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BOOTSTRAP FOR THE SAMPLE MEAN AND FOR
U-STATISTICS OF STATIONARY PROCESSES

OLIMJON SH. SHARIPOV AND MARTIN WENDLER

ABSTRACT. The validity of various bootstrapping methods has been proved
for the sample mean of strongly mixing data. But in many applications, there
appear nonlinear statistics of processes that are not strongly mixing. We
investigate the nonoverlapping block bootstrap for functionals of absolutely
regular processes, which occur from chaotic dynamical systems. We establish
the strong consistency of the bootstrap distribution estimator not only for the
sample mean, but also for U-statistics, which include examples as Gini’s mean
difference or the y2-test statistic.
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U-statistics, block bootstrap
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1. INTRODUCTION

1.1. U-Statistics. U-statistics play an important role in nonparametric statistics
because many estimators and test statistics can be written at least asymptotically
as U-statistics. Well-known examples include the sample variance, Gini’s mean
difference, and the x? goodness of fit test statistic. A more recent example is
the Grassberger-Procaccia dimension estimator. U-statistics can be described as
generalized means, i.e. means of the values of a kernel function h (X;,,..., X;,).
For simplicity of notation, we concentrate on the case of bivariate U-statistics:

Definition 1.1. A U-statistic with a symmetric and measurable kernel h : R2 — R

is defined as
2

Un(h) = n(n—1)

> h(XiX;).

1<i<j<n

The key tool in the analysis of U-statistics is the Hoeffding-decomposition [13]
of U,, (h) into a so-called linear part and a degenerate part

U (h) =0+ %f:hl (X2) + Un (ha)
=1

with
0:

hi(x

ho(z,y

Eh(X,Y),
Eh(z,Y) -6,
= h(z,y) — hi(z) — ha(y) — 0.

):
):
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2 SHARIPOV AND WENDLER

for X, Y independent and with the same distribution as X;.

Under independence, the summands of the degenerate part U, (he) are uncor-
related, so that VarU, (h2) = O (n*2) and the asymptotic behavior of U, is dom-
inated by the linear part 23" hy (X;). For independent data, second moments of
the kernel are required. For mixing data, one needs higher moments, and in the
case of strong mixing and functionals of absolutely regular processes a continuity
condition:

Definition 1.2. Let (X,,)

(1) A kernel has uniform r-moments, if there is a M > 0 such that for all
k € INg

nelN be a stationary process

Eh(X,X) <M and ER(X,Y) <M

for X, Y independent and with the same distribution as Xi.
(2) A kernel h is called P-Lipschitz-continuous with constant L > 0, if

for every e > 0, every pair (X,Y) with the same common distribution as
(X1, Xk) for some k € IN or independent with the same distribution as X1
and (X',Y) also with one of these common distributions. With 1,4, we
denote the indicator function of a set A.

It is clear that every Lipschitz-continuous kernel function is P-Lipschitz-continuous,
but the above definition covers more examples:

Example 1.3 (Variance estimation). Consider stationary random variables with a

finite first moment and the kernel h(z,y) = 1 (z — y)°. The related U-statistic is

the well known variance estimator

Un(h):n_lz(Xi—)_(n)Q.

Example 1.4 (Gini’s mean difference). Let h(x1,22) = |x1 — z2|. Then the cor-
responding U -statistic is

2
Un (h) = 1 Z |Xi — X5,
1<i<j<n
also known as Gini’s mean difference.

The P-Lipschitz-continuity of these two kernels follows by an easy lemma:

Lemma 1.5. (1) Let h be a polynomial kernel of degree d, that is
d . . . .
h(z,y) = Z cij (z'y) +27y") .

IfE \X1|d_1 < 00, then h is P-Lipschitz-continuous.
(2) Let h be a P-Lipschitz-continuous kernel and f : R — R a Lipschitz-
continuous function. Then g o h is P-Lipschitz-continuous.
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Proof. (1) We can concentrate on an expression of the form g (z,y) = x'y’,
i+j<d:
Elg(X,Y) =g (X" Y)[Lx-x1120]
=E[|(X - X) (X' 4+ X"72X + 4+ XX+ XN Y L xoxr1<e)
SeE [[(XTN 4+ XT2X + L+ XX XY Y] < @B X[

(2) This is obvious.
(]

Example 1.6 (x? goodness of fit test). Let (X,), o be a stationary process such
that X1 can take only the values ty, ..., tx. Furthermore, let be p1,...,pr > 0 with

S pi=1and

k
1
hiz,y) =Y o (Lot = pi) (Lgymry = i) -
i=1 1"

Then h is P-Lipschitz-continuous, as
E [|h (Xa Y) —h (X/a Y)‘ ]}-{\X—X’\Se}] =0,
if € < mingy; [t; —t;|. The related U-statistic is

k n 2 n
Un (h) :m Z 2% (Z (]l{Xi:tl} _pl)> - I%Z (]l{Xz:tz} _pl)2

=1 =1 =1
1 1 Pl 5
2
- — S =3 (Mixieay — 1)
n—1% n(n—1) = p = (Liximy = 1)

x? is used for testing the hypothesis that P[Xy =t;] =p; forl=1,... k.

Example 1.7 (Dimension estimation). Lett > 0. The kernel h(x,y) = 1{j—y|<¢}

is related to the Grassberger-Procaccia dimension estimator (see Borovkova et al.

[3] for details). It is P-Lipschitz-continuous, if there is an L > 0, such that for all

€ > 0 and every common distribution of X andY from Definition 1.2:
Plt—e<|X-Y|<t+¢ <Le

For proof: See Dehling, Wendler [7].

