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A STABLE TIME DISCRETIZATION OF THE STEFAN
PROBLEM WITH SURFACE TENSION*

BEN SCHWEIZER'

Abstract. We present a time discretization for the single phase Stefan problem with Gibbs—
Thomson law. The method resembles an operator splitting scheme with an evolution step for the
temperature distribution and a transport step for the dynamics of the free boundary. The evolution
step involves only the solution of a linear equation that is posed on the old domain. We prove that
the proposed scheme is stable in function spaces of high regularity. In the limit At — 0 we find
strong solutions of the continuous problem. This proves consistency of the scheme, and additionally
it yields a new short-time existence result for the continuous problem.
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1. Introduction. The Stefan problem is a set of equations that describe the
melting of ice or the growth of ice cristals. At time ¢ the ice (or the water) occupies
a region (), and the second phase occupies the complement of €2;. The position of
the interface 0€2; is not known a priori but must be determined together with the
temperature distribution O(t). Several sets of evolution equations can be found in
the extensive literature (see [11] for equations and further references). Commonly
used is the heat equation (2.1) in the domain §2; (in the two phase problem another
heat equation is posed in the complement of ;). The latent heat relates the normal
heat flux on the free boundary (or its jump across the boundary) with the speed of
the free boundary as in (2.2). In order to determine the evolution we need one more
boundary condition. Various possibilities are studied for that: (a) fixed temperature
O =0, (b) the Gibbs-Thomson relation © ~ x with x being the mean curvature of
the boundary, and (c¢) kinetic undercooling: temperature plus a multiple of the speed
is proportional to the mean curvature. In the paper at hand we are interested in case
(b), the Gibbs-Thomson relation (2.3).

The aim of this paper is to introduce a stable time discretization of the two-
dimensional free boundary value problem. We consider the single phase problem for
simplicity; the two phase problem can be treated with the same method. Since the
domain changes with time, it is not clear what equations we should pose at every time
step, how to define a new domain, and how to define a temperature distribution on
the new domain. Thinking of the numerical use of the scheme it is desirable that at
each time step only a linear equation must be solved. This linear equation should be
posed on the old domain. Our scheme will provide exactly this. As a by-product of
our stability result in Theorem 2.2 we find a short-time existence result for (2.1)—(2.3)
in Corollary 2.3. Such a result (in different function spaces) was proved earlier by
Radkevich in [8]. Our approach is more elementary in the sense that it involves less
functional-analytic machinery.
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Another time discretization for the Gibbs—Thomson law was introduced by Luck-
haus in [6]. His approach assumes only very low regularity such that solutions can
be defined past geometric singularities. For that it is necessary to use explicitly the
new domain in the definition of the time step. In this context we wish to mention the
work of Bénsch [3] dealing with a time discretization for the Navier—Stokes equations
with a free boundary. Also in these more complicated equations the new geometry is
needed in the definition of the new iterate.

Let us compare the Gibbs-Thomson law (b) with kinetic undercooling (c). The
term introduced in case (c) is regularizing; mathematically it has the effect that one
can regard the equations as a coupled system of a heat equation and an equation
for the motion of the free boundary. The regularity properties of the two evolution
equations allow us to iterate the two solution operators. The fixed point is a solution
of the original problem. Such an iteration is used by Chen and Reitich in [4] and
by Abergel et al. in [1] in order to derive an existence result in case (c). A spatial
semidiscretization was studied by Veeser in [10]. In contrast to case (c), it seems
impossible to decouple the equations in case (b).

This paper is organized as follows. In section 2 we present the operator splitting
scheme (OS) for a time discretization. Each time step consists of (1) defining an
auxiliary velocity field v, (2) solving a linear equation with transport term v - V, and
(3) defining the new domain and a temperature field on the new domain by advection.
In Theorem 2.2 and Corollary 2.3 we state our main result: the proposed scheme (OS)
is stable and consistent.

Within this paper we introduce three different schemes. Scheme (OS) is the
numerically applicable scheme in physical variables. The analysis of (OS) is the goal
of this paper, and the results are collected in section 2. In order to prove our results
we introduce a linear Crank—Nicolson-type scheme (CN) for unknowns (u, k). (CN)
is defined on a fixed domain and considers a given right-hand side f; detailed a priori
estimates are derived in section 3. The next step is to consider scheme (CN) with a
right-hand side of the form f = f(u,h). Note that this is in general not a practical
numerical scheme, since f may depend on the values of the solution at later times.
The special choice of f(u,h) in section 4 is motivated by the original equations and
their transformation to a fixed domain. We prove the existence of solutions and a
priori estimates. In section 5 we conclude that the original scheme (OS) inherits
these properties.

As already mentioned, our analysis is based on the study of a linear problem.
This linear problem is obtained by transforming the equations onto a rectangle and
linearizing them. This defines an operator in the unknown quantities temperature
distribution v and height function of the free boundary h. This linear operator has
a compact inverse with regularizing properties. It allows us to solve instationary
problems with a time discretization (CN). The discretization can be proven to be
stable by a testing procedure. Since the nonlinearity requires regular solutions, we
apply the results also to discrete time derivatives and to second spatial derivatives of
the time-discrete solutions. This yields estimates in function spaces of high regularity.
In section 3 we collect estimates for (CN), the semidiscrete equations on a fixed
domain. Some care must be taken of compatibility conditions of the initial values.

Note that similar facts of the corresponding linearized problem were used in [9]
in order to treat the Navier—Stokes equations with a free boundary. Let us again
compare cases (b) and (c): in case (c) the properties of the linear operator can be
shown with an iteration that solves successively for v and h. In the case at hand one
actually has to study the coupled system.
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In section 4 we consider a time discretization of transformed equations and apply
the results of section 3. It turns out to be of importance in which point we linearize
the equations. Concerning the mean curvature operator of the Gibbs—Thomson law it
is sufficient to linearize it about the initial values. This is different for the nonlinearity
introduced by the domain transformation: it has a different structure and cannot be
treated by introducing error terms on the right-hand side (see Lemma 3.2 and remarks
thereafter). We have to use in every time step the linearization of the equations on
the current “old” domain. This introduces time-dependent coefficient matrices in the
equations, but this way the transformation respects the variational character of the
problem. As it turns out, the scheme (OS) mimics this strategy of linearization.

We encounter the fact that the solution of the discrete equations does not satisfy
maximal regularity estimates. Therefore we have to be careful in the discretization of
the nonlinearity.

