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MEHLER SEMIGROUPS, ORNSTEIN-UHLENBECK
PROCESSES AND BACKGROUND DRIVING LEVY
PROCESSES ON LOCALLY COMPACT GROUPS AND
ON HYPERGROUPS

WILFRIED HAZOD

ABSTRACT. For finite dimensional vector spaces it is well-known
that there exists a 1-1-correspondence between distributions of
Ornstein-Uhlenbeck type processes (w.r.t. a fixed group of auto-
morphisms) and (background driving) Lévy processes. An anal-
ogous result could be proved for simply connected nilpotent Lie
groups. Here we extend this correspondence to a class of commu-
tative hypergroups.

INTRODUCTION

Let V be a d—dimensional real vector space and let (7}),.p be a
continuous one-parameter group of automorphisms. M-semigroups (or
skew semigroups) are continuous one-parameter families of probabilities
(1(t)),;>0 on V satistying pu(t+s) = pu(t)xTi(n(s)), Vs, t > 0. These skew
or M-semigroups are distributions of (generalized) Ornstein-Uhlenbeck-
processes (resp. Mehler semigroups of transition kernels) and corre-
spond in a 1-1-manner to continuous convolution semigroups, the dis-
tributions of Lévy processes (called background driving Lévy processes).
The correspondence is expressed by path-wise random integral repre-
sentations of the involved processes. See [25] for d = 1, [2] or [32] and
the literature mentioned there. More generally, for random integrals
of additive processes see [37]. It should be mentioned that limits of
M-semigroups are self-decomposable laws and vice versa. For the back-
ground of self-decomposability and random integral representations on
vector spaces see e.g. the monograph [26], or [39, 28, 27|, furthermore,
[1, 38, 37], and the literature mentioned there. For some applications
of self-decomposability see e.g., [4, 29] and the references there.

For locally compact groups G admitting a continuous one-parameter
group (T3),cg € Aut(G), Ornstein-Uhlenbeck processes (or Mehler
semigroups of transition kernels) resp. M-semigroups on the one side
and Lévy processes resp. continuous convolution semigroups on the
other, are defined verbatim as in the vector space case. In the group
case — as random integral representations are in general not available
— at least for contractible simply connected nilpotent Lie groups a 1-
1-correspondence between M-semigroups and continuous convolution
semigroups is established via Lie-Trotter product formulas

n—1
(LT1) p(t) = lim K Tre (pe/n) (LT2) pp = lim p(t/n)"
n—oo k=0 n n—oo

which may be understood as weak versions of random integral repre-
sentations. See e.g., [14], §2.14, [16], Theorem C, [15]. (For a process-
approach under some technical conditions see e.g., [30].)

Date: Version 14.12.08.
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The proof relies (i) on the construction of (space-time-) Lévy pro-
cesses resp. continuous convolution semigroups on the space-time build-
ing I' :== G x R, (ii) on the existence of common cores for generators
of continuous convolution semigroups and (iii) on Lie-Trotter formulas
for addition of generators of Cy—contraction semigroups. The second
property, the existence of common cores, proved independently and
nearly simultaneously by J. Faraut, K. Harzallah, F. Hirsch, J.P. Roth,
(12, 11, 21, 22, 23, 24, 35], is crucial. See also [13, 8, 9, 19]. (In fact, for
our purpose a slight generalization of this result is needed, see Theorem
1.9 b), ¢) below.)

As a corollary it follows that the Bruhat test functions D(G) and —
for direct and semidirect extensions I' = G x R — that the subspaces
D(G) ® D(R) € D(I") are common cores for generators of continuous
convolution semigroups on G and I' respectively. A key result which
enables e.g. to verify (LT1) and (LT?2). (Recall that for Lie groups
D(G) is just CX(G).)

Recently M. Rosler [36] and M. Voit [40] investigated hypergroup
structures on the cone of non-negative definite d X d—matrices with a
group like behaviour. In particular, the structure of the automorphism
group is well-known, a homomorphic image of GL(R?). In fact, for
a € GL(RY) there corresponds an automorphism K > k — T,(k) :=

(cm2a*)1/ ? € K. In [17] some probabilistic aspects of these hypergroup
structures were investigated, especially divisibility, (semi-)stability and
also self-decomposability and M-semigroups. However, the problem of
existence of background driving Lévy processes and the correspondence
by Lie-Trotter formulas was not investigated there. This is the main
target of the present investigations.

Note that a version of the above-mentioned theorem of F. Hirsch et
al. for hypergroups is proved in the thesis S. Menges [33], 5.26. There
also the existence of a common core for convolution semigroups on
commutative hypergroups is established ([33], 5.17, 5.22). However, for
non-Abelian hypergroups there is no natural candidate for a common
core as e.g., D(G) for general locally compact groups. To find such
function spaces on semi-direct extensions and to show a core property
which allows to prove the analogues of (LT1) and (LT72) is a crucial
tool of this investigation.

In Section 1 we collect notations and basic facts for continuous convo-
lution semigroups and invariant Cy—contraction semigroups, including
a sketch of the afore mentioned Theorem of F. Hirsch et al. (in its
slightly generalized form.) In Section 2 we apply these results to the
case of locally compact groups (generalizing slightly the already pub-
lished results for nilpotent Lie groups). Section 3 contains the main
results: Theorem 3.1 and 3.2. The proof of the first is a consequence of
the results collected in Section 2, whereas Section 4 is concerned with
the proof of Theorem 3.2, the hypergroup case: For a class of hyper-
groups containing the afore mentioned hypergroups on matrix cones
the existence of background driving Lévy processes and the correspon-
dence via the Lie-Trotter formulas is established. The proof is quite
technical and sometimes cumbersome, but I was unable to find a more
elegant version.
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1. NOTATIONS AND BASIC FACTS

Let G be a locally compact group or a hypergroup. (Or a locally
compact semigroup with unit e and with a nice behaviour at co: for
all compact M, N C G the set {z € G :Vx € N xzz or zz € M} is rel-
atively compact.) According to the Riesz representation theorem mea-
sures u € M®(G) are identified with continuous linear functionals on

Co(G), the dual pairing is denoted by [, fdu = (f, 1).

Measures are also identified with linear operators, the convolution
operators acting e.g. on Cy(G) from right resp. left:

Rii (Rf)(@)i= [ faenm = fconn)
Lui (L) @)= [ fause) = (fonve)

In particular, for y = &;, we use the abbreviations R, := R., resp.
Ly, = Le,, for the right and left translations.

We collect some well-known properties of convolution operators which
are tacitly used in the sequel. ( See e.g., [18, 13], and for hypergroups,

[5].)

