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Generalized linear statistics are a unifying class that contains U-statistics,
U-quantiles, L-statistics as well as trimmed and winsorized U-statistics. For
example, many commonly used estimators of scale fall into this class. GL-
statistics only have been studied under independence; in this paper, we estab-
lish the central limit theorem (CLT) and the law of the iterated logarithm
(LIL) for G L-statistics of sequences which are strongly mixing or L' near
epoch dependent on an absolutely regular process. We first investigate the
empirical U-process. With the help of a generalized Bahadur representation,
the CLT and the LIL for the empirical U-quantile process follow. As GL-
statistics are linear functionals of the U-quantile process, the CLT and the
LIL for G L-statistics are straightforward corollaries.

1 Introduction

U-Statistics and the Empirical U-Process

In the whole paper, (X,),c shall be a stationary, real valued sequence of random
variables. A U-statistic U,(g) can be described as generalized mean, i.e. the mean of
the values ¢(X;, X;), 1 <i < j <n, where g is a bivariate, symmetric and measurable
kernel. The following to estimators of scale are U-statistics:
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1 Introduction

Example 1.1. Consider g (z,y) = (a: — y)°. A short calculation shows that the related
U-statistic is the well known Varlance estimator

Un(g):nilz(Xi—X)z.

Example 1.2. Let g (x,y) = |r — y|. Then the corresponding U-statistic is

Un<g>:% S X - X))

n(n—1) 4=
1<i<j<n
known as Gini’s mean difference.

For U-statistics of independent random variables, the CLT dates back to Hoeffding
[17] and was extended to absolutely regular sequences by Yoshihara [32], to near epoch
dependent sequences on absolutely regular processes by Denker and Keller [15] and
to strongly mixing random variables by Dehling and Wendler [13]. The LIL under
independence was proved by Serfling [27] and by Dehling and Wendler [14| under strong
mixing and near epoch dependence on absolutely regular processes.

Not only U-statistics with fixed kernel g are of interest, but also the empirical U-
distribution function (U, (t)),cp, which is for fixed ¢ a U-statistic with kernel h(x,y,t) :=
L{y(z)<ty- The Grassberger-Procaccia and the Takens estimator of the correlation di-
mension in a dynamical system are based on the empirical U-distribution function, see
Borovkova, Burton, Dehling [9]. The functional CLT for the empirical U-distribution
function has been established by Arcones and Giné¢ [3| for independent data, by Arcones
and Yu for absolutely regular data [5], and by Borovkova, Burton and Dehling [9] for
data, which is near epoch dependent on absolutely regular processes. The functional LIL
for the empirical U-distribution function has been proved by Arcones [1], Arcones and
Giné [4] under independence. We will extend the LIL to sequences which are strongly
mixing or L' near epoch dependent on an absolutely regular process and give a CLT
under conditions which are slightly different from the conditions in Borovkova et al. [9].
Let us now give precise definitions:

Definition 1.3. We call a measurable function h : R x R x R — R, which is symmetric
in the first two arguments a kernel function For fized t € R, we call

Un (t) == Z h(X:, X;,t)

1<z<j<n

the U-statistic with kernel h (-, -,t) and the process (U, (t)),cg the empirical U-distribution
function. We define the U-distribution function as U (t) := E[h(X,Y,t)], where X,
Y are independent with the same distribution as Xy, and the empirical U-process as

(Vi (Un(t) = U))),er-

The main tool for the investigation of U-statistics is the Hoeffding decomposition into
a linear and a so-called degenerate part:

U, (t) = Zm X, t) + Z hy (X, X, 1)

1<Z<]<7’L
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where
hi(z,t) == Eh(z,Y,t) — U (t)
ho(z,y,t) := h(z,y,t) — hi(x,t) — hi(y,t) — U (t).
We need some technical assumptions to guarantee the convergence of the empirical
U-process:

Assumption 1. The kernel function h is bounded and nondecreasing in the third argu-
ment. The U-distribution function U is Lipschitz-continuous.

Furthermore, we will consider dependent random variables, so we need an additional
continuity property of the kernel function (which was introduced by Denker and Keller

[15]):
Assumption 2. h satisfies the uniform variation condition, that means there is a con-
stant L, such that for allt € R, ¢ >0

E sup ’h(l}y,t) - h(l’l,y/,t)’ < LE?
H(x,y)—(X,Y)HSe, ||(x,7yl)_(X7Y)H§E

where X, Y are independent with the same distribution as Xy and ||-|| denotes the Eu-
cledean norm.

Empirical U-Quantiles and G L-Statistics

For p € (0,1), the p — th U-quantile t, = U~!(p) is the inverse of the U-distribution
function at point p (where one needs additional conditions to ensure that ¢, is uniquely
determined). A natural estimator of a U-quantile is the empirical U-quantile U, !(p),
which is the p — th quantile of the empirical U-distribution function:

Definition 1.4. Let be p € (0,1) and U, the empirical U-distribution function.
U, (p) == inf {t|U,(t) > p}
15 called the empirical U-quantile.
Empirical U-quantiles have application in robust statistics.