In section 5 we prove Theorem 2.2 for scheme (OS). The idea is to transform the
operator splitting scheme onto a reference domain and to apply the results of section
3. It will turn out that the transformation of scheme (OS) is actually identical to the
scheme of section 4. The results of section 4 imply the stability of the transformed
scheme and therefore the stability of the original scheme. Since (OS) is consistent with
the continuous equations we can conclude that weak limits of the discrete solutions
define strong solutions of the original problem.

2. The free boundary problem and the time discretization. We denote
the domain that is covered with ice (or water) at time ¢ by ;. For notational con-
venience we assume that the free boundary is given as the graph of a single function.
We study the two-dimensional case and write S := [0, 1], for the unit interval with
identified endpoints. A function defined on S is automatically periodic; in particular,
all derivatives (if defined) coincide in the endpoints. We write the domain as

Q= {(z,y)|lz € S,0<y <h(t,z)}.

The height function h will be close to 1, and we can always parametrize ¢2; over the
standard rectangle S x (0,1). Again, all functions on the rectangle are automati-
cally periodic on the lateral boundaries. We introduce the time-dependent function
H(t,z) = (x,h(t,z)) to parametrize the upper boundary of Q;. In the following we
will often omit the argument ¢. By a rescaling argument we can assume that the
physical constants latent heat, surface tension, and thermal diffusion are all equal to
1. The physical equations then read

(2.1) 9,0 = AO in | J{t} x

t>0
(2.2) Oh=—(n-VO)oH\/1+|9,h? on {(t,z)|t >0,z € S},
(2.3) OoH =k on {(t,z)|t >0,z € S}.
Here

R ,h
' “\ 1+ 0.0

is the mean curvature of the free boundary, n is the exterior normal of €, and ny =
(1 +10,h|?)~1/2 the second component of n. The above equations are complemented
with a boundary condition for © on the lower boundary, say,

O(t,z,0) = (¢, z).
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For notational convenience we will use ¢» = 0 in the following. All results remain valid
for smooth 1. Additionally, initial values ©(t = 0) = Og and h(t = 0) = hy > 0 are
imposed.

Later on we will use the linearization of the mean curvature operator about h =
h07

Ah = —Dr(ho)-h =0, (am) .

VIt [Ohol?

For smooth and small hq the properties of A are similar to those of A, = 92, therefore
the notation.

We now introduce a uniform discretization of the time interval (0,7") by ¢ :=
k-At. Note that nonuniform time partitions can also be treated with our method. The
pair (6%, h*) is meant to approximate (O(ty), h(t)). Weset (0%, h%) := (6, hg). The
function h* defines the domain QF := {(z,y)|z € S,0 < y < h¥(x)} and the normal
vector n®. We use H*(z) := (x,h*(z)) € R In the following definition we need
functions O := -1 := @° for the first execution of Step 1. We define H(-1
and n(-1 via (=1 := pO,

Let us motivate in advance (2.5): let © solve 9;© = A®© on the time-dependent
domain Q. We consider O(t,.) := O(t, ®(t,.)), where ®(t,.) parametrizes ; over the

fixed domain 4 : ®(t,.) : Q4 — Q. Then O satisfies

8,0 = (9,0) 0 ® + (VO) 0 & - 8,0 = AB|g + 8,3 - VOo.

If we want to calculate on a given domain (the “old” domain €2,), then we have to
include a convective term in the heat equation. In the numerical scheme it remains
to choose a guess for the corresponding velocity field.

DEFINITION 2.1. We assume that an initial domain Q° is given by h° and an
initial temperature by ©° : Q% — R. Let X" : R — QO be a parametrization of Q°.

The operator splitting scheme (OS) for a time discretization of (2.1)—(2.3) is
defined by the following three steps; they are executed beginning with & = 0.

Step 1. We use the temperature data of the last time step in order to define a
vertical velocity field v* = (v, v2) = (0,v2) : QF — R? with boundary values

nk_l o Hk_l . ka o Hk = <nk_1 . Vw) fo) Hk_l

by the linear interpolation

(2.4) W) = g e @),

Step 2. Find ©F : Q¥ — R and h**! : [0,1] — R with

k
(2.5) A7 5 5 in QF,

k+1 _ pk k Ak
I ] Cakee ) B

(2.7) OF o H* + A1 — hF) = k(hF) in [0,1].

ok — o :A<ek+ék> L@ et
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On the lower boundary we impose ©F(z,0) = t(z, ;). We slightly change the def-
inition in the first time step £ = 0. There we use © instead of %(@0 +@%) in the
convective term of (2.5).

Step 3. The function A*! defines the new domain Q¥+, We now want to define
a temperature field ©%*! on the new domain. We set

k X
(2.9 X4 o) = X o)+ (0.5 )0 < 1),
(2.9) OFflo Xkl .= 0Fo X*  in R

We will show that the above scheme can be used to define uniquely
(@k,Xk)kzoy__”K. The functions ©F are defined on domains that depend on time
(on k). The domains are always parametrized by X* = (X¥, X¥). In order to formu-
late estimates we introduce the pairs (u®, h¥) := (0% o X* h¥). The functions u* are
then defined on the time-independent domain R.

The main result of this paper is the following theorem. It is proved together with
its corollary in section 5.

THEOREM 2.2. Let the initial values (ug, ho) satisfy the regularity and compati-
bility assumption, Assumption 5.1, and let hg — 1 be small in C*1(S). Let the initial
domain be parametrized over the rectangle R = S x (0,1) with a diffeomorphism
X0 ¢ gHA*Y2(R) with X° — id small in COY(R), X¥(2,y) = = and 0, X9(.,1) = 1.

Then, on a small time interval I = (0,T) the scheme (OS) has a unique solution
fork=1,..., K with tx <T. The scheme is stable: the linear interpolant (u, h) of
(uF, h*) satisfies the estimate

[ll oo (; 441725y + 1Bllwoe (12 1/2(8))

+ lull oo (23 (my) + Nullwroo (1m0 (R)) < C-

The number C and the time interval I depend only on the initial values (©g, ho). They
are independent of the time-step size At.

COROLLARY 2.3. Consider solutions (u, X)a¢ as in Theorem 2.2. For a subse-
quence At — 0 there holds

(2.10) (u, X)ar — (4, X) for At —0

in the norms of L*(I; H*(R))NH'(I; L>(R)) and of H*(I; H3(R)). The limit function
(0,X) := (a0 X1, X) is a strong solution of the physical problem (2.1)~(2.3).

