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Abstract: We investigate operators Lu = V - (a”Vu) and solutions u” of
L = 0 to various boundary conditions. The coefficients a” are assumed to
have a real part with changing sign and a small, non-negative imaginary part.
We investigate a ring geometry with radii 1 and R in two space dimensions
and use Fourier expansions in polar coordinates to analyze the qualitative
behavior of solutions when boundary conditions on a small inclusion B.(z)
are imposed. Our result is that " depends qualitatively on the position of
the inclusion. If |zg| is larger than the cloaking radius R* := R%/2, then u"
behaves as if no ring were present. If, instead, |xo| is smaller than R* then
the small inclusion is invisible in the limit n — 0.

1 Introduction

Cloaking is a name for an invisibility effect produced by a suitable device. The
essential feature of such a cloaking device is that it is itself invisible, and that any
object inside the device or in its vicinity is also nearly invisible. In order to quantify
the term inwvisibility, a process of measurement is defined. This can be done in
the framework of geometrical optics [15] or of partial differential equations, Maxwell
equations [8], wave and Helmholtz equations, or electrostatic equations in the context
of impedance tomography [12]. In such a setting, the cloaking device and the cloaked
object can be described by coefficients in the equation. The cloaking device is usually
given by coefficients with extreme values, large or small, or by negative coefficients
in some part of the domain. In this sense, many ideas for cloaking can be considered
as realizable only since the invention of negative index metamaterials [22], for which
mathematical justifications can be found for instance in [7, 3, 13, 4].

At least three different approaches to cloaking are currently under investigation.
In an approach based on complex analysis [15] one constructs an optical index field
which has the property that no light rays enter a certain region, but all light rays
are straight lines at infinity. This can be achieved by a rather explicit construction
of holomorphic mappings. This approach seems to be merely applicable in the two
dimensional case.
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2 Cloaking by anomalous localized resonance

In other approaches, one considers a specific differential equation on a subset
Q C R" for n = 2 or n = 3, and studies variable coefficients in €2. A cloak is then
defined by a fixed choice of coefficients. In the change of variables method [12] the
construction exploits that, in a reference domain with constant coefficients, a small
subset with changed coefficients has only a small effect in measurements. After a
change of variables, the small subset is a large subset in the physical domain and the
new coefficients have extreme values. The result is that any object that is placed in
the large subset in the physical domain, is almost invisible.

A third approach is connected with the concept of anomalous localized resonance.
The setting looks similar to the one used in the change of variables method in that a
differential equation for measurements is chosen and a variable coefficient on a phys-
ical domain defines the cloak. However, here the invisibility issue is directly linked
to the fact the device has an index with changes of sign. The cloaking devices are
mostly given by simple geometric objects. In [16], a ring Br(0) \ B1(0) is considered
such that the coefficient has the opposite sign in the ring and in the outside. It is
observed that a second object placed in the vicinity of Bg(0), e.g. given as a further
perturbation of the coefficients, is nearly invisible for measurements.

Different measurement processes can be considered. A standard possibility is to
define a large set () that contains all the structures, and to analyze the effect of
different boundary data as in electrical impedance tomography (EIT), cp. [14]. In
this spirit, one may define that a measurement consists in providing the Dirichlet-
to-Neumann map on 0Q for the given coefficients in (. Even though this map does
not determine the coefficients (see, e.g. [10]), one may define cloaking as the fact
that certain perturbations of the coefficients do not lead to relevant changes of the
Dirichlet-to-Neumann map [9)].

The effect of anomalous localized resonance. The phenomenon relies on the
fact that an elliptic partial differential equation with a sign-changing coefficient can
exhibit localization effects [16, 17, 20]. One observes that there exist functions which
are localized around the given structure and nevertheless homogeneous solutions ex-
cept for a small error. Numerical tests [5] confirm this effect which is very much in
contrast to standard elliptic equation without a sign-change, where the maximum
principle inhibits solutions to have maxima inside the medium. Our interpretation of
the cloaking process is the following. The exterior measurement results in an answer
of the small object. But the information that is sent out by the small object results
only in a resonance of the cloaking device and is not radiated to outer boundaries or
to infinity.

One would like to study the problem V - (aVu) = 0 with index a = 1 outside the
ring a = —1 inside the ring. This problem can not be treated by standard methods,
for elaborate approaches we refer to [1, 2, 6]. Another approach is to consider the
case of a positive dissipation coefficient 1 and to study the limit » — 0, which might
be considered also a low viscosity limit [16]. We follow this approach and consider an
coefficient which is perturbed in the complex plane as given in (1.1). For finite n > 0
this regularized problem can be solved by the Lax-Milgram theorem. Our aim is to
characterize a’-harmonic functions u" for various boundary conditions in the limit
n— 0.
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Our main theorems describe the invisibility effect in this geometry, related to the
cloaking radius R* = R*?2. In our first theorem, we study a small dipole radiator at a
position zy € R?, modelled by a boundary condition on B, (zy). To these boundary
data, we construct the bounded a”-harmonic extension v”7. Our aim is to analyze
the qualitative behavior of v"7. Our result is that the behavior of v is very different
depending on whether zy is a point inside the ball Bg-(0) or not. If z, is outside the
cloaking zone, the solution v" looks like a dipole field (without the ring). Instead, if
xo is inside the cloaking zone, the solution v" is concentrated in the vicinity of the
cloak and the far-field vanishes. To make this statement precise we adopt ideas of [5]
and introduce the number M7 as a measure for the field strength at a distance g.

Theorem 2, presented in Section 5, regards a passive inclusion B.(zq) with coeffi-
cient a = co. In this case, we study the Dirichlet-to-Neumann map on the large ball
B,(0). The invisibility effect is made precise with a number N(f). This number
measures, for Dirichlet data f on 0B,(0), how much the solution for the perturbed
medium differs from the solution of the uniform medium. It turns out that the small
inclusion is visible in the case |xg| > R*, but invisible in the opposite case.

It is crucial in our results that the radius € = () vanishes together with the
dissipation coefficient 7, and, moreover, we need the two convergences with controlled
rates. This is not only essential for our proofs, but it reflects also a physical fact.
The localized resonance appears with an angular wave number of order |log(n)|, and
the inclusion must be small compared to the corresponding wavelength at distance
R*.

1.1 Geometry and main result

We consider the two-dimensional case, r € R?, and the ring X := Bg(0) \ B;(0) with
inner radius 1 and outer radius R > 1. The coefficients have a positive real part
outside ¥ and a negative real part in . With a fixed direction iy € C, |ig] = 1 and
Imig > 0 (e.g. ig = 1) we set

a’(x) =

(1.1)

—1+414mn forxeX
+1 for v € R?\ X.

Here, n > 0 is a small quantity that measures losses inside the medium and we will
study the limit n — 0. The geometry is sketched in Figure 1.

We study in two-dimensions the family of operators L7 := V - (a"Vu) and are
interested in £"-harmonic functions v : U C R? — C, i.e. in solutions of

L' =V - (a"Vu) =0. (1.2)

We ask whether the coefficient a” can produce a cloaking phenomenon. To this
end we consider an object positioned at x, € R? outside the negative index ring and
specialize to the case that the object is a small ball B.(z(). We will state and prove a
mathematical theorem that makes precise the observations of [16, 17, 20] on cloaking
by localized resonance. We show that the cloaking radius R* = R%? > R satisfies,
in appropriate limits, the following: If xy is not contained in the ball Bg-(0), then
a measurement of the whole assembly yields results as if no ring were present. If,
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v

Figure 1: Sketch of the geometry. In the black ring the permeability has a negative
real part and a small imaginary part.

instead, x( is contained in Bg-+(0), then a measurement of the whole assembly does
neither detect the ring nor the inclusion B ().

Theorem 1 (Cloaking of a radiator). Let £ as in (1.1), (1.2) and R* := R3/? >
R > 1. Let zg € R? be a point with |xo| > R and let ¢ > R* be an observation
radius. We study L"-harmonic bounded functions v on R?\ B.(xo) which satisfy the
boundary condition v"(zg+ee®) = e e on OB.(xy). As a measure for the visibility
of the dipole inclusion we use

1/2
M = / 10,072
9B,4(0)

and denote by Mj > 0 the corresponding number for solutions of Av* = 0 to the
same boundary conditions. We consider sequences n \, 0 and € \, 0 that satisfy
(3.12). Then the following holds.

