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1 Introduction

Testing multiobjective evolutionary algorithms with benchmark functions improves
the knowledge about algorithms and allows a standardized comparison. In the fol-
lowing, an alphabetically ordered and updated list of multiobjective test functions
is given (based on [7]). The graphs of the Pareto fronts and Pareto sets are dis-
played. Additionally, a short characterization of the Pareto front and Pareto set is
given. Especially for benchmarking new algorithms, it can be very helpful to have
an intuitive knowledge about the properties of the test functions. Often Pareto sets
are neglected although it is generally advisable to have a look at the solution sets.

The graphs are generated by simple grid scanning of the decision space. In
contrast to random scanning (see [8]), the equidistant grid scanning generates a
neighborhood relation that increases the ability to interpret the solution structures
graphically. The transform of all scanned points of the decision space is plotted in
the objective space using small dots. The Pareto fronts are filtered by an effective
scanner which uses a fast selection scheme that is based on Borwein’s Theorem (see
[11]). The Pareto front is indicated by stars in the graphs in the decision space.
The corresponding Pareto sets are plotted in the decision space also using stars. All
functions and the scanner are written in standard C++. The plots were generated
with Matlab.

The functions are titled as commonly found in the literature. Short descriptions
of the type of the Pareto front PF},,. and the Pareto set Pj.,. are given in the
corresponding columns of the tables. In general the functions have been cited
as published in the original papers. In special cases parameter ranges have been
adapted for a better understanding of the idea behind the functions. A list of
references is given at the end of this paper.



2 Functions and Graphs

name of problem / | definition and restrictions characteristics
authors
Belegundu [1] F = (fi(z,y), fo(z,y)), with PF}ye linear and
A. D. Belegundu, conntected; Pirye
D. V. Murthy, R. filz,y) = 2z+y, linear and con-
R. Salagame, E. W. fo(z,y) = 2z+y nected
Constanst.

restrictions: 0 <z <5,0<y <3,

0>—-z+y—1,

0>x+y—7

Belegundu Pareto set

Belegundu Pareto front step size: 0.1

25r

15

2 (xy)
y values

0.5F

2 0 1 2 3 4 5
x values




name of problem /
authors

definition and restrictions

characteristics

Binh (1) [4]
T.T. Binh, U. Korn.

F= (fl(xvy)7f2($7y))v where

PF}.,e connected
and convex; Pjrye

_ 2 2
filz,y) = 2"+, connected and
2 2 :
fo(z,y) = (x—5)"+(y—5) linear
restrictions: —5 < z,y < 10
Binh Pareto set
Binh Pareto front step size: 0.5
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name of problem /
authors

definition and restrictions

characteristics

Binh (2) [5]
T.T. Binh, U. Korn.

F= (fl(xvy)7f2($7y))v where

filz,y) = 42° + 497

fa(z,y) =
restrictions: 0 <z <5, 0<y <3,

0> (z—5)* +y* — 25,
0> —(z—8)2—(y+3)2+77

(z=5)%+(y - 5)

PF}.,e connected
and convex; Pjrye
connected and
linear

Binh (2) Pareto front

Binh (2) Pareto set
step size: 0.25

i i i i i i

100 T T T 30
9of T R ] -
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30t 1
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name of problem / | definition and restrictions

authors

characteristics

Binh (3) [6, 7, 3] F = (fi(z,y), fo(x,y), f3(x,y)), where

Ji(z,y)
fa(z,y)
f3(z,y)

T.T. Binh, U. Korn.

:E—lOG,
y—2%107°
xy — 2

restrictions: 1076 < T,y < 109

PFie 1s weak
Pareto  optimal
(point  selected);
Piyye point solu-
tion selected

Binh (3) Pareto front

x 10"

10

y values (x 10exp6)
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o
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o
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I
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o
N
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1
o
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Binh (3) Pareto set

step size: 1.1 (factor)

05 1

x values (x 10exp6)




name of problem / | definition and restrictions characteristics
authors

Binh (4) [2] F = (fi(z,y), fo(x,y)), where PFyye is a curve;
T.T. Binh, U. Korn. Pirue 18 a curve
filzy) = z+y,
foz,y) = 1—exp(—4x)sin*(5rzx)

restrictions: —10 < z,y < 10

Binh (4) Pareto set

Binh (4) Pareto front step size: 0.1
10 T
8 L
50 6l
40 4
30
2 L
] g 0
10 ll >
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_4 F
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name of problem /
authors

definition and restrictions

characteristics

Deb (3) [8]
K. Deb

Minimize F' = (f1(x), f2(x)), where

with o =0.25+3.75- (g(y) — 1) and S

restrictions: 0 <z,y <1

PF}.,. connected
line; problem
difficult due to
change of ex-
pected PF-shape
from concave to
convex; multi-

0<y<04 | front problem;
04<y<1 | Pyye connected

Deb (3) Pareto front

f2 (x.y)

curve
iff<p-g
=1
Deb (3) Pareto set
step size: 0.005
AN 4
02 * * ok k)
*

0.4 0.6 0.8 1
x values




name of problem /
authors

definition and restrictions

characteristics

Deb (5) [8]
K. Deb

Minimize F' = (f1(x), f2(x)), where

filx) = f(x),
fo(x) = g(y) - h(f 9)
and

flz) = =

gly) = 1+10-y

o) = 1= (L) = (L) smer g

with: ¢ defined the number
of lags in the interval [0,1]
« = 2 is a typical choice

restrictions: 0 <z,y <1

PF;.e not con-
nected; Pipqye not
connected

Deb (5) Pareto front

12

2 (xy)

Deb (5) Pareto set
step size: 0.01
q:12

0 0.2 04

0.6 0.8 1 0

f1(xy)