Note that in the above results no smallness assumption is made on Og; the velocity
of the boundary can be large, and convective effects must be included in the scheme.
On the other hand, we assume smallness of X". This is not a severe restriction, since
one could parametrize all domains QF over a reference domain that is close to Q.
Then smallness of X© is guaranteed.

A remark on implementations of the scheme. In the stability result we use the
assumption that initially the height function is almost constant. This is done in order
to simplify the proofs. It would be sufficient to have the initial domain close to a
smooth reference domain (which is no restriction if the initial values are smooth).

Running the scheme is possible only for small times. This is because one of the
following may happen: (1) The domain transformation onto the reference domain
introduces large errors. (2) Using the linearization of the mean curvature operator
about the initial values is no longer appropriate. (3) A geometric singularity makes a
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smooth parametrization impossible. Note that this is possible also for the continuous
equations.

The best we can expect of the discretization is to work well as long as there exist
continuous solutions of the system, that is, until problem (3) appears. In general, our
method will fail to work before that time, due to problem (1) or (2). In this case one
may continue with a restart: choose a new smooth reference domain, calculate the
new linearized mean curvature operator, and restart the scheme.

3. A Crank—Nicolson scheme on the reference domain. After a transfor-
mation of (2.1)—(2.3) onto the reference domain R = S x (0,1) the equations have
a linearization of the form (3.1)—(3.3). This section is devoted to the study of these
linear equations on the rectangle.

(3.1) Ou =V - A(t)Vu+ fo in R,
. Oth = —a(t) - Vu(, 1)+ f1 on S,
(3.3) u(.,1) = —Ah+ fo on S.

We assume a(t) = ez - A(t) and A(t) : R — R?*2. In the following we always impose
without further mentioning the condition u = 1 = 0 (and u* = 0) on the lower
boundary {(z,y)|y = 0}. This also enables us to make use of the Poincaré inequality
in what follows. A natural time discretization of (3.1)—(3.3) is the following Crank-
Nicolson scheme.

DEFINITION 3.1. We denote the following scheme by (CN). In every time step
we define uFt1 : R — R, h**t1: S — R as the solution of

uktl ok ub gkt
A e VA L v i B i j
(3.4) A7 \% \% 5 + fo in R,
pE+L _ pk . uk 4kt .
(3.5) — ="V (2) (,1) + fh on 8,
(3.6) uFH(, 1) = —ARFTL 4 R on S.

Notation. In the following we will denote the averages of solutions at intermediate
points as u*t1/2 .= % The linear interpolant of the values (u*, h*) will always
be denoted by (u,h), and linear interpolants of f* = (f¥, fF, f¥) are denoted by
f = (fo, f1, f2). We will once also use the linear interpolant of the values u**+/2; it
will be denoted by .

In the scheme (CN) the matrices A* will be uniformly close to the identity I €
R?*2. Nevertheless, it will be of importance to use the coefficient matrices in (3.4)
and the corresponding oblique derivatives in (3.5). Loosely speaking, we must avoid
any error term ff in (3.5). This statement is made precise in the subsequent lemma.
The lemma gives a result on the resolvent problem corresponding to (3.1)—(3.3). It
introduces function spaces that are natural for the problem.

LEMMA 3.2 (the resolvent problem in energy spaces). Let A : R — R?*2 be q
field of uniformly elliptic and symmetric matrices. Then for X\ > 0 the equations

(3.7) Au—V - AVu = go in R,

(3.8) AM+ey-A-Vu(,1)=nqn on S,
(3.9) u(, 1)+ Agh = go on S,
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together with u(.,0) = 0, have a unique solution (u,h). It satisfies the resolvent
estimate

N2 |ul|2 + ||V - AVu 2+)\2/ Ozh|> + N R
(3.10) flullg + 1 I SI \ [All541 /2
< C (lgollg + llgnllF + A llgzll”y + Allg2ll3 /),

with C independent of X\. Here ||.||s denotes the norm of H*.
Proof. To prove existence we assume go = 0; this can be achieved by defining the
new unknown to be h — A7 lgy. We find v as the minimizer of

E(u) :A/RuQ+/RAVu-vu—A/SA;1u(.,1)-u(.,1)

—2/90'U+2/91'U(-a1)
R s

in {u € H'(R)[u(.,0) = 0, [gu(.,1) = 0}. Here the operator A;' is defined by
prescribing vanishing averages. With the function h := A tu(., 1) the pair (u, i~z)
solves (3.7), (3.9) exactly and (3.8) up to a constant function. Defining h(z) :=
h 4 h(z) with an appropriate constant i we obtain a solution to (3.7)(3.9).

To find the a priori estimate we multiply (3.7) with Au — V - AVu and integrate
over R. This yields

)\2/ |u|2+/ |V~AVU|272)\/UV'AVu:/()\u—V~AVu)go.
R R R R

With another integration by parts we find
)\2/ |u|? +/ |V - AVu|? +2)\/ Vu - AVu
R R R

+2)\/S(92 — Azh)(Ah — g1) :/R()\u—V-AVu)gO.

The third term is positive, and in the fourth term we perform an integration by parts
over S. We find an estimate for the first three terms on the left-hand side of (3.10).
The estimate for v Ak € H*t1/2(S) then follows from regularity for (3.9). O

We read the above lemma as follows: the linearized problem has a good resolvent
operator, and we can expect high regularity of solutions of the coupled problem. There
are two restrictive points. In (3.10) an estimate of Ags is needed on the right-hand
side. This means that in the time-dependent problem the time derivative of fo must
be controlled. The second difficulty is the regularity property that is assumed for g;.
In particular, we cannot insert an error of the form “trace of a first derivative of w.”
This is the reason why we use the oblique derivatives in (3.5).

DEFINITION 3.3. For a solution (u, h) we define the Banach space Y :=Y,, x Y},
with

Y, = L>=(0,T; H*(R)) N H*(0,T; L*(R)),

Yy, := L>®(0,T; H*1/2(8)) n HY(0,T; H'(S)).
To control the right-hand side we define the Banach spaces

Xo:= L*(0,T; L*(R)),

X, = L*0,T; H'(9)),

Xy := L0, T; HY?(S)) N H* (0, T; H~1(S)).
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Observe that the above are not the maximal regularity spaces of the continuous
equations. For that we would expect additional estimates for v € L?*(I; H?) and
h € L?(I; H*+1/2). However, the above Crank-Nicolson scheme will not provide such
an estimate. It can provide it at best for the interpolant of the midpoints %(uk—l—uk"‘l).

