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CONTINUOUS CONVOLUTION HEMIGROUPS
INTEGRATING A SUB-MULTIPLICATIVE FUNCTION

WILFRIED HAZOD

ABSTRACT. In [19, 20] E. Siebert obtained the following remark-
able result: A Lévy process on a completely metrizable topolog-
ical group G, resp. a continuous convolution semigroup of prob-
abilities satisfies a moment condition [ fdu; < oo for some sub-
multiplicative f if and only if the jump measure of the process resp.
the Lévy measure 7 of the continuous convolution semigroup satis-
fies fCU fdn < oo for some neighbourhood U of the unit e. Here we
generalize this result to additive processes on (second countable)

locally compact groups resp. to convolution hemigroups (fs,:) ;-

INTRODUCTION

A probability v on a normed vector space (V|| - ||) possesses a
k—th moment, if [ ||z||*dv < oo, equivalently, if f : z — 1+ [[z]|*
is v—integrable. f is continuous, sub-multiplicative, symmetric and
satisfies f(0) = 1. Hence moment conditions are integrability condi-
tions for (particular) sub-multiplicative functions.

For investigations in limit theorems on more general structures, in
particular on locally compact groups, investigations of integrability of
sub-multiplicative functions provide interesting tools. In [19], Theorem
1, [20], Theorem 5, E. Siebert obtained characterizations of integrabil-
ity of such f for continuous convolution semigroups resp. for Lévy
processes, in terms of the behaviour of the Lévy measures, resp. the
jump-measures of the processes: [19] is based on analytical methods
whereas in [20] the emphasis is laid on the behaviour of the processes.
In fact, a partial key result, [20], Theorem 4, is proved for (general) ad-
ditive processes resp. for convolution hemigroups. Whereas the afore
mentioned characterization of integrability of sub-multiplicative f (re-
lying on [20], Theorem 5,) is proved there only for continuous convolu-
tion semigroups resp. for Lévy processes.

For particular hemigroups and particular f ('logarithmic moments’)
appearing in investigations of self-decomposability resp. of (general-
ized) Ornstein-Uhlenbeck processes on homogeneous groups, Siebert’s
results were already generalized: For homogeneous groups see e.g.
3, 5], for vector spaces see e.g., [12]. (For 'logarithmic moments’ con-
sider the sub-multiplicative functions f : = +— 14 log(1l + ||z||) ~
log (||]).)

Hemigroups resp. additive processes turned out to be essential for
investigations in various applications. The background for hemigroups
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on locally compact groups is found e.g., in [21], [7], [8], [9] and the
references mentioned there; see also [1] for further applications.

The afore mentioned result ([20], Theorem 5, resp. [19], Theorem
1) relies on a splitting of the underlying Lévy measure of the contin-
uous convolution semigroup (ft),~, (resp. the jump-measure of the
underlying process) into a part with bounded support and a bounded
measure. Hence we obtain two continuous convolution semigroups

(u?) ,© = 1,2: For the first any f is integrable, the second one
>0

is a Poisson semigroup, and the underlying continuous convolution
semigroup (fut),~, is represented by a perturbation series in terms of

(u,@) .0 = 1,2. This technique allows to reduce the investigations
>0

to the Poisson part, and we obtain ([19, 20]): f is integrable w.r.t. the
underlying continuous convolution semigroup iff f is integrable w.r.t.
the bounded part of the Lévy measure.

Here, in Theorem 4.3, we generalize Siebert’s results to (Lipschitz-
continuous) convolution hemigroups on locally compact groups. We
start in Section 1 with perturbation series for operator hemigroups (also
called generalized semigroups or evolution families) to provide the tools
for the next sections. Then, following (and generalizing) the proofs in
[20] resp. [19], we obtain a version of Siebert’s characterization in the
general situation. At the first glance, a slightly weaker version, since
an additional technical condition (4.4) is needed. This condition is
however always satisfied for continuous convolution semigroups.