Example 1.5. Let be h(z,y,t) := lf,_y<sp- Then the 0.25-U-quantile is the @, es-
timator of scale proposed by Rousseeuw and Croux [26], which is highly robust, as its
breakdown point is 50%.

The kernel function h(z,y,t) := 1{—y<sn satisfies Assumption 2 (uniform varition
condition), if Assumption 1 (Lipschitz continuity of U) holds. For every € > 0

E sup {ﬂ{u—ygt} - ]1{|x'—y’|§t}}

l[(z,y) = (X, Y)<e, [I(=",y")—(X,Y)]|<e

gP[t—\/ﬁe<|X—Y|§t+\/§e} < U(t+V2¢) — U(t — V2€) < Ce.
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The empirical U-quantile and the empirical U-distribution function have a converse
behaviour: U, ! (p) is greater than ¢, iff U, (¢,) is smaller than p. This motivates a

generalized Bahadur representation [7]:

p—U, (tp)
u(tp)
where u = U’ is the derivative of the U-distribution function. For independent data
and fixed p, Geertsema [16]| established a generalized Bahadur representation with
R,.(p) = O (n_%log n) a.s.. Dehling, Denker, Philipp [12] and Choudhury and Ser-

U (p)=t,+ + R, (p). (1)

fling [11] improved the rate to R, (p) = O (n_%(log n)%> Arcones [2] proved the exact

order R,(p) = O (n_%(log log n)%> as for sample quantiles. Under strong mixing and

near epoch dependence on an absolutely regular processes, we recently established rates
of convergence for R,,(p) which depend on the decrease of the mixing coefficients [30].
The CLT and the LIL for U, (p) are straightfoward corollaries of the convergence of
R,, and the corresponding theorems for U,,(t,).

In this paper, we will study not a single U-quantile, but the empirical U-quantile
process (U, '(p)),e; under dependence, where the interval I is given by I = [C1, O

with U(C}) < C,<Cy<U (Cy) and the constants C}, Cy from Assumption 3 below.
In order to do this, we will examine the rate of convergence of sup,, R,.(p) and use
the CLT and the LIL for the empirical U-process. As we devide by w in the Bahadur
representation, we have to assume that this derivative behaves nicely. Furthermore, we
need U to be a bit more than differentiable (but twice differentiable is not needed).

Assumption 3. U differentiable on an interval [Cy,Cs] with 0 < infico, oy u(t) <
SUDse[cy 0] u(t) < oo (u(t) =U'(t)) and

sup U(t) — U(s) — u(t)(t —s)| = O (m) .
s,te[C1,C2]:  |t—s|<z
The Bahadur representation for sample quantile process dates back to Kiefer [20]
under independence, Babu and Singh [6] proved such an representation for mixing data
and Kulik [21] and Wu [31] for linear processes, but there seem to be no such results for
the U-quantile process.
Furthermore, we are interested in linear functionals of the U-quantile process.

Definition 1.6. Let be p1,...,pq € I and J a bounded function, that is continuous a.e.
and vanishes outside of I. We call a statisic of the form

T,=T(U,") = /IJ(p) Urfl(p)dp+zbjU;1(pj)

j=1

n(nl
/2(1 tydt- Ut ( n_1> ZbU (p;)

n(n— 1)

generalized linear statistic (GL-statzstzc ).
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This generalization of L-statistics was introduced by Serfling [28]. U-statistics, U-
quantiles and L-statistics can be written as G L-statistics (though this might be some-
what artifically). For a U-statistics, just take h(x,y,t) = L{g@y)<s} and J = 1 (this only
works if we can consider the interval I = [0,1]). The following example shows how to
deal with an ordinary L-statistic.

Example 1.7. Let be h(x,y,t) := %(]l{xgt} + ]l{ygt}), p1 = 0.25, p1 = 0.75, by = —1,
by =1, and J = 0. Then a short calculation shows that the related G L-statistic is

T, = F71(0.75) — F,1(0.25), (2)

where F-1 denotes the empirical sample quantile function. This is the well known inter
quartile distance, a robust estimator of scale with 25% breakdown point.

Example 1.8. Let be h(z,y,t) = ]l{l(%y)gq}, p1 = 0.75, by = 0.25 and J(x) =
5 <

Lize0,0.75)y- The related G L-statistic is called winsorized variance, a robust estimator of

scale with 13% breakdown point.

The uniform variation condition also holds in this case, as h(z,y,t) =1 (Layr<t) =
5 <

1 {le—sl<vat} and this is the kernel function of Example 1.5.

Dependent Sequences of Random Variables

While the theory of G L-statistics under independence has been studied by Serfling 28],
there seems to be no results under dependence. But many dependent random sequences
are very common in applications. Strong mixing and near epoch dependence are widely
used concepts to describe short range dependence.