LEMMA 3.4 (the scheme (CN) in energy spaces). Assume that the coefficient
matrices A* in Definition 3.1 are symmetric and satisfy

k41 _ gk
‘A 4 At <6,

(3.11) sup | AF — Lol g + S [ 2
k w Zk: At o)

We consider initial values ug € H'(R), ho € H?*T'/2(S). Let (3.6) be satisfied for
the initial values (u®, h°) := (ug, ho); that is, (3.6) holds for k = —1. Given a right-
hand side (f*)r we will write estimates in terms of the linear interpolant f : I —
L?*(R)? x L?(S) x L*(S). Let the time interval I = (0,T) and § > 0 be small enough.

Then for every K € N with K - At < T the linear scheme (CN) of Definition 3.1
has a unique solution (u¥,h¥)x_o . The linear interpolant (u,h) of (u*, h*); sat-
isfies the estimate

(3.12) [(w, W)lly < Cilluollarry + Ca (Lfollxo + [1f1llx, + [[f2llx,)

with C7 and Co independent of At.

The estimate (3.12) can be improved: on the right-hand side we can replace || f2|| x,
by || f2llaro,msm-1(s)) + Cx, where Cy has the property that for some C > 0 every
solution of (3.6) satisfies

[R5 225y < C + ClluF | g gy,

Proof. The proof of this lemma relies on a testing procedure; it is analogous
to the proof of the resolvent estimate of Lemma 3.2. We multiply (3.4) with —V -

A’“V(%). An integration over R yields

2
/ vukJrlA_ uF ~AkVUk +2uk+1 . ‘VoAkVuk +2uk+1
(3.13) R ! L2(R)
_/ak.V ub 4 yktt uk“—uk:_/fk_v_Akvuk—i-uk“
s 2 At R 2

We use the symmetry of A* to calculate for the first term
/ v gt
R At

1 1
AR Rkt /Akv kb,

To evaluate the boundary integral we use (3.5) with index k and (3.6) with the indices
k and k + 1:

/ e uk 4 kL S
s 2 At

-/ U A N Nl A (et - A
s At At At
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Inserting this into (3.13) we find

1 ktlg, k+l k1 / k
2At/A Vu" - Vu AL AFVUE - vk
k k+1 12 k+1 _ 1k k+1 _ 1k
+HV~A’“VU i —/h LN
2 L2(R) g At At
k k+1 k+1 k
+u A —A
_ R v LA vas / k41, k+1
/Rfo \Y \Y 5 + i SA7 Vu Vu

hk+1 _ hk ) k+1 f2 hk+1 hk
L \TE ) AT
S

Multiplication with At and summing up over k =0,..., K — 1 we find

k+1 )2

k
/ ARTE a3 Hv Ay
R k

2
<hk+1 hk)

Ak+l

At
L*(R)

At < 2HV'LLO||2LQ(R)

(3.14)

N Py

e I

k+1 f2

At.
At t

oS+ / 10 FE2 + |75 +
k S

—1

For the linear interpolant (u,h) of the sequence (u*,h*) we find with (3.4) the
estimate

(3.15) |ull oo (1,1 (R)) + 10cullL2(1.2(R)) + 1020¢h||L2(1;L2(5)) < C.

It remains to prove spatial regularity properties of h. Since traces of u* are
bounded in the space [*°({0, ..., K}; H'/2(S)), (3.6) implies the regularity of h. The
improved version of the estimate mimics this argument. O

The nonlinearity of the original problem requires the control of the domain in
regular norms. Estimates of higher order can be derived by considering derivatives
of solutions. They satisfy again equations of the type (3.4)—(3.6), and we can apply
Lemma 3.4.

We introduce a notation. As before we write g for the linear interpolant of a set

of functions (gk)k. We will write d;g for the linear interpolant of the discrete time
g*

kf _
=& In this way we can use also time derivatives of J,g; they are

k+1 k—1 —
piecewise constant functions with values %. The function d;g is defined

derivatives

on the time interval (A¢,T'), and all norms are calculated on that interval.
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PROPOSITION 3.5 (the scheme (CN) with higher regularity). Let the compatibil-
ity assumption, Assumption 3.6, on the initial values be satisfied. Assume that the
coefficient matrices are symmetric and satisfy

Sl}ip | A¥ — Lllcor) <6,

k|2 k 2 2
16 Xk:{IIVA oy + IV AR D)) | A <62,

Z{HA/CH_AIC 2
p At

On the initial values we assume ||hg — 1||co1(gy < 6. Let T > 0 and 6 > 0 be small
enough and (u®, h¥)y be a solution of scheme (CN). Then the linear interpolant (u, h)
satisfies

Ak+1 _ pk 2

o)

)

} At < 2.

H1(R)NL>(R) H1(S)

1 (s 1)y + 102w, 1)y
< Gy IV - A(0)Vug + fo(0)l 2 (r) + 103uollm (m))]
(3.17) + O [[10: foll xo + 10: fillx, + [10: foll x|
+ C3 (1102 follxo + 102 f1llx, + 1102 f2ll x|
+ Cu6 [l foll oo ;12 (r)) + N All oo (1:12(R)) ] -

The linear interpolant @ of the midpoint values u**1/? satisfies additionally the requ-
larity estimate

(3.18) %l oo (r; 13 (r)) < Cs(co + || folloe (.m0 (r)) + sup A" || r2(m)),

where ¢ denotes the right-hand side of (3.17).

Proof. The assumptions on A are stronger than those in Lemma 3.4. In particular,
we know that a unique discrete solution exists on a small time interval and that it
satisfies the estimate (3.12).