1. if |zo| > R*, then M) — M, forn — 0

2. if |vo| < R*, then M — 0 for n — 0.

1.2 Methods and Discussion

We have chosen to use the setting of [16] and [5] with an elementary static equation.
The measurement procedure follows [5] and consists in evaluating the strength of the
field on a large sphere; we evaluate either the norm of Neumann boundary values
in MJ or the difference between the perturbed and the neutral Neumann boundary
values in M. Our findings on the invisibility of small objects B.(2o) in Theorems 1
and 2 match the numerical results of [5]. With reference to Figure 2 of that work,
where (d,rg) is used instead of (1, ), we must emphasize that in our results  and ¢
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must tend simultaneously to zero. In that sense, the “conjectured limit as § — 07 [5]
cannot be justified by our work.

We emphasize that in our model (with index 1 outside the cloak) it is essential
that the coefficient takes exactly the value —1 in the cloak. Indeed, with a value
—k in the cloak, k # 1, the effect of anomalous resonance disappears as observed in
Subsection 2.1. This is consistent with the results in [1, 2, 6] (see also the references
therein), where well posedness of a diffraction problem is shown under the condition
that |k — 1| is large enough.

While the setting of the problem and the measurement quantities are certainly
well suited and quite general, our methods are very restrictive. We exploit here the
special spherical geometry in two dimensions in order to expand solutions in terms of
spherical harmonics. The proofs of our theorems are based on interaction coefficients
that allow to expand spherical harmonics to center 0 into spherical harmonics to
center xy. The calculation of such interaction coefficients is based on the use of
complex variables and holomorphic functions. It is desirable to extend the results to
more general geometries and to understand better the underlying spectral problem
in appropriate function spaces. To our knowledge, this is still an open problem.

We mention that in the time dependent problem with parabolic scaling, a negative
diffusion index has a quite different effect than in elliptic or in hyperbolic problems.
In the two standard approaches to backward diffusion, the region with a negative
index remains immobile in the evolution, see [11].

Outline of this paper. Section 2 is devoted to the study of L£"-harmonic func-
tions on R2. These functions can be calculated explicitely in terms of their Fourier
expansion. In Section 3 we investigate the interaction of the negative index ring
with the small spherical inclusion with the help of interaction coefficients G ; and
Hj,; which allow to expand every L"-harmonic function into spherical harmonics on
0B.(xg). We calculate precise estimates for these coefficients and construct solutions
to various boundary value problems with the help of iteration maps. Section 4 is
devoted to the proof of Theorem 1, the two parts are shown in Propositions 4.1 and
4.2. In Section 5, Theorem 2 is shown by similar methods.

2 Properties of the negative-index ring

2.1 Homogeneous solutions

Following Milton [17], we study solutions of (piece-wise) elliptic problems in a radial
geometry in R2, the points are x € R2. With the angle variable § we write x =
(rcos(#),rsin(f)). We want to develop solutions u : R* — C in spherical harmonics.
For fixed k € N, solutions u” of L"u" = 0 can be found with the ansatz

u'(x) = U(r)e™, (2.1)

for U : (0,00) — C. The functions r**e*? together with their complex conjugates are
harmonic. Demanding the boundedness in = 0 and normalizing to a unit monomial
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around 0 we make the following ansatz with complex numbers a, b, o, 5 € C,
r¥ for r <1,
U(r) =R ark* +br=% for1 <r <R, (2.2)
ar® + pr=% for R < r.
It is elementary to determine relations between the numbers a,b, a, 3, such that
LM = 0. For the following we denote the constant value of a” on ¥ by A := A" :=

—1+1i9n € C. The continuity condition for v" and a"d,u" in r = 1 and r = R reduces
to

1=a+b, 1= Aa— Ab
aR¥ + bR™F = aR* + BR7*
aAR" —bAR™" = aRF — pR7*.

These relations allow to express the coefficients of the fundamental solution Uy ex-
plicitely,

_ A+l A
‘T oA DY

L [OHA? L (1-A?
Q_ZR [ 1 R" — 1 R
R N b Y’ IV T’
P=3 [TR_ a

We emphasize that these coefficients depend on k and on n. The most important
number in our analysis will be the following ratio which we call the localization index.

Pl := P(n,k; R,ip) == b e C, (2.3)
a
where [ and « are such that " from (2.1), (2.2) solves L™ = 0. We have derived
the solution u" with the angular dependence e™*? for k > 0. A solution for k < 0 is
given by the same formulas with & replaced by |k| (in particular in (2.2)), and we
have P, = P/ for all k € Z. The localization index satisfies

2 k —|k .
- A)EM R oy 2ion (2.4)
(1+ Ay)2RH — (1 — A,)2R- ¥ iZn% — AR

P = Rk

With this expression for P; we can already see why the cloaking radius R* = R%/?
will become important. To find out whether ar® or Br=* is dominant in (2.2), we
consider the number P /r2k|

P __(Ei)mk (2ion — ign*)(1 — R~2M) (2.5)

P2kl T\ P22 RIFL — (2 —ign)2 BRIkl

The limiting behavior for n — 0 is

B . .

mgxmﬁo if r > R, (2.6)
Bl ow

max —— — oo if r < R". (2.7)

ko 2k
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To see (2.6) it suffices to realize that the function n/(n*RF + R7*) is maximal (in
n > 0) for n = R~* and to insert this value. For (2.7) we choose any sequence k,, — 0o
and insert 7, = R~

05 L L L L L L L L L 2
0

Figure 2: Real and imaginary part of Uy (dark and bright line) for R = 2 and cloaking
radius R* ~ 2.8. Left: A = —1+0.05i, K = 3. In this case, P, ~ 2 — 10%. Right:
A=—-1442"" k=8, such that P/ ~ 0.25 — 8.4 - 10%.

Anomalous localized resonance is related to the fact that P;' can become very
large as described by (2.7), which provides the dominance of the [-term over the
a-term for r < R*. Loosely speaking, the £"-harmonic function “looks almost like”
r~%. It therefore has similarity to a localized homogeneous solution.

We can see from (2.4) that the denominator can become small in the limit n — 0
only if A, — —1. This reflects the fact that for other limiting values than —1 no
cloaking effect appears. This is consistent with [1], where it is shown that £° on
a bounded open subset with Dirichlet boundary conditions has a compact resolvent
provided that the coefficient is not —1.

2.2 The Dirichlet-to-Neumann maps

The above localization index P}’ can also be translated into a Dirichlet-to-Neumann
operator. We consider, for arbitrary fixed r > R, the boundary I' := 0B,.(0) and the
map

N™": HY*(I,C) — HV*(,C), u"+ 0,u"|p, (2.8)

where u” solves L"u" = 0 in B,(0) and n(z) = x/|z| is the exterior normal to B, (0).
We emphasize that in this section only the ring 3 is studied and that the geometry
is radially symmetric.

Since (e*%),ez is a basis of L?(I',C) and H*'/?(T, C), it suffices to calculate the
Dirichlet-to-Neumann map for these basis functions. Since the solution keeps the 6-
dependence of the boundary values, we can describe N™" with its Fourier components

N — (N]:’n)keza Nr,n(eike) — N}:,n . eike‘
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The solution to boundary values e™*® on 9B,(0) is given by u” as in (2.1), (2.2), and
it has, in a neighborhood of 9B,.(0), the form u? = ¢ (ar!* 4 gr=1k)e*?  Therefore

o,u" RS P,ZT_Q"“'

N = — kK
om0 T 1 + P[r—2Ik]

(2.9)

We will compare the operator N™" of the ring geometry with the corresponding opera-
tor N™* for vacuum. Since the solution without the ring is r/*/ ¢?*¢  the corresponding
coefficient is "
N = u (2.10)
T
For negative k € 7Z the harmonic solutions are given by the same formulas with &
replaced by |k|, hence N/ = N just as N, = N.*, and formulas (2.9) and (2.10)
remain valid. From (2.9) we see once more why the number P/r~2*| is of importance.
Indeed, relations (2.6) and (2.7) imply the following result.

