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Abstract

We consider the martingale problem related to the solution of an SDE on the line. It is
shown that the solution of this martingale problem can be approximated by solutions of the
corresponding time-discrete martingale problems under some conditions. This criterion
is especially expedient for establishing the convergence of population processes to SDEs.
We also show that the criterion yields a weak FEuler scheme approximation of SDEs under
fairly weak assumptions on the driving force of the approximating processes.
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1 Introduction

It is well-known that a re-scaled version of the classical Galton-Watson process (GWP) with

2

offspring variance o“ weakly converges to the unique solution of the following one-dimensional

stochastic differential equation (SDE)

ClXt = 0/ |Xt| th (1)

where W is a one-dimensional Brownian motion (cf. [14]). One might ask whether it is possible
to approximate more general SDEs, driven by a Brownian motion, by generalized GWPs. In
[21] it will be shown that this is actually possible. In fact, in [21] the solution of the SDE

dXt = (5<t, Xt)dt + O'(t, Xt)\/ ‘Xt‘ th (2)

is weakly approximated by two different types of population-size-dependent GWPs (in the
sense of [5], [8], [10], [11]) with immigration, where ¢ and o are suitable nonnegative continu-
ous functions on R4 x R. Here the methods of [14] do not apply anymore (cf. Section 3). In
the present article, we establish a general criterion for the weak approximation of SDEs by
discrete-time processes, which is the crux of the analysis of [21].

To be exact, we focus on the following one-dimensional SDE
dXt = b(t, Xt)dt + a(t, Xt)th, Xo = X0 (3)

where g € R and W is a one-dimensional Brownian motion. The coefficients a and b are
continuous functions on R, x R satisfying

a(t,2)| + [b(t,a)| < K(1+e]) VieR,, seR (4)

for some finite constant K > 0. We assume that SDE (3) has a weak solution. It means
that there exists a triplet {X; W; (Q, F, (F:),P)} where (Q, F, (F:),P) is a filtered probability
space with (F;) satisfying the usual conditions, W = (W} : t > 0) is an (F;)-Brownian motion
and X = (X; : t > 0) is a real-valued continuous (F;)-adapted process such that P-almost
surely,

¢ t
X =10 +/ b(r, X, )dr +/ a(r, X, )dW, v t>0.
0 0

Here the latter is an Ito-integral. Moreover we require the solution to be weakly unique, which
means that any two solutions coincide in law. For instance, the existence of a unique weak
solution is implied by Lipschitz continuity of b in z (uniformly in t) and

la(t,z) — a(t,z")| < h(|z — 2']) VteR,, z,2/ €R (5)

for some strictly increasing h : Ry — Ry with f00+ h=2(u)du = co. Note that (5) and Lips-
chitz continuity of b even imply the existence of a strongly unique strong solution (Yamada-
Watanabe criterion [20]). But the notion of strong solutions and strong uniqueness is beyond
our interest.

Our starting point is the fact that any weak solution of (3) is a solution of the following
martingale problem and vice versa (cf. Section 5.4.B of [9], or Theorem 1.27 of [1]).



Definition 1.1 A tuple {X; (Q,F, (F;),P)} is said to be a solution of the (a,b,xq)-martingale
problem if (0, F, (F;),P) is a filtered probability space with (F;) satisfying the usual conditions
and X = (Xt :t > 0) is a real-valued continuous (Ft)-adapted process such that

t
M; = X, — 29— / b(r, X, )dr (6)
0

provides a (continuous, mean-zero) square-integrable (F;)-martingale with compensator

¢
(M) = / a*(r, X,.)dr. (7)
0
The solution is said to be unique if any two solutions coincide in law.

In view of the weak equivalence of the SDE to the martingale problem, discrete-time pro-
cesses solving the discrete analogue (Definition 2.1) of the (a,b,x()-martingale problem should
approximate weakly the unique solution of SDE (3). Theorem 2.2 below shows that this is
true under an additional assumption on the moments of the increments (condition (10)).