Part I. Time derivatives. We introduce discrete derivatives

uk _ uk—l ~ hk _ hk—l
1 it = =

(3.19) “ At At

for all k =1,..., K. We now use the definition of (u*, h*) in (3.4)-(3.6). Taking the

equations with index k and subtracting the equations with index k — 1 yields for the

new functions the following set of equations:

ak-{-l _ ﬂk _v. Akvﬂ’k + ﬂk+1 N fé,‘ _ (l)cfl
(3.20) At 2 At
Ly Ak _Akflvukfl +uk
At 2 ’
Tk+1 _ 7k ~k ~k+1 kE_ pk—1
W:_ak.v(u?) (,,mfthl
3.21
( ) akakl.v(uliruk)( 1)
At 2 v
k
(3.22) aF (1) = —ARFT 4+ LU -f

At
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We read these equations as follows: (@, ﬁk)k=17,,_,K is a solution of the scheme (CN)
of Definition 3.1 with initial values (@', h'). The right-hand side is

k_ k=1 k k=1 k4 k-1
@S- 1 ' AfF— A u” +u
Jo="x —tV < AV 2 >

k_ pk—1 k_ k-1 k4 o k=1
. Jr— N a4 —a uttu

= — . 51
N
2 At

for k =1,..., K. We next apply Lemma 3.4 on the sequence (ﬂk,ilk)k. We recall
the notation (@, h) for the linear interpolant of (@*,h*); and introduce f; for the
linear interpolant of (f¥);. Note that the domain of definition is (At, T); on this time
interval we have by Lemma 3.4

(3.23) (@ )y < coll@ | sery + e [”fOHXo 1 Alx + [ 2lx | -

The discrete time derivatives d; f; of f; enter the bound (3.17) explicitly. It remains
to estimate the contributions

Ak,Akfl k k—1
v-( v )eXo,

At 2
ab — k-1 uk 4 k1
—Qx \Y (2) (,1) € X;.

We find ¢ > 0 such that
2

Ak _ Ak—l k k—1
) ’v- ( vty ) At
k At 2 L2(R)
Ak _ pAk—1)? k k—1 12
<c ‘ At-sup ‘VU tu 5
; At i) k 2 A
ak — gk-1 uk 4 k1 2
> N -v( 5 ) (,,1) At
k H(S)
ak — gkl 2 uk 4 k-1 2
<e Y Il——061 At - sup ’v (.,1) .
- At HL(S) k 2 H'(S)

With the assumptions on A and f; Lemma 3.4 yields for 0;(u, h) = (i, h) the estimate

k k—1
5 _ +
(3.24) 190, W)y < co @l ) + 18 sup £rr

where ¢y depends only on the norms of 9, f;.

In order to treat the second term on the right-hand side we now show estimate
(3.18). This is done with the help of the original equation (3.4). The elliptic equation
with the boundary condition (3.5) yields the estimate

< C (I3 larm + 1 E o2 s)

|0 (w, W) ly + | A || a2 (ry) -

Jo+27]
H3(R)
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Here the norm of f; is controlled by the right-hand side of (3.17). We have 0, f
bounded in L2(0,T; H'(S)) and f; bounded in L%(0,T; H3(S)). An interpolation
yields an estimate in L>°(0,T; H3/2(S)) for fi,

sup 1525y < C {0 fullx, + 102 F1llx, } -

Equation (3.18) is shown.

We now insert (3.18) into estimate (3.24) and find with new constants ¢, ¢;, and
C2,
10:(u Iy < co 1@ 21m)

(3.25)
+ 16 (| foll oo (1,11 () + 1Al Lo (112 (R))) + €2

where ¢y depends only on the norms of 0, f;.

Part II. Spatial derivatives. Estimate (3.25) does not suffice for the analysis
of the nonlinear problem. Note that the best spatial estimate for the boundary so far
is h € C(I; H**1/2). We next want to derive an estimate for h € L>(I; H*+1/2(S))
to have good control of the regularity of the boundary. This estimate could be derived
from an estimate for u € L>(I; H3(R)). A similar estimate does appear in (3.18) but
only for interpolants of 3 (u* +u*T1) and not for interpolants of u*. In order to derive
the regularity estimate on h we perform an analysis of second spatial derivatives of
the semidiscrete solution. While we used discrete derivatives in Part I we can now
use classical derivatives. We introduce

(3.26) @b = 92uk,  hP =2k
As in Part T we will use the fact that (a*,h¥); is a solution of scheme (CN) for

an appropriate right-hand side. To be precise, (i*, h¥);, satisfies (3.4)-(3.6) with
(f§: [T, 15k replaced by (f§, [T, f5)k, defined by

~ k k+1
(3.27) fE=o2fk 4 v ([ag, A¥] v“+2“> :
(02, AF] w = (924" w + 2(0, AF)Opw  Vw,
. uk gkt
(3.28) ft= 021 - (03, d"] NV
[02,a"] - w = (82a")w + 2(0,a") 0w YV,
(3.29) f5 = 0215 — 0, ([02,70] 0:hF)

[@%ﬁo} w = (5370) w + 20,700, w  Yw,

where we introduced the abbreviation
1

S —
1+ R

We now use Lemma 3.4. With the notation Iy = {0,..., K} and @* := ULESTIAERE
have to show estimates for

Vo2A* . vak, vo, A . vo,uk,
D2A% . ATk, 0, A% . Ad Tk € 1P(Ig; L*(R)),
2d* - vak (., 1), 0,a* - VO, (., 1) € P(Ix; HY(S)),
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and additionally estimates in 1?(Ix; H~'/%(S)) for the discrete time derivatives of the
functions

O2hg - O.h*, O3hg - D2hF, 9%hg - O3KF.

On the functions of the last line we additionally have to give an estimate in
1°°(Ix; H'Y/2(8)) or we use the improved version of estimate (3.12). We use the
latter and see from the original equation (3.6) for h¥*! that we can use C, =
Ol 5 rvir2cs) < CUIO2 fallx, + 104 f2llx,), where C' depends only on [[hol| ga+1/2(s).
All the above error terms can be estimated by a small multiple of the solution norm
in (3.17). While the other terms can be estimated directly, the most intricate term is
the one containing second derivatives of the trace of derivatives of @*. It suffices to
estimate for the interpolation

02vVau(.,1) € L3(I; L*(9))

by the norms of w and f in (3.17). This estimate can be derived from (3.4) if we
differentiate that equation twice with respect to z. We use 9;0%u, 92 fo € L*(I; L?(R)),
and, for the boundary condition, 8;02h € L?(I; H'(S)). Elliptic theory yields 924 €
L?(I; H?(R)) and therefore the result.

We can now apply Lemma 3.4 which yields the Y-estimates for 92(u,h). The
compatibility condition ((3.6) is satisfied for £ = —1) holds, since we took only second
derivatives on both sides. Note that without the estimates of the time derivative we
could not have derived the spatial estimates on @ but only estimates on higher z-
derivatives of w.