Definition 1.9. Let (X,,), . be a stationary process. Then the strong mizing coefficient
15 given by

a(k) = sup {|[P(AN B) — P(A)P(B)|: A€ FI'\B € F4,n € N},

where F. is the o-field generated by random variables X, ..., X;., and (Xn),en s called

a

strongly mizing, if a(k) — 0 as k — oo.

Strong mixing in the sense of a-mixing is the weakest of the well known strong mixing
conditions, see Bradley [10]. But this class of weak dependent processes is too strong for
many applications, as it excludes examples like linear processes with innovations that
do not have a density or data from dynamical systems.

Example 1.10. Let (Z,), .y be independent r.v.’s with P[Z, =1] = P[Z, =0] = 3,
Xo uniformly distributed on [0, 1], independent of (Z,,),en and
1 1

Xpy1 = EXn + §Zn+1-



1 Introduction

Then the stationary autoregressive process (Xp,), o is not strongly mixing, as

- 2(k—1)
1 . _k . —k
P|X, € {0,5_,Xke L_Jl [(20 —2)27", (20 — 1)27"]
| 2y 1 11 1
J— f— '_ _k ._ _k —_ — — — ¢ - P —
P{Xle _o,QHP X, € L_Jl [(20 —2)27"%, (20 — 1)27"] 5 3 3°1

We will consider sequences which are near epoch dependent on absolutely regular
processes, as this class covers the example above and data from dynamical systems,
which are deterministic except for the initial value. Let T": [0, 1] — [0, 1] be a piecewise
smooth and expanding map such that inf,cp 1] |7" (z)| > 1. Then there is a stationary
process (Xy,), cn such that X, = T (X,,) which can be represented as a functional of an
absolutely regular process, for details see Hofbauer, Keller [18|. Linear processes (as in
the example above) and GARCH processes are also near epoch dependent, see Potscher,
Prucha [25]. Near epoch dependent random variables are also called approximating
functionals (for example in Borovkova et al. [9])

Definition 1.11. Let (X,,),. be a stationary process.
1. The absolute reqularity coefficient is given by

B(k) = SEEESHP{IP(AIFZO) — P(A)]: Ae Fuh

and (Xy),cn 5 called absolutely reqular, if B(k) — 0 as k — oo.

2. We say that (X,),cn 5 L' near epoch dependent on a process (Z,)nez with ap-
prozimation constants (a;)ien, if

E|X: - E(Xi|¢")|<a 1=0,1,2...
where lim;_,.c a; = 0 and Ql_l is the o-field generated by Z_y, ..., Z;.

In the literature one often finds L? near epoch dependence (where the L' norm in
the second part of definition 1.11 is replaced by the L? norm), but this requires second
moments and we are interested in robust estimation. So we want to allow heavier
tails and consider L' near epoch dependence. Furthermore, we do not require that the
underlying process is independent, it only has to be weakly dependent in the sense of
absolute regularity.

Assumption 4. Let one of the following two conditions hold:

1. (Xn),en 1 strongly mizing with mizing coefficients a(n) = O(n™%) for a > 8 and
let be E|X;|" < oo for ar > %

2. (Xn),en @8 near epoch dependent on an absolutely reqular process with mizing co-
efficients B(n) = O(n=") for B > 8 with appoximation constants a(n) = O(n=?)
for a = max {f + 3,12}.
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2 Main Results

Empirical U-Process

The CLT and the LIL for the empirical U-process make use of the Hoeffding decompo-
sition, recall that hy(x,t) := E[g(x,Y,t)] — U(t). Under Assumptions 1, 2 and 4, the
following covariance function converges absolutely and is continuous (compare Theorem
5 of Borovkova et al. [9]):

K(s,t) = 4Cov [hy (X1), ), b ((X1), )]

+4) " Cov [ ((X1),5), b1 (Xisr), 8)] + 4 Cov [hy (Xps1), 5) b (X1, 1))

We need the following assumption on K
Assumption 5. Let K be positive definite on R.

Before we can give our results about the empirical U-process, we have to introduce
the reproducing kernel Hilbert space:

Definition 2.1. We define
Ko = {f:R—HR‘f(:E) :ZbiK(xayi)a by o s bms Y1y Ym GR}‘
i—1

For f(x) = >0 biK (2, yi) € Ky, g() = 2772 eiK (2, 2;) € Koy, the inner product of
f and g is given by

mip  m2

(f.9) =Y bic;K(yi, z)

i=1 j=1
and \/(f, f) is a norm on every K,,. We call K = |, _,K,, (the completion of the

union) reproducing kernel Hilbert space.

Theorem 1. Under the assumptions 1, 2, 4 and 5 the empirical U-process

(\/E(Un (t) - Ut(t))te]R

converges weakly to a centered Gaussian Process (Wy)ier with covariance function K.

(/3o O = Ut(0)en B

is almost surely compact in the space of bounded continuous functions C(R) (equipped
with the supremum norm) and the limit set is the unit ball Uk of the reproducing kernel
Hilbert space K associated wtih the covariance function K.

