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Abstract: The catalyst layer in a fuel cell can be described with the
help of a system of reaction diffusion equations for the protonic over-
potential and the oxygen concentration. The Tafel equation gives an
exponential law for the reaction rate, the Tafel slope is a coefficient
in this law. We present a rigorous thin layer analysis for two reaction
regimes. In the case of thin catalyst layers, the original Tafel slope
enters an effective boundary condition. In the case of large protonic
overpotentials we derive the effect of a double Tafel slope, essentially a
consequence of a thin active region within the catalyst layer.

Keywords: thin layer analysis, reaction diffusion, effective boundary condi-
tions, fuel cells, double Tafel slope

1 Introduction

The proton exchange membrane (PEM) fuel cell is an electrochemical device
that converts chemical into electrical energy. The membrane separates the two
gases hydrogen and oxygen. Protons diffuse through the membrane and react
in the cathode catalytic layer with oxygen. The electrons travel through the
external circuit and thus provide the electric current. The membrane is sepa-
rated from the flow chanels by gas diffusion layers (GDLs) which are chemically
inactive porous media.

The processes in the catalytic layer can be described with a system of two
reaction diffusion equations, see e.g. [2, 5, 9, 10, 16]. We follow the notation of
[2] and denote the protonic overpotential by 7 and the oxygen concentration by
C. The stationary situation is described by the following system for n and C.

V- (M, V) = Nncen/b (1.1)
V- (McVC) = peCe®. (1.2)
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In these equations M, and M¢ are effective diffusion constants, p, and uc are
effective reaction constants. The equations include a nonlinear source term of
exponential form. This source expresses the Tafel law: the reaction is propor-
tional to C'e™®, where the positive constant b is the Tafel slope. Equations (1.1)
and (1.2) are effective equations that can be derived from microscopic models,
see e.g. [2, 5, 9] for physical derivations and [11] for a rigorous analysis with ho-
mogenization techniques. Definitions of non-dimensional coefficients and typical
values are available in [2, 11].

The interesting effect of a doubling of the Tafel slope for large overpotentials
can be observed experimentally and in simulations [7, 9, 14, 15]. The most
accessible averaged quantity is that of the total production F', see the definition
below. The observation is that, in a wide range of parameter values, F' obeys
the exponential law (I) for some Tafel slope b, where k is a reference value of
the potential 7. Instead, for extreme values of k, one observes the dependence
(IT). This effect is known as the doubling of the Tafel slope. We mention that
even a quadruple Tafel slope is reported in [9].

(I) F(/{:) ~ e/t (H) F(k) ~ ekl (2b)

In this contribution we derive laws (I) and (II) in different regimes of the
fuel cell parameters. We always start from the reaction diffusion system (1.1),
(1.2). In the limit of a thin catalyst layer we derive (I), in the limit of large
potential we derive (II). The precise statements are given in Theorem 1 below.

The limit analysis leading to (I) follows the lines of many classical applica-
tions of asymptotic analysis. In [6], a large source term in a small layer results in
an effective boundary condition for the bulk equation. A similar effect appears
in [1, 13] in an homogenization limit. In the much more involved equations of
elasticity, one is interested in equations on the lower dimensional limit of the
thin layers, see e.g. [12]. Reduced dynamics in thin films appear in micro-
magnetics, see e.g. [4]. Another application are phase field models and their
limits, see e.g. [3, 8]. We mentioned prototypical articles and refer also to the
references therein.

Concerning (II) we are not aware of any rigorous results. The effect of a
double Tafel slope is specific to the exponential form of the nonlinearity.

Main results

We describe here our system of equations in the one-dimensional case. The
diffusion constants M, and M¢ can be incorporated into new effective reaction
rates p, and pc. A boundary value €7 > 0 for the oxygen concentration at
the oxygen flow chanel is assumed to be given. We introduce two numbers that
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determine the overall regime of the reaction processes: The (small) number
0 > 0 denotes the thickness of the catalyst layer, the number k£ a boundary
value for the protonic potential (on the side of the PEM). We consider the
overpotential 7 = 7% and the oxygen concentration C' = C%*. The thin catalyst
layer occupies the domain §25 = (0, ), the total flow domain is Qy = (0,1) and
consists of the catalyst layer and the adjacent GDL. We consider the equation
for n in Qy,