Note that the characterization of discrete or continuous population processes as solutions of
martingale problems of the form (6)-(7) respectively (8)-(9) is fairly useful and also common
(see e.g. [16], [17], [19]). Especially for real-valued discrete-time processes these characteri-
zations are often easy to see, so that, according to the criterion, the only thing to check is
condition (10). Also note that the conditions of the famous criterion of Stroock and Varadhan
for the weak convergence of Markov chains to SDEs ([18] Theorem 11.2.3) are different. In
particular, in our framework we do not insist on the Markov property of the approximating
processes (cf. the discussion at the end of Section 4). Another alternative approach to the
discrete-time approximation of SDEs can be found in the seminal paper [13], see also refer-
ences therein. In [13] general conditions are given under which the convergence in distribution
(Yo, Zo) — (Y, Z) in the cddlag space implies convergence in distribution [Y,dZ, — [YdZ
of the corresponding stochastic integrals in the cadlag space.

In Section 3 we will demonstrate that the criterion of Theorem 2.2 yields an easy proof of the
convergence result discussed at the beginning of the Introduction. Moreover, in Section 4 we
will apply our criterion to obtain a weak Euler scheme approximation of SDEs under fairly
weak assumptions on the driving force of the approximating processes.

2 Main result

We will regard discrete-time processes as continuous-time céddlag processes. For this reason
we denote by D(R) the space of cidlag functions from Ry to R. We equip D(R) with the
topology generated by the Skohorod convergence on compacts and consider it as a measurable
space with respect to its Borel o-algebra. Moreover we set t;, = ne for every n € Ny and € > 0.

For every a € N we fix some ¢, > 0 such that ¢, — 0. For the sake of clarity we also
set t& = t& (= ne,) for all n € Ng. Now suppose a, and b, are measurable functions on



Ry x R such that |ja — aql|ec and [|b — ba|lec converge to 0 as @ — oo, where ||.||o is the
usual supremum norm. Let (z,) C R satisfy x, — xo, and suppose that X is a solution of
the following (eq, @n, ba, To)-martingale problem for every o > 1. Here we write n,(t) for the
largest n € Ny with ¢y <¢.

Definition 2.1 Suppose X* = (X{* : t > 0) is a real-valued process on some probability space
(2, F,P) whose trajectories are constant on the intervals [ty , 15, 1), n € No. Then X is called

solution of the (€q, Gq, b, To)-martingale problem if

na(t)—1
M = X — x4 Z ba (5 Xi2) €a (8)

provides a (zero-mean) square-integrable martingale (w.r.t. the natural filtration) with com-

pensator
na(t)—1

aZ i Xin) €a 9)
1=0
The X could be defined on different probability spaces (Q4, Fu,Pq). However we assume
without loss of generality 2, = D(R), F, = B(D(R)) and that X is the coordinate process
of P, (each cédlag process induces a corresponding law on D(R)). We further assume that
there are some ¢ > 2 and § > 1 such that

o|1X8 - xa 17| < or(1+Eo[IXE 7)) & (10)

for every « > 1 and n € N with t& < T, where Cr > 0 is some finite constant that may
depend on T (By an induction on n, (10) implies immediately that Eq[|Xf |7 < oo for all
a and n. Lemma 5.1 will provide an even stronger statement.) The following theorem shows
that X converges in distribution to the unique solution of (3).

Theorem 2.2 Suppose SDE (3) subject to (4) has a unique weak solution, and denote by
P the corresponding law on D(R). Moreover, let P, be the law (on D(R)) of X subject to
(8)-(10). Then P, = P as a — oo.

Here = symbolizes weak convergence. The proof of Theorem 2.2 will be carried out in Section
5. The finiteness of the ¢-th moments for some ¢ > 2 is not always necessary, it is true.
From time to time the finiteness of the second moments is sufficient. However for a general
statement involving convenient moment conditions as (10), a weakening of ¢ > 2 to ¢ = 2 is
hardly possible. The assumption ¢ > 2 is common in the theory of functional, time-discrete
approximations of SDEs, SDDEs and SPDEs (see e.g. [15], [19]).