Lemma 2.1. For the critical radius R* := R®?, the Dirichlet-to-Neumann maps
have the the following properties for n — 0. For every r > R and fixed k € 7 holds

N — N[ (2.11)
In the case r > R* the convergence is uniform in k and, moreover, there holds
HNN? — NT’*||£(H1/27H71/2) — 0. (2.12)

In the case R <r < R*, forn — 0, there exists k, — oo with

— 1. (2.13)

Proof. The explicit formula for P in (2.4) implies immediately that P;’ — 0 for fixed
k and n — 0. This implies relation (2.11). Relation (2.12) is a consequence of (2.6).
The uniform convergence of N;" follows because (2.6) holds with an exponential rate
in k. Finally, (2.13) follows from (2.7). O

We read (2.12) as an invisibility result for the ring. The response of the ring
to measurements from the boundary 0B, (0) is identical to that of the empty ball
B,.(0), at least if the observation radius is large enough, r > R*. The sign change of
(2.13) will be the basis for the cloaking effect. The boundary condition 9,u = —N"*u
corresponds to solutions that are singular in 0 and bounded at infinity.

Corrector coefficients. As an abbreviation we furthermore introduce the differ-
ences

k| 2Py

J! = N — N = [k] 2B 2.14

k k k r 14 P]?r_gma ( )
k 2

I} = NJ* + Ny = Ll (2.15)
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where the second equality in each line is valid for £ > 0. The number J;! € C is a
measure of how different the properties of the ring are to the properties of vacuum.
Instead, a small index [} relates to an almost inverted sign and indicates a cloaking
effect. In the calculations below there will appear the ratio between the two values,
the relevant number turns out to be once more

i _ B

77 = 7 (2.16)

The two coefficients will J;' and I will appear later on as follows. When con-
sidering a generic function Wy(p,8) = (p/r)*e* for k € 7Z, which is harmonic on
B,(0), it satisfies on 0B,.(0) the condition

(8p — NTW)WIC = (N,:’* — N]:’U)Wk = J]?Wk

Similarly, when dealing with a the function Uy (p,8) = (p/r)~¥e?? for k € Z, which
is harmonic on R? \ B,(0), we can exploit that it satisfies on 9B, (0)

(6,) — NTJ?)Uk = (—N]:’* — N]:m)Uk = —[]?Uk

3 Interaction of the ring with an inclusion

We are interested in the effect of a small object in the vicinity of the resonant ring.
We fix a point zp € R? with |zg| > R. Furthermore, let ¢ > 0 be a radius with
e < |xg] — R. We are interested in the following boundary value problem for v".

V- (a"Vu") =0 in R*\ B.(70), (3.1)
v'(z) =g (x — xo) for x € 0B.(xy), (3.2)
v" bounded, (3.3)

where the boundary data g : 9B;(0) — C are given. We recall that, since a” is not
real, the solution v" will also be complex valued.

With the aim of analyzing the interaction of the two disks Bg(0) and B.(x() we use
the complex notation additionally for the independent variables. We identify C = R?
by identifying a point z = (x1,7;) € R? with the complex number z = x; + izy.
When we think of this identification we will write z and zg instead of z and xy. We
will assume that the imaginary part of the point 2y vanishes in order to simplify the
calculations below. This assumption means that zq = (|zo],0) € R x {0}, which is
no restriction of generality since it can be acchieved by the choice of coordinates.

General boundary data g of (3.2) are expressed by its Fourier series. To do so, we
denote the angle of x—x( with the real axes by ¥ € [0, 27) such that z2—zy = |2—z|e®.
We expand ¢g with coefficients g, € C, [ € Z, as

g(e") = Zgleiw with squared norm |[|g||*> = Z 1% (3.4)

leZ leZ
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We are particularly interested in the boundary values ¢ = gp corresponding to the
coefficients g1 = 1 and g; = 0 for [ # 1, i.e.
W\ i ngN_ 2 TR0
gp(e™) = e, such that v"(z) = —— for z € 0B.(z).
€

We will refer to these special data as dipole boundary values.
We use the abbreviations N = {0,1,2,...}, N, ={1,2,...}, and N,, = {2, 3, ...}.

3.1 Interaction coefficients

Our aim is to derive a relation between the harmonic functions Uy : C\ Bg(0) — C
and V; : C\ B.(z) — C, k,1 >0,

o) = (2) " )= (‘)

We develop Uy, in terms of V; = € on 9B.(z), and we develop V; in terms of
U, = e~ on 9BR(0). We can define the corresponding operators that map boundary
conditions on one sphere to the values of the harmonic extension on another sphere,
G(ViloB.(z0)) == ViloBro) and H(Uklosr0)) = Uklop.(z)- In Fourier coordinates with
the two basis e; = €? and e;, = e the operators read

G : L*(0B:(2)) — L*(0Bg(0)), G(e") =" Gire ™,

kEZ

H : L*(0BR(0)) — L*(0B:(z)), H(e™) = Hye".

IEZ

We can identify the operators also with the corresponding operators on spaces of
sequences, 1?(Z) 3 e; — G(e;) = (Gix)r € I2(Z) and I*(Z) > ey, — H(ex) = (Hyy)i €
(7).

Our aim is to evaluate the coefficients G, and Hj; explicitely for k,1 > 0. We
start our calculation with a Taylor-expansion around zy € C (or the Neumann series)

R — 1\ .
Z— B RV el — )
=S (2) -
J=0
Differentiating & — 1-times in C gives

e (1) - OO 1y (1) gt

z Pard 20 j—k+1
Setting 7 = k — 141 we find

(1) =Sy (i) it =)

=0
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which we may also write as
B oS (B) (2 (I (=) (35)
2 ) 20 20 l € ’ )
1=0
We note that on 9B, (z) holds ((z — 20)/¢)! = €™ = V;. Therefore (3.5) yields

Uy = in,lVl on OB.(z0),  Hyy = (—1)' (k * 5 - 1) (E)k (3)1, (3.6)

Z| 2

and, similarly,

V=3 Guuls on 9Ba(0),  Gux = (~1) <k o 1) (Z—Ro)k (Zio)l (3.7)

k=0

for k,1 > 0. Here, the coefficients G, can be easily obtained from (3.5). We use the
formula with z = zp — 2/, e = R’ and R = ¢’. In the prime coordinates, the function
Vi appears on the left and the functions U; appear on the right. We exchange k and
[ and take the complex conjugate, exploiting the assumption zo € R. We find that
Gi1x = (—1)*"Hy;. Furthermore, again for k, > 0, the above representation provides
Gi—r=G_1, = H_j; = Hy_; = 0, the complex conjugate of the representation yields
H_y = Hpyand G = G-y .

Our analysis of boundary value problems is based on careful estimates for the
interaction coeflicients G and Hy;. An immediate estimate for diagonal sums is
given by the binomial formula,

- R R\""'(e\' R (R+e\"
=2 () (5) (6) =2 (57)
1 S <0 <0 <0 <0

=

In particular, for R + ¢ < zj, all coefficients are bounded in absolute value by 1, and
summable over both indices.

3.2 Approximate resonant dipole radiator

We will always assume zy € R and abbreviate zp = (5,0) € R? or 29 = s € C.
Furthermore, we assume R + ¢ < s, which means that B.(z9) N Bg(0) = (). The aim
of this section is the construction of a solution to (3.1)-(3.3). We will not succeed
immediately to construct a solution to dipole boundary data g = gp along 0B.(x),
but we will satisfy this condition in an approximate way. To be precise, we use
the basis V;|0B.(z9) = €'’ of L?(0B.(7¢)) and demand that the projection of the
boundary values onto Ce™ should be e =V} on dB.(z). We construct our solution

with the building blocks Uy, k € N,, and V;.

Definition 3.1. We introduce the number \; € C given by
~1

> pn
1+Z§gk(§)1 , (3.8)
k=0

)\d =
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and set coefficients a € C to be

n
Pl e

S VheN. (3.9)

ap — _)\d

With these numbers, we define the special solution w" : R?\ (Br(0) U B.(z¢)) — C,
w(x) = AaVi(z) + Y _ ap U(x). (3.10)
k=0

With the same letter w" we refer to the L"-harmonic extension w" : R*\ B.(xo) — C.
This extension exists by the subsequent lemma.