1. PERTURBATION SERIES REPRESENTATIONS FOR HEMIGROUPS OF
OPERATORS

Definition 1.1. Let B be a separable Banach space, and B(B) the
Banach space of bounded operators. A family {Usiys}ocsesier ©
B(B), (T < o) is called continuous hemigroup of operators if (s,t)
Uti+s 15 continuous w.r.t. the strong operator topology, Us s = I for all
s, and Uy, U,y = Usy for all s <r < t, and finally ||U; 14| < Me?* for
allt,s >0, for some M > 1 and 3 > 0.

To simplify notations, here we shall throughout restrict to the case
M =1 and frequently also 3 =0, i.e., we restrict to contractions.

Hemigroups of operators were investigated under different nota-
tions, e.g., evolution families or evolution operators ([14, 15, 6, 10])
or semi-groupes generaliseés ([16]), etc. In view of the applications
to distributions of additive processes we prefer the expression operator
hemigroups (cf. [8]) in analogy to the standard notations in probability
theory.

Theorem 1.2. a) Let {Us;}o ., be a continuous hemigroup of
contractions. Let R 3 t — C(t) € B(B) be a measurable mapping,
uniformly bounded, ||C(t)|| < B for allt > 0. Then

Viers = 3 Vitl, with

k>0
0 k+1 B 0 k
V;tft-%-s = Ut,t+s7 V;fftis) ::/ WftiuC(t+U)%&i7t+sdu
0

defines a continuous hemigroup satisfying a growth condition ||V 14| <
eP for all t,s > 0.
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b) If s Uiis is a.e. differentiable with %Ut7t+s|s:0(:€) =: A(t)(z)
for x € D(A(t)), and if D := ﬂ D(A(t)) is dense, then for all x € D

s = Viits(x) is differentiable a.e. wzth V}HS( )|s=0 = A(t)x+C(t)z,
resp. in integrated form: Viiis(x fo Vitiu (A(u) + C(u)) (z)du

c¢) In particular, let C(t) = c(t)(S( ) — I) with contractions S(-),
0 <c(-) < B, where t — c(t) and t — S(t) are measurable. Then we
obtain representations

ﬁksk

_8s k . k
Views = ) Wi, with WG < = (1.1)
k>0
Wt(,st)-)i-s = U+s, M/t(]:Isl) 3:/ Wt(,gzi—ué(t+u)wt(—&]2¢,t+sdu7 where
0
C(r) = C(M)+8-T=cr)S(r)+(B—c(r))- T
alternatively,
g 5B =
Vigrs = e Z X Withs (1.2)
k>0
: () kKU )
with HWt t+sH <1, Wiis = skgk bt

Proof. Consider the Banach space of measurable functions L'(R,,B) =

{F Re =Bl = fo, IF@]ldt < o0

Then Ps @ (Psf)(t) == Ursrs (f(t+5)), (1.3)
and Q, :  (Q.f)(t) =e“O(f(t)), Vt,s >0, (1.4)

define continuous one-parameter semi-groups of ’space-time’ operators
on L'(R,,B), where (P;),-, are contractions and ||| Q||| < e*?, s > 0,
|| - ||| denoting the operator norm on B := (L'(Ry,B),||-||.). See
e.g., [16], IL.7, [8], 8.6, 8.7 for the space-time semigroup (1.3), with
B := Cy(R;,B). Here, to ensure Q,B C B in (1.4), we had to use
B:= L'(R,,B).

Let T and S denote the generators of (Ps)., and (Qs),, respec-
tively. In particular, S : (Sf)(t) := C(t)(f(t)), t > 0, is a bounded
operator. Let (R;),-, denote the semigroup generated by T +S. (The

addition of generators is well defined since S is bounded.)
According to T. Kato [13], IX, §2, Theorem 2.1, (2.4), (2.5), resp.
[11], (13.2.4)—(13.2.6), or [16], IL.3, (R,),s is representable by a norm-

convergent perturbation series in B(B):
Rs=>_ B where B = P, and YEY = fos PUS’I]g]i)udu.

k>0
(Obviousgy, we have &Y = N PeuSBPdu, of. e.g., [13], [11].)
Let feB, k>0,t,s>0, 0<u<s.
(illaim: Vt,s > 0,k € Z, there exist operators Vt(fls € B(B) such
that

(BEF) ) = VL (ft+s) A —ae. (1.5)