Proposition 1.1. a) R, and L, are linear operators acting on Cy(G)
with [|Rylloo = || Lulloo = [l1t]]oo

b) R,L,=L,R, forall uy,v € M°(G)

¢) R = R R, and L., = L, R, for all u,v € M*(G)

@) {f,pxv) = (Ruf.v) = (Lufop) Vv € MYG), f € ColG)

In particular, for v =e. resp. = e,

d1) (f,1) = Ruf () = Luf(e) Vi € MY(G), f € Co(G)

d2) f(wo) = (fiexn) = Ruyf(€) = Luy fe)  Vf € Co(G)

43) Ruf (20) = (200 % 1) = (Bufan) = (Lanfot) = (LugRof.20)
VY, v € MYG), f € Co(G), 20 € G

d4) L,uf(-CEO) = <f> M * 5x0> = <Luf> 5ato> = <Rxof7 ,u> = <RxoLufa €e>
vlu7y S Mb(G)a f S CO<G>7:CO €eG

Proposition 1.2. Let f € Cy(G), and let zg € G such that | f(zo)| =
1 flloo- Then [[flloe = [Raq f(€)] = || Ry flloo

H R,, is a contraction (Proposition 1.1 a) ), hence || Ry, flloo < || f]]oo-
On the other hand, according to property d2) in Proposition 1.1, | f(zo)|

= [(Ruo [, €e)], whence [|flloc = [f(20)| = |Ruo f(€)] < [| R floo

Let T := Ry, A € M®G). T is left invariant, i.e. TL, = L,TVz € G
(see Proposition 1.1) and (f,\) = T'f(e), T'f(x) = (L, f,\). This is a
motivation to define

Definition 1.3. A subspace D C Cy(G) is called left invariant if L,1D C
D, Vz € G, and a linear operator U : D — Co(G) is called left invariant
if D is left invariant and UL, = L, U Yo € G. Hence UL, = L,U for
all v € M*(G) with L,(D) C D.

In this case, we define the linear functional A : D — C by (f, A) =
Tf(e), hence (according to 1.1. d2) ) Uf(x) = L,Uf(e) = UL, f(e) =
(L. f,A). This motivates the notation U = R (in analogy to Proposi-
tion 1.1. d3) ).
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Definition 1.4. Let U : D — Cy(G) be a linear operator acting on a
subspace D C Co(G). U is called dissipative if for all f € D, for all
xog € G such that f(xo) = ||f|leo it follows R (U f(x0)) < 0.

Proposition 1.5. a) Let (13),5, be a Co—contraction semigroup on
Co(G) with infinitesimal generator <U = %]tZOTt,D(UD. Then the
domain D(U) is dense and U is closed and dissipative. Furthermore,
(I =U)DU) = Cy(G).

b) Conversely, let U be dissipative with dense domain D. Then (U, D)
1s closable, and the closure (U7 ]D) 1s closed and dissipative. Further-
more, (I — U)(D) is dense in (I — U)(D).

c¢) Ifin addition, (I—-U)(D) is dense in Co(G) then (U,D) is the gen-
erator of a (uniquely determined) Co—contraction semigroup (1t),-

In the latter case, D is called ’core’ for the generator of (Tt)tz(y

|[ This characterization of generators of contraction semigroups as
dissipative operators is known as Theorem of Lumer-Phillips ([31]). ]

As a consequence of the Riesz representation theorem we obtain

Proposition 1.6. A left invariant linear operator T'= Ra — A defined
as above in 1.3 — defined on D := Cy(G) is the convolution operator of
a bounded measure A = X\ € M®(G), and conversely.

In particular, a Co—semigroup of invariant operators on Cy(G) is
representable as (Ty = Ry, ), where (Ar),sq is a continuous convolution
semigroup in M®(G) with Ao = ..

We adopt the following notations: M*(G) denotes the set of proba-
bility measures and M(G) := {\ € M*(G) : [|A]| < 1}.

In the sequel we shall always tacitly assume for continuous convo-
lution semigroups that Ay = e.. Let (A¢),~y, Ao = €, be a continu-
ous convolution semigroup in M®(G) with corresponding Cy—operator
semigroup (7; = Ry,),»o- Then the infinitesimal generator (U, D(U)) is

a left invariant operator. If moreover, (\;) € MM(G) then (U, D(U))
is (left invariant and) dissipative.

In view of Popositions 1.5 and 1.6 we have:

Proposition 1.7. Let (U, D(U)) be left invariant and dissipative and
assume (I —U)D(U) = Cy(G), hence U is the generator of a Co— cont-
raction semigroup (Tt)tzo. Then Ty = R), for some continuous convo-

lution semigroup (Ar),sq € MY(G).

[[ For o > 0 the resolvent I, := (U — £1)~! is bonded, obviously left

invariant, hence a convolution operator of a bounded measure. Any T}
is representable as limit of exponentials of resolvent operators, hence

is itself left invariant. ﬂ

Remark 1.8. Let D be a core for the generator of a semigroup of
convolution operators (R/\t)tzo- Then, by a slight abuse of language, we
call D a core for the continuous convolution semigroup (At),s-

Now we are ready to formulate the announced result of J. Faraut,
K. Harzallah, F. Hirsch and J.P. Roth ([12, 11, 21, 22, 23, 24, 35]). We
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restrict to the case of continuous convolution semigroups with trivial
idempotents \g = &.. As mentioned in the above cited literature,
the results generalize easily to continuous convolution semigroups with
non-trivial idempotents A\g. (If Ay > 0 then Ay = wg, a Haar measure
on some compact sub-(hyper)group K ).

Theorem 1.9. Let D be a dense linear subspace of Cy(G).
a) Assume (i) L,DCDVreG and (i) RDCDVeeG
Let U : D — Cy(G) be a left invariant and dissipative linear operator.
Then the closure (U, ﬁ) is the generator of a left invariant contraction
semigroup (T; = Ry,),sq- 1.e., D is a core for the continuous convolu-
tion semigroup (\)) € MW(G).
b) More generally, (ii) may be replaced by (ii’) R,DCD Ve G.
c) Let (U D(U)) be a dissipative, closed and left invariant operator.
Assume D C D(U) to be left-invariant (i), and assume furthermore
(ii7) R,D C D(U) Vzx € G.
Then (U, D(U)) is the generator of a left invariant contraction semi-
group (Ry,),sq and D= span { R, D : x € G} is a left- and right invari-
ant core for (U, D(U)) (resp. for (A),sq) -

The following sketch of a proof follows — with different notations
— the lines of the proofs in [21, 22]. See also [13]. For hypergroups a
proof (of a) ) is contained in the thesis [33], 5.26.

Condition (ii’) is weaker than (ii), hence b) = a).
To prove b) we first note that
1. Condition (i) implies L,D C D Vv € M®G). In fact, approxi-
mating v by measures v, with finite supports such that L,, — L, in
the strong operator topology and observing L,, D C D for all n yields
L,,.f— L,f for f € D, and furthermore, UL,, f = L, ,Uf — L,UY.
Hence L,f e Dand UL,f = L, U f.