?n = pu,Ce”®  in Qj, (1.3)
n(0) =k, 9.m(5) =0, (1.4)
coupled to the equation for C' in €,
2C = peCe’1q, in Q, (1.5)
2.C(0)=0, C(1)=0C, (1.6)

where 1, denotes the characteristic function of €25. Of particular interest is
the total production or protonic flux

5
Fsp = / ,unC'e”/b = —0,n(0).
0

For the one-dimensional case our results are collected in the following theo-
rem. It provides two effective models, one for thin catalyst layers, another for
high potentials. In the first regime we must scale the reaction constants with
0 in order to have a finite production in the thin layer; in the corresponding
effective model the catalytic layer is replaced by a boundary condition that in-
cludes the Tafel law. In the second regime we derive an explicit formula for the
total production in the thin layer. The formula shows the doubling of the Tafel
slope.

Theorem 1. Let C%F and n** be solutions to equations (1.3)-(1.6) for C; > 0.
Then, for a universal constant q; > 0, the following limits hold.

(i) For p, = /0, pe = ug/d, fived k, py, pe; > 0, and any sequence § — 0
there holds C%F — C% weakly in H*(Qy), where C%F is determined by
the effective equation

D2COF =0 in Q,
0,C%(0) = us,COk(0)eH?, OO (1) = C.

The production rate satisfies

Fsp,

* 0,k _
Py py G (0) =

as 6 — 0. (1.9)
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(it) Given a sequence k — oo and parameters pi,, > 0, 6 = §(k), pc = po(k)
with §(k) — do € [0,1), §(k)ek/®) — oo, pe(k)e?® — [e > 0, and
§(Kk)> e/ @) (k) — 0. Then the total production satisfies

F —
T??kb) — q1 /b, C for k — oo, (1.10)
where C'is defined by

C’—Fql/lc(l - 50)\/1)6/#7] = Cl.

We remark that solutions C% of (1.7)—(1.8) are affine, which immediately
implies the equality in (1.9). To illustrate the two cases of the theorem, typical
solutions are sketched in Figure 1. For an even more direct comparison of the
results we note the following. In case (i), for pug — 0, formula (1.9) simplifies
to (1.11), whereas in case (ii), for fic — 0, formula (1.10) simplifies to (1.12),

Fs 1,

W — ,u:;C’l as 0 — O, (111)
F,
T;(’ka) — q1 /b, Cy for k — oo. (1.12)

In Section 2 we analyze system (1.3)-(1.6) in the N-dimensional setting.
The effective equations are derived, the one-dimensional case provides (i) of the
theorem. The proof of (ii) is the aim of Section 3. We note that this second
result concerns small reaction constants uc. Numerical calculations for the
universal constant provide ¢; ~ 1.413.

2 Thin catalyst layers and moderate potential

In this section we prove the first part of Theorem 1 on rectangles in RY. The
space dimension NN is arbitrary, we present results and proofs in the physical
case N = 3. For the boundary condition of 7 corresponding to (1.4) we write 7
instead of k. In this section, the function 7 is kept fixed and we suppress the
superscript k. Accordingly, we write C?, C° and Fjs instead of C%*, C%* and
F; 5.k

We analyze the case that the catalyst layer is thin and the reaction rates are
large. The two quantities are balanced in such a way that the total production
remains finite, i.e. y, and pc are of order 1/§, we write u, = /0 and pc =
pe /0. This assumption refers to fuel cells operating in a regime of high current
density. Referring to [2] we have, in SI units, § of order 1079, and u, and pc of
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Figure 1: Sketch of solutions 7°* of the one-dimensional system (1.3)-(1.6). On
the left we sketch the situation of (i), treated in Section 2: the solution for small
0 and moderate k is almost constant in the d-layer. On the right we sketch case
(i), treated in Section 3: the fast decay of the solution reduces the width of the
active layer and results in the double Tafel slope.

the order 10* (we used a current density iy of order 1072, and refer once more
to the collection of typical values in [11]).