X values




name of problem / | definition and restrictions characteristics
authors
Deb (7) [8] Minimize F' = (f1(x), f2(x)), where PFye  7ghost”
K. Deb tradeoff sur-
filx) = f(), faces, multi-front
f2 (X) = g(y) : h(f) g) problem; Pirye
and connected line
flz) = =
2
y—0.2
= 2_ —
9(y) exp ( < 504 ) )
2
y—0.6
—0.8- _
P ( < 0.4 ) )
1
/
Restrictions: 0 <z <1,0<y <1
Deb (7) Pareto front Dz?eg)sizgzr eot%;et
100 T T 1 T T
90’§ 09r
807; 08,
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e 06t
? 50 % 05
o i z
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name of problem / | definition and restrictions characteristics
authors
Deb (8) [8] Minimize F' = (f1(x), f2(x)), where PFyrye not con-
K. Deb nected convex
fix) = —f(2), curve; Pye line
fo(x) = —g(y)-h(f.9)
and
f(z) = 1—exp(—4-z)-sin®(57-2)
gy) = 1-10-y
h(f7 g) = V 1- f
restrictions: 0 < z,y <1
Deb (8) Pareto set
Deb (8) Pareto front step size: 0.02
8 T T 1 T T
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-
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name of problem / | definition and restrictions characteristics
authors
DTLZ (1) [10] Minimiere F' = (f1(x), fa(x), ..., far(x)), wo after scheme from
K. Deb, L. Thiele, . [10]
M. Laumanns, E. fix) = zzzg - zy—1(1+ g(xu)), PFyye is a (trian-
Zitzler. % gular) hyperplane
fQ(X) = §I1$2 o (1 — l’M,l)(l + Q(X]W))7 with
M o _ )
Yoot fr = 0.5;
Pyyye high dimen-
1 .
frmi(0) = Swi(l—22) (1 +glxar), sional
1
fux) = 51 —21)(d+g(xm))
gxa) = 100(Jxp]+ Y (& —0.5)* —
T;EX N
cos(20m(xz; — 0.5))))
restrictions: 0 < z; <1 fori=1,2,...,n.
YV g > 0: g(xa) assumes |xps| = k variables. Total
number of variables isn =M + k — 1.

DTLZ(1) Pareto front
(pareto set: 5 dimensions and 0.1 step size)

3 (X)

-100

-150
-150




name of problem /
authors

definition and restrictions

characteristics

DTLZ (2) [10]

K. Deb, L. Thiele,
M. Laumanns, E.
Zitzler.

Minimize F' = (f1(x), f2(x), ..., far(x)), where

fi(x) = (1 + g(xar)) cos(zym/2) - - - cos(zpr—om/2)
cos(xpr—17m/2),

fa(x) = (1 + g(xar)) cos(zym/2) - - - cos(zpr—om/2)
sin(zpr—17/2),

f3(x) = (1 + g(xar)) cos(z17/2) - - - sin(zpr—27m/2),

fu(x) = (1+ g(xp)) sin(z17/2),
mit

g(X]y[) = Z (.77, — 0.5)2

T EXM

restrictions: 0 < x; <1 foralli=1,2,...,n.

generated follow-

ing [10]
PF.. spherical
surface; Prrve

high dimensional

DTLZ(2) Pareto front
(pareto set: 5 dimensions and 0.07 step size)




name of problem /
authors

definition and restrictions

characteristics

DTLZ (3) [10]

K. Deb, L. Thiele,
M. Laumanns, E.
Zitzler.

Minimize F' = (f1(x), f2(x), ..., far(x)), where

f1(x) = (1 + g(xpr)) cos(x1mw/2) - - - cos(xpr—om/2)
cos(zpr—17/2),

fo(x) = (1 + g(xar)) cos(xym/2) - - - cos(xpr—am/2)
sin(zpr—17/2),

fa(x) = (1 + g(xar)) cos(zym/2) - - - sin(zpr—om/2),

fu(x) = (1+ g(xnr)) sin(z17/2),
mit

g(xar) = 100(|XM + ) (@i —05)?

TiEX N

—cos(207 (z; — 05))))

restrictions: 0 < x; <1 foralli=1,2,...,n.

generated follow-

ing [10]
PFy.e spherical
surface; Prrve

high dimensional

DTLZ (3) Pareto front
(pareto set: 5 dimensions and 0.1 step size)




name of problem / | definition and restrictions characteristics
authors
DTLZ (4) [10] Minimize F' = (f1(x), fa(x), ..., far(x)), where generated follow-

K. Deb, L. Thiele,

M. Laumanns, E. | Jf1(x)=(1+g(x))cos(zm/2)- - cos(xfr_o7/2)

Zitzler. cos(x_17m/2),

fa(x) = (1 + g(x)) cos(x7m/2) - - - cos(afy_om/2)
sin(z§y_1m/2),

f3(x) = (14 g(x)) cos(277/2) - - - sin(afy_o7/2)

Ju(x) = (14 g(x)) sin(z7'7/2),
with

g(x) = Z (z; —0.5)% and e.g. a = 1.0
T;EX

restrictions: 0 < z; <1 fori=1,2,...,n.

ing [10]
PF.. spherical
surface; Prrve

high dimensional

DTLZ (4) Pareto front
(pareto set: 5 dimensions, 0.07 step size and alpha = 2.0)

0.5




name of problem /
authors

definition and restrictions

characteristics

DTLZ (5) [10]

K. Deb, L. Thiele,
M. Laumanns, E.
Zitzler.

Minimize F' = (f1(x), f2(x), ..., far(x)), where

f1(x) = (1 + g(xpr)) cos(01m/2) - - - cos(Opr—am/2)
cos(Orr—17/2),

fo(x) = (1 + g(xar)) cos(017/2) - - - cos(Opr—am/2)
sin(fpr—17/2),

fa(x) = (1 + g(xar)) cos(617/2) - - - sin(@pr—27/2),

frr(x) = (1 + g(xar)) sin(617/2),
with
0; = m(l + 2g(r)x;),
r=1+2g(zi—1)
for i =2,3,..(M —1), 6, =1 g
glxar) = Y @t

T EX N

restrictions: 0 < z; <1 forall:=1,2,...,n,

n=M+k—1with k= |ﬂ§]\,{|.

generated follow-
ing [10]

PFy.,. circular
curve; Py high
dimensional

DTLZ(5) Pareto front
(pareto set: 5 dimensions and 0.07 step size)
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name of problem /
authors

definition and restrictions

characteristics

DTLZ (6) [10]

K. Deb, L. Thiele,
M. Laumanns, E.
Zitzler.

Minimize F' = (f1(x), f2(x), ..., far(x)), where

filz1) =

Jav—1(zar—1)
fu(x) =

mit

g(xm) =

X1,

TM—1,

(1+ g(xa)h(f1, fas oo fAi=1,9)s

T —
IxMm|
M—1

-3
=1

: _’f J (1 +sin(37f;))

restrictions: 0 < x; <1 fori=1,2,...,n.
g(xpr) assumes |[xps| = k variables and the total
number of variables isn =M + k — 1.

generated follow-
ing [10]

PFie discon-
nected  regions;
Pyye high dimen-
sional




name of problem /
authors

definition and restrictions

characteristics

DTLZ (7) [10]

K. Deb, L. Thiele,
M. Laumanns, E.
Zitzler.

Minimize F' = (f1(x), f2(x), ..., far(x)), where

L 77

2.