Analogously, Yg € D we obtain L,g € D and UL,g = L,Ug. (This
applies in particular for f € D, g := R, f.)

2. Letve ((i—_U)]D))L. Since (I — U)D is dense in (I — U)D, we
have v L (I — U)D.

Let f € D, let zy € G such that ||L, f||s = |Luf(20)| = |Ruy Lu f(€)],
i.e., for some ¢ with |¢| = 1 we have ||L, f|| = ¢- L, f(z0). W.lo.g.
we may assume ¢ = 1, else replace f by c- f.

As g := R,,f € D by assumption (ii’) we have
0 = ((I = U)Raf.v) = (LI = U)g,ec) = Lugle) — ULygle) =
Ray Ly f(€)=URu, Ly f(€) = [[Ruy L flloo—U Ray Ly, f(€). Since || Ly f||oo=
(Ryo Ly f) (€) = ||Ruy L f|oo (cf. Proposition 1.2) and U is dissipative,
we have RUR,, L, f(e) < 0. Therefore, || Ry, L, f||oc = 0. According to
property a) in 1.1, || L, f||oc = 0 follows. Since D is dense in Cy(G) we
have proved v = 0.

3. Therefore, (I — U)D is dense in Cy(G).

Assertion b) (and hence a) ) follows by Proposition 1.7.
To prove ¢), put D= span {R, D : x € G}.

Claim: D is a core for (U, D(U)). Hence (U, D(U)) is maximal dissi-
pative and therefore a generator.
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|[ Obviously, D C D C D(U). Hence D is dense, by construction left
and right invariant and therefore according to a), D is a core for the
closure of the restriction (U,D). Since (U, D(U)) is closed, we observe
D C D(U), hence (U, ﬁ) — (U, D(U)) and (I—U)D(U) = Co(G) since
(I — U)D is dense in Co(G) | O

We obtain immediately the well known result:

Corollary 1.10. Let G be a locally compact group. Then the Bruhat
test function space D(G) is a common core for all continuous con-
volution semigroups ()=, in MIY(G), in particular, for continuous
convolution semigroups of probabilities.

H D(G) is dense, left- and right-invariant and — according to the Lévy-

Khinchin-Hunt representation — D(G) is contained in the domain of
the generator of any continuous convolution semigroup. Cf. e.g., [18],
4.4.18, 4.5.8 for continuous convolution semigroups of probabilities, see

e.g. [8,9, 12, 10, 11, 13, 42, 43] for the more general case MM (G). ﬂ

Corollary 1.11. Let G be an Abelian locally compact group or an
Abelian hypergroup. Then the space of ‘analytic vectors’ A := (LY(G))"
is a common core for all continuous convolution semigroups (A¢),~q in
MW(G). (Here L} denotes the space of functions with compact support

which are integrable on the dual G w.r.t. the Haar resp. Plancherel
measure, and "V denotes the inverse Fourier transform.) Analogously,

~

C.(G)Y and L*(G)Y share this property.

[[ A is dense and left- and right-invariant. Furthermore, for any f € A

and any continuous convolution semigroup t — Ry, f = (Xt : f)v =
(et'w . f)v (with ¢ := log /\Al) is analytic. Therefore in particular, f is
contained in the domain of the generator. For groups a proof is found
in e.g. [7], for hypergroups see [33], 5.17, 5.22. ﬂ

Remark 1.12. For later use we note that the cores D(G) and A con-
structed above in Corollary 1.10 resp. 1.11 are invariant under auto-
morphisms of G.

2. SEMIDIRECT PRODUCTS I' = G x R: THE CASE OF LOCALLY
COMPACT GROUPS

Throughout in this Section G, G; denote locally compact topological
groups.

First we note a further corollary to Theorem 1.9:

Corollary 2.1. Let G;, i = 1,2 be locally compact groups with test
function spaces D(Gy), D(Gy) respectively. Then the subspace D :=
D(G1) @ D(Gy) € D(Gy ® Gy) is a common core for continuous con-
volution semigroups in MW (G, @ Gy).
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[[ On the one hand, D C D(G; ® Gy) € D(U) for any generator
(U, D(U)) of a continuous convolution semigroup as mentioned in Corol-
lary 1.10. On the other hand, I satisfies the conditions (i) and (ii) of

Theorem 1.9 a).

Now let G denote a locally compact group and let (7}),.p € Aut(G)
be a continuous one parameter group. The semidirect product I' =
G x R is the Cartesian product G ® R equipped with the group oper-
ation (z,s)(y,t) = (2Ts(y),s +t). T' is a locally compact group and
hence D(I') is a common core for continuous convolution semigroups
in MM(T). First we have

Proposition 2.2. Let G be a Lie group. Then D := D(G) ® D(R) C
D(T) is a common core for continuous convolution semigroups in M*(T')

Proof: In contrast to the above mentioned Corollary 2.1 now the proof
relies on the weaker assumption (ii’) in Theorem 1.9 b).

1. Left invariance (i) is obvious: For ¢ ® ¢ € D(G) @ D(R) we have

Ly (@ ¢)(x,8) = p(yTi(x)) - (s +1) = 1(x) - ¥a(s)
Hence Ly (¢ ® ) € D V(y,t) €T
2. Condition (ii’) is fulfilled:
Let (U = Ra,D(U)) be the generator of (R),),-,, with a continuous
convolution semigroup (A;),~, € MW(T). According to Corollary 1.10
D C D) € DWU). Let (ﬁ, D) denote the closure of the restriction
(U,D).
We have to show for all (y,¢) € I' that R, »D C D. In fact,

Riyn(p @) (z,8) = p(xTy(y)) - (s + 1)

We fix ¢, > 0,6, > O,Sgn) € Ri <i < N,. Let suppy C [a,b] C
Np
U[s™ = 6,, 5™ + 6,). Choose furthermore 7 € D(R) such that

i

suppy,” C [s1") =G, 8" +6,],0 <9 < Tand 37" 4" = 1 on [a,b].
Put wgn) = %(n) -1). Let g, — 0 and choose %,(”) and d,, such that
Nnp
[z, 5) = 2 (eTo) = T (®)) - (s + )l ey < en

We have
H(z,s) = Ry (p@1)(v,5) =

n

> (p(aTu)) — @aTpo (1)) ™ (5143 Pl () 4" (s+)

i=1 1=1

=: Gp(x,s) + F,(z,s)

By construction, ||G”Hq§2)(r) — 0, furthermore, F,, e D, H € D(I") C
D(U) and F,, — H in Cy(I"). The Lévy-Khinchin-Hunt representation
(cf. e.g., [18], 4.4.18, 4.5.8, [19], resp. [8, 12, 10, 11, 13, 42, 43]) yields
that the restriction of the generator U = Ry : C’éZ)(F) — Co(T) is
continuous. Whence ||UG, || — 0 and UF,, — UH.

