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MULTIPLE DECOMPOSABILITY OF PROBABILITIES
ON CONTRACTIBLE LOCALLY COMPACT GROUPS

WILFRIED HAZOD, KATRIN KOSFELD

ABSTRACT. Operator decomposable probabilities on vector spaces
— generalizing (semi-)stable and self-decomposable laws — are well
known. More specific concepts, multiple operator decomposable
laws, generalizing the nested Urbanik classes in the case of self-
decomposability, were investigated in fundamental papers by Mae-
jima et al. [16], [17] resp. by Maejima and R. Shah [18] for real
resp. p-adic vector spaces. For locally compact groups, decom-
posability properties were studied by R. Shah [27], Raja [23], see
also [6]. Here we are concerned with multiple decomposability on
locally compact groups and generalize — as far as possible — the
results in [16], [18]. In fact, as it turned out that contraction prop-
erties play an essential role, hence throughout we concentrate on
contractible locally compact groups.

INTRODUCTION

On vector spaces, operator-decomposability of probabilities — a com-
mon setup for operator-semi-stable, stable and self-decomposable laws
— were the subject of various investigations. In analogy to the Urbanik
classes in the case of self-decomposability, nested classes of multiple op-
erator decomposable laws and their properties were investigated. For
the background the reader is referred e.g., to [12], [31], [32] for finite
and infinite dimensional real vector spaces, and [16] and the references
therein for multiple decomposability. In case of locally compact groups
we mention R. Shah [27], Raja [23], see also [6], and for multiple decom-
posability on p-adic groups and vector spaces, [18] and the literature
mentioned there. (For some aspects of multiple self-decomposability,
i.e., decomposability w.r.t. a continuous one-parameter group of auto-
morphisms, on groups see e.g., [4].)

Let G be a locally compact group and 7 € Aut(G). A probability
pu € MYG) is called 7-decomposable — in symbols: u € Ly(7) — if there
exists a cofactor v € MY (G) such that p = vx7(n). Put L_(7) :=
MYG). p is called n—times 7-decomposable, n > 0, — in symbols:
p € Ly(7) —if p is 7-decomposable with a cofactor v € L,_1(7). (For
details cf. Definition 4.1 below.)

A continuous convolution semigroup (fi),~,, of probabilities is 7-
decomposable if for all t > 0, ju; is 7-decomposable with cofactor v,
where the cofactors (14),-, form a continuous convolution semigroup.
Analogously, (1), is n-times 7-decomposable if it is 7-decomposable
and the cofactor semigroup is (n — 1)-times 7-decomposable.
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This motivates the following definition: Let A denote the generating
functional of (p),5q, A = % li—o{pt, f), evaluated for f € D(G), the
Bruhat-Schwartz test function space. Let GF(G) denote the cone of
generating functionals. A is 7-decomposable — in symbols: A € Ay (7)
— if for some generating functional A" we have A = AM + 7(A).
Put A_4(7) := GF(G). Analogously, A is n—times 7-decomposable
(n € Z,) — in symbols: A € A, (1) —if A € Ag(7), A =A™ + 7(A),
with A™ € A, (7). Hence there exist generating functionals A®
such that A® = ACD 4 7 (AD) for 1 <i < n+1 with AT .= A
Thus A = A + S0+ 7 (AD). (For more details cf. Definition 5.5.)

Recall that for non-Abelian groups, generating functionals of con-
tinuous convolution semigroups play the role of logarithms of Fourier
transforms, the second characteristic functions. For details the reader
is referred to, e.g., [10], Ch IV, § 2.0, [7], [29], [3].

Throughout we have to suppose that G is contractible and 7 €
Aut(G) is contracting, a natural condition. In complete analogy to
the vector space case, we prove that n-times 7-decomposable laws are

representable as infinite convolution products, u = > 77 (v) (for n = 0)
Jj=0

resp. p = Xk ( - (* 7209 (1/))) (for n > 1). (Cf. Proposition

Jn20 Jjo=0
4.2). Under commutativity assumptions — and if a technical condition
is satisfied (trivially satisfied e.g. in the case of homogeneous groups)
— we obtain, re-arranging the iterated convolution products: p is n-
n+k
times 7-decomposable iff y = * 7* (1/( " )>, and this is the case iff v
k>0
possesses logarithmic moments of order n + 1.

In case of continuously embeddable probabilities we obtain, again in
analogy to the vector space situation — at least for connected resp. to-
tally disconnected contractible groups — a characterization of multiple
7-decomposable generating functionals of continuous convolution semi-
groups which corresponds to the characterization of the Lévy-Khinchin
form in the case of real resp. p-adic vector spaces obtained in [16] resp.
[18].

Most of the results are part of the second named author’s thesis [13].

The paper is organized as follows: First, in Section 1 we state the
main results, Theorems 1.1 and 1.2. For their proofs we need several
tools which are of independent interest. These tools, group norms
and automorphism norms, resp. convergence of infinite convolution
products, are collected in the following Sections 2 resp. 3. The proofs
of the main results, and some slightly more general results follow in
Sections 4 and 5 in a sequence of propositions. In an appendix, we
discuss briefly the possibility of analogous investigations for certain
classes of hypergroups.

1. MAIN RESULTS

Throughout let G denote a contractible locally compact group with
contracting automorphism 7 € Aut(G). p has a finite logarithmic
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moment of order n (in symbols, i € Pign) if for a random variable
X with distribution p, E((log, (|X|))"*) = [;(log, |z])"du(z) < oo,
where | - | denotes a group norm on G. (Cf. Definition 2.1). As afore
mentioned, u is n-times 7-decomposable iff p has a representation as
(n+1)-times iterated convolution product. To be allowed to re-arrange
convolution products (in case n > 0) we define S C M!(G) to be a
commutative sub-semigroup with 7(S) C S and v € S.

Theorem 1.1. Let pv € S, n € Z,.
a) € MY G) is n-times T-decomposable iff

L= % ( * ...(*TZ?JE(V)>...) (1.1)
Jn20 \Jn-120 Jo=0

And if the right invariance group is trivial, H,(p) == {x : p*e, = p} =
{e}, then

p= %1/ <V("7+lj)> (1.2)
=0
b1) Ifv e Piogr+t, the convolution products (1.1), (1.2) and all rest
products Ay == > 77 (V(n:j)>, k€ Z., converge and \y "= e..

Jj=k+1
b2) Conversely, assume that the products (1.1) or (1.2) are con-
verging, and again H,(u) = {e}, then v € Plogiﬂ.

If G is a homogeneous group, hence aperiodic, all invariance groups
are trivial, and in case n > 0, the condition H,(u) = {e} is trivially
satisfied. And also for general locally compact contractible groups, for
n = 0, the condition H,(u) = {e} is superfluous. (Cf. Proposition 3.9).

Let p be embedded into a continuous convolution semigroup (p),
and let A denote the generating functional. Let (multiple) T-decom-
posability of continuous convolution semigroups resp. of generating
functionals be defined as afore. In this case we obtain

Theorem 1.2. a) Let G be a connected contractible group, hence
a homogeneous group, and let G = R? denote the Lie algebra. Let
7 € Awt(G) and let T€ Aut(G) C GL(R?) denote the differential.

