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Abstract: We study a porous medium with saturated, un-
saturated, and dry regions, described by Richards’ equation
for the saturation s and the pressure p. Due to a degener-
ate permeability coefficient k(z, s) and a degenerate capillary
pressure function p.(z,s), the equations may be of elliptic,
parabolic, or of ODE-type. We construct a parabolic regu-
larization of the equations and find conditions that guarantee
the convergence of the parabolic solutions to a solution of the
degenerate system. An example shows that the convergence
fails in general. Our approach provides an existence result for
the outflow problem in the case of z-dependent coefficients
and a method for a numerical approximation.

1 Introduction

We study the motion of fluids in porous materials, e.g. the flow of water
in soil or in artificial porous media. We are interested in the case that a
second fluid, e.g. air, is present and that the two fluids do not mix. In this
situation, water occupies one part of the pore space and air occupies the
remaining pore space. Modelling the flow of both fluids leads to the two-
phase flow equations, neglecting the motion of air by assuming a constant
air pressure leads to the unsaturated flow or Richards’ equation that we
study here. To fix notations we denote the region occupied by the porous
material by €2 C R"™ and describe the physical situation in the medium at
a point x € 2 at time ¢ € [0,T) with two variables, the saturation s(z,t)
and the pressure p(z,t). Here, s : Q x [0,7) — [0, 1] is the volume fraction
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of pore space occupied by water, p : Q x [0,7) — R is the pressure of the
water. One assumes that the (macroscopic) velocity v of the water is given by
Darcy’s law as v(x,t) = —k(x, s(x, t))Vp(x,t) for some permeability k(zx, s),
and that pressure and saturation are coupled through the capillary pressure
as p(z,t) = p.(z, s(x,t)). We recall that, once the maximal saturation s = 1
is achieved, also any higher pressure can be realized with the same saturation
s = 1. We therefore regard p. as the multi-valued graph with p.(s) = {p.(s)}
for s < 1, and p.(1) = [p.(1),00). Normalizing physical coefficients as the
density and assuming the incompressibility of water, the law of conservation
of mass with sources f reads 0;s + dive = f. Inserting from above, the
problem takes the form

Oys =V - (k(s)Vp) + f, D E pe(s). (1.1)

In this equation we regard k£ and p. as given coefficient functions, k non-
negative and p. monotone, and have thus, at least formally, a single evolution
problem for s. The boundary conditions for the equation are described below.
The first difficulty in the analytical treatment of (1.1) is that both coefficient
functions are degenerate. We refer to Figure 1 for typical shapes of the coef-
ficient functions, the graphs on the left correspond to a hydrophilic material,
the graphs on the right to a material with hydrophilic and hydrophobic parts.
The function p.(s) may as well remain finite at s = a or have finite slope at
s = 1. The number a > 0 is the residual saturation. Since the permeability
vanishes below saturation s = a, flow processes are interrupted and no fur-
ther water extraction is possible. We call a subset {z € Q|s(x,t) < a} a dry
region at time t. We emphasize that, in this terminology, a dry region does
contain water, but not enough to induce a positive permeability.

The second difficulty lies in the outflow boundary condition. In order to
model the situation that the porous material is in contact with open space
(occupied by air), one imposes boundary conditions in the form of variational
inequalities. In the easiest case one imposes

v.n>0and p<0Oand (v-n)-p=0. (1.2)

In words: (i) Water cannot enter, since outside there is no water (ii) the
capillary pressure cannot be positive (iii) water can exit only if the capillary
pressure is p = 0. For further details on the derivation of these equations
we refer to [9]. Regarding the analytical treatment of (1.2) we note that the
pressure is not defined in dry regions, i.e. in points (z,t) with s(z,t) < a.
This fact already demands for a modification of the boundary condition.
Furthermore, it is a difficult task to give sense to the product of traces in the
last equality:.
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Figure 1: Possible shapes of the functions p.(s) and k(s). On the left, a
purely hydrophilic medium, on the right, a medium with hydrophilic and
hydrophobic parts. On the left, p. is multivalued, p.(1) = [0, o).

Outline of this contribution. In this article we analyze a regularization
procedure for (1.1), (1.2) and derive the existence of weak solutions. We
replace the coefficient functions k and p. by smooth functions ks and ps
with ks strictly positive and ps strictly increasing. Furthermore, we replace
the outflow condition by a Dirichlet-to-Neumann condition. This defines a
regularized problem which is a standard parabolic boundary value problem
with a unique solution (ss, ps).

One checks easily that the approximation of the coefficients must con-
firm to certain conditions, for example that the convergence ks — 0 must be
faster than ps — —oo on (0,a), since otherwise the approximate solutions
(ss,ps) will, in general, not converge to a solution of problem (1.1). We find
conditions on the approximations which, instead, guarantee the convergence
of the approximate solutions to a solution of the original problem. This, in
particular, implies a new existence result for the doubly degenerate equa-
tion. We thus transfer known existence results to the case of x-dependent
coefficient functions.

The most intricate part in the proof is the verification of the weak coun-
terpart of the boundary condition (1.2). We use the method of compensated
compactness to show that (v-n)-p coincides with a non-negative defect mea-
sure. Due to the first two conditions of (1.2), this is formally equivalent with
the equality.
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1.1 Comparison with existing literature

Most articles in the field consider the case of z-independent coefficient func-
tions k and p.. This simplifies the system considerably since, after a suitable
transformation of the problem, the elliptic operator becomes linear.

The global pressure. The Baiocchi transformation (or Kirchhoff trans-
formation) introduces a global pressure function as

?@ﬂ if s <1,

~ pe(s)
(I)(S) = /0 k(pc_l(Q))dqa (I)(S) = {[ (1) OO) ifs=1.

In the case of x-independent coefficients k = k(s) and p. = p.(s), given a
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Figure 2: Possible shapes of ®. On the left, ® is multivalued, ®(1) = [u4, 00).

sufficiently smooth solution (s, p) of (1.1), the global pressure

w(.t) = {é(s(x,t)) if s(x,t) < 1,
’ (1) + k(1) (p(z,t) —p(1)) if s(z,t) =1,

satisfies Vu = k(s)Vp. Hence equation (1.1) now reads

Os = Au+ f, u € P(s). (1.3)

Results for unsaturated porous media. A fundamental theorem that
initiated much of the later research is due to Alt, Luckhaus, and Visintin
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[3]. It provides the existence of a weak solution (s,u) of equation (1.3) with
outflow boundary conditions on Q x [0,7"), for f = 0. The result allows quite
general coefficient functions, in particular, ® can have vanishing slope on
(0,a) and can be multi-valued in s = 1. An approximate solution sequence is
constructed with a time-discretization of (1.3) in which a variational inequal-
ity is solved in each time step. The proof of convergence of the approximate
solution sequence exploits the idea of compensated compactness and uses a
very weak solution concept. The authors were interested in applications to
groundwater flow where no sources are present, hence f = 0.

More is known in the case without an outflow condition: In [5] dry regions
are studied, the existence of solutions and the continuity of the free bound-
aries saturated/unsaturated and unsaturated/dry is shown. Many results
are known on numerical approximations in this case (see [12] and references
therein). All the above results regard z-independent coefficients.

The fundamental contribution of [11], obtained by adapting methods of
[10], is a uniqueness result for the outflow problem. It provides the uniqueness
of the weak solution in the sense of [3], and does not assume the additional
regularity d;s € L'(Qr). It is not necessarily applicable to our problem,
since, e.g., b = ®~! can be extended to a continuous function on R only in
the case a = 0. We nevertheless note that in our contribution 9;s ¢ L'(Qr)
in general, and that, for x-independent coefficients, our solutions are also
solutions in the sense of [3].