Therefore we have H,, — H and UH, — UH, whence H € D, as
asserted.

3. Now the proof follows by Theorem 1.9 b). O
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In all examples we have in mind, the underlying group is a (simply
connected, nilpotent) Lie group. Nevertheless it is worth to point out
that this result is true for general locally compact groups G which admit

a continuous one-parameter group of automorphisms (73),.p € Aut(G):

Theorem 2.3. Let G be a locally compact group with (T}),.p € Aut(G).
We define as above the semidirect extension I' = G x R and put again
D := D(G) ® D(R).

Let (M)=g € MWO(T) be a continuous convolution semigroup with
generating functional A resp. infinitesimal generator (U = R4, D(U)).
Then D is a core for (A),sq resp. for (U = Ra, D(U)).

We sketch a proof:

D is dense in Cy(I') and D C D(I') C D(U). As before, it follows
immediately that D is left invariant.

Claim: R, D C D. (Again (U, D) denotes the closure of the restric-
tion (U, D).)

As in Proposition 2.2, let 6, — 0, let ¢ ® ¥ € D(G) ® D(R), define
as in proposition 2.2, H := Ry, ne ® ¥, v =) wfn) and decompose as
before H = F,, + G,,.

(T}) is a continuous one-parameter group. The connected component
Gy is characteristic and G/Gy is totally disconnected. Therefore, the
induced automorphisms T, act trivially on G /Go.

Choose an open subgroup G; C G such that G;/Gy is compact.
Then, (e.g., according to [14], 3.1.22) we have G; = lim G;/K* with

compact normal Tj-invariant subgroups K. Hence I'; := Gy x R is an
open subgroup of I' and I'y = limI'; /L with L* = K* ® {0}.

The Lévy-Khinchin-Hunt representation for general locally compact
groups (cf. e.g., [18, 19] resp. [8, 12, 10, 11, 13, 42, 43]) yields that
A = B+mn where 7 is a bounded measure (a Poisson generator), and B
is supported by I';. We have U = R4 = Rp+ R,, and, as 7 is bounded,
|R,Grllw — 0, and R, F,, — R, H.

Hence w.l.o.g. we may assume that I' = I'y is Lie projective.

Since ¢ € D(G) is constant on K*—cosets for some K® and all
functions involved are hence left K*—invariant, we may assume w.l.o.g.
that G = G1/K* resp. I' = I';/L®. Thus the proof is reduced to the
case of Lie groups, which was proved in Proposition 2.2. U]

Lie-Trotter formulas. We recall Lie-Trotter product formulas for ad-
dition of generators of Cj semigroups and its applications to continuous
convolution semigroups. For the background see e.g., P.R. Chernoff [6],
1.1, and the literature mentioned there. For continuous convolution
semigroups see e.g., [13].

Proposition 2.4. a) The sum U +V of generators of Cy— contrac-
tion semigroups (U, D(U)) and (V, D(V')) defines a dissipative operator
on DU)ND(V). If D(U)ND(V) is a core for U+ V (hence for the
generator of a contraction semigroup) then the involved semigroups are
related by the Lie-Trotter formula:

(LT) 6t(U+V) = lim <e(t/n)U6(t/n)V)"

n—oo

(Convergence in the strong operator topology.)
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b) Applying this to continuous convolution semigroups (resp. to the
corresponding convolution operators) we obtain:

Let (111) 0, (V)50 € MW(G) be continuous convolution semigroups
in on a locally compact group G. Let D be a common core for all con-
tinuous convolution semigroups (e.g., D = D(G)). Then the sum of
the generators is at least defined on D and its closure generates a con-
tinuous convolution semigroup (\;),~o. Furthermore, the Lie-Trotter
formula for continuous convolution semigroups holds true:

(LT+) A= lim (pjn % vipn)”

3. THE MAIN RESULTS

In the following we consider a sub-semigroup of M!(T), defined
as MLT) = {p®e :pe MY(G),t € R}. (Analogously MP (@),
Mill(f‘), ME(T) ete. are defined). Recall the definition of an M-
semigroup in the Introduction: A continuous family (u(t)),., € M*(G)
is a M-semigroup iff

(s +1t) = pu(s) * Ts(u(t)) for all s,t > 0.

Obviously, (44(t)),s, is a M-semigroup in M (G) iff (A := pu(t) @ &¢),5
is a continuous convolution semigroup in M (T"). Furthermore, as im-
mediately verified, for f € D := D(G) ® D(R) the generator U of
(Ry,) splits as Uf = (W + P)f (vesp. Wf = (U — P)f), with
Wi = 4 isoRuweef and £Pf = 2|, _oRege,,. W and £P -
by construction dissipative invariant operators — are extended to gen-
erators of continuous convolution semigroups (o} := i ® €9),~, and
(ptjE =&, ®5it) 1> Tespectively. (Cf. Theorem 2.3). Therefore, the
steps in Section 2 yield the following result (cf. e.g., [14]), 2.14 III,
[16], Theorem C. See also e.g., [15, 3] for applications:

Theorem 3.1. Let G be a locally compact group and T := (T}),-,
Aut(G) a fized continuous one-parameter group. Furthermore, let T :
G x R denote the semidirect extension of G defined by T. Then

a) D:=D(G)®D(R) is a core for any continuous convolution semi-
group of probabilities in M}(T).

C

b) There exists a bijection (u(t)),sq < (He);>o between M-semigroups
and continuous convolution semigroups, i.e., between (distributions of)
Ornstein-Uhlenbeck processes and (background driving) Lévy processes.
The bijection is expressed by the ’forward and backward Lie-Trotter
formulas’

n—1
(LTY) p(t) = lim K T (i) (ET2) e = lim (u(t/m))"
n—oo ;g n—00

For (matrix cone-) hypergroups we shall prove in analogy to the
group case:

Theorem 3.2. Let K be a matriz cone hypergroup (investigated in [36,
40]) with fized continuous one parameter group T := (T}),~, € Aut(K).
Define the semidirect hypergroup-product I' := G xR in canonical way.

Then the assertions a) and b) of Theorem 3.1 hold true in this situa-
tion, where D(G) and D have to be replaced by suitable function spaces
A and D (defined in the proof of Theorem /.21 and in 4.23 below ) on
the hypergroups IC and I' respectively.
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In particular, D is again a common core for all continuous convolu-
tion semigroups in MX(T).

