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Abstract

We propose a test for symmetry of a regression function with a bivariate predictor based on
the Lo distance between the original function and its reflection. This distance is estimated by
kernel methods and it is shown that under the null hypothesis as well as under the alternative
the test statistic is asymptotically normally distributed. The finite sample properties of a
bootstrap version of this test are investigated by means of a simulation study and a possible

application in detecting asymmetries in gray-scale images is discussed.

1 Introduction

Symmetric structures play an important role in many contexts in science, art and the real world
(see e.g. Weil, 1952, Rosen, 1995 or Conway et al., 2008). Most parts of the human body are nearly
symmetric, for example, the right hand is more or less symmetric to the left hand. By modeling
this mathematically the problems reduce to symmetry of functions. For example, a symmetric
grey-scale image is a symmetric function of the pixel location taking values between 0 and 1 or a
distribution of some characteristics in a population modeled as random variables is symmetric if
the underlying density is symmetric. So, most models of this kind can be reduced to symmetry of
regression functions or densities and the problem of testing for symmetry is of particular interest
for these functions. There exists already some work on tests for symmetry of densities. Huskova
(1984) proposes a test for symmetry of the common distribution of two p-dimensional random
vectors. Hollander (1988) gives an overview of several tests for symmetry of distribution or density
functions. In Ahmad and Li (1997) a test for symmetry of a density function based on kernel

methods is proposed. A test based on transformed empirical processes is given in Cabana and
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Cabania (2000), while Dette, Kusi-Appiah and Neumeyer (2002) develop a test for symmetry of the
error distribution in regression models.

In the present paper we discuss the problem of testing for symmetry of a regression function,
which is of similar importance as the problem of testing for symmetry of density functions. Our
work is motivated by some applications in thermographic image analysis, where abnormalities such
as malignancies, inflammation and infection cause localized increases in temperature which show
as asymmetrical patterns in an infrared thermogram [see for example Gratt et. al (1995), Jones
(1998), Kruganti and Qi (2002) among many others]. In such cases — besides the visual inspec-
tion of the images — statistical tests for the symmetry of the regression function are of interest to
detect asymmetries at a controlled significance level. A typical application will be given in Sec-
tion 4.2. Moreover, such tests can also be used generally in image analysis to test, whether an
underlying object is symmetric with respect to some (known) axis or has some symmetric compo-
nents. Additionally, the knowledge of symmetry is for example of advantage in image compression
or reconstruction.

There already exist various methods in the literature addressing the issue of symmetry of objects
or functions. They can generally be classified in two groups. One group consists of methods for
determining a symmetry axis in images or functions or, more general, for fixing regions of (local)
symmetries in two-dimensional objects. We mention here the work of Atallah (1985), Friedberg
(1986), Marola (1989), Kiryathi and Gofman (1998), Loy and Zelinsky (2003) or Xiao et al. (2005)
among others. In most of these articles it is assumed, that the regression function or image is
observed without any stochastic errors. The second group is concerned with the question if, given
an image or data, an object or regression function is symmetric with respect to some known or
unknown axis. Recently, Bissantz, Holzmann and Pawlak (2009) propose tests for reflection sym-
metry and rotational invariance of two-dimensional regression functions or images based on Zernike
polynomials. On the other hand statistical tests based on kernel regression estimates do not exist
so far, especially in multivariate settings. On the one hand such methods are attractive because
of their simplicity - they are usually based on a direct comparison of the functions estimating the
images. On the other hand statistical tests based on kernel regression estimates also provide, beside
the result of a statistical test, an estimate of a simply interpretable measure for the deviation from
the null hypothesis. For example, if symmetry with respect to the y-axis has to be tested, the test

proposed in this paper will be based on a kernel estimate of the quantity

= / (m(z, ) — m(—z, ) d(z,y) (11)

and the null hypothesis of symmetry is rejected for large values of the corresponding estimate. The
L?-distance I can be considered as a measure for asymmetry and further statistical inference could

be performed using estimates of this quantity. Moreover, as pointed out by Rosenblatt (1975) or



Ghosh and Huang (1991) kernel based tests are usually powerful with respect to local alternatives

of the form

r—=C Yy—C
— m(— 3 : 1.2
m(z,y) = m( rc,y)+ﬁw( o o ) (1.2)

where (3,1, — 0, ¢1,c2 € R (see Remark 1 in Section 3).

In the present paper we propose a test for symmetry of a regression function with a two dimensional
predictor based on kernel regression estimates. Although there are various characterizations of sym-
metry of a function, we investigate the fundamental one, which is motivated by several applications

in thermographic image analysis, i.e.
Hy: m(—xz,y) =m(z,y) forall z,y . (1.3)

Note that we assume that the axis of symmetry is known. If this is not the case, it has to be
estimated first. Then, the general case can be easily traced back to the case investigated below.
The remaining part of this paper is organized as follows. In Section 2 we define the test statistic
and give a heuristic motivation. In Section 3 the asymptotic properties of the test statistic are
investigated under the nullhypothesis and the alternative, and we also show the consistency of
the test which rejects the null hypothesis (1.3) for large values of the estimate for the L*-distance
defined in (1.1). The applicability of the test is demonstrated in Section 4 where we show some
simulation results and apply the procedure to an example from image analysis. The proofs are all
deferred to the Appendix.