Results for two-phase flow. One of the first existence results appeared in
[8]. The restriction of this result is that the initial saturation is assumed to be
bounded away from the critical values, and it is exploited that this property
remains valid for all times. Another existence result is that of [1], where the
capillary pressure function is assumed to be non-singular. Both restrictions
are removed in [6], where also z-dependent coefficients are studied. We note
that in [6] the situation with a = 0 is studied and that the outflow condition
is not included.

Our research was motivated also by questions of homogenization. We refer
to [4] for some results concerning the averaging of two-phase flow equations
and further references. Again, it must be assumed that the saturation is
bounded away from the critical values.

1.2 Concepts and results of this contribution.

We are interested in including f # 0 and x-dependent coefficients. The
first is interesting if drying or condensation becomes important as e.g. in
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fuel cells. It adds a new quality to the system, since, for f # 0, in dry
regions we have to solve an infinite family of ordinary differential equations
Os(x,t) = f(x,t,s(x,t)). Allowing for z-dependent coefficients is important
in applications and necessary in order to tackle homogenization questions.
The generalization is non-trivial since the description with the help of the
global pressure fails. Another reason for working in the primary variables
would be the inclusion of capillary hysteresis as in [4], [13].

Another aim was the construction of a regularized equation. This leads
to a new existence result, but it is also desirable for the design of a numerical
scheme. With the help of the global pressure one easily sees that not every
regularization of the physical coefficients provides a correct approximation of
solutions. Our goal was to give sufficient conditions on the approximations
ks and ps that assure the correct limit. The compactness results for the
regularized sequence are derived with methods inspired by [2].

Our solution concept uses the primal variables s and p, with the difficulty
that p is not defined in dry regions. We must understand v = —k(s)Vp in
the sense that v = 0 wherever s < a. We demand p(z,t) € p.(s(x,t)) almost
everywhere on {s > a}, and interpret the evolution equation in (1.1) in the
distributional sense. In the outflow condition (1.2) we introduce an artificial
factor k(x,t) in order to deal with functions with well-defined traces.

Note on the proofs. Testing the equation yields estimates for Vp, but
only with a weight. To be precise, we can expect from the equations estimates
for the integrals

[ k905~ [ Kslp )1

Q
In particular, we cannot read off compactness of sequences ss or of sequences
ps from this estimate. Furthermore, for ps; — p, ks(ss) — k, and vs — v,
with the convergence of ps in the sense of the above estimate, it is not
clear how to identify the limiting relation v = —kVp. Again, we will intro-
duce an additional factor k£ and derive the relation in the distributional sense.

Gravity. Our model allows to include gravity. For a constant porosity of
the medium, up to a factor, Darcy’s law with gravity reads

v=—k(s)(Vp+ gen).

Since we allow for an x-dependent coefficient function p., it suffices to set
Pe(,8) := pe(x, 8) + gx - en.
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Notation. Constants C' may change from one line to the next, we write
V for spatial gradients, e.g. V[k(s)] for the gradient of the function z —
k(z,s(z)) and V, k(s) for the evaluation of the partial z-derivatives of k in
the points s(x). The lower indices £+ denote positive and negative parts of a

function, f = (f)+ + (f)-.

2 Regularization of the outflow problem in
the case of constant coefficients

In this section we prove an existence and a convergence result for the dou-
bly degenerate evolution equation in the case of constant coefficients; the
boundary conditions are verified in section 3. The methods carry over to the
case of non-constant coefficients, as we will show in section 4. The proof is
based on a careful analysis of regularized problems. We collect assumptions
on how the regularized problems must be constructed in order to have the
convergence of the solutions to a solution of the original problem. Loosely
speaking, we will see the following: if ks and ps; generate a global pressure
function ®45 that approximates the degenerate global pressure function ®,
then also the corresponding solutions converge.

Assumptions on the coefficient functions

The precise assumptions on the degenerate coefficients k and p,. are as follows.

Assumption 1 (Degenerate coefficients). There exist a € (0,1) and ¢y > 0
such that the following holds. The permeability

k € C*(]0,1],[0,00)) is monotonically non-decreasing

with k(s) = 0 iff s € [0,a]. The capillary pressure p. : (a,1] — {0,1}* is a
monotone graph given by a function

p. € C*((a,1),R), monotonically increasing.
In the case p.(s) — oo for s — 1 we identify p. with p.. In the opposite case

we extend p. continuously to (a, 1] and set p.(s) = {p.(s)} for s € (a,1) and
pe(l) = [pe(1),00). We assume that p. has a zero ay € (a, 1], p.(ag) = 0.
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With the intermediate value a = (a + 1)/2 we make the following quanti-
tative assumption. For some cq > 0 there holds

dspe(s) > 1/co Vs € (a, 1),

|05k (s)]* < cok(s) Vs € (a, 1),

k(s)Ipe()] + V/k(5)0upe(s) < co Vs € (a,a),
(1 —8)v0spe(s) < co Vs € (a, 1),

1
/ pe(s)ds < ¢p.

Regarding the generality of our assumptions we emphasize that: (i) we
allow finite and infinite capillary pressure p.(1), (ii) we allow finite and infinite
derivative p./(1), (iii) we allow finite p.(a) and p.(a) = —oo. The quantitative
assumptions are all satisfied for a quadratic permeability k(s) ~ (s — a)3, if
the capillary pressure function does not degenerate too fast.

Choice of regularized coefficient functions

In order to replace the degenerate system by a family of regular parabolic
problems, we approximate, for a sequence 6 \, 0, the degenerate coefficients
k and p. by functions ks and ps.

Assumption 2 (Regularized coefficients). The reqularized coefficients satisfy
ks € C1([0,1],(0,00)), ps € C°([0,1],R) piecewise C*,

both monotonically increasing. For 6 — 0 we have the convergences ks \, k
uniformly on [0,1], ps — pe uniformly on compact subsets of (a,1), and
ks = 6% on [0, a].

We assume | J; ps([0,1]) =R and, for simplicity, p.(a) = ps(a). Further-
more, all the quantitative statements of Assumption 1 shall hold with k and
pe replaced by ks and ps and with the point a € [0,1) replaced by 0.

Example 1. Let Assumption 1 be satisfied and assume ci(s — a)? < k(s) <
ca(s — a)? on (a,1) for constants 0 < ¢; < cg. Then, for small § > 0, a
reqularization satisfying Assumption 2 is given by
ks(s) := 0% + k(s) Vs € [0,1],
pe(la+9)+(s—(a+9))/0 Vse[0,a+d],
ps(s) == < p.(s) Vs € (a+0,1—90],
pe(l1—=0)+ (s —(1—=19))/6* Vse (1-41].
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The approximations allow to introduce a regularized global pressure func-
tion,

ps(s)
Bs(s) = ]f ka5 (a)) da.

Assumptions 1 and 2 guarantee that ®s is bounded from below and that
®s — & uniformly on compact subsets of [0,1). Furthermore, ¥5 — W
uniformly on compact subsets of (p.(a), c0) for

uwbéﬁm#m@,%mzfmwwmw

The W-functions will be used in the inflow boundary condition.
For later use we set u, := ®(0), the minimal global pressure for the
degenerate system. Typical shapes of ps and @5 are depicted in Figure 3.
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Figure 3: Typical shapes of ps, ks, and ®s.

Geometry and boundary conditions

We assume that the porous material occupies a bounded set Q@ C RV with
boundary 052 of class C!, with exterior normal n. Let X;,, X, Yo C OS2 be
three relatively open, pairwise disjoint N — 1-dimensional C'*-manifolds such
that 09 is the union of the closure of the three manifolds. Here, X;, # ()
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is an inflow boundary on which we prescribe the pressure, p = p,, 2y is
an impenetrable boundary with Neumann condition, v -n = 0. Along .,
the porous medium is in contact with free space occupied by the gas phase
and we impose the above outflow boundary condition (1.2). We assume that
inflow and outflow boundary are nowhere in contact, Yo N i = 0. For
0, %; € RY we write Qr and 3; r for Q x (0,7) and 3; x (0,7).