1.2. Mixing Random Variables. In many statistical applications the data does
not come from an independent stochastic process. A standard assumption of weak
dependence is given by the strong mixing condition:

Definition 1.8. Let (X,)
coefficient is given by

a(k) = sup {|P(A NB)—-PA)PB)|: Ac FI',B € F n € ]N} ,
where F. is the o-field generated by r.v.’s Xg,...,X;., and (Xn)pew 18 called

a
strongly mizing, if a(k) — 0 as k — oo.

nen be a stationary process. Then the sirong mizing

For further information on strong mixing and a detailed description of other
mixing conditions see Doukhan [10] and Bradley [4]. However, this class of weak
dependent processes excludes examples like linear processes with innovations that
do not have a density or data from dynamical systems.
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Example 1.9. Let (Z,),, oy be independent r.v.’s with P [Z, = 1] = P [Z, =0] = %
and
— 1
Xo=>_ St 2
k=n

Then (Xy),cn 8 not strong mizing, as

2(k—1)
1
Plxie |J [@-227"@-127"], X ¢ [0, 2]
=1
2(k—1)
1 1 11 1
J— ) — —k ) — -k — —_ —_—— — .« = -
Pl|X e !1 [(2i —2)27F, (20 — 1)27F] P{Xke{O,QH 5=3'5=7

We will consider functionals of absolutely regular processes, as this class of depen-
dent sequences covers the example above and data from other dynamical systems,
which are deterministic except for the initial value. Let T : [0,1] — [0,1] be a
piecewise smooth and expanding map such that inf,cp 1) [T ()] > 1. Then there
is a stationary process (Xp), ¢ such that X,, 11 = T (X,,) which can be represented
as a functional of an absolutely regular process (see Hofbauer, Keller [14]).

Definition 1.10. Let (X))
coefficient is given by

B(k) = SIEIEESHPHP(A/}—ZOO) — P(A)| cAe Ft

nen be a stationary process. Then the absolute regularity

and (Xp), e 18 called absolutely regular, if (k) — 0 as k — oo.

We call a sequence (X,),., a two-sided functional of (Z,), ., if there is a
measurable function defined on R% such that

Xn = f ((Zn-i-k)keZ) .
Similarly we call a sequence (X)), v a one-sided functional of (Z,),, . if there is
a measurable f such that

Xn = f((ZnHC)kzo)‘
In addition we will assume that (X,,),, ., satisfies the 1-approximation condition:

Definition 1.11. We say that (Xy,), o, satisfies the 1-approzimating condition, if
E|X) - BEX/FL)|<a 1=0,1,2...
where lim;_, o, a; = 0 and fﬂl is the o-field generated by Z_y, ..., Z;.

Example 1.12. The process (Xp), c in Evample 1.9 satisfies the 1-approzimating
condition, as

=1 =1 1
1% = B3R = || Do g e = X grm = g e
k=I+1 1 k=l+1

Whereas the limit theory for partial sums of weakly dependent processes is very
well developed, much less attention has been paid to nonlinear statistics like U-
statistics. The summands of U, (hg) can be correlated, if the random variables
(Xn) e are dependent, so one has to establish generalized covariance inequalities
to derive moment bounds for U, (hz). Yoshihara [27] considered absolutely regular
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processes, Denker and Keller [9] functionals of absolutely regular processes, and
Dehling and Wendler [7] strongly mixing sequences.

1.3. Block Bootstrap. In many statistical applications, for example in the deter-
mination of confidence bands, one faces the task to compute the distribution of a
statistic T, = T, (X1, ..., X, ). This is usually rather difficult, as the distribution
F of X; is unknown, so one often has to use approximation by the normal distri-
bution. Efron [11] proposed the bootstrap as an alternative. For i.i.d. data, the
validity of the bootstrap was established by Bickel and Freedman [2], and Singh
[25]. Using Edgeworth expansion, one can often show that the bootstrap works
better than normal approximation, see Hall [12] for details.

Computation of the distribution of 7, becomes even more difficult when the
observations are dependent, e.g., in the case of the sample mean X,, = % o X,
one gets for weakly dependent data under some technical assumptions

Vvn (X, — EX;) — N (0,07)

in distribution, where ¢? = Var [X;] + 2> 77, Cov [X1, X;41]. So one has not
only the variance to estimate, but also the autocovariances of the process. The
naive bootstrap can fail under dependence, as Singh [25] mentioned. Therefore,
block bootstrappings method are commonly used for nonparametric inference under
dependence. There are different ways to resample blocks, for example the circular
block bootstrap or the moving block bootstrap (for a detailed description of the
different bootstrapping methods see Lahiri [17]). For the circular block bootstrap,
Shao and Yu [24] have shown that under strong mixing the distribution of the
block bootstrap version X of the sample mean converges almost surely to the
same distribution as the sample mean X,,. Peligrad [19] has proved asymptotic
normality of X* under another set of conditions, which does not necessarily imply
the central limit theorem for X,,. Radulovic [20] has established weak consistency
under very weak conditions.

We counsider the nonoverlapping bootstrap, proposed by Carlstein [5], for the
sample mean and for U-statistics. Let (Xy), . be a sequence of r.v.’s. Let p € IN
be the block length such that p = p(n) = o(n), p — 0o as n — oo. We introduce
the following blocks of indices and r. v.’s:

L = (X(ifl)p+1>"'aXip)7

where k = k(n) = {%] is the number of blocks. We consider a new sample

X7,..., X}, which is constructed by choosing randomly and independently blocks

k times with

P((Xf7...,X;):IZ-):E i=1,2,... k.

As a bootstrap version of the sample mean we consider:

kp

. 1
Xowr = % > OX;

i=1
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With P*, E*, Var* we denote the probability, expectation and variance condition-

ally on (Xp), o Note that

1 &
E* X, = P > Xi = Xy sp-
i=1

The first aim of this paper is to prove the strong consistency of the nonoverlap-
ping block bootstrap for functionals of absolutely regular sequences (Theorems 2.6
and 2.7), as this class of weak dependent processes covers examples that do not
satisfy the strong mixing conditions. The proof of this is based on Theorems 2.1 to
2.3 for general stationary processes, which are similar to the results of Peligrad [19]
and of Shao and Yu [24] for the circular block bootstrap. Additionally, we will show
the strong consistency of the nonoverlapping block bootstrap for strongly mixing
sequences (Theorems 2.4 and 2.5).