The first part of this theorem is similar to Theorem 9 of Borovkova, Burton Dehling
[9]. The main differences are that they use a continuity condition that is different from
our Assumption 2 and that our theorem is not restricted to bounded random variables.
Part 2 seems to be the first functional LIL for empirical U-processes under dependence.
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Generalized Bahadur Representation

Recall that the remainder term in the Bahadur representation is defined as

- p—Un(tp)
Ru(p) =U;' (p) =ty — —F<5"
. u(tp)
and that we write t, := U~ !(p)
Theorem 2. Under the Assumptions 1, 2, 3 and 4
sup Ry (p)| = sup |U; (p) 1, — 2= la)
pel pel u(tp)

almost surely with I = [Cy,Cy] with U(Cy) < Cy < Cy < U(Cy), 7 = =2 (if the first
part of Assumption 4 holds) resprectively ~v := % (if the second part of Assumption 4
holds).

= o(n_%_% logn)

Empirical U-Quantiles and G L-Statistics

Using the Bahadur representation, we can deduce the asymptotic bahaviour of the em-
pirical U-quantile process from Theorem 1

Theorem 3. Under the Assumptions 1, 2, 3, 4 and 5

(Vo (U 0) = 1)) ey = ( ; W(tp))pel’

u(ty)

where W is the Gaussian process introduced in Theorem 1 and I the interval introduced
in Theorem 3. The sequence

n
U )~ )
(( 2loglogn : PE(U(C1),U(C2))/ penw

is almost surely compact with limit set {f|f(p) = #tp)g(tp), g€ UK}.

As G L-statistics are linear functionals of the empirical U-quantile process, we can
conclude that the CLT and the LIL hold also for T,:

Theorem 4. Let be py,...,pq € I and J a bounded function. Under the assumptions 1,
2, 8, 4 and 5 for T, defined in Definition 1.6:

Vn (T, — ET,) 2 N (0,02)

with
o’ = / / * Cov tm)/(tq)]J(p)J(q)dpdq
Ca cov W (t,), W (t,) d Cov [W(t,,), W(ty,)
*2;b/ [um)u(tp) }”p)dp”i;bjbj a(tmu(tp» |
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Furthermore, we have that

/ n
li /=7 (T, —ET,) =1
b 202 loglogn ( )

almost surely.

3 Peliminary Results

Proposition 3.1. Under the assumptions 1, 2, 4 and 5

(G (S]] G

where W is the Gaussian process introduced in Theorem 1 and the sequence

1 n
(oo (0.

18 almost surely compact, where the limit set is the unit ball U%K of the reproducing

kernel Hilbert space associated with the covariance function of %W

Proof. Without loss of generality, we may assume that lim;_, ., U(t) = 0 and lim;_,, U(t) =
1. We first study the case that U(t) = t for ¢ € [0,1]. Then our proposition reduces
to Theorem A and Theorem B of Berkes and Philipp [8], where the indicator function
1.<: —t is replaced by hy(x,t). By Assumption 1, Eh(z,Y,t) is nondecreasing in ¢ and
|Ehy(Xi,s) — Eh(h1(X;,t))| = |s — t|. Furthermore, by Assumption 2, Lemma 3.5 and
3.10 of Wendler [30], (h1(X,,1)),cn is @ near epoch dependent functional with approxi-
mations constants C'\/a; = O(k~°), so all properties needed in the proof of Theorem A
and Theorem B of Berkes and Philipp [8] hold (see also the proofs in Philipp [24]).

To study the general case, note that Ehi(X;,t,) = U(t,) = p with ¢, = U™(¢,),
because U is continuous. So the functional CLT stated in our proposition holds for

the process (\/Lﬁ Yoy hl(Xi,tp))pe[O " Furthermore, notice that if U(t) = U(s), when
hi(X;,t) = hi1(X;, s) almost surely by monotonicity of h, so

D hi(Xit) =Y ha(Xi tuw)
=1 =1

almost surely. The finite dimensional weak convergence of (\/iﬁ oy ha(X, t)) fol-
teR
lows directly, the tightness can also be deduced from the tightness of the transformed
process (\/Lﬁ Yo ha(XG, tp)> o0 we just need the fact that by Assumption 1 |U(s) —
pel0,1

U(t)] < C|t — s|, so the functional CLT follows. To prove the LIL in the general case,
use the same transformation. [l
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Lemma 3.2. Let be C3 € R. Under Assumptions 1, 2 and /4, there exists a constant C,
such that for all s,t € R with |s —t| > C’3n7% and alln € IN

E <Z (hl (Xl, S) - hl (Xl, t))) S C’nQ (10g n)2 |S - tll—iﬁ,

i=1
where v is defined in Theorem 2.
This lemma is a direct consequence of Lemma 3.4 and Lemma 3.6 of Wendler [30].

Lemma 3.3. Under Assumptions 1, 2 and 4, there exists a constant C', such that for
allt € R and alln € IN

Z E ’h2<Xi17Xi2’t)7h2(Xi3’Xi4vt>| < CHQ.