3 Example 1: Convergence of re-scaled GWP to (1)

As a first application of Theorem 2.2, we show that a re-scaled GWP weakly converges to
Feller’s branching diffusion ([4]), i.e., to the solution of SDE (1). Lindvall [14] showed this ap-
proximation via the convergence of the finite-dimensional distributions, for which the shape



of the Laplace transforms of the transition probabilities is essential. Here we shall exploit
the martingale property of the Galton-Watson process (with offspring variance 02). The lat-
ter is an Ny-valued Markov process Z = (Z, : n € Ny) that can be defined recursively as
follows. Choose an initial state Zy € N and set Z, = ZiZ:"fl Np—1,; for all n > 1, where
{Npn;:n >0, i>1}is a family of i.i.d. Ny-valued random variables with mean 1 and vari-
ance o2. In addition we require that the 4-th moment of Ny is finite. Thereby Z,, has a
finite 4-th moment for every n € Ny. Actually, in [14] the finiteness of the 4-th moments was
not required. On the other hand, the methods used there break down when considering a
population-size-dependent branching intensity or an additional general immigration into the

system. In contrast, the procedure below still works in that cases (cf. [21]).

Setting Zf% = €Z, we obtain a re-scaled version, Z¢, of Z. Recall t;, = ne, hence Z¢ is a process
having eNy = {0, €, 2¢, ...} as both its index set and its state space. Now pick (€,) C R such
that €, — 0, and recall our convention t& = ¢S and that [t|. denotes the largest element
s of eNg with s < t. Regard the process Z° as continuous-time process, X%, by setting
Xp = Zﬁjea, and suppose X§ = |20]c,. The latter requires that Zy actually depends on
a. The domain of X¢ is denoted by (Q2q,Fa,Pq). It is easy to see that M* defined in (8)
provides a (zero-mean) square-integrable martingale. Moreover the compensator of M® is

given by (M®); = o Z?ﬁét)_l Xf;; €q since in this case,

Ea |((M8)? = (M%) = (M3 )2 = (M), )|FE" ] = 0

n—1

can be checked easily with help of

Eo [XalXs | =Xa and  Var [XgIXE | =o®X | e (11)
The formulae in (11) are immediate consequences of the well-known moment formulae for Z
(see [7] p.6) and (.’F)éa) denotes the natural filtration induced by X%. Hence X solves the
(€a, a, b, xo)-martingale problem of Definition 2.1 with a(t,z) = /|z|, b =0 and x4 = | 20|, -
It remains to show (10). To this end we state the following lemma.

Lemma 3.1 Assume &1, &9, ... are independent random variables on some probability space
(Q, F,P) with E[¢;] = 0 and sup;ey E[¢}] < oo. Let v be a further random variable on (Q, F,P)
being independent of (&;), taking values in N and satisfying E[v?] < co. Then there is some
finite constant C' > 0, depending only on the second and the fourth moments of the &, such
that E[(X0., §)'] < CE?).

Proof By the finiteness of the fourth moments the law of total expectation yields
14 4 n n n n
E|(X6)' | -2 X 5 P Efensusis]pl —
i=1 neENi;=1ip=1143=1144=1

Since the &; are independent and centered, the summand on the right-hand side might differ
from 0 only if either i; = i9 = i3 = i4, Or i1 = io and i3 = i4 # i1, or i1 = i3 and i = i4 # i1,



or i1 = i4 and i9 = i3 # i1. Hence,

E[(EQ“} < Z{(m?m(n—l)) supE[@@}} v =) < dsup B¢ |E[v?].

neN JEN

This yields the claim of the lemma with C' = 4sup; ;cn E[gfgf] O

With help of Lemma 3.1 we obtain

' X €a' Xpu
T 4 T 4
o \X;“%—X%_lﬂ — Ea[ Z (€aNn—1i — €a) ] = Ea[ Z (Nn_u—l)‘ ]e‘;
i=1 i=1

< CRuJ(e'XE )%)el < o(1+Ea](xs )Y])e

for some suitable constant C' > 0. This shows that (10) holds, too. Hence the assumptions of
Theorem 2.2 are fulfilled, and the theorem implies that X converges in distribution to the
unique solution of (1).