We investigate the geometry sketched in Figure 2. The domain of interest
is composed of the homogenized catalyst layer Qs = (0, Ly) x (0, Lg) x (0,0) of
thickness 0, and the gas diffusion layer Qo5 = (0, L) x (0, Ly) x (9, L3). The
reactions are confined to the layer {25, in the limit § — 0 we expect an effective
equation posed on the entire domain €y = (0, L) x (0, Ls) x (0, L3) with a non-
homogeneous boundary condition on the boundary ¥ = (0, L;) x (0, Ls) x {0}
at the reactive side. As additional notation we use X5 = (0, L1) x (0, Ly) x{d} for
the interface between gas diffusion layer and catalyst layer, and ¥ = (0, L) X
(0, L) x { L3} for the non-reactive boundary, and denote by n the normal vector
to Qgs. For simplicity of notation we always impose periodicity conditions on
the remaining boundaries. We study the following macroscopic equations for the
overpotential 17 and the oxygen concentration C'. To emphasize the dependence
on § we write ° : Qs — R for the overpotential and C° : Qy — R for the oxygen
concentration.

V- (M,V7’) = %u;C‘Se"é/b in Qs (2.1)

=1 on ¥ (2.2)

n-(M,Vn’) =0 on X (2.3)
1

V- (McVC?) = gugcﬁen5/b1gé in (2.4)

n- (McVC®) =0 on Yy (2.5)

C? =0y on ¥ (2.6)
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A% X
Qs Qs Q,
CAT GDL GDL
L, % % Xy >
0 8 1 X 0 I X3
one—dimensional: x one—dimensional: x

Figure 2: Geometry of the d-problem and the effective domain for Ly = 1. In
the limit domain Qg = g5 U X5 U 25, the reaction term appears as a nonlinear
boundary condition on the left boundary 3.

For the derivation of effective equations it is useful to introduce the averaged
overpotential as

5
7_75(171>$2) :][ 776(331,1'2&) dy, 7 %o — R.
0

We will identify functions ¢ : 35 — R with ¢ : ¥5 — R.

Theorem 2. (Effective equations in thin catalyst layers) Let n°, C° be a weak
solution of (2.1)-(2.6) and let the boundary conditions be given by ny € H'(3o)N
L>®(3g) and Cy € H (Qo) N L>®(Qy), Cy > 0. Then, for every sequence 6 — 0
there holds

7’ — o strongly in L*(3)
C° — C°  weakly in H'(Q)

where CV satisfies weakly the effective equations

V- (McVC) =0 in Qo (2.9)
n- (McVC?) = —piCOem/b on X (2.10)

with the other boundary conditions remaining unchanged. The production rate
satisfies

5
Fs = / un056”6/b — ,u;’;/ COemo/ for d — 0.
0 D30
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Proof. We start with the a priori estimates for the sequence (C?,7?) of solutions.

Uniform bounds. The maximum principle can be applied to the oxygen
concentration C? since the factor %e”é/ b on the right-hand side of (2.4) is non-
negative. In particular, we obtain

0 < C° < ||Cill () (2.11)

The non-negativity of C° implies that the right-hand side of (2.1) is non-
negative. The maximum principle for n° implies the upper bound

supn’ < supnp. (2.12)

Qs >o

Note that we only have an upper bound for n°, but this already provides a
uniform bound of the exponential term e’ /b,

Energy estimates. We extend the boundary values 7 trivially to the function
no(1, T2, v3) = no(1,72) and multiply (2.1) with 7° — 1. An integration over
Qs yields

1 I
M77V77‘S -V + 5/ ,1177056776/1’775 = MnVn‘s -V + 5/ unC‘Se”&/bno.
Qs Qs Qs Qs

The uniform bounds for C? and €7’/ provide the boundedness of the second
integral on the right-hand side. Since the function £ef is bounded from below
for all £ € R we additionally have a uniform lower bound for the second integral
on the left-hand side. We conclude that the H'(£2;)-norm of 7° is bounded, in
particular ||Vn®||z2(,) < c. Furthermore, we have by Poincaré’s inequality

)
17 = ol ocsay = H][ (o — o)
0 £2(

< 51/2 Hv(nd N 770)”[,2(95) < 051/27

< LI,
- 5172 H77 - UOHLQ(Q(;)

and therefore the strong convergence of 7°, i.e. (2.7).
We now multiply (2.4) with C° — C} and integrate over Q. We obtain