1 1 1

Hence exp™ o =7 oexp~'. Let A denote the image of A under exp™.

Then we have:

A is n—times T-decomposable (on G) iff A is n—times T-decompos-
able (on the vector space G ). Equivalently, if the continuous convolution
semigroup (A;) C M (G) generated by A is n-times 7-decomposable.

This is the case iff the Lévy-Khinchin representation of ;l has the
form given in [16], Theorem 3.1.

b) LetG be a contractible totally disconnected locally compact group.
Then there exist p € N, p > 1 (not necessarily a prime power), a home-
omorphism ¢ : G — G := Q,, the additive group of p—adic numbers,

and T€ Aut(Q,), such that ot =7 otb. Let again for a generating
functional A, ;l:: »(A) denote the image under 1. Then we have:
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A is n—times T-decomposable (on G) iff A is n—times 7-decomp-
osable (on G). Equivalently, if the continuous convolution semigroup

(A\t) € MYG) generated by ;l is n-times T-decomposable.

This s the case iff the Lévy-Khinchin representation of;l on Q, has
the form given in [18|, Theorems 4.5, 5.2.

2. GROUP NORMS AND AUTOMORPHISM NORMS ON CONTRACTIBLE
GROUPS

Let G denote a locally compact group, Aut(G) the group of topolog-
ical automorphisms endowed with the topology of uniform convergence
on compact subsets.

Definition 2.1. A group norm on G is a continuous sub-additive func-
tional | - | : G — Ry such that

(i) |z| = |z7| for allz € G

(i) |z| =0 iff r =e

(111) x, — e iff |x,| — 0

Thus d(z,y) = |z~ 'y| defines a right-invariant metric generating
the topology of G.

Remark 2.2. In the case of contractible locally compact groups we
shall show that always group norms ezist (see Proposition 2.10). Note
that for homogeneous groups (homogeneous) norms are usually defined
by a weaker condition |zy| < C(|z|+|y|) for some C > 1. However it is
known that sub-additive homogeneous norms, i.e., norms with C' =1,
exist (cf. [8]). Hence here we restrict to sub-additive functionals.

Note furthermore, that group norms are frequently called pseudo-
norms (generating the topology of G), cf. e.g., [33].

Obviously we have: Let |-|;, ¢ = 1,2, and |- | be group norms. Then
the following functionals are also group norms:

1) |'|*3=?:1?>2<|'|z‘ 2) |lo=1-l1+] ]

3) || :=|o(-)] for o € Aut(G) and 4) log(|-|+1).
In the sequel we make use of the following examples:

Example 2.3. Let G be a connected contractible group, therefore a
homogeneous group. In particular, G is a simply connected nilpo-
tent Lie group admitting a continuous one-parameter group of dilations
(01);50 € Aut(G), such that 6,0, = ;. and &, (z) — e, t — 0, for all
x € G. Then there exists a group norm satisfying |0;(x)| =t - |z| for
t >0,z € G. Thus G\{e} =R} ® {z : || = 1}. Such a norm — a sub-
additive homogeneous norm — will be called adapted to the dilations.

Any two homogeneous norms adapted to (d;) are equivalent. For
details see, e.g., [7], 2.9., and the literature mentioned there.

Example 2.4. Let G be totally disconnected and assume that there
exist compact open subgroups U,,n € Z such that U,,, <U,, n € Z,
UU. = G, U, = {e}. ((U,) is called filtration by compact open
subgroups.) Fix 0 < a < 1. Define |z| := |z|, := o if z € Up\Up1,
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and |e| := 0. Then |- | is a group norm, adapted to (U,). [ In
fact, let e.g., k < ¢, x € U,y € Up. Then xy € U U, C U. Hence
lzy| < oF. Le., |zy| < max{|z],|y|} < |z|+ |y|. ] The rest assertions
are immediately verified.

Finite dimensional vector spaces are (commutative) homogeneous
groups, with homothetical transformations H; : © — t -z as dila-
tions. And vector space norms are homogeneous norms. As on vector
spaces, homogeneous norms on a homogeneous group (w.r.t. fixed dila-
tions) are equivalent. In contrast, this is not the case for group norms
(adapted to 7) as the following example shows:

Example 2.5. Let as in Examples 2.4 resp. 2.8, (U,),,,, be a filtration
of G with compact neighbourhoods of e, ie., U, 2 Uy, UU, =
G, (U, = {e}. Let |-| be a group norm, and assume for some
a € (0,1) that o™t < |z| < a™ for € U,\Ugn41). Consider the group
norm |z|; := log(|z| + 1). For x, € U_(41)\U-pn, n € N, we have
|Zn|, |xp|i — 00, but |z,|1 /2] > a7 /log (1 + a™™) — co. Hence
the norms are not equivalent.

As easily verified, such filtrations exist for the groups considered in
Examples 2.3 and 2.4.

Definition 2.6. An automorphism morm corresponding to a group
norm | - | is a sub-multiplicative functional || - || : Aut(G) — R, satis-

Jying lo(2)| <|lo]] - |z] (x € G,0 € Aut(G)).
llolo := sup|o(z)|/|z] is obviously an automorphism norm. It will

r#e
be called canonical automorphism norm (w.r.t |-1|). If not otherwise
defined, || - || will always denote a canonical automorphism norm.

7 € Aut(G) is called contracting if 7"(z) = ¢ for all 2. As well
known, if 7 is contracting then it is compactly contracting, i.e., for all
compact K C G we have 7"(K) — {e}. (Cf. [30], Lemma 1.4 (iv),
[35]).

We continue the previous Examples 2.3, 2.4:

Example 2.7. Let G be a contractible connected group as in example
2.3 with contracting 7 € Aut(G). Then there exist a group of dilations
(0;) with 70; = &;7 for all t. (Cf. e.g., [7], Remark 2.1.13 a)). Let | - |
denote a (sub-additive homogeneous) norm adapted to the dilations.
For short, adapted to 7. Then, as easily verified, for all automorphisms
o € Cent((d;)), in particular for o = 7, we have for the canonical norm:

1) [lof| = supfo(2)|/|z| = max|o(z)| = max|o(z)]

x#e |z|=1 lz|<1

2) 7 is (compactly) contracting, hence 7™ {z : |z| = 1} — {e}.

3) Therefore ||7™|| — 0, hence there exists my € N with ||77|| < 1
for all m > my.

4) and [|771] > 1.

Example 2.8. Let, as in example 2.4, G be totally disconnected and
contractible with contracting 7 € Aut(G). There exists a filtration
(U,) by open compact subgroups such that in addition 7U,, = U1,
n € Z. We define for 0 < a < 1 the norm as in example 2.4. Then by



6 WILFRIED HAZOD, KATRIN KOSFELD

construction, |7"(x)| = o™ - |z|, x € G. . Therefore, for the canonical
automorphism norm, we obtain ||7"|| = ™. In particular, ||7|| = a < 1
and ||[77Y||= a7t > 1.