The initial condition is given by the initial saturation sy € L*(2). We
demand

s(x,0) = sp(x) a.e. in Q.

Assumptions on the data

We assume that f : Qp x [0,1] = R, f: ((z,t),s) — f(z,t,s), is bounded
and Lipschitz continuous, and that f satisfies f(z,¢,1) < 0, f(z,¢,0) > 0
for all (z,t) € Qp. We furthermore assume that s — f(x,t,s) is affine on
(0,a) for all (z,t) € Qp. With minor changes also fixed f : Qr — R may be
considered; the results then hold on the time interval where 0 < s < 1 holds.
The initial data shall be given by a function sy : © — [0, 1]. We emphasize
that there are two problems concerning the initial values. (i) so € H' does
not imply ®(sy) € H', since ® has an unbounded derivative. (ii) so = 1
does not specify uniquely a corresponding pressure. We impose the following
compatibility condition: Let the initial saturation sy € H'(Q) satisfy

dpo: QL —= R, po € pe(so) a.e. on {k(sg) >0}, (po)s bounded,
k(So)zpo S H1(9)7 5050w < @0, (k(so)zpo) Yin = k(So)zpm-
We assume that the boundary data p;, are continuous and that p;, > p.(a

).
We furthermore assume that p;, and 9;p;, are traces of L?((0,T), H(Q)) N
L (Qr)-functions.

The regularized problem
We consider the regularized problem
Oyss = Augs + fa, Us = (1)5(85) (2.1)

with the pressure ps = ps(ss) and the right hand side fs(x,t) =
f(x,t,s5(z,t)). On the boundary ¥;, we impose us = Vs(pin), on Ly the
Neumann condition Vus - n = 0. On the outflow boundary ¥,,; we impose,
with v5 = —Vus, the mixed boundary condition

s+ n = k(55 (ps)s (2.2)
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where we recall that (ps)4 vanishes for ps < 0 and otherwise coincides with
ps. The initial condition is replaced by

—1 .
f >
s5(.0) = si(a) i= 1 PO Hsol) > 0 (2.3
So() if so(z) < a,
for all z € 2. Our assumptions on the initial values sy guarantee the uniform
boundedness of ®5(s8) € H'(2) since, for s§ > a, we have ®5(s)) = Vs(po).

Our first theorem shows that the solutions of the regularized problems
approximate a solution of the degenerate system. With the existence part
of this theorem we essentially rediscover the Theorem of Alt, Luckhaus and
Visintin, in our case allowing for f # 0. Our regularity assumptions on the
data are stronger, hence we can also use a stronger solution concept. We add
the information that the solutions of the regularized problems (instead of
time-discrete solutions) approximate the solution of the degenerate system.

Theorem 1. Let T > 0, p;, and sy as above, let k = k(s) and p. = p.(s)
satisfy Assumption 1 and let ks and ps satisfy Assumption 2. Let (ss,ps) be
the solutions of the regularized problems. Then, for a subsequence 6 — 0 and
appropriate limiting functions u : Qp — R and s : Qp — [0, 1], there holds

ss — s weakly-* in L>(Qr), (2.4)
us — u weakly in L*((0,7T), H'(Q)). (2.5)

The limits satisfy with v = —Vu

s = —dwv + f(.,s) in D'(Qr),
u € ®(s) a.e. in Qrp,

and s(t = 0) = sg in the weak sense. On the boundary 02 with normal vector
n there holds u = V(py,) on Eipr, v-n =0 on Xnr, and

v-n>0 on iout,;p UXnr (2.8)
u < ®(ag) and k*(s)s — k*(ag)ag < 0 on o .
(v-n) - (k*(s)s — k*(ao)ao) > 0 on Sy - (2.10)

The traces in (2.8)-(2.10) exist in the sense of distributions.

We recall that p.(ag) = 0 and that s — k?(s)s and s — p.(s) are mono-
tone functions. Therefore (2.8)—(2.10) is formally equivalent with (1.2), since
either ag < 1 or p.(1) = 0.
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Proof. We have to study the approximate solutions ss, ps = ps(ss), us =
Ds(ss), vs = —Vus = —ks(s5)Vps. These solutions exist on (0,7) and they
satisfy

ss 2 Qr — [0,1],  [Jusl| e @r) + sl 20,11 2) < C,
/ k’(s(s(s) |V85|2 S C,
Qp

with a constant C' independent of §. We refer to section 5 for these a priori
estimates for the regular parabolic problem.

Choosing a subsequence 6 — 0 we find s € L>®(Qp) and u €
L2((0,T), HY(S2)), such that s; — s weakly-* in L and us — u weakly
in L?H"', hence (2.4) and (2.5) and, in particular, s : Q7 — [0,1]. The
sequence fs is bounded in L>®(Q27), we can therefore assume weak L?(Q7)-
convergence to a limit f and find (2.6) as the distributional limit of (2.1).
Here, the fact that f(z,t¢,.) is affine on (0,a) assures the convergence
X{s<a}f(S5) = X{s<a}f(s). On the remaining set {s > a} C Qr, the con-
vergence X{ssa}f(55) = X{s>a}f(5) is a consequence of the compactness of ss
on this set (see below).

The last of the a priori estimates can be used to find bounds for gradients
of ks(ss) or its products with ss. Indeed, by Assumption 2,

|V]€5‘2 = ‘]{73(85) V85‘2 S Cok5(85)|V85‘2

is uniformly bounded in LY(Qrp). We can therefore assume
Vks(ss)] = V[k(s)] in L*(Qr), and similarly V[ks(ss)?ss] = V]k(s)?s] for
j =1 and j = 2. Here, the identification of the limit functions exploits that
k =0 holds on {s < a} and the compactness of s; on sets {s > a +¢}.

Compactness. In order to verify (2.7) we need compactness results for
the families us and ss. We start with the sequence us and note that the
unboundedness of @ does not allow to conclude from estimates for J;s;
estimates for O;us. For this reason, we only aim at compactness away
from regions with maximal saturation. We assume in the following that
SUP(5e(0,1)) P(8) = w1 < 0o, the other case is simpler by the a priori estimate
for the pressure.

We use a sequence ¢ — 0 and a corresponding sequence of cut-off func-
tions a. € C°(,[0,1]) with a.(z) = 1 for all x € Q with dist(x,0Q) > «.
We claim that, for fixed ¢ > 0 and with 7.(£) = (£ — uy + €)_, the family
a. - n-(us) is compact in L?(Qr_.), and that, for a subsequence § — 0, there
holds

o -1 (us) — az-no(u) in L*(Qr_.) as § — 0. (2.11)
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As a consequence, by taking successively subsequences, we may assume
that the above convergence holds for all € with a single sequence § — 0.
In particular we may assume the convergence pointwise almost everywhere
Ne(us) — n-(u) for § — 0 and any € > 0.

In order to prove (2.11), we study finite time differences. For a function
t — w(t) and h > 0 we introduce the expression Ajw(t) = w(t + h) — w(t).
We integrate, for fixed ¢, the equation 0;s5 = Augs + fs over the interval
(t,t+ h) to find

Anss(t) = /t {Aus(r) + f5(7)} dr.

Multiplication with o Apus(t) and an integration over space and time yields

/0 o /Q Anss(t) - ae Apug(t)

:/0 _ /Q/t+ {Aus(7) + f5(7)} ae Apus(t) dr de dt
T—h t+h
S/O /Q[ |VU6(7')| (|V(Oégu(5(t))| + |V(O‘au6(t+h))|)d7d:)§dt
+/O /Q/t |fs(T)| (Joeus(t)| + |acus(t + h)|) dr dedt < Ch.