11,12,13,14=1
This is Lemma 4.4 of Dehling, Wendler [12].
Lemma 3.4. Under the Assumptions 1, 2 and /

> (X, X;t)

1<i<j<n

=0ln2 8

sup
teR

almost surely with v as in Theorem 2.

In all our proofs, C' denotes a constant and may have different values from line to line.

Proof. We define Q,(t) := Zl§i<j§n hy (X;, Xj,t). For I € N chose ty,...,t,_1; with
k=k =0 (231), such that

—00 = to,l < tl,l < ... < tk—l,l < th =00

and |t;; —ti_1y] < #, so that we have
8

1
[U(tig) = Ultimig)] < C—;.
25!

10
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By Assumption 1, h and U are nondecreasing in ¢, so we have for any ¢ € [t;_1,,t;/]

Qu(t)| = Z (h (X, Xj,t) — ha (X5, 1) — (X5, 1)) = U(1))
S max{ Z (h (XivXj7ti,l) —hl(XZ,t) —hl(Xj,t> —U(t)) s
> (X5, X tioag) — ha(Xa,t) — (X, t) = U(1)) }
< max{|Quta)] |t}
+(n—1) max{ Z(hl(xi,ti,l) — hi (X5, )], Z(hl(Xi, t) — hl(Xi,tz-_u)))'}
+ M D0~ U
< max {|Qn(tig)], |Qn(tiz1)]}
1) S (X ti) — (et )| + 220 — Ul
So we have that
sup |Qn (1))
teR
< Zi%axk |Qn(ti, 1)| + zinax (n—1) Z(hl(Xi,ti,l) — hi(Xi, tic14)))

+ max n(n — 1)|U(t;;) — Ulti—1.)|-

i=0,...,

We will treat these three summands separately. For 2! < n < 2/*! we have for the last

summand that max;—o__xn(n—1)|U(t;;) —U(ti—1,)| < Cn?% = o (n%’%> by the choice

.....

11
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of t1,...,tg—1. For the first summand, we obtain
E £
[n:2lma2}l(+l 1 zil(l),a}fk |QTL( 7‘7l) | ]

i=1...2l—d

k ! 2
S E ( max }ng 14 49d— 1(75,1) Q2l1+(i_1)2d1(ti71>‘)
0

QZd

k
ZZZZE[ Qa1 4iga—1 (tig) — Q21—1+(i—1)2d‘1(tivl))2}

=0 d=1 i=1
1 2l+1

k
S Zl Z E|h2(X117X127t ) hQ(XZ:;?XM? )’

=0 d=1 i1,i2,i3,i4=1

< C|12920+1) < C122(2+§)z’

where we used Lemma 3.2 in the last line. With the Chebyshev inequality, it follows for
every € > 0

ZP [ jnax - max ]Qn( i) > 621(39}
=1 L'

241 —14=0,.
m m 2 E 26(2+3)1
< -
; 6221(3*% —21, a2>l(+1 1i= oan|Q”( ll'T < — 6221(37g)l 28T < oo,

as v < 1, so by the Borel Cantelli lemma

P [ max |Qu(ti)| > en2® i.o}

I 9

=P [ max max, \Qn( i) > 2!3-%) i.o} =0
n=20

2011 4=0,.

(the meaning of the abbreviation i.o. is “infinitely often”). It remains to show the
convergence of the second summand:
>4
n

Z(h1(Xz‘7 tig) — hi(Xi, tic11)))

=1

n

Z(h1 (Xi, tig) — (X5, tiz1g)))

= l7m72l+1_1 i=1,....k —
1=

E < max max (n —1)
n=2

k 4
< 241 E E max
1 n=20,..2+11
1=

< 02611%( max Ity — tio1]) Y < 122651

’” 7

where we used Corolarry 1 of Méricz and Lemma 3.2 to obtain the last line. Remember

12
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that k = & = O (2%l> and that |t;; — t;-1,] < k. We conclude that
8

n

Z(h1<Xi; tig) — hi( Xy, tio11)))

i=1

= C
< _— —_
- Z e491(6—3) E (ngzma;z(+1_1i£11axk(n 1

> 62(33)1

n

Z(hl (Xi,tig) — hi(Xi, ti1y)))

i=1

,,,,,,,,,,

)4
N C es = C?
(6—gM _
= Z 642l(67%)l 2m sl = Z 193! < 0.

1=0 1=0
The Borel Cantelli lemma completes the proof. O

Lemma 3.5. Let be F' a nondecreasing function, ¢,l > 0 constants and [Cy,Cs] C R. If
for all s, t € [Cy,Cy) with |t — s| <1+ 2c

[F(t) = F(s) =t =s)[ <,
then for all p,q € R with |p — q| <1 and F~(p), F~'(q) € (Cy +2c+1,Cy — 2¢ — 1)
F o) = F @) —(p—a)l <c
where F~1(p) := inf {t|F(t) > p} is the generalized inverse.