4 Example 2: Weak Euler scheme approximation of (3)

As a second application of Theorem 2.2, we establish a weak Euler scheme approximation of
SDE (3). Our assumptions are partially weaker then the assumptions of classical results on
weak functional Euler scheme approximations. A standard reference for Euler schemes is the
monograph [12]; see also references therein. As before we suppose that a and b are continuous
functions on Ry x R satisfying (4), and that SDE (3) possesses a unique weak solution. Now
let € > 0, recall the notation introduced in Section 2 and consider the following stochastic
difference equation (weak Euler scheme)

Xie = Xje | = b(ty_1, Xie ) e + alty_, Xie ) Vg, Xie = . (12)

n—1s

Here (z¢) is a sequence in R satisfying z. — xp as ¢ — 0, and V¢ = {V;fZ :n € N} is a
family of independent centered random variables with variance € and E[|Vi 7] < Ce?/? for
all n € N, e € (0,1], some ¢ > 2 and some finite constant C' > 0, where (2, F¢,P.) denotes
the domain of V. For instance, one may set Vie = \/e &, where {{, : n € N} is a family
of independent centered random variables with variance 1 and ¢-th moment being bounded
uniformly in n. Note that we do not require that the random variables {Vt% :n € N} are
identically distributed. Below we will see that the independence is necessary neither.

By virtue of (4), Xf. has a finite ¢-th moment if X7 - has. It follows by induction that the
solution X€¢ = (XtE n € Np) of (12) is ¢- 1ntegrable and hence square-integrable. Equation
(12) is obviously equivalent to the stochastic sum equation

n—1 n—1
Xfo = ze + Y b5, Xi) e + ) alts, Xi) VS - (13)
i=0 =0



Suppose (€,) is an arbitrary sequence with €, € (0,1] and €, — 0, set z, = x, and recall
our convention E, = E, , X = X, t& = tfo. Then it is easy to see that M“ defined in
(8) provides a (mean-zero) square-integrable (F;X")-martingale. Moreover Mz coincides with
the second sum on the right-hand side of (13). Therefore we also obtain

(M%) = zn: Ea[<a( L Xp ) V) )ftX]
=1

n—1 n—1
= 3 QX2 Ba (Vi )?] = Y P, X8) e (14)
i=0 1=0

which shows that X¢ solves the (eq,a,b, x,)-martingale problem of Definition 2.1. For an
application of Theorem 2.2 it thus remains to show (10). But (10) follows from

E. [IXg - X8 1]
2R, [Ib(t51, X35 Jeal?] +Ba [latt_y, Xa )19 Ba [V 1] }

2q—1{K2q—1 <1 + Ea[|XtC;’7‘(71 |q])€gé + K2q_1 (]_ + Ea[|X%,1|q]>C€g/2} (15)

IN

IN

for which we used (12), the independence of Xia  of Ve, (4) and Eq[|Via*|7] < Ce?/?. Hence
Theorem 2.2 ensures that X¢ converges in distribution to the unique solution of SDE (3).

As mentioned above, the independence of the random variables {Vt% :n € N} is not necessary.
The independence was used for (14), (15) and the martingale property of M“. But these
relations may be valid even if the Vi¢ are not independent. For instance, let {&,(i) : n,i € N}
be an array of independent centered random variables with variance 1 and ¢-th moments
being bounded above by some C' > 0 uniformly in n, 4, for some ¢ > 2. Then the martingale
property of M® and the main statements of (14) and (15) remain true for Ve = Ve &(1)
and Vit = /e §n(fn(Vt§, cee V;Ehl)), n > 2, where f, is any measurable mapping from R"~!
to N. This follows from the following relations which can be shown easily with help of the
functional representation theorem for conditional expectations respectively by conditioning:

Eo|[Vig 78 | =00 Ea|(Vi IFE" | =ea  (1<i<n-1)

and

n—1

Ea [la(t_, X Vg l1] < cet
If the &, (i) are not identically distributed, then the Vic are typically not independent. In
particular, the approximating process X may be non-Markovian.