The monotonicity of ®; implies that the expression Apss - Apus is non-
negative, hence we conclude the L'(Qp_.)-convergence a.Apss - Apus — 0
for h — 0, uniformly in 6 > 0.

We now restrict our attention to wus-values away from u;. The uniform,
strict monotonicity of ®;' in the interval ¢ € (®5(0), u; — ¢) allows to find a
number k. > 0 such that

7:(62) = 0 (&7 < me (&2 — &) (P51 (&) — 5 (&) (2.12)

In particular, we have the uniform (in §) L?-convergence a.Ay[n:(us)] — 0
for h — 0.

For spatial finite differences we find a similar bound by the uniform
L*((0,T), H'(Q))-estimate for us. The Riesz characterization of compact
sets in L? implies the compactness of the family a.n.(us) in L?(Qr) and thus
(2.11).

Similar to the above reasoning, we can conclude compactness for ss in
regions with ss > a. This time, we use the cut-off function o. : R — R,
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0:(¢) = ((—a—e) .. Regarding temporal differences of the family of functions
a.0-(ss) we exploit that, by &5 > k. >0on s € [a+¢,1),

|0:(G2) — 0= (Q)* < BTN (G — G) (25(C2) — P5(G1))- (2.13)

For spatial gradients we find a bound exploiting Vo.(ss) = Vs X{ss>ate}-
Hence we can conclude for a subsequence 6 — 0 that

a:0:(85) — ae0o.($) (2.14)

in L?(Qr_.) and pointwise almost everywhere.

Relation (2.7). Based on the above compactness results we can now verify
the constitutive relation. We choose > 0 and consider first the “good” set
G° = {u,+ 8 <u < u — B} C Q. On almost all points (z,t) of G”
we have the convergence us(z,t) — u(x,t). Furthermore, uniform positivity
of @} allows, for small § > 0, to find uniformly continuous inverse maps
O : ug + Byug — B] — (0,1), which converge uniformly. We conclude
that, pointwise a.e. in G, also ss(x,t) — s(z,t). The uniform convergence
®s — ® on compact subsets of (0,1) yields u = ®(s) on G®. Since 3 > 0 is
arbitrary, we have u = ®(s) for almost every (z,t) with u, < u(z,t) < uy.

In order to study points (z,t) with u(x,t) = wu,, we consider the set
EP = {u < us + B} C Qp. The uniform strict monotonicity of ®; on
compact subsets of (a,1) implies that for some wg > 0, wg = o(1) and
93 >0, 63 =o0(1) for B — 0, for all § < dg

Ss > a+wg = Us > ug+20.
We can therefore calculate for EY := {(z,t) € E® : 55 > a + ws}
|EZ| < [{(z,t) € E® : us > g + 28} — 0 for § — 0,

the latter by the strong convergence a.7.(u;) — a.n.(u) on EP. The weak
L*-convergence s; — s yields, with characteristic functions yz of E* and yg,
of E? , the L?-weak convergences

SXE “— SsXE = Ss(XE — XE;) + SoXB; < 0+ ws+ Xg; — 0+ wp

for 6 — 0. Since B > 0 is arbitrary, we conclude that, almost everywhere,
u(z,t) < u, implies s < a, hence u = ®(s).

With the same methods we finally study the set £ := {u > u;—3} C Qr.
Again, for some wg > 0, wg = o(1) for § — 0, we find that the exceptional
set FY :={(x,t) € F®: 55 <1 —wg} satisfies

IFP) < {(z,t) € F? : us < uy — 28} — 0 for 6 — 0,
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the latter by the strong convergence ae.n.(us) — aen.(u) =0 for ¢ < 5. We
calculate with the characteristic functions yr of F* and xg, of F f ,

sXF “— SsXF = Ss(Xr — X5;) + 86X, > (1 —ws)(xr — xXr;) — (1 —ws)xr

for § — 0. We conclude that u(z,t) > uy implies s(z,t) = 1 for almost every
(z,t) € Qp, hence u = ®(s) also in this case. We have thus verified (2.7).

Initial condition. The weak convergences allow to calculate for a test-
function ¢ € C§°(2 x [0,7))

0= {35aﬂo+v5~w+m}+/sgso<.,o>
Qr Q

- {Sﬁtw+v~vso+fso}+/sw(-,O)-
Qr Q

The initial condition is satisfied in this weak sense.

Boundary conditions. Along the Dirichlet boundary ¥, we can take the
weak L?(3;,7) limit

0=1us — Vs(pin) = v — V(pin),

since us converges weakly together with its trace, and W4 converges uniformly
to ¥ on compact subsets of R.

Regarding the normal velocity at the boundary we find the convergence
vs-n — v-n in the sense of distributions on 92 x (0,7") with the help of the
equation as in (3.1). In particular, on the Neumann boundary ¥y we can
take the distributional limit 0 = vs-n — v - n.

Inequality (2.8) is satisfied by the non-negativity of vs-n in the regularized
boundary condition (2.2). Concerning (2.9) we can calculate with C' > 0
independent of § on Y,

(k3(ss)ss — k3 (ao)ao)+ < Chs(ss) - (55 — ao)+
< Cks(ss)(ps)+ + O(9)
=Covs-n+0(5) = 0in D' (Zourr)-

We conclude that the H'/2-weak limit of the left hand side vanishes, which
is the desired non-positivity result. A similar calculation can be performed
with (us — ®(ag))+ < C(ps)+ + O(9).

It remains to verify (2.10). This inequality is shown in Proposition 1 of
the next section. O
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Failure of the approximation process

With the above theorem we show that, if Assumption 2 is satisfied, the
approximate solutions converge to solutions of the degenerate problem. We
wish to mention at this point what can be said if the assumption fails in one
of the estimates. If the regularizations do not satisfy dsp. > 1/¢o, we have no
uniform estimate for div vs. If the regularizations do not satisfy |9,k|? < cok,
we have no uniform H'-bound for ks(ss). In both cases we cannot derive the
limiting equations and even the formulation of boundary conditions becomes
a problem.

The most interesting case is that the regularizations fail to confirm to
the third estimate which imposes, in a rigorous sense, that the convergence
ks — 0 is faster than that of —ps — oo. The assumption fails, e.g., if
ps(0) ~ —1/ks(0). In this case we may still consider limits (s,u) of the
approximate solutions, and we may still derive

A

ue d(s), &= (lsl_r% Dy

But, in general, ® will be different from ®. In this case, we approximate a
solution of the wrong equation.

3 Boundary conditions: compensated com-
pactness and defect measures

In this section we analyze boundary values such as v-n or k(s)v-n on L =
0 x (0,T), where n is the exterior normal vector to §2. Before analyzing the
limiting relations, we note that the boundary values v - n are a well-defined
distribution on 7. Indeed, on the basis of the limiting equation we may
define the boundary values by setting, for arbitrary ¢ € Cg°(Q x (0,T)),

/ v-nwD:ef/ {sOwp+ fo+vVe}.