Proof. Without loss of generality we assume that p < ¢q. Let be € € (0,¢). By our
assumptions

F(F ' p)+(g—p)+c+e) = F(F'p)+e)+(g—p)+c—c
>p+(g—p)=q
By the definition of F~1, it follows that
F ' q)=inf {t|F(t) > q} <F ' p)+(g—p) +c+e
So taking the limit ¢ — 0, we obtain
F )< F'(p)+(q—p)+ec
On the other hand
F(F'(p)+(q—p)—c—€) > F(F'(p)—€)+(qg—p) —c+c
>p+(g—p) =g

So we have that
F ' q)>F'(p)+(g—p)—c—e

and hence F~'(q) > F~'(p) + (¢ — p) — c. Combining the upper and lower inequality
for F~1(q), we conclude that |[F~1(p) — F~1(q) — (p—q)| < c. O

13



3 Peliminary Results

Lemma 3.6. Under the Assumptions 1, 2, 8 and 4 for any constand C > 0

sup  |Un(t) = Un(s) — u(s)(t — s)| = o(n" 2" % log n).
s,te[C1,Col:

js—t|<Cy/TEleEn
Proof. As a consequence of Assumption 3 and v < 1

sup  |U(t) = U(s) — u(s)(t — s)| = o(n"7"% log ),
s,te[Cy,Ca):

|s—t|<C/ toslosn

so it suffices to show that

K, = sup  |Un(t) = Un(s) — (U(t) — U(s))| = o(n"2 % logn).
s,t€[C1,Ca):

-t /BT
For [ € IN chose tljl,...,tkfll with k = k; :O<“lg ) 4 —tOZ <t11 <. <tk71,l <

try=Coand t;; —t;_1; < logl Clearly
Ko<2mas  swp  |Uu(0) — Unls) — (U0 — U(s))
=Lk st€fti—1,1,t,1]

<4 max  sup |U,(t) — Un(tic1y) — (U(t) — U(ti—1a))| -

i=1,....k tE[ti—1,1,ti,1]

Now chose for : = 1,...,kand j =1,...,m — 1 real numbers s“l, such that t,_,; =
50,0 < S1ig < oo < Sme1ig < Smyig = tigand s — 811 < 2~ . As U,, and U are
nondecreasing, we have for ¢ € (s;_1,1,5;..1)

Un(t) = Un(tim12) — (U(t) = U(ti-1,))|
< max {|Un(s5i0) — Un(tim12) — (U(t) = U(tim12))|
Un(8j-1,i0) — Un(ti=12) — (U(t) = U(tim12))[}
< max {|Un(s5i1) — Un(tim12) — (U(s50) — U(ti12))]
Un(8j-1,40) = Un(ti=11) = (U(sj—1,50) = Utici))|} + [U(8500) — Ulsj-1,0)];

and consequently for 2! < n < 2+1

K < 4 inax max |U (szl) Un(tifl,l) — (U(Sj,i,l) - U(tifl,l»’

i=1,..., kj=1,...,
+4 max max \U(s50) —U(sj—1.41)|
i=1,...,k j=1,...,
<8 IrllaX maX E hl 7,178_]Zl - E hl 119 l ll
=1,...kj=1,...,
7/1 1 7,1 1
+4 man HllaX n 1 ( E h2 119 ZQ;S]zl E h2 X’Ll)‘X’LQ?tZ 1,l)>‘
i=1,..., =1,..., m —
J 1<i1<i2<n 1<i1,i2

—1—4 max max |U(85,0) — U(8j-1,i4)!-

14



4 Proof of Main Results

From Assumption 3, we obtain

N[

—%)l _ _1_

max max U(s500) — Ulsj_140)| < sup  u(t)2™¢ o(n" 278 logn).
j

.......... te[oth]
With the help of Lemma 3.4, it follows that

77,—1 ( Z h2 i1 ’Lzasjzl Z hz X’Llangatz 1l)>|

1<11<2<n 1<1,22
_1_
=0o\ln 2

>4
- Z Z (h1(Xiy, 85i0) — ha(Xiy, 85-1.0))

i1=1 j=1

77777

0|2

4
sup

P —
T n(n—1) er

hy (X;, Xj, 1)

1<i<j<n

).

Furthermore, we have by Lemma 3.2 and Corollary 1 of Moéricz [23]

E hl zlasj 1zl - E hl 119 1 1l

111 le

-----

.........

>4
1 ogl) ?(logl)2

2172 0g _ 0gl)?