Lemma 2.9. Let G be a contractible locally compact group with con-
tracting T € Aut(G). Let | - | be a group norm and assume for some
mo > 1, ||[7™|| < 1 for m > my. Then there exist 0 < r < R < 1,
my > myg, such that for N > my
N N
el < 7 ()

RN o < 77V (2)]

RN .|z (2.1)

<
<r V. |z|

Proof. Let N >mg, N =Fk-mg+ 7,0 <7 < mg. Then
m j m mo\F j
[P (@) < fl7mel* - [ (@) < ([frmef] o) - (|17)] - |2 < O - Ry - Ja

for Ry := ||7™ ||/ < 1 and C' > omax (I177]|Ry?) (= 1).

Hence |7V (z)| < (CVV - RO)N |z|. For sufficiently large N > my (>
mg) we have OV . Ry < CV™ . Ry =: Ry < 1. Thus the right side
of (2.1 ) holds for 1 > R > R;y. The left side, as immediately seen, is
valid for 0 < r <7y := |77 and all N € Z,.

Again the right hand side of (2.2) follows immediately for all r—1 >

ri' =77 > 1 and and all N € Z,. And almost verbatim as in the
proof of (2.1), the left hand follows for 1 < R~' < R;%.
Whence the assertion follows. O

According to Examples 2.7 and 2.8 the assumptions of Lemma 2.9 are
satisfied for connected resp. totally disconnected contractible groups.
In that cases the growth conditions (2.1) and (2.2) hold. Now let G
be a contractible locally compact group with contracting 7 € Aut(G).
Then G = N ® D, where N is connected and D totally disconnected
with contracting p € Aut(N) and o € Aut(D) respectively, such that
T = p®o. (Cf [30], Proposition 4.2, Corollary 4.3, [7], 3.1.12).
According to the examples 2.7 and 2.8 there exist group-norms | - |z
and | - |p on A and D adapted to p and o respectively.

Then | - |, defined by |(z,y)| := |z|x; + |y|p, for (z,y) e N @D =G,
is a group norm on G, adapted to 7. Hence we have

Proposition 2.10. Let G be a contractible locally compact group with
contracting T € Aut(G). There exists a group norm |-| on G, with cor-
responding automorphism norm satisfying the growth conditions (2.1)

and (2.2).

Proof. As mentioned above, G splits as a direct product G = N @D and
also 7 = p® . p and o are both contracting on N and D respectively
and satisfy the growth conditions (2.1) and (2.2) for 1 > R > R, and
0<r<r;<Ri=12 Incaseof N, (2.1) and (2.2) hold for R > R,
and N > my > 0. (Cf. Examples 2.7 and 2.8.)

With the group norm on G defined afore, as immediately verified,
7 satisfies (2.1) and (2.2), with 1 > R > max{R;,R2}, 0 < r <
min{ry,re} and N > m;. O

For later use (in Section 5) we note:
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Proposition 2.11. a) Let G be a connected contractible group with
contracting T € Aut(G), therefore a (homogeneous, hence nilpotent and
simply connected) Lie group of dimension d. Let G = R? denote the

Lie algebra and let 7€ Aut(G) C GL(RY) denote the differential of .
exp 1: G — G is a C°®°-homeomorphism satisfying

o

exp’1 oOT=TO eprl .

b) Let G be a totally disconnected contractible group with contracting

7 € Aut(G). Then there exists p € N\{1}, 7€ Aut(G) and a homeo-
morphism ¢ : G — G = Q, satisfying

YoT=To 1.

Here G = Q, denotes the additive group of p—adic numbers. (p is
not assumed to be a prime power here.)

Proof. a) The assertion is obvious since G is a simply connected nilpo-
tent Lie group, hence homeomorphic to G.

b) Let (U,) be a filtration by open compact subgroups adapted to
7. Put p := ord (Uy/U;). [30], Proposition 4.2, Corollary 4.3, (resp.
7], 3.1.8-3.1.10) contains explicit constructions of the homeomorphism

1 and of 7. In fact, the construction there is the following:
Let Z, == {0,...,p — 1} and let P C QZ, denote the set of

Z
sequences {7 := (x(k)),cs : @(k) € Zy, x(k) =0Vk < K(Z)}. Every
subset Ay = {Z:2(j) =0Vj <k} is compact w.r.t. the product
topology. And endowed with the topology that makes all cosets y-Ay :=
{y(k)x(k) : & € Ay} compact open, P is a totally disconnected space.
If we define the group operation coordinate-wise, P becomes a locally
compact group, which will be called A. This group is contractible,
since the shift o, defined by (o(Z)) (k) := z(k + 1), is a contracting
automorphism with the property o(A,,) = A,41. Furthermore, there
exists a homeomorphism ¢; : G — A such that ¢; o7 = 0 0 ¢y, and
o1(U,) = A, for all n.

Let @, denote the additive group of the ring of p-adic numbers, let
H, : r — p-r denote the homothetical transformation on Q,. We
have H, € Aut(Q,), in fact, H, is contracting. If A, denotes the p-
adic integers, then Ay := Hx(Ag),k € Z, is a filtration of Q, with
p = ord(Ay/Ak11). (Note that Q, may be represented as the space P
defined above, with a different algebraic structure. See e.g., [9], 10.2
- 10.10. H, operates as shift on this product space.) Hence there

exists a homeomorphism ¢, : Q, — A such that ¢y 0 H, = 0 o ¢ and
2(A) = Ay, for all k.
¢3!

Hence with the composition ¢ : G 2N Qp and Ti= H, the assertion
follows. |[ In fact, in [30], 3.7, [7], 3.2.8, it is supposed that p is a prime
power, hence Q, a field. But the construction does not depend on this
assumption. ] O
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3. CONVERGENCE OF CONVOLUTION PRODUCTS ON CONTRACTIBLE
GROUPS

Recall that for locally compact groups some versions of P. Lévy’s
equivalence theorem are available. For our purposes we need the fol-
lowing versions:

Proposition 3.1. Let G be a locally compact group. (W.l.o.g., G is
assumed to be second countable, as random variables are involved).

a) Let G be aperiodic, i.e., without non-trivial compact subgroups.
Then the classical version of the equivalence theorem holds:

If v;, 1 > 0, v, are probabilities and X;,7 > 0, Y are G—uvalued
random wvariables with distributions X;(P) = v;, ¢ > 0,Y(P) = v.
Then the following assertions are equivalent:

N N—o00
(i) T[Xi=Xo...Xy — Y P-as.
i=0
N N—oo
(1)) J]X: — Y P-stochastically
i=0

N
(iii) pn = K = u=Y(P) weakly
i=0

N

(11i’)  For allk > —1 the products Ay y := * v; are weakly conver-
i=k+1

gent to A\, (for N — oo) with A_1 = p, and moreover, \, = * v; —

i=k+1
e (for k — o0).
b) If G is not aperiodic then still (i) = (ii) = (i7i') = (di1)’, and
(i17") = (i) hold.
For (iii) = (i) additional conditions are needed:
Let H,(\) :={x € G : Axe, = A} denote the right invariance group of
A € MYG). If we assume in addition H,(u) = {e}, then (iii) = (i).