ZT QT

Additionally, by the analogous calculation, in the sense of distributions
vs-n —v-nin D'(0Qr). (3.1)

Lemma 1 (Divergence estimate). Let (ss,us) be a sequence of approximate
solutions, k and p. independent of x and let the assumptions of Theorem 1 be
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satisfied. Then, for some C' > 0 independent of §, the sequence 0;S5 satisfies

the uniform bound
T
/ / k5p£5|8t85‘2 S C. (32)
0o Jo

As a consequence, the sequence vs has its divergence bounded in a weighted

L?-space,
T
/0 /Q]{Z5|dl1} U5|2 S C (33)

Proof. The lemma concerns only the approximate solutions, we therefore
omit the index ¢ in the expressions sg, ks, ps, s, Vs, etc. None of the degen-
erate limiting functions is meant in this proof. We start by a multiplication
of the equation with O,u,

Os=Au+f /@u = 0;D(s) O;s

An integration over Qr yields, with v, =v-n = —-Vu-n,

1
8,0(s) [0+ | =8|Vl
QT QT 2

= f o — / Un OV (pin) — / vy, Opll.
2:'L"n,,T

QT 2:out,T

The left hand side is non-negative and contains the expression of (3.2). We
have to analyze the right hand side. Exploiting the Lipschitz assumption on
f and Assumption 2 we write

f-omu < f(z,t, 1) - Owu(z,t) dedt + C |(1— 5)0sp(s) k(s)0:s|

QT QT QT

<C+C 10:f(, 1) -u|+C |/ Osp(s)k(s)0s]
Qr

Qp

<e 0,®(s) |0ys]* + C-,
Qp

for arbitrary € > 0 and C. independent of 4. This allows to absorb the first
term into the left hand side of our estimate.

In the first boundary integral, by the assumption on p;,, we can
find a bounded function ¢ € L*((0,7), H'(€2)) which takes the values
(O (pin)])/k(p~ (Pin)) = Oipin on Xy and vanishes on X, r. We can
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write

_ /EM’T Up O (pin) = — /QT div(k(s)vq)

=/ Vik(s)vq+ k(s)dive g + k(s)v Vg

Sa/ k(s)|divol* + C.,
Qr

for arbitrary € > 0. Again, the first term can be absorbed in the left hand
side of our inequality. We finally study

—/ Uy, Opu = —/ @(p)Jras(I)(s) O;S.
Yout,T Yout, T 5

In order to write the integrand as a total time derivative we define a function
H :[0,1] — R by setting H(ag) = 0 and 9sH (s) = k(s)(p(s))+0sP(s). The
derivative O;H is non-negative and vanishes for s € [0, g, hence also H has
these properties. We conclude

Initially, i.e. for ¢ = 0, we have sg < ag on Y,u, hence H vanishes in t = 0.
The right hand side is therefore non-positive. This concludes the proof. [

t=0

The aim of this section is the derivation of the boundary condition (2.10).
We have to analyze the product of two limit functions, which is a severe
problem for the following reason. For the term ks(ss)%s; — k(s)?s we can,
based on the estimates, expect the weak convergence of the traces in the
space H'/?(¥). Unfortunately, the other factor, v, |5, converges only as a dis-
tribution. If we had the divergence estimate without the degenerate factor k,
we could hope for the convergence vs-n — v-n weakly in H~'/2 (the classical
estimate). But we do not have the divergence estimate in L?. Furthermore,
even if we had the estimate, we would still have a product of two weakly
convergent sequences in dual spaces. This does not allow a conclusion for the
product of the limit functions. We circumvent both problems by exploiting
the equation in a compensated compactness argument using defect measures.

The subsequent calculations are almost identical in the case of -
dependent coefficient functions k = k(x,s) and p. = p.(x,s). We therefore
allow this dependence in the sequel. To shorten notation, we set

K:Qx[0,1] =R, K(z,s)=k(z,s)s.
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We emphasize that we do not consider a family Ks based on ks, but only a
single function. Lemma 1 provides a uniform L?(Q7)-bound for the sequence
K(ss) divvs and we may assume the weak convergence to a limit function g.
The next lemma characterizes the limit.

Lemma 2. Under the assumptions of either Theorem 1 or Theorem 2, there
exists a subsequence 6 — 0 such that

K(ss) divvs = gs — g = K(s) dive  weakly in L*(Qr), (3.4)
where K(s)divv is interpreted as a distribution.

The lemma is shown below. We exploit it here to define the boundary
values of K (s)v-n by the integral

/2 (K(s)v-n)s, ¢ = | VIK(s)]-ve+ / g9+ | K()vVe, (39)

Qr

for all ¢ € C°(Q2 x (0,T)). With the following proposition we derive the
product outflow condition (2.10).

Proposition 1. Let vs = —k;s(ss)V[ps(ss)] with ks, 0sps > 0. Let
K(ss) — K(s), V[K(ss)] = V[K(s)], vs—=v inL*Qr), (3.6)

and let (3.4) hold. In the case of x-dependent coefficients we additionally
assume

(VoK) (s5) — (Vo.K)(s) in L*(Qg), (3.7)
ks(s55)(Vaps)(s5) — k(s)(Vape)(s) in L*(Qr). (3.8)

Then, for a signed measure i € M(X7), p < 0, and a subsequence 6 — 0,
we find
(K (s5) vs - )|, = (K(s)v-n)ls, + p in D'(3r). (3.9)

As a consequence, if the approximation satisfies (K(ss) — K(ag))vs-n >0
on XourT, then we also have

(K(s) — K(ag))v-n>0 on Xpur (3.10)

in the sense of distributions.
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Proof. We have to study limits of products, where both factors converge
weakly. The sequences V[K (ss)] and vs are bounded in L*(Qr), hence the
product is bounded in L'(Qr). For a subsequence § — 0 and some measure
v we find

VI[K(s5)] - vs — v in M(Qr). (3.11)
The limiting measure coincides in the interior of 2y with the formal limit.
Indeed, with the help of (3.4), we calculate for functions ¢ € C§°(Qr)

/ 0 dv vs VK (s5)] o = — K(s5) div s <p—/ vs K(ss) Vo
Qp Qrp Qr

Qp
3.4
o W—/ U.K(s)w(:)/ v VIK(s)] .
Qrp Qr Qr

We write v = V[K(s)] - v + u for some defect measure y € M(Qp). The
above shows that p is concentrated on the boundary, p = 0 on Qp. The
measure v is generated by

V[K(Sg)] * Vs
= (0K (s5) Vss + Vo K(85)) - (—ks(55)0sps(ss)Vss — ks(35)Vaps(ss))-

In both factors, the second term converges strongly in L?(Qr) by assump-
tion. Therefore the singular part p of the measure v is generated by
—0,K (s5) ks(85)0sps(s5)|Vss|? < 0, which provides p < 0.

We can now derive equation (3.9) for the boundary values with a function
0 € C(Q x (0,7)).

K(ss)vs-n @
S

- /Q VIK(ss) - vs o+ | K(s5)divus o+ / K(s5)vs Ve

QT QT

= V[K(s)]~v<p+/T<pd,u+/QTg<p+/QTK(s)vVgo

Qr Q

:/ET(K(s)v~n)|ng0+/ o dj.

Xr

This proves (3.9). Inequality (3.10) follows immediately upon taking distri-
butional limits,

0<(K(ss)— K(ap))vs-n— K(s)v-n+pu— K(ag)v-n
< (K(s) — K(ag))v-n.

This was the claim in (3.10). O
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Identification of limits with compensated compactness.

It remains to verify Lemma 2, i.e. to identify the limit in the weak conver-
gence K(ss)divus — K(s)dive. This can not be done on the basis of the
convergences alone, but we must exploit the differential equation.

Proof of Lemma 2. We start by observing that gs = K(ss) divvs is bounded
in L?(Q7) by Lemma 1 and assumption (4.2) of Theorem 2, respectively. We
can therefore extract a weakly convergent subsequence gs — g. We have to
verify

/Q o= / VIK(s)] v o= [ KTy (3.12)

for all ¢ € C§°(Qr). In the following we perform all calculations for a-
independent coefficients and note that they remain valid under the assump-
tions of Theorem 2.

We use a primitive K : Q x [0,1] — R with §,K(z,s) = K(x,s) and
K(z,0) = 0. This allows to calculate

g — K(35)div Vs = K(Sg)[—8t85 -+ fa] = —8t [K(S(;)] + K(85)f5
— —O[K(s)] + K(s)f.