Lemma 3.2 (Approximate dipole field). The function w" of Definition 3.1 can be
extended to a solution w" : R?\ B.(zy) — C of problem (3.1)—(3.3).

The function w" satisfies on OB:(xg) the boundary condition w" = Y2 bV, with
by = 1. The coefficient b; for | # 1 is given by

—k _ZH,. (3.11)

Remark. Without the ring Bg(0)\ B1(0) of negative index, the solution with dipole
boundary data V; is w” = V;. Therefore, if the ring introduces only a small perturba-
tion of solutions, one might expect Ay &~ 1, which is indeed the case for s = |zo| > R*.
On the other hand, for s = |z9| < R*, expression (3.8) my define a small coefficient
A ~ 0. In this case, despite the dipole boundary values Vi, the solution does not
behave like the dipole solution V.

Proof. Step 1. The coefficients ay. The function w” can be extended to an L"-
harmonic function if and only if it satisfies the boundary condition (9, — N®7)w" = 0
on 0Bg(0). This is the case if and only if

o0

0= (N = NFNAVL + (=N = N1 "0, Uy
k=0
= (NR’* — NRﬂ?) Z AdGl,kUk — (NR’* + NR’W) Z Qg Uk
k=0 k=0
= Z )\dJ,?GLkUk - Z I,?ak Uk.
k=0 k=0

Inserting J)'/I}] = P/R™* of (2.16) and G1, = —(¢/s)(R/s)*, by comparing coeffi-
cients, we find

~ M\ P]R*(/3)(R/s)F = ay

and thus (3.9).



G. Bouchitté and B. Schweizer 13

Step 2. The coefficient A\y. We now demand that the dipole moment on 0B.(x)
is one. Using Hy, 1 = —k(g/s)(R/s)* we find

<. P! sen? (R\"
bt Z Rkskk (E) (;)
k=0
and hence (3.8).

Step 3. Relation (3.11). The boundary values w" have, on the boundary 0B.(x),
the expansion

Y

1:)\d+zaka,1:)\d

k=0

B o0 B o0 P]j e
w" = \gV] + Z arU = A\gV1 — )\dz Tk gk ;Uk
k=0 k=1
B o0 o0 P]Z? c B
= AaVi — )‘dz Z Rksknglel‘
1=0 k=0
Comparing the coefficients provides relation (3.11). O

3.3 Solutions for general boundary values

We have not yet solved problem (3.1)-(3.3) for general boundary data g. In the
main result of this subsection, Lemma 3.4, we will solve the problem for boundary
data which have a vanishing dipole moment. Subsequently, we will use this result to
correct the boundary data of the special solution w" of Definition 3.1 to dipole data
gp-

We will construct bounded solution sequences under an assumption on the size
of e. We fix a sequence n = n, — 0 with the corresponding critical coefficients
k = k, and a sequence ¢ = &, — 0. We have to assume that ¢, and 7, vanish
in an appropriate relation to each other. From now on, we will always assume the
following.

Assumption 3.3. We assume that the geometry is fived by numbers 1 < R < s < R*
and that sequences n = n, \, 0 and € = ¢, \, 0 are given. We assume that there
holds for some number 6 > 0 and the sequence k = k,, = [—log(n,)/ log(R)]

3\ k 3 k
ke? (i) — 00, k2e (5—2 + 5) — 0. (3.12)

52

The first convergence of (3.12) requires that € is not too small and guarantees,
in particular, the convergence A\; — 0. Instead, the second property requires that e
is small enough. It implies that the boundary values of the special solution w" are
close to Vi; this follows from expression (3.11) where the factors (R/s)* and £? are
contained in the coefficient Hy; for [ > 2.

In order to show that our results can be applied in concrete situations, we present
an explicit case. We consider b > 1, 6 > 0 and N > n — 00, and the sequences

n=n,=R", eE=¢e,=b", k,=mn, with
b such that b* < (R*/s%) < (R*/s* +6) < b*.
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Regarding the above smallness assumptions on € we calculate in this setting

3\ Fn 3\ "
kne2 (R—z) ~nb~ " (%) — 00,
s s
3 kn 3 n
kel (% + 5) ~nih" <]j—2 + 5) — 0.

We can now state and prove the existence result with uniform bounds for the
small-inclusion boundary value problem.

Lemma 3.4. Let Assumption 3.3 hold. Let boundary data g € L*(S') be given by
the expansion g =Y =, gie™ with complex numbers gy, in particular with a vanishing
dipole moment. Then there exists a solution v" of (3.1)~(3.3). More precisely, the
solution can be expressed as

" =V 4+ UL+ N + . (3.13)

Here, w" s the special solution of Definition 3.1 and X", u" are complex numbers with
\)\’7| < Collgll. The functions V! and U} are given by coefficients (f'); € I*(N,,,C)
with [|(f/ )l < Collgll as

7
B WLREE o EE

The number Cy is independent of n and g.
The coefficients b, of (3.11) provide an expansion of the special function w" of
Lemma 3.2. They satisfy by = 1 and

Up(z) . (3.14)

: n2 _
1175%; 07| = 0. (3.15)

Proof. In the proof, we suppress the superscript 7 in f;, V”, and Uy, 7. The result is
shown with an iteration map. Banach’s fixed point theorem Wlll prov1de the existence
result together with the structure properties and the estimates. The idea for the iter-
ation is as follows. We start from a guess for the coefficients f;. A first approximation
of the solution is the function V;. But this function does not satisfy the boundary
condition on 0Bg(0) imposed by the negative index ring. We introduce the function
Uy, harmonic outside Br(0) such that V; + Uy satisfy the boundary condition on
0BRr(0). In order to treat the error on 0B.(z), we subtract an appropriate constant
and an appropriate multiple of w”. The remainder, g — Uy — Aw" — p is taken as a
new guess for f.

Step 1. Construction of the iteration map. We investigate an iteration on the
space

- {f € L*0B.(v0) : f = fie", fi € C} ! (3.16)

1=2
T: X —-X, fw— frv.
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In order to define the iteration we start from f € X with Fourier multipliers f; € C,

=YL =Y fVi)
=2 =2

and consider the harmonic extension on R? \ B.(xy),

g
—
aX
|
DNl

==

|
=
~—

The field V; does not respect the boundary condition 9, — N = ( along dBr(0).
We correct this by a function

o)

Up(x) = > cxlU(x),

k=0
which is possible if ¢, € C is chosen such that, on 0Bg(0),

o

0= (9, — N*"\(V; + Uy) = (NB* — NB) > Vi (=N — NN " U

=2 k=0

FINT* — NFNG U+ (=N = N1,

2 k=0

[iRGLUs = e }UL.

2 k=0

I
NE
WK

k

01

I
NE
NE

e
Il

01

This can be achieved with the choice
Ck = Z LG/ = ZflﬁG
1=2 =2

for all k> 0. We now set f := g — Uy, given by

(e}

. P ~
f:Z 95 — Z flGl,kR—ska,j Vi, (3.17)

j=0 1>2,k>0

where we set gy = g; = 0. Since constant function and dipole contribution (V; and V;)
appear in f , we do not necessarily have f € X. We post-process this by projecting
onto the subspace X. With appropriate A7, u" € C we finally set

Fr = T(f) o= f = X — i, (3.18)

where w" the special approximate dipole solution of Definition 3.1. The factor A7 is
chosen to generate a vanishing dipole moment of f"°V, the factor u in order to have
a vanishing average. We must choose

Z flle Hk 1- (3.19)

1>2,k>0



16 Cloaking by anomalous localized resonance

Let us assume that f € X is a fixed point of T, i.e.
f=T(f) = F = X" — " = g — Uy — Nl — " (3.20)

This implies that the function v" = V; 4+ Uy + Nw" + p of (3.13) satisfies the
boundary condition v” = g on dB.(z() and the boundary condition on 0Bg(0), since
both Vy + Uy and w” do. The explicit formula of (3.14) follows from the expression
for ¢j.. The estimates for (f;);, A7, u" follow from the fact that the fixed point is found
in a ball with radius comparable to the norm of g.