5 Proof of Theorem 2.2

Theorem 2.2 is an immediate consequence of Propositions 5.2, 5.5 and the weak equivalence
of the martingale problem to the SDE. For the proofs of the two propositions we note that
there exist K’ > 0 and ag > 1 such that for all @ > «ag, t > 0 and x € R,

|aa(t, 2)| + [ba(t, 2)| < K'(1+ |2)). (16)



This is true since we assumed (4) and uniform convergence of a, and b, to the coefficients a
and b, respectively. Throughout this section we will frequently use the well-known inequality
IS yilP <mPTEST |y|P for allm € N, p > 1 and y1, ..., ym € R. As a first consequence
of (16) we obtain Lemma 5.1. For every x € Ry we write [z, for the largest element of
eNg = {0, €, 2¢, ...} which is smaller than or equal to . Moreover we assume without loss of
generality e, < 1.

Lemma 5.1 For ¢ > 2 and 6 > 1 satisfying (10) and every T > 0,

sup E, [sup | X7 \q} < 0. (17)
a>ag t<T

Proof First of all note that for the proof it actually suffices to require ¢ > 2 and § > 1.
Set S = SUP, >, |Tal? and S§* = Eq[max; <jcp,, 1) [M@& — Mﬁ_l\q]. Using Proposition A.1 and
(16) we obtain for all t > 0 and a > ay,

Ea[ sup |Xt°:\q} (18)
i<na(t)
na(t)—1
—1 a g
< 34 {Ea[ sup |Mtiq} —i—S—{—Ea[( Xta |ea) }}
i<na(t) =0
ne(t)—1 q na(t)—1 .
< 3q—1cq{ﬂ§:a“ 3 a2 X )ea 2} LS4 S+ E, [[ |ea] ]}
=0 =0
na(t)—1 q na(t)—1 q
< k:q{IEaH 3 (K14 | X)) ]2]+SO‘+S+E H K’(1+yxggy)ea} H
i=0 i=0

where Cj is independent of t and «, and k, = 3971C,. By Holder’s inequality we get

na(t)—
B[ X (K0 1XE )"

i=0
na(t)—1 na(t)—1 q/2—1
< Ea[( Z (2K’2(1+|Xt0§| q/2)( 6(1/2/(<1/2 1) ]
1=0 =0
na(t)
< Ea[( 3 2q/2—1(2K’2)Q/2(1+|X,§’;_‘1|q)) na(t)Q/Q—leg/?]
i=0
na(t)—1
< g 1% 4 g 192 Z Ea[s‘lip ]X%]q]ea
i=0 It

where ¢, = 29/271(2K"?)9/2. Analogously, with ¢, = 29~ 1K"9,

na(t)—1 g ne(t)—1
Eq H Z K'(1+ ]X%Deoz} } < e t? 4 eyttt Z Eq [sup ’Xta‘ ]
i=0 ' i=0 J<i



Moreover, by (10) and (16) we obtain for all ¢t < T and a > «p,

nea(t

)
SE <3 BalIM - Mg 1]
=1

nea(t)
2070 S B [|X05 - X |7+ ba(tiy, X5 )|%0]
=1

<
ne(t)—1
< 2ty {CT(HEa[yXf& q})fi‘i‘Ea [K’(H!X{?\q)}eg}
i=0
na(t)_l
< curt + cqr Z Ea[sup ]X%W]ea
i—0 J<i

where ¢, 7 = 297 1(Cr + K'). By all account we have for all t < T and a > ap,

na(t)—1

Ea[ sup |qu} < kzq{S +(cg+ e +cur)E V1) (1 + €q Z Eo [sup ]Xfc‘_x|q] > }
igna(t) i—0 jgl J
na(t)—1
< (kgS+Cor) + Cyr €a Z Eo [SUP ‘X%’q]
i=0 Jsi