Here, the convergences K(ss) — K(s) and K(ss) — K(s) follow from the
convergence almost everywhere o.(ss) — o.(s) for all € > 0. We have thus
identified g = —0,[K(s)] + K(s)f.

We now show that 9;[K(s)] = K(s)J;s in the distributional sense, i.e.
that for all ¢ € C5°(€2r) holds

g K(s) O = i WK (s)]sp+ g K(s) s Oyp. (3.13)

This is derived by approximating the function & — K (&) by K*(§) := K(§ —
e), with the corresponding primitive K°. For the smooth solutions ss we
have the chain rule in the ordinary sense, hence

K*(s5) 00 = O [K*(s5)] ss o + K*(ss) s5 0pp.
Qr Qr Qp

In this equation we first send 6 — 0 and find

K¢(s)0,p = H[Ke(s)] s+ K*(s) s Opp.
Qr Qp Qr
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In this limit we exploited the compactness of o.(ss) and the uniform H'(Qz)-
estimate for K¢(ss) which follows from (3.2). We now send ¢ — 0 and find
(3.13).

After this preparation, we can now show (3.4). We mollify the limit
functions K = K(s) and v by convolution with a Dirac sequence (for any
continuation across the boundary), and find smooth functions K, — K lo-
cally in H'(Q7) and v. — v locally in L?*(Qr). For arbitrary ¢ € C§°(Qr)
we find, for ¢ — 0,

—/ VK -vp«— — VK. v
QT QT
= K. divu. ¢ + K.v.- Vo
QT QT

= K. (=Os+ flep+ K.v. -V
QT QT

= atKaSaSD‘l' Kasaat@_" KafaSO‘I' Ka'Ua'V(p

QT QT QT QT
— K sp+ K sOp + Kfo+ Kov-Vp
Qp Qr Qp Qr
=— | Ko+ | Kfp+ | Kuv-Vg
Qr Qr Qr

:/ go+ Kv-Ve.
Qr Qr

This proves the claim. O

4 Outflow problem for non-constant coeffi-
cients

In this section we transfer the previous results to x-dependent coefficient
functions k(z,s) and p.(x,s). The precise assumptions on k, p. and their
regularizations are collected in Assumption 3. They are not optimized with
respect to regularity properties.

Assumption 3. We assume that for some function a € C*(Q,(0,a)), a €
(0,1), the coefficients k(x,s) and p.(x,s) satisfy

ke ClQx[0,1,R), p.cC*{(z, s)|r€Qalr) <s<1},R),
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and we set p.(1) = [p.(1),00) if p(x,.) can be continued continuously to
(a(z),1]. We assume

k>0, 0k >0, k(z,a(x))=0, kV,p. bounded,

and that the estimates of Assumption 1 hold pointwise for all s and all x.
On the approzimations we assume ks \, k in C' and ks = 62 for s < a(x),
ps — Pe in C* on compact subsets of {(z,s)|lr € Q,a(z) < s < 1}, and
VEsVaps — VEVape uniformly on {(z,s)|z € Q a(z) < s < 1}. Further-
more, the estimates of Assumption 1 shall hold pointwise for ks and ps.

To simplify the notations we additionally assume that we have globally
only one bahavior of the capillary pressure curve: either a(x) < 1 for all x,
or Osps uniformly bounded for s — 1, or a = 1 and dsps — oo for s — 1,
uniformly on €.

The assumptions on f, sq, and p;, > p.(.,a) are as in section 2. We formu-
late the theorem with an assumption concerning estimates of the divergence
of vs. The assumption is verified in Lemma 1 for constant coefficients, and,
under different assumptions, in Lemma 5 for non-constant coefficients.

We use here again the regularized outflow condition with pressure driven
velocity (2.2) which was

vy — % s (55) (o) 1 (A1)

Theorem 2. Let T' > 0, let Assumption 3 hold, and let (ss,ps) be solutions
of the reqularized problems with vs = —ksVps and boundary condition (4.1).
We assume the divergence estimate

T
/ / k588p5|8t55|2 S C (42)
0 Q

with C independent of 6. Then, for a subsequence 6 — 0 and appropriate
limiting functions, there holds

S — 8 weakly-* in L>(Qr), (4.3)

U5 — v weakly in L*(Qr), (4.4)
ks(ss) — k(s) weakly in H'(Qr), strongly in L*(Qr), (4.5)
k3 (ss)ps — k*(s)p weakly in L*(Qr), (4.6)

and p(x,t) € pe(z,s(x,t)) almost everywhere on {(x,t)|k(x,s(x,t)) > 0}.
The limits satisfy
Os = —divv + f in D' (Qr), (4.7)
K v=—k’Vp in D' (Q7), (4.8)
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and v = 0 almost everywhere on {k = 0}. On the boundary 02 with
normal vector n the limiting functions satisfy v -n = 0 on Xy and
k*p =k (p. (pin)) Din 00 Ting. On Loy holds

v-n>0 on iouth UXnr, (4.9)
E*(s)p < 0 and k*(s)s — k*(ag)ag < 0 on Yoy, (4.10)
(v-n) - (K*(s)s — k*(ag)ag) > 0 on o1 (4.11)

The traces above exist in the sense of distributions.

Proof. Estimates, convergences, and definition of limit functions. The funda-
mental a priori estimates are shown in section 5. They provide boundedness
of the saturation ss, an upper bound for the pressure ps, and an L? estimate
for the velocity vs. In particular, we find limits s and v and a subsequence
with (4.3) and (4.4). In order to derive (4.5), it suffices to calculate for the
gradients

Vks = Osks - Vss + V. ks.

The assumption 0,ks < C'vks together with the L2-bound for v/ks|Vss| of
the energy estimate yield the boundedness of Vks € L?(Qr). Additionally,
time derivatives of ks are bounded due to (4.2). Together, we can assume
ks — k in H'(Qr) and (4.5). For the proof we additionally assume the
convergence pointwise almost everywhere. The identification of the limit
k = k(s) relies on the compactness result below.

The uniform upper bound for ps together with the uniform bound for
ksps implies that the family 15 := k}(ss)ps is uniformly bounded. We may
therefore assume 15 = kip; — ¢ in L?(Qyr) for some function . We now
define the limiting pressure by p(z,t) := ¢ (x,t)/k(z,t)? wherever k(x,t) is
positive. Since ksps is bounded and ks — k pointwise almost everywhere,
k%ps — 0 on {k = 0}. Therefore, this construction of p implies (4.6). Note
that we have not defined a pressure on {k = 0}, and for the sequel we set
k?p = 0 on this set.

Compactness. In order to derive the constitutive relation p(z,t) €
pe(x, s(x,t)) we need a compactness result. Loosely speaking, we want that
the convergence v — 1 is strong. For spatial derivatives of 15 we calculate

Vibs = ki Vps + 2ksOsks Vs ps + 2ksV ks ps,
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and find a uniform estimate in L?(€7). In order to control temporal varia-
tions of 15 we integrate the 0;ss-equation over a time interval (¢,¢ + h) to
find

t+h
85(t + h) - S(s(t) = / A (k:ngg) + f(;.

In order to avoid the boundary integrals we use again a sequence of cut-off
functions a. € C§°(Q, [0, 1]) with a.(x) = 1 for all z with dist(z,0Q) > e.
We multiply with (ks - s5)(t + h) — (ks - s5)(t) and «. and integrate over
Q x (0,7 — h) to find

/Q 0z aclss(t+h) —ss(t)] - [(ks - ss)(t +h) — (ks - s5)(t)]
t+h
= /QX(O,T—h) /t ks(T)Vps(T) - Ve (ks - 56)]i+h +Ch < C'h.

In particular, we have uniform interior bounds for finite differences of ksss.