Step 2. Reducing the proof to three estimates. Our aim is to treat T : X — X
with a Banach fixed point argument. Interpreting G, H, I and J as operators, in
light of (3.17) we must analyze the operator

Ho(JoI oG :*N,,) — I*N), (3.21)

and show that its norm is less than 1. Regarding this operator we note that H and

G are bounded, but Jo I~! behaves like P;'/R?* ~ R* in the critical k. On the other

hand, we have an estimate of the type |Hy |, |G x| < ((R+¢)/s)* together with some

e-factors. Assumption (3.12) will be sufficient to find a small bound for the operator.
We claim that the following relations hold in the limit n — oo.

k
P’?
3 <§) L%—gljz Hk,,|> is small in [%(N,,), (3.22)
k 1E€Nx
G |P—’?|H i 1l in I*(N 3.23
> M'R%‘ il is small in 12(N,,), (3.23)
k 1EN
P’?
> \Gl,k||R—§k|\Hk,j|> is small in 2(N,,) — I*(N,,). (3.24)
k G €N

The contractivity of 7': X — X, defined in (3.17) and (3.18), is shown once we
have verified the following: smallness of the operator H o J o I~! o G, boundedness
of the special function w" as in (3.15), and the smallness || A\7|| < ¢||f]|;z for a small
factor c. The smallness of the operator is a consequences of (3.24). The required
boundedness of w” is a consequence of (3.22) by (3.11) and the boundedness of Ag.
The smallness of A" is a consequence of (3.23) by relation (3.19).

Relation (3.15) was part of the above argument and a consequence of (3.22). For
the proof of the lemma, it remains to verify (3.22)—(3.24).

An observation on uniform boundedness. We claim that for some numbers C' € R
and dg > 0 there holds

. K .
J ' (QJ)K i+ K

independent of 0 < 6 <y and j, K € N,.
Verification of (3.25). For the first expression, the boundedness is obtained by
regarding j, K € [1,00) and to find the maximal value of the corresponding function.
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We differentiate with respect to j and set the derivative to 0,

B i jK y _]'K—lé‘j ‘

For § < 1/e we find the maximum for j < K and the value of the function is
(J/K)¥o7 < 1.

The boundedness of the second expression follows from Stirlings formula which
implies K! > cK%e X for some constant ¢ > 0. Imposing smallness of § and using
the boundedness of the first expression gives

(Qj)Kj+K 11(35 KK < ¢ KK
i 1) 02 KK ) 0(26) 0,

which is bounded for 6 < 1/(2¢). Claim (3.25) is shown.
Step 3. Conditions (3.22) and (3.23). We verify (3.23) with a direct calculation.

Aj =Y |Gyl | PR Hy

keN

() @ e (5)
SO

keN

We denote by K the critical index k, setting K = |—log(n)/log(R)|, the largest
integer below the expression in brackets. Accordingly, we decompose the sum over k
into two parts and write A; = AJ»SK + Aj>K . In the calculation of A]-SK we will use
|PY| < CnR*, while for A7 we use |P]| < CR* /1.

Distinguishing additionally two cases for j we calculate first for 2 < 7 < 2K,
using n < R7X,

RNF renitt  (k+j—1
<K < . J
A5 SC’g 7](—82) <s> j< ) )
RN\ /e\it R! 3Ke\7 2
< - — ]< 222
_k<K77<S2) (s) (BK) <C(R,s)n (52) K ( . )

3K (g)K] (1/2)772

Assumption (3.12) yields, for large n, the smallness of the squared bracket and
3Ke/s < 1/2, which makes, for j > 2, the above a sequence with small I?(N,,)-
norm.

For j > 2K we modify the estimate of the binomial coefficient. We exploit (3.25)
of step 2 in the inequality marked by (2) below. We assume now j > 2K and K > 4

< C(R,s)
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such that we can use j+1 > 1(j+2K+2) > 3+35(j+ K) and hence j + K < 2(j —2)
in inequality marked by (1),

an k . .
e (2) 0 (147)

copme(G) () e
< CO(R,s)R°K (R—;)K (Z)P’K(QIJQ!K <\/€Ts)2(y‘—2)

2R, s) (f_g)KggK“/ 2y ((e/) ™ -
R (E)K] (1/2)2

for all n large enough such that (¢/s)”* < min{1/2,d,} with & > 0 as for (3.25).
We obtain the same estimate for AJ»SK as for the smaller indices j.

For A]?K we exploit the estimate 1/n < CRE and calculate for arbitrary j > 2,
using the binomial expansion of powers and C' depending on R and s,

1 R 2k »+1. . ]{3—1
ey (5) (70T
k>K
B 1 /e\3 (R reNi2 k(k+1) [j+k—1
—Cg;{;(;) (—) G G <j—2)

I (0 RO

k>K

< C(R,s)

< 0531(2% [(R)s)? + (/s)] <

< CK2RN [(R/s)? + (e/)]" |
< CEK? [(R*/s%) + (Re/s)] " [(RY/s*) + (¢/5)]

which is, by assumption (3.12), of the desired type: a small multiple of a geometric
series.

Concerning (3.22) we only have to compare with the previous calculation. With
A; as defined in the beginning of Step 3 we find

R\"|P" e P e+ (k+1—1
;(Z) ﬁ;Hk,z\zzk:sW<;> ( l )SAI'

In particular, summability and smallness follows from that of A;.

Step 4. Condition (3.24). It remains to check whether

(Ajm) jmza = <Z |Gkl Py IR_%IHk,m\) (3.26)
k

Jm=2
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defines a small map [%(N,.) — [2(N,,). The coefficients can be estimated by
Ajm =Y |Gkl | PR Hye |

keN

SCEYE) O E e

keN
| P gtm (j4+k—1\ (m+k—1
5 G (A I G}

We will verify that, for some © € (0,1) and arbitrarily small ¢ > 0 there holds, for

all n sufficiently small, '
A < g™, (3.27)

This provides the smallness of the map A, in [P-spaces.
We follow the lines of Step 3 and start with the k¥ < K = |—log(n)/log(R)|. For
7,m < 2K we estimate

Pl (eNitm (j+k—1\ (m+k—1
A%:Z‘s2k‘<s> <Jj )(m k )

k<K

<o (S) T SRy (3K

g2K

3 Jj+m—3
<0(R) K23<3K) |
52 s

Using (3.12) and e K — 0, we find the estimate (3.27). For j,m > 2K and K > 3 we
calculate

Ang —UR;II: (E)J*m K2 (23) (Qm)
" s s K! K!
K 24 K ) 2 K
< C Kz 3((€/S>1/4)]+m 3 ([]()' ((€/S>1/4)]+K ( z') ((6/8)1/4)m+K.
Boundedness (3.25) of Step 2 yields an estimate of the form (3.27) for large n. The
remaining cases j < 2K < m and m < 2K < j are treated with analogous calcu-
lations, using for the smaller index the first estimate and for the larger index the
second.
We finally consider k£ > K and calculate

SK |5 et (G+k—1\ (m+k—1
Ajm_z g2k (S) j k
R%* Am=3 Lk (i4+k—1\ k+1 (m+k—1
< Z - -
C Zs% <> j<j—1 )m—l(m—2)

j+k—1 m+k—1
< CRESS R P + f} {5 + 5]

S S S S
k>K

oK
< Ce!K?R% {g + z] (R/s+¢e/s)’t™.

This is of the desired form (3.27) and provides the smallness of the operator A. [
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Remark 3.5. We are interested in solutions to dipole boundary data gp on the inclu-
sion B:(xg). An approzimate solution to these boundary data is the special function
w". In order to solve exactly, we correct the error with an application of Lemma 3.4
to g = w" — e —by. By (3.15), these boundary data vanish in the limit n — 0.
Therefore, the corresponding solutions, given by coefficients f;' and A", also vanish
in the limit n — 0. We conclude that the solution to exact dipole data reads

V" =w" + VI + Ul + X" + " (3.28)
with f' — 0 in 1*(N..) and X7 — 0 in C forn — 0.

4 Quantitative analysis of the dipole radiator

With the last section we have shown that dipole boundary data on 0B.(zy) admit
L"-harmonic extensions. We keep the above situation and consider x, € R? with
s = |zg| > R, and a radius ¢ > 0 with R + ¢ < s. We study the following boundary
value problem for v".

