, e.g.,

P1 lf z > 0.5
py if 2<0.5

bx =

for an arbitrary value z ~ Unif(0, 1) allows even more flexibility and improves

convergence of the model.

We now implement a random location of each kernel. For each kernel, we
suggest a location depending on the prior value and a Uniformly distributed
random variable. The coordinates of random location of each latent covariate
(lgf'), lg,R)) are given as a combination of the prior location (lx,ly) and the

random variable (Ry, Ry), e.g.,
I = Ix + Ry

where

Ry ~ Unif(min(Cx) — lx, max(Cx) — lx)

and (Cx, Cy) represent the set of coordinates of Inner London. The corre-
sponding WinBUGS code is given in Appendix assuming multiplicative

influence of benzene exemplarily.

Figure B3] shows a boxplot of the jump heights in a selected model of the
simulation study. Here, we use all jumps in 10000 iterations for two ker-
nels and two chains in model Sf2. Although this is not a proof, the actual

jumps heights tend to be large as to be expected for a Gamma random
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Figure 3.1: Boxplots of the jump heigths T',,, m € {1,2}, as estimated by
WinBUGS in 10000 iterations, v = 2, model Sf2.

field and therefore support the assumption that our implementation leads to
an approximation of the Gamma random field. Another indication for the
suitability of this approach are the actually estimated locations which are
discussed in Section R.7]

As the model is more complex compared to the restricted implementation
described in Section B42] we increase the burn—in to 500000 followed by
another 500000 iterations for Monte Carlo estimation. Again, we use two
chains and set the thinning parameter to be 5 to reduce autocorrelation. To
determine the number of required iterations to achieve the conjugated state

we use the criterion of Brooks, Gelman and Rubin described in Section Bl
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3.5 The Markov random field—based ecologic

regression model

This alternative approach combines spatially structured and unstructured

spatial effects with the influence of covariates.

We assume the observed cases N; to follow a Poisson distribution with mean
parameter ;. The log(u;) depend on the logarithm of the expected number
of deaths Ej;, an overall level o and spatial random effects as well as a term
depending on the mean averaged benzene observed in region ¢ with the effect
estimated by coefficient (yen,. For the spatial effects we differentiate between
latent covariates with (V;) and without (U;) a spatial structure. This leads
to the model

N; ~ Pois(u;)
log(p;) = log(E;) +a+ Vi + Ui + Boens(B; — B).

For the spatially unstructured effects V; we assume a Gaussian distribution

with mean 0 and precision parameter 7y, i.e.,
Vi ~ Gau(0, 7).

Following |(Clayton and Kaldgll (1987), the spatially structured effects U; are

based on an intrinsic Gaussian conditional autoregressive model (CAR) which

is
U2|Ujaj 7é i~ Gau(BiaTU)a

(IBﬁsagﬁ_alJ, h.%]]) The term b; = (32, wiU;) Jwiy vefers to the mean of

neighbouring areas j # ¢ around area 7, w;; = Zj w;j. The weights w;; = 1 if

areas ¢ and j are neighbours, i.e., share a border, and w;; = 0 otherwise. This
definition has the intuitive interpretation for the conditional mean E(S;|S_;)
as a weighted average of all neighbouring regions S;. This specification of
spatially structures effects leads to a Gaussian Markov Random field, see

nd Hel (lZDQ_d) We will therefore refer to this model as Markov random

field (MRF) model. In addition, the b; values are constraint in summing up

to zero (Besag and KQQperberg, |L99£j) However, this requires an improper
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and unbounded uniform distribution on the real line for «, i.e.,
a ~ Unif(—o0, 00).

For fyens, We also use an uninformative Gamma distribution as prior as fol-

lows

ﬁbenz ~ GaU(O, 00001),

hyperpriors for the precision parameters of the spatial effects are set to be

Ty ~ Gamma(0.5,0.0005) 7y ~ Gamma(0.5,0.0005).

Using the software WinBUGS we use MCMC techniques for estimation of
the posterior distribution. For the MRF model two chains with a burn-in
period of 200 000 iterations were chosen, followed by a sample of 400 000. To
reduce autocorrelation in the Markov chains we set the thinning parameter
to be 10, this leads to 40 000 iterations.

3.6 The clustering approach by Knorr—Held
and Rafler (2000)

An alternative to the Poisson—-Gamma model and the MRF model is a clus-
ter or partition model, for example the so—called BDCD (Bayesian Detec-

tion of Clusters and Discontinuities in Diseases Maps) model described by

Knorr-Held and Baﬁeﬂ (l2Dﬂ_d) Although the main goal is clustering, it is of-

ten used as a disease mapping tool , ). We choose this model

as it is of similar complexity as Poisson-Gamma models.

The basic idea assumes a constant mortality risk within one or more neigh-
boured regions. These are combined to so—called clusters. Using adaptive

smoothing we should be able to detect discontinuities in the modelled region.

Given the number of observed cases N; in region 7, ¢ = 1,...,n, and the
number of expected deaths FE;, we assume a constant relative risk h; in one

or more regions, leading to
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Regions are grouped to a cluster C; with associated relative risk h; which is
a part of the set of all regions. We can write C; C {1,...,n}, j=1,...,k,
where C;, N Cy, = 0 for j; # joand CLUC, U...UCy = {1,...,n}. The

number of clusters k is unknown a priori.

To find a partition of the region into k clusters, we employ Reversible Jump
MCMC methods introduced by M) allowing to switch between

different values k.

As prior distribution for the number of cluster centers we choose a Uniform
distribution on the number of regions {0,...,n} implying an equal proba-
bility for each aggregation of regions. Given the number of cluster centers
k we choose k regions out of the whole area and define them as cluster cen-
ters Gy = (g1, ..., 9x). Remaining regions belong to the cluster center with
minimal distance measured by the number of borders between region ¢ and

cluster center g; with j = 1,...k.

The corresponding relative risk in Hy = (hy, ..., hy) in each cluster follows
a log-Normal distribution a priori, i.e., log(h;) ~ Gau(u, 0?) and we need to
specify priors for u, which is a Uniform one on the whole real line (diffuse
prior) and for 0? where we choose a highly dispersed Inverse Gamma dis-
tribution IG(a,b) with fixed a and b. In our example we choose a = 1 and

b = 0.01. Other values are tested and lead to similar results.

Additionally, we introduce possible moves for the Reversible Jump MCMC
scheme. For changing the numbers of clusters, we use a birth and a death
move, in which we add and delete a cluster center out of the remaining n — k
regions respectively. Additionally we use a shift move to change a cluster
center g;. In a switch move we exchange positions of two cluster centers in
G possibly leading to an alternative cluster configuration. This is due to
associating a region with the same distance to two cluster centers to the one
with the smaller index in Gy. In a height move we recalculate the relative
risks in Hj using
ji? fi
h; ~ Gamma (yj topet §> : (3.9)

where i = exp(p + 0.50%) and 6% = exp(0?) x (exp(c?) — 1) x (exp(2u))
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(I.K.Uﬂkﬂﬁ]d_andﬁ@&ll, |21md) The hyperparameters i and o2 of the corre-

sponding Gamma distribution may be changed in a hyper move.

For details of BDCD and the chosen setting see Knorr-Held and Baﬁeﬂ (|2QQ_d)

as well as m ).

For application of BDCD we use a burn—in of 200 000 followed by 40 000 000
iterations using a thinning parameter of 4000. The thinning is increased
compared to other models due to high autocorrelation when using Reversible
Jump MCMC. This leads to 10000 samples for Monte Carlo estimation.
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Chapter 4

Computation: Linking R and
WinBUGS

As already briefly described in Section Bl the BUGS (Bayesian inference
Using Gibbs Sampling) language provides a very flexible and powerful tool
for Bayesian analysis of complex models using MCMC methods. The Win-
dows implementation of BUGS, WinBUGS, provides a graphical interface
and makes the BUGS language therefore more convenient and easier acces-
sible. The user can specify the Bayesian model including data and suitable
initial values by clicking appropriate buttons. With the provided tool boxes
the model can be updated, Monte Carlo estimates for specified quantities

can be calculated, and lots of other functions are provided.

For the purpose of a convenient and automatised use of WinBUGS — which is
especially necessary for the simulation study carried out here —
(EJPE) develop the R package R2ZWinBUGS. This package uses the scripting

language of WinBUGS, which is available from version 1.4 onwards.

R2WinBUGS is available under CRA, the Comprehensive R Archive Net-
work, and can be installed via the command install.packages ("R2WinBUGS")
and loaded by library("R2WinBUGS"). The main function of the package is
bugs (), help is available by typing ?bugs.

thttp://CRAN.R-project.org

41



After specifying the data set necessary for modelling in WinBUGS, the
R2WinBUGS package writes a file containing these data which WinBUGS
can interpret. R2ZWinBUGS allows for a wide range of data formats in R, it
can be either a named list, a vector, or a list of the names of the data objects.
Similar things hold for the initial values of a user defined number of chains.
After writing data files and files containing initial values as well as the script
itself, WinBUGS is started in the batch mode and runs the script. Some out-
puts including trace plots and summary statistics are created automatically.
Resulting values can be read in either automatically in R by the package itself
or stored in ASCII files supporting the coda format. In the latter case, a wide
range of inference and output diagnostics are available via the coda package

(Plummer et alJ, M) A detailed description of the R2ZWinBUGS package

including reproducible examples demonstrating the usage of the package can

be found in [Sturtz et alJ (IZM)EJ)

R2WinBUGS allows for an automatised use of WinBUGS. Nevertheless,

communication between R and WinBUGS is done via exchanging text files

and an interactive process of sampling/convergence diagnostics is not pos-
sible. A further development of WinBUGS called OpenBUGS contains the
open source version of the BUGS language and can be embedded into R
via the interface BRugs, published under CRAN. Installation is possible
by install.packages("BRugs") similar to R2WinBUGS. The package is
loaded by the command 1ibrary("BRugs").

The BRugs package contains the OpenBUGS software itself, refined versions
of the functions that reproduce OpenBUGS functionality as well as functions
for data preparation and initial values from R2WinBUGS. Using BRugs,
it is possible to control OpenBUGS from R using a dynamic link library
which provides a .C() interface to BUGS command language. Initial help is

available by 7?BRugs or the online manual.

Model procedures are similar to those used in WinBUGS itself as well as
the scripting language, but BRugs provides R functions that communicate
with OpenBUGS components allowing for an interactive modelling process.

There are various functions available, such as
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e modelCheck() for checking a model in BUGS code stored in a specific
file,

e modelData() for loading the data, and

e modelInits() for the initial values of multiple chains.

The latter two can either be stored in specified files or available as R objects
only. For the initial steps of MCMC analysis a wrapper function BRugsFit ()
is available. The range of more than 60 functions reproduces OpenBUGS

functionality, here is a selection of some frequently used functions:

e samplesSet() to set the chain for a particular variable,

e modelUpdate() to update the model,

e samplesStats() to produce summary statistics for a variable,

e samplesHistory() to plot the trace of a variable,

e samplesBgr() for the Brooks-Gelman-Rubin convergence statistics,

e samplesDensity() for a smoothed kernel density estimate for contin-

uous data or a histogram for discrete data etc.

The R package is described in detail in h:thaS_Qt_alJ (|2D_Od) The reference

also includes an example how to use the package.
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Chapter 5

Convergence diagnostics and

model selection

Fitting Bayesian models by MCMC methods requires to set the number of
iterations needed for the model to converge and those necessary to get stable
Monte Carlo estimates. While the latter one can be determined by the Monte
Carlo error the choice of an appropriate burn—in period is more complicated.
Methods include the visual inspection of the Markov chain, where the usage

of multiple chains makes stationarity easier to determine. More objective

criteria include the criteria of ) and

). A comparative review about possible convergence criteria can be

found in les an rlin (1996). This includes the criterion of Brooks,
Gelman and Rubin (BGR) which is implemented into WinBUGS. It is intro-
duced by |G_elm.aﬂ_and_]31].b_ln| (|19_9j and generalised by |B1mks_andi}ﬂman|

). In this thesis, BGR helps us to set the burn—in period. It is described
in detail in Section [B.]

The influence of different covariates to observed data can be expressed by
alternative models. From those, the user has to identify the most appropriate

one. There exist a large number of model selection criteria, for example the

Baies Information Criterion and Bayes factors described by |[Kass and Bafmr;zl

). Alternative methods include posterior predictive p—values and condi-

tional p—values which are discussed by|B_a;Larﬁ_and_Bﬂgﬂl (IZLE_d) ; |A]IJ&m_eL_alJ
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(@), and |Perez and Berg_e.d (|2D_Qj) and increased their popularity during

recent years. Furthermore, [Vehtari and Iiampineﬂ (IZDDJ) suggest predictive

explanatory power for model comparison and evaluation of model perfor-

mance.

Another frequently used criterion is the Deviance Information Criterion (DIC),

introduced by [Spiegelhalter et alJ (IZM) It combines a measure of complex-

ity and a measure of fit. This allows to compare not only the performance

of the applied model but also to judge about the increased complexity by
additional covariates. In this thesis, the DIC will be used as an indicator of
model performance in both, simulation study and real data set application;
it is described in Section

5.1 Convergence diagnostics

A possible convergence criterion is the one by Brooks, Gelman and Rubin
(BGR). It is introduced by MHMMBM (Il&(ﬁ) and generalised by

). This criterion is implemented in WinBUGS and
available via a tool box. The idea is to monitor 7 iterations of a number of

v > 1 chains and to compare between and within variances of those chains.

To check convergence of any scalar summary v three different quantities are

monitored:

The within—sequence variance W is calculated by

I & .
W= WZZ(%S —¢r.)

r=1 s=1
for any scalar summary . It should stabilise as the number of itera-

tions 7) increases.

The mixture—of—sequences variance V is calculated as a pooled poste-

rior average of the between—sequence variance

g LS @B

n v—1

r=1
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and the estimated variance o3 which is calculated by a weighted average
of B and W as follows:

—1 B
&i:n—WJr—.
n 1

This leads to

If convergence is not achieved yet, we expect W to be less than V.
Therefore, we can use the ratio of both quantities for convergence di-

agnostics.

The variance ratio R is given by the ratio of the within—sequence variance
W and mixture-of-sequences variance V. This ratio is corrected for
sampling variability depending on the degrees of freedom of estimation
d ~ 2V/Var(V) assuming normality of the marginal distribution of

each scalar quantity 1. Therefore, the variance ratio is estimated to be

(d+3)V
d+1)W

(Brooks and Gelman, [1998).

Dividing each chain into batches of length b, we can plot the development of

V, W and R as 7 increases.

If assumption of normality is violated R should be modified by using interval
lengths rather than variance ratios. We calculate the empirical 100(1 — a))%
interval of 1 simulation draws of each single chain as a substitute of within—
sequence variance W. As a substitute for mixture—of-sequences variance V'
we use the total-sequence interval as the empirical 100(1 — )% interval out

of all vn observations. Both quantities are used to calculate

length of total-sequence interval

Rin T - N .
terval = hean length of the within—sequence intervals
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Figure 5.1: BGR plots for selected parameters in model Afl in Chapter § for

Blatent (a) and for the xz-location of Gaussian kernel lg?) (b).

(Brooks and Gelman, M) The resulting plot is among the standard out-

put provided by WinBUGS using batches of size 50 or larger, leading to

at most 100 different values as 7 increases. The average length of the 80%
total-sequence interval is plotted in green, the one of within—sequence vari-
ances is blue, while their ratio Riptervar is red. For plotting purposes pooled—

and within—interval widths are normalised to have an overall maximum of

one (Spiegelhalter et al., M) Approximate convergence is attained if the
green and the blue line stabilise at the same value resulting in a ratio of one
plotted as a red line such as in Figure [l This figure shows the BGR plot
exemplarily for a Poisson-Gamma model with additive influence of benzene
and one latent covariate applied on structure A (Afl), for details see Chap-
ter § Here, we use a burn—in of 100000 followed by 100000 iterations. The

thinning parameter is chosen to be 5.
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5.2 The Deviance Information Criterion

logue of Akaikes Information Criterion

The Deviance Information Criterion (DICE can be seen as a Bayesian ana-

,11973). Formally introduced

by [Spiegelhalter 1. (IZMld), it consists of a measure of complexity and a
measure of fit. For complexity, we estimate the effective number of parame-

ters by
pp = D(0) — D(0), (5.1)

where the Bayesian deviance is defined by
D(0) = —2log (p(y|0)) + 21og (f(y)), (5-2)

see Spicgelhalter et all (2002).

We combine the deviance as a classical estimate of fit with twice the effective

number of parameters estimated by Equation (5.]]) leading to

DIC = D(0)+2pp

— D) + pp. (5.3)

The standardising term f(y) of the Bayesian deviance function in Equa-
tion (B.2) is a function of the data alone. For comparison of different models
used for exactly the same data it can be neglected, i.e., by setting f(y) = 1.
WinBUGS provides a tool box to calculate the DIC automatically using this
setting. However, this approach is not appropriate for the simulation setting
applied in Chapter [0 as we generate different data sets in each simulation

leading to different values of f(y).

For members of the exponential family with E(Y") = u(6) we do not need to
set f(y) = 1. Instead we can use the saturated deviance which is obtained
by setting f(y) = p(y | u(f) = y) in Equation (5.2)). Using this definition, we

expect the posterior expected deviance to be approximately the number of

free parameters in 6 if the model is true (Spiegelhalter et alJ, [Zﬂﬂﬂ) giving a

possible check for model adequacy.
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For data assumed to be Poisson distributed, i.e., N; ~ Pois(6; E;), the de-

viance D;(6;) for region i, i = 1,...,n, can be written as
D;(0;) = A v ) Y (5.4)

(McCullagh and Neldeﬂ, |L9_9d) The total deviance D(0) is then calculated
by

D(#) =D _ Di(6). (5.5)

When implementing DIC estimation in WinBUGS negative values of pp are

possible. In the simulation study this occurs for example if we employ a hard—

wired function in the software package BlackBox ,

) in our model. In the BUGS language, pp is calculated by posterior
means of stochastic parents. These are changed by the hard—wired function,
therefore estimates are not reliable as mentioned on the WinBUGS mailing

list on April, 21st, 2005, see
http://www.jiscmail.ac.uk/cgi-bin/wa.exe?A2=ind0504&L=bugs&P=R3370&I=-1.

Therefore we decided not to use WinBUGS’ implemented calculation cor-
rected for the saturated deviance but to use our own coding of the deviance
as well as of the DIC in R.

To decide whether one model is significantly superior to other considered

models the point estimate should be supported by its corresponding vari-

ance. 1 (IZD_(Hj) propose a so—called ‘Brute Force” approach by
rerunning the Bayesian model N times with different starting values and dif-
ferent seeds leading to a sequence of estimated DICs which is DICy, ... DICy

for variance estimation. Hence, we have
_ T

Var(DIC) = ——— DIC, — DIC))% 5.6

wHDIC) = 77 32 (PIC; — DI (5.6

This approach is very time—consuming and therefore not suitable for most
applications. Alternative approaches include estimation of variances and co-

variances using only one setting of the model by the delta method, dealing
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with effective sample sizes and accounting for autocorrelation through batch-
ing. For two independent samples of size G; and G we separately compute
D(0) according to Equations (5.4) and (55) as well as D and plug those into

Var(DIC) = Var (2D — D()) = 4Var(D) + Var(D(f))

assuming those estimates to be uncorrelated. Using batching, \//a\r(D) can
be estimated directly from the data. A detailed explanation of the batching

approach is given below.

For estimation of Var(D(f)) we express this term as a function of Var(6;)

and Cov(0;, 0;) for any i # ¢’ using the multivariate delta method as follows

Var(D(0)) =~ > (81();7;@)) Var(f;) + Y 6’1;;@) 61;%(/01) Cov(6;, )
[ i;éi’ [ 7

i

(5.7)

(IZhu_an_dllaﬂjﬂ, |ZDDd) The 6; are posterior means of the random mean

measure, their variance and covariance can be estimated from the {9(91)}511:1

output using batching. The first derivative of a Poisson deviance is given by

oD;(0;) 25 (=N;/0+ E;) ify; >0

When using batching for estimation of @(D), we compute the D¥2) output
using Equations (5.4]) and (5.5) and divide this sequence of length G, into ¢
successive batches of length T'. For each of the batches, we calculate batch

means By, ..., B; and
t
_ 1
B: - BZ

This leads to the variance estimate

Var(D) = Var(B) = — Z(J&-—B)2

producing reliable estimates if 7" is large enough so that the correlation be-

tween batches is negligible. Furthermore, ¢t needs to be chosen large enough to
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produce reliable estimates of Var(B;). Estimation of Var(6;) and Cov(6;, 0;)
follows the paper by [Zhu an rli (lZD_Od)

Besides batching [Zhu and Carlin (IZM) presented two other approaches for

estimating Var(6;) and Cov(f;, ;) in their paper, but all three lead to very

poor results as presented in ).

We might also build some alternative samples for the batching approach.
The one we introduce in this thesis is to build the sample using thinning,

i.e., we construct a new sample by using each 91th value. That would be
Lst, (M + 1)th, (291 + 1)th, ..., (L — 91+ 1)th value for the first batch,

MNth, 2Nth, 3Nth, ..., Lth value for DNth batch

where L = n x v. Using those alternatively built batches we proceed with

variance estimation as proposed by ' ).

Additionally, we suggest the use of bootstrapping and cross—validation tech-
niques to improve the fit of Var(DIC).

For bootstrapping we use the MCMC estimates of 6 of length £ to sample
a new chain with similar length. This is done with replacement. Then we

estimate the DIC of this sample. The procedure is repeated N times to

estimate
1 N
Var®*(DIC) = ——— DIC, — DIC )2
ar®*(DIC) N1 ;( ! )%
where
1 N
DIC ™" = N Z DIC,
=1

and DIC; is from the [’th bootstrap sample.

An alternative approach is to adopt cross—validation techniques for vari-
ance estimation of DIC. We construct a new sample of § by leaving out N
elements successively from the whole sample of length £. This leads to L /A
new samples. In this approach, the goal is not to estimate characteristics of
the left—out iterations but to use the new samples to estimate the variance
of the DIC. For each sample [, we calculate DIC;, I = 1,...,L/N, which we
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use to estimate

LN
1 ————=Cross
Var®<=(DIC) = DIC;, — DIC 2
I0) = ErmEw -1 2 P1¢ )

where
1 L/IN
DI Cross - DI
¢ LIN 2_DIC,

Table presents selected results of variance estimation for three Poisson—

based examples, namely

1. The conjugate Poisson-Gamma hierarchical model (Spiegelhalter et al.,

, Examples I) employed on the numbers of failure of ten power

plant pumps by |(George et alJ (IJ.M) with 2 chains each of length 1000
following a burn—in of 2500 (Pumps).

2. The CAR model used for disease mapping (IS;ﬁﬁgeJ.haltﬂjLalJ, |29_0_4|,

Examples in the GeoBUGS Manual): rates of lip cancer in 56 counties

in Scotland as analysed by IClayton and Kaldgll (IM_ZI) and
resl nd Cl ) with 2 chains each of length 1000 following
a burn—in of 2500 (Lip Cancer).

3. The Poisson-Gamma random field model employed on a generated data
set based on the leukaemia data described in Section2l Model and data
equals combination Aal in the simulation study, see Section [6.2.1l We
employ 2 chains with a burn—in period of 50000 followed by 100 000

iterations when setting the thinning parameter to be 5.

Additionally, we give the corresponding DIC estimates for each of the ex-
amples as well as the number of effective parameters pp. As the quality
of estimation depends on the effective sample size Table also contains
the autocorrelation of lag one for the deviance of one chain of each of the

examples.

Estimation was done using OpenBUGS ( thmaEJ, M) via the R software

; M) by the package BRugs ,

lopmen T
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Pumps Lip Cancer Leukaemia
DIC 17.873 103.131 315.958
pD 8.662 26.413 1.926
Autocorrelation of deviance for chain 1 0.0130 0.2130 0.0350
Brute Force N = 1000 0.0352 0.1230 0.0018
Bootstrap N =100 0.0034 0.0084 0.0003
N = 1000 0.0030 0.0084 0.0004
Batching T =10 0.1109 0.6238 0.1260
T =50 0.1143 0.7866 0.1171
T =100 0.0992 0.9296 0.1224
Batching & Thin T = 10 0.0902 0.3039 0.1159
T =50 0.1064 0.2601 0.1171
T =100 0.1005 0.3608 0.1403
Cross Validation N =1 0.0032 0.0101 0.0012
N =10 0.0033 0.0111 0.0018
N =100 0.0029 0.0124 0.0019

Table 5.1: Variances of the DIC estimated by different methods for three consid-

ered data sets.
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Variance estimates are reported in Table 5.1l All values are estimated to be
less than one. This holds for the Brute Force approach which can be seen as

a “gold-standard” as well as for alternative approaches.

Unfortunately, faster methods than the Brute Force approach do not produce
reliable estimates. Using the bootstrap approach we underestimate the true

DIC. The amount of underestimation does not depend on the batch size.