< Okl ( 7) _CW’

1
< — E FE max max
241 £ n=0,...,21+1-1mi=1

as k ~ ,/% So we can conclude that for any € > 0

ZP

n

1
- Z (h (X5 85-1,0) — ha(Xiy, ti1a))

i1=1

max max max
2l+1_1 i<k j<m

77777

> 2 G+ gﬂ[]

22+ 12(log 1)z >, (logl)z
= CZ Al ot >3 <%
=1 =1

The Borel Cantelli lemma completes the proof. O]

4 Proof of Main Results

In all our proofs, C' denotes a constant and may have different values from line to line.
Proof of Theorem 1. We use the Hoeffding decomposition

U, (t) = Zhl Xi,t) + Z hy (X, X, 1)

1<z<g<n

By Theorem 3.1 the CLT and the LIL hold for the linear part 2% " | hy (X;,t). The

faster convergence of the degenerate part n(n ) > i<ici<n 2 (X, X ;,t) stated in Lemma
3.4 completes the proof. n
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4 Proof of Main Results

Proof of Theorem 2. By changing the random variables from X,, to U(X,,), we can with-
out loss of generality assume that U(p) = p = t, on the interval I (Assumption 3 guar-
antees that R, (p) is only blown up by a constant because of this transformation). Then
we can write R,(p) as

Rn(p) = Un_l(p) —tp+ Un<tp) -D
= (U1 (p) = Uy (Unlty) + Un(ty) —p) + (U (Un(ty) — 1)

Applying Lemma 3.6 and Lemma 3.5 with F = U,,, ¢ = n-3 % logn and [ = C logl%,
we obtain

sup ’Ugl(p) — U (q) — (p—q)| zo(n_i_%logn).

p,q€l:

[p—q|<C-/FEEEE

almost surely. By Theorem 1 we have that sup;c(c, o) (Un(ty) —p) < C 108 log” almost
surely, it follows that

sup ‘Ugl(p) - Ugl(Un(tp)) + Un(ty) — p‘

pel

< sup |UTHR) — Uy q) — (p—q)| = o(n"2"F logn)

p,q€l:
N
almost surely. It remains to show the convergence of U, *(U,(t,)) — t,. For every
€ > 0 by the definition of the generalized inverse, U, (U,(t,)) — t, > en~275 logn
only if U, (t, + en~27% logn) < Un(ty) and U, Y (U,(t,)) — t, < —en~27% logn only if
Un(t, — en~273 logn) > Un(t,). So we can conclude that

P |sup |U; Y (Uy,(t,)) — t,| > en"z R logn i.o.

pel
<P sup Un(t + en~2 ¥ log n) —U,(t) <0 io.
t€[01,0276n7%7% log n]
<P sup [Un(t) = Un(s) + (U(t) = U(s))| = |U(t) = U(s)| io.
S,te[01,02]
|s—t|:en_%_% logn
1
<P| s |UM) = Un(s) + (U() = U(s))] > Lo.
s,t€[C1,C5] nzts infieio, op u(t)
|sft\§en7%7% logn
=0

I

where the last line is a consequence of Lemma 3.6. O
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4 Proof of Main Results

Proof of Theorem 3. We make use of the Bahadur representation

1
u(tp)

From Theorem 1, we have that the finite dimensional distribution of the rescaled empir-
ical U-process (—#m\/ﬁ (U, (t,) —U (tp))> converge to the finite dimensional distri-
pel

Vi (U, (p) =) = — Vi (Un (t) = U(ty) + VnRu(p).

butions of the centered Gaussian process <#}J)W(tp)) . The tightness is inherited of
pel

the process (v/n (Un (t) = U(1)))ie(cr.0n) 85 [ty — tgl < %. The faster conver-
gence of (R,(p))per (Theorem 2) completes the proof of the first half of this Theorem,
the proof of the second half works in a similar way. O]

Proof of Theorem /4. T defined in Definition 1.6 is a linear and continuous functional,
so we have that

Vn (T, —ET,) =T (Vn (U, ' =U™"))
converges weakly to T' <(#W(tp))

tp) pel

with variance o2. Similarly, we have that , / m (T,, — ET,,) has almost surely the

) , which is a normal distributed random variable

compact limit set {\/2{7T(f)|f(p) = #mg(tp), g€ UK}.
[t remains to prove that this limit set is [—1, 1]. This can be easily seen by the following
argument: Let (W), .y be a sequence of independent copies of the Gaussian process

W introduced in Theorem 1. Then the limit set of W, := />——t— Yoy Wiis Uk by

2nloglogn
the LIL for Hilbert space valued random variables, see Ledoux, Talagrand [22]. So the

limit set of \/%?T (@Wn(tp» is {\/%?T(fﬂf(p) = #p)g(tp), g€ UK}. On the other
hand, by the linearity of T" we have that

T ((uép)m(t“)pd) = \/sriogionn ZT ((uép)wp))pg)

and has limit set [0, 1], as T (@W}(tp)) is normal distributed with expectation 0 and

varariance o?2.

]

Acknowledgement

The Research was supported by the German Academic Foundation (Studienstiftung
des deutschen Volkes) and the Collaborative Research Center Statistik nichtlinearer dy-
namischer Prozesse (SFB 823) of the German Research Foundation (DFG).

17



References

References

[1]

2]

3]

4]

[5]

(6]

7]

18]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

M.A. ARCONES, The law of the iterated logarithm for U-processes, J. Multivariate Anal.
47 (1993) 139-151.

M.A. ARCONES, The Bahadur-Kiefer representation for U-quantiles, Ann. Stat. 24
(1996) 1400-1422.