2 The test statistic and basic assumptions
We consider the nonparametric regression model with a bivariate predictor

Throughout this paper we restrict ourselves to the situation of symmetry with respect to the y-axis

and assume that observations are available on the set A = [—1,1]2. The hypotheses are

Hy : m(z,y) = m(—=z,y) for almost all (z,y)" € [~1,1]?
H, : there exists a set B C [—1,1]* with positive Lebesgue measure such that m(z,y) # m(—z,y)
for all (z,9)" € B.

All methods can be easily modified for testing symmetry with respect to the z axis or even with

respect to any other axis. If the true regression function m is symmetric in the first component,



then this should also hold approximately for any consistent estimator m of m. Therefore we propose
to estimate the distance I in (1.1) by

~

i, = / e, y) — iz, y)d(z, y) (2.2)

and to reject the null hypothesis for large values of this test statistic, where m is an estimator of
the regression function. If the null hypothesis of symmetry is true, the statistic I, converges in
probability to 0 as long as m is uniformly consistent, which intuitively explains why this procedure
should yield a consistent test. In principle any consistent estimate could be used in this procedure
but for the sake of brevity, we restrict ourselves to the Nadaraya-Watson and the local linear

estimate in the following discussion. The Nadaraya-Watson estimate is defined by

1 X, —x Yi—
mNW<x’y) = R k( x7 y>Zz
nayas fn(z,y) a a2

with

Fula.y) :nalagzk< — Y y)’

a2

and if this estimate is used in (2.2), the resulting statistic will be denoted by IN" in the following

discussion. Similarly the two-dimensional local linear estimator for a kernel k£ and a bandwidth

(a1,a)” is defined by

o (2,9) = [ (S20(@, 1) So2(. ) = SEal, 9) ool )
+(S10(z,y)S11(2,y) — Soa(z,y)S20(x,y))To1(z,y)(So1(z,y)S11(x,y) — So2(z,y)S10(2,y))T10(2, Z/)]
X [250,1(%y)Sl,o(x,y)Sl,l(%y) — So2(z,y) ST o(z,y) — Soo(x,y)ST (2, y) — Sio(x,y)S20(z,y)

-1
—i—Sgyo(x,y)5072(:1:,y)3270(a:,y)} )

where

Sik(T,y) Zk< - i_y>(X¢—$)j(Yz‘—’y)k

a2

Tj(z.y) Zk( — ) (X (Y- ) 2

a2

and the resulting statistic in (2.2) is denoted by

~

fn,o,l = /(mo,l(%y) - mo,l(—l‘;y))d(xay)
A



throughout this paper. For the sake of transparency, we assume for the asymptotic considerations
in the following that a; = as = h and k(u,v) = ki(u)ks(v) where k; and ko are univariate kernels.
However, all results presented here remain valid in the general case with an additional amount
of notation. Obviously critical values can only be obtained by asymptotic considerations, which
require knowledge of the asymptotic distribution of the statistic I, under the null hypothesis and
under the alternative. Roughly speaking, it will be shown in the next section that an appropriately
scaled version of the statistic I, is asymptotically normally distributed under the null hypothesis
and the alternative, where different rates appear in both cases. We conclude this section with a

statement of the necessary assumptions for these asymptotic results.

Assumption 1

1. The random variables (X;,Y;), ¢ = 1,...,n are independent and identically distributed with

density f whose support contains the set

6: 2 3 _ <
A°={z€eR |;r61£||z al| < o}.

2. The error variables €;, i = 1,...,n are independent and identically distributed with E[e;] = 0,

Ele?] = 1 and existing finite fourth moment p,; = E[g;] and independent of the sequence

{(Xi, Vi) iy

Assumption 2

1. The regression function m and the density f are two times continuously differentiable with

uniformly continuous second derivative.
2. The function o : A° — Rt of the standard deviation of Z; is continuous.

Assumption 3

1. The symmetric kernels k; and ks are of order 2 and have compact support, say [—1, 1].

2. The bandwidth h is proportional to the optimal bandwidth for two-dimensional regression

estimation, that is h = Cn=/6.