Our second aim is to prove the validity of the nonoverlapping block bootstrap
for U-statistics. Although the estimation of the distribution for U-statistics is even
more complicated than for the sample mean, there is only very little literature
on the bootstrap for U-statistics. Bickel and Freedman [2] proved the validity
of the bootstrap for nondegenerate U-statistcs of i.i.d. data, Arcones, Giné [1],
Dehling, Mikosch [6], and Leucht, Neumann [18] for degenerate U-statistics of i.i.d.
data. Dehling and Wendler [7] have shown that the bootstrap distributions of
a nondegenerate U-statistics converges to the real distribution in probability for
strongly mixing or absolutely regular sequences. We will not only extend this result
to functionals of absolutely regular processes, but show the almost sure convergence
(Theorem 2.8).

Instead of the nonoverlapping block bootstrap, one can use the following boot-
strap based on Bernstein blocking: Let n, p be as above and ¢ such that ¢ = ¢g(n) =
o(p),q — oo as n — co. We introduce the following blocks of indices and r. v.’s:

U, = (X(i—l)(p+q)+1v o ’X(i—l)(p+q)+p)
By ={(i-1)p+q)+1,....,(i—)(p+q) +p}, i=1,....F

where £’ is k'(n) = {L} The bootstrap sample X7,..., X}, is constructed as

p+q
before by choosing randomly and independently blocks k' times with
P((X,....X;)=1) = o = 1,2,... K

This bootstrapping method is better adapted to the typical way of proving the
central limit theorem under mixing conditions. Especially when the sample size is
big, we do fewer calculations than with other blocking methods (nonoverlapping,
moving or circular). It is easy to see that Theorems 2.1 to 2.8 are also valid for the
Bernstein block bootstrap without any changes.

2. MAIN RESULTS

2.1. Bootstrap for stationary sequences. In this section, and in what follows,
we denote by X,, the sample mean of the observations X1,...,X,, by N(0,02) a
Gaussian r.v. with mean zero and variance ¢ and by C a constant which may
depend on several parameters and might have different values even in one chain of
inequalities. First we will give theorems for general stationary sequences which are
analogues to the results of Peligrad [19], and Shao and Yu [24].
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Theorem 2.1. Let {X;,i > 1} be a stationary sequence of r.v’.s such that EX1 = p
and VarX; < co. Assume that the following conditions hold

(1) Var n'/?(X, —p) — o2 >0,

(2) n**(X, — pu) — N(0,0%) in distribution,

(3) P2 ( Xy — 1) — 0 a.s.
1 F [/ » 2 2

(4) k—z Xj-w | B> (X;-w]| | =0 a.s.
P | \Jes j€B;
1 & :

) — Xi—nu 1 — 0 a.s.

for any € > 0. Then the following takes place as n — oo
Var* (v kpX;: ) — o? a.s.

sup pP* (\/%()_(:;kp — Xopkp) < x) — P (Vn(X, —p) < x)‘ -0 a.s.
HAS

Theorem 2.2. Let (X,),.n be a stationary sequence of r.v.’s. with EX; =
i, VarXy < oo. Assume that conditions (1), (2), (4) and for each fized x € R

k P

1 1
Vi (ﬂ{ﬁ yen (X-mse} <\/p > (Xi—p) < w)) -0  as

k=1 i=1
hold. Then the statement of Theorem 2.1 remains true.

Theorem 2.3. Let (X,), o be a stationary sequence of bounded almost surely
r.v.’s with EXy = p. Assume that (3) and following conditions hold
2

(7) % — 0 as n — oo,
1
(8) ﬁVarSn — 02 asn — 0o,
2
L
(9) p Z Z (X;—p) | —o? a.s. asn — oo.
i=1 \jEB;

Then almost surely as n — oo

(10) Var*(\/kp)_(;)kp) — o2,
(11) VEp(X}: 1y — Xnkep) — N(O, o?) in distribution.

2.2. Bootstrap for strongly mixing sequences. We formulate theorems under
assumptions on the strong mixing coefficients which are analogues to the results of
Peligrad [19] and Shao, Yu [24].

Theorem 2.4. Let (X,), o be a stationary sequence of strong mizing r.v.’s with
EX1=pand (E \X1|2+6)ﬁ < 00 for some 0 < § < oco. Assume

a(n) < C-n~" for some C > 0,r > 2T+6’
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(12) p(n) < Cn® for some 0 < e <1 and

(13) p(n) = p(2') for 2" < n < 21 1=1,2,...

Then o = EX? +2% 2, Cov(X1, X;) < 0o and in the case 0 > 0 the statement
of Theorem 2.1 holds.

Theorem 2.5. Let (X,), . be a stationary sequence of almost surely bounded
strongly mizing r.v.’s. Assume that (8), (13) and the following conditions hold

<o,
n

" S~ 2 (alo(o)
n=1

n

(15) i p3(;1) < 0.
n=1
Then (10), (11) hold.

Remark. The condition (14) implies Y7 | # < 00. We can reformulate Theo-
rem 2.5 under above condition on mixing coefficients instead of conditions (14) and
(15) claiming that there is a sequence (p(n)) that the statement of Theorem 2.5
holds, as it was done in Peligrad [19].

2.3. Bootstrap for functionals of absolutely regular sequences. To prove
the validity of the nonoverlapping block bootstrap for functionals of absolutely
regular sequences, we need assumptions not only on the decay of mixing coefficients,
but also on the decay of the approximation constants. Our mixing conditions are
the same as for the central limit theorem in Borovkova et al. [3].

Theorem 2.6. Let (X,), oz
tional of a stationary absolutely reqular process (Zy,)
and the following conditions hold for some § > 0

be a 1-approzimating (with constants (ar),c) func-

nez - Assume that (12), (18)

oo

Then o = EX? +25 2, Cov(X1, X;) < 0o and in the case 0 > 0 the statement
of Theorem 2.1 holds.