Part III. The first time step. It remains to control the first discrete time
derivative @' € H'(R) of (3.25) by the first term on the right-hand side of (3.17).
This is done in the subsequent lemma which concludes the proof of the prop-
osition. a

ASSUMPTION 3.6. We assume that A = A(0) is a Sym(R?)-valued function of
class H3(R), sufficiently close to the identity in L>°(R).

The compatibility conditions for the discrete scheme read

(330) uO('vl) = 7éh0 +fga

'y

(3.31) (V- AVug + f(.,1) = Ala - Vue(.,1) — f2) + AL

LEMMA 3.7. Let Assumption 3.6 be satisfied. Then the solution (u',h') for the
first time step in scheme (CN) satisfies

ul—uo

(3.32) N

< C ||V -AVug + foll a1 (r)
H'(R)

with C independent of At.
Proof. We write A = 9,(y00,) with 7 close to 1 in L°°(S). We use a = e3 - A

and study the operator
U V- AVu
B
(h) - (—a -Vul(., 1)>

D(B) := {(u,h) € Xolu € H*(R),u(.,1) = —Ah,u(.,0) =0},

defined on
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a subset of the space
Xo = {(u,h)| /01 h = o} C X :=L*(R) x H'(S).
On X, we use the scalar product

<(Z)(Z>>=/RHU+/S% Oph - O h.

Then the operator B is densely defined in Xy, it has a compact inverse by Lemma 3.2,
and it is symmetric. By the spectral theorem we find a complete set of eigenfunctions
(07,717) of B; that is,

(3.33) \jol — V- AVel =0,
(3.34) N 4+a-Voi(.,1) =0,
(3.35) ol (, 1)+ A =0.

In order to have a basis (¢7,77) of X (and not only on Xy) we extend the basis by
eigenfunctions of the form o(x,y) = U(y), h(z) = 1.
The functions (¢7,77) can be normalized such that

(3.36) /Ro*j ol +/S% e’ Oyt = 1.

Furthermore, one verifies that all eigenvalues are negative, and orthogonality also
holds with the scalar product

(3.37) /R AV Vo = —)\;6;.

This scalar product defines a norm equivalent to the H'-norm by the Poincaré inequal-
ity. We denote the Hilbert space corresponding to the product (v, w) — || g Av-w in the
following by L%. We next consider pairs (u, h) = 3272, ¢j(a7,77). For (u,h) € D(B)
we can conclude with uy := Zjvzl cjo? that [[Vun| s < [[Vul|ps and

o0 2 o0
(3.38) VY cjol =l 1Al

7 YN
In particular, if one side in this equality is finite, then the other is also finite.

We now expand the initial values and the right-hand side in terms of eigenfunc-
tions and write

WO, = AT ) =D ai(o7, ), (B = AT =) bi(o7, ),
J 7
1 _ 0 . .
(rrp-anfTh) - S (e o)

Here A™! denotes any right inverse of A. Equations (3.4), (3.5) for the first time step

translate into

b —
At

ijraj
2

(3.39) =Ny +d;  VjeN.
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We find
1 1 1
bj = = (CL]‘ |: + )\J:| +dj> .
&= 3 At 2
Therefore
(340) bjfaji >\jaj+dj

At 11—y AE

We have to estimate the H'-norm of the function ; bjgta" o; by the H'-norm of the
function 3 (Aja; + dj)al. We use (3.38) for the following two pairs that are both in
D(B) by the compatibility assumption:

(ul —U07h1 _ho _é_l(fZI _fZO))a

1 0
<V~AVUO —|—f8,—a~Vuo(.,1) —I—ffJ — A7t sztf2> )

We can calculate

2

b._ .
VZ jAtajUj :Z|>‘J|
J

L2(R) 7

bj—aj
t

A

<Y N INa +dP = (VY (Nag +dj)o;
J J L2 (R)
< C|V-AVug + fO||%1.
This concludes the proof. 0

4. A discretization of the transformed equations. We perform some el-
ementary calculations for the transformation of (2.1)-(2.3) onto a reference do-
main. Our aim is to replace the temperature O(t) : ; — R by the new unknown
u(t) : R — R. We denote the upper boundary of Q by I'" and the upper boundary
of Rby 'r = {(z,1) : z € S}. Given a domain transformation ¥ : Q — R we use
uwo W = 0 and, in the calculation below, also v o ¥ = . We define

(4.1) Bij :=V,;¥,, J:=det(B)™', A:=J-B-B.
We see that the equation
/V®~Vg0+/fo\11<pf/go\llg0:0 Y € C1(Q)
Q Q r
transforms into
/(Bt~Vu)-(Bt-Vv) J+/ fvlJ
R R

—/ gu\/1+10:h2=0  Yve C'(R).
I'r
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We conclude that the equation
AO=foV¥ inQ), n-VO=go¥ onl
transforms into
V-AVu=J f inR, ey -AVu=g\/1+ W2 onTp.

Therefore the physical equations (2.1)—(2.3) transform into

(4.3) Oth = —ey - AVu,
(4.4) ulp + Ah = Ah + r(h).

The equations formally coincide with (3.1)—(3.3) if we set

(45) fo = (1 - J)(?tu —J (5’t\If) . VU,
(4.6) f1:=0, f2 i = Ah+ k(h).

We now want to choose a discretization of (4.2)—(4.4). The idea is to define
matrices A* as in (4.1) and to define fF as in (4.5), (4.6). In order to proceed we
have to define domain transformations ¥* : Q¥ — R that we can insert in (4.1). We
define ¥* as the inverse of functions X* : R — QF with

k x
X4 (a,9) = X4 ,9) = S (0 @) — )

We choose an initial parametrization X° as in Theorem 2.2.
To discretize formula (4.5) we have to discretize 9;¥. Since the definition of X is
consistent with the continuous equation

Utz y) = (‘I’_;l)(i()ﬂfy)

Och(t, x) ez,
we find from 9;(¥ o ¥~1) = 0 the continuous equation

By (t,&,¢) = —0.V - %c’)th(t,f).

Because of J = (9:¥5)~ ! the right-hand side of the discrete scheme can be defined
consistently by

k+1 _ ok k pk _ pk—1 kg k+1
& U= X5 b —h u® +u
= ]_ — B —— _—
(4.7) Joi=(=T)—px hk A T
k=0, 2= ARF 4 K(RY).