[ k=0: (mg‘” f) () = (Pof) (t) = Upiss (f(t+5)), hence the

. : 0
assertion with V;ft J)rs = U t4s.
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k4+1>0: Assuume that (1.5) is proved for & < k. Then
@Ef) () = [ (B0SBE,) (w)da
0
= / Uwwtu (hi(w + 1)) du =: (%),
0

where iy (w') := C(w') (g (w)), ge(w') == V.o (fF(w' +7 — ).
For w’ := w + u we obtain therefore
(%) = [ UwuwuClw + u)Vu(,]_i)%wM (f(w+r))du. Inserting r =
s,w =t this yields

(BED ) (1) =
fmwpwmmﬁwqwmmi VED (£t 4 5))
0

Put f = p®@z, z € B, € L'(Ry), ie., f:t— ¢(t)x, where 0 < o < 1,
and ¢ =1 on [a,b]. Then for s,t, s+t € [a,b] we obtain:

W$Ww®me>vﬂf>:ﬁwﬂwme%mmm,

as asserted.

Note that (1.5) holds true for A' —a almost all £. But considering the
particular f := @ ®x as above, continuity of (¢,r + s) — U 1is(z) (V)
yields that (t,t + s) — V;(fls(a:) is continuous (Vz and Vk.) Hence for
f=v®z, e L'NCy(G), (1.5) is valid for all ¢ > 0.

Note that V;E?J)ru = Ut,t—f—QL? ‘/tg,lt)urs’ = fOSI Ut’,t’+u1C(t/+U1)Ut’+u1,t’+s’dU17
hence, inserting ' =t +wu,s =s—u

2
V;tgt—?-s =

/ / Ut’t_;,_uC(t + U)Ut+u7t+u+ulc(t +u+ Ul)Ut_;,_u_i_ul,t_;,_stldU
0 JO

whence by induction

wo W
V;tt—i_l) / / / Ut ,t+v0 t+UO>

Ut+vk0(t + Uk+1)Ut+vk+1,t+sduk+1 duldu (16)

where vy := u, v; := u—i—X:iuj,wZ = s—vz
Whence immediately |||Vt(f < = ® follows, hence [|[Vigasl] < €.
Finally, the relations R, (¢ ® x) (¢ ) = <Zk mtﬂ(x)) ot +s) =
Vitrs(x) - ¢t + s) and RyRy = Rsyy yield the hemigroup prop-
erty VitrsVitstrsts = Vitrsts. (Here, ¢,s,s' ¢ are suitably chosen
as above.)
b) Claim: Let z € D then

TVies(@)]sz0 = 24 SViEL (@) om0 = A(t) (@) + C(8) ()

k=0: By assumption, -V, (2)|sco = S U, 114(2)]sm0 = A(t) ()
for x € D(A(?)).

Furthermore, for f € D(T) we have %Rsﬂszo =Tf+Sf.

If z € Dand ¢ € C' N LY(R,) then f := ¢ ® v € D(T), and
(TF) (8) = % (Usirs(@) - @t +5)) [0 = A)(@) - (t) + 2 - ¢/(t). On
the other hand, S(¢ ® z)(t) = C(t)(x) - p(t). Moreover, %eSSL:O =S
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is bounded, hence we obtain for A —almost all ¢

L Voroal)elt + ) oco = SR Lol © 2)(0)

ds
d+
= 7= ((Urs(@) - ol +5)) [s=0 + C(8)(2) - ()
=x-¢'(t) + (A1) + C(1)) (x) - ¢(t)
Whence the assertion follows if we choose ¢ and t,t + s suitable as
before. ]

c) Proof of the special case:
Put S =: S — A1, ie. define C(t) := c(t)S(t) + (3 — c(t)) - I and
S:t— C(t) (f( )). Denote by (R),, the semigroup generated by T+S

and represent R by a perturbation series. In view of Ry = Rs e P,
the assertion follows. D

2. CONTINUOUS HEMIGROUPS OF PROBABILITIES AND
PERTURBATION SERIES

In the following let G denote a locally compact topological group.
G is assumed to be second countable. By M (G) we denote the con-
volution semigroup of probabilities, * denotes convolution. We use the
abbreviation ( = [ fav.

