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Abstract

We present a new way of constructing n-copulas, by scaling and gluing finitely many
n-copulas. Gluing for bivariate copulas produces a copula that coincides with the inde-
pendence copula on some grid of horizontal and vertical sections. Examples illustrate
how gluing can be applied to build complicated copulas from simple ones. Finally, we
investigate the analytical as well as statistical properties of the copulas obtained by
gluing, in particular, the behavior of Spearman’s p and Kendall’s 7.

1 Introduction

Let I be the closed unit interval [0,1].

Definition 1.1. For any integer n > 2, an n-dimensional copula (or n-copula) is a
function C : I™ — I with the following properties:

(C1) C(x1y..., Tk, ,xn) =0 when x =0 for somek=1,... n.

(C2) C(1,...,1,x,1,...,1) =xf for all k=1,...,n and for all zy € I.

C38) C is n-increasing, i.e., for all n-boxes B = x}_,[cg,dr] € I™ we have
k=1

Ve(B) =) sgn(v) C(v) >0

veB
where the sum is taken over all vertices v = (v1,...,v,) of B, with vy € {cg,di} for
each k =1,...,n, and sgn(v) is defined to be 1 if vy = ¢i for an even number of

k’s, and -1 otherwise.



It can be shown that for any copula C and for all (z1,...,z,) € I"
C (x1,...,x) <C(x1,...,0,) <C(21,...,7p) (1)
where C~ and C* are the so-called Fréchet-Hoeffding bounds given by

C (x1,...,xy) =max(x1 +...+x, —n+1,0),

C*(x1,...,xy) =min(zy,...,T,).

The upper bound C* is a copula itself for all n > 2, whereas the lower bound C~ is a
copula only for n = 2. Another distinguished copula is the product copula

P(xy,...,xn) =21...Tp.

The importance of copulas to the theory of statistics stems from the well-known
Sklar’s theorem (see [7, 8, 9]), which states that for all real valued random variables
X1,..., X, with joint distribution function H and univariate margins Fi,..., F;, there
exists an n-copula C' such that

H(x1,...,25) =C(F1(x1),...,Fp(xn))- (2)

Conversely, given an n-copula C' and univariate distribution functions Fi,..., F,, then
the function H defined by (2) is an n-dimensional distribution function with univariate
margins Fi,..., F,. Moreover, if F},..., F, are all continuous, then C is unique and
is called the copula of Xi,...,X,; otherwise C is uniquely determined on Range F; x
-- x Range F,. In view of Sklar’s theorem, a rich collection of n-copulas yields a rich
collection of n-dimensional joint distribution functions with arbitrary margins, which
proves useful in statistical modeling and simulation. Furthermore, the decomposition
of the joint distribution function in (2) implies that copulas represent the dependence
structure of random variables, irrespective of their distributions. Thus, as noted in [6],
the study of concepts and measures of nonparametric dependence is equivalent to the
study of properties of copulas and, therefore, it is useful to have a variety of copulas at
our disposal.

Several general methods of constructing copulas exist. Among them are the in-
version method, geometric methods (e.g., ordinal sums, shuffles of min, and copulas
with prescribed horizontal, vertical or diagonal sections), algebraic methods (e.g., a
copula transformation), and methods based on generators, leading to the large class
of Archimedean copulas; for details we refer to [6]. For more recent constructions see,
e.g., [1, 2, 3, 4, 5] and the references therein. Note, however, that most of the existing
construction methods apply to the bivariate case only and have not been generalized to
the n-dimensional situation. To quote from [6], “constructing n-copulas is difficult.”