We now have to distinguish two cases. The case that either p.(z,s) — oo
for s — 1 or that d,ps is uniformly bounded for s — 1 is the easy case. By the
uniform upper bound for the pressure functions ps, in this case, the functions
ks(s5)O0sps(ss) are uniformly bounded. The reasoning below remains valid
without the cut-off argument, i.e. for . = id.

The second possibility is that p.(.,1) = 0 with Osps(s) — oo for s — 1,
uniformly on 2. For a sequence C. — +oo for ¢ — 0 we introduce a limiting
value function

me € Cl(Q,R), m.(x) <0,
ksOsps < 2C: if kips < me, ksOsps > C- if kjps > me,

and the nonlinear cut-off function

ne(7,¢) = (€ = me(x)) - .

We claim that the sequence a.n.(1s) is compact in L? and that for a subse-
quence 0 — 0

045775(%) = asne<k§p6) - aens(k2p> in L2<QT) (412)

for all € > 0 from a sequence ¢ — (. Indeed, the partial derivative

o[n- (kips)] [ Olksss] - N 2ks0sksps + k320sps
0ss 0ss X{kips<me} ks + Osksss
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is uniformly bounded by the assumptions. Therefore the above interior
bound for temporal finite differences of ksss implies the analogous bound
for n.(k%ps). This implies the strong convergence of the left hand side of
(4.12), since the partial derivatives V,n. are bounded.

In order to conclude (4.12), it remains to identify the strong limit g.
of the sequence a.n:(1s). On the set {¢g- < 0} the function ¢. is also a
pointwise a.e. limit for a subsequence; this allows to conclude the pointwise
a.e. convergence kips; — n-'(q./a.) and the weak limit must coincide with
this limit. On the set {g. = 0} we have, by convexity of —n. and the weak
convergence kips — k?p the inequality 0 = ¢. < a.n.(k?p) < 0, hence

q. = a.n.(k*p) also on this set and (4.12) is shown.

Bulk equations. Based on the compactness result it is now easy to verify
the constitutive relation p € p.(s) for almost all (z,t) with k(x,t) > 0.
Indeed, on almost all points (z,t) with k(x,t) > 0 and k*p < m, for some ¢,
we have the pointwise convergences of ss(x,t) and of ps(x,t). This implies
p(z,s) € p.(s(x,t)), since ps — p. uniformly on compact sets. On the other
hand, for points (z,t) with k?p > m, for all €, we have p(z,t) > p.(x,1) and
thus, again, p(x, s) € p.(x, s(x,t)).

Regarding the limiting equation (4.7) it suffices to take the distributional
limit on both sides of 0;s5 = —divuvs + f;s.

Concerning relation (4.8) we claim that, for an arbitrary vector field ¢ €
Cs°(Qp, RY), there holds

/ k2ps Vks - o — EpVk - . (4.13)
QT QT
Once this is shown we can calculate

/k2v-<p<—— kgk(;vp(;.go:/ ps {3kiVks- @+ kiV - o}
Qr Qr Qr

— [ p BEVEk- 0+ KV -} D:ef—/ﬂ K Vp o
T

Qp

and find (4.8). In order to prove (4.13) we decompose, for arbitrary € > 0,
the integral as

/ kips Vks - ¢ = / k3ps Vks - X (12py<m.y + / k35 VEs - X (i2ps>me)
Qr Qr Qr

- k*pVk - OX {k2p<me} T / k*p V k- OX{k2p>m.} T 0:(1),
QT QT
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for 6 — 0. In the convergence of the first integral we used the strong con-
vergence of a.1.(1s), in the convergence of the second integral we used the
strong convergence V ks(ss) — V.k(s), which follows from the strong con-
vergence s; — s (on this set) and the uniform convergence V, ks — V, k.
The error term o.(1) — 0 for ¢ — 0 is induced by boundary layer integrals
(factor a.), and the term

/ kgpé 8sk5v55 : @X{kgp(;ng}'
Qp

In this integral, k2ps and dsks are uniformly bounded, and x Vs; = x (Vps —
Vaps)/Osps is small in L?*(Q7) by the energy bound (5.1) for Vps and by
1/0sps < 1/C.. In the above expression we now take the limit ¢ — 0 and
find

k*pVk - PX{s<1} T+ / kpVok - PX{s=1}-

QT QT

/ k3ps Vs - p —
Qp

Since V& x{s=13 = (Vk)(5) X{s=13 by the chain rule for Sobolev functions,
we have shown (4.13) and thus (4.8).

Regarding v = 0 on {k = 0} it suffices to use the energy estimate (5.1)
in the form

1 2
——=|vs 55)|VDs|"X{ss5>a
|t < [ ks T

ksOs
"2 s (55)Dups(53) |V ssl X sy + C <
or Vks
where in C' we collected terms generated by ksV,.ps. The estimate implies

that every weak L? limit of |vs| vanishes on the set, where the strong L?
limit of (ks)'/* vanishes. This yields the result.

Boundary relations. Based on the equation, the velocity v has a trace in
the distributional sense, and, additionally, vs -n — v -n in the distributional
sense on the boundary. This provides the Neumann condition along Xy 7.
Concerning the inflow condition on X, , it suffices to check the distribu-
tional convergence of kip;s. Let ¢ be a vector field, p € C(Qp, RY),

/ ]fg’pggO'n: {3k§V/€5p5'QO—i-/{Jngg'gO-i-kgp(;V'gO}
X7 Qr

— {3k2Vk:p-<p—kzv-g0+k‘3pV-s0}= pe-n,
QT X:T
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where we exploited again (4.13).

The outflow boundary condition (4.10) is verified with a calculation as in
Theorem 1. The product inequality (4.11) was derived in Proposition 1 of
section 3 for general coefficient functions. It suffices to check the assumptions
of Proposition 1. The convergences of (3.6) and (3.7) follow for a subsequence
from the pointwise a.e. convergence of s; on {a(x)+¢ < ss(z,t) < 1—¢} for
all € > 0. The limit (3.8) is a consequence of our assumption on the uniform
convergence of ksV .ps. O

5 Estimates

In this section we collect, for z-dependent coefficients ks and ps, the funda-
mental estimates for solutions of the regularized equation

Oss =V - (ks(s5)Vips(ss)]) + fs,

with boundary condition (2.2) and initial data sj. We impose the general

assumptions of subsection 2 and Assumption 3 for the coefficients. We find a
solution ss : Q7 — [0, 1] in two steps. 1) Extending the coefficient functions
to all s € R, we find a solution ss of the parabolic problem by local existence
theory and the energy estimate below. 2) The parabolic maximum principle
provides the bounds s(x,t) € [0, 1].

Another application of a maximum principle yields additionally an upper
bound for ps.

Lemma 3 (Maximum principle). There exists ppyax < oo independent of
0 > 0 such that ps(z,t) < ppyax for almost all (z,t) € Qr and all § > 0.

Proof. We recall that ppe. = max{py,(z,t)|z € X;,,t € [0,7]} is a finite
number. Furthermore, by the compatibility condition on the initial values
and the construction of the initial date for the regularized problem, we have
bounded initial values. For some py; > 0 we find ps(s3) < po < pur-

For bounded coefficient = — ks(z, 3) we may solve the following elliptic
problem for H : Q — R, H = H; 3,

—V - (ks(.,5)VH) =1, H=0on%;,, VH-n=-1onXyUZX,,.

We vary the parameter § in the set [a, 1] so that the coefficients ks are uni-
formly non-degenerate. Hjz(z) and its derivatives depend continuously on
0 €[0,00] and 5.
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We choose ¢ > 0 so small that d.ks(z,s)(9sps(z,s)) | VHss(x)]? <
(2¢)7! for all z, s, 5, and d, and then choose 5 € (0,1) close to 1 (speci-
fied below, independent of §) and enlarge py, such that ps(z, s) > pys implies
s > § independent of x and 9.