V- (a"Vu') =0 in R*\ B.(x0), (4.1)
iv

o= for g = zo + e’ € OB.(x), (4.2)
£

v bounded. (4.3)

Under assumption (3.12) this system has a solution by Lemma 3.4 and Remark 3.5.
The only difference to Remark 3.5 is that we multiplied the solution by e~! in order
to be in the situation of Theorem 1. The scaling is chosen such that the limit of the
subsequent number M7 can be non-trivial.

As a measure for the strength of the far-field we use, for fixed ¢ > |x¢|, the number

1/2
M= (/ |6nv’7\2> ) (4.4)
0B4(0)

To have a comparison, we first calculate this quantity in the situation without
resonant ring. We denote the solution for a = 1 by v*, i.e.

Av* =0 in R?*\ B.(zy),
it ,
v* = — for x = xo + €™’ € OB.(xy),
3

v* bounded.

The function v* can be calculated explicitely as a dipole field with £ = ey + i eq,

5-(x—xo)'

|z — @o[?

v(z) =&V log(|lz — xo|) = (4.5)

This function is clearly bounded at infinity, harmonic, and satisfies the right boundary
conditions. With fixed ¢ > R* we therefore find, independent of € > 0,
1/2 o\ 1/2
M = / o] = / PR k0] IS
0B4(0) 0B4(0)

"o — x|
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The following proposition is our first result on cloaking and proves the statement
on cloaking of Theorem 1.

Proposition 4.1 (Radiation from inside the cloaking radius). Let a" and L" with
1 < R < R* be as above, xg € Bp«(0) \ Br(0) such that s = |zo| < R*, and e > 0
with R < s —¢ < s+e < R*. Let v" solve (4.1)~(4.3) and M} be as in (4.4) with
q> R2 Letn\,0 and € = £(n) \, 0 satisfy (3.12). Then

lim M7 = 0.

n—0

Proof. Lemma 3.4 and Remark 3.5 provide a solution ©" of £70" = 0 with 9" = &%

on OB, (o). The function of the proposition is then given as v" = ¢~ '9". By Remark
3.5 we have to analyze, with \; of (3.8) and a; of (3.9),

1 1
v = 9" == (w’7+Vf’7+U}7 +)\’7w”+u”)
€ £

1. - 1 1 1 1 1
= “AVi+ =Y apUp + Vi + =U] + =Xw" + —p"
5 £ < 5 5 5 5
=+ F)+F +F+F'+ F].
We will show that the functions F}/, j = 1,2,...,5, satisfy

HF}?HL%an(o)) — 0, (4.6)

using that the above functions are given by small coefficients (f;); € I*(N..), fi = f]',
and A" € C. The constant function F does not contribute to M}, hence (4.6) finishes
the proof of the proposition.

(a) The function Fy' = 1X;Vi. We only have to recall that Vi(z) = ¢/(z — ).
This function and its derivatives are of order € on 9B,(0) and claim (4.6) for j =1
follows, since Ay — 0 by assumption (3.12).

(b) The function Fy = 1%, a;Ug. The explicit formula for ay, in (3.9) provides

Pl 1 Rk
Jrgkk/‘k_ < Xl —
svS S

Together with the estimate of the derivative of Uy,

1
—|ag| = |Adl
19

R k
10,Uk | 208,00y < Ck (g) : (4.7)

exploiting ¢ > R? and \y — 0, we find
R4k R2k
1E 7208, 0)) < CZ \)\d|2@k’2ﬁ < Ol
!

and thus (4.6) for j = 2.

(¢) The function Fj = 1V = 1% ) fiVi. As in the analysis of Vi in (a) it
suffices to note that

10, Vill 2208, 0y < CE".
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(d) The function Fy = tU]. We here analyze the function

1 | s
gUf e %:CkUk with ¢, = ZflﬁGl,k

1>2
for 1?(N)-small coefficients (f;);. We start by recalling that (4.7) provides us some
smallness of Uy at radius ¢. It allows to calculate

1 2
-0,U
Jeae

1
= —QZ |Ck|2||anUk||2L2(an(0))
L2(0B,0) &

2 2
C & ) R 2k |Gl’k| ) R2 2k
=) (ZWR ‘wa‘) #(5) —ex () e (T)
koo \iz2 . \i>2
We exploit the direct estimate

1 1 R e k+1-1

—[Gue| < - (— + —)

5 S

S S

from the binomial formula, which shows the summability in both indices. It implies

2

< ClI(AinllE — 0,

1
tar
€ L2(8Bq4(0)

which concludes the calculation for Uy.

(¢) The function Fy' = IX"w". The function w"/e was analyzed in (a) and (b),
the factor A" is small.

We have shown (4.6). With this, the proof of the proposition is complete. O

Proposition 4.2 (Radiation from outside the cloaking radius). Let £" with 1 < R <
R* be as above, 7y € R?\ Bg-(0), and o > 0 with R* < |x| — ¢ < |x0| + 20 < ¢.
Then, for every sufficiently small n > 0 there exists a solution v" of (4.1)—(4.3). Let
v* be the limiting solution given by (4.5) andn =mn, \, 0 and g > ¢ = &(n,) — €1
be arbitrary convergent sequences. Then, with M defined by (4.4), there holds

v — v* uniformly on compact subsets of R* \ (Br(0) U B, (7)) and
M — M forn — 0.

Proof. We fix a radius r with R* < r < |zo| — . The statements will be derived as
consequences of the convergence N™" — N™* — ( as expressed in (2.12). We exploit
that a function with boundary condition on 0B,(0) given by N™" can be extended
to an L"-harmonic function.

Step 1. Ewistence of v". We consider the problem on a bounded domain B,(0) \
B,(0) with a large radius p. The solution v" for fixed > 0 and fixed inclusion radius
e = £(n) can be constructed as follows. We consider @ := B,(0) \ (B:(z¢) U B,(0)),
and emphasize that ) depends on e(n). We search for v} € X, such that

/VvZ-Vgo—i—/ N"lp=0 VeeX
Q 0B:(0)
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for the (affine) linear spaces

Xy = {f € HY(Q) : f =0 on 0B,(0), f(zo+ece”) = %em on (‘9B€(x0)} )
X={feHQ): f=00n0B,0), f=0ondB.(x)}.

The bilinear form satisfies, by Poincaré’s inequality,

/ Vol - Vol + / N g
Q 9B:(0)
= / Vol - Vol + / N1 57 + / (N™ — N™ )y 57
Q 8B, (0) 3B (0)
> c(Q)lopllzr ) — M1}l )

with h(n) \, 0 for n — 0, where ¢(Q) depends on p, but is independent of 7 despite
the n-dependence of (). Hence the form is coercive for small n > 0. The Lax-Milgram
Theorem provides a solution v} for every p > r.

We now want to perform the limit p — oco. To this end we have to perform
Poincaré estimates on fixed bounded domains and consider for j € N the restrictions
Q; = (QNDB;(0))\ B, 11/;(x0) and always assume that 7 is sufficiently small to have
(; C Q. We subtract suitable constants from v} in order to have a vanishing average
on 0B,.(0). With this modification, the operator N™* is strictly positive and allows a
Poincaré estimate with ¢; > 0,

C]'HUZH%”(QJ-) < / V’Ug . V@Z + / NT’*UZ ’Eg
Q 9B (0)
This implies for the solutions an estimate of this norm, depending on j, but indepen-
dent of p > py. By a diagonal (sub-)sequence argument with p — oo and j — oo, we
find a solution v" for the problem on the unbounded domain.

Step 2. Comparison with v*. We define vy , € Xy as the solution of

/ Vo,V + / N*ol o =0 VYpeX
Q 0B, (0)

and will exploit that the solution is an approximation of the singular limit solution v*.