In this paper, we present a new method for constructing copulas in any dimension,
the so-called gluing construction. In its simplest form, gluing with respect to the first
variable z1 proceeds as follows. Given two n-copulas C; and Cy and a number 6 € (0,1),
the graphs of C; and Cy are scaled and pasted into the boxes [0,0]x ™! and [#,1]x I,
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respectively, i.e., they are glued together along the hyperplane {z1 = 6}. Of course, this
construction can be carried out with respect to any other variable, and with finitely
many copulas. Finally, successive gluing with respect to different variables leads to
the gluing method in its most general form. The copulas obtained by gluing exhibit
several interesting statistical properties. For instance, the gluing of two bivariate copulas
produces a copula which has the same section as the independence copula. Furthermore,
we deduce formulas for the behavior of Spearman’s p and Kendall’s 7 under gluing.

The paper is organized as follows. Section 2 introduces the general gluing construc-
tion for N-copulas and illustrates the method by examples. In Section 3 we discuss
analytical and statistical properties of copulas obtained by gluing.

2 The gluing construction

2.1 Gluing two copulas

For the sake of clarity, we illustrate the gluing construction in its most basic form.
Consider two copulas C1,Cy on I™ with n > 2. Fix any index i € {1,...,n} and real
number 6 € (0,1), and partition the unit cube as

I"=(Ix...x[0,0]x...xI)u(Ix...x[0,1]x...x1T).

Then we define the function
Cl @ CQ . In - I

z;=0
by setting
T
(C1 @ C2) (1, Ty ey Th) :HCl(xl,...,g,...,xn) (3)
x;=0
if 0 <a; <0, and
(C1 & Co)(w1,. . @iy nyan) =
x;=0
.”137;—9

(1—9)02(%1,...,W,...,xn)+901(331,...,1,...,:L’n) (4)

if 0 <x; <1. Thus, C1 @,,-9 C2 can be seen as the result of gluing C; and C3 along the
section {z; = #}. We claim that it is indeed a copula.

Theorem 2.1. For any two n-copulas Cy,Cs, any index i€ {1,...,n}, and any number
0 € (0,1), the function Cy @y,-9 Ca is an n-copula.

Proof. We show that C' = C @,,-9 C> satisfies the axioms (C1)—(C3) from Definition 1.1.
Indeed, since C7 and Cy satisfy (C1), the same follows for C. Similarly, it is easy to
check that, if all but one variable xj are equal to 1, then C(1,...,xg,...,1) = zx; one
just has to distinguish the cases k =14 and k # i.



Figure 1: The support of the singular copula C' in Example 2.2

Hence, the only condition to be checked is (C3), i.e., that Vo(B) > 0 for all n-
boxes B ¢ I". Since the volume V; is additive for every function f, i.e., Vy(B) =
Vi(B1) +Vi(Bg) if B = Byu By where By and By have disjoint interior, we may restrict
ourselves to the case where B is contained in either I"n{z; <0} or I"n{z; > 0}. Now the
claim follows from the observation that the right sides of (3) and (4) are n-increasing.
This finishes the proof of the theorem. O

Let us illustrate the gluing construction in the simplest case of bivariate copulas. A
bivariate copula C' is called singular if 9?C/0x10z2 vanishes almost everywhere in I?;
in this case, the support of C' has Lebesgue measure zero in I2. We refer the reader to
[6] for more details.

Ezample 2.2. Let 6§ € (0,1), and suppose that probability mass 6 is uniformly distributed
along the line segment joining (0,0) and (6, 1), and probability mass 1 - 6 is uniformly
distributed along the segment between (#,1) and (1,0). Consider the resulting singular
copula C' whose support consists of these two line segments; see Figure 1. It follows (see
[6, Example 3.3]) that

T if z1 <0xo
C(x1,22) =1 0z if rg <x1 <1—(1-0)xs (5)
rx1+xo—-1 if1-(1-0)xs < 1.

This copula is a standard example of a singular copula. In terms of gluing, C' can be
written as
C=C"& C
x1=0
where C*(x1,22) = min(x1,22) and C~(x1,22) = max(zy + z2 — 1,0) is the Fréchet-
Hoeffding upper and lower bound, respectively.