In the sequel We apply the results of Section 1 to operators defined
by convolution hemigroups on a locally compact group. (Cf. Definition
2.1 below). There, B := Cy(G) and pe ./\/lb(G) is identified with the
convolution operator R, : R, f(z) := [, f(zy)du(y), f € Co(G).

Definition 2.1. a) A continuous convolution semigroup is a one-
parameter family of probabilities (jis),~, depending continuously on s,
and fulfilling psie = ps * py for all s, t > 0. Throughout we assume
Ho = €o-

b) (Cf [21,7,8].) A convolution hemigroup is a two-parameter
family of probabilities (pu t+5>0<t<t+s<T7 depending continuously on the

parameters (t,t + s) and fulfilling e 145 * fltstrsts = Pritsts for all
0<t<t+s<t+s+s<T, for some0<T < o0.

If (f1,646)g<<pps<p 18 @ convolution hemigroup of probabilities then

the convolution operators (Ut7t+5 = form a continu-

R“fytJrS)OgtSt—&—ng
ous hemigroup of contractions on the Banach space B := Cy(G).

We will frequently make use of the following well-known observation:

Lemma 2.2. Let (Mt7t+5)0<t<t+s be a separately continuous hemigroup,
i€, t = fisy and s — gy are continuous, and i, = €. for allt. Then
VT < oo, for all sequences 0 < t, <t,+s, <T with s, — 0 we obtain:
ﬂtn,tn+sn — Ee-

Consequently, for all neighbourhoods U of e and all s,, — 0 we obtain:
sup fiesrs, (CU) — 0.

0<t<T

Proof. For all subsequences (n') C N there exists a converging sub-
sequence (n”) C (n'), ie., t, ) to € [0,7]. Hence Vr > t; we
have r > t, + s, for sufficiently large n > n(r) and by continu-
ltY’ Mtn7t7z+5n */’Ltn“!‘snﬂ" - /‘Lt077" a]_()ng (n”)7 a’nd alSO /’Lt7z+57u7" - /‘Lt077'"
Whence by the shift-compactness theorem ([17], III, Theorem 2.1, 2.2,

[7], Theorem 1.21) we obtain that {4, +,+s, } is relatively compact and
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all accumulation points v satisty v % p, , = 4, . Hence, considering
r=r, \ lo, it follows v x e, = €., whence v = ¢..

Hence we have shown: For all subsequences (n') C N there exists a
subsequence (n”) C (n') such that py, 4,45, — € along (n”). Whence
the assertion follows. O

Corollary 2.3. For a hemigroup (uss+t) as above we obtain: For all
functions ¢ € C*(G)y for all € > 0 there exists a 6 > 0 such that for
0<t<t+s<T, s<§itfollows (s sss,p) > @(e) —c.

Let (41),~, be a continuous convolution semigroup with correspond-
ing Cy—contraction semigroup (R,,) acting on Cp(G). The infinites-
imal generator is defined as N := %Rut li—o. Then D(N) 2 D(G),
the Schwartz-Bruhat space and moreover, D(G) is a core for N. The
generating functional is defined as (A, f) := N f(e) = %(,ut, f) e=0 for
f € D(G). In fact, A is canonically extended to £(G) := {f € C*(G) :
f-p€eD(G) Vo € D(G)}. (For details see e.g., [7], IV, 4.1-4.5).) As
a consequence of E. Siebert’s characterization of generating function-
als ([18], Satz 5, [7], 4.4.18, 4.5.8) we obtain for Lipschitz-continuous
hemigroups (figs+s) that & (s, f) [smo =1 (A(t), f) exists A\'— a.e.
and defines a family of generating functionals (A(t))y<,<p. (For details
see e.g., [21], Theorem 4.3, Corollary 4.5., [8, 9].)

(ts,5+¢) 1s a priori defined for 0 <t <t+ s < T (for some T" < 00).
If the hemigroup is (a.e.) differentiable with generating functionals
A(t) = %_:Mt,t+s|s:0 and if T < oo we continue the hemigroup beyond
time 7" defining A(T +t) := A(t),0 <t < T, etc.