The batching approach overestimates, again the results are stable for different
batch sizes. For the Pumps model and the Leukaemia examples, batching
and the combination of batching and thinning produce similar estimates.
For the Lip Cancer examples incorporating a CAR-term a reduction of the
estimate is achieved by thinning. This is probably due to autocorrelation

between the samples in the original chain which can be reduced by thinning.

The cross—validation approach underestimates the variance for the Pumps
and the Lip Cancer examples by factor 10, for the Leukaemia examples we
achieve estimates close to those of the Brute Force approach. For all models,

results are consistent for different sizes of N.

There is just a slight relationship between the estimated variances for any
of the examples. The influence of the autocorrelation in the deviance chain

seems to be more important.

All together, the variance of the DIC is estimated to be less than one in all
three examples which is very small compared to the DIC. It can be assumed
that similar results would be achieved for models which DICs in the same

order of magnitude. Therefore, an estimation of variance is not taken into

account any further. Nevertheless, lzm_amdﬁaﬂld (|2D_O_d) report much higher
DICs and Var(DIC) in their paper. A more detailed analysis of our proposed
methods using different models than those applied here is necessary. For a

discussion on the variance of DIC in general see Chapter [0
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Chapter 6
A simulation study: settings

For analysing characteristics and performances of Poisson-Gamma models
using different settings within this model class itself and in comparison to the
alternatively chosen MRF model and the BDCD cluster model, we perform
a simulation study. This gives the possibility to explore the performance of
the model with respect to the true underlying structure. Certain scenarios

will be set up for data generation as described in Chapter

In principle, all components such as covariates, population figures, and the
number of observations can be varied within a simulation study. Nevertheless,
it is sufficient to use population figures and benzene outcome like they are
observed in the data set of childhood leukaemia described in Chapter 2 We
used the expected number of cases as a surrogate for the real population
which gives the generated numbers the interpretation of expected cases. We
will only change the amount and the type of influence benzene has on the
generated number of incidences in the fixed population numbers of Inner

London.

Data are generated assuming a number of different scenarios as described
in Section [6.21 One assumes the influence of a single covariate only, others
additionally involve risk due to a latent risk factor represented by a Gaussian
kernel, a linear or a plateau trend, or clusters of increased risk in combination

with the covariate. The chosen covariate can be benzene, as in our real data
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set, or any other variable. In a simulation study, we can set the amount
of influence of the chosen covariate to result in a pre-specified number of

incident cases or deaths among the population at risk.

As a first step we implement the restricted version of Poisson-Gamma models
as described in Section B 42l The different models employed on these data
are described in Section[6.Il The results are reported in Chapter[7l Results of
the more flexible implementation of Poisson—Gamma random field models as
described in Section are given in Chapter B The quality of the findings
is measured using DIC and the Mean Square Error (MSE) as described in
Section 6.3l

6.1 Models employed on generated data

On each of the generated data sets, several models will be employed. First,
we use Poisson-Gamma models where risk is modelled depending on benzene

only.

Additionally, we combine the different types of influence of benzene with
latent covariates located at different distances. Here we use the restricted
implementation assuming fixed locations as described in Section In
principal, each possible distance can be assumed. Nevertheless, given the
fixed extension of the area, which is 24.6 km from east to west and 22.5 km

from north to east, not all distances are suitable.

We calculate the number of points which fit into the bounding box covering
the area of Inner London given a certain distance. Typically, this is not
an integer. Therefore, we round this value up and recalculate the distance
between two latent covariates accordingly. The deviation between the chosen
distance and the recalculated one is the larger, the larger the distance between

two locations is chosen.

As distances, we choose d; = 15 km (resulting in 9 latent risk sources) and
dy = 5 km (leading to 36 latent risk sources) located from the edges of the

grid covering the whole area of Inner London. The real distances for d; (d2)
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Figure 6.1: Location of latent sources: (a) 4 (orange) and 9 (green) kernels with
distance dy, (b) 36 kernels with distance ds.

are 12.316 km (4.926 km) for the latitude and 11.126 km (4.502 km) for the
longitude. For computational reasons, a higher number of latent risk sources

will not be considered.

There is also the possibility to locate four sources to span a square of 15 km
length centered around the middle of the bounding box of Inner London. A
combination of four centrally located and nine sources spread over the whole

area leads to 13 latent sources as shown in Figure (a).

Furthermore, we are interested in the performance of models where no ben-
zene is considered, but a certain amount of latent risk sources. This gives
an idea how the model performs when covariates that have an influence on
the incidence outcome are not involved in the model. Here we employ two
different settings: one involving 13 risk sources located as in Figure [61] (a)
and a second setting of 36 risk sources, see Figure (b). The location of
the latent risk sources is assumed to be fixed in this part of the study and
implemented in WinBUGS following Section A list of the resulting
Poisson—-Gamma models is given below. For an implementation allowing the
location of each kernel to be random see Section 3.4.3]
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Summarising the models introduced above, we apply the following settings

to generated data in the first part of the study:

restricted Poisson—Gamma models with additive influence of benzene:
Model a: no latent risk sources;

Model b: 4 latent risk sources with d; = 15km;

Model c: 9 latent risk sources with d; = 15km;

Model d: combination of sources from b and ¢ to 13 latent risk sources;
Model e: 36 latent risk sources with do = 5km;

restricted Poisson—Gamma models with multiplicative influence of benzene:
Model g: no latent risk sources;

Model h: 4 latent risk sources with d; = 15km;

Model i: 9 latent risk sources with d; = 15km;

Model j: combination of sources from b and c to 13 latent risk sources;

Model k: 36 latent risk sources with do = 5km;

restricted Poisson—Gamma model with no influence of benzene:
Model w: 36 latent risk sources;

Model x: 13 latent risk sources.

6.2 Generation of data sets

To analyse the performance of Poisson-Gamma models, we consider five

different settings.

In Section B.2.1] we give details on the study design where only benzene
determines the observed number of incidences without involving any latent

risk factors in the generation procedure.

In a second part of this study, a latent risk source will be combined with the
benzene covariate in data generation. This results in the structures described
in Section [6.2.2]

Furthermore, we construct some other commonly used spatial structures in-

cluding covariates with linear spatial trend and clusters with increased risk.
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One pattern includes a covariate with linear spatial trend (Section [6.2.3),
again with either a low or a high additive or multiplicative influence of ben-

zene.

Other spatial structures increase the risk in all wards south of the Thames
(Section [6.2.4]) or are characterized by clusters with increased risk, see Sec-

tion [6.2.5l Those scenarios again include different levels of benzene.

6.2.1 Data sets determined by benzene only

In this setting we do not account for any latent risk sources in data gen-
eration. This leads to a number of observed cases influenced only by the
chosen covariate benzene. As Poisson-Gamma models give the possibility
to introduce this covariate either as an excess or a relative risk factor, both
interpretations will be considered in data generation leading to additive and
multiplicative models which are referred to as “structures” throughout this
thesis. Besides the model type, the amount of influence of benzene can be

varied. Details on both are given in the following.

The model type
The number of observed cases Y; in ward 7 is assumed to follow a Poisson
distribution with mean depending on the expected number of cases F; and

an area—specific relative risk A;, i.e.,

For E; we use the expectations from the example given in [Best et alJ (lZDQj),
see Section 2.2 For calculation of A; we assume either an additive or a

multiplicative influence of benzene in grid k.

Furthermore, we set the amount of influence of benzene. We do not vary the
intercept parameter but fix it to have no influence at all, i.e., Gy = 0 for the
additive model and [y = 1 for the multiplicative one. Using a multiplicative
model this gives a lower limit of around 250 observed cases; less cases can be

observed setting (5, < 1.
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Openz | additive model || Gpeny | multiplicative model
0.5 55.397 0.1 246.614
1 110.795 0.3 265.522
2 221.589 0.6 297.779
3 332.384 0.9 335.563
4 443.178 1.0 349.583
5 553.973 2.0 544.043
6 664.768 2.5 695.583
7 775.562 2.7 771.288
8 886.357 3.0 905.682

Table 6.1: Number of expected cases for different parameters of benzene us-
ing additive and multiplicative models, bold numbers indicate parameter

values chosen for data generation.

The amount of influence
The amount of influence of benzene is determined by the parameter [Fyep,.
We calculate the number of expected cases for the area of Inner London

for various settings in multiplicative and additive models as presented in

Table

Using ideas of experimental design, we select two different values for Opens
reflecting ‘high” and ‘low’ influence of the covariate for each type of model
according to Table [6.Il Keeping in mind that the observed number of cases
in Inner London is about 290 we set (pen, = 0.9 leading to about 330 cases.
A similar amount of expected observations is achieved by additive models
with Bpen, = 3.

For a high influence of benzene, we roughly double the expected number
of observations leading to Bpen, = 2.7 (multiplicative model) and fpen, = 7

(additive model) giving approximately 770 cases, see Table [G.11

Therefore, we employ the following structures in data generation which in-

clude only benzene but no latent risk factors:
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Structure A: additive model, influence of benzene is low, i.e., Bpen, = 3;
Structure B: additive model, influence of benzene is high, i.e., Bpens = 7;
Structure M: multiplicative model, influence of benzene is low, i.e., Bpeny, = 0.9;

Structure N: multiplicative model, influence of benzene is high, i.e., Byen, =2.7.

Note that different modelling schemes lead to a similar number of observa-
tions, but different variances. For the additive structure A we calculate a
variance of 0.356, while it is 0.224 for structure M; in structure B, we get a

variance of 1.940, for structure N we achieve 3.024.

According to the model formulation (see Equation ([B.6) for the multiplicative
model and Equation (33]) for the additive one) the parameter of the Poisson
distribution A; in ward ¢, ¢ = 1,...,n, is calculated. Hence, we sample
the observed number of incident cases in each situation according to the

calculated Poisson mean.

6.2.2 Including a latent risk source as covariate

It is also possible to include “unobserved” risk factors in data generation
additionally to benzene. This gives information on how well the selected

models can detect existing latent risk sources or spatial patterns in general.

We expand data generation by just one Gaussian kernel representing the in-
fluence of an unobserved covariate. This kernel is located next to one of the
four centered latent risk sources considered in models b and h, see Section [G.11
Hence, we employ models on generated data using kernels located in direct
neighbourhood to this generated covariate (models b/h, d/j), in a distance
of approximately 3.5 km (models ¢/i) or nearby as for models e and k. The
chosen coordinates (527, 175) are represented by a dot in Figure The
amount of influence by the latent covariate is chosen to be similar to a low
influence of benzene, i.e., causing approximately 330 cases. Two different
scenarios are considered. First, both covariates are matched with a propor-
tion of 1:1, in the second setting the number of cases caused by benzene is

roughly double the amount of that caused by the latent covariate.
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Figure 6.2: Location for the latent risk source in data generation. Coordinates

are given in km, the point of origin is determined by the most western

and the most southern point of the UK.

Furthermore, we consider the variance of the Gaussian kernel representing
the spatial dimension of influence and the parameter (jaent Of that kernel.
The standard deviation (sd) of the Gaussian kernel is selected according to
Table 6.2 to be 2.5 km which is equivalent to a variance of 2.5? = 6.25 km?.
The distance of 6.25 km? corresponds approximately to a quarter of the cir-
cumference of Inner London. This choice of variance ensures that the Gaus-
sian kernel has a non-neglecting influence in more than 25% of all wards
which is an increase of 0.0013 X [Bpatent = 0.6812 on the parameter A;. Due
to a median smaller than 0.0001, the increase in at least half the wards in
Inner London is less than 0.0001 X (Glaene = 0.0520 and therefore negligi-
ble. Increases of A; caused by other values of the standard deviation of the

Gaussian kernel are given in Table

The range of Inner London is about 24 km in the east-west direction and
the north—south range is 22 km. Given a total influence of 0.6385 by the

Gaussian kernel
K, ~ N 527 | 6.25 0 |
’ 175 0 6.25
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sd | minimum 1st quantile  median  3rd quantile maximum  sum

< 0.0001 < 0.0001 < 0.0001 < 0.0001 0.1904 0.7231

2| <0.0001 < 0.0001 < 0.0001 0.0005 0.0480 0.6833
2.5 | < 0.0001 < 0.0001 < 0.0001 0.0013 0.0307 0.6385
3|1 <0.0001 < 0.0001 0.0001 0.0020 0.0214 0.5919
5| < 0.0001 0.0002 0.0007 0.0020 0.0079 0.4445

Table 6.2: Increase of A; by the latent risk source depending on standard devia-

tion of Gaussian kernel.

we select Olatent = 520 resulting in 332 additionally expected cases for the ad-
ditive model. As presented in Figure[6.3] influence of the generated Gaussian

kernel is only observable in the south—western part of Inner London.

When using the multiplicative model, influences of the latent source and
benzene are multiplied. This makes an adaption of [jaent Necessary leading
to a value of 350 (480) for 665 (1100) expected observations in total for a
low (high) level of benzene. In addition to data generation settings when no

latent variable is involved, we consider the following structures:

Structure C: additive model, influence of benzene is low, i.e., Bpeny = 3,
Blatent = 520, Gaussian kernel at (527, 175) with sd=2.5;
Structure D: additive model, influence of benzene is high, i.e., Open, = 7,
Blatent = 520, Gaussian kernel at (527, 175) with sd=2.5;
Structure O: multiplicative model, influence of benzene is low, i.e.,
Bbenz = 0.9, Blatent = 350, Gaussian kernel at (527, 175) with sd=2.5;
Structure P: multiplicative model, influence of benzene is high, i.e.,
Bbenz =2.7, Blatent = 480, Gaussian kernel at (527, 175) with sd=2.5.
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Figure 6.3: Effect of involving latent variable in data generation: true underlying
risk A; involving only benzene ((a), structure A) and additionally a latent
covariate at (527, 175) ((b), structure C).

6.2.3 Including a covariate of linear spatial trend

A common scenario in spatial epidemiology is to include an additive covariate
which has a linear spatial trend. In our case the trend is modelled to have
no influence in the southern wards of Inner London. Influence is increased

with increased distance to the minimum of all centroids of the wards, i.e.,
trend = Siena X (centroid; — min(centroid,)),
(2

where centroid; is the centroid of region 4, ¢ = 1, ..., n, in km, min;(centroid;)
is the smallest coordinate of the centroids of n wards, i.e., the most southern
centroid, and Firenq is the trend coefficient. The later one is chosen to account
for approximately 332 cases, which is equal to the number of cases the latent

risk source in structures C/D/O/P accounts for.

The resulting spatial pattern of the trend component itself as well as in com-
bination with a low multiplicative influence of benzene is given in Figure
All together, in the situation of including a covariate with a linear spatial

trend we have the following structures for data generation:
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Figure 6.4: Linear spatial trend component (a) and resulting spatial pattern A;
(b) for structure Q.

Structure E: additive model, influence of benzene is low, i.e., Bpenz = 3,
Birena = 0.137;

Structure F': additive model, influence of benzene is high, i.e., Bpen, = 7,
Birend = 0.137;

Structure Q: multiplicative model, influence of benzene is low, i.e., Bpen; = 0.9,
Birena = 0.194;

Structure R: multiplicative model, influence of benzene is high, i.e., Spen,=2.7,
Birena = 0.140.

6.2.4 Increased risk in southern areas

Another interesting spatial structure is given by an extreme of the linear
spatial trend component (Section [.2.3]), built by a region of constantly in-
creased risk. We choose the Thames as the separating factor between the
high and the low-risk region. Therefore, 215 wards northwards the Thames
are allocated to the low-risk region with risk determined by benzene only.

The risk of the remaining 95 wards is increased such that we obtain an extra
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Figure 6.5: Increased risk for wards south of the river (a) and resulting spatial

pattern A; (b) for structure G.

330 expected cases compared to the “benzene-only” structures. The risk for

each ward is calculated as follows

A( ) ﬁO + Xbenz (y)ﬁbenz + ﬁincrease (additiVe mOdel)
y —
Bo X exp (Xpenz (V) Bbenz) + Binerease  (multiplicative model)

where

0 if northern ward,

ﬁincrease - )
- erease 1t southern ward.

We choose (3 such that it accounts in total for 332 cases. The value of

increase

. = 3.7 itself corresponds to the number of cases generated additionally

increase

in each ward. Choosing the river as the partition has another advantage: it is
now possible to analyse differences in the MRF models differing in the choice
of neighbouring structure across the river. The expected spatial pattern for
Bincrease as well as for the spatial pattern A(y, a) wy(dy) presented in Figure
assumes a low and additive influence of benzene, denoted as structure G.
All analysed structures are determined by different settings for benzene and

are as follows:
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Structure G: additive model, influence of benzene is low, i.e., Bpenz = 3,

i*ncrease = 37’
Structure H: additive model, influence of benzene is high, i.e., Bpen, = 7,
i*ncrease = 3'7;
Structure S: multiplicative model, influence of benzene is low, i.e., Byen, = 0.9,
i*ncrease = 37’
Structure T: multiplicative model, influence of benzene is high, i.e., Open,= 2.7,
/Bi*ncrease - 3'7'

6.2.5 Increased risk in cluster regions

Instead of increasing risk in half of the area as in Section [6.2.4] we can assume
an increased risk for some specific clusters. We design three different clusters
for the area of Inner London. The location of each cluster is randomly chosen

with some aspects in mind. These are:

e Clusters should be built by different numbers of wards;
e One of the clusters should be divided by the river Thames;

e There should be clusters at the border of Inner London as well as in

the center; and

e Distances between the clusters should be different.

In our cluster configuration presented in Figure the northern cluster con-
sists of 7 wards, the southern one of 10 wards, the cluster in the center is
built by 19 wards. Therefore, risk of 35 wards is increased. For each ward,
the resulting risk is calculated as in Section but with

k%

o ease 11 ward belongs to any of the clusters,

6 increase —
0 else.

*%
increase

additional cases. The resulting spatial pattern of

Again, the parameter is chosen to account for approximately 332

*ok

increase 15 is shown in
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Figure 6.6: Increased risk for wards on three chosen clusters (a) and resulting

spatial pattern A; (b) for structure U.

Figure [6.8] (a), the pattern of the expected cases when combined with a low
multiplicative influence of benzene is shown in Figure (b). The settings

of the structure incorporating an increased risk in certain cluster regions are:

Structure I: additive model, influence of benzene is low, i.e., Openy = 3,

ﬁikrikcrease:15;
Structure J: additive model, influence of benzene is high, i.e., Spen, = 7,
i*ncrease = 157
Structure U: multiplicative model, influence of benzene is low, i.e.,
Boenz = 0.9, {kr;kcrease =15;
Structure V: multiplicative model, influence of benzene is high, i.e.,
ﬂbenz:2-7a ikr;kcrease = 15.
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6.3 Evaluation of model performance

In simulation studies, it is possible to compare the modelled parameter KZ E;
with the generated parameter A; F;. This is done according to the criteria

described in this section.

Of course, it is possible to compare the estimates Bo and Bbenz with the data—
generating parameters 3y and fhen, in each structure. In models incorporat-
ing latent risk sources the parameters Blatent and fm can also be compared
with their equivalents in data generation. Nevertheless, this comparison is
still insufficient as different values may lead to similar results, especially when
using a different model for data generation and simulation. Therefore, we
compare /A\Z E; to A\, E;.

This can be done by the so—called Mean Square Error (MSE) between sim-
ulated and calculated parameter of the Poisson distribution of Y;, which is

calculated by

n

1 ~
2 )

=1
(Mood et, alJ, 1924). If the model performs well, we will observe small values
of MSE; if the given structure is not found by the applied model, larger values

will result.

MSE calculated for the parameters of the Poisson distribution indicates if the
true underlying structure is recovered easily but it can be calculated only if
this structure is known as in a simulation study, not for real observations.
An alternative measure is the DIC introduced in Section This will be
calculated in all simulations. Therefore, comparison of the performances of
DIC and MSE indicates if the DIC is a sufficient method in real applications.
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Chapter 7

Simulation results for restricted

Poisson—(Gamma models

Following the design of the simulation study described in Chapter [6]l we com-
bine the different generated structures with the chosen restricted Poisson—
Gamma models as described in Chapter[6.1l In this chapter we will use struc-
tures determined by benzene only (A/B/M/N) and those characterised by the
influence of benzene in combination with one latent risk source (C/D/O/P)

only.

The corresponding implementation in WinBUGS is described in Section B.4.2]
We assume the location of the latent covariates to be fixed which limits the
flexibility of Poisson-Gamma random field models. For the covariates we
use Gaussian kernels as described in Chapter [ their variance is assumed
to be unknown. The underlying data set of each combination is generated
separately. To stabilise estimation of model performance we use three runs

of each combination of generating structure and model.

The resulting DIC and MSE of the simulations are summarised by their
means in Tables[Z.I]and [[. 2 respectively. We use mean values instead of those
of each single run to give a better overview. For structure A we exemplarily

give the results of the three single runs on page [[7l

Structures that do not involve latent risk at all such as A and B were well
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model A B C D M N O p

a 336.1 | 328.2 | 780.3 | 665.0 | 347.2 | 388.2 | 718.2 | 3850.1
322.0 | 299.3 | 493.3 | 441.1 | 325.2 | 402.9 | 485.6 | 3602.7
341.8 | 354.6 | 762.9 | 604.4 | 321.3 | 420.0 | 638.3 | 3596.2
336.8 | 334.5 | 434.6 | 393.9 | 315.2 | 411.1 | 428.9 | 3681.0
329.0 | 336.5 | 444.2 | 427.2 | 337.3 | 427.5 | 446.6 | 1268.0
323.9 | 355.3 | 851.3 | 722.2 | 330.1 | 327.5 | 782.5 | 3276.9
340.6 | 346.7 | 506.2 | 462.8 | 355.4 | 334.8 | 474.8 | 673.4
i 345.7 | 348.1 | 657.4 | 543.4 | 339.0 | 323.3 | 616.3 | 1281.8
j 336.4 | 369.8 | 410.6 | 371.7 | 348.1 | 376.9 | 402.0 | 458.3
k 350.7 | 349.4 | 439.9 | 406.0 | 321.6 | 321.7 | 417.0 | 587.2
w 398.4 | 427.1 | 461.8 | 431.9 | 359.7 | 494.9 | 425.8 | 1257.7
X 398.5 | 429.3 | 465.8 | 488.4 | 342.0 | 625.5 | 431.4 | 1441.3

SR o o0 T

Table 7.1: Summary of mean DICs of structures A, B, C, D, M, N, O and P of

the simulation study.

identified by all employed models. Usually, MSEs are less than one, which
is really small given the total number of 310 wards where risk is estimated

simultaneously.

For structures where a latent risk source is generated by a Gaussian kernel
the current implementation is too restrictive. The model has difficulties in
identifying the underlying structure correctly, especially if the position of the
kernel is not in the vicinity of the one used for data generation. The problem
is not solved by increasing the number of latent risk factors as this results in
overestimation caused by additional covariates and increases computational
time. Therefore it is necessary to allow for a random location of latent risk
sources. This is possible within the framework of Poisson-Gamma models
and shows the flexibility of the model class. It results in an extension of
our model implementation as described in Section .43l The corresponding

results are given in Chapter

Benzene is always included as a covariate in data generation. If we do not
include this covariate in the model, we are nevertheless able to achieve satis-

factory results. The Gaussian kernels are very flexible already and are able
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model A B C D M N O P

0.0011 | 0.0253 | 5.786 | 5.794 | 0.0052 | 0.871 | 22.056 | 98.457
0.0085 | 0.0195 | 1.723 | 1.889 | 0.0132 | 0.877 | 12.631 | 96.355
0.0116 | 0.0079 | 4.954 | 5.358 | 0.0176 | 0.886 | 19.850 | 95.883
0.0029 | 0.0284 | 1.040 | 1.153 | 0.0108 | 0.878 | 11.191 | 98.082
0.0183 | 0.0406 | 1.549 | 1.661 | 0.0133 | 0.871 | 12.786 | 63.444

0.0330 | 0.205 | 5.975 | 6.196 | 0.0153 | 0.0148 | 22.193 | 104.834
0.0353 | 0.173 | 1.545 | 2.036 | 0.0134 | 0.0078 | 12.103 | 51.161
0.0283 | 0.151 | 4.443 | 4.853 | 0.0124 | 0.0257 | 19.447 | 55.170
0.0350 | 0.167 | 0.977 | 1.106 | 0.0048 | 0.0490 | 10.059 | 55.880
0.0308 | 0.144 | 1.439 | 1.207 | 0.0153 | 0.0435 | 11.721 | 58.055

0.153 | 0.694 | 1.675 | 1.869 | 0.0469 | 1.657 | 13.232 | 62.379
0.205 | 0.908 | 0.993 | 1.601 | 0.0575 | 2.423 | 9.480 | 78.021

X SR~ TR0 &0 T

Table 7.2: Summary of mean MSEs of structures A, B, C, D, M, N, O and P of

the simulation study.

to adopt the missing covariate. It is reasonable to assume that model per-
formance will be improved even further when allowing for random location
of the kernels.