1
McVC? - VC? + / 5#’5056"5/b(05 —C) = [ MVC? -V,
Qs

Qo QO

The second integral on the left hand side is bounded from below by the uniform
bounds for C°, C}, and e”’/b. Holder’s estimate yields the boundedness of C°
in H'(Qg). In particular, we can select a weakly convergent subsequence with
a limit as in (2.8).
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The equations for C°. Multiplication of (2.4) with ¢ € D(Qy U Xy) and an
integration over () yields

1
McVC? -V + / SM*CC%”‘*/%@ = 0. (2.13)

Qo Qs

In the first integral we can pass to the limit by the weak convergence of C°.
Lemma 1 below provides the nontrivial limit

1
/ 5%056"5/ o — [ peClem™byp
Qs >o
for 0 — 0. Thus, the limit equation of (2.13) is

McVC? -V + / s C%em/bp = 0,

Qo Yo

which is the weak form of (2.9)-(2.10). The limit problem has a unique solution,
therefore the whole sequence converges.

The limit expression for the production rate. Setting ¢ = 1 in (2.14) yields
J 8 J S
Fs = / unC"se" /b= ,u:‘]][ Coem /b oy COemo/? for 6 — 0.
0 0 Yo
This was the claim. O

In the above proof we used a convergence result which is the consequence of
the fact that n° has small variations in the thin layer €.

Lemma 1. Let n°, C° be the solutions of (2.1)-(2.6) as in Theorem 2, with
boundary condition ny and limit C°, and let ¢ € C°(Q). Then

OO’ by — | C0emiby for 6 — 0. (2.14)
Q(g 3o

Proof. First step. We claim that the averages of C? converge weakly,

é
][ C%(.,y)dy — C°|  weakly in L*(%,) for § — 0. (2.15)
0

Yo

Indeed, the trace theorem provides the boundedness of every restriction of C?
to a two-dimensional subset X, := {(z,y) : (z,0) € ¥} with the bound

HtracegyC‘SﬂLz < CHC(SHHl(QO) <ec.
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Jensen’s inequality implies that also the average of traces is bounded in L?,

é 1 6
][ Co(.,y) dy = H—/ tracegyC‘S
0 L2(0) 0 Jo ' L2(S0)
10 5
< 5/0 ||tracegyC' ||L2(ZO) <c.

The boundedness of fo(s C?% in L?(%,) allows to choose a subsequence and a
function g € L*(3g) with

5
][ C° — g weakly in L?(X) for § — 0.
0

It remains to identify g = tracey,C°, which also provides the convergence of the
original sequence. To this end we let 1 € C§(£2y U Xp) be an arbitrary function

and calculate
L{fe)e=s [ [ewrow

- 2(0%)+00)
0 Jo J(0,00)%(0,L2)x(,15) OY
0
- e CO :/ CO
o 0y( V) . (0

for 0 — 0. The left hand side converges to on g¥(.,0), we have therefore
identified ¢ and (2.15) is shown.
Second step. For the auxiliary function

é
us (1, T2, y) = € (z1,2,9)/b _ ono(w1,a2)/b
we have due to Poincaré’s inequality

lus|> < ed [ |Vus|> — 0. (2.16)
d Qs Qs

Here we used that in Ve'/b = %6”6/ bVn° the exponent n° is uniformly bounded
from above by the maximum principle and V7° is uniformly bounded in L?(£2;).
We can now perform the calculation for the product. For (z1,x2) fixed we find

(7[ C‘se” ) ][ Clem/b 1 ][ 05 el b 6no/b]
:e"O/b][ c° +][ Cous,
0 0
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and therefore, by (2.16),

1
][ 056776/1730 = / (][ C5ené/b) ©(-,0) 4 o(1)
Qs o 0
é
- / { (][ Ca) ($1’ .%'2)6770(:[1@2)/17%0(371’ X2, O)} dl’l d.fL"Q + O(l)
o 0

for all ¢ € C°%(Qp). The weak L%(X,)-convergence of the C?-average in (2.15)
provides the result. O

3 Thin catalyst layers at high potentials

In this section we are interested in the effect of a double Tafel slope, case (ii) of
Theorem 1. We have to analyze the one-dimensional system (1.3)-(1.6) in the
limit of high potentials, & — co. Omitting the dependence on §, we now write
n* and C* for solutions. We recall that we are given a sequence k — oo and
that the parameters § = (k) and puc = pc(k) satisfy §(k)*uc(k)e®*/ 20 — 0
and 6(k)ek/ @ — oo, Our aim is to derive (1.10).