The proof of Theorem 3.1, worked out in Section 2, relied mainly
on the Theorem 1.9 b). In fact, Theorem 3.1, in particular a), is well-
known and was used several times — at least in the case of Lie groups —
without pointing out that the original version of Theorem 1.9 a) needs
a straight forward generalization (i.e. condition (ii’) instead of (ii))
to handle the case of semidirect products. (See e.g. [14], §2.14, [16]).
We included a proof in order to show the differences to the case of
hypergroups:

The proof of Theorem 3.2 is more complicated and not straight for-
ward. In fact, the details are quite technical, but I was unable to find
a better way. The proof will be carried out in Section 4, in a series
of propositions, which may be interesting in their own right. Here we
sketch an outline of the proof:

1. Assume (4(t)),s to be a M-semigroup on K with corresponding
space-time semigroup (\;) in ML(I"). Then we construct a suitable core
€ for () such that on £ the generator U of the convolution operators
(Ry,) splits U = W + P, W generating a continuous convolution semi-
group (o = fi @ €0),», concentrated on L® {0} = K, and P generates
the semigroup of shifts (pt+ = 5(6715)) Note that the constructed
core & still depends on (\;).)

2. Then the Lie-Trotter formula (LT') (Proposition 2.4 a)) applied to
U =W + P yields (LT1). Hence (u(t)),q + (tt),5¢ is established.

3. Conversely, let (p;) be a continuous convolution semigroup on a
matrix cone hypergroup K. On these hypergroups there exists a sub-
space A which is a common core for all continuous convolution semi-
groups on K and is invariant under shifts and automorphisms. (Cf.
1.11, 1.12). By means of A we construct a subspace D C Cy(I') which
is a common core for continuous convolution semigroups in ML(T).

t>0" (

4. Furthermore, let V' be the generator of (111),~¢, let (01 := 1t ® €0) >
with generator W, and let P as above, then U = W + P is (the re-
striction to D of) the generator of a continuous convolution semigroup
(At = p(t) ®er)ng € MLUT). Applying the Lie-Trotter formulas to
U=W+ Presp. W =U — P and considering the space component,
i.e., the projection to K, we obtain (LT'1) and (LT2) respectively.

5. Together with step 1. this yields the bijection (1(t)),~o < (1¢);>0
as asserted. - -

4. SEMIDIRECT PRODUCTS [' = IC x R: THE CASE OF MATRIX
CONE HYPERGROUPS K

As announced in Theorem 3.2 our aim is to establish a 1-1-correspon-
dence between M-semigroups and continuous convolution semigroups
on a class of hypergroups with ’group-like behaviour’> Such hyper-
groups on the cone of non-negative definite matrices were recently
investigated, cf. [36, 40], a class of hypergroups which share many
features with locally compact groups. In particular, the group of au-
tomorphisms is well known, and there exist continuous one-parameter
groups of automorphisms in abundance. (See e.g. [17] for an overview
of some probabilistic structures on these hypergroups, in particular,
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the first section contains a collection of basic properties.) In the sequel
we have these examples in mind, but results and proofs depend only on
particular properties of IC, thus could be generalized to larger classes
of hypergroups.

Definition 4.1. Let K be the cone of positive semidefinite d X d-
matrices endowed with a hypergroup structure (investigated in [36, 40]).
(We restrict for convenience to the case of real matrices.) K is a com-
mutative Hermitean hypergroup, furthermore, self-dual (i.e., K is a
hypergroup = K ), with Pontryagin and Godement property. [n partic-
ular, Lévy’s continuity theorem is valid. IC is aperiodic, i.e., without
tdempotents except the unit e. The unit of the hypergroup IC 15 the
zero-matriz, denoted by e.

Automorphisms of IC are obtained in the following way: K is con-
sidered as subset of the d x (d — 1)/2—dimensional vector space H :=
K — K of (real) Hermitean matrices. For a € GL(R?) put T, : H >
k — ((ar) (a,‘-@)*)l/2 = (cm2a*)1/2 € K. The restriction to IC de-
fines an hypergroup automorphism of K. Let (T}),.p be a continu-
ous one-parameter group in Aut(K). Then there exists a continuous
one-parameter group (a; = exp(tQ)),cg © GL(R?Y) such that T, = T,,
vVt € R. And conversely, (T,,) C Aut(K) for any one-parameter group
(ay). In the following we fix T, := T,, with a; = expt-Q, t € R.

Let V := H ® R, the Cartestan product, containing I' := K @ R
as a subset. I', endowed with a convolution structure € s * €z =
(62 *emy(y)) ® Espt for (z,8), (y,t) € T and with involution defined by
(x,8)” = (T_s(x)~,—s) is a (non commutative) hypergroup. (The azx-
ioms are easily verified. Note that in our case, K is Hermitean, hence
in particular, T_s(x)~ = T_4(x).) Therefore, the notation I' =: K x R
15 Justified.

Probabilities on IC resp. onT' act by convolution on Cy(K) and Co(T)

respectively. We denote the left and right convolution operators as fol-
lows: Let f € Co(K),g € Co(I'), z€ K, (2,7) €I

Rofl@) = faxn) = [ 1) )

Lof@) = o) = [ fwidte ) )
Rengle.s) = 1G5 (z0) = [ 0nd (e * ) (00)
Lemalecs) = £(r) s @) = [ gln)d (e *2m) (1)

In an analogous way we define for measures A on I' resp. p on IC the
left resp. right convolution operators Ry, L,, Rx, Ly on K resp. I'.

Definition 4.2. In the following we restrict again our considerations
to measures on the ‘space-time building’ I' of the particular form \ =

p®e, € MUD) = {p®ey: p€ M (K),ueR}. In that case we
have

R gl 5) = / g (x*Tu(y). s +u) du(y)

Lyge,9(x, s) Z/Kg(y*Tu(x%SJrU) d(y)
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Note that for g = ¢ @1 we obtain (with ¥, : s — (s + u)):

Ryor.g(a,s) = /

K

@ (2% To(y)) duy) - uls) = (Fmgo @) () - vuls)

Lysesd(e.5) = [ o Tule)) duts) - u(5) = (L ) (Tl -0

The involution on I' induces involutions on on spaces of functions and
measures:

Let g € C*(T"). Then g(x,s) =g ((x,5)”) = g (T_s(x), —s)

Let A € MY(T). Then [. fd\ = [. fdX

In particular, for A = 1 ® £, we obtain X = T (i) @e_y.

We recall the notations of left invariant operators and subspaces

introduced in Section 2; we have to distinguish between invariant op-
erators on K and on the non-commutative hypergroup I'.