L7 i=(j-1) 57
Ju(x)+4f(x)—12>0,
j=1,..,(M — 1) mit

2fn(x)

+min%;i #j[fi(x) + fJ(X)] —1>0

, M

Ly, j = 1,2,...

restrictions: 0 < z; <1 fori=1,2,...,n.

generated follow-
ing [10]
PFye  straight
line and hyper-
plane

DTLZ (8) [10]

K. Deb, L. Thiele,
M. Laumanns, E.
Zitzler.

Minimize F' = (f1(x), f2(x), ..., far(x)), where

fi(x)

95(x)

restrictions: 0 < x; <1 fori=1,2,...,n with e. g.

n = 10M.

Lj 77
= ool j=12,.,M
i=|(-1) 17 ]
= M+ fFx)-1>0
for j=1,2,...., (M —1)

generated follow-

ing [10]

PF},.e curve with

h = fo =
v




name of problem / | definition and restrictions characteristics
authors
FDA1: [12] dynamic fitness
M. Farina  and function; Typ
K. Deb and filxr) =z, 9(xar) = 1+ Z:ﬂfz'EXII (zi = G(t))2’ I PFipye is sta-
P. Amato h(fi,9)=1- \/ %7 G(t) = sin(0.57t), tic and convex
fo=g=*h(f1,9) Pareto front
t= | =], (f2 = 1 —=+VF)
T is a generation counter and 7p the number of Pirye  oszillating
generations, for which ¢ is constant. parallel lines
x1 = (x1)", 21 € [0,1], %11 = (22,...,20)",
T2y .o, Ty € [—1,1]
FDA1 Pareto front FDA1 Pareto set
1 1
ffffffffffffffffffffffffffffffffffffffffffff t=00 ——
P N N t=01 -——---
.0 ] t=02 -
0.8 t=03
t=04 —-
i t=05 -
06 064+ t=06
NI =| t=07 —— -
v x t=08 -
0.4 04 - t=09 ——
t=1.0 ——-
0.2 0.2
0 T T T T 0 T T T T
0 0.2 0.4 0.6 0.8 1 0 02 04 06 08 1
f1 x_1




name of problem / | definition and restrictions characteristics
authors
FDA2: [12] dynamic fitness
M. Farina  and function; Typ III:
_ _ 2 )
K. Deb and filxr) = a1 9(5?11)6(;(1 ‘)F 2ziexn Ti PF}pye are convex
P. Amato h(xar, fi,9) =1 - (?) i B curves; Pirye
e(t,xqmn) = (H(t) + Z%EXHI (m; — H(t))2> connected static
H(t) = 0.75 + 0.7sin(0.5mt), = L]}, line, Vfﬂli € i :
T = —
fo=g=*h(f1,9) ’
T is a generation counter and 7p the number of
generations, for which ¢ is constant.
X1 = (J"l)T"Tl € [07 1]7XII S [_1) 1]7’2’
X111 € [—1, 1]T3, l4+ro+r3=n
e.g. 1y =rg = 15 (dimensions)
X1, X11, X111 in disjoint spaces
FDA2 Pareto front FDA2 Pareto set
1
x i
0.8 1
0.5
0.6 -
2 0|
04 4
0.2
K 1
0 T T T T

f1




name of problem / | definition and restrictions characteristics
authors
FDA2,,.4i dynamic fitness

J. Mehnen, T. Wag-
ner

fi(xt) =z

g(XH) =1 + ZmiEXH xz2 + Zmiexln (1137, + 1)2
h(fi.g) =1~ (L)H0

H(t) = 02448, t=-|L],
fa=g+*h(f1,9)

T is a generation counter and 7r the number of
generations, for which ¢ is constant.

X1 = (:L‘l)T,l‘l € [0,1],xq1 € [—1,1]"2,

X111 € [—1, 1]T3, l4+ro+r3=mn

e.g. ry =r3 = 15 (dimensions)

X1, X11, X111 in disjoint spaces

function; Typ II:
PFyye is chang-
ing from a convex
to a nonconvex
curve; Pipye con-
nected static line,
Va; € X111 :

xTr; = -1

f2

FDA2,,,4 Pareto front

t=00 —— X_|||
t=01 ””” 1 -
t=02 -

t=0.3 o

t=04 ——— 0.5
t=05---

t=0.6

t=07 —— 0]
t=08 -

t=09 —— -05
t=1.0 ---—---

FDA2,,4 Pareto set




name of problem / | definition and restrictions characteristics
authors
FDA3: [12] dynamic fitness
M. Farina  and Ft) function; Typ II,
K. Deb and filxn) = Zmzexl Ty ) PF}... 1S a convex
P. Amato g(xm) =1+ G(t) + Zx EXII( i —G(t))7, line moving up
h(f1,9) =1— f? and down; Py
( ) = sin(0.57t), moving lines
2sin(0. 57rt _ 1
f =g* h(flv )
Tis a generatlonen counter and 77 the number of
generations, for which ¢ is constant.
x1 = (v1)T, 21 € [0, 1), xq1 € [-1,1]"2
N +ro=mn
e.g. r = 5,1y = 25 (dimensions)
X1, X711 in disjoint spaces
FDA3 Pareto front FDA3 Pareto set
2 1
t=00 — ] -
Z t=00 —
N B t=04
t=03 08 - (=02
t=0.3
t=04 ——- t=04 ———
t=05 - t=05 -------
t=06 64— t=0.6
| t = 07 """"" - :| t = 07 ,,,,,,, _
- E= 88 ****** x t=08
=U9 —— N t=09 ——
t=10 -———-- 04 t=10
24
0 T T T T




name of problem / | definition and restrictions characteristics
authors

FDAA4: [12] dynamic fitness
M. Farina  and ] me1 function; Typ
K. Deb and minx f1(x) = (1 + g(xm)) [[;Z;" cos(zim/2) I: PF,,. static
P. Amato miny fr(x) = (1 + g(x11)) (H?:lk 005(%‘”/2)) concave spherical

sin(Tpm—g+1 7/2), k=2,...,m—1
miny fm(x) = (1 + g(x11))sin(z17/2)
g(xm) = 1+ 3, e, (2 + G(1))?