Note that as G is not supposed to be Abelian we have to define prod-

ucts in a fixed order: Hév x; = xory - - - xy for x; € G, and analogously
N

*v; := 1y x - - - vy for probabilities v;.
0

Proof. For any second countable locally compact group G, the impli-

cations (1) = (ii) = (vit)" are obvious. To prove ’(ii) = (ii’)’ note

that a.s. or stochastic convergence of [] X; imply for any k € Z,
i=0

convergence of [[ X; and moreover, [ X; "2 e. Thus (i13") follows.

i=k i=k
Claim: (iiz) implies that {Axn} s, is relatively compact. A crucial
condition in [10], 2.2.16 — 2.2.19.

We have for N, M > 0: puninm = pn * Ann+am. According to the
shift compactness theorem [22], TII, theorem 2.1, 2.2, [10], theorem
1.2.21, the set {An niam} is relatively compact. Let £ denote the set
of accumulation points (for N — oo). Let A € L and assume, for
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some subsequence, A, ny, — A. Then, for K € N, ky > K we have
Ay = AKky * Moy -

‘(its") = (i)’ By assumption (iii'), Agny — Ax = Kk ;.
j=K+1

Whence A\x = Ag x A follows. T.e., suppA C H,.(\g). Again by as-
sumption (i4i'), Ax — &, hence g, = e, x \. Le.,, A = ¢, and £ = {e.}.
According to [10], 2.2.16, (i) follows.

Assume (i77), and assume further that G is aperiodic. As afore men-
tioned, { Ak} is relatively compact. Thus, according to [10], 2.2.19, (7)
follows.

Assume (i4i), and in addition, H,(u) = {e}. As before, for A € L we
obtain g = p* A. Again supp(A) € H,(u) and thus, by assumption,
A = &.. Again, according to [10], 2.2.16, (i) follows. O

Note that H,.(u) = {e} = H,.(A\x) = {e} and, if the measures y;
belong to a commutative sub-semigroup S of MY (G), H,(\x,) = {e}.

For special products considered in the sequel, u = > 7¢(v), the con-
i>0
dition H,(u) = {e} is superfluous:

Corollary 3.2. Let G be a contractible locally compact group with con-
tracting T € Aut(G).

Let X;,i > 0,Y be independent random wvariables with distribution
v=X;P), i >0,p:=Y(P). Then, with the notations above, L =
{e.} and hence

N N
HTi(XZ') —Y as iff k7'(v) — p weakly
=0 =0

Proof. 1t suffices to show that condition (i) of Proposition 3.1 is satis-

N N

fied. If puy := % 77 (v) NZP° i then for all K, Mgy = Kk T(v) Nzpe
=0 j=K+1

75 (1) = Ag. As 7 is contracting, 75! () — e, follows. Let A € L,

let Ak, N, — A As Ak, N, * AN, — €, it follows Ak, n, — €. by the

shift compactness theorem ([22]), III, theorem 2.1, 2.2, [10], theorem

1.2.21. Hence (7i7') and thus (i) (in Proposition 3.1) follow. O

Remark 3.3. We define ad hoc: A infinite convolution product p =

% v; converges strongly if all rest products A, := % v, are convergent

Jj=0 >k

(k > —1) and in addition A "22° ¢.. Le., if condition (7i7") in Propo-

sition 3.1 is satisfied. A product of convolution powers pu = *l/f(j )
Jj=0

converges strongly if it converges strongly in lexicographical order.

a) As shown in Proposition 3.1 (’(i) < (iii')’), strong convergence
implies that the the equivalence theorem holds.

b) Moreover, we define ad hoc for a fixed group norm |-|: If (X;) are
independent G-valued random variables, with distributions X;(P) = v;
then [[ X is a.s. absolutely convergent if ) " | X;| < oo a.s. Analogously
we define for independent arrays (X, ;) with distributions X, ;(P) = v;
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that the iterated products [] >0 H U x; ;,j converge a.s. absolutely if
5, S |X | < oo as.

A.s. absolute convergence implies strong convergence. In fact, a.s.
absolute convergence implies a.s. convergence of all partial products
and re-arranged products of the above products, and hence weak con-

vergence of the convolution products * v; resp. *Vf(j ), Moreover,
§>0 3>0
DSk Z |X | — 0 a.s. implies that the rest products * V ) con-
Ii>K

verge to e, (K — 00).

As well known, on vector spaces and also on homogeneous groups,
o
convolution products % 77(v) converge iff logarithmic moments exist.

k+1
As in the case of homogeneous groups (cf. [6], [7]) we define logarithmic

moments in terms of group norms. (For vector spaces see e.g., [11].)

Definition 3.4. Let G be a locally compact group with a group norm
|-|. Let (2,%, P) be a probability space. Let X be a G—wvalued random
variable with distribution X (P) = v. X resp. v possesses finite loga-
rithmic moments of order n, symbolically v € Progr , if E((log, [ X|)") =

J(log, |z])"dv(z) < oo, equivalently, if [ (log, (1 + |z]))" dv(z) < co.

Obviously, we have: Let f : © — R, be measurable, 1 € C'(R)
strictly increasing with integrable ¢'. Then

/Ql/JofszfﬂhP{f > g} (y)dy

Applying this observation to the functions t — log, (¢) resp. t —
log(1 + t) we obtain

Lemma 3.5. v € Plogiﬂ < oo iff one of the following equivalent con-
ditions 1s satified:

E (log(1 + [X])"™) < oo @/ (1X] > e — 1)y"dy < oo

& V{\-|>ey—1}y”dy<oo<:>E(log+(]X|)”“)<oo
0

(:)/ (1X| > €e)y "dy<oo(:)/ v{|-|>e'}y"dy < o0

Easy calculations show

Lemma 3.6. Let X be a G-valued random variable and | - | a group
norm. Then,

/ P{log, | X| > y}y"dy < oo = Z:P{log+ | X| > jB}i" < >0
1 1
for all B> 0. And if for some 3 >0

S Pllog, |[X| > jB}" < 0o then / P{log, |X| > y}y"dy < oo
1 1
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Note that fi : y — P(log, |X| > y) \,and f, : [1,00) 3 y —

y" . This yields upper and lower estimates for the Riemann sums
approximating [~ fi - fody. ]
Proposition 3.7. Let G be a contractible locally compact group with
contracting T € Aut(G) and group norm | - | satisfying the growth con-
dition (2.1). Let, for fited n € N, k(j),j > 1, be a sequence in N
such that k(j)/j" is bounded. (E.g., k(j) := ("}7), as throughout in
the sequel). Then we have:

ve Plog"+1 = pi= %7 (v k(j)) is weakly convergent

j=>0
Moreover, let (X; ;) : 1 g k;( ),7 >0, (X;) : >0, be iid arrays
with distribution X”( )=v, X;(P)=v. Then
ZZ\T ij)] < oo a.s. and Zk N (X;)| < 00 as. (3.1)
720 =1 7>0

In particular, ;5 Hfﬁf TI(X; ;) is a.s. convergent and re-arranged
products and partial products are convergent.

(For real vector spaces see e.g., [11], Lemma 3.6.5, for n = 0, or [16],
forn > 1.)

Proof. 1). Assume first the growth condition (2.1) holds true with
mi = 1.