M.A. ARCONES, E. GINE, Limit Theorems for U-processes, Ann. Prob. 21 (1993) 1494-
1542.

M.A. ARCONES, E. GINE, On the law of the iterated logarithm for canonical U-statistics
and processes, Stochastic Process. Appl. 58 (1995) 217-245.

M.A. ARCONES, B. YU, Central limit theorem for empirical and U-processes of station-
ary mixing sequences, J. Theoret. Probab. 7 (1997) .47-53.

G.J. BaBu, K. SINGH, On deviations between empirical and quantile processes for
mixing random variables, J. Multivariate Anal., 8 (1978) 532-549.

R.R. BAHADUR, A note on quantiles in large samples, Ann. Math. Stat. 37 (1966)
577-580.

I. BERKES, W. PHILIPP An almost sure invariance principle for the empirical distribution
function of mixing random variables, Probab. Theory Related Fields 41 (1977) 115-137.

S. BorovkovAa, R. BURTON, H. DEHLING, Limit theorems for functionals of mixing
processes with applications to U-statistics and dimension estimation, Trans. Amer. Math.

Soc. 353 (2001) 4261-4318.

R.C. BRADLEY, Introduction to strong mixing conditions, volume 1-3, Kendrick Press,
Heber City (2007).

J. CHOUDHURY, R.J. SERFLING, Generalized order statistics, Bahadur representations,
and sequential nonparametric fixed-width confidence intervals, J. Statist. Plann. Inference

19 (1988) 269-282.

H. DEHLING, M. DENKER, W. PHILIPP, The almost sure invariance principle for the
empirical process of U-statistic structure, Annales de I'I.H.P. 23 (1987) 121-134.

H. DEHLING, M. WENDLER, Central limit theorem and the bootstrap for U-statistics
of strongly mixing data, J. Multivariate Anal., 101 (2010) 126-137.

H. DEHLING, M. WENDLER, Law of the iterated logarithm for U-statistics of weakly
dependent observations, To appear in: Berkes, Bradley, Dehling, Peligrad, Tichy (Eds):
Dependence in Probability, Analysis and Number Theory, Kendrick Press, Heber City
(2010).

M. DENKER, G. KELLER, Rigorous statistical procedures for data from dynamical sys-
tems, J. Stat. Phys. 44 (1986) 67-93.

J.C. GEERTSEMA, Sequential confidence intervals based on rank test, Ann. Math. Stat.
41 (1970) 1016-1026.

18



[17]

[18]

[19]

[20]

[21]

[22]
[23]

[24]

[25]

[26]

[27]

28]
[29]

[30]

[31]

[32]

References

W. HOEFFDING, A class of statistics with asymptotically normal distribution, Ann.
Math. Stat. 19 (1948) 293-325.

F. HOFBAUER, G. KELLER, Ergodic properties of invariant measures for piecewise mono-
tonic transformations, Math. Z. 180 (1982) 119-142.

T. Hsing, W.B. WU, On weighted U-statistics for stationary processes, Ann. Prob. 32
(2004) 1600-1631.

J. KIEFER, Deviations between the sample quantile process and the sample df, in: M.L.
Puri (Ed): Nonparametric Techniques in Statistical Inference (1970).

R. KuLik, Bahadur-Kiefer theory for sample quantiles of weakly dependent linear pro-
cesses, Bernoulli 13 (2007) 1071-1090.

M. Ledoux, M. Talagrand, Probabiliy in Banach Spaces, Springer, New York (2002).

F. MORICZ, A general moment inequality for the maximum of the rectangular partial
sums of multiple series, Acta Math. Hung. 43 (1983) 337-346.

W. PHILIPP, A functional law of the iterated logarithm for empirical functions of weakly
dependent random variables, Ann. Prob. 5 (1977) 319-350.

B.M. POTSCHER, [.R. PRUCHA, Basic structure of the asymptotic theory in dynamic
nonlinear econometric models, part I, Econometric Reviews 10 (1991) 125-216.

P.J. Rousseeuw, C. CROUX, Alternatives to the median absolute deviation, J. Amer.
Stat. Soc. 88 (1993) 1273-1283.

R.J. SERFLING, The law of the iterated logarithm for U-statistics and related von Mises
statistics, Ann. Math. Statist. 42 (1971) 1794.

R.J. SERFLING, Generalized L-, M-, and R-statistics, Ann. Prob. 12 (1984) 76-86.

W. VERVAAT, Functional central limit theorems for processes with positive drift and
their inverses, Probab. Theory Related Fields 23 (1972) 245-253.

M. WENDLER, Bahadur representation for U-quantiles of dependent data preprint
arXiv:1004.2581 (2010).

W.B. Wu, On the Bahadur representation of sample quantiles for dependent sequences,
Ann. Stat. 33 (2005) 1934-1963.

K. YOSHIHARA, Limiting behavior of U-statistics for stationary, absolutely regular pro-
cesses, Probab. Theory Related Fields 35 (1976) 237-252.

19