Theorem 2.7. Let (X,), ¢y
of stationary and absolutely regular process (Z)
the following conditions hold

be a I-approximating (with constants {a;}) functional

nez - Assume that (12), (13) and

|X1| < C a.s. for some C >0,

3" K (ax + B(k)) < oo,
k=0

Then (10) and (11) hold.
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2.4. Bootstrap for U-Statistics. To bootstrap a U-statistic under dependence,
one can apply the nonoverlapping block bootstrap and plug the observations X7, ..., X*
in:

P
Up(h) = ———— Y h(X}X})
pk (pk — 1) I<ici<ph !
9 2
:9+]E;h1()@;)+ml<§; kh2(Xjo)-
7 AV

Theorem 2.8. Let (X,), . be a stationary process and h a kernel with uniform
+ d-moments for a § > 0. Assume tha , , and one of the following three
2446 t 0>0. A that (12), (18 d the following th
conditions hold:
(1) (Xp),en is absolutely regular and 3 (n) = O (n=F) for a p > %59,
(2) (Xn),en is strongly mizing, E|X1|" < oo for a~y > 0, h is P-Lipschitz-
continuous with constant L > 0 and o (n) = O (n™) for a p > W,
(3) (Xn)nen 18 a I-approximating functional of an absolutely reqular process,

h is P-Lipschitz-continuous with constant L > 0 and E |hy (X1)|**°. For
5
aL =/2> o air Yop o k? <ﬁ3i6 (k) + a,:“) < 00,

then a.s. as n — oo

(16) Var* [\/]%U; (h)] — Var [\/nU, (h)] — 0,

(17) sup | P* [v/ok (Us (h) = B* [U5 (W)]) < 2] = P [V (U (h) = 6) < 2] | — 0.

zeR

3. PRELIMINARY RESULTS

3.1. Central Limit Theorem, Moment and Maximum Inequalities for Par-
tial Sums. In this subsection we will give some known results which will be used
in the next section in the proofs of the theorems. We set

Lemma 3.1 (Ibragimov [16]). Let (X,), o be a stationary sequence of strongly

mizing r.v.’s with EX, = p and (E|X1|2+6)ﬁ15 < oo some 0 < § < oo. Assume
that

> )
Z a?+ (n) < co.
n=1

Then 02 = VarX; + 23 5o, Cov(X,X) < oo and Y25= — o2, [f in addition
0% >0, then
(X, —pu) — N(0,6%) in distribution.

Lemma 3.2 (Shao [23]). Let (§n),c be a strongly mizing sequence of r. v.’s with
E¢ =0 and (E |§i|s)1/s <D, forl<i<mn and for some 1l < s < co. Assume that

a(i) < Coi~? for some Co > 1 and 6 > 0.
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Then there exists a constant K = K (Cy, 0, s), such that for any x > KD,n'/?logn

Dy, | s0+1) x
If?ff ny 2 ) < Kn(—= =) (logD—n)‘g.
Lemma 3.3 (Yokoyama [26]). Let (X,),cn be a stationary strongly mizring se-

quence of r.v.’s with EX; = p and (E|X1|2+5)ﬁ < oo for some 0 < § < o0
suppose that 2 < s <2+ 0 and
Z - (2+6 s)/(2496) < 0.

Then there exists a constant C' depending only on s,0 and the mizing coefficients
(a(n)), e such that

< CnS/Q(E |X1|2+5) PR

Lemma 3.4 (Rio [21], Peligrad [19]). Let (Xy,), o be a strongly mizing sequence
of . v.’s with EX; = 0 and |X;| < C a.s. Then there is a universal constant K
such that for every x >0 andn > 1

< Kz~ 2 2 2. | .
P(lIila<X |S|>a:) < Kz <2EXZ +C nEa(z))
Lemma 3.5 (Borovkova et al. [3]). Let (X,), o be a 1-approvimating functional

with constants (ay),cy of an absolutely reqular stationary process (Zy), ey with
mizing coefficients (B(k)),cn- Suppose that one of the following conditions holds

(1) EXo=0,E|Xo "1 < oo,

ooy k2 (af 55 + (B(k))T5) < 00 for some 6 > 0.
(2) Xo is bounded a.s., EXy =0,
S K (ax + AK) < oo
Then 0% = EXZ + 2% 72, EXoX), < oo and in the case o > 0 we have

1 n

N ;Xi — N(0,0%) in distribution as n — oo.

Lemma 3.6 (Borovkova et al. [3]). Let (X,),cy be a I-approvimating functional
with constants (ar),c of an absolutely reqular stationary process (Zn), e, with
mizing coefficients (B(k)),cw- Assume that one of the conditions of Lemma 3.5

holds. Then there exists a constant C such that
ES: < Cn?.

Lemma 3.7 (Borovkova et al. [3]). Let (X,),cz be a 1-approvimating functional
with constants (ax),cy of an absolutely reqular process (Zy),,c, with mizing coef-
ficients (B(k))cn - Assume that EXg = 0 and one of the following two conditions
holds:

(1) Xo is bounded a. s. and Y ;- 0(ak+ﬂ( )) < o,
<

)

(2) E|Xo**" <00 and Y0 o(ar" + (B(k))>)



BOOTSTRAP FOR STATIONARY PROCESSES 11

Then there exists a constant C' such that
ES? < Cn.

Lemma 3.8 (Borovkova et al. [3]). Let (X,),cz be a I-approvimating functional
with constants (ax),cy of an absolutely reqular process (Zy),,c, with mizing coef-

ficients (B(k))pen-
Then

(1) if | Xo| < M a. s. for all non-negative integers i < j < k <1, we have
|E(X:X; Xk X)) — E(X:X;)E(XkX))| <

(a030%52

(2) if E |X0|4+6 < 0o for all non-negative 1 < j < k <1, we have

1)%H (B X0l *) 5 + 8(0paa 0 (LX) ) 022
3

|B(Xi X X, X1) — BE(X; X;)E(X X))

k— .
< 4(B(=52D) T (B1X0| )7 + 8(apess) 55 (B |Xo[*) 75,
3
3.2. Moment Inequalities for U-Statistics. To control the moments of degen-
erate U-statistics, we need bounds for the covariance of hy. Recall that hs is defined
as

hg(-T,y) = h(l’,y) - hl(x) - hl(y) — 0.
In the following three lemmas, let be m = max {i(g) = U(1), I(4) — i(g)}, where i(1) <
i(o) < i3y < iqay and {i1,ia, 13,94} = {i(1),%(2),%(3) i) }-

Lemma 3.9 (Yoshihara [27]). Let h be a kernel with uniform 2+ d-moments for a
d>0. If (Xpn),cn 18 a stationary process, then there is a constant C, such that

B [h2 (Xiy, Xiy) ha (Xig, Xi,)]| < CBF (m).