3 Weak convergence under the null hypothesis and alter-

native

For the construction of an asymptotic level a test based on the statistic I, in (2.2) we need the
(1 — @)-quantile of the asymptotic distribution of the test statistic I, under the null hypothesis.
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Our first theorem states that in this case the test statistic converges weakly with rate nh to a
normal distribution. Throughout this paper g; * go denotes the convolution of the functions ¢g; and
g2, and for a function g the symbol 9;g denotes the partial derivative of g with respect to the j-th

component.
Theorem 1 Let the assumptions 1 - 3 stated in Section 2 be fulfilled. Then

where Mn = E[Sn];

4 16h4
Tn = n2h20z1 +
mN

[ (x, y) (—a, )2 f2 (2, ) f2(—2, y)
S, = - d(zx,
/A Elf(@ )2 ELfu (—, 9)2 (0)

[fn
= k) (u, v u, v oz o*(z,y) o*(~2,y) T
o =2 [ [ R oPdtwn) [ o) [T+ ),
.Y)

]2
_ (z,9) .
aQ_/f?’:cny )d(

and

Az, 4) = / by (w)dulf (— 90, f (@, y) — £ (e, 9)00f (—,y)|oim(z, )

1

" / a0 dulf (—, )OS (2, 9) — £, 9)0of (2, 1) 0am(z, y),

1

The proof of this result is complicated and therefore deferred to the Appendix. If m and f are
at least three times continuously differentiable, the bias term simplifies substantially, that is u,, in

(3.1) can be replaced by

-1 / o*(z,y)  o*(=x,y) / > 4/ Yz y) N
n = + d(x,y k*(u,v)d(u,v) + h d(x,y).
=y Ry F )10 | K £ [ (g bgy) de
If the alternative H; : I # 0 holds, then we observe a different asymptotic behavior of the test

statistic T;,. For a statement of the precise result we introduce the following notation

x)kQ <Yzh—y> m(z,y) — m(—z,y)]
Elfa(z,y)]

o (u,v)(m(u,v) — m(—u,v))?

= /A - f’(% o) - d(u,v)

14— m(l",y)]kl(Xi_
), :

(3.2)



Theorem 2 Let the assumptions of Theorem 1 be fulfilled. If the regression function m is not

symmetric then
Va(INW — 1 —4b,) B N(0,7), (3.3)

where b, = E[T,].

If the regression and density function are at least three times continuously differentiable, the bias

term b, in (3.3) can be replaced by

l;n = h2 (“2(k1>(a%m($ay)f($a y) - 81m(x,y)81f(x, y)) + K’Q(k:?)(agm(xv y)f($7y) - an(x7y)82f($7y))>

m(z,y) —m(—z,y)
f(x,y) '

From Theorem 1 and 2 the asymptotic distribution of the test statistic under the null hypothesis

and the alternative the following result can easily be obtained.

Corollary 1 Under the assumptions of Theorem 2 the test which rejects the null hypothesis of

symmetry for large values of the statistic IAY]LVW 15 consistent.

Remark 1 It can be shown by similar arguments as given in the Appendix, that for alternatives
of the form (1.2) with a square integrable twice continuously differentiable function w and
1 s

P = Vnhi+2s = h

(0 > 1/2) the statistic on the left hand side of (3.1) is also asymptotically normally distributed with

variance 1 and mean proportional to [w?(x)dz. Because the size of the integral

/q/mﬁﬁwﬂﬁmﬁﬂw—@Mfﬂww

is of order

5n772 — U2y (202526 _ o —1/2p6-1/2 _ 0 —1/2,,—(5-1/2)/6

?

the test proposed in this paper has greater power against such local alternatives than tests based
on empirical processes [see Rosenblatt (1975) or Ghosh and Huang (1991) for more details].

Remark 2

(A) By Theorem 1 an asymptotic and consistent level a test for the hypothesis of symmetry is
obtained by rejecting the null hypothesis if f,]LV W' [, > TwZi_a, Where [i,, 7, are appropriate
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(consistent) estimates of p, and 7,, respectively, and z;_, denotes the (1 — «) quantile of the
standard normal distribution. It now follows from Theorem 2 that the power of this test can be

approximated by
P(Hy rejected | Hy is true) =~ 1— @ (—v/n(I +4b,)/T + vV/n(ptn + T21-a)/T) - (3.4)

where p,, 7, and b, are defined in Theorem 1 and 2, respectively. This formula provides also
information about the behavior of the power function, which depends (asymptotically) on the
particular alternative only through the three quantities b,, I and 72.

(B) Note that the quantity I defined in (1.1) can be interpreted as a measure of symmetry of the

regression function. From Theorem 2 we obtain under the alternative

7P:nzlfa
vn

as an upper (asymptotic) (1 — «) confidence bound for the parameter I, where 72 is an appropriate

INW _ab, +

(consistent) estimator of the asymptotic variance given in Theorem 2.

(C) A further important application of Theorem 2 arises from the fact that in practice - in particular
when analyzing thermal images - perfect symmetry will usually never be observed. The more
realistic question in this context is, if there exists approximately symmetry. Therefore we propose

to investigate the so called precise hypotheses [see Berger and Delampady (1987)]
Hy:1>¢ versus Hy:I1<¢e, (3.5)

where [ is the measure defined by (1.1) and € > 0 is a prespecified constant for which the exper-
imenter agrees to accept the image as symmetric. An asymptotic a-level test for the hypothesis

(3.5) is obtained by rejecting the null hypothesis, whenever

\/ﬁ(févw —e—4b,) < TnZ1—q -

We conclude this section with the corresponding statements for the local linear case. Note that the

discussion presented in Remark 1 and 2 is also valid for this type of estimate.