where Cy 1 = kqg(cg + ¢4 + cqr)(T7 1V 1). An application of Lemma A.2 yields

o [Sup‘Xg’q] B Ea[ b ’Xg‘q} < (kgS+Cqr)(14+Cyr €a)" W+ (Cyr €a)™ 1S, (19)
s<t 1<nq(t)
where we emphasize that the constants ky, S and Cy 7 are independent of ¢ < T and a > .

This proves Lemma 5.1 since limsup,_,.(1 + Cyrea)™® is bounded by exp(tC,r) (note
that n(t) = |[t/ea]1 < t/eq). O

Proposition 5.2 If (P,) is tight then the coordinate process of any weak limit point, that has
no mass outside of C(R), is a solution of the (a, b, xy)-martingale problem of Definition 1.1.

Proof We consider a weakly convergent subsequence whose limit, P, has no mass outside
of C(R). By an abuse of notation, we denote this subsequence by (P,) either. We further
write X for the coordinate process of P. Since X is P-almost surely continuous, we know ([3]
Theorem 3.7.8) that

Pq o 7Tt_11tk = Po 7rt_11tk (20)

for all ¢y,...,ty € Ry, where my, 4, : D(R) — R* is the usual coordinate projection. In the
remainder of the proof we will show in three steps that M defined in (6) is square-integrable,
provides an (F;¥)-martingale and has (M) defined in (7) as compensator. Here (F7*) denotes
the natural augmentation of the filtration (F;¥) induced by X.



Step 1. With help of Fatou’s lemma as well as (20) and (17) we obtain for every T' > 0,

supE [|X¢]?] < supliminf lim E,[|X{|? A N] < sup sup E,[|X{]Y] < oo. (21)
t<T t<T N—o00 a—00 t<T a>ag

Taking (4) into account we conclude that M defined in (6) is square-integrable.

Step 2. We next show that M is an (F;X)-martingale. It suffices to show that M is an
(F{X)-martingale, see [2] p. 75. The latter is true if and only if

E[(XHS—Xt— /t w b(r,Xﬁdr)iljlhi(Xti)} _ (22)

holdsforall 0 <t; < --- <t; <t,s>0,1>1andbounded hq,...,h € C(R) (do not confuse
t; and t$'). Since X solves the (eq, aq, ba, To)-martingale problem, we have

ne(t+s)—1

Ea[<xg+s—xg— S balif, %)ea>ﬁhi(xg)] ~ 0. (23)
=1

i=na(t)

We are going to verify (22) by showing that the left-hand side of (23) converges to the left-hand
side of (22) as a — co. We begin with proving

l l

dm [ xe [T x| = 2|3 T nce)] (21)
i=1 i=1

for every u > 0, which together with (28) below implies the required convergence. To this

end we set V) = (=N Vv z) AN for all z € R and N > 0. The right-hand side of

l
11 Hhiuoo}
=1

l [
Eo [ XM TThi(XH| — B | X TRy (XY || < E, || XD — x©
U t; u ti u u

i=1 i=1

can be estimated, for every T' > u, by

l
sup sup Eq/ [|X7(~1/’]1\X0/|>N} T 17ille
r<T o'>ag " i—1

which tends to 0 as N — oo since {X% : r < T, o > 1} is uniformly integrable by (17).
Therefore we have

l !
. a,(N) ) « — a ) « . . >
A}gnoo Eq [Xu le[l hz(Xti)} E. [Xu 1:[1 hZ(Xti)] uniformly in o > ag (25)
(and uniformly in v < T, for every 7" > 0). By (20) we further obtain for every N > 0,

l

lim E, [ng(N)Hhi(Xt";)} = E[XQSN)]L[/%(XQ)} (26)

a—00
i=1 =1

10



since the mapping (x1,...,2141) — :cl(ivl) Hﬁzl hi(z;) from R*! to R is bounded and con-
tinuous. This is the reason why we introduced the truncation zN). By virtue of (21), an
application of the dominated convergence theorem gives