2.2 Gluing many copulas

In the following, we introduce the gluing method for the general case of finitely many
copulas. Note that this can also be realized by sequentially gluing two copulas as

described in the previous section. Fix any ¢ € {1,...,n} and numbers 6 such that
0=0y <61 <...<0ny =1, and let Cq,...,Cn be n-copulas. Then we consider the
partition

N
I = UIX---X[Qk—th] X...xT
k=1
and define the function @,,-9, Cp : I" - I by

(D Co)(@i,... iy xy) =

x;=0}
i — 01

.,—,...,I‘n) +(9k,1ck,1(:(}1,...,1,...,:L'n) (6)
Ok = Or—1

(0 = Op-1)Cre (1, .-

if z; € [0k-1,0k] with 1 < k < N; note that the formal term involving Cj is irrelevant since
0y = 0. Then the same arguments as in the proof of Theorem 2.1 show the following
result.

Theorem 2.3. The function @,,-9, Ci : I" - I is an n-copula.

Finally, we may combine gluings in different variables, resulting in the most general
gluing construction of gluing finitely many copulas in each variable x;,1 <7 < n. We
illustrate this with the simplest nontrivial example, the gluing of four bivariate copulas.

FEzample 2.4. Given four bivariate copulas Ci,...,Cy and three numbers 61,605,035 €
(0,1), let us first glue C7 and Cy along {x1 =60}, and C3 and Cy along {1 = 62}. Then
we glue these two copulas along {x5 = 03}. This results in the copula

C=(Cs ® 1) ® (01 ® ) (7)

x1=02 T2=03 x1=01

which is represented by the partition of I? outlined in Figure 2. If we consider the new
copula C' on the rectangle [0,62] x [0, 03], for instance, we obtain

C($1,$2)=929303(z—;,z—§)- (8)

As an example, the reader might want to visualize the copulas
(c-®c) ® (¢r ® )
z1=1/2 z2=1/2 r1=1/2
and
@)@ ®c)
z1=1/2 z2=1/2 r1=1/2

by drawing their supports.
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Figure 2: The copula C from Example 2.4

Note that in the special case when 6, = 05 = 0 there are two different ways of
representing the copula C from (7) as a gluing, namely

0=(03x@?904) ® (clx@acg):(ch@) 1) ® (G @ ). 9)

zo=03 x1=0 zo=03

Remark 2.5 (Bivariate orthogonal grid construction). It turns out that, in two dimen-
sions, the gluing construction coincides with the so-called orthogonal grid construction
with P as background copula, which has been developed in [2]. Indeed, the copula @
in [2, Prop 12] agrees with the bivariate gluing C1 ®,,-9 C2 in the special case when
(ug,u}) = (0,0), (ug,uh) = (0,1), and (vq,v]) = (0,1).

3 Properties of copulas obtained by gluing

3.1 Analytical properties

It follows from the definition that the rescaling in the gluing construction is made in such
a way that the relative volume is preserved. Suppose, for instance, that C' is obtained
by gluing a copula C' into the rectangle [0,61] x [0,62]. Then (8) implies

~ T T
C(w1,22) = 0102 C(—la—Q)
01" 0o
on [0,61] x [0,62] so that we have
Vc(91]1 X@g]z) :(91(92 Vé(Il ><]2) (10)

for any closed intervals Ij,Is € I. Note that this quadratic scaling distinguishes the
gluing construction from the well known ordinal sum construction (see, e.g., [6]) which
has linear scaling.



A special role in the gluing construction is played by the independence copula
P(z1,...,2p) =x1-... ,. Note that P®,,.9C = P for z; € [0,0], and C®,,.o P = P
for x; € [0, 1], respectively. In particular, gluing P with itself yields P again:

PR P-=P (11)

x;=0
In fact, this is the only possibility to obtain P as a gluing in view of the following result.