Lemma 3.10 (Dehling, Wendler [7]). Let h be a P-Lipschitz-continuous kernel with
constant L and with uniform 2+ 6-moments for some 0 > 0, (X,,), o @ stationary
sequence of random wvariables. If there is a v > 0 with E|Xy|" < oo, then there

exists a constant C, such that the following inequality holds:
B [he (X, Xi,) ha (Xiy, X0,)]| < Camomamse (m).

Lemma 3.11 (Dehling, Wendler [8]). Let h be a P-Lipschitz-continuous kernel with

constant L and with uniform 2 + §-moments for some 6 > 0, and (X,),cy a I-

approximating functional of an absolutely reqular process with constants a;. Define

ap as ap = /237 a; and (B(n)),cn as the mizing coefficents of (Zn),c-

Then:

)
(B (X, Xi) b (X, X))| < C875 (1) + Calsl.
Yoshihara [27] deduced the following moment bound under condition 1. of the
lemma below with the help of Lemma 3.9. The result follows from conditions 2.
and 3. in the same way using the Lemmas 3.10 and 3.11 instead.

Lemma 3.12. Let (X,), .y be a stationary process and h a kernel with uniform
2 4+ §-moments for a 6 > 0. Let be T > 0 such that one of the following three
conditions holds:
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(1) (Xn),ew is absolutely regular and Y ) _ kﬁﬁ (k)=0(n").
(2) (Xy),en 18 strongly mizing, E|X1|" < co for a~y > 0, h is P-Lipschitz

continuous with constant L >0 and Y, _, ka TS (k)y=0(n").
(3) (Xn)nen i a I-approzimating functional of an absolutely regular process, h
18 P-Lipschitz-continuous with constant L > 0 and for ay, = /2 ZfiL a; :

Sk <ﬂzia (k) + a,;) — 0.
Then:

Z |E [ho (Xi,, Xiy) ha (Xiy, X3,)]| = O (n*77)
1,%2,13,04=1
4. PROOFS OF THE THEOREMS

4.1. Bootstrap for stationary sequences. The proofs of Theorems 2.1 - 2.5 are
mainly based on the methods developed in Peligrad [19] and Shao, Yu [24]. We will
give full proofs for completeness.

Proof of Theorem 2.1. We note that

\/%( _'rt,k:p X’ﬂ ’fP \/’ Z

where Z, = % >jen (X) — Xnkp),i=1,...,k are i.i.d. 1.v.’s (conditionally on
(Xn)pen)- By simple calculations we have

k k

E*an = éZ( Z (X — Xn,kp))Q = L Z( Z (X, — 1))? _p(Xn,kp —n)?

i=1 je€B; kp i=1 jE€B;
k
1
%Z Z M))Z_E(Z(Xj_ﬂ))Q + VarS P(Xngp — 10)*.
i=1 JjEB; JjEB:

Conditions (1), (3) and (4) imply that a.s. as n — o0

(18) E* Zan — 02, and consequently Var* {\/ pX kp}
For any € > 0, we have
L
E*Z;21 X;— Xowp)’l .
in {22, >ek} T ;(gf:( ! k) {|2j63i (Xj—xn,kp>(2>kpe}
L
<— F—p))? :
_k‘p Zl(g(X] ,LL)) ]l{(zjeBi(inﬂ))2>dij}
=17 i
L
2% 2
+ Fp Zp (Xn,kp - ,UJ) ]l{p()f(ﬂ')kp,“)2>€kTp}
i=1
k

4 _
<— : (Z (X] - ‘LL))2]1{(Z]'§B7;(XJ'_P‘))2>EI%} + 4p(Xn,k;D - :U’)2
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Now (3) and (5) imply that
(19) E*Z*2 ]l{ ;2 >6k}—>0a S. asm — 0o

Fn@=1,2... satisfies the Lindeberg condition. Thus (18) and
(19) imply the statement of the theorem. O

what means that Z*
Proof of Theorem 2.2. We define

1 .
ul Tk Z { E i—nypa -—M)Sw}
It is easy to see that the r.v.’s
1 &
VP i T

are iid. with distribution function F,(z). We denote by E{™ the distribution
function of
ip

(kp)' /(X 1p = X hp) = ! > ST - ) - BHXS - )

VES A\ VP

j=(i-1)p+1
Note that
k p P
[aibue) = 30 [ (3 06 =) = B 0G — ) + BOS(Y = )
=1 JEB; j=1 j=1
~ 3 (D =) = BOS (G = ))? | + Vs
i=1 jeB; j=1

From (1) and (4) we have
/x2dﬁn(m) — o2 a.8. as n — oo.
Now conditions (2) and (6) imply

F,(z) — N(0,0?) a.s

The rest of the proof is the same as in the proof of Theorem 2.2 of Shao and Yu
[24]. O

Proof of Theorem 2.3. First we will prove the following proposition which is ana-
logue of Proposition 3.1 of Peligrad [19] (In this proposition we assume that (z,)
is a fixed realization of (X,),cn)-

nelN

Proposition 4.1. Let (x,), o be a bounded sequence of real numbers. For each
n, let Tn1, Tha, - .. Tug be independent r.v.’s uniformly distributed on {1,2,... k} .
Assume that (7) and

(20)

P?‘\’B

k
g Tpi — xnkp —>02>O
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o1 oz — 15k
hold, where Z,; = 5 ZjeBi Tj, Tnpk = 75 Yoty xi. Then

k

_ 1
VED(X] 1y — Tnip) = \/%(E SO iry =y Epi — Tnkp) — N(0,07)

=1 11=

.
—

in distribution.