Let X, X;, X; ; be iid random variables with distribution v. Assume
V€ Progntt for some (fixed) n > 0. As afore mentioned, in Lemma 3.5,

we have [~ P(log, |X| > y)y"dy < co. And, according to Lemma 3.0,
for any a > 0 this is equivalent with

Z]"P 10g+|X|>joz)<oo<:>Zj”P<\X|>( ))<oo

oo g"
o 1 :ZZP<\X”| > (ea)f) <
j=0 i=1

The growth condition (2.1) yields r" - |z| < |7"z| < R™ - |z| Vz, and
hence for all § > 0

{I7"2] > 8} 2 {|z| > 6} 2 {|r"z| > R"5)
Inserting 6 = e yields
P (1Xigl 2 ()) < P (17 (Xi)| = (r-e))
P(1X0] 2 @) 2 P (17 (Xi)| = (R-e))

and thus
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o j" ) .
Hence, with 6, := R - e* we obtain > P (|77 (X;;)| > d.) < oo.
j=01i=1
Put, for1 <i < j" j > 1,andfixeda > 0, 4;; := {|77 (X,,;) | > &2 }.
Then, by the Lemma of Borel-Cantelli, P(A*) = 0, where A* :=
LimsupA;, (in lexicographical order). ILe., considering CA*, we ob-
tain: For P-almost all w there exists j(w) such that for all i < j™,
j > j(w) we have: w € CA;;, ie., |77 (X (w))| < 82
Hence, for small «, such that , = Re® < 1,

‘n

J

>3 ()|

7=0 =1
jw) " A

= DI Xi) ]+ Y > 1P (X))
j=0 =1 j530) i1

jn
< cl(w)—l— Zéi:cl(w)+2j"5g<oop—a.s.
>0 i=1

J=0

with some constant ¢; (w).
Analogously, > 777 (X;;) | < ca(w) + > 04 < 0o P-a.s.
j>0 7>0
2) In the case my; > 1 the proof runs analogously, the above esti-
mates hold true only for 7 > m;. Hence in the estimates for the sums

Z Z |77 (X;;) | etc. additional additive constants (depending on w)

7=01i=
OCCUI'

i
As. absolute convergence yields that [] [[ 77 (X;;) as well as all
j>0i=1
partial products and re-arranged products converge a.s. (Remark 3.3).

In particular, weak convergence of % 77 (Vk(j)) follows.

j=0
o k()
By assumption, k(j) < C' - j", whence ) > |77 (X;;)| < oo P-a.s.
j=0i=1
follows. O

Converse results: For homogeneous groups we obtain as in the case
of vector spaces (in analogy to e.g., [16], [17]):

Proposition 3.8. Let G be a homogeneous group with contracting T €
Aut(G) and corresponding group norm | - |. Let again k(j) ~ j", e.g.,
k(j) = ("7). Then we have

* I (Vk(j)) converges weakly = v € Plogr+1+1
Jj=0

Proof. G is a homogeneous group, hence aperiodic. According to the

equivalence theorem Proposition 3.1, weak convergence of the products
: : k@)

* 77 (Vk(J)) implies a.s. convergence of [[ [[ 77 (X;;) for iid random

>0 j>0i=1
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variables with distribution X; ;(P) = v. Hence we obtain:
PN U {I7X,|>d} =0 for all § > 0.
n>0 \ j>n, i<k(j)

According to the Lemma of Borel-Cantelli it follows for all § > 0:

oo g"
I:=) > P(PXil>08)=> j"P (|7 Xi;| > 6) < o0

j=0 i=0 j=0

since the variables X ; are identically distributed and k(j) ~ j". The
growth condition (2.1) yields (for all 7)

{|7'in7]‘| > (5} = {|Tin7j| > Tj’l“_j(S} D) {|X17]| > T‘_‘jd}

We have 7' > 1. Choose 6 > 1 and put 7 := r7'4, 7; := 671~ < .
Since P (|X|>~])) > P(|X|>+7),j € Zy

00> 123 P (Xl > 07 =) = 3 "P (1Xi5] > 7)
320 Jj=0
and hence (with 8 = log~y > 0):
oo > 1> Zj"P (log | X ;| > B7)

320

Thus, by Lemma 3.6, [~ P(log, |X| > y)y"dy < oo, whence v €
P n+1. |:|

log’y

The proof of Proposition 3.8 shows that the following more general
result holds true:

Proposition 3.9. Let G be a contractible locally compact group with
contracting T € Aut(G), let | - | be a group norm adapted to T and sat-
isfying (2.1). Let k(j) ~ ("!7). Let (Xij); 50 be independent random
variables with distribution v. Assume that convergence of the convo-

00 A o k(j)
lution product pu = % 7™ (v) implies a.e. convergence of ] [ Xi;-
j=0 7=01i=0

Then we have p € Pogntt-

The condition is satisfied in the case n = 0 (Corollary 3.2), or if the
product converges strongly (in the sense of Remark 3.3) or if H.(1) =
{e}, (or if G is a homogeneous group, as in Proposition 3.8).

Proof. Analogous to the proof of Proposition 3.8: There G was sup-
posed to be a homogeneous group just in order to apply the equivalence
theorem, Proposition 3.1 ’(iii) = (i)’. Note that for n = 0, weak and
a.e. convergence are equivalent by Corollary 3.2. Analogously, if strong
convergence or H,(u) = {e} or, more generally, £ = {.}, is assumed,
a.s. convergence follows by Remark 3.3 (resp. Proposition 3.1). O

Remarks 3.10. a) We have shown by the preceding Propositions
3.7- 3.8 that for homogeneous groups, Vn € Z,, for any group norm
— not only homogeneous norm — satisfying a growth condition (2.1)
the existence of logarithmic moments v € Plogiﬂ characterizes weak

n+j

convergence %k 7/ (1/( n )) This generalizes e.g., [6], Proposition 3.4,
j=0
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Theorem 3.5, resp. [7], Proposition 2.14.24, for the case n > 0. In
particular this proves that Plogiﬂ does not depend on the particular
chosen group norm.

Analogously, for n = 0, Proposition 3.9, generalizes the above men-
tioned results in [6], [7], to general contractible locally compact groups.
Again this implies that Py, does not depend on the particular chosen
group norm.

("2)

b) A.s. absolute convergence, >. > |77X;;| < oo a.s., implies
j>0 i=1

weak convergence of re-arranged products and of partial products of

*7 (1/<n:j>). (Cf. Propositions 3.7, (3.1 )) We obtain therefore:
J

bl) Let G be contractible with contracting 7 € Aut(G). Assume

that v,y = * 77 (I/(k;”)) is convergent for all £ < n — 1. Let <ZJ(»k)>
Jj=0
be corresponding random variables with distributions Z](-k)(P) = V()
Then we have by Corollary 3.2, resp. Proposition 3.8: [][ 77/ (Z Uc))
320

converges a.s. absolutely for all k <n —1,ie, > . |7 (Z](k)) | < o0
a.s.

b2) Furthermore, let (Z™), (ZJ(»"*U) , (Zi(gd)) ,... be sequences
of independent random variables with distributions v(,), vm-1),....
Then:

AR HTj <Z](-n_1)> = H’TjHTi (ZJ(-Z_Q)>

320 j>0 >0
o in et [ jo (70
- =11 II - ( (HT (Zjn,---,jo> ))
Jn>0 jn-120 jo>0

-1l 1 (...(HTZS‘ﬁ<ZJ§S?___JO>...>>

Jn20 \Jn-120 Jo=0

b3) Ifin b2), G is a homogeneous group or if one of the conditions in
Proposition 3.9 is satisfied, then v € Plogiﬂ and (Proposition 3.7) a.s.

convergence of the random variables Y. |27 (X, )| follows.