In the following sections, we describe main results for the different structures
in more detail. While Section[[.T]deals with data generated assuming additive
influence of benzene but no latent risk sources (structures A and B), Section
discusses results for structures M and N. For structures where we model
the latent risk at fixed locations, results are presented in Section for
additive influence (structures C and D) and in Section [Z.4] for multiplicative

influence of benzene, i.e., structures O and P.

As already described the restricted implementation of Poisson-Gamma mod-
els is not flexible enough for satisfying results when latent risk is involved
in data generation. We therefore do not apply this implementation on other
generated structures. Results of the more flexible approach for all structures

is discussed in Chapter 8

For a summary of structures’ and models’ names see page m
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7.1 Additive influence of benzene, no latent

risk sources

Data sets analysed in this section are generated assuming an additive influ-
ence of benzene only. For structure A we assume a low influence of benzene
accounting for about 330 cases, for structure B the influence of benzene pro-

duces about 770 cases.

When modelling these data by Poisson-Gamma models that do include a
benzene term we calculate very small MSEs for all applied models as pre-
sented for all three runs separately in Table Corresponding DICs are
given in Table [.4l As all have the same order of magnitude, we decide to
focus on the mean of the values in the following only which are a good sub-
stitute and ease model comparison as done in Table [ZI] for the DIC and
Table for the MSE.

For the Poisson-Gamma model including benzene as an excess risk factor
applied on data generated according to structure A (Aa) the amount of
modelled risk explained by benzene is about 75-85%, which is a similar
amount of variation as the added Poisson noise in data generation. For
data generated according to structure B this amount is about 70-85%. For
Poisson-Gamma models where we additionally include latent covariates in
modelling the amount of risk explained by benzene reaches similar levels for
both structures. By adding latent risk sources it is possible to explain some
of the baseline risk. This amount is elevated by increasing the number of

latent risk sources.

As the MSE’s magnitude does not depend on the number of latent risk sources
additionally involved in the model and all of those produce a homogeneous la-
tent field we conclude the ability of the model to identify the data generating

structure concerning the number of covariates.

In order to analyse the influence of different interpretations of covariates
we compare the results of additive and multiplicative models. Compared to

additive models, the MSE is slightly increased for multiplicative ones, which
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L.

first run | second run | third run | mean
Aa | 0.0012 0.0013 0.0008 | 0.0011
Ab | 0.0138 0.0101 0.0017 | 0.0085
Ac | 0.0027 0.0270 0.0052 | 0.0116
Ad | 0.0006 0.0013 0.0068 | 0.0029
Ae | 0.0095 0.0020 0.0434 | 0.0183
Ag | 0.0260 0.0335 0.0394 0.033
Ah | 0.0280 0.0289 0.0490 | 0.0353
Ai | 0.0327 0.0248 0.0274 | 0.0283
Aj | 0.0317 0.0287 0.0446 0.035
Ak | 0.0270 0.0379 0.0276 | 0.0308
Aw | 0.149 0.160 0.150 0.153
Ax | 0.198 0.207 0.209 0.205

Table 7.3: summary of MSE in situation A

first run | second run | third run | mean
Aa | 315.958 359.796 332.665 | 336.140
Ab | 304.397 324.184 337.455 | 322.012
Ac | 318.813 380.457 326.073 | 341.781
Ad | 332.325 361.980 316.182 | 336.829
Ae | 315.155 340.755 331.089 | 329.000
Ag | 324.607 334.977 312.215 | 323.933
Ah | 326.854 352.175 342.707 | 340.579
Ai | 338.147 347.535 351.436 | 345.706
Aj | 339.557 351.712 317.891 | 336.387
Ak | 365.749 342.209 344.246 | 350.735
Aw | 418.239 393.501 383.341 | 398.360
Ax | 450.744 358.570 386.145 | 398.486

Table 7.4: summary of DIC in situation A




is due to an overestimation of some low—risk regions at the border. This is
even more apparent for data generated according to structure B assuming a
high additive influence of benzene. Nevertheless, as differences are small both
approaches are suitable. The spatial pattern for selected models is presented
in Figure[ZT] (structure A) and Figure[7.2] (structure B) where we use the first
run of the simulations. For both structures we achieve patterns close to the
generated structures confirming the values of MSE which are smaller than
0.04 for A and 0.30 for B in all Poisson-Gamma models including benzene.

Furthermore, both approaches lead to very similar DICs, see Table [ZI] on
page [l

If we do not include benzene in modelling but only latent covariates, esti-
mates differ a lot more compared to previous results. In models w (36 latent
covariates) and x (13 latent covariates) we explain lots of variation by latent
covariates namely = 95 % for structure A. For structure B we explain 98.0 %
in average for Bw and 97.7 % for model Bx. Results are therefore robust to

the different number of latent risk sources.

Nevertheless, compared to Poisson-Gamma models assuming additive influ-
ence of benzene, we observe higher deviations between generated and mod-
elled risk. This is reflected by an increased MSE of around 0.150 (model Aw),
0.200 (model Ax), 0.694 (Bw), and 0.908 (Bx), compare Table [[.2. These
MSEs are the highest among all applied models due to an increased variance
when comparing generated and modelled values. Comparison between the
results of structure A and B reveals the following relationship: the higher
the influence of benzene is in data generation, the higher are the deviations
between generated and modelled values and therefore the MSE. Overestima-
tion of risk occurs especially in eastern and southern areas. Nevertheless all
wards in the center of London are correctly identified as low-risk wards and
the MSE is less than one, see Table[Z.2l The increase of MSE is well reflected
by the corresponding DICs as given in Table [[.1]
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(c: model g) (d: model x)

(

e: model w)

Figure 7.1: Structure A: Simulated cases (a) and modelled risk pattern A; E;
using a Poisson—-Gamma model with additive influence of benzene (b),
a Poisson—-Gamma model with multiplicative influence of benzene (c), a
Poisson-Gamma model without a benzene term and 13 latent risk sources

(d), and a Poisson-Gamma model without a benzene term and 36 latent
risk sources (e).

79



(d: model x)

)
PRy
S ARSI
X ATE)

RI{‘“,

Figure 7.2: Structure B: Simulated cases (a) and modelled risk pattern A;E;
using a Poisson—-Gamma model with additive influence of benzene (b),
a Poisson—-Gamma model with multiplicative influence of benzene (c), a
Poisson—-Gamma model without a benzene term and 13 latent risk sources

(d), and a Poisson-Gamma model without a benzene term and 36 latent
risk sources (e).
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7.2 Multiplicative influence of benzene, no

latent risk sources

Data analysed in this section are generated following structures M and N
including multiplicative influence of benzene but no other covariates. The
generated patterns are presented in Figure (a) for structure M and in
Figure [[4] (a) for structure N.

Among other models, Poisson-Gamma models assuming benzene to be an
excess risk factor are applied. For M, this class performs well and identifies
the generated spatial pattern. We observe a similar behaviour for multi-
plicative Poisson—-Gamma models with estimated MSEs of the same order of
magnitude, see Table on page [T5]

For combination Mg generating structure and modelling scheme are identical.
The underlying structure is well reproduced as presented in Figure (c),
the mean of the MSE is less than 0.03. If we introduce latent covariates
in either additive or multiplicative models, the estimated spatial pattern
remains almost constant, which is reflected by similar MSEs as given in
Table Additionally, their influence is estimated to be homogeneous over
the study area. The standard deviance of each kernel is estimated to be
less than 0.0001 reflecting very tight Gaussian kernels in order to minimise
their influence in each ward. Similar to structures A and B it is difficult to
distinguish between the results of the multiplicative and the additive Poisson—
Gamma model, either by MSE or DIC, the latter is presented in Table [Tl
on page [74l

This holds only for M. When we generate a higher number of observations as
for structure N, the additive model is not able to estimate more extreme val-
ues correctly. The MSE is increased by a factor of around 80, see Table [[.2
As the spatial distribution of risk due to latent covariates is still homogenous,
it follows that additive models are not able to produce extreme values and
skewed distributions as generated by multiplicative structures. The range
of estimated risks is only a subset of the generated ones and multiplicative
modelling is required. This is also reflected by the calculated DIC values,
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see Table [Tl Multiplicative inclusion of benzene in Poisson—-Gamma models
produces satisfying results for structure N for both MSE and DIC as well as
for the estimated spatial pattern which are close to the generated structure,
compare Figure [[4] (¢c) and (a). Here we need to clarify whether additive
modelling can be improved further if we do not rely on the restricted imple-
mentation of Poisson-Gamma models. The more flexible implementation of

Poisson—-Gamma random field models is discussed in Chapter

Poisson-Gamma models not taking benzene into account but a number of
latent risk sources produce a reasonable fit when the influence of benzene is
low as for structure M, but for increased influence of benzene as in N the
model has difficulties to identify the generated structure correctly as to be
seen in Figure [[4] (d) and (e). Risk is overestimated for a large number of
wards. Additionally, there are regions of rather high generated risk which are
underestimated. This is reflected by high MSEs (Table [[.2) as well as highly
increased DICs, see Table [[.Jl This holds for models w and x involving 36

and 13 latent covariates respectively.

7.3 Additive influence of benzene, one latent

risk source

In this section, we summarise the results for data generated following a
Poisson-Gamma model with an additive benzene term and a latent risk
source generated by a Gaussian kernel located in the south—western part

of Inner London.

Here, we observe higher MSEs compared to previously analysed structures.
One reason is a higher number of observed cases compared to previous struc-

tures but also worsened goodness of fit.

Poisson-Gamma models in the restricted implementation are able to model
the spatial structure satisfactorily only if suitable locations for latent risk
sources are provided. In Figure some results of additive modelling of

structure C are given. If too many kernels at fixed locations are provided,
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(c: model g) (d: model x)

(e: model w)

Figure 7.3: Structure M: Simulated cases (a) and modelled risk pattern A;E;
using a Poisson—-Gamma model with additive influence of benzene (b),
a Poisson—-Gamma model with multiplicative influence of benzene (c), a
Poisson-Gamma model without a benzene term and 13 latent risk sources

(d), and a Poisson-Gamma model without a benzene term and 36 latent
risk sources (e).
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(e: model w)

Figure 7.4: Structure N: Simulated cases (a) and modelled risk pattern A;E;
using a Poisson—-Gamma model with additive influence of benzene (b),
a Poisson-Gamma model with multiplicative influence of benzene (c), a
Poisson-Gamma model without a benzene term and 13 latent risk sources
(d), and a Poisson-Gamma model without a benzene term and 36 latent

risk sources (e).

84



the risk of low-risk regions is likely to be overestimated (see Figure (e)
and (f)). On the other hand, if we do not consider sources located next
to the location of the generated risk, the model is not able to reconstruct
the spatial pattern (compare Figure (d) and the corresponding values
of MSE and DIC in Tables and [[[T], respectively). Furthermore, if no
latent risk sources are involved in modelling, the models fail to identify the
pattern correctly as we expect, see Figure and the corresponding MSE
(Table [[.2) and DIC (Table [[T]). The necessity to implement a continuous

version of Poisson-Gamma models concerning latent risk component follows.

The restricted implementation of Poisson—Gamma models still allows for un-
certainty in the variance of the Gaussian kernel. This is well estimated if
there is a kernel located at a suitable position as for example for model b,
compare Table[Z.5l Recall that the location of latent covariates is assumed to
be fixed here. If that location is too far away like for model ¢, the standard
deviation of the Gaussian kernel is overestimated, while it is underestimated
if too many latent risk sources are provided. This can be explained by a
necessary maximisation of kernels influence in order to cope with the high
risk far away and the idea to minimise each kernels influence in the latter
situation similar to Section [[.2l A more flexible approach for variance esti-
mation in combination with uncertainty of kernels location can improve the
model, see Chapter [§

The results concerning the locations of Gaussian kernels can be transferred
one-to—one from additive to multiplicative models and to structure D where
we present a selection of estimated surfaces in Figure [[L7l Again the spa-
tial risk is only reproduced satisfactorily when we provide Gaussian kernels
in the vicinity of the generated risk source. In that case multiplicative and
additive modelling of benzene leads to similar results. We also see the neces-
sity to allow for a random location of latent covariates in our WinBUGS’s

implementation.

Comparison of treating benzene as excess (models a—e) or relative risk factor
(model g-k) in Poisson-Gamma models reveals better results for additive

modelling. We observe lower DICs and MSEs in general. As for previously
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Figure 7.5: Structure C: Simulated cases (a) and modelled risk pattern A;E;
using different settings of Poisson—Gamma models with additive influence
of benzene: no latent risk source (b), 4 latent risk sources (c), 9 latent

risk sources (d), 13 latent risk sources (e) and 36 latent risk sources (f).
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model first run  second run third run mean

Cb 2.582 2.601 2.530 2.571
Cc 5.762 5.807 2.922 5.830
Cd 2.575 2.453 2.516 2.515
Ce 1.893 1.840 1.864 1.866
Ch 2.977 3.127 3.157 3.087
Ci 5.804 5.724 0.686 5.738
Gj 2.610 2.599 2.655 2.621
Ck 1.850 1.843 1.882 1.858
Cw 1.898 1.808 1.789 1.832
Cx 2.649 2.592 2.465 2.569

Table 7.5: Estimated variance parameter p (in km) for Poisson-Gamma mod-
els including a latent Gaussian kernel applied on data generated by

structure C.

analysed structures it is difficult to decide whether the influence of benzene
should be modelled rather additively or multiplicatively. Nevertheless it has
to be noted that the lowest mean of DICs for both structures C and D are
achieved for model j which assumes benzene to be a relative risk factor.
The corresponding mean MSE is also the lowest for these structures. The
reason for this decay can either be the suitability of the model or due to
the randomly generated data sets in each run. Application of both covariate
interpretations to the same data set as done in Chapter [§ allows for a fairer
judgement whether this is a result of the models or of different generated

data sets.

When not including a benzene term in Poisson—-Gamma models as we do in
models w and x, the models are able to identify the latent risk structure,
compare Figure [[.6] (b) for structure C and [I.7] (b) for structure D. It has to
be noted that the risk for some of the low-risk regions is overestimated by
those models. This is reflected by relatively low values of MSE (Table [[2))
and DIC (Table [T]) compared to those calculated for other models.
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Figure 7.6: Structure C: Simulated cases (a) and modelled risk pattern A;E;
using a Poisson—Gamma model with multiplicative influence of benzene
(b), a Poisson-Gamma model without a benzene term and 13 latent risk

sources (c), and a Poisson-Gamma model without a benzene term and
36 latent risk sources (d).
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(e: model w)

Figure 7.7: Structure D: Simulated cases (a) and modelled risk pattern A;E;
using a Poisson—-Gamma model with additive influence of benzene and
suitable locations of latent risk sources (b), a Poisson-Gamma model with
multiplicative influence of benzene (c), a Poisson-Gamma model without
a benzene term and 13 latent risk sources (d), and a Poisson-Gamma

model without a benzene term and 36 latent risk sources (e).
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7.4 Multiplicative influence of benzene, one

latent risk source

Data generated by structures O and P are characterised by moderate risk
in most wards, ranging between zero and five observations. Additionally,
we observe very high risk in the south—western part of Inner London due
to the latent risk generated by a Gaussian kernel. Here, we observe up to
20 (structure O) and 99 (structure P) cases. Especially for structure P this
leads to a highly right—skewed distribution of observed risks.

We obtain similar results as described in Section regarding the locations
of the Gaussian kernels. Modelling such data without involving latent risk
as for model a and model g does not produce sufficient results as we see in
the DIC values (Table [[1]). Therefore we need to include latent covariates.

If we do so assuming a fixed location we note the necessity of model improve-
ment as already concluded in Section [[.3 A small number of fixed located
kernels is too unflexible to model the generated structures sufficiently, but

inclusion of a high number of latent covariates is not a suitable solution.

If we use unsuitably located or no latent risk sources at all, the restricted
implementation of the Poisson-Gamma model is unable to reproduce the
latent pattern adequately and the standard deviation of the Gaussian kernel
is overestimated. Again, this causes difficulties in identifying the high-risk
region. In Figure we show the resulting spatial pattern exemplarily for
multiplicative Poisson—-Gamma models used on data generated according to

structure P.

Additionally, multiplicative Poisson-Gamma models perform much better
compared to additive models as those are able to cope with the steep descent
of risk. This becomes most clear for structure P. Boxplots as presented
in Figure (d) reveal that for additive modelling of data generated by
structure P we observe the third quantile of the generated values to be even
lower than the median of the modelled results. This occurs even for model b

which provides a Gaussian kernel close to the point used for data generation.

90



The corresponding multiplicative model Ph achieves good results.

The inclusion of latent risk sources in multiplicative Poisson—Gamma models
at locations similar to those used in model generation leads to satisfying re-
sults, although the models are not able to reproduce risks of the same amount
as generated by structure P, see Figure (f) for example. Additionally we
observe a tendency to favour models with a higher number of latent risk
sources than required. In the simulations analysed in Chapter [ we need to
clarify whether this is a result of fixed locations of latent kernels, different

data sets or if it is a draw back of the model implementation.

Excluding benzene from the model results in a spatial pattern with well
identified risk due to the latent risk sources but also leads to overestimation
in lots of low—risk regions. Inclusion of a higher number of latent covariates
improves the model fit, see Table [l
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Figure 7.8: Structure O: Simulated cases (a) and modelled risk pattern A;E;
using a Poisson—-Gamma model with additive influence of benzene and
suitable locations of latent risk sources (b), a Poisson-Gamma model with
multiplicative influence of benzene (c), a Poisson-Gamma model without
a benzene term and 36 latent risk sources (d), and a Poisson-Gamma

model without a benzene term and 13 latent risk sources (e).
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Figure 7.9: Structure P: Simulated cases (a) and modelled risk pattern A; F; using
different settings of Poisson—-Gamma models with multiplicative influence
of benzene: no latent risk source (b), 4 latent risk sources (c), 9 latent

risk sources (d), 13 latent risk sources (e) and 36 latent risk sources (f).
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(b), a Poisson-Gamma model with additive influence of benzene and suit-
able locations of latent risk sources (c), the corresponding boxplot for all

three runs (d), a Poisson-Gamma model without a benzene term and 13

latent risk sources (e).
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Figure 7.10: Structure P: Simulated and modelled risk pattern A;F; using a

Poisson—Gamma model without a benzene term and 36 latent risk sources



Chapter 8

Simulation results for Poisson—

Gamma random field models

The results described in Chapter [0 are calculated using a restricted imple-
mentation of Poisson-Gamma models applied to only two of the generated
scenarios described in Chapter [l This does not lead to satisfactory results,
especially when latent risk is generated. We therefore extend our WinBUGS
implementation to allow for a random location of the latent risk sources as
described in Section B. 43 We also allow the variances of each kernel to be

estimated separately.

This chapter deals with the results of this extended model formulation ap-
plied to all structures described in Chapter [fl On page @ an overview of the

generated structures is given.

In contrast to Chapter [ we pick only one data set randomly for each of the
selected structures. We avoid distortion of results by applying all models to
exactly that data set. The changed approach appears necessary as we do not

repeat each model combination three times as in Chapter [

To each data set, we apply the following Poisson-Gamma random field mod-

els:
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model f: Poisson—Gamma model with additive influence of benzene;
model m: Poisson—-Gamma model with multiplicative influence of benzene;

model o: Poisson-Gamma model with no influence of benzene.

These models are extended by a number of latent risk sources whose loca-
tions are unknown a priori. Using our WinBUGS implementation of Poisson—
Gamma random fields, we successively include more latent covariates to im-

prove the model fit until the DIC no longer improves.

In spatial epidemiology, there are also other frequently used models, for ex-
ample the Markov random field (MRF) model (Besag et alJ, 1991)) which also

allows for covariates. The model is applied to our data using two different

neighbourhood structures. For model v two regions are considered to be
neighbours if they share a common border. As London is divided by the
river Thames, wards on the North Bank are not considered to be neighbours
of wards on the South Bank.

The neighbourhood structure can be extended such that contrary to the
above definition, regions only parted by the river are considered to be neigh-
bours. In model z we employ an MRF model with this extended neigh-
bourhood definition. This definition is more adequate for a comparison to

Poisson-Gamma models estimating latent risk by Gaussian kernels.

Another group of spatial models are so—called cluster models. One represen-
tative of this group of models is the BDCD algorithm (Knorr-Held an ,
) described in Chapter B This model is chosen as it is of similar com-

plexity as Poisson-Gamma models, leading to a fair comparison of models’

performances. Altogether, we employ the following alternative models in ad-
dition to Poisson—-Gamma models:

model y: BDCD algorithm, wards parted by river Thames are neighbours;
model v: MRF model, neighbourhood structure as used in BDCD:;

model z: MRF model, wards parted by river Thames are not neighbours.

In this chapter, we present results for selected structures only, other struc-
tures are discussed in Appendix [Bl These include “low benzene” scenarios

as these are close to our real example. In detail, we discuss:
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e additive influence of benzene in combination with latent risk repre-
sented by a Gaussian kernel (Structure C) in Section R.I}

e multiplicative influence of benzene in combination with latent risk rep-
resented by a Gaussian kernel (Structure O) in Section B2

e additive influence of benzene in combination with a linear spatial trend
component (Structure E) in Section B3}

e multiplicative influence of benzene in combination with an increased

risk in southern areas (Structure S) in Section [B.4}

e additive influence of benzene in combination with an increased risk in

cluster regions (Structure I) in Section BH

Results for structures assuming a high influence of benzene lead to similar
results as described in Appendix [Bl Structures assuming an influence of ben-
zene only are discussed in the appendix only as we already achieve reasonable

results using the restricted implementation of Poisson-Gamma models.

For all models, we report the calculated DIC as well as the corresponding
MSE. We base our model selection on the DIC values only, although we in-
clude the corresponding MSE values in our discussion. For structures assum-
ing a low multiplicative influence of benzene and those which are discussed

in this chapter we additionally give the effective number of parameters.

The notation referring to the underlying structure and the applied model is
as follows: We start with a capital letter corresponding to the underlying
spatial structure. A small letter indicating the model follows. When apply-
ing Poisson-Gamma models we also deal with different numbers of latent
covariates. Here, the number corresponds to the number of latent covariates

included in the model.

At the end of this chapter we present an overview of the results of all struc-
tures. Furthermore, in Section R7] we demonstrate some additional charac-
teristics of Poisson—-Gamma models which make them a flexible and powerful

tool for model estimation and analysis.
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Figure 8.1: Simualted A; for structure C (a) and results: Estimated spatial

pattern of A; for the best fitting model Cf1 (b), for model Cm1 (c), and
for model Co3 (d).

8.1 Additive influence of benzene, one latent

risk source

Structure C assumes an additive influence of benzene in combination with a
Gaussian kernel representing latent risk. Both covariates account for a similar
number of observations. A spatial plot of the generated structure is given in
Figure Bl (a). We employ different models on the generated A; F; according
to structure C and calculate MSE and DIC for the estimated values //{Z E; as
given in Table 81l The MRF model and the BDCD algorithm produce high
values for the DIC reflecting non-appropriate model fits. This holds for both
neighbourhood structures of the MRF model. Although it includes benzene,

the MRF model shows an inferior fit compared to a Poisson—-Gamma model
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‘ f latent factors ‘ 0 ‘ 1 ‘ 2 ‘ 3 ‘ 4 ‘
model f 732.7 346.2 346.7 352.1 353.1
2.017 | 6.686 | 7.528 | 15.959 | 18.338
(5.808) | (0.083) | (0.094) | (0.092) | (0.106)
model m 766.8 374.7 375.0 — —

1.713 | 6.987 | 7.844
(5.937) | (0.276) | (0.286)
model o — 410.1 408.0 384.4 385.2
7.028 | 17.996 | 17.8348 | 20.101
(0.351) | (0.279) | (0.173) | (0.173)

model y 408.0, 69.568 (0.685)
model v 389.6, 69.246 (0.600)
model z 387.6, 72.587 (0.586)

Table 8.1: DIC, pp and (MSE) values for extended models applied to structure C.

not including benzene, compare the DIC value of 387.6 for model Cz to
the one of model Co3 which is 384.4. The BDCD model achieves a DIC of
408.0. Given n = 310 wards this fit is not appropriate. The assumption of
cluster regions with a constant risk is too restrictive to model the gradual
descent generated by the Gaussian covariate. In contrast, MRF models have
difficulties to model sharply decreasing risk in neighbouring regions as the

rather assume the mean of the surrounding regions for each ward.

In contrast, Poisson-Gamma models show a better performance in general.
We conclude that those are more suitable for the underlying structure and

explain our findings for those model classes in the following.

For both, the multiplicative and the additive Poisson-Gamma models we see
a huge decrease in DIC and MSE from zero to one latent factor by almost
400 points. This gives immense evidence for the existence of at least one

latent factor in the underlying data set reflecting the truth.

Best results are achieved if the model is equivalent to the underlying struc-
ture, namely models with an additive influence of benzene and one latent
covariate. Model Cfl, the most appropriate one, has a DIC value of 346.2
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(MSE of 0.083). The spatial risk surface is given in Figure (b).