Proof. We have

. 1 _
Var Xy, ., k:i (Tps — xn’kp)z

uMw

and by (2) obtain

Var \/7Xnkp *%

(Zpi — :fnykp)z — o2,

&MF

Note that
~ L
\/@(X;’kp ~ Tn.kp) = \/%(E Z Z Lz, =i} Tpi = Tn,kp)
i=1i=1
’ 1 k k k
E Z Z ]I{Tru'_l} Tpi — i‘n,kp)) = Z Unj:
j=11i=1 =i
where

k
E {Tm_z} x;m jf‘n,kp)~

In our case Lindeberg condition holds if

%\%

EmaxU——>0 as n — oo.
1<5<k

Taking into account that r. v.’s are bounded we have

p _ _ p
sl < /% ma 18 = sl = 0, 2.

2
2_ oy o=
Uail* = 0(2) = 0(%)

Now the condition (7) implies the statement of the proposition.

and

In order to prove Theorem 2.3 we will show that
» k
V, = z ;(Xm — Xokp)? — 0 as. asn — 0.

W.lg. assume that p=EX; =0. Set Sp; = X;. Then

JEB;

k 2
_Pp 2 2 _ P Spi 2
Vi = % ZXM =Xk = % Z D2 = PX5 kp
i=1

k
1 i i
:Ez - =+ L= Xk
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Conditions (3), (8) and (9) imply
V,, — 02 a.s. as n — oo.

This completes the proof of Theorem 2.3. O

4.2. Bootstrap for strongly mixing sequences. Before giving the proofs of
Theorems 2.4 and 2.5, we want to remind the reader of a well-known fact that we
will use very often: In order to prove S, = X; + ...+ X,, — 0 a.s. it suffices to
show that

. max |Sn] — 0 as. as k — oo.
2k <p<2k+1

Proof of Theorem 2.4. The proof is based on Theorem 2.2. Lemma 3.1 implies that
conditions (1) and (2) of Theorem 2.2 are satisfied. It remains to prove (4) and (6).
W.lg. we can assume that p = 0 and we will prove

p

p
Z ZX11p+j —E(ZXi)Q — 0 a.s. as n — oo.
j=1

i=1

By the Borel-Cantelli lemma, it suffices to show that

2
2L kpZ ZX“W B

Taking into account that kp -~ n we have

k(n) [ p(2")
— l l
=P a3 | (0 Xamnpes) = B8 || > ek(20p(2)
- 1= 1=

k(n) [ p(2")
<P max Z (Z X(i—l)p+] ES p(2!) > ECQZ

n<2i+1

m p(2l)
max Z (Z X(ifl)p+j)2 - ESIQJ@]) > €C2l

<k 21+1
m<k( =

I /\

From Lemma 3.3 we have for s > 1 that

p(Zl S

)
s 25\1/s
(21) Xii1yps)? = BSZany| )V < C(E|Spany|™)* < Cp(2").

]:1
Now using Lemma 3.2 and taking into account (21), we obtain

21) -vr 2t

2 sean 2!
st lo .
) oy ()

I, < Clc(2l“)(p(7)W logr(p(zl)) <c® (

From the condition (12), it follows that

P

[’} k ')
1 2 2
; P 2l<r22§b2(1+1 kp Z (Z X(i_l)P"‘j) —ES || >e] = ; Iy <oo

P4 j=1



16 SHARIPOV AND WENDLER

It remains prove (6), i.e.
k

1 1 <
l?p ; (11{;5 Zf=1X<i—1)p+jSz} — P <\/}3 ;Xi < z)) — 0 a.s.

Because of the Borel-Cantelli lemma, it suffices to show that

oo
g P max
= 2l<n<2t+t

k

I
: 1( {ﬁszzlx(i—l)pﬂﬁi}
i—

o(a%e=)

> ek(2l)p(2l)> < o0.

Using Lemma 3.4 we conclude

k(n)
II; =P 1
l 21<”2§l+1 i=1 < {\/;U(TZP@)X“*”"”SI}
1 p(2")
—P( X; <) || > ek(2Hp(2)
p(2h) ; L
<P max 1
< (o [ S5 (e e
1 p(2")
_ P(il X, <z)||> €k(2l)p(21)
p((2") =

_CHEH) + R S (i)
- €2k2(2l)p2(2l)
where a(i) = a ((i — 1)p(2) +1). As Y72, a (i) < oo:
Ck(211)

From (12) we get that

il‘[l < 0.
=1

This completes the proof of Theorem 2.4. |

Proof of Theorem 2.5. W.l.g. we assume that p = EX; = 0. Because of Theorem
2.3 we need to prove (3) and

(22) fz et TP L () as. as n— 00

where Sp; = > ;. p X is the sum of the i-th block. We note that since |X;| <
Cas. i =1,2... we have |S,;| < C-p and the sequences Spo; and S, (2;_1)
1=1,2,... are strongly mixing with coefficients

a(i)y=a((2i—p+1), i=1,2,...
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Lemma 3.4 implies that

< P(max | > (Sy; — BS; ;)| > @)+ P(max | > (S;; — ES; )| > o)

< Oz 2 kES;l +ptk Z a(7)

1<i<k
for some constant C' > 0. In order to establish (22) it suffices to show

0o k(n) o2 2
Syi—ESy,
D,
E P( 21<n<21+1 k; E > 2€) < o0.

=1

Using (23) and (13) we obtain for any € > 0

k 2 2
Z Sp,i B ESp,i
p

=1

1
I1l; == P( max —

2l<n<oltl k

> 2¢)

m

Z(S;@l)z ES p(2h), z)
=1

k(2 SR 4(5)

< P( max

2H k(2!
e > ep(2')k(2'))

- C(k(2l+1)p4(2l)—|— 4(2l

C (k2" pt(2") + p*(2)E* (2" Ha(p(2) + 1)

<
. PR
2 (9l 2 (9l 1
p°(2) | p(2)a@)+1)
< .
<C <€2k(21+1) + 2
By (14) and (15) we have that
ZH[l < .
I=1

It remains to prove (3), i. e.
\/ﬁXn’kp — 0 a.s. as n — oo.