JnyeJo

-----

4. MULTIPLE T-DECOMPOSABILITY OF PROBABILITIES

Let in this section, G be a contractible locally compact group with
contracting 7 € Aut(G). Let furthermore, |-| be a group norm adapted
to 7 satisfying the growth condition (2.1).

Definition 4.1. a) p € MY(G) is 7-decomposable — in symbols, p €
Lo(1) — with cofactor v € MY(G) if u=v*7(p).

In terms of random variables: A random variable X with distribution
i is T-decomposable if there exists a random wariable Y, such that

(X,Y) are independent and X Ly. T7(X) (equality of distributions).
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b) Put L_1(7):= MYG). p € MY (G) is n—times T-decomposable
—in symbols, i € Ly (T) — if, pu is T-decomposable, 1 = vy *7(p), with
cofactor vy € L1 (7).

Therefore, jt = Vo) * T (1), Vi) = Vin—1) * T (V(n)) N
VkT (l/(l)). Hence H=V%xT (l/(l)) koo kT (l/(m) * T (M)

If the contraction condition is not supposed, p is usually called
strongly T-decomposable if in addition 7%(v) — .. Here, as we al-
ways restrict to contracting 7, ’strongly’ is superfluous.

Proposition 4.2. a) pu is T-decomposable with cofactor v iff

p= k()= lim v*---7V().
j=0 N—oo

b) p is n-times T-decomposable iff

L= % ( * ( *TZSji<,/)...>>,
n=0 \jn-120 G0=0

N

Proof. a) "=’ Obvious, since for all N we have %77 (v)x 7V (1) =
0
p and, since 7 is contracting, thus 7¥*!() — .. The assertion follows

by the shift compactness theorem, [22], [10].
'« Assume p = k7F(v). Hence p = v *k7i(v) = v+ 7(p).
0 1
(For homogeneous groups see e.g., [6], [7].)

b) follows inserting in a) successively v = k7% (vi-1)), vy =v. O
0

Hence according to Propositions 3.7, 3.8, 3.9 we obtain immediately:

Proposition 4.3. v € M!(G) is the cofactor of a T-decomposable law
iff v e Plong-

We mention two results concerning the structure of 7-decomposable
laws. The proofs are left to the reader.

Proposition 4.4. a) The set of T-decomposable laws is weakly closed.

b) If u; are T-decomposable with cofactors v; and if p;, v, i = 1,2,
belong to a commutative sub-semigroup S C MY(G), with 7(S) C S,
then py * o 1s T-decomposable with cofactor vy % vs.

The following Lemma will be essential in the sequel. Since compact
subgroups are not excluded, a careful discussion of convergence and
re-arranging of iterated convolution products seems to be necessary.

Lemma 4.5. Let, as before, G be contractible with contracting T €
Aut(G), let S € MY (G) be a commutative sub-semigroup with 7S C S.
Let p, v € S. Letn € N. Ifn > 1 we assume in addition H,(u) = {e}.
Then the following assertions are equivalent:

o= 7‘;) ( . (torzgﬁ(u)) ) (4.1)
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p= k7 (V) with k(j) = (n+j) (4.2)

>0 n
Proof. '(4.1) = (4.2).  We proceed by induction on n. Let n = 1.
320 i20 Jj=0 i20

both 7-decomposable and v, vy € P, N (Propositions 3.7, 3.9). For
all L, M € N we have:

Then p = k77 (*773 (y)> = %7 (vu)) and vy = * 7% (v) are

L
W= Z(OTi (vy) * 75 (w) (4.3)
M .
I/(l) = 1(07'1 (I/) * TM+1(I/(1)) (4.4)

Hence for all L € N, inserting successively (4.4) in (4.3) with M = L—¢
we obtain (in view of v € S):

L Lt
p o= %7t (*Tj(u) N (V(1))) * 7 (1)

£=0 §=0

= )\(Ll) % 7L (V(Ll;d) * TL'H(,u)

L L—t L i L
where A = % 7! (*7%)) =% ( T’(V)) = *r' (V)

=0 \j=0 i=0 \j=0 =0
and 75 (1) — e.. We have to show that A(Ll) — 1, equivalently,

rhtl <V(L1J)r1> — &.. Hence p = %7t (1), ie., (4.2) for n = 1.
0

Since v(1) € Piog, , for a iid sequence (Yj) of random variables with
distribution v(;) we obtain |77 (Y;) | < oo a.s. (Proposition 3.7 (3.1)).
7 satisfies the growth condition (2.1), ||[7*|| < R¥, k > my, for 0 < R <
1. Let C := max[|7*|| (> 1). Let L+ 1= Ny + Ny, N; > m;. Then we
obtain:

L+1 N1 L+1
it (HYJ> <D+ D] )|
0 0 Ni1+1
N1 L+1
< RV M)+ Y IPTY)|
0 Ni+1
> . > . (N1,N3)—00
< meo (NPl v (S ronl) T s
0 Ni+1

In fact, we have |7V (¥;)] < [[73]] [79(Y;)] < O |73(¥})] for j < N,
and [rEH1(Y;)] < [[PH9]] [ri (V)] < O [79(¥;)] for Ny'< j < L+1.

Let the assertion be proved for & < n. We assumed H,.(e) =
{e}, hence Proposition 3.9 is applicable. Let vy = v,... vy =

* 7k (1/(1-_1)), Vin+1) = p. By assumption, p = * 77 (l/(n)) and by
k>0 =0
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induction hypothesis, v,y = % 77 (V¥ with k,(j) = (/7). Hence
j=0
n e 'Pngr and Vn) € Plog+n+1.
Hence for all arrays (X, ;) of iid random Variables with distribution

v we have a.s. absolute convergence, Zpoz )7 (X; )| < oo as.
Furthermore, for all L > 0 we have

L
=& (vy) # 7 () =2 x T ()
=0

and (since all measures belong to S)

L L-t ' L ‘
pr = k7t (*rﬂ (u’%U))) * K7t ( * anm) — A g,

£=0 §=0 £=0 G>L—¢

As in the case n = 1 we observe

L
* *T (V0)) = K7 ( 6 k(i ) *T (vhrn )

(=0 j=0 =0 =0

Hence we have to show 3, — .. Then )\(L") — 1, hence (4.2) is
proved.

Let Z;, be distributed according to (. Since v € S, we may assume

L 00 . En(5)
ZL = H TZ H TJ H Xi,j .
=0 j=L—l+1 =0

We have |Z;] < S8 CR (Zm S0 |77 (X, ) |> —: U;. Put

for K € Zy, fx == 5k Zk "U) |73 (X, ;) . Recall that fx \, 0 a.s.,
in particular, fx < fo < 00 a.s. Let as in the case n = 1, L =

N1 + Ny with N; > my and decompose Uy, = C' - Zi;vzlo Rifr_ o+ C -
Zfzzvlﬂ Rifr_y = Uﬁ,l + V]\%. In view of Uﬁ,l <(C- (Zezo Rf) -

and Vi < C- (X ,sn, 41 RY) - fo we obtain Uy, (ML= ) a.s., hence
Zp, — e a.s., and thus f — €.. The assertion '(4.1) = (4.2)’ is proved.
Note furthermore that (4.2) implies v € Progn+2 (Proposition 3.9).