Next we apply the results of Section 1 to convolution hemigroups.
Tacitly we identify measures with convolution operators on B := Cy(G)
and we identify the generating functionals of continuous convolution
semigroups with generators of the corresponding Cy—contraction semi-
groups.

We note the following corollaries to Theorem 1.2:

Corollary 2.4. Let (p1445) be a Lipschitz-continuous hemigroup in
MY(G) with a family of generating functionals A(t) = %ut7t+s|s:0, for
M —almost all t. (For details the reader is referred e.g., to [20], [21],
8].) Let, fort > 0, v(t) := c(t) - (p(t) —€e) be Poisson generators,
where p(t) € MY G) and 0 < ¢(t) < 8. Furthermore, t — c(t) and
t — p(t) € MY (G) are assumed to be measurable.

Then there exists an a.e. differentiable hemigroup (Vi 4s) with gen-
erating functionals %—:l/t,t+3|$:0 = A(t) +~(t), for a.a. t > 0.

Ut irs admits a representation by perturbation series :

__ . —Bs (k)
Vitts = € Vi tts
k>0

0 _ (k1) _ s (k)
where Vipys = fitprs, Vigps = fo [t gru * O(0 + w) * Vo gy du, and

o(r) = c(r)p(r) + (8 — c(r))e. € ME(G).

Furthermore, Vt(,'ils e M’.(G) with ||1/t(12_8|| < ﬁkk,sk for k> 0.

Proof. Immediate consequence of Theorem 1.2 ¢), since ||o(r)|| =
and [|jig g% 0 (t+ 1) %Vl = B+ [ 0l], forall 0 <t < tu <
t+s ke, 0

In particular we are interested in the following special case:
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Corollary 2.5. Let (vi445) be a Lipschitz-continuous hemigroup in
MYG) with a family of generating functionals A(t) = %Vt7t+5|5:0,
for N'—almost all t. Let U be an open neighbourhood of e in G such
that the Lévy measures satisfy

naw(CU) = c(t) < B <oo  forall t (2.1)
t— A(t), hence t — c(t) are measurable. Put v(t) := c(t) (p(t) — €¢)
with p(t) = t)nA vlew € MYG) and put A(t) := A(t) — y(t). Let

finally (pe4+5) be the hemigroup generated by (A(t)), t > 0.
Then (Viiys) admits a series representation

_ ,—0s (k)
Vit+s = € Vit+s

k>0

with summands VIS”Z_S sharing the properties described in Corollary 2.4

| Put 5(t) == nawler — na CU) - = = e(t) (p(t) - =), hence o(t) =
@ oo + (6 — nA(t)(EU)) - g, and apply Corollary 2.4. ﬂ

3. SUB-MULTIPLICATIVE AND SUB-ADDITIVE FUNCTIONS

First we collect some properties of sub-multiplicative and sub-addi-
tive functions. At first we note the nearly obvious

Lemma 3.1. Let f : G — R, be sub-multiplicative and g : G — R,
sub-additive. Then

a) If f #0 then f(e) > 1. If f # 0 and symmetric, i.e., f(x™') =
f(z) Vo then f > 1. In fact, Proposition 3.3 below shows that f > f(e).
b) k:=f+1andh:=g+1 are sub-multiplicative and > 1.

c) h:=e9 is sub-multiplicative and > 1.

d) If f > 1 then h:=log [ is sub-additive and > 0. Hence according
to b), log(g+ 1) + 1 is sub-multiplicative and > 1.

e) If f>1 then fra f(x™Y) is sub-multiplicative and > 1. Fur-
thermore, h := max (f, f) 15 sub-multiplicative, > 1 and symmetric.
f) If f > 1 then 1/f is super-multiplicative and 0 < 1/f < 1.

To avoid complicated notations we restrict in the following Section
to continuous symmetric sub-multiplicative functions with f(e) = 1. In
view of the results mentioned above, and in view of applications we
have in mind there is no serious loss of generality.

Lemma 3.2. Let g be sub-additive, symmetric and > 0. Then g(xy) >
l9(x) = g(y)| for all z,y € G.