It suffices to prove that for any € > 0

k

Z p(2h),i

> ek(29)4/p(2))) < .

oo
E P( max
= 2l <n<2i+1
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Using Lemma 3.4 we obtain

k
. 4 ! !
v, =P <21<r;12<n2(l+1 ;Sp(gz)ﬂ > ek(2')py/p(2 ))

k
<P max Z Sp(gl),i > %k(2l) p(2l)

2l<n<2l+1

i=1
i odd

k
+P | max | Y Sy, z%k(zl) p(2)
=1

2l <p <L+l

_ChEH? ) +p 2Dk SEE ()
. k22N p(2)

l Do l
<o(22) 4 2o +1)

).

By conditions (14), (15) we have Y ;= IV, < co. (3) follows by the Borel-Cantelli
lemma and Theorem 2.5 is proved. ([l

4.3. Bootstrap for functionals of absolutely regular sequences.

Proof of Theorem 2.6. The proof is based on Theorem 2.1. Lemma 3.5 implies the
conditions (1) and (2). W.lL.g. we will assume that EX; = 4 = 0 and first we will
prove (5). In order to do that it suffices to show that for any e > 0 and ¢; >0

>€1><OO

where Sp; = ZjeBi X;. Using Markov, Hélder, Chebyshev inequalities, (13), and
Lemma 3.6 we obtain

oo k
1 2
(24) 3P (mx p 2 Sl i, o)

k

1 2
kp Z Sp’i]l{\sp,,:|2>ekp}

=1

P( > €1)

max
2l<n<2t+l

k
2
Z Sp,i]l{|s,,,7¢|2>ek(zl)p(zl)}

<P( max
2l<n<2t+l

> e1k(2')p(2"))

E(maX21<nS21+1

k
- > i1 an,i]l{\sp,i|2>ek(2l)p(2l)}‘
= e1k(2)p(2")

k2!t 2 I+1 2
<Zi:1 ESpilys, 2sek@ipen}  FETDESTLr (g 120 ckonpan)

= e1k(20)p(2h) = e1k(2h)p(2!)
_CES) (PS> ek(@)p(2)? _ C ES)
= e1p(2h) = e - ek(2)p2(2)

c pe) __ C
Te1ek(2D)p2(2) T e - €k(2Y)
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The latter implies (24) and thus (5) is proved. Now we will prove (3). Note that
by stationarity and Lemma 3.7 we have for any a > 1 and some C > 0
2

< Cap.

Theorem A of Serfling [22] implies that

257

In order to prove (3) it suffices to show that for any € > 0

(25) max

< log,, 2m,)?
1<a<m Cm( 0g2 m) p

2 ;:P(zlggg}z(m pl/2X"’kp‘ > €) < oo
-1 =

By Chebyshev inequality and (25), it follows that

k
1/2 % < ] N, 1/2 70l
P(, masx o Xn,kp‘ > ) < P(, max | Zspyl > k(2D)p'/2(2)e)
2
k

_Cemaxigyapaes) | 2im Spa| ) Ch(2H1) (log(2 - k(2+1)))%p(2)
- k2(25)p(2')e - k2(2h)p(2')e
_Cllog(2- k(2"+1)))*

- k(2b)e

The latter implies (26) and hence (3) is proved. It remains to prove (4). First we
will prove the existence of the constant C' > 0 such that
2

< Cmp®

m

E|> (Sp;— ESY)

i=1

(27)

for m > 1. Stationarity and Lemmas 3.6, 3.7 and 3.8 imply

2
2

E|> (Sp,—ES2)| <4E|) (S2, - ES2)
i=1 i=1
i odd

m—1
=4mE (52— ES2)* +8 3 (m— i+ 1)E(S? — ES?) - (52, — ES?)
=3

m—1
1=3 11,i2€B;
J1,j2€B2
m—1 s .
SCmp2+CmZP4((a[w])m + (B([ 3 1)™%)

1=2

. k
<Cmp* + Cmp? Z kz((a[g])i"% + (ﬁ([g
k=1

D)) < Cmp?,
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Now again using Theorem A of Serfling [22], we obtain

u 2
(28) E max Z(Sz,i - ESZJ) < Cm(log, 2m)*p?
== =1
If we can prove
00 k
(29) > P(, max > (83, — ES2)| > ekp) < oo
1=1 = i=1

(4) follows by the Borel-Cantelli lemma. Using Chebyshev inequality and (28) we
get

k
2 2
P<2z<r£g)2(z+1 z;(spai — ESy)| > ekp)
1=
<P 2. —ES? k(2h)p(2!
B 1<m122()§l+1) pt S S > ek(Z)p(2))
_ Ch(2")(logy (26(241)))? - p2(2) _ Clogy(2k(241)))?
: k2 (NP2 =T ae)
The latter implies (29) and hence (4), so Theorem 2.6 is proved. O

Proof of Theorem 2.7. This theorem can be proved in the same way as Theorem
2.6. Therefore the proof is omitted. O

4.4. Bootstrap for U-Statistics.

Lemma 4.2. Let (X,,), o be a sequence of r.v.’s and A C {1,... .n}'. Then there

is a constant C, such that:

EE* ST ho (X7, X5) e (X2, X7)

i1 i)
(31,12,13,i4) €A

<C Z |E [hQ (Xi17Xi2) ha <X237X )H
11,82,t3,0a=1

Proof of Lemma 4.2. By triangle inequality:

EE*| >0 ha (X5, XE) he (X7, X))
(31,12,13,i4)€EA
1
< EE*h(X;,,X; h(Xig, X5,)]| -
< ot L B[O X h (X, X))

(1,i2,13,i4) €A

The bootstrapped expectation of ho (Xl*1 , XZ,) ho ( o X ) (conditionally on (X))
depends on the way the indices i1, i, i3, 14 are allocated to the different blocks. First
consider indices i1, i9,43,%4 lying in four different blocks Bj,, B;,, Bj,, Bj, (there-
fore, X7 ,..., X} are independent for fixed (X,),c). From the Construction of
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the bootstrap sample for any four different blocks Bj,,
| [E* [y (X7, X7,) ha (X5, X)) ]|

11

B

J27B'

J3>

Bj4:

1
= ’E[k‘i ) ha (Xiy tkps Xy tkop) P2 (Xigthsps Xiathap) ||
1<ii+kip<n
1<is+kop<n
1<ig+ksp<n
1<ig+kap<n