Proposition 4.3. a) For A\, u € MY(T) we have (X ) = Ji x A

b) For A€ MYT), f € Co(T) we have (Ryf) = L; ]

The existence of background driving Lévy processes: the map-
ping (1(t)),>0 — (1),

The hypergroup K is embedded into a vector space H, hence inher-
its a differentiable structure. Note that the action of T; on K resp.
H is smooth: t — (Tupio(k))” = exptQ r2exptQ* =: k(t)? is an
entire function, and K 3 = — /2 € K is holomorphic on K, :=
KNGL(RY). If the kernel N (k) # {0} then N(k(t)) = exp(—tQ*)N (k)
and N (k(t))*+ = exp(—tQ)N(x)*, hence the projections onto these sub-
spaces depend analytically on t. Whence the assertion easily follows.

We define particular differential operators:

Definition 4.4. For f € C’é”(H@R) (i.e. with continuous derivatives
in Co(H®R)) and (z,s) € H® R we put

d+ 1
Xflz,s) = — t:of(Tt(x)aSth)ZKTé;(f(ﬂ(fE),SH)—f(%S))
d+ o1
Pf(x,s) = T i—of(x,s+1) zll\r"%z(f(:v,s%—t) — f(z,s))
578 = T o f(Tw), ) = lm § (FTG@),5) ~ 1 (2,5)

For the restriction to (x,s) € I' we obtain:

Proposition 4.5. Let A € M*(T), f € C’[()I)(H R R), (z,s) €T

a) Xf(x,s)= 1{1& L%(s(e,t)—s(e,o))f(x’ s)
b) Pf(l’, 8) - 1{% R% (g(e,t)fg(eyo))f(x7 S)

Hence
c¢) R \Xf(z,s)=XRyf(z,s) d) LPf(x,s)=PLy\f(z,s)
e) sup [XR,f(x,s)] <Al (SU)I;F\XJ”(% s)

(z,s)el’

f) sup [SRyf(z,s)] < [[A]] sup |Sf((z,s)].

(z,s)el’ (x,8)€T
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[[ a)—e) are obvious, only f) needs a proof:

It is sufficient to prove the assertion for A = ¢, ,,). A simple calculation
shows SR(%u)f(l‘, S) = R(Ts(y),u)5f<.1}, 8). Whence

sup [SRyu f(x,8)] = sup |Rr ) Sf(w,s) <

(:B,S)GF (g;’,s)ef‘
sup sup |Riyw)Sf(x,8)] < sup |[RiyuSflleom < 15 ]lcom)- ﬂ
(y'w)erl (z,s)el (y'u)er

Proposition 4.6. Let f € CV(H®R), (z,s) € H® R.

J (F (T@).5) = fw5) + Lo (Flavs+0) = f(2.9)

= lim —
t\O0 t

=:Sf(x,s)+ Pf(z,s)

X f(z,s)

RICTE

fim [7 ([ (Ti(@), s +8) = flz,s+1) + 1 (fl2, 5 +1) = f(2,5))]

The second terms converge to Pf(z,s), hence also the first terms
are convergent, to S’ f(x, s) say. Now

§fs) =l [} (f (T@), s +) = f(Tia) )
+7 (f (Ti(2), s) = f(z,5)) =1 (f(2), s+ 1) — f(=,9))]

The first and third terms converge to Pf(z,s) and —Pf(z,s) re-
spectively, hence S’f = Sf as asserted.

The differential operators X and P are related by
Proposition 4.7. (Xf) (x,8) = — <13\jf> (z,s)

[¥Fes) = i (Fta),s +0) - fle, )

=l (f (T oTie),—s =) = [ (To(2),—5))
1

— lim s (f (D), =5 = 8) = f (Ty(2). =)

P T) s =~ (F) @s) ]

Definition 4.8. We introduce semi-norms on C(()l)(]HI ®R):

Al == sup [f(z; ), [[flly = sup [Xf(z,s)] = [[X[llw)
(z,s)el (z,8)€T
and ||fll) := 1Sl Finally we put [[|f||| := 35 [|f 1l
B denotes the completion ofCél)(H®R) w.r.t. |||-]||. (Since functions

coinciding on I' are identified, the Banach space B may be considered
as subspace of Cy(I").)

Proposition 4.9. a) B is dense in Co(I") w.r.t. || ||oc(= ] - ||(0))-

b) For all f € B there exist X f, Pf, Sf € Cy(I).

c) For all X € MYT), for all f € B we have |||Rxfl|| < ||M] - 1I£]]]-
d) In particular, for a continuous convolution semigroup (M), in

MUNT) the operators (Ry,)s, may be considered as Co—contraction
semigroup on Co(I") as well as on B.
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[ a), b) are obvious, ¢) and d) are immediate consequences of Propo-
sition 4.5 e) and f). ]

Definition 4.10. In the following let (A\; = u(t) ® ;)5 be a contin-
uous convolution semigroup in M (T') with \g = €(c0). Let (U, D(U))

resp. ([*], D([})) denote the infinitesimal generators of the Cy— con-

traction semigroups (R),),;sq on Co(I') and on B respectively.

Proposition 4.11. D([}) is dense in D(U) and in Cy(I"), furthermore,
D((}) is a core for (U, D(U)).

[[ In fact, by construction D((*]) C D(U) and D(U ) is dense in B
(0)-

w.r.t. ||| -[||. Hence also dense in Cy(I') w.r.t. || - ||
(I— (})D((}) = B, hence (I — U)D([}) is dense in Cy(I"). Whence the

assertion. ﬂ

Furthermore,

Remark 4.12. D(U) is left invariant since U is left invariant. But
the ||| - ||| —defining operators X and S are not left invariant. Hence we

can not conclude that D(U) is left invariant. That is the reason why
we have to use more complicated constructions in the sequel

Proposition 4.13. There exists a core € for (Ry,),s, (resp. (U, D(U)))

such that € C D(U) N D(P)

Proof: Let f € D(U), ¢ € D(R). Put g = gr.y : (x,5) — f(x,5)-9(s).
Let & :=span{gsy : f € D(U),v € D(R)}.

1. & C D(U).
In fact, we prove for g := gy : Ug(z,s) = U f(z, s)-¥(s)+ f(x, s)-¢'(s):
[ 1 oD+ = gla)du(t)o)

_ % / fl@*Tu(y), s +4) - (s +1) — F(z,5) - b(s)dp(t)(y)
K
_ [1/f(x*Ts(y),s—i—t)—f(%S)dM(t)(y)} (s +1)

b [ H ) { (605 + 1) — (s >>]
8 Uf(x,8) - d(s) + 4/ (s) - fla,s). ]

Convergence is uniform in (z, s) since 1 and ¢’ have compact support
and U f € Cy(T).
2. &isdensein Cy(I'). In fact, let L, be compact intervals, L, R,
e.g., L, = [—ky, ky] with k, /" co. Let ¢, € D(R), 11, <, <1p,,.
Then f(x,s)-¥,(s) — f(z,s) uniformly in (x, s) € I" (since f € Cy(I")).
3. (I -U)& is dense in Cy(I).
|[ We show: Ve > 0V f € D(U) there exists a g € & such that
I =U)f =T -U)gll = I(f —9) = (Uf = Ug)llsc <e. (Note that
(I = U)D(U) = Co(K).)