! !
lim E[XSLN)Hhi(Xti)] = E[Xuznlhi(Xti)] (27)

N—oo .
i=1
which along with (25) and (26) implies (24). It remains to show
na (t+s)—1 l tts l
lim Ea[ > baltf ﬁ_&)eaHhi(Xg)] = EU b(r,Xr)dthi(Xti)]. (28)
e i=na(t) i=1 t i=1

Taking (16) and (nq(t + 5) — na(t))ea < s+ €, into account we obtain analogously to (25)
and (27),

Na(t+s)—1 1
. o «, N «
Jim Bl T batf XE e ] m(&)} (29)
i=na(t) i=1
na(t+s)—1 1
= E, Z bo (t5', X6 )€q H hZ(XtC:)] uniformly in a > o
i=nq(t) i=1

respectively
t+s l t+s l

im 2| [ b0 xar [Tnx| = E| [ snxoar [Imen)]. eo
t i=1 t =1

By the uniform convergence of b, to b and (nq(t + s) — na(t))eq < s+ €4, we also have

na (t+s)—1 1 na (t+s)—1 1
Ea[ > ba(t?,X%v(N))eaHhi(Xg)]:Ea[ > b(t?,X%’(N))ﬁaHhi(Xg)]—|—oa(1).

i=na(t) i=1 i=na(t) i=1
(31)
Moreover we have

ne (t+s)—1 l t+s l
B 3 Xy e [Imxn| 5| [ s e [ ] + oatt)
' t i=1

i=na(t) i=1
(32)
which is a consequence of the dominated convergence theorem and
ne (t+s)—1 tts
Soowe X e [ b X ar
i—na(t) ' t

[t+5]eq —€a
<
LtJ €

(L) X2 = b(r, X0 dr + 04 (1)

11



together with the fact that b is bounded and uniformly continuous on [0,¢ + s] x [-N, N].
Finally we get by (20) and the dominated convergence theorem and (17),

t+s l t+s l
lim Ea[ / b(r, Xf’(N))dthi(Xg)] = / lim Eq [b(r, Xﬁ“’(N))Hhi(Xt‘j)} dr
t i1 t

a—00 a—00 ]
=1

l

_ /t HSE[b(r,XT(N))Hhi(Xti)} dr = E[ /t " b(r,XﬁN))drli‘[hi(Xti)} (33)

i=1 i=1

which along with (31) and (32) implies

Nna(t+s)—1 l tts 1
lim Ea{ 3 ba(tf‘,Xf‘g;(N))eaHhi(Xg)} - E[ / b(r, X,ﬁN))dthi(Xti)]
! t

a—00 - -
i=na(t) i=1 =1

This, (29) and (30) ensure (28).

Step 3. It remains to show (7). By the uniqueness of the Doob-Meyer decomposition, M has
the required compensator if and only if

E[(ME+S M2 /t TS Xr)dr) f[hi(xti)} ~ 0 (34)

holds for all 0 < ¢; < -+ < ¢; < ¢, s > 0,1 > 1 and bounded hy,...,h € C(R). Now, the
discrete analogue of equation (34) for E,, a, and X holds. Proceeding similarly to the proof
of (22) one can show that the left-hand side of this equation converges to the left-hand side of
(34) as a — oo. Therefore we obtain (34). For the sake of brevity we omit the details. It should
be mentioned, however, that we now need uniform integrability of {(X®)2:r <t+s, a > 1}.
This is why we established (17) for g being strictly larger than 2. O

The assumptions of Proposition 5.2 can be checked with help of the following two lemmas,
where Q, and Q refer to any laws on D(R), and Y and Y are the respective coordinate
processes. By an abuse of notation, we denote the corresponding expectations by Q, and Q
either. The first lemma follows from [3] Theorem 3.8.8 and [3] Theorem 3.8.6 (b)=-(a) along
with Prohorov’s theorem. Lemma 5.4 is more or less standard and can be proved with help
of the continuity criterion 3.10.3 in [3]; we omit the details.