In the definition of fJ, the first time step, we insert the formal time derivative of h
instead of hU*A’fl , and we use ug instead of "0;“1 . To have f5 defined on the whole
time interval we set f9 = Ahg + k(ho) = f4. This defines a discrete scheme that is
consistent with (4.2)—(4.4). Note that in the above definition f§ depends on u**1.
An assumption concerning the compatibility of the initial values will be needed.

This is not an artifact of the discretization—the same is true for the continuous




1200 BEN SCHWEIZER

equations. Let (u,h) be a classical solution such that 9;(u, h) is continuous in ¢ = 0.
We conclude that the formal time derivative &;(u, h) defined by (4.2) and (4.3) must
satisfy on the boundary the time derivative of (4.4). We will therefore use later on
the following assumption.

ASSUMPTION 4.1.  We say that the compatibility conditions for the continu-
ous equations are satisfied if for ug € H3(R) the formal time derivative Opug is in
HY(R) and

UO(., 1) - H(h()) = Oa
(4.9) dyuo(.,1) + Adhg = 0.

THEOREM 4.2. Let the initial values (ug, ho) satisfy the compatibility condition
of Assumption 4.1 and let ho — 1 be small in C%*(S). We consider scheme (CN) with
fF as in (4.7) and A* defined by (4.1).

Then there exists T > 0 such that the scheme (CN) has a unique solution
(u®, h*)i. The linear interpolants (u, h) of (u*,h*) and @ of (u* +u*™) satisfy the
estimate

(4.10) 10e(u, B) Iy + 1102 (w, )|y + ]| oo (1,15 (r)) < C

where C' and T depend only on the norm of the initial values and are independent of At.

Proof. The proof is given in three parts (A)—(C). Part (A) is concerned with the
initial values and their compatibility. In part (B) the crucial estimates on solutions are
derived with the help of Proposition 3.5 on the scheme (CN) with a fixed right-hand
side. In part (C) we show the existence of a bounded solution.

(A) Compatibility of initial values. We want to use Proposition 3.5. In order
to do so, we have to guarantee that the compatibility assumption, Assumption 3.6,
is satisfied. By definition of fJ, (3.30) holds. Concerning (3.31) we observe that
3 — f9 = 0. In the above scheme the time derivative ulA’ tuo appears in fJ. This in
general changes the compatibility condition for the scheme. However, our construction
imposed JY = 1 on the upper boundary and therefore

fO(.,1) = =8:h(0) B,u°(.,1).

Then the discrete compatibility assumption (3.31) coincides with the continuous ver-
sion (4.9).

(B) Improvement of a priori bounds. This part of the proof is based on
estimate (3.17). We use the constant Cy and the first term of the right-hand side of
that estimate and define

Co :==2C [|V - A(0)Vuo + fo(0)||zr(r) + 0200 1 ()] -

We will show that given 6 > 0 we can choose a small T" > 0 and a small a priori bound
for ||ho — 1||co.1(sy such that for every solution (u, h)

19 (u. Bl + 1103 (u, h) |y < 2Co

(4.11) _ :
=[10¢(u, h)ly + [10z(u, h)l[y < Co.

This is shown in four steps. With a constant C' independent of 6 and T' there
holds the following:
1. w € L*(I; H*(R)) is bounded by C.
2. The coefficients A defined by (4.1) satisfy (3.16)s.
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3. The norms of d,f and of 92f on the right-hand side of (3.17) are bounded
by C$.
4. The norms of fo € L°(I; H'(R)) and of A € L°(I; H*(R)) are bounded
by C.
Once we have shown 1-4, we can choose a new § > 0 and 7" > 0 and use Proposition
3.5 to obtain the implication (4.11).
Now consider a solution (u, h) with the bound 2Cy as in (4.11).
1. Regularity of @. The function f; is bounded in L>(I; L?(R)) (see below).
We use the elliptic equation (3.4) for uf*1/2:

k+1 _ k
L T e ’(R).

vAkv k:+1/2 —
B At

The boundary condition (3.5) is smooth enough to imply the desired estimate for
supy, [ 2| g2 gy,

2. Estimates for A. By an interpolation we see that for some o > 0 the
function h is also bounded as

h e C(I; HY(S)).
Then the matrix B = VW satisfies
B e C*(I;H3(R)), B(.,1) € C*(I; H3(S)).

Since H3(R) is an algebra (see, e.g., [2]), the matrix A satisfies estimates in the same
spaces. Choosing 7' small we immediately infer the first two lines in (3.16).

In order to verify the third line we again use an interpolation: with p > 2 we find
an estimate for

Oih € LP(I; H3(9)).
This implies an estimate for
OB € LP(I; H*(R)).

Again, 0; A satisfies estimates in the same space. If necessary we choose a smaller T’
in order to infer the third line in (3.16).

We turn to the estimates for f;. The function f; vanishes identically, and all
estimates are trivial.

3. and 4. Estimates for fo. We first consider the term (1 — J)d;u. The factor
(1 —J) is small in L>°(I; L°*(R)) by smallness of hg in C%1(S). We use

Owu €Y, = 0%2u e L*L? = 0;[(1 — J)Ou] € L*L?,
DPu €Y, = 0,0%u € L*L? = 9%[(1 — J)0wu] € L*L?,
O €Yy, = Ou e L°H' = [(1 - J)0u] € L°H".

These implications together with their corresponding estimates give the desired es-
timate for the first term in fy. Note that the smallness of, e.g., O[(1 — J)Osu] =
(1 — J)9?u — 9, JOyu follows for the first term by smallness of 1 — J, for the second
term by a compactness argument: 9;J € L°H?3/? and d,u € L®H" imply (for small
T) smallness of the second term in L2L?. The estimate of (1 —.J)d?u is the only place
where we use the smallness of hg.
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The other term of fy has the regularity properties of OV - V. We use step 1
with the estimate for u € L H?. It yields

oW € L®(I; H*Y*(R)), Vae L>¥(I; H'(R)),

and we find the estimate for fo € L>(I; H*(R)). The estimates for d; fo and 92 fy are
direct. Smallness of the L?(I)-norms follows by the compactness argument.

Estimates for fy. Concerning f, we have to take special care of the first time
step. However, let us first consider f» as defined by f3,..., f&: the functions f§ are
composed from first and second derivatives of h. Remember that the operator —Ah
is the linearization of the mean curvature «(h) in h = hg. By the 2Cy-bound of (4.11)
we can estimate the differences 0,,h— 9, ho pointwise by a small number (depending on
T). Then f; has the form fo = —k(h) — Ah = G(9zh, d:ho) - (1,02h) with G(0,0) = 0
and G differentiable. We find the estimate

1f2ll < C e [l

where the norms are those of (3.17) and of (4.11), and ¢ is arbitrarily small for T
small.