If benzene is modelled multiplicatively, performance is degraded by about
30 points. Model Cm1 shows the best results for this class. Given an MSE
of 0.276, the performance of multiplicative models is still acceptable, main
characteristics of the generated structure are reproduced by the model (com-
pare Figure 81l (¢)), although we observe a tendency to overestimate risk in

low-risk regions.

Poisson-Gamma models without benzene are estimated to have a higher DIC
value, although the MSE for three latent risk factors (model Co3) is smaller
than the one of model Cml. The resulting spatial risk surface is given in
Figure (d). It especially lacks in the ability to identify low-risk regions
properly, similar as discussed above for model Cml. In conclusion, for this

structure we select the model that corresponds to the generating structure.

Although both, Poisson—-Gamma models Cm and log-link MRF models Cv
and Cz, include a benzene term, multiplicative modelling does not give con-
vincing results for this structure. We calculate similar DIC values as for
Poisson-Gamma models without benzene. The BDCD model not including

benzene leads to even higher DIC values.

8.2 Multiplicative influence of benzene, one

latent risk source

Data generated according to structure O is characterised by multiplicative
influence of benzene and the presence of latent risk in the south west of
Inner London. These covariates are matched in the proportion of 1:1 for the
number of generated cases. A spatial plot of generated A; is given in Figure
(b), resulting DICs and MSEs of applied models in Table 8.2

Poisson—-Gamma models assuming either a multiplicative or an additive in-
fluence of benzene lead to almost identical results. When we do not include

any latent risk sources, DIC reaches high values, larger than 800 for both
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Figure 8.2: Results for structure O: Scatterplot matrix of the estimated param-
eters KZ E; of the Poisson-Gamma model with multiplicative influence
of benzene (Oml), additive influence of benzene (Ofl) and no benzene
influence (Ool), all models include one latent risk source (a); simulated

o~

structure A; for O (b); rate A; of model Om1 (c).
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‘ # latent factors ‘ 0 ‘ 1 ‘ 2 ‘ 3 ‘ 4 ‘

model f 803.8 373.2 375.5 377.3 378.5

2.0 0.8 9.8 13.4 16.5

(5.340) | (0.176) | (0.175) | (0.187) | (0.217)

model m 821.4 373.5 373.5 377.6 373.9

1.7 0.7 7.0 13.6 7.6

(5.397) | (0.106) | (0.107) | (0.121) | (0.107)

model o — 375.2 378.2 379.7 380.9

6.0 9.6 | 11.3 | 148

(0.222) | (0.226) | (0.232) | (0.273)
model y 308.0, 49.8 (0.860)
model v 387.0, 76.9 (0.595)
model 7 386.9, 78.9 (0.559)

Table 8.2: DIC, pp and (MSE) values for extended models applied to structure O.

models. Both approaches show a substantial drop in the DIC when includ-
ing one latent risk source in the model, leading to a DIC of 373. Addition
of more latent covariates does not improve the model fit anymore. Here, the
user is not able to distinguish whether additive or multiplicative modelling

is more appropriate.

Similar DICs are obtained for Poisson-Gamma models without benzene (Ool).
A slight increase compared to model classes with benzene is noticeable as the
DIC equals 375.2 if including only one latent covariate. Inclusion of more
latent sources decreases the model fit. Therefore, the Poisson—-Gamma model

involving only one latent covariate is favourable.

MRF models and the BDCD algorithm lead to inferior model fits reflected
by DIC values greater than 380. For the MRF model no differences due to
the different neighbourhood structures are noticeable. Alternative models
involve a higher number of effective parameters leading to a higher DIC.
Furthermore, estimated MSE values give an indication that model fit is in-
ferior. A reason for inferiority of BDCD is the clustering assumption which

contradicts to the smoothly decreasing risk of the Gaussian kernel. This
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can also not appropriately be reproduced by CAR terms involved in MRF
models. Assumptions considered here do not correspond to steep slopes in

decreasing/increasing risk between neighbouring regions.

In order to find the best fitting model we compare the resulting risk surfaces

of the Poisson-Gamma models with the lowest DIC values. These are the

e Poisson—Gamma model with benzene as excess risk factor and one la-
tent covariate (Ofl);

e Poisson—-Gamma model with benzene as relative risk factor and one

latent covariate (Oml);

e Poisson-Gamma model with one latent covariate (Ool).

Resulting values of the risk surface /A\Z E; for each model are plotted against
each other using a scatterplot matrix in Figure (a). All models result
in very similar parameters of the Poisson distribution and therefore in ex-
changeable risks with a correlation of at least 0.998. This includes the setting
used for data generation. A plot of the rates /A\Z according to model Oml
is given in Figure B2 (c). In contrast to generated A;, estimated A; achieve
slightly lower values in high risk regions and higher values in low-risk regions.
This is reflected by mean and variance of both, A; and KZ These are 2.947
(Var=33.232) and 3.068 (Var=9.174) respectively. Nevertheless, the MSE of
model Om1 equals 0.106 reflecting an appropriate fit of the 310 rates.

Altogether, Poisson-Gamma models satisfy for this structure. Here, alterna-

tive covariate interpretations lead to comparable results.

8.3 Additive influence of benzene, linear de-
creasing trend
For structure E we assume an additive influence of benzene accounting for

330 cases. A similar amount of cases is generated following a linear spatial

trend decreasing from north to south. The generated risk surface is plotted
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in Figure (b). In contrast to structures characterised by latent risk built
by Gaussian kernels, the generated latent pattern cannot be decomposed
by such kernels. We expect a higher number of kernels to be necessary to

reproduce the linear spatial trend.

We employ the models described at the beginning of this chapter and use
DIC and MSE for model comparison which are given in Table B3l Note the
high DIC values for models Ef4 (DIC = 390.5) and Em5 (DIC = 387.1). For
the additive model we calculate the amount of risk explained by the different
terms for model Ef3, Ef4 and Ef5, see Table B4l In contrast to models Ef3
and Ef5 where benzene explains more that 40%, benzene explains only 10.5%
of the variation modelled by Ef4. Most of the risk is explained by the baseline.
We assume similar problems for model Em5, but — as percentages cannot be
calculated for multiplicative models — we cannot check for the percentages
of explained risks. An improvement of the model fit is possible using different
initial values. We do not pursue this possibility as incorporation of a higher

number of latent factors already leads to satisfying results.

Poisson-Gamma models incorporating benzene convince with low DICs of
318.8 for model Em6 and 313.4 for model Ef5. As for previous structures,
the additive influence assumed for data generation leads to the most satis-
fying results for the whole structure. Nevertheless, agreement between both
models is high, see the scatterplot matrix in Figure (a). Modelling the
continuously decreasing trend in combination with benzene as a relative risk

factor leads to best results when employing six or seven latent covariates.

The incorporation of five latent covariates achieves best results among Poisson—
Gamma models not including benzene as a covariate. The DIC is increased
by 25.4 points comparing model Ef5 to Eo5. This is caused by an increased
variance between both parameter estimates. These differences are observable
across the whole interval, in particular for the high—risk regions in the north of

Inner London. Here risk is underestimated for model Eob, see Figure R3] (a).

Estimated rates A; of model Ef5 and Eob are presented in Figure (c)
and (d) respectively. Both model the decreasing risk satisfactorily although

incorporation of benzene is favourable.
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Figure 8.3: Results for structure E: Scatterplot matrix of the estimated parame-
ters Kz FE; of the model with additive influence of benzene and five latent
risk sources (Ef5), multiplicative influence of benzene and six latent risk
sources (Em6), no benzene influence and five latent risk sources (Eob5)
and the MRF model assuming wards across the Thames to be neighbours
(Ez) (a); simulated spatial structure A; (b): and spatial risk surfaces A;
of model Ef5 (c¢) and model Eo5 (d).
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‘ f latent factors ‘ 0 ‘ 1 ‘ 2 ‘ 3 ‘ 4 ‘ 5 ‘ 6 ‘ 7

model f 3740 | 3305 | 3302 | 3239 | 3905 | 3134 | 3139 | —
2.020 | 6.958 | 15.224 | 17.899 | 22.249 | 17.053 | 17.876
(0.419) | (0.230) | (0.237) | (0.244) | (2.136) | (0.285) | (0.273)

model m 3762 | 3325 | 3292 | 3246 | 3206 | 387.1 | 3188 | 319.0
1.897 | 6.328 | 13.005 | 16.142 | 16.779 | 22.252 | 17.991 | 18.626
(0.431) | (0.267) | (0.300) | (0.313) | (0.304) | (2.117) | (0.299) | (0.292)

model o — | 3432 | 3437 | 3409 | 3396 | 3388 | 3388 | —
5.967 | 11.039 | 14.019 | 15.887 | 17.266 | 18.387
(0.330) | (0.307) | (0.293) | (0.286) | (0.280) | (0.281)
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model y 341.7, 17.484 (0.258)
model v 333.9, 25.509 (0.149)
model z 330.8, 32.582 (0.164)

Table 8.3: DIC, pp and (MSE) values for extended models applied to structure E.



Ef3 Ef4 Ef5

expl. risk baseline (%) 39.3 60.0 34.7
expl. risk benzene (%) 42.7 10.5 46.1
expl. risk latent (%) 18.0 29.5 19.2

Table 8.4: Amount of risk explained by baseline risk, benzene and latent term
for Poisson—-Gamma models including benzene additively and three to five

latent factors.

Performance of the BDCD model is inferior to all classes of Poisson—-Gamma
models with a DIC of 373.2, see Table[B3l As already discussed for structure
C in Section Bl the clustering algorithm has difficulties to model a smooth
decrease of the risk surface. Hence a high number of cluster centers is required

which increases the number of effective parameters and therefore the DIC.

MRF models lead to worse fit compared to Poisson-Gamma models includ-
ing a benzene term, but perform equally well as Poisson-Gamma models
not considering benzene. The influence of the alternatively chosen neigh-
bourhood structures is negligible. The scatterplot matrix of the estimated
/A\Z- E; includes model Ez. It reflects the close correspondence by the different
Poisson-Gamma models to Ez which is confirmed by Pearson’s correlation
coefficient between Ez and Ef5 that is 0.963.

Although we use an additive setting for model generation we see no immense
disadvantage when using benzene as relative risk factor as in model Em6
and Ez. The number of latent covariates involved is able to compensate
differences due to different interpretations. Gaussian kernels are a suitable
tool to model the latent risk. Sharp decrease is obviously not present as the
increased DIC for model Ev in contrast to model Ez indicates. We point out
that inclusion of benzene in any of the applied models leads to improved fits

although Poisson—-Gamma models perform better in general.
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‘ f latent factors ‘ 0 ‘ 1 2 ‘ 3
model f 596.3 383.6 373.0 373.1
1.1 6.8 12.8 15.8
(2.350) | (0.365) | (0.243) | (0.231)
model m 596.4 383.7 373.3 374.0
1.1 6.8 15.6 15.9
(2.350) | (0.361) | (0.239) | (0.228)
model o — 383.5 370.9 373.4
6.6 11.9 15.8
(0.373) | (0.254) | (0.238)
model y 347.8, 15.2 (0.140)
model v 335.7, 6.5 (0.024)
model z 376.5, 55.1 (0.257)

Table 8.5: DIC, pp and (MSE) values for extended models applied to structure S.

8.4 Multiplicative influence of benzene, plateau

trend

Structure S includes benzene multiplicatively as well as a plateau of higher
risk in the wards south of the Thames. Both components account for 330

cases each. For a plot of generated A; see Figure (b).

For this structure, the three different classes of Poisson—-Gamma models lead
to very similar results. Again, inclusion of a single covariate immensely
reduces the DIC. We conclude that risk due to other covariates than benzene

is present.

Best results are achieved when two latent covariates are considered. While
model Sm2 modelling a multiplicative influence of benzene and two latent risk
factors leads to a DIC of 373.3, we achieve a value of DIC = 373.0 for model
Sf2 (additive influence of benzene, two latent risk factors) and of DIC = 370.9
for model So2 (two latent covariates only). Results of other numbers of
covariates are given in Table BHl For a comparison of the estimated rates

Ki E; of these three models see Figure (a). We see a high agreement
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Figure 8.4: Results for structure S: Scatterplot matrix of the estimated param-
eters KZ E; of Poisson—-Gamma models Sm2, Sf2 and So2; simulated A;
of structure S (b); spatial pattern of A; estimated by model Sf2 (c) and
latent term (d); results by model Sz (e) and by model Sy (f).

109



between the estimated values of all three models. We pick model Sf2 to give
the corresponding plot of the rates surface, see Figure (c). The estimated
risk of this model can be partitioned to evaluate the fit of the latent term
alone as done in Figure[84] (d). As we already assume from the Aisin Figure
R4 (c), the change in risk at the river is not as abrupt as in the generated
data, as we employ Gaussian kernels. Nevertheless we are satisfied with the
results given the shape of Gaussian kernels. Poisson-Gamma models allow
for other kernels such as Uniform ones or combinations of different types to

improve the model fit. Furthermore, the usage of overcomplete dictionaries

(Iﬂgd_e_and_ﬂkﬂ.pﬁrﬂ, |20_(lﬂ) is also an alternative to our procedure.

Other models show a better performance. The MRF model Sv treating wards

across the Thames not to be neighbours leads to a very low MSE of 0.024 for
this structure. The corresponding DIC equals 335.7 which is about 40 points
lower than DICs achieved by Poisson-Gamma models. We point out that the
corresponding neighbourhood information strongly supports the underlying
structure. This indicates that Poisson-Gamma models with more suitable
kernels will reach similar values. Comparison to model Sz that has a DIC
of 376.5 reveals a high dependency on the chosen neighbourhood structure,
especially when comparing the number of effective parameters pp. Lower
values indicating a higher contribution of prior information are found for
model Sv supporting the generating structure. DIC of Sz is comparable to
that of Poisson-Gamma models. In this setting we also have corresponding
situations as modelling of spatially structured and unstructured terms as in

Sz corresponds to the employed Gaussian kernels.

A plot of A; as estimated by model Sz is given in Figure[R4 (e). We recognise
low risk regions in the north and increased risk in the south. The abrupt
change in the rates ]\\Z at the river is not reproduced. Here, an alternative
neighbourhood structure is necessary. Compared to Poisson—-Gamma models,
the change in model Sz is less smooth. In contrast, risk in the south is less
constant but more patchy. By using the alternative neighbourhood structure
as for Sv DIC drops to a value of 335.7. Here, we reproduce the sharp risk
drop at the Thames.
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The BDCD algorithm is also able to model the risk differences appropriately.
Nevertheless, the boundary between high- and low-risk regions is not esti-
mated to equal the Thames exactly. So some low-risk regions are estimated
to have higher risk than they actually have. This leads to an increase in DIC
by 8 points compared to model Sv, but lower values than for Poisson-Gamma
models. Note that the neighbourhood structure applied by Sy corresponds
to those of Sz, i.e., wards separated by the Thames are assumed to be neigh-

bours. Hence, the dropping line is well estimated by the partition model.

Altogether, we see advantages in MRF models when correct neighbourhood
information is provided by the user. Similar DICs are gained by the BDCD
model where such information is not required. Poisson—Gamma models with
our choice of Gaussian kernels show similar performance as MRF models
with the standard neighbourhood. Modelling of the sharp drop in the risk is
successful by allowing for independent estimation of longitudinal and latitu-
dinal variances, see Section 87l For this structure multiplicative modelling of

benzene is not essential, the additive model leads to almost identical results.

8.5 Additive influence of benzene, increased

risk in cluster regions

Data generated according to a low additive influence of benzene in combi-
nation with an increased risk in three selected cluster regions is denoted as
structure 1. Here, both components account for about 330 generated cases

each. The resulting risk surface is given in Figure (b).

For data generated according to this structure, we achieve the results pre-
sented in TableB.6lwhen applying our selected models. Estimation of Poisson—
Gamma models Io13 and Im13 stops with inclusion of any further latent ker-
nels as this procedure does not lead to sufficient decrease of the DIC. For the
resulting models, namely Im13 assuming multiplicative influence of benzene
and 13 Gaussian kernels (DIC = 401.1) and lo13 modelling risk by 13 latent

covariates only (DIC = 410.7), we compare the estimated A; E; in a scat-
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Figure 8.5: Results for structure I: Scatterplot matrix of the estimated parame-
ters KZ FE; of the model with additive influence of benzene and four latent
covariates (If4), multiplicative influence of benzene and 13 latent covari-
ates (Im13), no benzene influence and 13 latent covariates (Io13), BDCD
model (Iy), and the MRF model assuming wards across the Thames to
be neighbours (Iz) (a); simulated spatial structure A; (b); and spatial risk
surfaces A; of model If4 (c) and model Ty (d).
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‘ f latent factors ‘ 0 1 ‘ 2 3 4 5 6
model f 1156.6 | 1011.0 | 447.7 393.1 376.7 378.5 —
2.0 222.9 10.1 14.5 16.7 21.1
(11.277) | (5.518) | (3.519) | (2.841) | (2.511) | (2.339)
model m 1130.9 764.4 484.9 412.8 409.7 407.1 406.9
2.0 5.9 10.7 14.7 15.8 17.7 21.5
(11.199) | (8.060) | (3.743) | (2.958) | (2.653) | (2.551) | (2.361)
7 8 9 10 11 12 13
405.8 405.2 404.5 403.0 402.4 401.6 401.2
23.2 26.4 28.2 30.2 31.0 31.8 32.8
(2.263) | (2.150) | (2.074) | (1.960) | (1.940) | (1.960) | (1.878)
model o — 1212.5 | 482.6 440.1 437.7 428.7 423.3
219.0 9.5 14.8 26.6 30.6 34.2
(6.090) | (3.664) | (3.064) | (2.729) | (2.540) | (2.435)
7 8 9 10 11 12 13
418.7 415.5 413.8 412.7 411.6 411.1 410.7
36.0 36.9 37.7 38.2 38.7 39.1 39.5
(2.415) | (2.391) | (2.375) | (2.371) | (2.365) | (2.362) | (2.359)
model y 381.0, 60.8 (0.633)
model v 415.6, 115.8 (1.509)
model z 4121, 115.1 (1.505)

113

Table 8.6: DIC, pp (MSE) values for extended models applied to structure I.




terplot matrix as given in Figure (a). We include the Poisson—-Gamma
model including benzene additively in our comparison. Here four kernels are
required to achieve a minimum value of the DIC which is 376.7 in our case.
Additionally we compare the results of the clustering model Iy. This model
satisfies with a DIC of 381.0.

MRF models have difficulties to model the sharp decrease in risk in combina-
tion with an additive influence of benzene reflected by high DICs. These are
greater than the values achieved by all settings of Poisson-Gamma models.
As these models do not lead do satisfying DIC values we do not consider

them any further.

The scatterplot matrix (Figure (a)) shows a high agreement between re-
sults of all Poisson-Gamma models. The reason is probably the comparable
structure of the model although different interpretations of benzene and dif-
ferent numbers of kernels are considered. The BDCD model shows differences
across the whole interval when compared with any of the Poisson-Gamma

model formulations.

We take a closer look at the resulting risk surfaces of model If4 and Iy.
We choose model If4 among Poisson-Gamma models as this satisfies by the
lowest DIC of this group. Figure (c) and (d) present the surfaces of A
By visual comparison, identification of cluster regions leads to similar results.
Estimated values do not necessarily correspond to the generated ones which
lie in the interval of A; € [0,18.404]. For model If4, we overestimate the
risk as A; € [—0.118,26.636]. Note that negative values are estimated by
WinBUGS, although these are impossible for Poisson distributed values. We
take them as estimated. For model Iy the estimated values lie in the interval
of A, € [0.520, 15.688], i.e., this model rather underestimates the risk in high

risk regions. In contrast, low risk regions are overestimated.

The estimated surface of clusters differs from the constantly increased risk
that is generated. Although we expect a clustering model to detect such
structures, model Iy has similar difficulties as the Poisson—-Gamma model
If4 employing four smoothly decreasing Gaussian kernels for latent terms.

Here we expect an improvement of the model fit when employing alternative
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kernels such as Uniform ones.

Low risk regions are reasonably reproduced by the Poisson—-Gamma model,
whereas the clustering model tends to oversmooth. Although both models
lead to similar DICs we clearly favour the Poisson-Gamma model with its

potential model improvements by alternative kernels.

Due to the DIC values of Poisson-Gamma models we prefer additive mod-
elling of the covariate as assumed for data generation. Multiplicative mod-
elling decreases the model fit, although this model formulation is preferable

over ignoring benzene’s influence as in model Io13.

Altogether, for this structure we prefer the Poisson—-Gamma model assuming
an additive influence of benzene as in data generation. We see a huge poten-
tial for model improvement when other than Gaussian kernels, e.g. Uniform

ones, are considered.

8.6 Summarised results for all structures

In this section we summarise the results of the simulation study for all struc-
tures. Table gives the DICs achieved for the different models. For each
structure we report the value for the best model, in combination with the

differences between this and the DIC of every other model.

Spiegelhalter et al. ([ZM) suggest that differences in DIC less than two show

equal support of both models and are worth considering while differences

larger than seven can be interpreted as inferior support of the model by the
data.

In contrast to this recommendation we observe negligible risk differences
for two models while the DICs differ in less than seven to eight points, see
for example the scatterplot matrices in Figures (models Ef5 and Em6,
difference 5.4) and Figure [B.4] (models Ff5 and Fm7, difference 7.7). For
many models, smaller DIC values almost reproduce the intersecting line.
Furthermore, the goal of our study is not to find a single best fitting model

but to analyse the abilities to reproduce the risk surface.
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model f model m model o MRF model BDCD
Structure A 339.9 + 23.3 + 33.3
Structure B 312.2 + 146  + 498 + 15.7  +60.2
Structure C 346.2 + 285 + 38.2 + 414 +61.8
Structure D 326.8 +31.2 + 39.8 +41.6 + 68.7
Structure E 313.4 +54 + 254 + 174  + 28.3
Structure F 330.4 + 27.1 + 4.0 4298
Structure G =~ + 21.7 + 33.8 + 425 + 25.0* 345.6
Structure H 362.0 + 40.1 + 27.9
Structure I 376.7 +24.4  + 34.0 + 35.4 + 4.3
Structure J + 68.1 + 584 + 34.3 397.6
Structure M 321.9 + 0.9 + 4.0 + 0.5 + 6.1
Structure N + 47.1 340.5 4+ 87.1 +24.1 + 80.1
Structure O 373.2 + 0.3 + 2.0 + 24.8
Structure P + 83.9 341.1 4+ 137.3 + 59.8 + 141.1
Structure Q + 1.4 338.3 + 4.4 + 14.7
Structure R~ + 60.0 3277 +92.0 + 35.3 4+ 115.7
Structure S + 25.2 + 255 +23.1 + 28.7* 347.8
Structure T + 39.2 + 17.8  +52.1 + 54.6* 386.3
Structure U~ + 34.2 +34.2  + 58.7 + 68.1 358.9
Structure V. + 28.9 +21.1  +87.1 + 43.6 389.4

Table 8.7: Summary of the DICs achieved for different structures, the MRF

*

model refers to model z where * marks structures where model v and

model z lead to differences larger than seven.

Keeping in mind the recommendation of [Spiegelhalter et alJ (IZM) we colour

differences less than seven green in Table representing models with a
similar support. Models leading to much larger differences should clearly not
be considered as alternatives to the “best” model. Hence we colour large
values red. As a breakpoint for models that should not be considered we
set twice the breakpoint between the best model and those acceptable as
alternatives, i.e., differences larger than 14. Intermediate values are coloured

in orange.

For the MRF model, different settings of the neighbourhood structure lead to
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similar results for most structures. We therefore report only one value in Ta-
ble R As reference, we choose model z as the corresponding neighbourhood
structure is more adequate for a comparison to the Gaussian kernels applied
for Poisson-Gamma models which also ignore the river as a boundary for
modelled risk. Models where the support of both neighbourhood structures

Wk

differs by more than seven points are marked by a . These correspond

to those structures where we generate a plateau of increased risk in southern
Thames’ wards, i.e., structures G/H/S/T.

Our main conclusions from the simulation study are as follows:

e Additive structures usually favour an additive model while multiplica-
tive structures lead to a multiplicative model as best fitting model. The
different interpretations of the covariate are not exchangeable in gen-
eral. This holds especially for structures assuming a “high” influence

of the covariate.

e When not considering benzene in the model the DIC is increased which
guides us to include necessary covariates. This holds for both, Poisson—
Gamma model o and BDCD model y. The increase in DIC of Poisson—

Gamma models tends to be smaller compared to the BDCD model.

e The number of involved latent covariates in Poisson—Gamma models is
typically small. It tends to be higher when benzene is not considered
by the model.

e For MRF models, different neighbourhood structures lead to negligible
differences less than seven in the DICs of most structures. Structures
generating an abrupt change in risk at the Thames (G/H/S/T) favour
the neighbours to be parted by the river.

e In our choice of compared models, MRF models assuming a neighbour-
hood structure that ignores the Thames lead to spatial dependencies
most similar to multiplicative Poisson-Gamma models estimating la-
tent risk by distance-based decrease of Gaussian kernels. Nevertheless,

their results are inferior.
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e Clustered structures I/J/U/V lead to lowest DICs when modelled by
the BDCD model. This model also shows good results for structures
assuming a plateau of increased risk south of the Thames (G/H/S/T).