Theorem 3 If the assumptions of Theorem 1 are satisfied, we have under the null hypothesis
nhagy* Loy — Exllnon]) = N(0,1), (3.6)

where Ey denotes the conditional expectation with respect to X = {(X1,Y1),...,(X,,Y,)} and

2 0'2<£L',y) 0'2(—ZL’,y>
@) Ty * T ey A

S / (e # B)2(u, ), 0) /

A
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Under the alternative I > 0 it follows that
VAT Y2 (Lyg0 — Exllioa]) B N0, 1), (3.7)

where T is defined in Theorem 2. If m is at least three times continuously differentiable, the centering

A

term Ex[I,01] in (3.6) and (3.7) can be replaced by

niﬁ /A (Uf((;yy)) * jv((__;’;)»d(x?y)/k2(uav)d(u,v)

and

I+ h? /A(ffz(kn)alzm(%, ) + kg (k2)02m(z,y)) (m(z,y) — m(—x,y))d(x,y),

respectively.

4 Finite sample properties and a data example

In this section we study the finite sample behavior of the test based on the L2-distance by means

of a simulation study and an application.

4.1 Simulated examples

Although Theorem 1 and 3 specify the asymptotic behavior of the statistics ]A,]LV W and IAmO,l, we have
so far no information about the size and power of the test in finite samples. One typical problem
in the application of tests based on an L2-distance between nonparametric regression estimates is,
that the asymptotic distribution still depends on certain parameters of the data generating process,
which are often difficult to estimate. Moreover, even if the asymptotic variance and bias in Theorem
1 can be estimated the approximation of the nominal level is usually rather poor [see e.g. Fan and
Linton (2003)]. Hence, we propose to use a wild bootstrap version of the test which is often used
in heteroscedastic regression models [see e.g. Wu (1986) or Hérdle and Mammen (1993)]. For this
purpose we form a bootstrap sample (X1,Y1, Z7), ..., (X,, Yo, ZF) from (X1,Y1, Z7) ..., (Xa, Yo, Z0)
with
Zr =ms(Xy, V) +Ciéi, i=1,... n.

In this definition we use the symmetrized regression estimator

m(z,y) +m(—x,y)
2 b

mS(x7 y) =

the estimated residuals
éi = ZZ —m<X“Y;), 1= 1,...,71



o

Figure 1: Contour plots of the regression functions my, ms and mg with a =0 (from left to right).

and independent identically distributed random variables C; which are independent of the sample
(X1, Y1, 7,),...,(X,,Y,, Z,) and are drawn from the distribution which puts mass (v/5 4 1)/2v/5 at
the point (1 — v/5)/2 and mass (v/5 — 1)/2v/5 at the point (1 4+ v/5)/2. From this bootstrap sample
we calculate the bootstrap version f; of the test statistic. After B repetitions of the bootstrap
procedure we obtain a sample
Iy, g

of the test statistics, which can be used to estimate the (1 — a)-quantile of the distribution under the
null hypothesis by the | (1 — «) B|-th order statistic, say j:,(L(l—a) B))- Therefore the null hypothesis
of symmetry is rejected if

[TL > I:,(L(l—oz)BJ)' (41)

The consistency of this bootstrap procedure follows by similar arguments as presented in the proof
of Theorem 1 (see the Appendix) along the lines given in Hérdle and Mammen (1993) or Dette and
Neumeyer (2001), who prove consistency of the wild bootstrap in the context of testing parametric
assumptions and comparing regression curves.

We restrict the investigations of the finite sample properties to the local linear estimator because of
its advantages with respect to boundary effects. We use least squares cross validation to determine
the bandwidth for the estimation of the regression function in the test statistic jn,O,l and the errors
;. For the symmetric estimate m, required in the construction of the bootstrap sample we use a
slightly larger bandwidth to ensure a correct estimation of the bias.

For our simulation study we consider the following regression functions

ma(z,y) = (1-2%)

ma(z,y) = (1 - y)?
mz.q(z,y) = sin((x —a)® +y?), a=0,0.005,0.0075,0.01.
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Table 1: Size and power of the test (4.1) for the symmetry of the regression functions my and mg

estimated from 500 simulation runs for a = 0.05 and o = 0.1.