Let us now consider the first time step. f9 € H?*/2(S) by Assumption 4.1.
There holds f3 — f9 = 0, and we find the estimate for the first discrete time derivative
of fy. The second discrete time derivative is

B2+ _B-5

=5 o _ k(h') + AR — Kk(R®) — AR®
OL) =T = A (At)?2 '
We introduce T[0,h] := \/% to write
& 1
D2 £,(0) = fwam (T[0,h'] — T[0:h°] — T'[0,h"] - O (h* — hY)).
We find
Ox(ht — hO) 2 ut — O |

<C

L>=(5)

HéthZ(O)”H—l(S) <C

At At

Hl(R)'

(C) Existence of a solution—the continuity argument. Note that a time
step of scheme (CN) with f as in (4.7) is still a linear equation for (u**+1 A*+1). We
E ok _
W R
are small in L>. Still, it could happen that on the time interval (0,¢*) the solution
has norm less than Cy and on the time interval (0,#**1) the solution has a norm larger

than 2Cy. We will show that this cannot happen.

We connect the initial values (ug, ho) with a continuous path (ux, hx)rejo,1] With
the trivial initial values (u1,h1) = 0. This can be done in such a way that (uy,hy)
satisfies the compatibility condition for all A € [0,1]. If scheme (CN) with f as in (4.7)
and with initial values (uy, hy) has a solution on I = (0,7) we denote this solution
by (u*,h?). This family of solutions has the following two properties.

1. Every weak limit limy_., (u*, k) in the topology of (4.11) of bounded solutions
is again a bounded solution. This follows immediately, since we can take the limit in
all equations.

see that the single time step can always be solved as long as 1 — J* and
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2. If (u*o, h?0) is a solution, bounded by Cj, then also in a neighborhood (\g —
g,A0 + ¢€) of A\g there exist solutions that are bounded by Cjy. This follows because
we deal with a fixed (finite) number of time steps. The norm of the solution depends
continuously on A. In general the norm might exceed the value Cjy, but we can
achieve that it does not exceed 2Cy. Now property (4.11) ensures that the norm
remains bounded by Cj.

We combine the above facts 1 and 2 to conclude. The set

{\ €[0,1]| a solution (u,h), exists and ||(u, h)r]| < Co}

is a nonempty (A = 1 is in the set), closed (by property 1), and open (by property 2)
subset of [0, 1]. Therefore A = 0 is in the above set, and therefore a solution (u°, k)
to initial values (uq, ho) exists and satisfies the estimate. This concludes the proof of
the theorem. 0

COROLLARY 4.3. Let hg,ug, and T > 0 as in the last theorem. Then, for a
subsequence At — 0, the solutions (uF h¥) converge to solutions of (4.2)—(4.4). In
particular, (2.1)—(2.3) with compatible initial conditions possess a solution on a short-
time interval.

Proof. By the above theorem the solutions (u,h)a: of the discrete problems
are uniformly bounded. Therefore there exists a subsequence with a weak limit
(u,h). The convergence is strong for v € L*(I; H*(R)) N H'(I; L*>(R)) and for
h € L*(I; H5(R)) N HY(I; H3(R)). Because of consistency in the definition of A
and f we can conclude that (u,h) is a strong solution to the transformed equa-
tions (4.2)—(4.4). The transformed solution (©,h) is a solution of the original prob-
lem. 0

5. Proof of Theorem 2.2. Theorem 4.2 yields a stable discretization of the
original equations. The drawback for a use as a numerical scheme is the need to
transform all equations onto a fixed domain. It is more natural to use the operator
splitting scheme (OS). We will prove in this section the stability of scheme (OS) as it
was stated in Theorem 2.2. The proof uses a transformation of the discrete scheme
onto a fixed domain. It will turn out that scheme (OS) is in fact identical to the
scheme (CN) of section 4.

ASSUMPTION 5.1. Let n be the normal vector of the initial domain given by hg.
We introduce the formal time derivatives int =0 by

ét@‘t:() = A@(h
Aihli—o == —ny ' (n-VOy) o Hy.
We impose on the initial values the regularity 5t@|t:0 € H*(Q) and the compatibility
conditions
Oo H() = K',(ho),
5,*,@‘15:0(33, ho(ﬂ?)) + 62@0(31‘, ho(x)) . agh‘t:()(x) = DH(ho)éthltzo(l‘).
Proof of Theorem 2.2. We introduce the following functions:
uk =00 X¥: R - R,
% :=v* o X*: R — {0} x R C R,

i =0k o X*.
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We now interpret scheme (OS) as a scheme for (u*, h¥). Step 3 of (OS) reads in the
new notation

We use this identity to write the equations of Step 2 in terms of u*T!. We use the
transformation of section 4 with corresponding B, A%, J*.

k+1 ok k k-+1
(5.1) Jk % _v. (Akvm)
k k+1
+ kR (BRY V% in R,
k41 1k k k+1
(5.2) % = —ey- AF. v%(., 1) in [0,1],
(5.3) uF (1) + ARFTE = K(RF) + ARF in [0, 1].

This is nothing but scheme (CN) with the right-hand side

k+1 _ K
%_Jk@k.(Bk)t.V

ff =0, §+1 = Ii(hk) + ARF,

uk + uk+1

where in the definition of f{ the convective term is calculated explicitly. The scheme
is identical to that of section 4, since

X5 (x,y) h*(z) — h*1(x)

ko (pkyt _ —k _
J% ey (BY) =ey and ©°(x,y) HE () s

€2.

Theorem 2.2 is a consequence of Theorem 4.2. 0

Corollary 2.3 follows from the theorem just as Corollary 4.3 followed from Theo-
rem 4.2. Let us demonstrate without referring to section 4 that the scheme is consis-
tent. From (2.9) and (2.5) we conclude

k1 Ak k1 Ak
OF+1 o xk+1 _ gk o xF — (A@;’@> o XF 4 (v-VG—g@> o xk

In the limit At — 0 we infer
9(©oX)=(A0)o X + (v-VO)o X.
This yields the original equation (2.1), since by definition of v in (2.4)

XQ(xvy)

VO -8, X(xz,y) =VO - ( h()

ath) ex =v-VO.
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