G(t) = |sin(0.57t) |, x11 = (T, - - -, Tn),
T € [0,1],i:1,...,n

_ 1
t= ol )

T is a generation counter and 7r is the number of
generations, for which ¢ is constant.

Pareto front;
Pirye moving
planes

FDA4 Pareto front

FDA4 Pareto set

1

. o —
1

[eeN{eNeo oo N Neop e, |
.




name of problem / | definition and restrictions characteristics
authors

FDAS5: [12] dynamic fitness
M. Farina  and function; Typ II:

K. Deb and P. Am-
ato

miny f1(x) = (14 g(xu)) [T cos(yim/2)

mins fi(x) = (1+ () (TT75" cos(yim/2))
sin(Ym-k+1 7/2), k=2,...,m—1

minxg fm(x) = (1 + g(xir))sin(y1m/2)

g(xar) = 14+ G(t) + 3, ey (T — 0.5)°

yi =2t W G(t) = |sin(0.57t)],

F(t) =1+ 100sin*(0.57t),

XII:(:L'm,...,:L‘n),IL‘iE [O,l],i:L...,n,
t=Alz]
ng -TT

T is a generation counter and
7r the maximum number of generations

PF;.,.. concave
spheres with
changing diame-
ter; Piye moving
planes

FDAS5 Pareto front

FDA5 Pareto set

ﬁ##ﬁ##ﬁ##ﬁﬁ
1

~oooooooooo

O WO IO TOTPR~LWhN O
' |




name of problem /
authors

definition and restrictions

characteristics

Fonseca [13]
C.M. Fonseca, P.J.
Fleming.

Minimize F' = (fi(x,y), fo(x,y)), where

filz,y) = 1—exp (—(:Jc - 1)2 —(y+
fo(z,y) = 1—exp (—(:1: +1)2 = (y

restrictions: none

PFy... concave
and  connected;
Piue  connected
curve

2 (x.y)

Fonseca Pareto front

Fonseca Pareto set
step size: 0.1

y values
o
T

fL (xy)

x values




name of problem /
authors

definition and restrictions

characteristics

Fonseca (2) [14]
C.M. Fonseca, P.J.
Fleming.

n

i=1
n

AF) = 1—ep - (@

fo(7) = 1—exp —Z(azi—k

Minimize F = (f1(7), fo(2), where

1

vn

NG

)2

)2

PFy... concave
and connected
curve; Pirye con-
nected curve
analytic solution
possible

=1
restrictions: —4 < x; <4
Fonseca (2) Pareto set
Fonseca (2) Pareto front step size: 0.1
> T 4 T : T
o 30 1
*. .
0.8 *
*. .
* 2r 1
0.7¢ o
06} N ] !
< . b )
X £ E
S 05 s 1 g of 1
It *
] : N
041 * -4
. J _17 4
03f PR
% -2 ]
0.2} S
_37 4
0.1f
0 i i i i -4 i i i i i i i
0 0.2 0.4 0.6 0.8 -4 -3 -2 -1 0 1 2 3 4
f1 (x1,x2) x1 values




name of problem /
authors

definition and restrictions

characteristics

Gianna [15]
A.P. Giotis
K.C. Giannakoglou

Minimize F' = (f1(x), f2(x)), where
1

fitx) = VIO —2++Vx =5
fa(x) = 0.04(z—8)2+0.3

restrictions: 5 < x < 10

PF}.,. connected
convex line; Piye
connected line

Gianna pareto front

0.551

f2(x)

0.5F

0.45F

0.4r

0.35f

0.3 i.r i i

i i i i

03 032 03 036

038 04 042 044 046
f1(x)

Gianna pareto set
step size: 0.1
10

9.5
9

8.5

SO

6.5

5.5




name of problem /
authors

definition and restrictions

characteristics

Hanne (1) [§]
Th. Hanne

Minimize F' = (f1(x), f2(x)), where

fl(x) =
fo(x) =y

restrictions: x +y >5 and z,y >0

PF}.,. connected
line; Piye con-
nected line

Hanne (1) Pareto front

Hanne (1) Pareto set

step size: 0.05

y values

x values




name of problem / | definition and restrictions characteristics
authors

Hanne (2) [§] Minimize F' = (f1(x), f2(x)), where PFyye convex

Th. Hanne ) connected curve;
filx) = 2%, Piue  connected
hx) = ¢ line

restrictions: x +y >5 and z,y >0

Hanne (2) Pareto set
Hanne (2) Pareto front step size: 0.05

5;@@%ﬁ T T

25

f2 (x,y)
y values

0.5F

x values




name of problem /
authors

definition and restrictions

characteristics

Hanne (3) [§]

Minimize F' = (f1(x), f2(x)), where

PFy... concave

Th. Hanne connected curve;
f1(x) Vi, Piue  connected
fa(x) VY line

restrictions: x +y > 5 and x,y >0
Hanne (3) Pareto set
Hanne (3) Pareto front step size: 0.05
25 T T 6 T
IR
2r T i
1.5F
5
X = E
N >
= >
1+
0.5F
0 i i i
0 0.5 1 15 25 6

f1(xy)