Physically, the above asymptotic behavior of the parameters reflects the
case that the oxygen diffusion is large enough to provide an almost constant
oxygen concentration in the whole catalyst layer. This situation of large oxygen
diffusion D ~ 1/puc is also analyzed in [9].

In Subsection 3.1 we consider the case of a constant oxygen concentration
C € [0,00) in the whole catalyst layer, the corresponding potential is denoted
by 77*. We derive the limit of the production rate (1.10) in this simplified case.

In Subsection 3.2 we compare the solution for large oxygen diffusion with
the solution of constant oxygen distribution. In the case of a large diffusion
constant, the two solutions (C*,7*) and (C, 7*) are similar and we conclude the
theorem.

3.1 Production rate for constant oxygen concentration

We assume here a constant oxygen concentration C' > 0 in the whole cata-
lyst layer (0,6). Equations (1.3)-(1.6) then reduce to the following ordinary
differential equation for 7*.

Ot = ,u,?@eﬁk/b in (0,0)
7°(0) = k
0,7 (6) = 0.
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We are interested in the limit £ — oo and in a limit expression for the production
rate

)
Fe= 00 =, [ € (3.4
0

We will analyze equation (3.1) with methods of ordinary differential equation
theory. The expression (3.8) of Proposition 1 provides the double Tafel slope in
the case of constant C.

Our result is based on the following transformation of (3.1). We write shorter
n = i* for the solution of (3.1) - (3.3) and introduce

=0, =— and y:=aze/®),

In the y-coordinate, the right end-point of the equation is in yo = 5e*/ () With
¢ = u,C/b we calculate

920 2
9’n = 9*[blog(e*/?)] = 0, [b%] = bek/b9, [%] = beh/ [% — <8£) }

,unC_’e”/b = bk’ ¢h.
We see that the n-equation (3.1) is equivalent to the #-equation (3.5). In the

next proposition the ordinary differential equation (3.5) is analyzed. Note that
initial conditions instead of boundary conditions are imposed for this result.

Proposition 1. Consider, for given q,c € [0,00), the ordinary differential
equation

1

026 — Q(ayef = cf? (3.5)

6(0) =1 (3.6)

0,00) = g 3.7

for0 =0(y) ony € (0,00). Then there exists a critical value ¢* = ¢*(c) € (0, 00)

such that the solutions 0 = 6, of (3.5)-(3.7) satisfy

For q > q*, the solution 0 = 0, is monotonically decreasing,
for g < q*, the solution 0 = 0, is positive and unbounded.

The dependence of the critical value on ¢ is given by q*(c) = q1\/c with ¢, :=
q*(1). Numerically, we determined q; ~ 1.413.
The production rate of (3.4) satisfies

F ) -
ek/—éb) —bq*(c) = qi\/bu,C  for k — oo. (3.8)
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Proof. First step. Properties of solutions. Let 6 be a solution of (3.5) on a
maximal interval of existence (0, y,). We note that € can never reach 0; this can
be concluded e.g. from the transformed equation (3.1) which, by the positivity
of the right hand side, admits only linear growth to —oo for n = b log(6e*/?).
We furthermore note that ¢ is smooth on (0, y,).

The derivative 9,6(0) = —g is non-positive, hence there exists a maximal
Ymin € (0,9,) such that 6 is monotonically decreasing on (0, Ymin). Assume that
Ymin < Yq such that 0,0(Ymin) = 0. In this case, the solution is monotonically
increasing on (Ymin, ¥q); due to the quadratic nonlinearity, the solution is un-
bounded. We conclude that solutions have only two possibilities. (a) they are
monotonically decreasing on (0,00) or (b) they are positive and decreasing on
(0, Ymin), and increasing and unbounded on (Ymin, y,). We refer to Figure 3 for
a sketch of the phase portrait.

u

AN
~ _q*

~

\

Figure 3: Phase portrait for equation (3.5). The thick line is the solution for
initial derivative ¢* and separates the region with bounded solutions from the
region with unbounded solutions.