Lemma 5.3 Assume (Y®) is tight in R for every rational t > 0. Let m > 0, v > 1 and
assume for every T > 0 there is some finite constant Cr > 0 such that for oll o« > 1 and
t,h>0with0O<t—handt+h<T,

Qa (|2, = Y2 =YM") < Or i (35)

Then (Qg) is tight.

12



Lemma 5.4 Let m > 0, v > 1 and assume for every T > 0 there is some finite constant
Cr > 0 such that for alla>1 and 0 <t <t" < T,

limsup Qg [V — Y™ < Cp (" —#)7. (36)

a—00

Then if Qo = Q, the limit Q has no mass outside of C'(R).

Proposition 5.5 (P,) is tight and each limit point has no mass outside of C(R).

Proof Let ¢ > 2 and § > 1 satisfy (10). Using techniques as in the proof of Lemma 5.1 we
can find a finite constant Cy > 0 such that for every 0 < ¢ <" and o > ay,

Eo[I X5 — X3
e (t")—1

: oq{eg/mk S a)”] - am(

a(t’) i=na(t'

ne(t")—1 ;
1+ 1x3))’|

)

na(t’”)—1

SR EACTES)

Applying Holder’s 1nequahty to each of the first two summands on the right-hand side, using
(17) and setting v = (¢/2) A § we may continue with

ne(t’)—1 e (t)—1 )
: C‘I{eg/g( S B[ xapee]) (Y we)
i=na(t") i—na ()
a(t")-1 na (t)—1 na(t")—
3 a3 )Y (e ) )
= na t’ i:na(t’) i n& t’
- Cq’T{Eg/Q (na(t") = na(t)"* + €& (na(t") = na(#)) "+ € (na(t") _na(t/))}
< Cor (€a (na(t") — na(t))”
< Cyr (=) +e) (37)

where C, 7, Cyr > 0 are some finite constants being independent of #',#” < T and « > ay.
Then Lemma 5.4 ensures that any weak limit point of (P,) has no mass outside of C'(R). At
this point it is essential that we required ¢ and  to be strictly larger than 2 respectively 1.

Toward the verification of tightness of (P,) we use Holder’s inequality to get

1/2

1/2
Ea [|Xf, = XEIV2XP - X2l72] < o [IX2, - X212 Ba [1X7 - Xl (39)

If h > €,/2 then (37) implies that both factors on the right-hand side of (38) are bounded by
C'q7T(3h)7/ 2. If h < €,/2 then at least one of these factors vanishes since X is constant on

intervals of length ¢,. Hence,
o |IXE = XPPPRIXE - XEal?] < (G237 WY

for all @« > ag and ¢, h > 0 with t +h < T. That is, (35) holds with m = ¢q. Therefore Lemma
5.3 ensures tightness of (P,). O
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A Appendix

Here we give two auxiliary results. We first recall a square function inequality for martingales.
Let M = (M, : n € Ny) be an (F,)-martingale on some probability space (2, F,P). The
corresponding compensator is given by (M), = >0 E[(M; — M;_1)*|Fi—1].

Proposition A.1 (/6] Theorem 2.11) For every q > 0 there is some finite constant Cy > 0
depending only on q such that

E [max ]Mi\q} < Cq<IE {<M>$/2} +E [max |Mi—Mi_1|‘1] )

1<i<n 1<i<n

The second result is a Gronwall lemma for functions with discrete domain. It can be proven
by means of iterating (39) n-times. We omit the proof since it is more or less well-known.

Lemma A.2 Suppose g is a mapping from Ny to Ry = [0, 00] with g(0) < oo. If there are
finite constants cg,c1 > 0 such that

n—1
gn) < co + Zg(z’) vV n<N, (39)
i=0
then
g(n) < c(1+c1)" + fg(0) < V¥ n < N.
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