(a) Size for m, (b) Power for ms
n = 50 n = 100 n = 50 n = 100
a| 005 0.1 0.06 0.1 a|0.056 0.1]0.06 0.1
o o
0.05 0.073 0.107 | 0.05 0.1 0.05 1 1 1 1
0.1 0.056 0.11 | 0.054 0.094 0.1 1 1 1 1

The first regression function is symmetric and the second one is not symmetric. The third one is
symmetric with respect to the y axis for a = 0. For a = 0.005, 0.0075 and 0.01, it is shifted to
the right and therefore not symmetric with respect to the y axis. Contour plots of these functions
are presented in Figure 1. We consider a uniform design on [—1,1]?, normally distributed errors
with different standard deviations ¢ and different o. The sample sizes are n = 50 and 100 while
the number of bootstrap replications in each simulation run is B=200. The size and power of the
test is estimated from 500 simulation runs. The results for the three different regression functions
are presented in Tables 1 and 2 for the regression functions m; and ms, respectively. We observe
that for the regression function m; the nominal level is approximated very well in both cases
o = 0.05 and ¢ = 0.1. For the function ms, which is not symmetric with respect to the y-axis,
the simulated power is 100% in all cases. For a more detailed investigation of the behaviour of the
test under alternatives we consider the function ms for different values of a. The simulation results
are presented in Table 2. We see that a small shift (a = 0.005) is harder to detect than a larger
shift (a = 0.0075 or a = 0.01), especially for larger standard deviations. But in all cases where the
regression function mg is not symmetric to the y-axis, the simulated power is considerably higher
than the size of the test. The simulations also show (as expected), that the power is smaller for a

higher standard deviation of the errors.

4.2 Testing gray-scale images for symmetry

Gray-scale images can be understood as a two dimensional regression problem. Every pixel is defined
by its horizontal position x; and its vertical position y; in the picture and has a value Z; € [0, 1]
defining its scale of gray. Without loss of generality we may assume, that the coordinates (x;,y;),

i=1,...,n of every pixel are located in the set [—1, 1]? so that the origin of the coordinate system

11



Table 2: Size and power of the test (4.1) for the symmetry of the regression function ms, estimated

from 500 simulation runs for o = 0.05 and o = 0.1.

n = 50 n = 100 n = 50 n = 100
a| 005 0.1 0.06 0.1 a| 005 0.1 0.06 0.1
o o
a=20 a = 0.0075
0.05 0.066 0.1 0.06 0.1 0.05 0.952 0.976 1 1
0.1 0.052 0.08 | 0.042 0.078 0.1 0.4 0.538 | 0.958 0.976
a = 0.005 a=0.01
0.05 0.602 0.708 | 0.994 0.998 0.05 0.998 1 1 1
0.1 0.16 0.25 | 0.616 0.732 0.1 0.68 0.78 1 1

is located in the center of the image. In many cases the images are disturbed by error terms ¢;.
Therefore the image of a symmetric object usually does not show perfect symmetry. Only knowing
the image of an object, this evokes the question if the real object can be symmetric with respect to
the vertical or horizontal axis.

We now illustrate the application of the new test in the context of analyzing thermographic images,
which are used in medicine to detect diseases, especially inflammations in parts of the human body
[see for example Gratt et. al. (1995), Jones (1998) or Kuruganti and Qi (2002)]. While most parts of
the human body are nearly symmetric concerning the thermographical characteristics (e.g. left and
right hand/arm/leg etc.) an inflammation e.g. of a finger violates this symmetry between the left
and right hand. In Figure 2 we show two thermographic images of a right hand and its reflection.
The image in Figure 2(a) exhibits symmetry. The image in 2(b) has a small modification which
violates the symmetry. We now use the new bootstrap test to check the symmetry with respect
to the centered vertical axis in both cases. For the image in Figure 2(a), the p-value of the test is
0.232 and therefore the null hypothesis is not rejected at significance level a = 0.05. On the other
hand for the image in Figure 2(b) the p-value is 0 and therefore the test rejects the null hypothesis.
Thus the asymmetry is clearly detected.

12



(a) (b)

Figure 2: Thermographic image of a hand: (a) duplicated and mirrowed image of a right hand
(perfect symmetry) disturbed with errors. (b) duplicated and mirrowed image of a right hand with

modification in the right part of the image (small deviation from symmetry) disturbed with errors.

5 Concluding Remarks

In this paper we have developed a consistent test for symmetry of a bivariate regression function
with respect to a known axis using kernel methods. As natural application we showed an example
from image analysis with a more or less continuous change of grey scales. This assumption is not
always plausible for all images because there are often edges where colours change abruptly. Then
the standard kernel estimates do not provide useful estimates and modifications like e.g. in Gijbels,
Lambert and Qiu (2007), Hall, Qiu and Rau (2008) or wavelet estimators might provide better
results.

Image analysis can always be seen as inverse problem and testing for symmetry of the true regression
function is then of special interest if the point spread function is not symmetric. Topics of current

research are therefore testing for symmetry with respect to an unknown axis and in inverse problems.
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A Appendix: Proofs

For the sake of brevity we restrict ourselves to a proof of Theorem 1 and 2. The results in Theorem

3 can be derived by similar arguments. In the following discussion we use the notation I, = fT]LV .