X values




name of problem /
authors

definition and restrictions

characteristics

Hanne (4) [§]
Th. Hanne

Minimize F' = (f1(x), f2(x)), where

fl(x) =
fao(x) =

restrictions: y — 5+ 0.5 -2 -sin(4-z) > 0 and

z,y >0

PF;.e not con-
nected curves;
Pirye mnot con-
nected curves

Hanne (4) Pareto front

Hanne (4) Pareto set

step size: 0.1

10

2 (x.y)

y values
a
£

*
$K

* ¥

i

x*

4

x values




name of problem / | definition and restrictions
authors

characteristics

Hanne (5) [8] Minimize F' = (f1(x), f2(x)), where
Th. Hanne

(
sin(27 - (y — int(y))
cos(27 - (y — int(y))
with: int(x) integer part of x

restrictions: x+y >5 and z,y >0

fo(x) = int(y) + 0.5+ (x — int(x)) -

filx) = int(z) 4+ 0.5+ (z —int(z)) -

PFy . piecwise
circular con-
nected curves;
Piye mnot con-
nected lines

Hanne (5) Pareto set
step size: 0.02

Hanne (5) Pareto front

6 T T 5 T
45 .
5t
4t
4 3sf
3t
= 3r )
5 g
X T 25
N >
ol >
2t
1+ 151
1t
of
05
-1 i i i i i i 0 i
-1 0 1 2 3 4 5 6 0 1

2

x values

3




name of problem / | definition and restrictions characteristics
authors
Hiller [16] Minimize: F' = (fi(z), f2(x)), where PFyye connected
C. Hillermeier line; Piye con-
. R — R2 nected lines
COS((f1(x))~(f2(w)>
v <sin((f1(r))~(f2(w)
27 . .
filz) = %[ac + ay - sin(27x1) + ag - sin(27xs)]
fo(x) = 14+d-cos(2mmy)
with: a., a1, as and d constants
restriktions: 0 <z,y <1
Hiller Pareto set
Hiller Pareto front step size: 0.01
ac: 3
al:2
a2: 15
d:7
1
0.9 i
0.8f i
0.7F 1
2 zn 0.6F 1
- % 0.5F q
> 041 i
0.3f i
0.2f i
0.1 i
-0.02 0 0.02 0.04 0.06 0.08 0.1 0.12 00 052 054 * OtG 0t8 1

1 (xy)

x values




name of problem / | definition and restrictions characteristics
authors
Jimenez [17] Maximize F' = (fi(z,y), f2(z,y)), where PFyye connected
F. Jiménez, J. L. line; Piye con-
Verdegay. fi(z,y) 5T + 3y, nected line
folz,y) = 2x+8y
restrictions: z,y > 0,
0> x4+ 4y — 100,
0> 3z + 2y — 150,
0 > 200 — 5z — 3y,
0>75—2x—8y
Jimenez Pareto set
Jimenez Pareto front step size: 0.25
200 , , - 15 ‘ ‘ ¥
* *
*
180F.7: * *
* *
160 ¥ 10
* *
S * ¢ *
X 140 * 2 *
& * < *
M *
120 ¥ 5 *
K *
U *
A *
100 ki *
*
O ‘.-~.' s 1 1 1 1 0 1 1 1 1
200 210 220 230 240 250 0 10 20 30 2 50
f1(xy) x values



name of problem / | definition and restrictions characteristics
authors
Kita [18] Maximize F' = (fi(z,y), f2(z,y)), where PFyye con-

H. Kita, Y. Yabu-
moto, N. Mori, Y.
Nishikawa.

filz,y) = -2*+y,
1
fo(z,y) = Sz ty+l

restrictions: z,y > 0,
0>ie+ Y — 13

2
0251’4‘1/—%,
0> 5z +y— 30

cave line; Pirye
connected curve

Kita Pareto set
Kita Pareto front step size: 0.1
9 T T 7 T T
%ﬁs@* T oo
L : Sferick
8 6f R Sk 1
%**
*x
7t *x
5f * % E
6l
_ 0 4T ]
5 ¢
X5 =
o >
> 3t |
4k
2k |
3 F
2t i 1
i i i 0 i i i i i i
-40 -30 -20 -10 0 10 0 1 2 3 4 5 6 7

fL(xy)

x values




name of problem /
authors

definition and restrictions

characteristics

Kursawe (1) [19]
F. Kursawe.

F = (fl(?), fg(?), Where

n—1

AF) = D (-10e702 - fa2 4 a2, ),
=1

F(7) = (2" + 5sin(z;)?)
=1

restrictions: none

PFy... partially
convex or concave
curve; Pjue non
connected

Kursawe Pareto set

Kursawe Pareto front step size: 0.2
20 . . T 5 T
4+ ]
15F 1
3l J
ok J
10F 1
1k J
~ [
X E
g 5t 1 S 0 FHRRk -k 1
¢ B
of - 1
_2 b 4
_3t J
5} ]
_4 F al
_10 i i i i i i i _5 i
-10 -9 -8 -7 -6 -5 -4 -3 -2 -5 0

1 (x1,x2) x1 values




name of problem / | definition and restrictions characteristics
authors

Laumanns [20] Minimize: F' = (fi(z,y), f2(z,y)), where PFyye small
M. Laumanns, G. connected convex
Rudolph, H.-P. Alzy) = 2°+9°, curve; Pye line
Schwefel. folz,y) = (x+2)2+¢°

restrictions: —50 < x,y < 50

Laumanns Pareto set

Laumanns Pareto front step size: 1.0
6000 T T 50 T
40r 1
5000 e
. 301 1
i‘ ‘ .
é .
. 201 1
4000 e o 1
P 0l ]
) 4
X 3000f 1 3 of e b
o >
= >
_10 k _|
2000 J
_20 E _|
_30 b _|
1000 1
_40} 1
i i i i _50 i
0 1000 2000 3000 4000 5000 -50 0 50

f1(xy) x values




name of problem /
authors

definition and restrictions

characteristics

Lis [21] F = (fi(z,y), fo(x,y)), where PFyu.  concave
J. Lis, A. E. Eiben. connected  line;
fl (:U> y) 8\/ x? + y27 Pyrye line
fa(z,y) V(x —0.5)2 + (y — 0.5)?
restrictions: —5 < z,y < 10
Lis Pareto set
Lis Pareto front step size: 0.2
4 - 10
350
al
5r i
250
15}
of |
1l
Pk
05
0 i i i -5 :
0 0.5 1 15 -5 5 10
f1(xy) x values




name of problem /
authors

definition and restrictions

characteristics

Murata [22]
T.  Murata, H.
Ishibuchi.