H g(z) = g ((xy)y™") < g(zy) + g(y) and on the other hand, we have
g(y) = g (z7(xy)) < g(z) + g(ry). Whence the assertion. ﬂ

Proposition 3.3. Let f : G — [1,00) be sub-multiplicative and sym-
metric. Then we have:

f(z
flay) = 55 1gweran + 55 - lywsren

fx) f)
Whence in particular, f(xy) > maX{f(y) " f@) 1}
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[[ Applying Lemma 3.2 to g := log f yields:
— T T)— _ f(= f
fly) = oW > el =90l = FE& 100y + FB - Lisays ) ﬂ

Proposition 3.4. Let f : G — [1,00) be measurable, symmetric and
sub-multiplicative. Let pi,v, A € M’(G). Then we have:

G,) <,U,*V,f>§<u7f><l/,f>
b) (uxv, f)zmax{(u f) w.1/f) , (w,1/f)- (v, [)}

Hence
¢) (prvehf)=

maX{(M7f> ’ <V7%> ’ <)‘7%>’ <:u’%> ’ <V7f> ' <>"%>’ <M’%> ’ <V7%> ’ <)‘7f>}
Proof. a) is obvious.

D) (uxw, f) = / / Fay)dp(z)dv(y)
Pmpgg//f )>f(y)}+;éy; L)@y dv(y)dp(z)

/f /f ( f@)2f( H*%'lmy»m)}) dv(y)du(z)

> / f(z) / o) (Lis@zrw) + Lpw>r@)) dv(y)dp(z)
= (u, f) - (v, 1/f)

The other assertions are now obvious. O

Proposition 3.5. Let f be continuous, symmetric, sub-multiplicative,
let i, 1 € M8(G) with p,, — p weakly. Then

[[ For all N > 0 we have (u,, fAN) — (i, f AN) by assumption, hence

(s f) = supy (i, f A N) = supy limy, (g, f A N) < liminf, (g, f) ﬂ

Proposition 3.6. Let f : G — [1,00) be continuous, sub-multiplica-

tive, symmetric with f(e) = 1. Let (jit1s)geyers b @ continuous
hemigroup with (fi, to+s0, f) < 00. Then sup (Ut t1s, [) < 00.
to<t<t+s<to+so

Proof. Let a € (0,1). Then there exist a 6 = 0(«) > 0 such that for
0 <u—v <6 we have (iyr, 1/f) > a (cf. Lemma 2.2, Corollary
2.3). Furthermore, according to Lemma 3.4 we have (i, t51s0, f) >

(Hto,to+vs 1/ ) htorvtotus [) btorutotses 1/ f). Consequently, choose ¢,
slsuchthattggtl§t1+31§t0+30<5, tl—t0<5and
t0+80_t1_31 < 5’ then <ut1,to+807 f> S <:uto,t0+80’ f>'a71’ <uto,t1+81> f> S

(1t0,t0+500 [ ) - a~!, and (Hty 4515 ) < (it totrsos f) -7

Let [t.,t. + s.] C [to,to + So| be a sub-interval of length s, < 0.
Then there exist tg < -+ < t; < t;41 < ...ty11 = to + so such that
tiv1 —t; < 0 Vi and ¢, = t;,,t« + 5. = t;,+1 for some i5. Therefore,
repeating the above consideration N—times, we obtain (s, ¢, +s,, f) <
(Hto totsor [) M.

Hence for any sub-interval [t, t+s] C [tg, to+So], decomposing [t, t+ ]
in at most N sub-intervals of lengths < ¢ we obtain (uiis, f) <

((pototsos f) - onN)N. (Note that N ~ [so/d] + 1 can be chosen inde-
pendently from the particular decomposition.) 0
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4. MOMENTS OF LIPSCHITZ-CONTINUOUS HEMIGROUPS AND THEIR
LEVY-MEASURES

The following key-result is proved in [20], Theorem 4:

Proposition 4.1. Let (11 445) be a Lipschitz continuous hemigroup

t,s>0
with generating functionals (A(t)), resp. B(s,t) f A(7)dT and Lévy
measures Nary and np(sy = fst nardr respectwely.