Proposition 3.1. For any two copulas C1,Cs, any index i€ {1,...,n}, and any number
0 € (0,1) the following holds:

01®02:P <~ 01202=P.

x;=0

Proof. In view of (11), we only need to show “=". But Ci@®,,9Cs = P implies
0Cy(x1/0,x2) = x129 for all (z1,22) € [0,0] x I, which is equivalent to C; = P. Analo-
gously, we see that Cy = P. O

A bivariate copula C' is called absolutely continuous if, considered as a joint distri-
bution function, it has a joint density which is given by 02C/0x10x5. C is singular if
820/8x16x2 = 0 almost everywhere on I 2 Tt is clear from the construction that both
properties are preserved under arbitrary gluings.

Finally, a bivariate copula C is called symmetric if C(z1,22) = C(z2,21) for all
(21,72) € I?. In general, the gluing of two symmetric copulas is not symmetric anymore,
as the simple copula (5) from Example 2.2 shows. On the other hand, gluing two non-
symmetric copulas may yield a symmetric copula; this is illustrated by the following
example.

Example 3.2. We come back to Example 2.4 and consider the two non-symmetric copulas
C1=C" @,,-12C" and C2 = C" @;,-1/2C~. Then it follows from (9) that

=0 ® G=(C ® ) ® (" ® )

z1=1/2 x1=1/2 x2=1/2 z1=1/2

and this copula is symmetric since

max((z1 +x2)/2 - 1/4,0) if (21,292) € [0,1/2]?
Clay.19) = min((z1 + x2)/2 - 1/4,21) if (z1,22) €[0,1/2] x[1/2,1] .
’ min((z1 +x2)/2 - 1/4, x2) if (21,22) €[1/2,1] x [0,1/2]
max((z1 +2)/2 - 1/4, 21 + 22 - 1) if (21,22) € [1/2,1]?

The gluing of two bivariate copulas Cy and Co along {x; = 6} produces a copula
C = C1 ®,,-9 C2 with the property that

0(9,1‘2) =93§‘2 =P(0,1‘2). (12)



This means that C' coincides on the vertical {1 = 6} with the independence copula P,
which one might express by saying that C' has as a “vertical section of independence”.
Since a copula can be viewed as the joint distribution function of random variables
with uniform distributions on I, the vertical and horizontal sections of a copula have
the following statistical interpretation. If X; and Xs are random variables uniformly
distributed on I, the sections are proportional to conditional distribution functions;
see [6]. If C coincides with P on {z; = 0} then for z; = 0 the conditional probability
agrees with the unconditional one, i.e.,

C(@,xg) _
—0 =

P(XQS:L’2|X1£(9)= $2=P(X2S£L‘2).

The question arises if, conversely, any copula C' satisfying (12) can be obtained by
gluing. The affirmative answer is given in the following representation theorem.
Theorem 3.3. Let C be a copula on I?. Then the following are equivalent:

1. There is 6 € (0,1) such that C(0,x2) = 0xy for all xg € I;
2. There are two copulas C1 and Cy such that C = C1 @4, -9 Ca.

Proof. If C' = C1@,,-9 C2 then C(0,22) = 0z3. Conversely, we define two functions
C1,Cy: I? - I by setting

1 1
Cl($1,x2) = 5 C(0x1,332) s 02(1’1,3}2) = TQ (C(9+ (1 - 9)%1,.%2) - 91’2).

Then, since C' is a copula with C(60,x2) = 9, it is straightforward to check that also
Cy and Cy are copulas, i.e., they satisfy the axioms (C1)-(C3) from Definition 1.1.
Moreover, in view of (3) and (4), we have C' = C ®,,-9 Cs. O

Note that this theorem yields all copulas with the given vertical section f#zo at the
point x1 = #. In particular, we immediately obtain the precise upper and lower bounds
for those copulas.

Corollary 3.4. Let C be a copula with C(0,x2) = 0xo for all xzo € I. Then

(c— ® C‘) <C< (C+ ® c+),

x1=0 x1=0
and all three copulas coincide on {x1 =0}.

Note that an analogous result has been proved in [5]. Finally, we point out that these
results can be generalized, by gluing finitely many copulas in each variable, to copulas
coinciding with P on a given grid in I?. Note that this grid may be more general than
just a Cartesian product of line segments, as is demonstrated in Figure 2.