We can now define ¢* by
q*:=supQ, @ :={q > 0| the solution ¢ = 6, is unbounded}.  (3.9)

For ¢ = 0, the solution @ is increasing on (0, o) and unbounded. In particular
we conclude that the set ) is not empty. The claim in the second step below
verifies that the set @) is bounded. These two observations show that ¢* € (0, 00)
is well-defined. It remains to observe that for two number ¢ > ¢; > 0 holds:
If the solution # corresponding to ¢o is unbounded, then also the solution
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0, corresponding to ¢; is unbounded. This can be concluded from the phase
portrait, formally by concluding 0,65(y) — (9,61)(Y (y)) < 0, where Y(y) is
chosen such that 65(y) = 6,(Y (v)).

Second step. Solutions with fast decay. The aim of this step is to verify the
following

Claim: For ¢* > 4c the solution 6, satisfies, for all y € (0, c0),

0 < Gy(y) < e 2, (i)
0,0, q .
0 <5 (ii)

Proof of the claim. Assume that (i) is satisfied on (0,y9). We claim that
this implies that also (ii) is satisfied until yo. Indeed, the derivative satisfies

%0 2 .
o (B0) B OAF gt

Hq eq (0(1)2
Initially, we have azf‘] (0) = —q. This provides the estimate
0,0 Yoo g 2
(y) < —q+/ e dy < —q+ = < -1,
0q 0 q 2

On the other hand, let (ii) be satisfied until yo. Then
q
0y0, < —§0q

implies that (i) is strictly satisfied until yo and is, by continuity, also satisfied
on a larger interval. We conclude that (i) and (ii) are satisfied on R, and have
thus verified the claim.

The dependence ¢*(c) = ¢*(1)+/c follows immediately by a scaling argument
with the substitution z = \/cy.

Third step. Limit of the production rate. We keep ¢ fixed and omit the c-
dependence in the following. For the sequence of solutions n = 77* of (3.1)—(3.3)

we consider
en/b

mv Yo = yO(k) = 5(k)ek/(2b)7

0=0,=

such that 6 solves (3.5)-(3.7) on (0,yo). The unknown value ¢ = ¢ = —9,0x(0)
is determined by the boundary condition 9,6x(yo) = 0. We note that 6, > 0
holds by definition of  and that 6}, is monotonically decreasing on (0, yo) because
of 0,01(yo) = 0. The initial condition satisfies g, < ¢*, since a continuation of
the solution 6 beyond g is necessarily unbounded. The boundedness of the
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Layer equation, C=1

05 . |l

135 13 125 12 118

80 155 15 145 14

y q

Figure 4: Numerical solutions of system (3.5)-(3.7). The results were obtained
by M. Mihailovici using MATLAB.

derivatives g, allows to choose a subsequence k — oo such that ¢y — ¢ for
some limiting value ¢, < ¢*.

The functions 6, defined on (0,yo(k)) with yo(k) — oo, are uniformly
bounded with uniformly bounded second derivatives. We may therefore as-
sume that our subsequence satisfies 0, — 0., uniformly on compact subsets of
[0,00). By the boundedness of the second derivatives, also the first derivatives
converge uniformly and we find —go, «+— —¢q = 0,0,(0) — 0,0(0). The limit-
ing function 6., inherits the properties of f;: it is a solution of (3.5) and it is
bounded by 1. This implies ¢, > ¢* and we have thus verified g, — ¢, = ¢*.

The production rate is

Fk = - :cﬁk(()) = —ek/() bay[log(ekek/b)] — _peh/ () 8%}?’(9(5?)7
y=0

hence )
F}, .
SR/ —00,01,(0) = by - bq* = bag1v/c.