Assume that there exists a neighbourhood U of e such that

TA(r) (CU) =0 V7, hence  np(sp (CU) =0, Vs<t (4.1)

Then for any continuous sub-multiplicative function f : G — [1,00),
for all0 <T < oo we have:
sup  (Hegss, f) < 00 (4.2)
0<t<t+s<T

In fact, more is shown there: Let a > 0,7 € (0, ). Then 3t > 0:
sSup <ﬂr,r+s; f) S f sup f <X7“_1XT'+S) ap S ﬁ(t)
0<s<t 0<s<t

There (t) \, 1 (with ¢ \, 0) and (X, ' X, ) denote the increments
of an additive process with distributions (Mr,r+s)m >0

Hence, if f(e) = 1, then sup ({ftyr4s, f) — 1) — 0. This proves in
particular the assertion (4.2) if [0,77] is covered by a finite number of
small intervals.

Lemma 4.2. Let (v;445) be represented by a perturbation series as in

Corollaries 2.4, 2.5: Vs = e P > k>0 ut(f;ls, where Vt(t)Jrs = [t tts,

k+1) k
Vlf Jt+s fos Mt tpu * O(t + U) * Vt(+)u,t+sdu'

Then for continuous symmetric sub-multiplicative functions f > 1
with f(e) =1 we have:

@) (Wirs f) = €7 S soUitha ) (hthas f) = (Hugss, f) and

k+1
<Vt(tis)7f> S

k+1 k

sk
/ / H Ptitiss | H tiv1), [)duggy - - - dug (4.3)

=0

where to =1, t; :=1t; +u;, tgo1:=1+s, so:=8,8 =5 — 221 Uj.
b) (Vigss, f) = (pugss, [) - €755
c) (s, f) = C-D-e [o(t+u), f)du
with positive constants C = C(t,t +s),D = D(t,t +s) € (0,1].
d) Furthermore, we observe
Jolo(t+u), fidu = [ c(t+u){p(t+u), fdu+ [ (6 —c(t +u)) du-c.
with [ (8 — c(t +u))du < 3-s.

a) and b) follow immediately by 2.4, 2.5 (in view of (1.6)) and by

Proposition 3.4.
Analogously, c) follows applying 3.4 to

<Vt,t+sa f> > e P / </~Lt,t+u * U(t + U) * it t+s) f}du
0
defining C' := 05}1;(“@”“’ 1/f) and D := ogfgsm”“’t“’ 1/f). (Recall
that f(e) = 1.) ﬂ

Now we have the means to formulate the main result:
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Theorem 4.3. Let (v4445) be a Lipschitz-continuous hemigroup with

generating functionals A(T) and B(s,t) f A(T)dT respectively. As-
sume as in Corollary 2.5 (2.1)

o(t) ==nar (CU) < B, 0<7<T (4.4)

for some neighbourhood U of the unit e. Let as before, f: G — [1,00)
be continuous, sub-multiplicative and symmetric with f(e) = 1. Then

the following assertions are equivalent:
(1) (Viys, [) <oo forall0<t<t+s<T

(Z’L) <I/0T,f><OO
(tit) fo f)dr < oo (with the notations introduced in 2.5).

(iv) (15 o,T),flcU = fo Jou fdnaeydr < oo

(v) Forallse (0,T) sup (MBirs), floy) < 00
0<t<t+s<T

Proof. We use the notations introduced above, in particular in 2.5.

"(i) < (i4)”  cf. Lemma 3.6.

" (i4i) < (iv)” Note that a( ) >0, 8T > fOTﬁ nae(CU)dr > 0 and

and (npo1), fley) = fo dT—fO B —nae (CU) (cf. Lemma

4.2 d) ). Whence the assertlon follows.

"(iv) < (v)” is obvious, since the integrands are non-negative.

7 (i1) = (i17)” follows by Lemma 4.2 ¢). (Note that C'- D > 0).