For other structures their deviation from the best fitting model is rather

high.

e Although we do not observe differences due to different neighbourhoods
for most structures we strongly recommend to apply different ones for

sensitivity analysis.

From the results of the BDCD model concerning clustered structures as well
as MRF models assuming neighbourhood structure v we expect an improve-
ment of the model fit of Poisson-Gamma models when allowing for alter-
native kernels. For small cluster regions Uniform kernels probably provide
the best alternative. Structures that assume risk to drop at a boundary
such as the Thames probably require more complex kernels, half-Gaussian
ones provide a possible solution. These correspond to neighbourhood v in
MRF models. The advantage of Poisson-Gamma models is the estimation
of the breakpoint of a half-Gaussian kernel as boundary in contrast to MRF
models where the neighbourhood structure is required as model input. Work-
ing with different kernel functions presented as overcomplete dictionaries as

suggested by |(Clyde and Wleerﬂ (M) provides a suitable extension of the

model class. Furthermore, Poisson-Gamma models can easily be partitioned

into their individual terms and are easier to interpret. They also give a

guideline for possible clusters as discussed in the next section.

8.7 Identification of high-risk regions

As we have already seen in previous sections, Poisson—-Gamma models pro-
vide a very flexible and powerful tool for the identification of the underlying
structure. Models favour covariate information as either excess or relative
risk factor corresponding to the underlying setting and therefore help to iden-
tify the correct pattern. The user can easily determine whether additional

covariates should be included or do not provide any further information.
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Beside mapping the risk surface alone Poisson-Gamma models are useful for
identification of unknown risk factors. It is possible to map the locations
of the latent random field such as in Figure .6l We give the locations of
the Gaussian kernels for best fitting Poisson-Gamma models for structures

discussed above, namely

e for generation of one latent covariate: model Of1;
e for generation of smoothly decreasing risk: model Ef5;
e for generation of abrupt changing risk at the Thames: model Sf2;

e for generation of increased risk in three clusters: model If4.

The plots give estimated locations of the kernels. The frequency is repre-
sented by the colour of each cell with red values indicating frequently chosen
locations. On the axes we give density estimates of the location of the Gaus-
sian kernels for longitude and latitude. For all plots the same scale is used

that ranges between 0 (yellow) and 0.2 (red).

In the first situation, the risk surface can be partitioned into Gaussian kernels.
The location we have chosen for data generation in structure O is reproduced
exactly by the model. In a real application we can identify the location of a

point source.

The second setting assumes smoothly decreasing risk from north to south.
This is also reproduced by the location of the Gaussian kernels. The location
of any of the kernels is more likely in the north of the region as a higher density
indicates. For longitude we see no such decreasing line which supposes no risk
differences in this direction. A closer inspection of the according variances
helps to figure out the smoothly decreasing risk. We observe only small peaks

of the density compared to other settings.

Higher peaks in density estimates reveal sharp risk differences such as for
structure S that has an increased risk in the south. Both kernels are located
in the southern area, they are nearly never in any northern region. For the
longitude all locations are chosen with a peak in the center. In our setting,

we assume an independence of both directions making such a constitution
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Figure 8.6: Latent random field for Poisson-Gamma models Ofl (one latent
Gaussian kernel in data generation), Ef5 (smoothly decreasing risk as-

sumed), Sf2 (increased risk in southern wards assumed) and If4 (increased

risk in three clusters assumed).
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necessary: One kernel ‘increases’ the risk in all wards up to the least northern
increased one while an additional kernel models latent risk in the remaining
southern wards. The peak in longitudinal direction corresponds to the latter

one.

The fourth situation is characterised by three clusters of increased risk. These
are identifiable using the information of the cluster centers in Figure [B.0l
Obviously, the size of cluster in the south-eastern area is too large to be
modelled by a single Gaussian kernel given the sharp risk drop off. Here two
kernels are used. Note that the model is able to separate the increased risk

in the two more central clusters lying close together.

Other useful interpretation of the intensity of the influence corresponds to the
variance of the kernel given its location which is demonstrated for structure
S, model Sf2, in Figure 87 High values indicate a slowly decreasing and
smooth influence of the latent covariate, while low values correspond to a
small area of increased risk. This allows to model sharp decreasing risk or
elevated risk in small areas. The mean variance in each of the cells varies
in the interval of [0.08,21.19] for longitudinal direction and [0.07,11.76] for
latitudinal direction. The scale of each plot in Figure [R7] varies accordingly.
For longitudinal direction, we estimate low variances for the centrally located
kernel, while southern ones are characterised by larger variances. In contrast,
variances in latitudinal direction are estimated to be smaller. Higher values
are mainly observed at the transition between both kernel zones leading to a
sharp decrease of the kernels. Histograms as given in Figure (c) and (d)
also show the different behaviour of longitudinal and latitudinal variances.
This example also shows the necessity to allow for independent variances
in both directions. We give another example for such an analysis for the

leukaemia data set in Chapter [
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Chapter 9

Results for leukaemia data

In Chapter [8l we demonstrate the abilities of Poisson—-Gamma random field
models, MRF models and the BDCD algorithm to identify an underlying
spatial structure. In this chapter, we apply these models to smooth the
calculated SMRs for the leukaemia data set described in Chapter 2l By con-
sideration of covariates, we analyse the dependence of observed leukaemia
counts on atmospheric benzene emissions and the Carstairs deprivation in-
dex. Benzene emissions are given on 1km X 1km grid cells and are aggre-
gated to match the leukaemia data set given on ward level. Deprivation data
are given as quintiles referring to Greater London. A data set of quintiles
than refer to Inner London is not available for this thesis. For a detailed
description of the data set see Chapter 2 a plot of the SMRs is given in
Figure For reasons of computational time, we restrict our analysis to

the area of Inner London.

As covariates for Poisson-Gamma models we use benzene and the deprivation

index (Carstairs and Merisj, 1991)) leading to the following models:

model f: additive influence of benzene;

model m: multiplicative influence of benzene;
model p: additive influence of Carstairs index;
model q: multiplicative influence of Carstairs index;

model r: additive influence of benzene, multiplicative influence of Carstairs index;
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Figure 9.1: Calculated SMRs for the leukaemia data set (a). In (b) the increased

SMR in the central region is set to be 1 for a better impression.

model s: additive influence of benzene and Carstairs index;
model t: multiplicative influence of benzene and Carstairs index;
model u: multiplicative influence of benzene, additive influence of Carstairs index;

model o: no influence of benzene and Carstairs index.

These are combined with different numbers of latent risk sources which are

enlarged until model fit is not improved anymore.

Additionally, we employ MRF models and the BDCD clustering approach to

the observed data. This corresponds to the following settings:

model y: BDCD algorithm, neighbours across river Thames;
model v: MRF model with neighbourhood structure as in BDCD;

model z: MRF model where Thames parts neighbourhood structure.

MRF models can also incorporate covariates just like Poisson—-Gamma mod-
els. They can only be introduced as relative risk factors where we consider

the following settings:

‘none’ is characterised by spatially structured and unstructured terms only;
‘benzene’ additionally includes atmospheric benzene emissions;
‘deprivation’ adds deprivation data to the model;

‘deprivation and benzene’ contains both, deprivation and benzene data.
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Table presents the calculated DICs for the applied Poisson-Gamma ran-
dom field and clustering models. For MRF models DICs are reported in

Table to ensure a better overview.

For the observed data set, we slightly extend the model selection process
compared to the simulation study. When the DIC is increased a single time
for a model we continue to include latent factors. If the DIC still increases
or remains constant we stop. We also compare the newly calculated value

with those achieved in less complex models.

From the resulting DICs presented in Table we conclude the follow-
ing. Poisson-Gamma models assuming any influence of benzene and/or the
Carstairs index require one latent covariate to drop the DIC substantially
from values of the interval of [408.6,418.4] to [390.8,392.8]. This holds for
all interpretations of the covariates. The model fit of o, the model that does

include only latent covariates, is of similar quality.

In simulated data we find a substantial decrease in the DIC when a required
covariate is considered by the model, compare Chapter B Furthermore, the
model fit is decreased when benzene — accounting for a certain amount of
cases in data generation — is not considered in the model. For the leukaemia
data we do not see such a difference when any of the covariates is not con-
sidered. Here, model ol with a value of 390.8 is even at the lower boundary
of the interval of DICs for all models with one latent variable. Following

Spiegelhalter et al. M) models without any latent covariates lead to not

inferior model fit and are therefore not considered anymore. From the DIC

values it is not possible to select any of the Poisson-Gamma models at this

stage.

Inclusion of more than one latent covariate does not improve the model fit for

most Poisson-Gamma models. This does not hold for the following models:
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g latent factors 0 1 2 3 4 5 6 7 8 9 10 11
model f 417.0 | 390.8 | 394.6 | 417.1 | — — — — — — — —
model m 415.5 | 391.0 | 397.3 | 391.8 | 388.9 | 386.9 | 385.2 | 384.1 | 383.4 | 382.8 | 382.5 | 382.5
model p 4184 1 3904 | 393.6 | 394.1 | — — — — — — — —
model q 417.2 | 391.4 | 393.2 | 392.0 | 388.4 | 385.7 | 383.7 | 382.4 | 381.7 | 381.3 | 381.1 | 381.1
model r 410.0 | 391.7 | 391.7 | 391.6 | — — — — — — — —
model s 413.8 | 390.4 | 395.3 | 393.5 | 391.6 | — — — — — — —
model t 408.6 | 392.8 | 391.8 | 391.0 | 387.6 | 384.7 | 382.8 | 381.6 | 380.9 | 380.3 | 380.2 | 380.2
model u 408.8 | 391.1 | 391.8 | 392.7 | — — — — — — — —
model o — 1 390.8 | 396.6 | 393.3 | 390.5 | 388.2 | 386.4 | 384.8 | 383.8 | 383.2 | 383.0 | 382.9
model y 375.6

MRF models see Table
Table 9.1: DIC values of various models for observed leukaemia incidences.
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neighbourhood

covariates v A

none | 391.0  384.9

benzene | 390.7  384.7

deprivation | 386.8  379.8

deprivation and benzene | 383.8  377.7

Table 9.2: DIC values of MRF models for observed leukaemia cases.

e model m assuming benzene to be a relative risk factor;
e model q considering multiplicative influence of the deprivation index;

e model t including both benzene and the Carstairs index multiplica-

tively;

e model o containing only latent covariates.

These models profit from the inclusion of Gaussian kernels to model latent
risk. The DIC converges until values in the interval of [380.2,382.9] are
achieved which is the case for about eleven latent covariates. Highest values
belong to Poisson-Gamma random field models that consider latent covari-
ates only. Inclusion of benzene and deprivation data reduces the DIC, best fit
is achieved for model t containing both benzene and deprivation as relative
risk factors. Superiority of this model becomes clear for a higher number
of latent covariates as the DIC converges faster to a slightly lower value of
380.2 compared to other settings. At this stage, main characteristics of the

risk surface are already identified and fine adaption becomes the main goal.

Even if the DIC reduces by only ten points from the group containing only
one latent covariate (best model ol with DIC = 390.8) to those incorporating
ten Gaussian kernels (model t10 with DIC = 380.2) we clearly favour the
more complex model t10 over ol corresponding to the recommendation of

Spiegelhalter et al. (Iﬁ)ﬂj) Inclusion of additional latent covariates does not

improve model fit for model t. Therefore we prefer model t10 over t11.
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This does not hold for all considered models, compare the results of model
class o where convergence is achieved slower making inclusion of 11 kernels

necessary.

For MRF models assuming neighbourhood structure z we get similar results
concerning the inclusion of covariates as for Poisson-Gamma random field
models. While largest DIC values in the class are achieved by the model con-
taining no covariates (DIC = 384.9), the DIC drops slightly when benzene
is included (DIC = 384.7). Corresponding model formulations of Poisson—
Gamma models achieve lower DICs for these two settings. Inclusion of the
deprivation index as a single covariate in the model results in a more re-
markable drop leading to a DIC of 379.8. Here the corresponding value
for Poisson-Gamma random field models q11 and q10 is 381.1, i.e., greater.
Consideration of both, benzene and deprivation, leads to an additional de-
crease of the DIC leading to a value of 377.7 for the MRF model and 380.2
for the Poisson-Gamma model t10. In terms of the effective parameters,
we calculate pp to be 41.3 for the MRF model and 24.0 for model t10, i.e.,
prior information contributes more information about the parameters for the
MRF model compared to Poisson-Gamma models. This value is decreased
for the alternative neighbourhood structure v assuming the Thames to part
the neighbourhood structure where we calculate pp = 23.7. In general, this
alternative adjacency structure leads to increased DICs and is therefore not
considered any further. We conclude that a risk change is not apparent at
the Thames.

We compare the relative risks (RR) of benzene and deprivation for model
t10 and the corresponding MRF model. As reference class for the depriva-
tion index we use those 233 of the 310 Inner London wards in the highest
quintile when referring to Greater London. In the fourth quintile we have
53 wards, the third quintile contains 18 wards. The last class compromises
six wards in the two lowest deprivation quintiles of the Greater London data
base. From Table we see a lower RR for all covariates when applying
the Poisson-Gamma random field model t10. Additionally, 95% credibility
intervals (CI) are smaller when compared to the corresponding MRF model.

In our example, a lower deprivation index increases the risk to suffer from
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model t10 model z

benzene 1.437 {1.002, 2.654

[ 2.990 [1.358, 5.796]
deprivation 2 1.894 [1.004, 4.389

[

[

5.380 [1.708, 11.900]
1.759 [0.943, 2.905]
1.598 [1.072, 2.283]

deprivation 3 1.245 [1.001, 1.908
deprivation 4 1.235 [1.002, 1.712

]
]
]
]

Table 9.3: Relative risk due to benzene and deprivation index and 95% credibility

intervals for model t10 and z.

leukaemia. We also observe a trend of increasing RR with decreasing depri-
vation. As estimation is based on a small number of wards only, especially
for the lowest group, we recommend to repeat this analysis using quintiles of

the deprivation index referring to Inner London.

For atmospheric benzene emissions we observe an increased RR with in-
creased benzene emissions. For both models, the critical value 1 is not in-
cluded in the 95% CI. Again, the CI of the MRF model is wider. Thus, like

) in their analysis of Greater London we found a positive

association of benzene to childhood leukaemia.

The third model class applied to observed leukaemia cases is the BDCD
algorithm. Here, we cannot introduce any covariates. The calculated DIC

value is lower than those for any other models, namely 375.6.

We compare the results of the selected models in Figure The scatterplot

matrix consists of the estimated parameters KZ E; of the following models:

e Poisson-Gamma model with eleven latent covariates (011, DIC = 382.9);

e Poisson-Gamma model assuming a multiplicative influence of benzene
and ten latent covariates (m10, DIC = 382.5);

e Poisson—Gamma models assuming multiplicative influence of both, ben-

zene and deprivation, with ten latent covariates (q10, DIC = 381.1);

e Poisson—-Gamma model assuming a multiplicative influence of benzene
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Figure 9.2: Results for the leukaemia data set: Scatterplot matrix

mated parameters KZ FE; of selected models.
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and Carstairs and ten latent covariates (t10, DIC = 380.2);
e BDCD model (y, DIC = 375.6);

e MRF model assuming wards parted by the Thames to be neighbours
and multiplicative influence of benzene and deprivation (z, DIC =

377.7).

High agreement between A; E; estimated by Poisson-Gamma models is ob-
vious in the upper left corner of the scatterplot matrix. This is caused by
the same structure of the models: all contain a number of latent covariates
represented by Gaussian kernels. Differences result in inclusion of benzene
and deprivation data, differences from a different number of latent covariates
are negligible. DICs of all three models differ by only three points. We prefer
model t10 as this leads to the lowest DIC as described above. Higher de-
viations between estimated JA\Z E; are observable between the three different

model groups.

We compare risk surfaces of the Poisson-Gamma random field model t10,
the corresponding MRF model with neighbourhood z and the BDCD model
in Figure @31 The first two models contain benzene and deprivation multi-
plicatively. All three risk surfaces show similar patterns characterised by low
risk regions compared to the UK nation-wide leukaemia rate on the southern
river bank. Northern wards tend to have higher rates than the nation-wide
average which is used to calculate the number of expected cases. We observe
differences in the maximum value estimated by each of the models. While
the maximum of the Poisson—Gamma model is 6.1, we estimate values of 4.3
for model y and 10.7 for the MRF model. Low risk regions of models t10 and
y are smooth and very similar. In contrast, such regions are more patchy
for the MRF model. Even if differences appear, the overall impression of the
risk surface is similar for all three models. The location of high and low risk

regions resembles the surface of the SMRs as given in Figure @11

We also compare the regions where JA\Z is estimated to be lie outside the 95%
CIL. These are given in Figure as well. All models estimate an increased

risk compared to the nation wide leukaemia rate for a small number of wards
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Figure 9.3: Results for the leukaemia data set: Risk surfaces IAXZ of Poisson—
Gamma model with ten latent covariates and multiplicative influence of
benzene and deprivation (a), and the MRF model assuming the Thames
not to part the neighbourhood structure involving benzene and depriva-

tion (model z, c¢), and the BDCD model (model y, e) and corresponding
95% credibility intervals of A;.
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only. Model t10 is the only model that estimates the risk in two single wards
to be lower than one as they lie outside the 95% CI. Concerning increased
risk all models identify a region in the central western part of Inner London,
although the size varies. Furthermore, model y and model t10 identify a

high-risk region on the north eastern edge of the study region.

Poisson—Gamma models, especially the surface estimated by the Gamma ran-
dom field, identify covariates that should be introduced in the model. We can
partition the model by terms representing the covariates and latent covariates
under consideration. Figure[@.4] gives an impression of the estimated location
and variances of the Gaussian kernels. In contrast to previously shown fig-
ures which give the location of Gaussian kernels only such as Figure [0.4] (a),
we expand our presentation to present the variances of the Gaussian kernels

along both axes.

Dividing the study region into cells of 500 x 500 m we observe mean variances
in [0.12, 3.18] for longitude and in [0.22, 2.97] for latitude among the cells.
The variance is displayed in Figure for longitudinal (Subfigure (b)) and
latitudinal direction (Subfigure (c)) separately. The margin of each subfigure
contains density estimates of the location of the Gaussian kernel on the same
scale as in Chapter § In contrast, colours in the study region are adopted

to the current data set.

From the location of the Gaussian kernels we do not expect any particular
clusters of increased risk, contrary to for example the locations of the ker-
nels for structure I in Figure on page [200 We rather find latent risk
over the whole study region. There is a tendency to favour regions in the
north-western part of the Inner London area, see Figure (a). This cor-
responds to regions of significantly increased risk, compare Figure 0.3, and
regions of increased SMRs, see Figure @l Furthermore, frequently chosen
locations are close to wards with lower deprivation, compare the plot of the
Carstairs index on page This holds true for the most frequently assumed
position north of the Thames as well as for the two north-western ones and
the slightly increased region in the south. Kernels in surrounding regions are

characterised by high variances representing a smoothly decreasing influence.
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Figure 9.4: Results for the leukaemia data set: Location (a) and variances in lon-
gitudinal (z) and latitudinal (y) direction for the Poisson-Gamma models,
red colour indicates high values, yellow colour low variances; the margin
represents the estimated location of the Gaussian kernels for both direc-

tions.
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As lower deprivation also increases the RR for leukaemia, these findings en-
courage us to use an arrangement of quintiles that refers to Inner London.
Unfortunately, such data is not available for this thesis. Even so, Poisson—
Gamma random field models allow for a detailed inspection of the estimated

risk surface leading to a better understanding of the evaluated data set.

For the leukaemia data set, Poisson—-Gamma random field model t10, MRF
model z and partition model y lead to most satisfying results. The DICs of
the three models differ by only 4.6 points. This corresponds to a strong sup-
port for the MRF model and weak support for the Poisson—-Gamma model

following the recommendations of [Spiegelhalter et alJ (IZM) Benzene emis-

sions and deprivation index are introduced as relative risk factors if possible

for the model. Using the covariates as excess risk factors does not improve
the model fit for all model classes. We find higher benzene levels to increase
the risk to get leukaemia. Concerning the Carstairs index we find an in-
creased risk for low deprived wards. As estimation is based on a small set
of less deprived areas only we recommend to repeat this analysis with either

quintiles referring to Inner London or the original deprivation data set.

For Poisson-Gamma random field models we observe a benefit in separate
estimation of variances of each direction. High variances are estimated for lo-
cations inside the bounding box but also outside Inner London. Here kernels

increase the risk in large parts of the study area.

For MRF models we can plot spatially structured and unstructured terms
separately as done in Figure @0 Note that the scale of both subfigures
differs.

For the spatially unstructured terms we estimate values close to zero with a
very low variance. In contrast, spatially structured terms are more important
for estimation of KZ It leads to a reduced risk in wards south of the Thames
and elevates risk in northern wards. Inspection of these figures helps to

identify useful covariates.

In contrast, density estimates of Gaussian kernels provide a much easier
interpretable information compared to structured and unstructured spatial

covariates in MRF models. Poisson—Gamma models reveal the whole com-
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Figure 9.5: Results of the MRF model for the leukaemia data set: spatially

structured terms U and unstructured terms V.

plexity of the latent risk surface. As information about the location of latent

risks as well as their variance is available, investigation of potential alterna-

tive covariates is more convenient.

Additionally, other kernel functions are possible and make the class of Poisson—

Gamma models more flexible. As the partition approach of the BDCD model

leads to a lower DIC, such an adoption is a reasonable extension of this work.
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Chapter 10

Summary and discussion

The main topic of this thesis was to analyse the performance of Poisson—
Gamma random field models and its implementation into WinBUGS. We
focused on disease mapping, especially on the ability of the model class to
produce a precise map of the underlying risk surface by inclusion of latent
risk factors and the necessity to allow for different covariate interpretations.
We allowed for different spatial resolutions for latent pattern in contrast to

observed data and covariates.

We set up a simulation study that allowed to evaluate models’ performances
with respect to possible covariate interpretations for different spatial struc-
tures. These included combinations of the covariate with other spatial char-

acteristics such as a linear decreasing trend or clusters with increased risk.

We applied Poisson-Gamma random field models with either excess or rel-
ative risk factors in combination with varying numbers of latent covariates
represented by Gaussian kernels. We also compared Poisson—-Gamma random

field models to other frequently used spatial models of similar complexity.

These were a MRF-based ecologic regression model (IBﬁsangLI, |J.9£]J) and

the BDCD model (Knorr-Held and Rafer, 2000). The first one was also im-

plemented into WinBUGS, for the second model a software implementation

is available from the authors.

Model evaluation was done using MSE and DIC. For the DIC, we also dis-
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cussed different approaches for Monte Carlo error estimation as an alternative

to the time-consuming Brute Force approach proposed by [Zhu an rli
). In addition to the Brute Force approach the authors themselves

also introduced a batching approach which we included in our comparison.

Furthermore, we suggested alternatives for batch construction (batching and

thin), and application of bootstrapping and cross-validation.

In contrast to [Zhu and !Zarlin| (|2_Ol)d) we estimated only small variances for

the Brute Force approach as well as for our alternatives. One reason is

the different number of free parameters. While the data set employed by

Zhu and Carlin (|20Dd) involved hospitalisations in 97 zip codes in a spatial-

temporal setting over an eight-year study period, our examples included less

free parameters represented by ten power plant pumps, lip cancer rates in
56 counties in Scotland, and leukaemia cases in 310 Inner London wards. As
we expect the expected posterior deviance to equal the number of free pa-

rameters (Spiegelhalter et al., M), lower DIC values are calculated. This
corresponds to smaller variances of the DIC. For future research we recom-

mend the usage of more complex data sets. In such a comparison, e.g. the
hospitalisation data set by |Zh11_a11dilallln| (IZD_Od) should be included. As

the estimation of an MC error for the mean of the deviance D is straight-

forward, we recommend to select rather complex models where pp tends to
be large. Furthermore, we suggest to include other models not assuming
Poisson-distributed data as the investigation and comparison of the estima-

tion performance is of interest for other model classes as well.

In a first part of the simulation study we implemented a restricted version
of Poisson-Gamma random field models in the WinBUGS software. Using
a small number of kernels at fixed locations does not lead to a satisfying
estimation of the latent field as the dependency of the model fit on an ap-
propriate position of the kernels is very high. We therefore extended our

implementation of the Gamma random field in WinBUGS.

For estimation of the random field we applied bivariate Gaussian kernels.
Longitudinal and latitudinal directions are assumed to be independent, their

variance and location are estimated within the MCMC framework.
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Here we find the necessity to allow for alternative interpretations of covari-
ates. In general, additive Poisson-Gamma models convince when an excess
risk factor is involved in data generation while multiplicative Poisson—Gamma
models tend to have higher DIC values. On the other hand, multiplicative
modelling is to favour when risk due to a relative risk factor is generated.
This becomes more obvious with larger influence of the covariate. When in
doubt, results of the simulation study suggest to prefer the multiplicative

model.