'(4.2) = (4.1) Assume p = k77 (I/k”(j)). As before, v € Plogi“
Jj=0
follows, and for all iid arrays (X; ;) with distribution v we have a.s.
absolute convergence, » .- Zf;gj) 177 (X;5) | < 00 a.s..

Let (Yj,,..;.) be iid random variables with distribution v. Let, for
fixed j, {X;; : 1 < i < k,(j)} denote the re-arranged random vari-

ables {Yj,..j, © Sojdi = j}. Then Y, - 3 |r589 (V.5) | =
kn(j - no N—oo
Ym0 St |77 (Xiy) | < o0 and ) T8 3 (Yo, ) | =30

{nyendo} 226 Ji>N
a.s .

Hence for all (My, ..., M,) € Z"" the random variables Uy,

H H 7207 (Y, ;) are distributed according to A, =
Jn=0 Jjo=0
M, Mo

% --- % 7207 (y). Furthermore, with Zy, _ar, == C&®J{0,..., M},

Jn=0 Jjo=0
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we have > |20 (Yo, )| — 0 as. if (My,..., M,) —
(J0s++5dn) €20y, ..., M,
oo (since Y g ji > max{My, ... M,} for (jo,...,Jn) € Zn,,...,m,). Thus
,,,,, M, is a.s. convergent, to some random variable U say, for any se-
quence (Mo, ..., M,) — oco. Hence Ay, . ., — 1/ The Cauchy prop-
erty yields that yp/, the distribution of U, does not depend on the par-
ticular sequence (Mo, ..., M,) — oo. Therefore, ji' = % --- k7207 (1)
Jo Jn

follows. IL.e., (4.2) holds. But then by the step ’(4.1) = (4.2)", i/ = u
follows.

The proof is complete. U

Putting things together we obtain the following result which contains
Theorem 1.1:

Proposition 4.6. Let G be contractible with contracting T € Aut(G).
Let S € MYG) be a commutative sub-semigroup with 7S C S and
assume in the sequel that v and all cofactors belong to S. Consider the
following conditions:

a) p is n—times T-decomposable, 1 = vy * T({), ..., V) = VK
™ (v)-
n+k .
b1) ve P10g1+1 b2) p= k7" (1/( n )> is convergent
k>0

b3) vy = k7 (1/(’“?)) is convergent Vk <n + 1, vq1) = [
320
¢) For an #id sequence X; ; with distribution X; ;(P) = v the products

(n+j) (”ﬂ'

n

. n .
IT II 7Xi; converge a.s. absolutely, i.e., Y > |T7X;;| < oo a.s.
j=20 =1 7>0 i=1

Then it follows:

bl) = b2), b3), and c) (with cofactors vy as in b3)), moreover,
bl) = a).
And if in addition H.(u) = {e} then a) = b2) and b2) = b1).

The condition H,.(u) = {e} can be replaced by any other condition
of Proposition 3.9 providing a.s. convergence.

Proof. For ’bl) = 02),b3), c)’ see Proposition 3.7 and Remarks 3.3 and

3.10. For ’c) = bl)’ see Remark 3.10 b).

'b1) = a)’” will be proved by induction on n:

n =1 Let v € Pg,. Then the products p = * 7/ (/™) and
Jj=0

vy = * 7/(v) are convergent (since b1) and hence b2) and ¢) hold).
Jj=0

7>0 i>0

Therefore, by Lemma 4.5, (n = 1), p = 7/ (*Ti (1/)) Le., a)

follows by Proposition 4.2.

Let 'b1) = a) be proved for k < n. Let v € P,

b2), b3), c) (by Proposition 3.7). b2) yields that u = % 7% (V(nzﬁkw

k>0

n+2, hence
+
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n—+i

k )
and v, = k7' <y( n >) converge. Using Y ("7*) = ("71*), hence
i=0

n n+1
>0

k )
(i) = *i/(n#), we obtain (observing that according to c¢) and

i=0
Remark 3.3, re-arrangement of convolution products is allowed):

po= et (W) = et (009

k>0 k>0 i=0
= 7/ <*7'i (V“T))) = %7 ()
3>0 i>j J20

By Proposition 4.2, u is 7-decomposable with — per induction hypoth-
esis n-times decomposable — cofactor v(,). Hence a) holds.

If H,(u) = {e}, the converse 'a) = b2)’ follows by Lemma 4.5, and
'b2) = bl)’ follows by Propositions 3.8 resp. 3.9. O

5. MULTIPLE T-DECOMPOSABILITY OF CONTINUOUS CONVOLUTION
SEMIGROUPS AND OF GENERATING FUNCTIONALS

It is well known that 7-decomposable laws are closely related to
limit laws of triangular arrays of random variables of the form 7%(Xj).
However, as already mentioned in the pioneer work [14], even on the real
line these arrays are in general not infinitesimal, hence the limits need
not be infinitely divisible. Infinitely divisible 7-decomposable laws —
called 7-semi-self-decomposable — on vector spaces have a considerable
rich structure. See e.g., the investigations [16], [17], [15], [18], and the
literature mentioned there. Here we discuss briefly the possibility to
carry over this concept to the group case.

Throughout we assume again G to be contractible and 7 € Aut(G)
to be contracting. If u is 7-decomposable and if we assume in addi-
tion embeddability of u into a continuous convolution semigroup, more
generally, into a continuous hemigroup, then there exist infinitesimal
triangular arrays converging to p. We note a slight generalization of
23], 3, Proposition 2:

Proposition 5.1. Let 7 be contracting and p be T-decomposable, p =
vxT(p). Assume furthermore that v is embeddable into a continuous
hemigroup (v(s,t)),., of probabilities with v = v(0,1). Then there
exists an uniformly infinitesimal triangular array of the form A, =

" (V(n)), 1 <i<k,, such that

kn kn
*)‘i,n — <*71(n)> n—oo 1
i=1

i=1

)

Here %(n are probabilities, embeddable into hemigroups for all n,1.

Proof. Choose k,, /" oo such that k, .1 — k, / oo with kg = 0. E.g.,

L 2 . i*l*kjfl ’L'fkjfl . . . .
k, :=n”. Put oy := v ( e — >k]-—1cj_1> for k1 <1 < kj, 5 >0,

and ’Yi(n) = 777" (). p is 7-decomposable, hence % 7/ (v) = pu.
=0
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Therefore,

kn kn n kj
*Ain=T1" *an) =7 % * T ()
i=1 7=1 7=1 ’i=kj71+1
n k; n k;
= 7Kk Kk oo = kP ko«
j=1 i=kj_1+1 j=1 i=kj_1+1

k; k; ‘ A
By the hemigroup property * o= % v (Z,;i_k]jj;zl, ,;:klj:l) =
7,'=k‘j,1+1 ’i=l€j71+1
kn kn n—1 .
v(0,1) = v, hence % \;,, = 7" *yj(") = % (V) — p.
i=1 1 =0

To prove infinitesimality, put I ;== {v(s,t): 0 <s<t¢<1}. I is uni-
formly tight, hence for any neighbourhood U of e and any ¢ > 0 we
have 7"(v)(G\U) < ¢ for sufficiently large n, for n > N. say, and all
vel.