"(i1i) = (i1)” According to Lemma 4.2 a) we have to show that

e AT Zk(uékT),ﬂ < 00. For k = 0 we have (ué?%,f) = (uor, f) <

SUP <y y s (Mt prs: [) =1 My < oo (cf. Proposition 4.1.) Note that

1 < MO < M2 and by assumption (iii) fo fldr < co. t —
= fo f)dv is increasing, bounded on [0 T ] and absolutely

contlnuous W.I. t )\1| o,- Hence for all € > 0 there exists a () > 0
such that V s < d(¢),Vt we have I'(t,t +s) == ['(t +s) — ['(¢) < e.
Furthermore, for all k € Z,0, d > 0 we have in view of (4.3):

i 3.4c), (4.3)
< t(tii)a <
sy, k+1 k
/ / H Mty tiqs f H z+1 duk+1 cedug <
=0
S0 Sk
M2 / / H<U<ti+1),f>dukz+l codug <
My - (My - d)* (4.5)

(with the notations introduced in (4.3)), if s < §(d), hence s; < 6(d).
k
To prove the last estimate of (4.5) note that [* [T(o(tis1), f)dursr =
i=0

k—1

[T{o(tiva), £) - [y (o (te + upsr), fduga < H< (tis1), [) - d, etc.

=0
Let 0 < ¢ < 1, choose 0 < d < ¢/Mj. (Note that M, only depends
on T.) We begin with 0 = to. Put ;41 :=t; + s; and choose s; < §(d),
hence F(t,,tzﬂ) < d . Then according to (4.5) we observe (g, +,, f) <
e~ Zk<yt0 tot-s19 f> < e P (1 - C)_l - M.
Now replace ty by to + s =: t1, s < 6(d) etc. After N repetitions,
~ T/6(d), the interval [0,T] is covered and we obtain in view of

Proposition 3.4: (v r, f) < Hf[(l/tmﬂ, H<eT1—e™ MY O
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5. APPENDIX

Remarks 5.1. a) The constant My in (4.5) depends on the the length
of the chosen interval: Put My = My(s) if the behaviour of vy, is
considered in the interval 0 < u < s.

If (Viu4s) is time-homogeneous, i.e. if (Vs := Vi)~ (and also
(Hs 7= [he4+s)g) are continuous convolution semigroups, then we have

with Mo(s) = sup{pu, f):
u<s

<Vt,t+87 f> = <V37 f> < M0(8>eisﬁeM0(S)<U’f> (51)

where A(t) = A, o(t) = 0 = nalgy, :=0(G) = na(CU) = c(t).

With different notations the upper bound (5.1) is found in [20], proof
of Theorem 5. In fact, in the time-homogeneous case sharper estimates
are available:

(Ver ) = Wrager ) = €75, 1) with (%, £) = (Heass: £

k

D, ) < / (bt £ P, s F

< Ma(s)on ) [ e P <+ < R (a5 1)

Whence (5.1) follows.

b) E. Siebert’s results in [19, 20] for the time-homogeneous case are
proved for general continuous convolution semigroups, and in that case
the restrictive condition (2.1) is trivially fulfilled (for any T > 0). It is
natural to conjecture that the assertions of Theorem 4.3 hold true also
without condition (2.1) resp (4.4). But up to now no proof is available.
c¢) Throughout, in order to avoid problems with measurability and in
view of [20], Theorem /4, we assumed G to be second contable. In fact,
this is not a serious restriction:

Firstly, w.l.o.g. we may assume G to be o—compact, since the group

generated by the supports U supp(vitss) is o—compact.
0<t<t+s<T

As well known (cf. e.g., [2], page 101, exerc. 11) a o—compact group
1s representable as projective limit of second countable groups G =
IimG/K, K € R, a set of compact normal subgroups with () = {e}.
- Keg

Let f be as above, then W = {f = 1} is a closed subgroup and f is
K —invariant for any compact subgroup K C W. Moreover, g := log f
is uniformly continuous by Lemma 3.2. Let e.g., ¥ : v+ 2%/ (1 + 2?),
then h := 1 o g is uniformly continuous and bounded. Hence h is
Ko—invariant for some Ko € 8 (cf. the above reference [2]). There-
fore, h, hence also f is Ko—invariant. Thus integrability of f w.r.t.
(V1,445) can be reduced to the case of second countable groups.
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