3.2 Statistical properties

In this final section we investigate statistical properties of bivariate copulas obtained by
gluing. In particular, we are interested in how classical measures of concordance, e.g.,
Spearman’s p and Kendall’s 7, behave gluing. Also, we consider the effect of gluing on
tail dependence.

If C is copula on I? then Spearman’s p is given by

1 1
pC=12[0 [0 C(z1,x2) dridre -3 (13)

and Kendall’s 7 by

1 1
Tc=1 —4/0 /0 M C(x1,22) 2C (21, 22) dridas (14)

where 0;C for k = 1,2 denotes the partial derivative of C' with respect to the k-th
variable. We refer to [6] for the original definitions and more details.

Theorem 3.5. Let C = C1 @y, -9 C2 be a copula obtained by gluing two copulas Cy and
Cy along {x1 =0}. Then Spearman’s p and Kendall’s T can be written as

pc =F(pcy,pc,)  and 70 = F(70,,70;)
where F(x,y) = 0%z + (1-0)2y.

Proof. In order to prove the formula for Spearman’s p we recall the gluing formulae (3)
and (4) and calculate

1 1
f f C(x1,22) dxidrs
_9/ / Cl( L o) daidas + (1-0 f f d:z:ldx2+9[ / s dryds

:92f0 fo C1(z,x9) dzdxs + (1 - 0)? A fo C’g(z,a:g)dzdx2+§0(1—9).

Using (13), is it easy to see that the constants involving 6 cancel each other, which
finally yields the result for pc.
A completely analogous calculation proves the statement for 7¢. O

We immediately obtain the possible ranges for Spearman’s p and Kendall’s 7.
Corollary 3.6. If C'= C; ®,,-9 C2 then
po, 7o €[-1+20(1-0),1-20(1-6)].

Proof. As measures of concordance, Spearman’s p and Kendall’s 7 respect the concor-
dance ordering on the set of bivariate copulas; see [6]. Therefore, the claim follows
from Theorem 3.5 and Corollary 3.4, together with the fact that po- = 7o- = -1 and
pCc+ =TC+ = 1. ]



FEzxample 3.7. By gluing two copulas one can obtain any value for p and 7, respectively.
Indeed, consider the singular copula

c=C*@® C-

x1=0

from Example 2.2. Theorem 3.5 shows immediately that
pc =TC = 20-1,

in accordance with the calculations suggested in [6, Exer. 5.6].

Finally, we turn to a different dependence concept, the so-called tail dependence,
which measures the dependence in the tails of the joint distribution. More precisely,
given a copula C, its lower tail dependence parameter is defined as

C(t,t)

Ao =lim ——~2 15
¢ =lim— (15)
whenever this limit exists; see [6]. Again, it does not make sense to study the tail
dependence of a copula C' = C1 ®,,-9 C2 in the general case. However, if we construct
C by gluing copulas in such a way that the copula C1, say, is fit into the square [0,6]?

then -
Ci(5,3 C1(u,u)

Ac = 0% lim —2292 = ¢ ; =0\c, . 16
¢ tlxr.rol t ul\r}(l] U C1 ( )
Consequently, the lower tail dependence parameter scales with 6 and tends to zero if
the square [0,0]? is made smaller and smaller. This phenomenon is due to the fact that

gluing scales quadratically, and not linearly, as described in (10).

Example 3.8. Let o, f € I with a+ 5 <1, and consider the Fréchet copula C, g = aC* +
(1-a=B)P+BC™; then A¢, , = . It follows that the copula C' = (Cy,5 ® ¢ -0 P) ®z,-0 P
satisfies

62(1%ﬂ(%%’%% if(xl,xg)e[O,G]Q.

. (17)
T1T2 otherwise

(T(xl,xg) = {

In view of (16), the copula C has lower tail dependence parameter A¢c = 6. For instance,
if «=1/2,4=1/3, and 6 = 1/10, then Ac = 1/20.
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