A.1 Proof of Theorem 1

The proof of this theorem is similar to that of Theorem 4 in Hall (1984), who investigated the asymp-
totic properties of the L2-distance between the Nadaraya-Watson estimate and the true regression

function. In a first step we decompose I, into

with

(z, ), (4.3)

I = / [/{n(x,y)f(jl',y) —Algn(_x’y)f(l.7y)]2d
t A falz,y) fa(—z,y)

~ 1 X
ITL =2 F 3 I{?‘L Z, 7%_$7 —f? —XT,
| A el = o)

—Hn(ﬂf, y)/in(—x,y)[fn(:c,y)fn(—x, y) - f(x,y)f(—x,y)]}d(x,y), (44>
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where K, (z,y) = m(z,y) — m(z, y)fn(x, y) and show, that I,, gives the asymptotic distribution. In
a second step we prove that 7}, is asymptotically negligible. The details are stated in the following

two theorems.

Theorem 4 Under the assumptions of Theorem 1 we have

4 —-1/2
( a4 a2) (1~ BISI) 2 N (0. 1)

a7
n2h? n

where

S}]ﬂ _ / {HTL(x?y)f(_xvy) — ’in(_x7y)f(xay)}2d(x’y).

E[fn(xv y)P E[fn(_xv y>]2

Theorem 5 Under the assumptions of Theorem 1 we have

4 A .
(n2h2 a1 + n a2) (I, — E[Sy]) = 0,(1),

where

Svn _ 2/ ’ii(xvyﬂfz(_m?y) - fQ(—x,y)] - /fn(l’,y)/fn(i$7y)[fn(l',y)fn(_l',y) - f<x7y)f(_x7y)]d
A Elfn(z,y)]* E[f3 (=2, y)]?

(z,9).

Proof of Theorem 4 Let us first consider a slightly modified Ls-distance

Iy = L(v,) := /A[/fn(l",y)f(—w,y) — kn(—2,9) (@, y)*oa(z, y)d(z, ), (4.5)

where v, is a stochastic weight function which is symmetric and positive and converges in probability
to a bounded deterministic function v (finally we choose v, () = 1/ f2(z, y) f2(—z,y)). We introduce

the notation
1 n
’fn(xay)f(_'ray) - /in(—x,y)f(x,y) - W ZH<X17}/Z7‘T7?J>[ZZ - m(x,y)]
i=1

with
08 o = {52 o 1 (52 e i ().

Substituting this in the definition of I,, yields the decomposition

[_n = Inl + In2 + [n3 + In4
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1 n
T > 1z —m(XuYi)]Q/AHZ(Xi,meuy)vn(xvy)d(%w
=1
2
]n2 = 2h4 Z [ZZ - m(XZaYL)][Z] - m(X]’}/J)] / H(X“Y;’x7y)H(X],}G,x,y)vn(l’,y)d(l‘7iy)
n 1<i<j<n 4
2 n
Lz = WZ[Zi_m(Xi,Yi)]/AH(Xi,Y;,x,y)gn(x,y)vn(ai,y)dl’dy
=1

Ly = / g2 (z,y)vn(z, y)dzdy
A

and
n

gul9) = 3 37 (X, V) — me, )] H(X, Yo, ).

i=1
In this decomposition, the function H takes the role of the kernel K in Hall (1984). The main
difference in the estimation of I,,; to I,,4 here, compared to Hall (1984) is, that H is not necessarily
positive. In what follows, we will show that I,,5 and [,3 give the asymptotic normal distribution
while I,,; and I,,4 form the bias of the test statistic. We begin with the consideration of I,,;. Similar
steps as in Birke (2008) lead to

nh?

(TYEX ({11 — Ex[L]}?] = Oy(nh?)

and applying the Markov inequality gives for any sequence \,, — oo for n — oo

1 3hAnhi
P(|I,1 — Ex[ln]| > X1, Y, X, Y < =0, (u) 0.

n
n3/2]2 nAhs S

Therefore we have

1 1
with
Bxli] = e 200K [ HOG Yool )i 1
X[dnl] = n2hs i:1U i L N i, Yo, x,y)vp (T, y)d(x,y). .

Let us now turn to the random variable I,,5. We introduce the notations
Wnij = / H(qu Y;H €, y)H(XJJ ka X, y)vn(x, y)d(l” y)
A
=2 [ H(X., Y, z,y)va(z, y)d(z,y), (4.8)

Wiy = 2 [ H(X;, Y, 2, y)o(x, y)d(z, y), (4.9)

T—
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where

8

H(X:, Y, z,y) = [kl (th_ ) f(=z,y) =k (Xz}jx> f(%y)}

s (50 b (50 s (M)

i—1
Zypi ={Z; —m(X;,Y5)} Z{ZJ —m(X;, Y)W
=1

and

and apply the central limit theorem for martingale difference arrays (see Hall and Heyde, 1980) to
the statistic

n

n2h*
I = L
y =2

The conditional variance yields
n i—1 i
V2= %X Y)Y {2y — mX V) P21+ 0,(1).
=2 j=1

which converges to

a1 =2 [ = B0 dao) [ @20 ) )lo e (=) +0* (o) )i,
and a standard but tedious calculation shows that the Lindeberg condition

1
n2ho

> EalZ21{|Zul > enh®}] 5 0
1=2

is fulfilled (see Stahljans, 2007, for details). Now the central limit theorem yields

h__
%@1 V215 BON(0,1).