Let f € D(U), choose L,,1, as above, and assume in addition that
0 ||lso — 0. Put g,(z,s) := f(x,5) - ¥,(s). Then (I —U)g,(z,s) =
gn(xa 3) - Uf(l‘, S) wn(s) - f(xa S) w;(s), therefore? |(I_ U)f(.?f, S) -
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(I=U)gn(x,8)] < |If =gnll+U (@, 8)[-[1=n()[+[|fll0) [l =
0. Convergence is again uniform in (z, s) since Uf € Co(I). ]

4. The above steps remain true if & is replaced by

& =span{gs : f € D(0),v € DR)}.

(According to 4.11, D(U) is a core for (U, D(U)).)
In that case we have in addition &€ C D(P) (and PE C Cy(I")).

5.
[ Since D(U ) C B C D(P) (cf. Proposition 4.9) and Py (z,s) =
Pf(x,s)-v(s)+ f(z,5) - ¥'(s) ) ] D

Note that in contrast to & the core £ is not left invariant but the
core D(U) N D(P) is

Proposition 4.14. D(U)ND(P) is a core for (U, D(U)) (since the core
€ is contained in D(U)ND(P) according to 4.13). Furthermore, D(U)N
D(P) is obviously left invariant, since U and P are left invariant.

For f € D(U)N D(P) we have:
Uf=Wf+Pf,
where W f(z, s) = lim g fic f(zxTu(y), 5) = f(z, 8)dp()(y)

= 1{? 1 (Ru(t)@)ao - I) f(ZE, 8)

| Uf@) =tim s fi flax Tu(w).s +0) = fl.s)du(t)(v) =
:limlf,C (x*xTy(y),s +t) — f(z,s+t)du(t)(y) +
lim * i s e fla, s+ 1) — f(z,s)du(t)(y) = W f(z,s) + Pf(z,s)

(AU
Furthermore,

W f(a,5) = lim E /K J(a*Ty(y), s) = f (2, )dp(t)(y)
J%/f(x*Ts(y),ert)—f(x*Ts(y),S)du(t)(y)

K
[ s 0 - s

The second and the third terms converge to Pf(z,s) and —Pf(x,s)
respectively, whence

W) = lim 1 / fa*Tu(y).s) — Flz, s)du(t)(y)

follows. ]

Definition 4.15. A := {IC >z f(x,0) ::J.C (x): feDU)N D(P)}

Proposition 4.16. A is || -||—dense in Cy(K), left invariant (and also
right invariant, as K is Abelian).

D(U) N D(P) is a left invariant subspace of Cy(I"). In other words,
Liy.w(D(U)ND(P)) € (DU)ND(P)) V(y,u) € I'. Considering u =0
we obtain z/y (A)CAVyeK. ﬂ
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Now we are ready to prove the existence of a background driving Lévy
process:

Proposition 4.17. As introduced afore, we put f for the restriction
of f to{(y,0):y e K} =K. With this notation we have:

A3 frs WI(,0) =V f
is a left invariant operator A — Cy(K). V is dissipative (by construc-
tion) and has a unique extension to the generator of a semigroup of
convolution operators (R,,) >0 for a continuous convolution semigroup

(1) 0 € MU(K). In particular, A is a core for (112)0-

[[ A is dense in Cy(K) and left invariant. Since K is Abelian, A is

(trivially) right invariant. By construction, V' is dissipative, whence
according to Theorem 1.9 a) the existence of (1), C MO(K) follows.

Furthermore, according to Proposition 4.14, V' = 1{1(1)‘/,5 where V; =
2 (Ruwy — I) and pu(t) € MYK). Hence R,, = li\r%exps - V4, thus

=i 1 — > > 0. ﬂ
Is 11\14% exp sy (u(t) —ec) > 0 for all s >0
Proposition 4.18. Let (u),5 C M(f)(lC), W and V' be defined as
in Proposition 4.17. Let (0, := p; ® £9),50 € ML(T) denote the corre-
sponding continuous convolution semigroup, concentrated on K®{0} =

K. Put furthermore (pf[ = 8(37it))teR+'
Then W and £P are the generators of (Ry,),~, and (Rp:t> re-
= t />0
spectively.

H For all (z,s) € I" we have:
1
W) =l [ @09 = Fle.s)dute))
= 11{‘%% . (L(e,s)f) (T,S(JJ) *Y, O) - (L(:B,s)f) (T,S(I), O) d(:u’(t) (y>

— Vé (T_s(z)) (with g¢:= L(e,s)f)

d+ o o dt
= % t=0 ng (T—S(I)) = % |t:0RUtg (T_S(ZE),())

d+
= % |t=0RUtf (I, 8)

(cf. Proposition 4.17.) ﬂ

In view of Proposition 4.14, application of the Lie-Trotter formula
(LT) (Proposition 2.4 a)) to the decomposition U = W + P yields

Proposition 4.19. With the notations introduced above we obtain:
n—1

0 k=0

[[ The Lie-Trotter formula (LT) yields A; = lim (at n * p;L/n> . Con-

sidering the projection to the —component yields (LT'1). ﬂ
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In 4.17 we have proved p; € MS:)(IC). Now we are ready to prove
Proposition 4.20. y; € MY (K) for all t > 0.

H Assume ||p|| < 1 for some ¢ > 0. Then, as u, are positive, ||u|| =
e~ for some ¢ > 0. Therefore, in (LT'1) the right hand side has norm
< e . A contradiction to the assumption u(t) € M (K). ﬂ

We have proved that for any M-semigroup (u(t)),s, there exists a
continuous convolution semigroup (41¢),~,, the background driving Lévy
process, such that (L7'1) holds true. In fact, the following results
prove uniqueness of (j),-, and bijectivity of the mapping (1)~ —
(14(1)),5o- Bijectivity is proved by the inverse Lie-Trotter formula (LT2).

The existence of M-semigroups: The mapping (u(t)), —

(#t)tzo
First we show

Theorem 4.21. Let (Ut)tzo be a continuous convolution semigroup in
MYK). Then there exists a M-semigroup (u(t)),s, S M'(K) such
that (LT1) and (LT2) hold:

n—1
(LT1)  p(t) = Mim , Thyyn (peyn)  (LT2)  pp = lim (u(t/n))"
n—00 ;o n—o00

Proof: At the first glance it seems obvious to consider as before

d+
W =
dt

and to apply the Lie-Trotter formula to the representation U = W + P
resp. W = U — P. But a priori there is no 'natural’ common domain
for U, W, P. Therefore we have to find a slightly different approach.
This will be done in the subsequent steps, formulated as propositions.