1
< ﬁ E |E [hQ (Xi1+k1177 Xi2+/€2;0) ha (Xi3+k3p’ Xi4+k4p)]|
1<iy+ki1p<n
1<ig+kop<n
1<iz+kzp<n
1<ig+ksp<n

= Z |EE* [h (XiuXiz)h(XimXicL)H

(i1,i2,i3,54)
€(Bj; xBj, xBj; xBj, )NA

n

<o Y BB X b (X, X))

91,12,13,54=1

As there are less than k* possibilities to choose these four blocks, one gets:

Z ‘EE* [h(XiNXiz)h(Xia’Xiz;)H

(i1,i2,i3,i4)EA
4 diff. blocks

< Y BR(Xiy, Xiy) h(Xiy, X))
i1,00,i3,i4=1
As an example, let i; and i now lie in the same block with iy —i; = d < 0,
while i3, i4 lie in two further blocks. X7 and X7 are dependent, the value of X7
is determinded by the value of X (conditionally on (X, ), ). To repair this, add
up the expected values for all 75 such that i5 in the same block as 71 and take into
account that there are at most k? possibilities for 41,43, %4:
B[ [he (X5, X5,) ha (X7, X7) ]|
1
< > |E [he (Xiy, Xiy+a) ha (Xiy, Xy
1<iy+kip<n—d
1<ig+kzp<n
1<ig+kap<n
= > |B[E e (LX) b (X5 XE)]]]
) (i171;27i132,i4)614 )
72 in same block as 11

1 n
< E Z |E [h2 (Xileiz) ha (Xi3’ i4)H

1,%2,13,14=1

= > BB e (X0 X b (X2, X0)]]]
‘ '(il,i27i31;1i4)k€14 )
12 in same block as 71

n

< Z ‘E [h2 (Xil’Xi2) h2 (XZ:}’ Xl4)”

11,%2,13,14=1
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When the indices are allocated to the blocks in another way, analogous arguments
can be used, which completes the proof. (Il

Proof of Theorem 2.8. We first show that

P [\/pkU;, (h2) = 0] = E[P* [\/pkU;; (h2) = 0] | =

With Fubinis theorem, we will then conclude that

We set
1
Q= Z ho (X},X}) and by = ———.
1<y <ig<pk ' Vpk (pk — 1)
With the method of subsequences, it suffices to show that
(31) bo Q% (ho) — 0 ass.,
(32) o max 16, Q% — boi—1Q% 1| — 0 aus.,

as | — oo. By the condition 1. or 2. or 3. of the theorem and Lemma 3.12, there
exists a n > 0 such that

n

(33) S B (X, Xiy) ha (Xiy, X3,)]| = O (n*77).

1,%2,13,14=1

We use Chebyshev inequalitity and Lemma 4.2 to prove (31). For every e > 0:

ZP 021 Q%: (h2)| > €] %Z EE* [Q57 (h2)]
=1 =1
21

1 & L=
_ngbgl > ‘E[h2(XiuXiz)h2(Xz‘3,X¢4)]|§06—222 .
=1

11,%2,13,14=1 =1

(31) follows with the Borel-Cantelli Lemma. To prove (32), we first have to find a
bound for the second moments, using a well known chaining technique:

.....

)
Il
—

As for any random variables Y7,...,Y,: E (max|Y;[)? <3 EY?, it follows that

EE*

2
* *
(21—?1gaf<2l|b”Q" bzllQQll') ]
1 2t

2
Sl Z Z EE* |:<b2l1+i2d1Q;l—1+i2d—1 - b2l—1+(i,1)2d—1Q;1_1+(i_1)2d_1> :|

d=1 i=1
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1 2l—d

2
<l Z Z 205114 jpa-1 EE* l:(lelJrile - Q3171+(z‘71)2d71) }
d=1 i=1
ol—d
+ lz Z b2l—1+7;2d—1 - b21—1+(i71)2d—1) EE* |:Q2[ 1+(7, 1)2{1 1:|
d=1 i=1
) gl—d )
Z Si-1 4001 EE Z (Q;lfl-s-izdfl 7Q§l*1+(i—1)2d*1>
d=1 i=1
ol—d
+ ZZ Z b21—1+i2d—1 + le—1+(i_1)2d—1) (b21—1+i2d—1 - 621714_(1'_1)2[171)
d=1 i=1

EE* |:Q21 1+(Z 1)2d 1:|
2l
<63y Y |E[ha (Xiy, Xi,) ha (X5, X,,)]| < CI2277

91,12,13,14=1

In the last line we used the fact that the sequence (b,), . is decreasing, Lemma
4.2 and (33). It now follows for all € > 0

o0 C oo
ZP [ max  |a,Qn — agi-1Qqi—1| > e] <= Zl22_"l < 00,
=1 “ =

2l-1<p<2!
the Borel-Cantelli Lemma completes the proof of (32). Furthermore, we have that
(Bl <E[Q7]
and conclude that mE [Qr] — 0 a.s. We use now the Hoeffding-decomposition

* * [TT* _ 2 o * * *
Vpk (U (h) = E* [U; (h)])—ﬁ;(fn (X7) = B [ (X))

2 * yx) * Yk
TR | 2 (XD -E S ke (XX

1<i<j<pk 1<i<j<pk

By Theorem 2.4 (for absolutely regular or strongly mixing sequences) or 2.6 (for
functionals of absolutely regular sequences), we have that

— 0 a.s.

sup | P
z€R

\ﬁz hy (XF)— E*hy (X1)) <z

and by Theorem 2.1 of Dehling, Wendler [8]

VvnU, (h2) — 0 a.s.

Since /pkU} (hy) — 0, v/pkE*U} (hy) — 0 a.s. have been already proved, (17)
follows with the Lemma of Slutzky. To prove (16), first recall that by Theorem 2.4

or 2.6
— Var \/ﬁz hy (Xl)] — 0 a.s.,
i=1

kp
\/]Tkzhl (X7)
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and by Lemma 3.12 Vary/nU, (hz) — 0. Similar to the proof of (30), one can show
that Var*y/pkU} (he) — 0 a.s., so (16) follows, which completes the proof. O
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