Minimize F' = (fi(x,y), fo(x,y)), where

filz,y) =
fa(z,y) =

restrictions: 1 <z <4, 1

PFy... concave
curve; Pirve
connected line

Murata Pareto front

f2(x,y)

Murata Pareto set
step size: 0.01

2 oo os st soneans o mmston e css s etig

1.9

18

17

16

15

y values

14

13

12

11

i
2.5
X values




name of problem / | definition and restrictions characteristics
authors
Obayashi [23] Maximize F' = (fi(z,y), f2(z,y)), where PFyye convex

S. Obayashi. connected curve;
filz,y) = =, Pyrye  connected
folzy) =y curve

restrictions: 0 < z,y <1, 22 +9> <1
Obayashi Pareto set
Obayashi Pareto front step size: 0.05
1 T T T 1 T T
¥ Xk F K K ¥ 2 ox % % % % %
Q9 ek | 09f * % 1
*
08t * 1 *
* 08} * 1
0.7+ * 1 .
*
0.7F * 1
06} 1

5 ' g '

205 - Lok 1 3 06f 1

ﬁ >

> *
04 05t * 1
03f - % |
04t %
02} - 1
03} *
01t 1
0 ; ; ; ; 0.2 i i i i
0 02 0.4 06 08 1 0 02 0.4 0.6 08 1
f1 (x,y) x values




name of problem / | definition and restrictions
authors

characteristics

Osyczka [24] Minimize F' = (fi(x,y), fo(x,y)), where

A.  Osyczka, S. )

Kundu. filzy) = z+y,
flz,y) = 2’ +y

restrictions: 2 <z < 7,5 <y <10,
0<12 -2 —y,
0<a?+4 10z —y? + 16y — 80

PF}.,. connected
line; Pjpye curve

Osyczka Pareto front

Osyczka Pareto set
step size: 0.05
T T

55 ; ; ; ; ; ; ; ; 10
50} 95t
451 9t
a0t 85f
35} 8t
) 8
230 375
N >
= >
25} 71
20t 65f
15t 6l
10r 55¢
*
5 . 5
20 30 40 50 60 70 8 90 100 110 2 3

i i
4 5
X values




name of problem / | definition and restrictions characteristics
authors

Osyczka (2) [24] Minimize: F' = (f1(x), f2(x)), where PFyrye not con-
A.  Osyczka, S. ) ) ) nected curves;
Kundu. filx) = =25(z1 —2)" + (22— 2)" + (23 — 1) Pirye seven di-
(g — 4)? + (x5 — 1), mensional
fo(x) = a4+ 23 +ad+af +ad+ad
restrictions:

0<z1,22,6 <10, 1 < 23,25 <5, 0 < x4 <6,

0§$1+$2_27
0<6—x1— x9,
0<2—x+ 1,
0<2—x1+ 3z,
0§4—(l’3—3)2—1‘4,
0< (z5—-3)%+a6—4

restrictions:
x1,x2,x6: 0-10
x3,x5: 1-5
x4: 0-6
step size: 1.0
180 — T

1401

f2 (x1,x2,x3,x4,x5,x6)

0
-300 -250 -200 -150 -100 -50 0
f1 (x1,x2,x3,x4,%5,x6)




name of problem /
authors

definition and restrictions

characteristics

Poloni [25]
C. Poloni, G.
Mosetti, S. Consetti,
V. Pediroda.

Maximize: F' = (fi(x,y), fo(x,y)), where

falz,y) = —[(z+3)"+(y+1)7

restrictions: —7 < z,y < T,

A1 =0.58in1+2cos1+sin2 — 1.5cos2,
Ay =1.58inl —cosl+2sin2 — 0.5cos 2,
By =0.5sinz —2cosx +siny — 1.5 cos y,
By =1.5sinxz — cosz + 2siny — 0.5cosy

Azy) = —[1+4 (A1 —B1)* + (42 — By)?,

PF;.e not con-
nected curves,
generally concave
shape; Pjqye not
connected

Poloni Pareto front

2 (xy)
&
o

-60 i i i

Poloni Pareto set
step size: 0.1

y values

-70 -60 -50 -40

g

i

0
x values




name of problem /
authors

definition and restrictions

characteristics

Quagliarella [26]
D. Quagliarella, A.
Vicini.

Minimize F = (f1(7), fo(2), where

fl(?) = %a
T = 2

restrictions:

Ay = Y01 [(22) — 10 cos[2(2;)] + 10],
Ay =31 [(w; — 1.5)% — 10 cos[2m(z; — 1.5)] + 10]

=512 < x; <5.12,n =16

PF;.e not con-
nected curves;
Piyue connected

Quagliarella Pareto front

8 T

f2 (x1,x2,x3)
-
T

x3 values
o

4 5 6 7 x2 values

f1 (x1,x2,x3)

Quagliarella Pareto set

step size: 0.5

At
**;&**g;

x1 values




name of problem / | definition and restrictions characteristics
authors

Rendon [32] Minimize F' = (fi(z,y), f2(z,y)), where PFye  convex;
M. Valenzuela- ) Pyrye complexly
Rendoén, E. Uresti- filz,y) = —F—, shaped
Charre. @3) 2 +y? 41

fzy) = 2?2 +3y° +1

restrictions: —3 < z,y <3

Rendon Pareto set

Rendon Pareto front step size: 0.1
40 T T 3 T
%.f *
35 * g
% 2t
£
o 1
1 L
25 9
— 1%} * RSP LLY
\>_(/ 20 L 4 3 0 L. % * % %% W OF0K) i LR LLL IS CEONEIE0X0)
o > *
b > * *
15 1
1k ]
101 9
_2 L 4
5F |
B s i D e
e e o
0 i i i i -3 i i i i i

0 0.2 0.4 0.6 08 1 -3 -2 -1 0 1 2 3
1 8x,y) x values




name of problem /
authors

definition and restrictions

characteristics

Rendon (2) [32]
M. Valenzuela-
Rendén, E. Uresti-
Charre.