In addition it can be shown, that I, is asymptotically independent of any sequence of events A,
contained in the o-algebra F,o generated by Xi,..., X,,.

The term I,,3 can be decomposed into
Ing = 4Jn1 + 4Jp2 (4.10)

with

= 2 0= ) [k (B ) ke (Bt oo
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and ai(z,y) = Yu(x,y) = Elgu(z,9)], a2(x,y) = gn(x,y) — y(z,y). We will show that J,; is
asymptotically normal and that J,» is asymptotically negligible. To this end we define

i = {Zi - m(Xi, Yz’)}Zm,

where

L = /Akl (Xh_l) ks (Y;y> F(=2, )3z, y)oa(z, y)d(2, y),

and write
1 n
It nh? ZZI ( )

Therefore, conditionally on F,, J,1 is a centered sum of independent random variables and its

asymptotic normality follows from the following lemma.

Lemma 1 Under the assumptions of Theorem 1 we have
L]E)c[{ En: A
nh8 —

where

s = / (7202 ) () 2~ y)d (2, y).

Moreover, for all € > 0 the Lindeberg condition
R P
— > ExlZ21{| Z0i] > ev/nh*}] = 0
i=1

15 fulfilled.

The proof of this Lemma follows the structure of the corresponding one in Hall (1984) where we
replace the kernel K by the function H defined above. For details see again Stahljans (2007). Again
the limiting random variable in (4.11) is independent of F,,o. This yields, together with the results
for I,,2, that

4 1ept N\ V2 b
(WOQ Taz) (Ing + Jn1) — N(0,1).

Similar methods as in Birke (2008) yield for the term J,5 in (4.10).

1
Jng = 0p (E) .

So far, we have used the more general weight function v,(x,y). We now substitute it by v, (z,y) =

1/[f2(x,y) f2(—x,y)] and (4.5) yields the statistic I,. This weight function is positive, symmetric
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and converges in probability to 1/[f*(z,y)f*(—x,y)]. Below, we give a representation of the remain-
ing stochastic terms Ex[l,;] and I,,4 whose dominating parts form the bias of I,. To overcome the
problem of the stochastic part in the denominator of v,, we use the following two Taylor expansions
of 1/z% in a neighbourhood of the point E[f,(z,y)] E[f.(—z,y)], that is

~

(fule,9) ful=2,9) 7% = (Blfu(z,y)] ELfa ( )~
+Or(1 (@, y) ful=2,y) = Elfu(z, )] Blfu(—2. )] (4.12)

~

(fa(z,9) fu(=2.9)) 7 = (Elfu(z, Y Elfu(-2 )])
ful@ y) fu(=2.y ) ELfu(z, )] Blfa(=2,y)]
(Blfa(2, y)] Blfa(—2,9)])?
+0p()(fu(z,y) fu(=2.y) = Blfule, )] Blfa(—2,9)])% (4.13)

The order of the remainders in both expansions can be determined by using the uniform convergence

—2

rates for multivariate density estimators given in Giné and Guillou (2002),

A A logn\ /2
sup (o)~ Bl = 0, (253) (4.14)
and the decomposition

fn($ay)fn(_x7y) - E[fn(x7y)] E[fn(_xay)]’ < |fn($ay) - E[fn(w7y)]||fn(_$7y)|
+ Elfu(@, )| fa(—2,y) — E[fu(—2,9)]]

logn 1/2
=0\ Tz )

This gives for Ey[/,1] with the Taylor expansion (4.13)

1 — H*(X,.Y; z, 1 h?
Ex[l.1] = 2h4Zo—2(Xi,Y;)/ - ( A v) Sz, y) +op (—h—l——> :
n i=1 A (B[fu(z, y)] E[fu(—z, y)]) n v

Since the variance of the first term is of order O(1/n?h*) = o(1/n?h?) we can substitute this term

by its expectation which yields

o2(X;,Y)) HQ(Xl,Yz,x DI o (LM
X nl n2h4z/ fn.%' 3/ [fn<_ T,y )]) d( 7y)+ p(nh+\/ﬁ)'

Now it remains to find a representation for /,4. This time we use the Taylor expansion (4.12) and

obtain

[n4 1~Jn - = :
o) /A (Elf (=, ) E[f (==, y)])?
)
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1 1

The variance of 11 is of order o(1/n?h?) and therefore I\ can be replaced by its expectation. An

application of the Cauchy-Schwarz inequality to Iﬂ and a straight forward calculation yields

/Agi(w,y)d(x,y) —0p (% N hs)

and by again using the uniform rates in (4.14) it follows that

[ ) fu(=.9) = Bl )] L ()Y d2.9) = O (lﬁi? ) -
A

This means that ”» ”»
2 _ o, (L8 logny™* _ (1
[n —Op (n2+h) Op(nhQ) = Oop <nh)’

Blg2(z,y)]
Iy = _ - d(x,y),
/A<E[f<x,y>JE[f<—x,y>J>2 (@9)

and

which completes the proof of Theorem 4.