Recalling ¢ = p,C'/b, this concludes the proof of (3.8). O

Numerically, we determined the value ¢; = 1.4134+0.002. We refer to Figure
4 for the shape of solutions for various values of ¢.
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3.2 Asymptotic behavior in case of large oxygen diffu-
sion

The aim of this subsection is to determine the asymptotic behavior of the total

production Fy for the coupled system of equations (1.3)-(1.6) in the limit k& —

oo. In the case of a small reaction constant puc = puc(k) we are able to compare

these solutions (C*,n%), in the catalyst layer, with a family of solutions (C, #*)
of (3.1)-(3.3). The subsequent proposition concludes the proof of Theorem 1.

Proposition 2. Let p, > 0, let k — oo be a sequence and 6 = 0(k), pc = pco(k)
be parameters with 6(k) — & € [0,1), 6(k)eF/ @ — oo, uc(k)e/ ) — [ €
[0,00), and 6(k)® /@) e (k) — 0. Let (n*, C*) be the corresponding solution
of (1.8)-(1.6). Let the real number C > 0 be the unique solution of

C’+q1ﬂc(1—50)\/bé/un:C’1 (310)

and i* be the solution of (3.1)-(3.3), according to C. Then the following con-
vergences hold.

(i) HC'“ — Cllz=(smy) — 0 and ||n* — 7¥|| Lo (0,50 — O for k — oo,

(i) k/(% — q11/bu,C for k — oc.

Proof. We first note that from the assumptions we also have the decays
62 (k)e* P uc (k) — 0, 63 (k)e*/ @) e (k) — 0, and 6*€®*/*uc (k) as k — oo.

First step. Convergence of C*. From the maximum principle we know the
bounds 0 < C* < C; and 7*, 7% < k. In particular, we have C*(0) € [0, C}] and
we find a subsequence and C' € [0, Cy] such that C*(0) — C for k — co. We
will later derive the characterizing relation (3.10) for this limit C'.

Integrating equation (1.5) we obtain for any x € €

0,0 () = /w pe(K)CFe™ 1o, < Suc(k)Cret!”,
0
and therefore, for all z € [0, §],
C*(z) — C*(0) = /Ox 9,C* < 62 e (k)Cype’?
By monotonicity of C* we find, in particular, the C*-convergence of (i).

Second step. Convergence of n*. We subtract the equations (1.3) and (3.1)
and test with the difference (n* — 77*). We obtain

) ) )
/0 0,3 — )P = / (C— CYer P — ) — C / (1 — Yt — ).
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Due to the monotonicity of the exponential function the second integral on
the right-hand side is nonnegative such that Hoélder’s and Poincaré’s inequality
allow to estimate

5 5
[ e —ahe < [ (@ - enert it it
0 0
< GPMC = CMloo 100" = 7) | 22(02p)-
The last estimate implies, with the fundamental theorem of calculus,
1 = 7" lloe < 8210:(0" = 71")l12(05) < 62|C = CF|loo < 8 e (k) Cre™ .

We find, in particular, the n*-convergence of (i).
Thard step. Convergence of Fy. Comparing the total production Fj corre-
sponding to n* with the production F}, corresponding to ¥ we obtain

1 _
—|Fp—Fy| =
n

é
/Xc%““-cww)ga&wmﬂ—mkﬁﬁcmwk—aﬂww
0

Since |e7"@)/b — 1" (@)/b] < Lek/bink(z) — i*(x)] for all z € Q5 we conclude

1 _ - C
—|Fy = Fi <3°(|C* = Clloo + 6 = ||n* — 7¥|os
in b
and from the results of the first and second step we have

1 _ 2
—|Fy, — Fy| < 8*Cy e (k)e /b 4 6 % o (k)e3r®. (3.11)
1

Finally, with the assumption on the decay of §(k)°u (k) we obtain

F
ek/ 2b) T ok/(20)

ek/ 2b = @1\ b C ‘

k:/(2b - bpnC ‘

where the right-hand side tends to 0 as k — oo due to the estimate (3.11) and
Proposition 1. This shows (ii).

Fourth step. Characterization of C. Since 9°C* = 0 on (4,1), the first
derivative of C* is constant on (d,1) and we obtain
Cy — C*(9)

1-46
Due to the definition of the total production we can calculate

1)
oy bitC — pe(k)F = py / RCF — 10, CH(5)
0

01— Ck o) C,—C
TS S p—
by the first step. m

0,C*(6) =
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