Non-consideration of a covariate that is involved in data generation leads to

highest DIC values within the framework of Poisson-Gamma models.

In general, Poisson—-Gamma random field models convince by their ability to
reproduce the generated structure. The WinBUGS’ adoption of the Gamma
random field is able to reproduce latent structures. By analysing the cor-
responding terms we can identify covariates that should be included in the

model.

We also applied MRF models and the BDCD model to generated data sets.
For clustered structures the BDCD model is to favour over Poisson-Gamma
models even though these models do not allow for covariates. In MRF models
we included the covariate in a multiplicative setting. Here we usually find an
inferiority of the model compared to corresponding Poisson-Gamma models.
Exceptions are given by structures where the risk changes instantly at the
Thames. Using a corresponding neighbourhood structure drops the DIC
substantially and convinces by an improved estimation of the risk surface

compared to all other models.

These results encourage us to enlarge the flexibility of Poisson-Gamma ran-
dom field models. Distance-based Gaussian kernels lead to a comparable
neighbourhood structure as the conditional auto-regressive approach where
all wards are connected if they share a common border. A neighbourhood
where the Thames parts this structure as assumed by one of the MRF mod-
els in our simulation study corresponds to half-Gaussian kernels that can be
used alternatively for estimation of the Gamma latent field. In contrast to

MRF models we do not need to fix a neighbourhood structure, the break
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f Gaussian kernels ‘ 0 ) 10 15

computational time ‘ 15 min 3 days 10 days 4 weeks

Table 10.1: Computational time of selected models

is estimated by the kernels’ parameters automatically. In order to produce
similar conditions for Poisson-Gamma random field models and the BDCD
clustering algorithm Uniform kernels can be considered as an alternative.
We expect an improvement for situations of increased risk in cluster regions.

Using overcomplete dictionaries by allowing different kernel functions simul-

taneously such as presented by |Clyde and Wleerﬂ ([ZM) may also make this

model class more flexible.

In our WinBUGS’ implementation, we assumed each kernels’ longitude and
latitude to be independent. This is sufficient to reproduce generated struc-
tures. We point out that structures assuming a sharp risk increase at the
west—to—east directed Thames correspond to such an independence assump-
tion. Otherwise, random field estimation can be improved by the introduc-
tion of a covariance structure in model estimation. We emphasise that this

increases computational time.

In Poisson-Gamma models the number of latent Gaussian kernels necessary
to reproduce the spatial structure is typically small. For a larger number
of kernels we see disadvantages of the model class as computational time
is increased. For some selected runtimes see Table 0.1l We present those
of typical 1GB RAM PCs. The underlying structure is simulated assum-
ing a multiplicative influence of benzene and three clusters of increased risk
(structure U). The number of Gaussian kernels was increased successively
until the DIC is not reduced anymore. Hence, fitting a model that requires
15 latent covariates required several weeks. As we see in Table [[0.T], this is
particularly due to the complete estimation of an elevated number of Gaus-
sian kernels. Implementation in WinBUGS/OpenBUGS cannot be optimised
anymore unless the code is directly implemented by BUGS developers. For

the WinBUGS implementation the user himself can slightly optimise some
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code by implementation in the developers tool WBDev, for the OpenBUGS
version this is not possible. As one goal of this thesis was to implement
Poisson—-Gamma random field models into WinBUGS, we did not code the
model directly in C++ and provided a programm such as for the BDCD model.
A main disadvantage of such an a ready—to—use program is either its com-
plexity as the model class itself or its restrictions on the flexibility of the
user. In contrast, we hope that the availability of an adoptable WinBUGS
implementation as presented in this thesis will provide a basis for other users

that want to apply the class of Poisson-Gamma models on their data.

Speeding up calculations can also be done by assuming a fixed variance for all
kernels. However, as we have seen in particular for structures with an abrupt
risk change, this is a main advantage of our implementation and increases
the model fit.

Another possible improvement is to allow the inclusion of the number of
latent risk sources as a hyper-parameter in the model and let it being esti-
mated in the MCMC algorithm, e.g., by reversible jump MCMC methods
, M) We expect a decrease in computational time compared to the
iterative procedure proposed here. Unfortunately, this approach necessitates
loops running over all possible numbers of sources and therefore depending
on a random quantity. However, using WinBUGS, nodes used as bounds in
for ()-loops are not allowed to be stochastic d&pjﬁgﬂhﬁhﬂj_t_al.l, |ZDIL4I)

Recent extensions of the model class are applications for concentrations of

pollutants at point sources and their dispersal over time and space, i.e., a non-

stationary, spatial-temporal model. |Clyde et al. (|2D_O_d) use this model class

to estimate the abundance of proteins in mass spectroscopy data. A good

overview on such extensions is given by |CI n Iper ). These
additional applications in combinations with our findings show the power of

this approach.

Keeping in mind our findings of the simulation study we applied all models
to observed leukaemia counts. For covariates we considered atmospheric
benzene emissions as well as the Carstairs deprivation index. The latter

one was available in quintiles referring to Greater London only. Both were
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included as excess and relative risk factors in different combinations. Again,
we successively added latent covariates represented by Gaussian kernels. We
also employed a model including only latent covariates. The DIC was used to
identify the most appropriate model. As in the simulation study we applied
BDCD and MRF models to the observed data. The latter model is extended

to allow for deprivation as well as benzene as covariates as relative risk factors.

Best results are achieved when both, atmospheric benzene emissions and
deprivation data are included in the model. This holds for both, the Poisson—
Gamma random field model and the MRF-based model. Here, we prefer a
neighbourhood structure that is not influenced by the course of the Thames
river. MRF models lead to a slightly lower DIC value. Most appropriate
fit is achieved for the BDCD partition model. The DIC value of these three
models differs by 4.6 points only.

Models allowing for covariates identify benzene to increase the risk of leukaemia.
Furthermore, we find an increased RR in less deprived wards. Both covariates
are identified to be relative risk factors. As the Carstairs index is discretised
by quintiles referring to the Greater London data base, for some deprivation
quintiles the number of observations is small. Hence, we recommend to re-
peat this analysis using either quintiles referring to the study area only or

the original data set to confirm our findings.

|B_QSI_eLaJ..| (IZDD_]J) perform a similar analysis in the area of Greater London
using MRF-based ecologic regression models. They consider atmospheric
benzene emissions as covariate and find a positive association with the risk of
childhood leukaemia similar to our findings. However, their analysis on ward

level found a higher increase in RR due to benzene emissions. In contrast to

1. ) we used the area of Inner London only where benzene tends
to be higher while leukaemia cases and the population at risk have similar
characteristics for both areas leading to increased exposure and therefore
smaller variance. For a comparable analysis we recommend to apply our
model on Greater London’s data. As the number of wards is increased from
310 (Inner London) to 873 (Greater London), and the corresponding area

from 548 km? (Inner London) to 2887 km?, this increases computational
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time. To be able to run such amount of data in reasonable time, WinBUGS

performance needs to be improved first.

For Inner London, the model leading to the lowest DIC is the BDCD model by

kmntﬂddﬂ]ﬂ@ﬁﬂl (IZ@_d) In our simulation study we find this model to

be the most appropriate one for clustered structures. Hence, we recommend

to use alternative kernels to model the latent risk in Poisson—-Gamma models
which are more suitable for clustered structures. Uniform kernels or half-
Gaussian ones provide suitable alternatives. We expect an improvement in

model performance from such an extension.

Another improvement of the model is given by treating benzene on the ob-
served spatial resolution of a 1km x 1km regular grid. We have aggregated
this data to the same scale as the observed leukaemia data and only treated
the latent field on its original scale. An extension is possible within the frame-
work of Poisson-Gamma random fields but not considered in this thesis as
computational time is very high already. Nevertheless, such an improvement

is necessary for further reduction of the ecological bias.
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Appendix A

Implementation in WinBUGS

A.1 Additive model, fixed location of m la-
tent kernels

WinBUGS code for Poisson-Gamma model assuming an additive influence

of benzene and a fixed number of latent risk sources at fixed locations.

model

{
T T s s s s
# Data

# Variable Description

# ___________________________

# benzene benzene emission in the area each ward covers

# E population numbers (vector of length I)

# count observed number of cases (vector of length I)

# J number of grid cells (benzene emissions)

# I number of wards

# Source number of latent covariates involved

# OSx.grid coordinates of the grid cells used for evaluation of latent
# risk factors (vector of length nx.grid)

# Sy.grid similar for y direction

# nx.grid number of grid cells in x direction

# ny.grid similar for y direction

# Sx.source location of the latent covariates (vector of length nx.source)
# OSy.source similar for y direction
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21 # mnx.source number of sources in x direction

2 # mny.sorces number of sources in y direction

» # X.coords Index of grid cell the ward center belongs to

24 # Y.coords similar for y direction

25 # S.index nx.source times ny.source matrix giving index number (1:Source)
% # of latent grid cell

2w # area area of region in km™2.

28 HHHHHHHH R HH RS R R R R
29 # Parameters

30

31 required constants

H H

32
33 expect <- mean(E[])

34

33 # Priors for additive risk factors
36 #
37 beta.0 ~ dgamma(a.O , tau.0)

3 beta.benz ~ dgamma(a.benz , tau.benz)
39 beta.latent ~ dgamma(a.latent, tau.latent)
9 a.0 <- 0.575

a1 tau.0 <- a.0 * 3 * expect

2 a.benz <- 0.575

43 tau.benz <- a.benz * 3 * expect

4 a.latent <- 0.575

4s  tau.latent <- a.latent * 3 * expect

prior for intercept

prior for benzene

prior for latent coefficient
shape for intercept

scale for intercept

shape for benzene

scale for benzene

shape for latent coefficient
scale for latent coefficient

H OH H H H K H H R

16
47 # no multiplikative risk factors

48 #
40 # Priors for gamma[m]’s
#

50
51 magnitudes of the latent risk factors
52

537 for (s in 1:Source)

54 {
55 gamma[s] ~ dgamma(a.gamma, tau.gamma)
56 }

57 a.gamma <- area * tau.gamma
s8  tau.gamma <- 1/Source

60 # Kernel: calculate kernel in WinBUGS to allow rho to be uncertain
61 #

62 logrho ~ dnorm(0,2)
63 rho <- exp(logrho)
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64

65

66

67

68

69

70

71

72

73

74

75

76

v

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

for(sx in 1:nx.source) # loop over nx.sources
{
dFx[sx,l:nx.grid]<- eval.grid(Sx.grid[], Sx.source[sx], rho)
# eval.grid() is a Black Box function. Code is given below.
b

for(sy in 1:ny.source)
{
dFy[sy, 1:ny.grid] <- eval.grid(Sy.grid[], Sy.sourcelsyl], rho)
+

# calculates kerX[ward.number, source.number]

# X.coords contains the number of the grid cell

# (grid for evaluation of latent risk factors)

# in which the ward center is situated

# (similar for Y.coords)

for(sx in 1:nx.source) # loop over sources
{
kerX[sx,1:I] <- belong(dFx[sx, ], X.coords[1:I])
# belong() is a Black Box function. Code is given below.

}

for(sy in 1:ny.source) # loop over sources
{
kerY[sy,1:I] <- belong(dFyl[sy, ], Y.coords[1:I])
}
# merge together for 2 dimensional risk surface
for(i in 1:1I) # loop over areas
{
for(sx in 1:nx.source)
{
for(sy in 1:ny.source)
{
kernel[S.index[sx,sy] ,i] <- kerY[sy,i] * kerX[sx,i] * 1000
}
}
}

# Intensities

H
1

for (i in 1:1)
{
count [i] ~ dpois(lambdali])
lambda[i] <- p[il*E[i]
benz.term[i] <- beta.benz¥benzene[i]
for (s in 1:Source)
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107 {

108 latent[s,i] <- deltals]*kernells,il

109 }

110 latent.term[i] <- beta.latent*sum(latent[,i])
111 plil<- beta.0 + benz.term[i] + latent.term[i]
112 }

113

14 #expected number of cases attributed to each source
s #

16 E.base <- beta.O

17 E.benzene <- mean(benz.term[])

s for (i in 1:1)

119 {
120 latentsum[i] <- sum(latent[,i])
121 }

122 E.latent <- beta.latent*mean(latentsum[])
123 Total <- E.base + E.benzene + E.latent

124 percent.base <- E.base / Total *100

15 percent.benzene <- E.benzene / Total * 100
126 percent.latent <- E.latent / Total * 100
127 }

A.2 Black Box function eval.grid()

Function to calculate the intensity of a latent risk source source in grid cell

grid.

1 MODULE WBDevEvalGrid;

2 IMPORT

3 WBDevVector, WBDevSpecfunc, Math;

s TYPE

5 Function = POINTER TO RECORD (WBDevVector.Node) END;

6 Factory = POINTER TO RECORD (WBDevVector.Factory) END;
7 VAR

8 fact-: WBDevVector.Factory;

9 PROCEDURE (func: Function) DeclareArgTypes (OUT args: ARRAY OF CHAR);
10 BEGIN

11 args := "vss";

12 END DeclareArgTypes;

13 PROCEDURE (func: Function) Evaluate (0OUT dFx: ARRAY OF REAL);

14 CONST
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15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

a1

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

grid = 0; source = 1; rho = 2;
VAR
numGrid, i, j: INTEGER;
val: REAL;
Fx: ARRAY 1000 OF REAL;
BEGIN
numGrid :=LEN(func.arguments[grid]);
i:=0;
WHILE i < numGrid DO;

val :=0.001*(func.arguments[grid] [i].Value()-
func.arguments[source] [0] .Value());

val:= val/func.arguments[rho] [0].Value();

Fx[i] := WBDevSpecfunc.Phi(val);
INC(i);

END;

j:=0;

WHILE j < (numGrid-1) DO;

dFx[j] :=Fx[j+1] - Fx[j] ;

INC(J);

END;

END Evaluate;

PROCEDURE (f: Factory) New (option: INTEGER):

VAR

func: Function;
BEGIN

NEW(func); func.Initialize; RETURN func;
END New;

PROCEDURE Installx;

BEGIN
WBDevVector.Install(fact);

END Install,;

PROCEDURE Init;

VAR
f: Factory;
BEGIN
NEW(f); fact := f;
END Init;
BEGIN
Init;

END WBDevEvalGrid.
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A.3 Black Box function belong()

To ease and to speed up calculations in WinBUGS, the function belong()

is written. This function can be replaced by the lines

1

2

3

5

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

for

{
fo

}

(i in 1:1)

r(sx in 1:nx.source)

{

kerX[sx,i] <- dFx[sx, X.coords[i] ]

¥

in the WinBUGS code.

MODULE WBDevBelong;

IMP

TYP

VAR

ORT

WBDevVector,
Math;

E

Function = POINTER TO RECORD (WBDevVector.Node) END;
Factory = POINTER TO RECORD (WBDevVector.Factory) END;

fact-: WBDevVector.Factory;

PROCEDURE (func: Function) DeclareArgTypes (OUT args: ARRAY OF CHAR);

BEGIN
args := "vv';
END DeclareArgTypes;

PROCEDURE (func: Function) Evaluate (OUT val: ARRAY OF REAL);

CONST

dFx = 0; Xcoords = 1;
VAR

numTimes, i, a: LONGINT;
BEGIN
numTimes
i :=0;

WHILE i < numTimes DO;

a:=ENTIER(func.arguments[1] [i].Value())-1;
val[i] := func.arguments[0] [a].Value();

INC(i);
END;

:=LEN(func.arguments [dFx]) ;
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27 END Evaluate;
28

20 PROCEDURE (f: Factory) New (option: INTEGER): Function;

30 VAR

31 func: Function;

32 BEGIN

3 NEW(func); func.Initialize; RETURN func;
32 END New;

35

3¢ PROCEDURE Installx;
37 BEGIN

38 WBDevVector.Install(fact);
39 END Install;

40

41 PROCEDURE Init;

2 VAR

a3 f: Factory;

42 BEGIN

a5 NEW(f); fact := f;
w© END Init;

47

45 BEGIN

49 Init;

50 END WBDevBelong.

A.4 Multiplicative model, random location of
m latent kernels

1 model
2 {

3 FHHHEHHEH R
4 # Parameters

6 # required constants

g expect <- mean(E[])

10 # no additive risk factors

11
12

13 # multiplikative risk factors
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14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

32

33

35

36

37

38

43

44

45

46

47

48

49

50

51

52

53

54

55

+*+

beta.0 ~ dgamma(a.O , tau.0)
beta.benz ~ dgamma(a.benz , tau.benz)
beta.latent ~ dgamma(a.latent, tau.latent)
a.0 <- 0.575

tau.0<- a.0 *3 * expect

a.benz<- 0.575

tau.benz <- a.benz * 3 * expect
a.latent<- 0.575

tau.latent <- a.benz * 3 * expect

#Priors for gammal[m]’s

H
ks

for (s in 1:Source)
{
delta[s] ~ dgamma(a.gamma, tau.gamma)
}

a.gamma <- area * tau.gamma

tau.gamma <- 1/Source

#Location of the Sources: allow uncertainty

H

for(i in 1:Source)
{
moveX[i] ~ dunif(disti1[i], dist2[il)
moveY[i] ~ dunif(dist3[i], dist4[i])
}

H OH HF H H H B H H

prior
prior
prior
shape
scale
shape
scale
shape
scale

Sx.sourceMove[1:Source] <- Add(moveX[], Sx.sourcel[])
Sy.sourceMove[1:Source] <- Add(moveY[], Sy.sourcel])
# Add() is a Black Box function. Code is given below.

for intercept

for benzene

for latent coefficient
parameter for intercept
for intercept

for benzene

for benzene

for latent coefficient
for latent coefficient

#Kernel: calculate kernel in WinBUGS to allow rho to be uncertain

H

for (sx in 1:Source)
{
for (i in 1:1I)
{

#loop over areas

distanceX[sx, i] <- abs(wardXcenter[i] - Sx.sourceMove[sx])

distanceY[sx,i] <- abs(wardYcenter[i] - Sy.sourceMove[sx])

kernel [sx,i] <- exp(-(pow(distanceX[sx,i]/(2*rhoX[sx]), 2) +
pow(distanceY[sx,i]/(2*rhoY[sx]), 2)) )

}
logrhoY[sx] ~ dnorm(0,wert)
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57 logrhoX[sx] ~ dnorm(0,wert)

58 rhoY[sx] <- exp(logrhoY[sx])

59 rhoX[sx] <- exp(logrhoX[sx])

60 }

61 #Intensites

62 H==========

63 for (i in 1:1)

64 {

65 count[i] ~ dpois(lambdalil)

66 lambdal[i] <- p[i] *x E[i]

67 benz.term[i] <- beta.benz * benzenel[i]

68 latent[i] <- inprod2(deltall, kermel[,i])
69 latent.term[i] <- beta.latent * latent[i]
70 plil<- (beta.0 + latent.term[i]) * exp( benz.term[i])
71 }

72}

A.5 Black Box function Add ()

The WinBUGS code given in Section [A4] uses in lines 43-44 a vectorised
version of the following lines:

for(i in 1:Source)
{

Sx.sourceMove[i] <- Sx.source[i] + moveX[i]

}

This procedure speeds up calculations.

1 MODULE WBDevAdd;

> IMPORT

3 WBDevVector, WBDevRandnum,

4 Math;

s TYPE

6 Function = POINTER TO RECORD (WBDevVector.Node) END;

7 Factory = POINTER TO RECORD (WBDevVector.Factory) END;
s VAR

9 fact-: WBDevVector.Factory;

10 PROCEDURE (func: Function) DeclareArgTypes (OUT args: ARRAY OF CHAR);
1 BEGIN

12 args := "vv'";
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13

14

15

16

17

18

19

20

21

22

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

a1

42

43

44

45

46

47

48

49

50

51

END DeclareArgTypes;

PROCEDURE (func: Function) Evaluate (OUT SxsourceMove: ARRAY OF REAL);
CONST
move=0; Sxsource=1;
VAR
Number, i: INTEGER;
BEGIN
Number :
i := 0;
WHILE i < Number DO;
SxsourceMove[i] := func.arguments[Sxsource] [i].Value()
+ func.arguments[move] [i].Value();

LEN (func.arguments [Sxsource]) ;

INC(i);
END;
END Evaluate;

PROCEDURE (f: Factory) New (option: INTEGER): Function;

VAR

func: Function;
BEGIN

NEW(func); func.Initialize; RETURN func;
END New;

PROCEDURE Installx;

BEGIN
WBDevVector.Install(fact);

END Install;

PROCEDURE Init;

VAR
f: Factory;
BEGIN
NEW(f); fact := f;
END Init;
BEGIN
Init;

END WBDevAdd.
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Appendix B

Additional simulation results

In this Chapter we give the result of Poisson-Gamma random field models
in the implementation discussed in Section [3.4.3] Selected structures are

already discussed in Chapter [§, here we discuss the following structures

e structure A in Section [B.1}
e structure B in Section [B.2}
e structure D in Section [B.3t
e structure F in Section [B.4
e structure G in Section [B.5t
e structure H in Section [B.6k
e structure J in Section [B.T
e structure M in Section [B.8
e structure N in Section [B.9
e structure P in Section [B.I0}
e structure Q in Section [B. 11}
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‘ # latent factors ‘ 0 ‘ 1 ‘ 2 ‘ 3 ‘ 4 5

model f 339.9 | 341.7 | 3416 | 3423 | — —
(0.024) | (0.026) | (0.027) | (0.028)
model m 3475 | 349.3 | 349.6 | 349.0 | 3484 | 387.0
(0.049) | (0.051) | (0.053) | (0.053) | (0.050) | (0.309)

model o — 363.2 364.9 365.3 365.5 —
(0.155) | (0.150) | (0.150) | (0.150)

model y 373.2 (0.165)

model v 353.3 (0.050)

model 7 351.2 (0.050)

Table B.1: DIC (MSE) values for extended models applied to structure A.

e structure R in Section [B.12}
e structure T in Section [B.13];
e structure U in Section [B.14]

e structure V in Section [B.15l

For a schematic overview on the used letters see page @

B.1 Structure A

Data generated according to structure A assumes an additive influence of
benzene. In total, 330 observations are generated. Table [B.] reports the
calculated DICs and corresponding MSEs for the employed models.

When including benzene in modelling by Poisson-Gamma models, we favour
an additive influence based on DIC values. This corresponds to the under-
lying structure. While the best fitting model of class m, which is the one
without any latent risk sources, leads to a DIC of 347.5, model Af0 assuming
an additive influence of benzene improves this DIC to be 339.9, see Table
Bl An illustration of the modelled risk surface is given in Figure Bl A
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Figure B.1: Simulated A; for structure A (a) and estimated spatial pattern K,
of the best fitting model Af0 (b), as well as the Poisson-Gamma model

with one latent risk source Aol (c).

close agreement between the underlying structure and the modelled values is
observed. This is reflected by a small MSE of 0.024.

Performance of Poisson-Gamma models not including benzene is inferior to
Af0. Here, we calculate DIC values larger than 360, see Table Bl As
presented in Figure [B] (¢) this is caused by larger differences between the
parameters of the Poisson distribution A; and the estimated values ]\\i, which
occur along the whole interval. Aol is characterised by a smooth risk with
a high risk region corresponding to the area with increased benzene observa-

tions.

Alternative models show similar performances as those Poisson—-Gamma mod-
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‘ # latent factors ‘ 0 ‘ 1 ‘ 2 ‘ 3 ‘ 4 ‘

model f 312.2 313.4 313.8 313.9 313.9
(0.016) | (0.020) | (0.020) | (0.020) | (0.020)
model m 326.8 327.7 328.3 328.2 327.1
(0.135) | (0.136) | (0.135) | (0.133) | (0.136)
model o — 362.0 366.0 364.9 368.2
(0.494) | (0.477) | (0.470) | (0.440)
model y 372.4 (0.537)
model v 329.6 (0.151)
model z 327.9 (0.143)

Table B.2: DIC (MSE) values for extended models applied to structure B.

els including benzene multiplicatively. Both MRF models gain a DIC of
around 350, different neighbourhood structures have no effect on the model
fit. The BDCD model shows an inferior performance for this structure re-
flected by a DIC of 373.2.

For this structure, the best model equals the underlying pattern in data

generation.

B.2 Structure B

For structure B, we generate 770 cases assuming an additive influence of
benzene only. Table reports the calculated MSEs and corresponding
DICs.

Among Poisson-Gamma models, the one assuming an additive influence of
benzene leads to best results among all applied models. Here, the model
which does not include any latent risk factors has the lowest MSE of 0.016

and a DIC of 312.2. The corresponding spatial risk surface is given in Figure

B2 (b).