Taking the difference of the two variational problems and choosing ¢ = v —v; , € X
we find

/Q V= vl + /aB ©) N (v = oy, ) (05 = 0y, )

with h(n) \, 0 for n — 0. We conclude v? —v; , — 0 in H'(Q;) with bounds that
depend on j but are independent of p. We therefore conclude also v" — v* — 0 in
H} (R?\ (B,(0)UB,(x))). Since both functions v" and v* are harmonic outside the

ring, locally, the strong L? convergence implies uniform convergence of the functions
and of the derivatives on 0B,(0). This concludes the proof. O
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5 Invisibility of an inclusion

In this section we transfer our results to a different experimental set-up. We are
interested in the possibility to detect an inclusion with a static measurement. We
assume now that the inclusion is passive: it is given by a variation of the coefficient
a in the ball B.(zg). Similar to a tomography measurement, we prescibe a potential
u” on the boundary 0B,. The solution to the partial differential equation u” is
evaluated on the boundary, more precisely, the normal derivative d,u" is evaluated
on 0B,. In short, we want to examine how much the inclusion in B.(x¢) changes the
Dirichlet-to-Neumann map of 9B5,.

5.1 Model for the static measurement

The geometric set-up is as before, with radii R, e, ¢ > 0 satisfying ¢ — 0 and ¢ > R?
and with a point 7y € R? with R < s = |z9| < ¢. In contrast to the last section
the inclusion is not radiating; the non-trivial solution u" is a result of nonvanishing

boundary data f € L?*(0B,(0)). We decide to study

V- (a"Vu") =0 in B,(0) \ B.(zo),
u” = o on OB.(x9),

u’ = f on 0B,(0),

where o € R is selected such that

/ d,u" = 0.
9Bc(z0)

Physical background. The above equations model an inclusion with high con-
ductivity. Indeed, when we want to investigate a large but finite conductivity x > 1,
we study the equations

V- (alVu]) =0 in B,(0),
u = f on 0B,(0),

where we set ! = k in B.(z9) and a] = a" on B,(0) \ B.(xg). It is straightforward
to verify that, in the limit x — oo, the solutions u] converge weakly to solutions
u" in H'(B,(0) \ B:(xo)). This follows by the boundedness of u? in this space, the
uniqueness of solutions u”, and the uniform estimate for [ B. (x0) k|Vul?. The flux
condition that determines « is satisfied for all harmonic functions on B.(z() and
hence for u]. This carries over to the limit function. We emphasize that, in these
arguments, the small positive numbers € and 7 are kept fixed.
We investigate the limit problem of x = oo in order to have less parameters.

5.2 Cloaking effect

Following in spirit the work of Bruno and Lintner, we study the following number as a
measure for a cloaking effect. We denote by u* the harmonic function with boundary
values f. The function u* is the comparison solution to a = 1, i.e. the solution when
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no ring and no inclusion is present. As a measure of how much the true solution
differs (in our measurement) from the comparision solution, we introduce

1/2

We can interpret a small value of N, J(f) as cloaking, since in this case the measure-
ment with data f produces a result that is very close to a measurement without ring
and without inclusion.

Theorem 2 (Invisibility of a small conductor). Let the geometry be as in Theorem 1

with numbers q¢ > |xg| > R, ¢ > R?, and let the sequences € = &,, and n = n,, satisfy
Nu/e2 — 0. Then, for f € HY?(0B,(0)), the following holds.

1. In the case |xo| > R* we find

N

with ¢(f) > 0 for all functions f with Vu*(xg) # 0.

2. In the case |xo| < R* we find, if €, has the scaling properties (3.12),
N7 ()

e2

— 0 forn — 0.

Remark concerning the assumption 7,/¢2 — 0. We recall our example of se-
quences 7, and €, satisfying (3.12). We considered 7, = R™™ and ¢, = b~ with
b* < R?/s%. Since R*/s* < R we then demand on b that b < R and hence 7, /e2 — 0
is satisfied.

Proof. Step 1: A second comparison function. We already introduced the reference
function u* without ring and without inclusion, solving Au* = 0 on B,(0) with
u* = f on 0B,(0). Additionally, we use the function u! with the ring, but without
the inclusion, solving
L] = 0in B,(0),
uy = f on 0B,(0).

In order to conclude the theorem from results on u” — u!, we claim on u! that

1 * |2
= |Opull — Opu*|* — 0. (5.1)
& JoB,(0)

Relation (5.1) is a consequence of our analysis of Dirichlet-to-Neumann maps and of

the assumption 7,/¢2 — 0. Indeed, we can calculate with the Neumann operators
N7 and N%*, and expanding f as f =Y, fre'*?,

1 1
L o —aaep =2 / INOI(f) — NO*(f) 2
€% JoB,(0) & JoaB,(0)

1 . 1
= 05_4 D INET— NP fi]? = 05_4 S IR AP,
k k
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where J}! of (2.14) is evaluated with radius r = ¢ > R*. Using (2.4) and (2.6) for P}
shows

1 1 _ 1 _ n n
ST < O 1K P M < Okl B g 2 < O (bI(RYg?) ) < O

This quotient vanishes in the limit n — oo, and we conclude (5.1).

Step 2: A conductor outside the cloaking radius. In this step we assume |xo| > R*.
Our aim is to show that the function w” := u" — u! gives a non-trivial contribution
to N]/e?, even in the limit n — oco.

We exploit that the function w” is £"-harmonic and satisfies homogeneous bound-
ary conditions on 0B,(0). It solves

V - (QHVQUH) =01in Bq(O) \ Ba(xo)a
w' = g on aBE(xO)7
w" =0 on an(O),

with

9= (u"—ul)|op.(a0) = @ —

= (o —ul(zo)) — Vul(zo) - (x — x9) — %D%Z(mo)(x —xg) - (x —x0) — ...

The functions u? converge uniformly on compact sets outside B r(0) to u* as a con-
sequence of (2.6); we refer to the above calculation and note that now the factor
1/€% is not included. As a consequence, in the generic case that Vu*(zy) # 0, also
Vul(zg) — Vu*(xg) # 0. We investigate this case in the following.

The potential w” coincides approximately with a dipole field. Regarding the
scaling we note that w"/e? can be compared with (a complex multiple of) the solution
v" of (4.2). Similar to the proof of Proposition 4.2 one can show that N'/c* has a
non-trivial limit. This is done by comparing the field w”/e? with standard non-trivial
dipole field as v* of (4.5). We omit the details of this calculation which is analogous
to the proof of Proposition 4.2, but without the limit ¢ — oo.

Step 3: A conductor inside the cloaking radius. In this case we decompose w" as
w" = w{ + wy + wy + w]. We define the functions w as the £7-harmonic functions
with the following boundary conditions: on dB.(xg), the Dirichlet conditions w} =

a—ul(zg), wy = =Vul(zo) - (x—1x0), w§ = g—w] —wj, and w] = 0. We impose that
the function w] is bounded on R*\ B.(xo) for j = 1,2,3. The function w} corrects
the exterior boundary condition, w] = —w} — wj — w] on dB,(0). With this choice,

the function w} + wyg + w4 + w satisfies the same equations as w”. By uniqueness,
the decomposition of w" = w{ + wj + w1 + wj is satisfied. To complete the proof, it
remains to study the single solutions w;7.

(a) The function w{ is constant and does not contribute to the Neumann data on
0B,(0).

(b) The function E%wg was studied in Proposition 4.1 with the result that E%wg
tends to 0 uniformly on compact subsets. By compactness, the n-dependence of the
factor Vu!(zg) poses no problem in the application of Proposition 4.1.
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(¢) The function Zwj has bounded Dirichlet data on B. () with vanishing dipole
moment. Such L7-harmonic functions were studied in Lemma 3.4. The solution is
given in (3.13), (3.14) with />bounded coefficients f;. The contributions of V; and
U; are small on the large radius ¢ > R?. This is shown with the same calculation as
in parts (a-c) in the proof of Proposition 4.1.

(d) By points (a)-(c), the function w] has small Dirichlet values on 9B, (0).
Since it is L"-harmonic and ¢ > R* is outside the cloaking radius, we conclude that

Sw] — 0 as the other three functions. 0O

Acknowledgments. This work was initiated when the second author was visiting
the University of Toulon. The financial support and the kind hospitality are gratefully
acknowledged. The first author acknowledges the support of ANR project POEM
PNANO 06-0030.

References

[1] A. S. Bonnet-Ben Dhia, P. Ciarlet, Jr., and C. M. Zwolf. Two- and three-field
formulations for wave transmission between media with opposite sign dielectric

constants. J. Comput. Appl. Math., 204(2):408-417, 2007.