We compare the solution ps of the regularized problem with py,+eHj ().
Let ¢ be the first time instance such that ps(x,t) = py + eH(x) for some
x € Q. Necessarily, (z,t) is an inner point of Q. Exploiting Vp;(x,t) =
eVH(x) and Aps(z,t) < eAH(z), and thus

Vaks(x,5)Vps(x,t) + ks(z, 5)Aps(x, 1) < —e.
We can calculate in the point (x,t)

Orss =V - (ks(s5)Vps) + fs
= (Viks)(x, 35)Vps + (0sks)(x, $5)Vss Vs + ks(ss)Aps + fs
= [(Vaks)(z, 85) = (Viks)(,5)|Vps + [ks(s5) — ks(5)]Aps
+ (8sk5)(x, 85)V85 Vps —e+ fs
< Ce(1 — 8) + (05ks) - (0sps) ' *|VH (2)|* — e + Cp|1 — 5,

where C7, is the Lipschitz constant of f. Choosing § < 1 such that 1 —
5 is small compared to £, we find that the time derivative is negative, a
contradiction.

The result is obtained with pyax = max{py + cH}. O

Lemma 4 (Energy estimate). There exists C = C(T) < oo independent of
0 > 0 such that, for all 6 > 0,

T
/ / s(55) Vs Xqsssap + ks(55)0u05(55) | VssPXposeay < C. (5.1)
0 Q

In particular, the family of velocity fields is bounded, ||vs| 2. < C.

Proof. For notational convenience in the proof we assume the existence of a
number p € R is such that ps(z,a(z)) < p < ps(z,a) for all x € Q.

The estimate (5.1) is of energy type and can be obtained by a testing
procedure. Multiplication of the equation with a function ¢ € H'(Qr) and
an integration yields

t t
/ /@s(g <p+/ /ka(sa)Vpa'V<P
0 Ja 0o Ja
t t t
+// v5~n<p+// v5~n<p=//f6%
0 in 0 Yout 0 Q
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with Vps = 0sps(55)Vss + Vaps(ss)-

Loosely speaking, to find estimates for the gradient of ps, we must multi-
ply the equation with ps. This works in regions where the saturation is large
enough. To make the method rigorous, we set , : R — R, n.({) = (( — D)+
and use the bounded function p;, € H'(Q7) that continues the boundary
values on ¥;, and vanishes on the outflow boundary X, existing by the
assumption on p;,. We insert above ¢ = 1, (ps) — Pin, and exploit the uniform
boundedness of || (due to the upper bound for ps), vs-n > 0 and ¢ > 0 on
Yout, ¢ = 0 on ¥, and f5 < Oy, to find

t t
/ / 055 n+(ps) +/ / ks(s5)Vps (Vs Xips>ir — Viin) < C.
o Ja 0o Jo

In order to analyze the first integral we introduce the function Hs : Rx{ — R
such that, for all z € Q, Hs(p,z) = 0 and

B 77+(C)
OcH5 (¢, x) = Dsps(, p5  (2,€))

The function Hjs vanishes on (—oo,p) x € and is uniformly bounded on
(P, pamax] X . Since we can write

o 1+ (ps) _
N+ (ps)Oiss = ma&p& = O,[H;5(ps)],

the first integral is bounded. We arrive at

t t
/ /k5(85)\vp5\2 X{ss>a} < C+/ / ks(s5)Vps - Vin.
0 Jo 0 Ja

We next want to study the region with low saturation. To this end we
set 7_(s) = (s —a)_ + a and choose ¢ = 1_(s5). Exploiting 0 < ¢ < 55 <1,
vs-n >0 on Xy, S5 > a and hence p = a on X, and f5 < C, we find

T T
/ / k6(55)8sp5(55)|V85\2X{s5<a} + C_L/ / Vs - N
0 Q 0 in

T
<(C - / / l{;(;(s(;)vxpg . VSJX{s5<a}.
0 Q

By the uniform boundedness of v/k5V . ps we can absorb the last integral into
the left hand side. It remains to control the net inflow through X;,. We
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choose a smooth function o € C*(Q) with a = 1 on X, and a = 0 on X,,;.
We calculate

//mvs n—/ /leU&O& //u; Va+ a(—0,s5 + f5)

< C (14 [Jsllz2@r))-

We collect the estimates and find

t T
/ /ka(sé)\VP5\2 X{S5za}+/ //f6(55)3spa(85)|V86\2X{sa<a}
0 Q 0 Q

<O+ |Jvsllz2p))-

We can write vs = —ksVps = —ks0spsVss — ksVps and use the first expres-
sion for s; > a and the second expression for ss < a. Since ks is bounded,
and ks Osps is bounded on s € [0,a], the squared L?-norm of vs is bounded
by the above integral and an additive constant. O

Lemma 5 (Divergence estimate for non-constant coefficients). We study
k(z,s) and p.(z,s) as described in the beginning of section 4, assumptions
on initial and boundary value as before, and we additionally assume that for
some Cy the partial derivatives satisfy

|Viks(x,8)| < Co(1 — 8)ks,
|pr5(x75>| S CO7 V k5 8sp5(1 - 8) S CO'

Then, for some C' > 0 independent of &, the sequence 0;s5 satisfies the uni-

form bound
T
/ /k583p5|8t85\2 <C.
0o Jo

Proof. Once more, in this proof we omit the index ¢ in the expressions

ks(x,), ps(zx,.), etc. We define a function W(x,&) through 0:V¥(x,&) =

k(z, (p(z,.)) " 1(€)) and ¥(x,0) = 0. By the uniform bound p < pprax and the

assumption on kd,p, the functions x — V(z,p(x,t)) are uniformly bounded.
Multiplication of the equation

s =V (D) + ] ) G0 = ko (o)) O ),
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and integration over () yields

d d
/Q T {k Ors Oyp — f %\If} + /Z )+ /Z wkap

—— [ v Vi)

B 1, d
= [ aglkvel - [ kvpgma)

We write the last integral as

| ko GVl = [ ker e o
_ / KD Valk(z (o) €)= O
_ / K [Vah(z,5) = Ouk(z, ) - Dupz,9)*Vaple, 9)] 0
<c| RSBl 0= )k + VE@uolr, )
<c| T8l V@il ) 0

:c/ kVp| - (kdys 8ip)' /> .
Qp

The first factor under the integral is the velocity and uniformly bounded in
L?, the second factor appears squared on the left hand side of the inequality.
We can absorb the term.

Exploiting the Lipschitz assumption on f, we write
d d
f %\If < flz,t,1) =V +C |(1— s)k(s)0sp(s) Ors|
T

Qr dt Qr
T
—I—C/ |V 0sp(s)k(s)0ss|,
t=0 Qr

<C+ / flz,t, 1)U (z,t)dx
0

which can be absorbed in the left hand side.

The boundary integrals are treated precisely as in Lemma 1. By the
assumption on p;,, we can find a bounded function ¢ € L?H! which takes
the values 9,pi, = (O¢[¥ (pin)])/k(p™ (pin)) on i, 7 and vanishes on Yoy,
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and write

- R GV = [ div(h(s)va)

== | kg + keivoq+ks)oVa<e [ Koldivof +C.

The outflow boundary integral is written as

k(s ,
/ v, kOyp = / (T (p)+k p' Os
Eout,T z:out,T

where H : [0,1] x 2 — R satisfies H(z,a9) = 0 and 0,H(z,s)
k(x,s)(p(z,s))+k(x,s)p'(x,s). Thus H is non-negative and vanishes [0, ag
hence, initially. We conclude that the integral is non-negative.

[t}

)

O
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