r+y+1,
x2+2y—1

restrictions: —3 < z,y <3

Minimize F' = (fi(x,y), fo(x,y)), where

PFirye convex;
Pirue connected
line

Rendon (2) Pareto front

15 T

10

2 (x,y)

-5}

-10 i i i
-6 -4 -2 0

y values

Rendon (2) Pareto set

step size: 0.1

3 T

2r ]

1F ]

or ]
-1f i
-2t i
_ i i

-3 -2 -1 0 1 2 3

x values




name of problem / | definition and restrictions characteristics
authors

Schaffer [27] Minimize F' = (f1(z), f2(x)), where PFyue  convex,
J. D. Schaffer. analytic solution
filz) = 1’2» known; Pjye con-
fo(z,y) = (z—2)? nected  interval

[0,2]

restrictions: none

Schaffer Pareto set

Schaffer Pareto front step size: 0.1
9 T T T T T 3
sl ]
25
7t ]
2
6l ]
15
_5F 1 4
X
4x 1 X
¥
3 t 0.5
L ]
*
*
2r % 1
*
**
1k * % 1 -0.5
*x
* %
0 i P K iy oy g i i i i -1




name of problem /
authors

definition and restrictions

characteristics

Schaffer (2) [28]
J. D. Schaffer.

Minimize F' = (fi(x), fo(x)), where

filz) = —z, ifz <1,
= 24z ifl1<z<3,
= 4—ux, if 3< 2z <4,
= A+ ifz >4
h) = (w—5)7

restrictions: —5 <z < 10

PF;.e not con-
nected; Pipqye not
connected

Schaffer (2) Pareto front

100 T

90

80r

701

60

2 (xy)

50
401
30r

20

K
10%‘_

T T

Schaffer (2) Pareto set

step size: 0.1

X values

10




name of problem / | definition and restrictions characteristics
authors

Srinivas [29] Minimize F' = (fi(z,y), f2(z,y)), where Pirye complex

N. Srinivas, K. Deb. shape; PFiye
Alzy) = (@-27+@-1)°+2, connected curve
fa(r,y) = 9z —(y—1)

restrictions: —20 < z,y < 20,
0> 2 +y% — 225,

0>z—3y+10
Srinivas Pareto set
Srinivas Pareto front step size: 0.5
100 T T T 20 T T T
50} R A 1 157 1
101 b
ot ]
5k ]
= -50r b g
X 2 of 1
N >
-100} 1 >
5t ]
-150F b
-10r ]
-2001 B _15t |
_250 i i i i i -20 i i i i i i i
0 50 100 150 200 250 300 -20 -15 -10 -5 0 5 10 15 20

f1(xy) x values




name of problem /
authors

definition and restrictions

characteristics

Tamaki [30]
H. Tamaki, H. Kita,
S. Kobayashi.

Maximize F' = (fl(xayaz)af2(x7y52)5f3(xayaz))v
where

fl(-%yw?:) = T,
fo(z,y,2) =,
fg(l’,y,Z) = <

restrictions: 0 < z,y, 2,
2 +y?+22<1

PF}.,. connected
spherical surface;
Piue  connected
spherical surface

Tamaki Pareto front

3 (x,y,2)

12 (xy.2) 0

Tamaki Pareto set
step size: 0.05

0.8
06 * *%ﬁ%ﬁ%y i
g * ** ** i%i%i********* **
g .
3 *i***** KRR N X T
~ 0.4 *ox Fa TRCR R w2 yox
*yx Tx ¥ ko KT R yox
* ¥, . x X ¥
0.2 * o * %% % ***
*
0)

0.4
0.2

1 (0y.2) y values 0 0

0.4

x values




name of problem / | definition and restrictions characteristics
authors
Tanaka [31] Maximize F' = (fi(z,y), f2(z,y)), where PFyrye not con-
M. Tanaka, H. nected, Pjpye not
Watanabe, Y. Fu- filz,y) = =, connected
rukawa, T'. Tanino. folz,y) = y
restrictions: 0 < z,y <,
0> —(2?) — (y?) + 1+ 0.1 % cos (16 arctan o)
1 1)2 1)2
32 (@—39)"+W—3)
Tanaka Pareto set
Tanaka Pareto front step size: 0.02
14 T T T
3r ]
121 b
251 8
it |
2r ]
08t 1 N
S !
< T 15} 1
06f E >
0.41 1 N%‘ 9%%% ]
*
02f | 05f ke |
A I S RS N SN G N
0 0.2 0.4 0.6 0.8 1 1.2 14 0 0.5 1 15 2 25 3
f1(xy) x values




name of problem /
authors

definition and restrictions

characteristics

Vicini [33]
A. Vicini, D.

Minimize F' = (fi(x,y), fo(x,y)), where

PF}., with these
values concave

Quagliarella. fi(z,y) = and disconnected;
— )2 )2 Pirue connected
_ Z exp (Hz (1' xz) +2(y yz) >> +3
20
=1 ?
fa(z,y) =
> ) (2= 2 + (y — )
— Z exp | H; 5572 +3
i=1 i
restrictions: 0 < H;, H! <1,
—10 < $a$ia$;’y>yiay§ < 107 K=20
1.5 <oy,0, <25
(e.g.
z; =0,-0.5,-9.5, 2} = 0,—0.5,—9.5,
y; = 0,—0.35,—6.65, y, = 0,0.4688,8.9072,
H; =-1.2,-0.1,-3.1, H =1.4,0.1,3.3,
oi=5,0,=25
s Yicini Par‘eto-Fron‘t 1 r Vigtig);z;;e:tgl;et
10 ‘
_20» 8'
6»
_25»
4»
_30»
2»
> o
Z -35 % 0
. >
—a0f -2r
_45»
_50»
_55 1 1 1 1 1 1 1