Proof of Theorem 5 With the Taylor expansion in (4.12) it follows

— / I{i(xay)[fn(_x7y2 - f(—$,?{)][fn(—$,y) + f(_m7y)]d
’ (Bl B rn])?
_/ ’in(may)ﬁn(_xly)[fn<_xﬂiy) - f(_xay)]fn<x7y)d
. (Eu(@ )] ELfa (2, 9)])?
+0,(1) / K2 (0 ) Fa(—,9) — F(—, )]l fal =) + (=)

X |fn(xv y)fTI(_'ra y) - E[le(x’ y)] E[fn(_x7 y)”d(l’, y)

—0,(1) / b 9 (s ) o (—sy) — F(—2, )]

X |fn(x7 y)fn<_xa y) - E[fn(m7 y)] E[fn(_m7 y)”d(l‘, y)
logn logn

_o, (W)/ [ iy o, (W)/ | ol
+0, (53) [ e aten) - 0, (53 ) [ mato iz ppate.

logn 12 9 logn 12
= Op W A'%n(xay)d(x7y) - Op W A/in(l'ay)’%n(_x>y)d(xvy>‘

I, (z,y)

(z,9)

Jensen’s inequality yields

Var<[4ﬂi(x,y)d(x,y)> < /AE["G;LL(%?J)]‘Z(LMZO( 1 )7

nlogn
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and therefore we have

For the expectations we obtain analogously [, E[x2(z,y)]d(z,y) = o((nlogn)~"/?), which results in
I, = op((nh)™"). The calculations for the term E[S,] are very similar and therefore omitted at this
place. For details we refer to Stahljans (2007). O

A.2 Proof of Theorem 2

The test statistic can be decomposed into

i, = / i, ) — m(z, y)Pd(z, y) + / (=, ) — m(—z,y)d(z, )

9 / e, ) — m(z, )i~ y) — m(—z,y)]d(z,y)

2 / e, y) — m(z, y)lm(e, g) — m(—z, y)ld(z, y)

2 / (=, ) — m(—z, y)][m(z, ) — m(~z, y)ld(z, y) + / e, y) — m(—z, y)d(z, )
o / e, y) — m(a, y)Pd(z,y) — 2 / (e, ) — miz, )]l —z, 5) — m(—, y)]d(z, y)

+4/A[m(9€,y) —m(z,y)l[m(z,y) — m(=z,y)ld(z,y) + 1

The first two terms are, due to Theorem 4 in Hall (1984), of order Op(1/nh) = op(1/+/n). For the
estimation of the second term we also use the Cauchy-Schwarz inequality. The deterministic part
I is an additional bias and is subtracted for the asymptotic consideration. Therefore, it remains to

show that the third term is asymptotically normal with rate \/n. Note that
/A[m(x, y) —m(z, y)l[m(z,y) — m(—z,y)ld(z,y) = > wi+ (i — i), (4.15)
i=1 i=1

where y; is defined in (3.2) and

i =

1 g 12— )k (552 ) ke (52 (., y) — m(—a, )
J

nh?



We get for the variance of Y " |y,

w(3) - e o Werks (S22 b (52 (o) — (=) V1ol
ar mi) = —5 > T,y o —
i=1 nh A E[f(z,y)] n
1 [ o*(u,v)(m(u,v) — m(—u,v))? 1
= — d —
n/A fu,v) (u,v)—|—0<n>
Since the random variables u;, ¢ = 1,...,n are independent, we can prove asymptotic normality

showing Ljapunov’s condition. For this purpose note that
n® E[(1 — E[w])"] < 8n° B[] + 8n*(E[wi])".

A straight forward calculation yields
l/ [m(x, y)A_ m(—x, y)]
nJa E[fu(7,9)]
X /[m(m + hu,y + hv) — m(z, y)|k1 (w)kz(v) f(x + hu, y + hv)d(u,v)d(x, y)
L

Elw] =

and

This results in
K 1
= —) — o(1).

n n

n® Y El(u — Blud)'] = O

Therefore the Ljapunov condition is satisfied and we have with the notation of (3.2) the asymptotic

normality

VY (i — Elu]) = V(T — E[L)) 2 N(0,0%).

We conclude the proof by showing that the term ", (f; — ;) in (4.15) is asymptotically negligible.
A Taylor expansion of g(f,(z,y)) with g(z) = 1/z in a neighbourhood of the point E[f,(z,y)] and

an application of the uniform convergence rates for density estimates gives

\/ﬁi(ﬂz —p;) = Op (%) iMm

=1
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with

Xi—x Yi—vy
My = [ (2= mla)lme.g) = m(=, )l (S5 e (52 ).
A straight forward calculation now yields

nh? )

R ; 1/2 2 — 4 1/2 2 —
;Mm ;E[Mz,nuop(n h?) = O(nh?) + Op(n'/2h?) op(—(logn>l/2

and therefore the proof of Theorem 2 is complete.
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