Let (pu),59 € MY (K) be given, define (o, := iy ® €9),50 € ML(T),
put for ¢t > 0, Wy := 1 (Ry, = I), V, := 1 (ém —I) (acting on Cy(T")
and Cy(K) respectively). Furthermore, let (W, D(W)) and (V, D(V))
be the generators of the corresponding contraction semigroups (R,,)
and (Rm>.

Let A C D(V') denote a core for (4),-, with the following properties:

(1) A is left invariant (and right invariant, as K is Abelian).
(2) Ts(A) C A for all automorphisms 7.

=0, 020 =: m =0 Ro,

[ Such cores exist for K, e.g., A = (Li(l/@))v, the space of analytic
vectors, as mentioned in 1.11, 1.12. |
Define D := A ® D(R) C Cy(I'). Then we have:
(i) DcDW)
|[ Let f:=¢ ®1 € D. Then
Wif(z,s) = 1 (J o (@*Tuy)) — e()dp(y)) - ¥(s)

= (Viy) (T_y(@)) - 0(s) =5 (V) (Tos(2)) - (5)
(with v := ¢ o Ts € A.) We define: W f(z,s) := K% Wif(z,s) ]

(ii) D is left invariant and dense in Cy(I)
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[ Obviously D is dense in Cy(I"). To prove invariance we consider

Ly (p @) (2,8) = (¢ @) (yx To(x), s +1) =

(0.0 T0) (T-o(y) % ) (s+1) =Lz (9 0 ) (@) w(s+) = g(x)-€(s)
with g =Lir () (9o T)) € A and € € D(R). ] O

Proposition 4.22. Let f € D, (z,u) € I'. Then R f € D(W).

H In fact, by definition

WiRw) (0 @) (1,5) =

— [ @@+ Tera0) = o o T2 duly) - (s + )
= Vi (00 Tyyu) (T (5w () * Tu(2)) - (s + u)

=R (Vigsu) 0 To) (Tos(@)) - u(s)  (with ¢, = 00 Ty

t—0 @

— R, ((VQOS’“) © T—u) (T—s(‘r)) ’ %(3)
=V ((,0 o Ts+u) (T—(S-i-u)(x) * Tu(Z)) ) '(ﬁ(S + u)
= W (Rz (¢ @ 9)) (,5)

Convergence is again uniform on I'. ﬂ

Definition 4.23. Let D := span {Riwf:(zu) €T, feD}

Proposition 4.24. D is dense in Co(T) and left and right invariant.
Furthermore, D C D(W) N D(P).

W and £ P are, as limits of convolution operators, left invariant and
by construction dissipative. Hence U shares this property.

Therefore, according to Theorem 1.9 ¢), D is a core for P, W and
U:=W+ P. (Note that W =U — P.)

[[ Only D C D(P) needs a proof:
PR(z,u) (90 ® ¢> (l‘, S) = ll\I—‘%Rl(

T \E(e,t) "E(e,0)

VR (p @ V) (2,5) =

lim (¢ (2 *TS(Z)))-% (W(s +u+1) = (s +u) = @ (x+Ti(2)) P (s+u)

N0
Convergence is uniform since 1 and ¢’ have compact supports. Whence

the assertion. ﬂ

Proposition 4.25. The afore announced Lie-Trotter formulas (LT1)
and (LT2) (cf. 4.21) hold.

[[ Applying the Lie-Trotter formula (LT') (cf. Proposition 2.4 a)) to
U=W+Presp. W =U— P yields \; = nhir& (O’t/n *p:;n>n resp.
op = nh—{& ()\t/n * pt’/n>n, t > 0. Projecting to the space component K
vields (LT1) resp. (LT2) ]

We have proved, that (u(t)),sq, (M) © M4 (K) and have norm
@I, [|A¢l] < 1. Comparing the norms in (L7'1) and (L72) yields
again that p(t) and hence \; are probabilities.
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The proof of Theorem 3.2 is complete. 0

Remark 4.26. In the particular situation with given continuous con-
volution semigroup (ju),~, € M*(K) it is possible to find an alterna-
tive proof for the existence of a corresponding M-semigroup (1(t))y>0 €
MY(K) satisfying (LT1):

The alternative proof avoids space-time semigroups and relies heavily
on the fact that K is Abelian (this was used also before, to find an
example A of a suitable function space with prescribed properties) and
on the validity of Lévy’s continuity theorem.

[[ Let 11, = €'l with strongly negative definite —L : K (=K)— R. (For
definitions and properties of positive and negative definite functions
on hypergroups see e.g. [5, 41, 20]). L is a continuous function and
R > s+ Ty € Aut(K) is continuous. Define
n—1
M(t):= [y LoTds = lim £ LoTy,, =: lim M,(t)
k=0 n—oo

n—oo

(where T denotes the dual automorphism acting on K (=2 K)).

Obviously, M,(-) are continuous and —M,(-) are strongly negative
definite functions with corresponding continuous convolution semigroups

n—1 —_—
(’Ogn) = *M%) , where Ml(:t) = Tkt/n(ﬂt/n)> Pgn) = M) More-
k=
>0
over, eMnlt) 25 eM®) (for all + > 0), and the limit is continuous at
e. Therefore, according to Lévy’s continuity theorem for hypergroups,

there exist probabilities u(t) € M(K) with /7(?) = eM® and, since by

construction, ¢t — M (t) is continuous, t — u(t) is weakly continuous.
n—1

Furthermore, by construction, u(t) = lim % Tyy/n(pm). Le., (LT1)

holds. And in addition, Vs, t > 0, M(s+t) = M(s)+ M(t)oT%. Hence
(14(t)),>0 18 @ M-semigroup.

Note that by construction, ¢ — M(t) = fot L o T¥ds is differentiable

+

in t =0 with 4" [_oM(t) = L. (*)

d

On the other hand, if (*) is assumed for strongly negative definite
functions —M (t),t > 0, and —L : K — R is continuous and strongly
negative definite, then there exist u(t) € M!(K) and a continuous

convolution semigroup (i), such that (L72) holds.

[ Infact, p(t/n) = et MG) — eL . Lévy’s continuity theorem proves
the assertion (LT2):  p(t/n)" — p. |

As Fourier transforms on K are real valued, it is easily shown that
(LT2) is equivalent to the differentiability condition (*).

Hence we obtain:

Remark 4.27. The proof of (LT1) and (LT2) in Proposition 4.25
shows in view of Theorem 3.2 that for any M-semigroup on K with
Fourier transform p(t) = eM®  t >0, the logarithms M(t) are differ-
entiable at t = 0 and % li=oM (t) = L, the logarithm of the Fourier
transform of the background driving Lévy process.
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