Those DIC results are elevated by about 14 points for model class Bm where

a multiplicative influence of benzene is assumed. DIC values are stable for
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Figure B.2: Simulated A; for structure B (a), estimated spatial pattern K, of the
best fitting model Bf0 (b) and the best among Poisson—-Gamma models

not including benzene Bol (c).

all numbers of incorporated latent risk sources. Nevertheless, model Bm0
not including additional latent covariates achieves best results. When com-
paring models with three and four covariates — Bm3 and Bm4 — we see an
improvement of Bm4 over Bm3. Nevertheless, the DIC is still higher than

the one of Bm0, so we stop adding latent covariates.

If benzene is not included in the Poisson—-Gamma model the obtained model
fit is inferior. This holds for up to 4 latent risk factors. As we do not observe
any convergence of the DIC towards lower values, we do not increase the
number of latent risk sources any further. Even if the model fit is inferior,
we point out that a MSE of less than 0.500 which is achieved by all of those
models is a good match. A plot of the spatial risk KZ for model Bol is given
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‘ # latent factors ‘ 0 ‘ 1 ‘ 2 ‘ 3 4

model f 583.9 326.8 327.3 — —
(5.767) | (0.197) | (0.230)

model m 618.5 358.0 360.7 361.8 —
(6.177) | (0.564) | (0.511) | (0.495)

model o — 401.8 399.5 366.6 374.8

(1.175) | (0.928) | (0.721) | (0.822)

model y 395.5 (2.003)

model v 361.0 (0.779)

model 7 368.4 (0.823)

Table B.3: DIC (MSE) values for extended models applied to structure D.

in B2 (¢). Model Bol gives a very smooth representation of the benzene
term involved in generation. The MSE of 0.494 reflects a reasonable model

fit as main characteristics of the structure are reproduced.

Other models do not reach the DICs we obtained for the best model BfO.
While both MRF models achieve a similar model fit compared to the Poisson—
Gamma models assuming a multiplicative influence of benzene, the BDCD
algorithm produces the least appropriate fit for the data set with a DIC of
372.4.

Similar as in structure A, the best model equals the underlying pattern in

data generation for structure B.

B.3 Structure D

Data generated by structure D is characterised by an additive influence of
benzene accounting for about 770 cases and a latent risk source that accounts

for further 330 cases. The spatial pattern is presented in Figure [B.3] (a).

DIC and MSE values which are achieved by the chosen models are reported
in Table For Poisson-Gamma models including a benzene term we

observe an immense modelling benefit when including a latent risk term in
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comparison to modelling benzene alone, although this benefit is not as big
as for structure C. The inclusion of more latent covariates neither improves
the DIC of the additive nor the multiplicative model. Additive modelling is
to favour over multiplicative modelling which reflects the generation scheme.
Whereas DIC is 326.8 for model Dfl, multiplicative modelling of benzene
leads to values of DIC = 358.0 (Dm1l) or higher, which is similar to those
values we gain when benzene is excluded. Model Do3 which includes three
latent covariates performs best among models of class Do. The corresponding
risk surface is given in Figure [B.3] (¢). Compared to the underlying pattern,
this model has difficulties to estimate low-risk regions correctly, leading to
a DIC value of 366.6 and MSE of 0.721 in comparison to those values we

estimate for model Df1.

Similar DICs are estimated by MRF models without a remarkable influence
of which neighbourhood structure is applied. We get a DIC of 361.0 for
model Dv and a DIC of 368.4 for model Dz, see Table B3l We conclude
comparability of both approaches. Furthermore, for this structure both, the
log-link MRF model and the multiplicative Poisson-Gamma model produce
comparable pattern. The possibility of Poisson-Gamma models to treat ben-
zene as an excess risk factor by the identity link reveals the advantage of this

model class.

The BDCD model performs worse for this structure. The calculated MSE of
2.003 which is more than the double amount of those MSEs calculated for
other models. The same holds for the corresponding DIC which is 395.5. We
conclude that the BDCD model is able to reproduce the main characteristics
of the underlying structure but Poisson-Gamma models and MRF models

are to prefer.

All together, we found Df1 to be the best fitting model. A plot of the spatial
risk surface is given in Figure [B.3] (b). Estimated parameters of the Poisson
distribution are close to the generated ones, which is reflected by a small
MSE of 0.197. Location and variance of the Gaussian kernel representing

latent risk in data generation is estimated well by the model.
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Figure B.3: Simulated A; for structure D (a) and results: Estimated spatial
pattern of A; for the best fitting model Df1 (b), and of the best one
without benzene Do3 (c).

B.4 Structure F

Data generation according to structure F assumes an additive influence of
benzene (770 cases) and a linearly decreasing trend component (330 cases).

A plot of the spatial structure of generated A; is given in Figure [B.4 (b).

Modelling these data by Poisson-Gamma models involving benzene addi-
tively leads to a DIC of 330.425 (compare Table [B.4]) when involving five
latent covariates which is the best model fit in this class. This is slightly
improved over 330.378 when using six latent covariates. Further extension
does not lower the DIC. We therefore assume model Ff5 to be the most
appropriate one for this structure.
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Figure B.4: Results for structure F: Scatterplot matrix of the estimated param-

eters Kz FE; of Poisson—-Gamma models with additive influence of benzene
and six latent covariates (Ff6), multiplicative influence of benzene and
seven latent covariates (Fm7), four latent covariates without a benzene
term (Fo4), and the MRF model assuming wards across the Thames to be
neighbours (Fz) (a); simulated structure F (b); estimated rate A; of the
Poisson-Gamma model with benzene as excess risk factor and six latent
risk sources (Ff6) (c) and estimated rate A; of the Poisson-Gamma model

Fo4 without benzene and four latent risk sources (d).

175



‘ f latent factors ‘

0

| 2 [ 3 [ 4 [ 5 [ 6 [ 7

model f 343.0 336.3 336.3 331.4 330.6 330.4 330.4 330.4

(0.388) | (0.105) | (0.130) | (0.086) | (0.080) | (0.083) | (0.085) | (0.089)
model m 351.9 343.1 339.8 339.5 339.4 338.9 338.6 338.1

(0.463) | (0.174) | (0.163) | (0.161) | (0.166) | (0.168) | (0.169) | (0.171)
model o — 370.8 360.2 357.4 357.5 —

(0.654) | (0.542) | (0.492) | (0.477)

model y 360.2(0.627)
model v 338.6(0.244)
model z

334.4(0.171)

Table B.4: DIC (MSE) values for extended models applied to structure F.

176



Ff5 Fm7 Fo4 Fz
Fi5 1 0.988 0.936 0.979
Fm?7 | 0.988 1 0.936  0.985
Fo4 | 0.936 0.936 1 0.934
Fz [0.979 0.985 0.934 1

Table B.5: Structure F: Pearsons correlation coefficient of the estimated param-
eters A; E; of models plotted in Figure [B4 (a).

When benzene is included multiplicatively DIC is constantly decreasing with
an increasing number of Gaussian kernels. As the DIC is decreased by 1.7
points only between model Fm2 (two latent covariates, DIC = 339.8) to
model Fm7 (seven latent covariates, DIC = 338.1) we do not proceed fur-
ther. We compare the estimated values KZ E; of model Ff6 with Fm7 in a
scatterplot matrix given in Figure [B.4] (a). Here, we also include the results
of model Fo4, the best model among the Poisson—-Gamma models without
benzene, and the MRF model Fz assuming wards across Thames to be neigh-

bours.

Model Fz convinces by a DIC of 334.4, which is slightly lower than the one
of the MRF model where the Thames disconnects neighbours. BDCD does
not convince in modelling data according to structure F. The DIC is 360.2
which is even higher than the one of the class of Poisson-Gamma models not

involving benzene.

Figure[B.4l (a) reveals a close concordance between the selected models, which
is also reflected by the correlation matrix using Pearson’s method as pre-
sented in Table [B.5 which is at least 0.934. The lowest correlation coefficient
is calculated for model Fo4 which has also the highest DIC value among the
selected models. Additionally, we give plots of the best—fitting model Ff6 and
of model Fo4 in Figures[B.4l(¢) and (d) respectively. We see a high agreement
among estimates of both models and the generated values as given in Figure
B.4] (b). Both models satisfy by reproducing the characteristics of the gen-
erated structure. It follows that models with intermediate correlations lead
to good results as well. Even if additive modelling of benzene is to favour,

multiplicative modelling as by models Fm7 and Fz is a good substitute.
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‘ # latent factors ‘ 0 ‘ 1 ‘ 2 ‘ 3 ‘ 4 ‘

model f 643.0 393.8 367.3 368.9 370.8
(2.462) | (0.373) | (0.240) | (0.224) | (0.209)
model m 643.2 403.4 379.4 383.9 386.8
(2.452) | (0.400) | (0.290) | (0.257) | (0.249)
model o — 406.3 391.9 388.1 388.4
(0.461) | (0.315) | (0.285) | (0.365)
model y 345.6 (0.234)
model v 340.5 (0.126)
model z 370.6 (0.351)

Table B.6: DIC (MSE) values for extended models applied to structure G.

B.5 Structure G

Structure G represents data generated assuming an additive influence of ben-
zene and a covariate representing an increased risk in all wards south of the
river as plotted in Figure (a) on page [68 Both account for about 330
cases. The results of the modelling are reported in Table [B.6l Again, we see
a huge drop—off in DIC when including one latent covariate in both benzene
settings of Poisson—-Gamma models. This reflects the presence of risk that is

not associated to benzene. Hence, inclusion of latent covariates is required.

Performance of Poisson—-Gamma models assuming an additive influence of
benzene is better than of those assuming a multiplicative influence which in-
crease the DIC for about 10 points. Best results are achieved when including
two latent covariates (Gf2) where the DIC is 367.9 (MSE 0.240). For more
than two latent covariates DIC increases while the MSE decreases slightly.
As judgement is based on the DIC we choose Gf2 to be the best fitting model.
Similar conclusions as drawn for multiplicative models where Gm2 leads to
the lowest DIC value of this group which is 379.4.

If benzene is not a covariate in the Poisson—Gamma model we should include
three latent covariates leading to a DIC of 388.1 (MSE 0.285). Even if this
value is increased by 20 points difference in the MSE is only 0.045 which is
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negligible. We compare spatial pattern of models Go3 and Gf2 in Figure[B.3l

Risk surface modelled by Gf2 gives the best reproduction when focusing on
the appropriate estimation of low-risk regions. The MRF model Gv (Figure
B.A (e)) which treats wards separated by the Thames not to be neighbours
performs significantly better (DIC 340.5) than the one where we have neigh-
bours across the Thames (DIC 370.6, Figure (f)) which agrees with the
underlying structure. Model Gv is the one most able to reproduce the abrupt
change in A; at the Thames. In comparison to MRF model Gv Poisson—
Gamma models have difficulties to estimate the sharp drop-off at the river
leading to overestimated risks north of the Thames. For Poisson—-Gamma
models such as Gf2, a decomposition into latent term and benzene term is
possible see Figure [B.A (a) and (b). The latent term reveals the character-
istics of Gaussian kernels used for the latent covariates. We observe a small
band where the latent influence is decreasing fast. Probably, other kernels
like Uniform ones would improve the model fit. Additionally, the estimated
pattern is not completely homogeneous in the southern part. Again, the

choice of alternative kernels would improve this pattern.

Main differences between model Gf2 and Go3 are observable in the estima-
tion of low risk regions where the Poisson—-Gamma model without benzene
overestimates. Here a mixture of different kernel functions could lead to

improved results.

The BDCD model also convinces by a low DIC value of 345.6. As presented
in Figure (d) the high risk region south of the Thames is identified
correctly. Additionally, the model convinces in identifying the sharp border
created by the river. For regions north of the river bank the cluster structure
estimated by the model does not reflect the generated pattern. Low risk
regions in the east are overestimated to a medium risk cluster while the low
risk cluster with mean risk of 0.625 detected in the north-west compromises
23 ward whose generated mean risk is 1.258. Using the median instead of
the mean Monte Carlo estimates leads to identical conclusions. In such a

situation credibility intervals should be considered which are not available
by the BDCD software.
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(e: Gv) (f: Gz)

Figure B.5: Results for structure G: Estimated rate Kl of the Poisson-Gamma
model with additive influence of benzene and two latent risk sources Gf2
(a) and the corresponding latent term (b), without benzene and three
latent risk sources Go3 (c), the BDCD model (d), MRF model Gv where
the river does part the neighbourhood structure (e) and Gz where the

river does not part (f).

180



‘ f latent factors ‘ 0 1 2 3 4 5 6
model f 504.4 | 377.3 373.9 | 362.0 362.0 | 362.3 —
(2.457) | (0.436) | (0.344) | (0.347) | (0.331) | (0.322)
model m 508.6 | 385.9 3772 | 370.4 | 370.2 | 370.3 —
(2.558) | (0.535) | (0.497) | (0.425) | (0.418) | (0.416)
model o — 424.9 418.2 416.6 414.3 413.6 412.1
(0.891) | (0.704) | (0.667) | (0.617) | (0.604) | (0.610)
7 8 9 10 11 12 13
408.8 407.4 404.9 403.3 402.1 411.7
(0.610) | (0.610) | (0.618) | (0.620) | (0.623) | (0.600)
model y 389.9 (0.687)
model v 353.6 (0.229)
model z 372.0 (0.430)

Table B.7: DIC (MSE) values for extended models applied to structure H.

B.6 Structure H

Data generated according to structure H is characterised by an additive influ-
ence of benzene accounting for approximately 770 expected cases. For wards
situated south of the Thames, an increased risk is generated, accounting for

further 330 expected cases.

Poisson-Gamma models including benzene additively such as assumed for
data generation lead to satisfying model fits. Best results are achieved when
including three to four latent covariates such as in Hf3 and Hf4 leading to a
DIC of 362.0. Slightly worse results are estimated by Poisson-Gamma models
including benzene multiplicatively. Best fits include four latent sources and

have a DIC of 370.2, see Table [B.7

When benzene is not included in the model, the generated data set requires
eleven latent covariates to achieve a DIC of 402.1 which corresponds to a MSE
of 0.623. Inclusion of more latent covariates decreases the fit. Compared to
models including benzene, the DIC is increased by 30 to 40 points indicating

an inferior model fit. In real applications this gives an indication that benzene
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(c: Hv) (d: Hz)

Figure B.6: ZA\Z by the MRF model Hv where the river does not part the neigh-

bourhood structure (a) and Hz where the river does part (b).

needs to be considered. Additionally, we point out the highly corresponding
model fits of the three groups of Poisson-Gamma models, see Figure (a).

MRF models lead to similar model fits. Here we observe differences due to
the chosen neighbourhood structure. The assumption of wards across the
Thames to be neighbours leads to a DIC of 372.0 while a separation by
the river improves the DIC to 353.6 as this neighbourhood represents the
underlying risk pattern much better. Figure illustrates the differences in
/A\Z- between both models.

Figure B3] (a) presents a scatterplot matrix of estimated A; E; of Poisson-
Gamma models representing the best model fits in each group. Additionally,
we include estimated values of the more appropriate MRF model Hv which
assumes the Thames to separate neighbours as well as those by the BDCD
model. Even if we expected the BDCD model to be a good performing one
due to the clustered pattern, the model achives a higher DIC value than

Poisson—-Gamma models including benzene as well as MRF models.

We give the underlying pattern of this structure in Figure [B.3 (b) as well
as the estimated spatial pattern A; for model Holl (Figure B (c)) and for
model Hf4 (Figure (d)). All models lead to comparable results. Most

deviations are observable for higher values estimated by model Hv. Never-
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Figure B.7: Results for structure H: Scatterplot matrix of the simulated and esti-
mated parameters Kz E; of the Poisson-Gamma model with multiplicative
influence of benzene and four latent covariates (Hm4), additive influence
of benzene and four latent covariates (Hf4) and eleven latent covariates
without a benzene term (Holl) (a); simulated structure H (b); pattern
of A; for model Holl (c) and A; for model Hf4 (d).
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‘ # latent factors ‘ 0 1 2 3 4 5
model f 1001.9 670.3 486.3 | 454.1 410.7 | 4114
(11.405) | (7.827) | (3.811) | (2.811) | (2.017) | (2.017)
model m 982.6 700.4 502.1 465.7 478.3 —
(11.286) | (8.256) | (4.236) | (3.063) | (2.581)
model o — 1006.2 805.2 521.2 487.4 | 466.6
(11.389) | (6.543) | (3.703) | (3.397) | (2.804)
6 7 8 9 10 11
461.3 459.0 457.2 | 456.0 476.1 —
(2.665) | (2.583) | (2.536) | (2.505) | (2.495)
model y 397.6 (1.820)
model v 431.7 (2.568)
model z 431.9 (2.515)

Table B.8: DIC (MSE) values for extended models applied to structure J.

theless, spatial pattern are close to the generated one. All models lack of the
ability to estimate the three generated low risk regions correctly, although
model fit is good in general. This is also reflected by the estimated MSEs, see
Table B.7 There is no difference between the additive and the multiplicative
setting of benzene, even if treating benzene as excess risk factor leads to a

better fit with less covariates.

B.7 Structure J

Data generated by the assumption of an additive influence of benzene ac-
counting for about 770 observations in combination with 330 cases in three
cluster regions corresponds to structure J. Resulting MSEs and DICs are
summarised in Table We also calculate Pearsons correlation coefficient

between the best models in each group, see Table [B.9l

Poisson—-Gamma models assuming benzene to be an excess risk factor corre-
spond to the generating structure. This model also leads to the lowest DIC

which is 410.7 when including four latent covariates. Inclusion of further
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J Ji4  Jm3  Jo9 Jz Jy
J | 1.000 0.919 0.882 0.905 0.904 0.934
Jf4 1 0.919 1.000 0.958 0.978 0.935 0.914
Jm3 | 0.882 0.958 1.000 0.944 0.900 0.857
Jo9 [ 0.905 0.978 0.944 1.000 0.943 0.932
Jz 10904 0.935 0.900 0.943 1.000 0.953
Jy 10934 0914 0.857 0.932 0.953 1.000

Table B.9: Structure J: Pearsons correlation coefficient of the generated (J)
and estimated values /AXZ FE; of the Poisson—-Gamma model with additive
influence of benzene and four latent covariates (Jf4), with multiplicative
influence and three latent covariates (Jm3), Poisson—-Gamma model with
nine latent covariates (Jo9), MRF model Jz, and BDCD algorithm Jy.

covariates increases the DIC.

The assumption of benzene to be a relative risk factor does not lead to
satisfying results. The correlation coefficient between model Jm3 including
three latent covariates and the generated values is 0.882, compare Table [B.9l
We calculate the DIC to be 465.7 for this model. For higher number of latent

sources the DIC increases.

This result can be improved when not including benzene but only latent
covariates. Although the number of those is higher now, model Jo9 satisfies
by a DIC of 456.0. The correlation between model Jf4 and Jo9 is 0.978, see
Table B.9 Both show a high correlation to the generated values of 0.919
and 0.905 respectively. Corresponding spatial plots are given in Figure [B.8l
By visual inspection, both models are able to identify the high risk regions
correctly. As model Jf4 uses only four Gaussian kernels to model the risk in
the cluster regions, the ability to identify the plateau-like character is limited.
Therefore, the risk is overestimated in some of those regions. Model Jo9 has
less problems here as nine kernels provide a more flexible way of estimation.
On the other hand, low risk regions present especially in border regions of
the generated structure cannot be reproduced by model Jo9. Here model Jf4

has its amenities.

With a value of 397.6, the DIC estimated by the BDCD model Jy is even
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Figure B.8: Simulated A; for structure J (a) and results: Estimated spatial

pattern of A; of Poisson-Gamma models Jf4 (b) and Jo9 (c) and of the
BDCD model Jy (d) .

lower compared to Poisson—-Gamma models. The corresponding spatial plot
is presented in Figure[B.8 (d). Here we obtain similar results as for model Jo9
concerning low risk regions: those are not reproduced by the model. High

risk regions are identified correctly, although we see different risk levels than
generated in the central cluster.

We also employ MRF models on this structure. Both involved neighbourhood
structures lead to similar results. The DIC is about 431 which is slightly
worse than Poisson-Gamma models involving benzene additively but leads to
better results than other settings for Poisson—-Gamma models. They provide
an alternative modelling tool in this situation.
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‘ f latent factors ‘ 0 1 2 3 4 5 6
model f 321.9 323.6 323.3 392.3 323.6 — —
2.1 4.6 4.6 20.8 6.1
(0.006) | (0.007) | (0.007) | (0.145) | (0.009)
model m 322.8 324.3 324.8 323.8 323.5 — —
1.9 4.0 5.5 5.9 3.0
(0.008) | (0.010) | (0.010) | (0.009) | (0.009)
model o — 329.7 327.8 327.2 326.0 325.9 386.4
5.9 8.0 8.0 8.9 9.1 22.0
(0.041) | (0.034) | (0.034) | (0.033) | (0.033) | (0.180)
model y 328.0, 7.5 (0.043)
model v 321.1, 5.5 (0.021)
model z 322.4, 5.0 (0.005)
Table B.10: DIC, pp and (MSE) values for extended models applied to

structure M.

B.8 Structure M

For structure M, we generate 330 observations determined by the amount of
benzene only. Contrary to structure A benzene is assumed to be a relative
risk factor. The spatial pattern of A; is given in Figure B.9 (b). These are
modelled by the class of Poisson-Gamma models with a number of latent
risk sources as well as MRF models and the BDCD algorithm. Resulting
DICs and MSEs are reported in Table [B.10.

In the class of Poisson-Gamma models we estimate similar risk assuming
either additive or multiplicative influence of benzene. The introduction of
any latent covariates does not improve the model fit. When benzene is not
included, the fit is degraded. Five latent risk factors are necessary to replace
the benzene covariate and to gain a fit of a similar quantity. This leads to
a DIC value of 325.9 which is an increase of 4 points only in comparison to
Mf0, compare Table MSEs are very low for all models, e.g., 0.033 for
Mo5 and 0.008 for Mm1.
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The lowest DIC values in the class of Poisson—-Gamma models are achieved
by the

e Poisson-Gamma model assuming an additive influence of benzene and
no latent factors (Mf0);

e Poisson-Gamma model assuming a multiplicative influence of benzene

and no latent factors (MmO);

e Poisson—-Gamma model with five latent covariates (Mo5).

We compare the estimated parameters of the Poisson distribution by a scat-
terplot matrix, see Figure (a). We see almost identical estimates A E;
for model MmO and model Mf0. Estimates of model Mo) are close, although
we observe small deviations across the whole range of values, in particular
for higher values. In addition to the scatterplot matrix, we calculate the cor-
relation coefficient by Pearson. The matrix for models Mf0, MmO and Mob

is
1 0.998 0.964

0998 1  0.958
0.964 0.957 1

The spatial risk surface of model MmO is given in Figure [B.9 (c), estimated
A;s for model Mo5 are found in Figure (d).

MRF models lead to similar risk surfaces for both neighbourhood structures,
the BDCD algorithm produces slightly higher DIC values.

Altogether, the best model for this structure equals the underlying structure.
Furthermore, the assumption of additive influence of benzene or the usage
of latent covariates instead of the benzene term reproduces the generated

structure well.

188



0.0 1.0 20

3.0

MmO

1.0 20 3.0

0.0

Mfo

3.0

2.0

1.0

0.0

3.0

2.0

1.0

0.0

(¢:Mm0) (d: Mob)

Figure B.9: Results for structure M: Scatterplot matrix of the estimated param-
eters KZ E; of the model with multiplicative influence of benzene (Mm0),
additive influence of benzene (Mf0) and five latent covariates without a
benzene term (Mo5) (a); simulated structure M (b); pattern of A; for
model MmO (c) and A; for model Mo5 (d).
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‘ # latent factors ‘ 0 ‘ 1 ‘ 2 ‘ 3 4 5

model f 442.4 387.6 388.8 — —
(0.893) | (0.575) | (0.523)
model m 340.5 341.5 340.7 — —
(0.055) | (0.053) | (0.053)
model o — 466.0 450.5 433.7 427.6 433.3
(1.141) | (0.870) | (0.853) | (0.798) | (0.750)
model y 420.6 (0.972)
model v 366.5 (0.277)
model z 364.6 (0.282)

Table B.11: DIC (MSE) values for extended models applied to structure N.

B.9 Structure N

We generate observations depending multiplicatively on benzene only. In

structure N, this leads to about 770 cases. Generated rates A; are plotted in

Figure B.10 (a).

When including benzene into Poisson-Gamma models, we need only a small
number of latent risk sources in the model to get the best fit. For the
favourable model among the additive ones Nfl we achieve a DIC of 387.6. In
contrast, if we set the influence of benzene to be multiplicatively as assumed
in data generation, the model fit is improved reflected by a DIC of 341.5 for
Nm1l. The DIC of model Nm0 is even lower, namely 340.5, see Table [B.111

Therefore, the model corresponding to the underlying structure is to favour.

When not including benzene into the Poisson-Gamma model, we achieve
higher values for the DIC, which are at least 427.6. Model No4 that leads
to best results among this group includes four latent Gaussian kernels. The
corresponding MSE of 0.798 is highly satisfying.