X values




name of problem / | definition and restrictions characteristics
authors

Viennet [34] Minimize: F' = (fi(z,y), f2(z,v), fs(x,y)), where | PFiy  bended

R.  Viennet, C. ) ) surface; Prrve

Fontiex, I. Marc. filzyy) = 2"+ (y—1)7, connected  and
folz,y) = 22+ (y+1)%2+1, symmetric
fa(zy) = (z— 1) +y*+2

restrictions: —2 < z,y < 2

Viennet Pareto front Viennet Pareto set
step size: 0.1
2 T T T

15¢ b

k¥

KKKk

ok % %
0.5r b

y values
o
T
e
*
i

k% ok

KKKk

-1t

-2 i i i i i i i

12 (x,y) 0 o0 1 (xy) -2 -15 -1 -0.5 0 05 1 15 2
x values




name of problem / | definition and restrictions characteristics
authors
Viennet (2) [34] Minimize: F' = (fi(z,y), f2(z,v), fs(x,y)), where | PFiy  bended
R.  Viennet, C. ) ) surface; Prrve
Fontiex, I. Marc. filz,y) = (z—2) 4 (y+1) 13, complexly shaped
2 13 set
(z+y—3)?% (—z+y+2)?
= —17
f2 (ZE? y) 36 + ] )
(z+2y—1)*  (2y—2)°
= — 13
restrictions: —4 < x,y <4

Viennet (2) Pareto front Viennet (2) Pareto set
step size: 0.2
4 T T T
_4 3 [
_6 2
-8 1F % ¥ x
8 **gémm***;zm
3 * * %k
-10 s 0 : * %k
> * %
> **
*
-12 alb i
-14
0 2f
_3 L
-4 i i i i i i i
2 (x,y) -20 0 1 (xy) -4 -3 -2 -1 0 1 2 3 4

x values




name of problem /
authors

definition and restrictions

characteristics

Viennet (3) [34]
R.  Viennet, C.
Fontiex, I. Marc.

Minimize F' = (fi(x,y), f2(x,y), f3(x,y)), where

0.5 % (2% + 9?) + sin (2% + 3?),

Bz —2y+4)? (z—y+1)?

(22492 +1)

restriktions: —3 < x,y <3

PFie bended
curve Piryue com-
plexly shaped
set

3 (XY)

Viennet (3) Pareto front

03

0.2

2 (x,y) 10 o

Viennet (3) Pareto set

y values
* ¥ ¥
* ¥ *
* %
* *




name of problem / | definition and restrictions characteristics
authors
Viennet (4) [34] Minimize F' = (fi(z,y), f2(z,v), f3(x,y)), where PFye  bended
R.  Viennet, C. surface; Prrve
Fontiex., I. Marc (z—-2?%  (y—1)° connected asym-
ntiex., I. r filz,y) = +3, Yy
2 ) 13 ) metric set
(z+y—-3)°"  (2y—=)
—-13
f2 (337 y) 175 17 )
Bz —2y+4)? (z—y+1)2
= 15
restrictions: —4 < z,y < 4,
y < —4dx 44,
x> —1,
y>ax—2

Viennet (4) Pareto front

Viennet (4) Pareto set
step size: 0.1

y values

-1t

-14 2

f2 (xy)

x values




name of problem /
authors

definition and restrictions

characteristics

ZDT (1) [9, 35]
E. Zitzler, K. Deb, L.
Thiele.

Minimize F' = (f1(x), f2(x)), where

filx) = 1,
f2(x) = g(x)h(f1,9),

9 n
g(x) = 1+ Z%‘,
=2

n—14

hfi9) = 1—4/=

restrictions: 0 < z; <1 and n = 30

following the
scheme of [35]
PFirye convex
connected curve.
foo = 1= Vf;
Pirue connected
line

ZDT (1) Pareto front
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name of problem /
authors

definition and restrictions

characteristics

ZDT (2) [35]
E. Zitzler, K. Deb, L.
Thiele.

Minimize F' = (f1(x), f2(x)), where

filx) = 1,
f2(x) = g(x)h(f1,9),

9 n
g(x) = 1+ Z%‘,
i=2

n—1

h(f1,9) = 1—<J;1>2

restrictions: 0 < z; <1 and n = 30

following the
scheme of [35]
PF;.,.. concave
curve; Prirve
connected line

ZDT (2) Pareto front
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name of problem /
authors

definition and restrictions

characteristics

ZDT (3) [35]
E. Zitzler, K. Deb, L.
Thiele.

Minimize F' = (f1(x), f2(x)), where

h(f17g)

x,
g(x>h<f1ag)7

9 n
1+ S Z2$7,

restrictions: 0 < z; <1 and n = 30

following the
scheme of [35]

PF;.e not con-
nected curve;
Pirye mnot con-

nected line

ZDT (3) Pareto front

ZDT (3) Pareto set
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name of problem /
authors

definition and restrictions

characteristics

ZDT (4) [35]
E. Zitzler, K. Deb, L.
Thiele.

Minimize F' = (f1(x), f2(x)), where

filx) = 1,
f2(x) = g(x)h(f1,9),

g(x) = 1+10(n—1)+ E (27 — 10 cos(4mx;)),
=2
fi
h = — _
(f1,9) 1 p

restrictions: 0 <z <1, -5 <z; <5andn =10

following the
scheme of [35]
PFirye convex
curve; Pye line
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name of problem / | definition and restrictions characteristics
authors
ZDT (5) [35] Minimiere F' = (fi(x), f2(x)), wo following the

E. Zitzler, K. Deb, L.
Thiele.

f[i(x) = 14+u(z),
f2(x) = g(x)h(f1,9)
g(x) = ZU(U(%)%
=2
1
Mg) = fi(x)
o)) = {f e

u(z;) is the number of ones in a string that are

needed to describe the variable z;.

restrictions: x1 is a 30-bit string,
x2, ..., x11 sind 5-Bit Strings

scheme of [35]
PF} e 1s a convex
curve; irritating
problem, because
the true front is
9(x) 10, and
the best irritating
front is reached
with g(x) = 11.

ZDT (5) pareto front
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name of problem / | definition and restrictions characteristics
authors
ZDT (6) [35] Minimize F' = (f1(x), f2(x)), where following the
E. Zitzler, K. Deb, L. e scheme of [35]
Thiele. filx) = 1—exp(—4x;)sin’(67r1), PFie convex
fa(x) = g(x)h(f1,9), nonconnected
n 70.25 curve; Pye line
g(x) = 149 [2721562] ,
f1\?
h(fi.9) = 1- (
g
restrictions: 0 < z; <1 and n = 10

ZDT (6) Pareto front ZDT (6) Pareto set
10 T T step size: 0.02
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