[2] A.-S. Bonnet-Ben Dhia, P. Ciarlet, Jr., and C. M. Zwdlf. A new compactness re-
sult for electromagnetic waves. Application to the transmission problem between
dielectrics and metamaterials. Math. Models Methods Appl. Sci., 18(9):1605—
1631, 2008.

[3] G. Bouchitté, C. Bourel, and D. Felbacq. Homogenization of the 3d maxwell sys-
tem near resonances and artificial magnetism. Comptes Rendus Mathematique,

347(9-10):571 — 576, 2009.

[4] G. Bouchitté and B. Schweizer. Homogenization of Maxwell’s equations in a
split ring geometry. submitted, 2009.

[5] O.P. Bruno and S. Lintner. Superlens-cloaking of small dielectric bodies in the
quasistatic regime. Journal of applied physics, 102, 2007.

[6] M. Costabel and E. Stephan. A direct boundary integral equation method for
transmission problems. J. Math. Anal. Appl., 106(2):367-413, 1985.

[7] D. Felbacq and G. Bouchitté. Theory of mesoscopic magnetism in photonic
crystals. Physical Review Letters, 94(18):183902, 2005.

[8] A. Greenleaf, Y. Kurylev, M. Lassas, and G. Uhlmann. Full-wave invisibility of
active devices at all frequencies. Comm. Math. Phys., 275(3):749-789, 2007.

9] A. Greenleaf, M. Lassas, and G. Uhlmann. Anisotropic conductivities that can-
not be detected by EIT. Physiol. Meas., 24:413-419, 2003.

[10] A. Greenleaf, M. Lassas, and G. Uhlmann. On nonuniqueness for Calderén’s
inverse problem. Math. Res. Lett., 10(5-6):685-693, 2003.



28

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

[21]

[22]

Cloaking by anomalous localized resonance

D. Horstmann and B. Schweizer. A free boundary characterization of measure-
valued solutions for forward-backward diffusion. Adv. Differential Equations,
13(3-4):201-227, 2008.

R.V. Kohn, H. Shen, M.S. Vogelius, and M.I. Weinstein. Cloaking via change
of variables in electric impedance tomography. Inverse Problems, 24(1):015016,
21, 2008.

R.V. Kohn and S. Shipman. Magnetism and homogenization of micro-resonators.
Multiscale Modeling & Simulation, 7(1):62-92, 2007.

R.V. Kohn and M.I. Vogelius. Determining conductivity by boundary measure-
ments. Comm. Pure Appl. Math., 37(3):289-298, 1984.

T. Ochiai, U. Leonhardt, and J. C. Nacher A novel design of dielectric perfect
invisibility devices. J. Math. Phys., 49(032903), 2008.

G.W. Milton and N.-A.P. Nicorovici. On the cloaking effects associated with
anomalous localized resonance. Proc. R. Soc. Lond. Ser. A Math. Phys. Eng.
Sci., 462(2074):3027-3059, 2006.

G.W. Milton, N.-A.P. Nicorovici, R.C. McPhedran, and V.A. Podolskiy. A proof
of superlensing in the quasistatic regime, and limitations of superlenses in this
regime due to anomalous localized resonance. Proc. R. Soc. Lond. Ser. A Math.
Phys. Eng. Sci., 461(2064):3999-4034, 2005.

G.W. Milton and P. Seppecher. Realizable response matrices of multi-terminal
electrical, acoustic and elastodynamic networks at a given frequency. Proc. R.

Soc. Lond. Ser. A Math. Phys. Eng. Sci., 464(2092):967-986, 2008.

G.W. Milton, P. Seppecher, and G. Bouchitté. Minimization variational princi-
ples for acoustics, elastodynamics and electromagnetism in lossy inhomogeneous
bodies at fixed frequency. Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci.,
465(2102):367-396, 2009.

N. A. Nicorovici, R. C. McPhedran, and G. W. Milton. Optical and dielectric
properties of partially resonant composites. Phys. Rev. B, 49(12):8479-8482,
Mar 1994.

J.B. Pendry, D. Schurig, and D.R. Smith. Controlling electromagnetic fields.
Science, 312(5781):1780-1782, 2006.

D.R. Smith, J.B. Pendry, and M.C.K. Wiltshire. Metamaterials and negative
refractive index. Science, 305:788-792, 2004.



Preprints ab 2008/08

2009-14 Guy Bouchitté and Ben Schweizer
Cloaking of small objects by anomalous localized resonance
2009-13 Tom Krantz, Lorenz J. Schwachhofer
Extrinsically Immersed Symplectic Symmetric Spaces
2009-12 Alexander Kaplun
Continuous time Ehrenfest process in term structure modelling
2009-11 Henryk Zahle
Ein aktuarielles Modell fiir die Portabilitat der Alterungsriickstellungen
in der PKV
2009-10 Andreas Neuenkirch and Henryk Zahle

Asymptotic error distribution of the Euler method for SDEs with
non-Lipschitz coefficients

2009-09 Karl Friedrich Siburg, Pavel A. Stoimenov
Regression dependence

2009-08 Wilfried Hazod

Continuous convolution hemigroups integrating a sub-multiplicative function

2009-07 Sergio Conti and Ben Schweizer
On optimal metrics preventing mass transfer

2009-06 Simon Castle, Norbert Peyerimhoff, Karl Friedrich Siburg
Billiards in ideal hyperbolic polygons

2009-05 Ludwig Danzer
Quasiperiodic Tilings - Substitution Versus Inflation

2009-04 Flavius Guiag
Direct simulation of the infinitesimal dynamics of semi-discrete
approximations for convection-diffusion-reaction problems

2009-03 Franz Kalhoff and Victor Pambuccian
Existential definability of parallelism in terms of betweenness
in Archimedean ordered affine geometry

2009-02 Fulvia Buzzi, Michael Lenzinger and Ben Schweizer
Interface conditions for degenerate two-phase flow equations
in one space dimension

2009-01 Henryk Zahle
Approximation of SDEs by population-size-dependent
Galton-Watson processes

2008-25 Winfried Hazod
Mehler semigroups, Ornstein-Uhlenbeck processes and background
driving Lévy processes on locally compact groups and on hypergroups

2008-24 Karl Friedrich Siburg, Pavel A. Stoimenov
Symmetry of functions and exchangeability of random variables



2008-23

2008-22

2008-21

2008-20

2008-19

2008-18

2008-17

2008-16

2008-15

2008-14

2008-13

2008-12

2008-11

2008-10

2008-09

2008-08

Ina Kirsten Voigt
Voronoi Cells of Discrete Point Sets

Michael Lenzinger and Ben Schweizer
Effective reaction rates of a thin catalyst layer

Michael Voit
Bessel convolutions on matrix cones: Algebraic properties and
random walks

Margit Rosler and Michael Voit
Limit theorems for radial random walks on p X g-matrices as
p tends to infinity

Michael Voit
Central Limit Theorems for Radial Random Walks on
p X q Matrices for p — oo

Michael Voit
Limit theorems for radial random walks on homogeneous spaces
with growing dimensions

Ansgar Steland and Henryk Zahle
Sampling inspection by variables: nonparametric setting

Guy Bouchitté and Ben Schweizer
Homogenization of Maxwell’s equations with split rings

Wilfried Hazod
Multiple selfdecomposable laws on vector spaces and on groups:
The existence of background driving processes

Wilfried Hazod
Mixing of generating functionals and applications to (semi-)stability
of probabilities on groups

Wilfried Hazod
Probability on Matrix-Cone Hypergroups: Limit Theorems and
Structural Properties

Michael Lenzinger and Ben Schweizer
Two-phase flow equations with outflow boundary conditions
in the hydrophobic-hydrophilic case

Karl Friedrich Siburg
Geometric proofs of the two-dimensional Borsuk-Ulam theorem

Peter Becker-Kern, Wilfried Hazod
Mehler hemigroups and embedding of discrete skew convolution

Karl Friedrich Siburg, Pavel A. Stoimenov
Gluing copulas

Karl Friedrich Siburg, Pavel A. Stoimenov
A measure of mutual complete dependence