We plot rates /A\Z of the multiplicative model not including any further covari-
ates (Nm0) as well as the Poisson-Gamma model consisting of four latent
covariates only (No4) in Figure [B.I0l The resulting pattern are similar, es-

pecially in identification of high risk regions. Low risk regions are somewhat
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Figure B.10: Simulated A; for structure N (a) and results: Estimated spatial
pattern of A; of the best fitting model Nm0 (b) and of the best one without
benzene No4 (c).

overestimated by model No4.

In terms of alternative models, we observe a similar performance of the
BDCD model as for the Poisson-Gamma models not including benzene. Here
we estimate a DIC of 420.6. MRF models including the CAR structure as
well as benzene on a multiplicative level perform slightly better. Here we
achieve a DIC of about 365.0 depending on the choice of neighbourhood, al-
though its influence is low for this structure. Nevertheless, Poisson-Gamma

models convince by even lower DICs as well MSEs.
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B.10 Structure P

For structure P, we assume a multiplicative influence of benzene together
with the influence of a latent covariate represented by a Gaussian kernel. In
this structure, we assume a 1:2 matching for the two covariates in terms of

the numbers of cases caused by either. The generated A; are displayed in

Figure B.11] (a).

For Poisson—-Gamma models assuming benzene to be a relative risk factor
we find model Pm1 to be the most suitable, see Table [B.121 This model in-
cludes one Gaussian kernel and is therefore identical with the data generating
structure. The estimated A; are presented in Figure B.11] (¢c). We observe a
high agreement between the generated and the estimated risk which is also
reflected by a low MSE of 0.381.

Other models have difficulties to model the generated high risk represented
by the Gaussian kernel. The maximum of the generated A; is 160.5, for the
optimal model Pm1 we estimate a maximum of 166.5. In contrast, the max-
ima for other applied models are 123.7 (model P{7), 118.9 (model Po6), 142.8
(model Pz), and 154.4 (model Py). This also results in differences between
estimated and generated values in the surrounding regions and therefore in-

creased MSEs and worsened model fit.

For example, a Poisson-Gamma model that assumes benzene to be an excess
risk factor such as model Pf7 does not lead to satisfying results. On one
hand, the DIC does not improve remarkably after including five to seven
latent covariates. Therefore, we do not add further covariates. On the other

hand, model fit is worse compared to multiplicative modelling of benzene,

compare the DICs of model Pm1 and Pf7 in Table [B. 12

We find similar conclusions for Poisson-Gamma models that do not include
benzene such as model Po6. Here we estimate a MSE of 6.267. The corre-
sponding DIC of 478.4 is even worse than the one for model Pf7. Beside the
problems of estimating high risk appropriately, the model has also difficulties
in identifying low risk regions. Here, the minimum of ]\\Z is 2.0. In contrast,

min(A;) = 0.8. It is possible that a larger number of latent covariates im-
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€61

| #latent factors | 0 | 1 | 2 3 | 4 | 5 | 6 | 7
model f 2055.6 664.8 506.3 494.6 446.4 425.5 425.3 425.0
(70.386) | (23.530) | (4.761) | (9.254) | (8.297) | (5.339) | (5.077) | (4.901)
model m 1785.8 341.1 342.6 344.1
(64.035) | (0.381) | (0.394) | (0.435)
model o 768.9 627.7 524.5 551.0 479.0 478.4 478.8
(26.783) | (13.212) | (5.027) | (10.212) | (6.733) | (6.267) | (6.058)
model y 482.2 (3.929)
model v 401.6 (2.481)
model z

400.9 (2.711)

Table B.12: DIC (MSE) values for extended models applied to structure P.
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Figure B.11: Simulated pattern A; for structure P (a) and results: Estimated
rate IAXZ of the Poisson-Gamma model with additive influence of benzene
and seven latent risk sources Pf7 (b), with multiplicative influence of
benzene and one latent risk sources Pm1 (¢) and without benzene and six
latent risk sources Po6 (d), the BDCD model Py (e) and the MRF field

model where wards across Thames are assumed to be neighbors (f).
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proves the model fit, but as DIC increases from model Po6 to Po7, we do not

proceed further.

The BDCD model shows similar disadvantages. The model fails to identify
low risk regions correctly, though the minimum of 1.2 is lower than the one
of model Po6. Given the DIC, the BCDC model is least appropriate for
this structure. The risk as plotted in Figure B.I1l (e) confirms the discussed
findings.

The MRF model estimates DIC values of about 400, see Table [B.12 Both
neighbourhood structures produce comparable results. This is not surprising
as there is no obvious reason why differences in the neighbourhood close to
the river should lead to better or worsened fit. The estimated spatial pattern
is close to the generated structure which is also reflected by a MSE of 2.711
for model Pz and 2.481 for model Pv, see Table [B.12] and the plot of KZ for
model Pz in Figure B.I1] (f).

Altogether, we are able to identify the underlying structure by our models
correctly. In contrast to other structures we observe the necessity to use
benzene as a relative risk factor. Using other model classes, the models
have difficulties to estimate the underlying structure in a comparable quality.
Nevertheless, if we compare the spatial structures as given in Figure [B.11] we
recognise the ability of all models to identify the main characteristics of the

generated structure.

B.11 Structure Q

Structure Q assumes a multiplicative influence of benzene at a low level that
is combined with a covariate representing a linear spatial trend that decreases
from north to south. A plot of the spatial structure of generated A; can be
found in Figure

Again, all models are applied to a data set generated corresponding to this
structure. For achieved DICs and MSEs see Table [B.13l

As the huge drop in DIC indicates we require to include a minimum of one
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‘ # latent factors ‘ 0 1 2 ‘ 3 4
model f 517.9 339.7 | 340.0 343.2 —
2.0 5.6 6.5 15.3
(1.253) | (0.100) | (0.096) | (0.061)
model m 517.9 338.3 340.2 341.1 —
2.0 5.5 9.8 11.9
(1.253) | (0.076) | (0.062) | (0.057)
model o — 343.5 346.0 342.7 343.4
4.8 15.0 12.8 17.4
(0.158) | (0.101) | (0.097) | (0.079)
model y 345.5, 20.2 (0.163)
model v 356.7, 37.1 (0.134)
model z 353.0, 52.0 (0.139)
Table B.13: DIC, pD and (MSE) values for extended models applied to

structure Q.

latent covariate into the model. Inclusion of further Gaussian kernels slowly

increases the DIC. Hence our favoured models in this group are:

e Poisson—Gamma model with benzene as excess risk factor and one la-
tent covariate (Qf1), DIC = 339.7;

e Poisson—-Gamma model with benzene as relative risk factor and one
latent covariate (Qm1), DIC = 338.3;

Ignorance of benzenes influence in modelling such as for models Qo3 (Poisson-
Gamma model with three latent covariates only) and Qy (BDCD algorithm)
increases the DIC by about 10 points for the generated data set. Both models
produce similar qualities of fit as confirmed by their DIC values and the
scatterplot in Figure [B.12 (a).

Fit by MRF models increases DIC by about 15 points compared to Qf2 and
Qm2. Different neighbourhood structures do not lead to any remarkable

discrepancy.
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Figure B.12: Results for structure Q: Scatterplot matrix of the estimated param-
eters Kl FE; of the Poisson—Gamma model with multiplicative influence of
benzene (Qm1), additive influence of benzene (Qf1) and no benzene in-
fluence (Qo3) (all models include one latent risk source), and MRF model
Qz and BDCD model Qy (a); spatial pattern of A; estimated by model

Qml (b).

We compare the estimated parameters of the Poisson distribution Kz E; by a
scatterplot matrix, see Figure[B.12] (a). Best agreement in the chosen models
is between Qfl and Qm1, model Qo3 has some minor deviations, for Qz and
Qo deviations are higher. For all models those deviations occur on the whole
interval. Both, the MSE and DIC are very similar for all models, we achieve

similar model fits for all applied models.

We present the risk surface K, for model Qm1 which has the lowest DIC of
all models, that is 338.3. There are some small deviations between generated

and modelled values, but the risk surface is reproduced reasonably well. This
is reflected by the small MSE of 0.076.

For this structure, our favoured model includes a benzene term and incorpo-
rates one latent Gaussian kernel. Differences due to the type of influence is

negligible.
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‘ # latent factors ‘ 0 ‘ 1 ‘ 2 ‘ 3 ‘ 4

model f 619.7 441.6 387.7 395.0 —
(3.910) | (2.523) | (1.213) | (1.483)

model m 559.8 327.7 | 329.9 331.1 —
(2.261) | (0.200) | (0.191) | (0.188)

model o — 518.4 481.1 419.7 424.7

(3.804) | (2.517) | (1.602) | (1.766)

model y 443.4 (1.537)

model v 360.8 (0.454)

model 7 363.0 (0.537)

Table B.14: DIC (MSE) values for extended models applied to structure R.

B.12 Structure R

Data generated according to structure R are characterised by a multiplicative
influence of benzene combined with a covariate that has a linear spatial trend.
In contrast to structure Q, benzene accounts for about 770 cases. The trend
covariate accounts again for 330 cases. The corresponding risk surface of A;
is given in Figure (a).

We employ Poisson-Gamma models with various settings on the generated
data set, resulting DICs are given in Table [B.14l Best results are achieved
when benzene is included multiplicatively in a Poisson-Gamma model in
combination with one latent risk factor. The calculated DIC for model Rm1 is
327.7, the corresponding risk surface is plotted in Figure[B.I3] (b). Similarity
between Rm1 and the generated structure is high, which is reflected by an
MSE of 0.200 as well. The main difference between generated and estimated
values is found in the high risk regions in the center, where estimations do
not reproduce the very high rates. The assumption of an additive influence
of benzene leads to an inferior model fit. The best fit among model class Rf

is given by model Rf2 with a DIC of 387.7 which is an increase of 60 points.

If we do not include benzene in our model, the best surface corresponds to
model Ro3 plotted in Figure B.I3 (¢). The DIC is 419.7 and the corre-
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Figure B.13: Simulated pattern A; for structure R (a) and results KZ Estimated
spatial pattern of the Poisson-Gamma model Rm1 with multiplicative in-
fluence of benzene and one latent risk source (b), and model Ro3 without

benzene and three latent risk sources (c).

sponding MSE 1.602. When comparing the estimated and generated spatial
surfaces a high agreement is observable. There are deviations in the south-
ern low-risk regions as well as in the north-western part of Inner London.
Additionally, the range of A; is in the interval of [0.267,27.612] while A; has
values in [0, 62.839]. The difference of the upper bound values is remarkable.
Nevertheless, the fit of model Ro3 reproduces the main characteristics of the
generated structure and presents a satisfying estimation. Although DIC of
models Rm1 and Ro3 differ in 90 points, main characteristics of the risk sur-
face are similar. We point out that Ro3 especially underestimates high risk

as it tends to oversmooth.
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For the MRF model the fit is inferior to that of model Rm1. Nevertheless, re-
sults are more satisfying than those of Poisson-Gamma models which do not
include benzene multiplicatively, see Table [B.14l We see no differences due

to the different neighbourhood structures applied. The clustering approach

of - (IZQO_d) is not able to model this structure appro-
priately as the clustering assumption is too restrictive to model a smoothly

decreasing risk.

For this structure we get a clear indication that inclusion of benzene is re-
quired. All models including a benzene term lead to a lower DIC. Multiplica-
tive modelling as for Rm1 and the MRF models is to favour, best results are

achieved for models corresponding to the underlying pattern.

B.13 Structure T

For this structure T, we generate 770 observations due to benzene that is
assumed to be a relative risk factor, in combination to 330 further cases that
built a plateau of increased risk on the southern river bank of the Thames.

Figure B.I4] (b) gives an impression of the generated risk surface.

As for other structures we apply Poisson—Gamma models with different set-
tings as well as MRF model and the BDCD algorithm on our generated data.
Achieved MSEs and DICs are given in Table [B.I5l The lowest DIC of 386.3
is achieved for the BDCD algorithm. Obviously, the clustering algorithm is
the most appropriate model to identify a sharp decrease in the risk surface
as present in our data. This structure also corresponds to the neighbourhood
applied for model v. The decrease in risk is supported by the model, leading
to a DIC of 392.8. Although benzene is considered in both data generation
and applied model, DIC is increased by 4.5 points compared to model y
not including benzene. We conclude that although the MRF model leads to
an acceptable model fit after identifying an appropriate neighbourhood the

BDCD model is more appropriate when clustering is present.

Model z does not include such a corresponding neighbourhood. This de-
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Figure B.14: Results for structure T: Scatterplot matrix of the estimated param-
eters /AXZ E; of Poisson-Gamma models Tm11, Tol0 and Ty; simulated A;
of structure T (b); spatial pattern of KZ estimated by model Tm11 (c)
and by model Ty (d).
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‘ # latent factors ‘ 0 ‘ 1 ‘ 2 ‘ 3 ‘ 4 ‘ 5

model f 576.3 | 456.5 | 437.1 | 4255 | 430.1 | —
(2.777) | (0.991) | (0.804) | (0.659) | (0.687)
model m 554.1 | 425.0 | 422.0 | 419.3 | 4129 | 4109
(2.425) | (0.498) | (0.371) | (0.350) | (0.364) | (0.382)
6 7 8 9 10 11

4095 | 4082 | 4068 | 4055 | 404.7 | 404.1
(0.399) | (0.415) | (0.431) | (0.444) | (0.454) | (0.461)

model o — | 5129 | 465.6 | 4487 | 448.1 | 447.2
(1.854) | (1.314) | (1.064) | (1.040) | (1.029)
6 7 8 9 10 11

4464 | 4458 | 439.9 | 4389 | 4384 | 444.6
(1.023) | (1.018) | (1.110) | (1.109) | (1.108) | (1.016)

model y 336.3 (0.437)
model v 392.8 (0.631)
model z 440.9 (1.078)

Table B.15: DIC (MSE) values for extended models applied to structure T.
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creases the DIC by 54.6 points compared to model Ty. We use this model
to compare with the results of Poisson—-Gamma models that — in our case
— use Gaussian kernels to model latent risk. An overall neighbourhood is

therefore more appropriate for a comparison.

While Poisson-Gamma models not accounting for the covariate lead to a sim-
ilar model fit represented by a DIC of 438.4, those Poisson-Gamma models
including benzene satisfy by lower values. If benzene is considered multi-
plicatively as in data generation, DIC drops to a value of 404.1. Even if this
corresponds to an increase of 18 points compared to BDCD, the result is
satisfying. Inclusion of benzene as an excess risk factor leads to higher DIC

values, although better results than model To10.

In Figure[B.14] (a) we give a scatterplot matrix of KZ FE; as estimated by model
Ty, Tol0 and Tm11. Although deviations occur, we rather observe an overall
agreement of all models, instead of systematic differences. We therefore take
a closer look on risk surfaces A; of models Tm11 and Ty. Both show very
similar pattern and represent an approximation to the generated structure.
Nevertheless, both models oversmooth the high risk in central wards. While
we generate values in the interval [0.750,40.840], estimates of model Ty are
in a subset of this interval only, namely in the interval [1.536,15.498]. For
model Tm11, we get [1.349,26.517]. This results not only in the disability to

estimate high risk regions correctly, but also to overestimate low risk regions.

As DIC of the clustering model as well as of model Tv are lower than those
compared to Poisson—-Gamma models with Gaussian latent risk structures,
we expect our results to be highly improvable by alternative latent risk mod-

elling, for example via Uniform kernels or half-Gaussian ones.
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B.14 Structure U

Data containing 330 cases due to benzene and 330 cases in three clusters
located all over the are of Inner London is denoted as structure U. The

corresponding risk surface is given in Figure on page [0

We apply all selected models on the generated sat set leading to the val-
ues presented in Table [B. 16 For Poisson-Gamma models applied on this
structure, a minimum DIC is not reached after inclusion of 15 Gaussian ker-
nels. Nevertheless we stop our procedure here as model selection gets too

time-consuming if further kernels should be considered.

Poisson—-Gamma models profit from the inclusion of benzene as comparison
of the calculated DIC values show. Model Uo7 reaches the lowest DIC of
417.6 which is about 24 points higher than the DICs of model Um15 (DIC
= 393.1) and model Uf15 (DIC=393.1). We do not notice any difference in

those values concerning DIC or MSE.

Lower DIC values are estimated for the clustering approach. Here, we get
a value of 358.9. For MRF models we get higher values again. Although
considering benzene, they are at a similar level as those for Poisson-Gamma
models without benzene. As a comparison of model Uv and Uz reveals, a
neighbourhood structure parted at the Thames is not optimal. Other settings

are possible, but not practical as we have to many potential options.

For Poisson—-Gamma models a special choice of a neighbourhood is not re-
quired. From our results we conclude that Gaussian kernels are not optimal
for this structure. Better results for BDCD model Uy confirm this idea. As
modelling of sharp risk is required we recommend the usage of according

kernels, for example Uniform ones.

To get an impression on the actual estimated risk surface and the differences
in the modelling approaches, we give a scatterplot matrix of Kz FE; of the two
Poisson-Gamma models including benzene as well as the BDCD model in

Figure [B.15l Additionally, we present the corresponding risk surfaces /A\Z

As we already conclude from the scatterplot of model f15 against m15 both
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‘ f latent factors ‘ 0 ‘ 1 ‘ 2 ‘ 3 ‘ 4 ‘ 5 ‘ 6 ‘ 7

model f 11945 | 9134 | 527.3 | 446.0 | 435.0 | 434.3 | 426.1 | 4186
2.0 6.2 106 | 159 | 202 | 3838 | 87.0 | 40.4
(11.278) | (7.462) | (3.136) | (2.360) | (2.061) | (1.611) | (1.390) | (1.215)
8 9 10 11 12 13 14 15

4132 | 4049 | 4038 | 399.3 | 397.1 | 396.4 | 394.7 | 393.1
42.0 414 | 41.9 41.5 J1.5 | 41.8 | 41.7 | 41.7
(1.164) | (1.116) | (1.103) | (1.087) | (1.078) | (1.079) | (1.072) | (1.067)

model m 1186.7 | 10715 | 529.4 | 4451 | 4445 | 436.6 | 4305 | 421.3
2.0 | 2128 | 9.8 14.8 | 284 | 326 | 41.6 | 426
(11.233) | (5.334) | (3.237) | (2.457) | (1.947) | (1.737) | (1.372) | (1.274)

4162 | 4089 | 4032 | 4012 | 397.3 | 395.9 | 393.3 | 393.1
43.4 42.8 | 42.2 | 422 | 416 | 41.6 | 412 | 414
(1.225) | (1.168) | (1.140) | (42.184) | (1.111) | (1.109) | (1.904) | (1.089)

model o — 12100 | 5285 | 450.0 | 438.0 | 433.8 | 4263 | 417.6
296.2 | 9.7 13.9 | 222 | 286 | 354 | 39.8
(5.584) | (3.234) | (2.443) | (2.172) | (1.707) | (1.370) | (1.198)

8 9 10 11 12 13 14 15
419.0 — — — — — — —
35.7
(1.890)
model y 358.9, 50.9 (0.402)
model v 431.0, 120.6 (1.259)
model z 4274, 120.5 (1.222)

Table B.16: DIC, pp and (MSE) values for extended models applied to

structure U.
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Figure B.15: Results for structure U: Scatterplot matrix of the estimated param-

eters KZ E; of the BDCD model Uy and Poisson—-Gamma models assuming
additive (Uf15) and multiplicative influence of benzene (Um15), both in-
clude 15 Gaussian kernels; and spatial risk surfaces /AX, of model Uy (b),
model Uf15 (c¢) and model Um15 (d).
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Poisson-Gamma models give very similar risk surfaces. We detect only mi-
nor differences. In contrast, the comparison with BDCD reveals larger dis-
crepancies. Most obvious, BDCD estimates a low risk region for some very
southern wards that is not present from data generation. On the other hand,
this model is able to estimate the almost constant high level risk of the three
clusters correctly, Poisson-Gamma models fail to do so. High risk regions
are identified correctly, but due to Gaussian kernels we cannot estimate a
constant risk here. As generated A; is large here, differences ]\\Z E;, — A E;
are more influenced by such high risk regions than underestimated regions

by BDCD.

We expect Poisson—-Gamma models to perform much better when allowing
for alternative kernels as the models already lead to a satisfying fit of lower

risk regions.

B.15 Structure V

Data generated by structure V is characterised by a multiplicative influence
of benzene accounting for 770 cases. Additional 330 cases are generated in

three cluster centers. A plot of the corresponding risk surface is given in

Figure [B.1dl (a).

We model those data by Poisson-Gamma models with different settings.
When assuming a multiplicative influence of benzene in our model best re-
sults are achieved when three latent covariates are included (model Vm3).
The calculated DIC value equals 410.5, see Table B 17 The number of re-
quired Gaussian kernels therefore corresponds to the number of clusters in
data generation. The estimated pattern of A; is given in Figure B8l (c). It is
very similar to the generated pattern. Nevertheless, comparison of the range
of the values shows differences. While A; is in the interval of [0.75,40.8], we
estimate A; to be in [0.83,34.7]. Inclusion of a fourth kernel leads to a worse
model fit.

Poisson—Gamma models that assume an additive influence of benzene re-
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Figure B.16: Simulated pattern A; for structure V (a) and results: estimated
spatial pattern KZ of the Poisson-Gamma model with additive influence
of benzene and seven latent covariates (V{7, b), multiplicative influence
of benzene and three latent covariates (Vm3, c), without the influence
of benzene and three latent covariates (Vo3, d), the MRF model where

wards across the Thames are assumed to be neighbours (Vz, e), and the
BDCD model (Vy, f).
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‘ f latent factors ‘ 0 ‘ 1 ‘ 2 ‘ 3 ‘ 4 ‘

model f 10775 | 9635 | 4451 | 427.0 | 4218
(12.431) | (5.448) | (3.352) | (3.123) | (2.410)
5 6 7 8 9

4189 | 4187 | 4183 | 4181 | —
(2.300) | (2.150) | (2.093) | (2.044)

model m 984.7 683.4 474.1 410.5 421.3
(11.210) | (7.841) | (3.921) | (2.838) | (2.902)
model o — 1291.2 | 505.5 476.5 476.8
(7.398) | (4.321) | (3.790) | (3.474)
model y 389.4 (0.982)
model v 434.9 (1.469)
model z 433.0 (1.468)

Table B.17: DIC (MSE) values for extended models applied to structure V.

quire a higher number of latent covariates to achieve similar results. Here,
the number is more difficult to determine. For model V{6 the DIC is 418.9.
Inclusion of one additional covariate leads to a value of 418.3 (VI7), two addi-
tional kernels lead to 418.1 (V{8). The DIC values decrease very slowly here.
Furthermore, the number of latent covariates is much higher compared to
the multiplicative Poisson—-Gamma model which has a lower DIC. Therefore,
we do not include more latent covariates. In Figure [B.I6] (b) we plot the risk
surface /A\Z for model V{7. Main differences to the underlying structure are
in the low risk regions where the risk is underestimated. The maximum of
the estimated values KZ is 34.7. Higher DIC values are calculated for model
Vo3 (Poisson-Gamma model with three latent covariates and no benzene),
see Table [B.16l Again, a model that includes three covariates corresponding
to the number of clusters achieves the best results. Here, it is easy to de-
termine that at least three kernels are required due to the huge drop in the

DIC values, but we observe only a small increase in DIC afterwards.

MRF models show a highly acceptable model fit with a DIC of 433.0 (Vz)
and 434.9 (Vv) points. The risk surface of model Vz is given exemplarily in

Figure[B.16] (¢). We plot a similar surface when the neighbourhood structure
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\Y Vir Vm3 Vo3 Vz Vy
\Y 1 0.928 0.903 0.866 0.950 0.968
V7 | 0.928 1 0.971 0.963 0.950 0.915
Vm3 | 0.903 0.971 1 0.933 0.933 0.876
Vo3 | 0.866 0.963 0.933 1 0.910 0.863
Vz | 0.950 0.950 0.933 0.910 1 0.950
Vy 10.968 0.915 0.876 0.863 0.950 1

Table B.18: Structure V: Pearsons correlation coefficient of the estimated pa-

rameters /AXZ FE; of selected models.

of model Vv is used.

Lowest DIC values for this structure are achieved for the clustering algorithm
where the DIC is 389.4, see Table[B.17 The corresponding MSE equals 0.982.
Differences occur in the maximal risk which is 22.41 here. Although the risk
is underestimated, the cluster regions are well identified as high risk regions

by the model, see Figure [B.16 ().

All models are suitable to identify the underlying risk structure correctly.
They are able to reproduce the high risk in the selected wards. Sharpest
distinction between high and low risk regions is possible by the BDCD model
which has also the lowest DIC value. Recall that BDCD does not involve
any covariate information. Table gives Pearsons correlation coefficient
for the discussed models. Those are close to one. Lowest correlation between
generated and modelled values is 0.866 (model Vo3) corresponding to the
DIC values. Nevertheless this model still brings us to a suitable fit.

Inclusion of benzene leads to better estimates. Here multiplicative modelling
uses three latent covariates only. The additive approach compensates disad-
vantages of treating benzene as an excess risk factor by the inclusion of seven

latent covariates. This leads to a similar fit.
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