1. Forn >2N, and j < [g], hence n — j > N, if kj_; <i < k; then

n Uﬂ(GU__nj< C—l—krli—@4)>(}U
T (. =T v , <e
(+) @\v) o)) GO
2. By continuity of the hemigroup there exists a § > 0 such that for

0 <t—s < dwehaver(s,t)(G\U) < e. By assumption, k,—k,—1 /" 00,
hence for sufficiently large n, n > Ls say, we have k; — k;_1 > 1/§. For

n > 2Ls and for j > [%] we obtain v (ifl*kjfl ! ) (G\V) < ¢

2 k‘j—k‘j_l ’ k‘j—k‘j_l
for any neighbourhood V' of the unit such that V' C (5,7 *(U). (Cf.
e.g., [30], Lemma 1.4, [7], 3.1.3 d) ).

Hence for all n > 2Lg, for all 7 > [g}, ki1 <1 < k; we have
n (") G\UU) = n—j i—1- kj*1 L= k,jfl G\U
m () @) = o (v (T ) ) Ew)

1—1—k;4 i—k<1>
< v S J G\V
- <%—%1 kj— ki G\

< €
Whence the assertion follows by 1) and 2). O

Definition 5.2. y € MY(G) is T-semi-self-decomposable if there exist
v, € MYG),n €N, and b, € Aut(G) such that for k, — oo we have

k’n/
(1) b lbp1— 7, (i) b? (*Vj) — U
j=1

n

k7 denoting convolution in revised order, Xv; ;= v, x---* vy, and
1

(iii)  The array (M := b, (V5)),<;<p,, s uniformly infinitesimal.
k

Let ZS(T) denote the set of limits of row products b;' | s v; | of
i=0
arrays satisfying (i) and (ii), and let Ls(T) denote the set of T-semi-
self-decomposable laws.

We obviously have:
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Proposition 5.3. p € L,(7) iff p is T-decomposable.

kn1
Proof. =’ By assumption, b,!,b, — 7, and bn}r1< I/j) — [

J=1

kn+1 kn41 kn
bis < * uj> = b1, ( * uj> * (byi1ba) b, (w)
j=1 j=kn+1 1

— ()

Hence

|[ The terms on the left and the second terms on the right hand con-
verge both to 7(u) by assumption, hence the first terms on the right are
relatively compact according to the shift compactness theorem, with
accumulation point v.

'«<<" We have, for any n:
p=1lim % 7"/ (v) = lim * 77 (v)

" j=0 7=0

The assertion follows with b, :=7 " and v; =7 7(v),0<j<n. O

Obviously the array (7™ (v;)) is in general not uniformly infinitesimal.

On vector spaces, limits of uniformly infinitesimal triangular arrays
are infinitely divisible, hence embeddable and vice versa. On (non-
Abelian) groups embeddability of limits of commutative infinitesimal
triangular arrays is only known for particular classes of groups un-
der restrictive conditions. See e.g., [28], [25],[26], [2], [19], [20], [21]
and the references mentioned there. In the following we assume again
S C MY(G) to be a commutative sub-semigroup with 7(S) C S. If we
assume in addition the arrays A, ; = (b,' (), <j<ky. n>1 (O be infin-
itesimal, under suitable conditions and under the assumption that all
measures belong to &, we obtain that 7-semi-self-decomposable laws
are embeddable into continuous convolution semigroups.

To motivate the next definitions we consider first the example of real
vector spaces:

Example 5.4. Let G = R?, 7 € GL(R?Y). Let u be infinitely divisible,
hence embeddable into a uniquely determined continuous convolution
semigroup (fit),o with = pu;.

1.) If py is 7-decomposable for all ¢ > 0, pu; = v(t) * 7(uy), then
it is easily seen that the cofactors {v(t) : ¢ > 0} form a continuous
convolution semigroup. Hence we write v(t) = v;. Note that the
cofactors are uniquely determined then. |[ In fact, this follows by
uniqueness of embedding and by P. Lévy’s uniqueness- and continuity
theorem for Fourier transforms on RY. ]]

2.) Assume that g = p is embeddable and 7-decomposable, and
moreover, that the cofactor is embeddable. I.e., there exist continuous
convolution semigroups (fi¢),~¢, (¥);>0, such that puy = v * 7(w1).
Again, it follows by uniqueness of embedding that j; = v, x 7(p,) for
all t > 0.

3.) Furthermore, if p = v *7(p) and if the cofactor v is embeddable
into a continuous convolution semigroup () then p is embeddable. In
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n

fact, (ut = lim,, % 7% (Vt)> is a continuous convolution semigroup,
k=0 t>0

since the set of infinitely divisible laws is closed, and p; = pu. Hence by

2.), we obtain:

a 7-decomposable law p is embeddable iff the cofactor is embeddable.
4.) Incasen =1, 1ie., pu =1y *x7(1) and vy = A\ % 7(14) (for all t),

py = N % 7 (1) x T(pe) VE > 0.

Analogously we obtain for n-times decomposability (for all ¢):

e =: I/t(nﬂ) = I/t(n)*T (Vt(n*l)> CeekT <Vt(0)>, and yti) = t(i*l)*r (I/t(i)),
1<i<n+1.

5.) If we consider in 4) Fourier transforms resp. their logarithms,

the ’second characteristic functions’, we obtain: yt( ) = fy = etl,

and 0V = et i =1,...,n+1, thus L = L© +3 L@ o 7% where
L= L0 L0 =00 4 [Oor* 1 <i<n+1. (r* denoting the
adjoint of 7 € GL(R?).)

This is a motivation for the following definition of (multiple) de-
composability of continuous convolution semigroups on groups G. All
continuous convolution semigroups are assumed to have trivial idem-
potents, pg = €.

Definition 5.5. Let G be a contractible group with contracting T €
Aut(G).

a)  (ft);q s called T-decomposable continuous convolution semi-
group if there exists a continuous convolution semigroup of ’cofac-
tors’ (Vt)tzo such that py = vy * () for all t > 0. (Note that
fo = Ee = Vg = E¢.)

b)  (Ht);so is n-times T-decomposable if all p; are T-decomposable
and if there exists a continuous convolution semigroup of cofactors

(ugn)) , which is (n — 1)-times T-decomposable.
>0

¢) Recall that continuous convolution semigroups (p;) are identified
with their generating functionals A = %\t:g,ut evaluated at f € D(G),
the Schwartz-Bruhat function space. Let GF(G) denote the cone of
generating functionals.

In view of b) we define:

A =: A9 € GF(G) is T-decomposable — in symbols, A € Ao(T) — if
A =B+ 1(A), for some B € GF(G).

Put A_y := GF(G) and define analogously forn € N: A =: A+Y s
n-times T-decomposable — in symbols, A € A, (1) — if A is T-decomp-
osable, A = A™ + 7(A), where A™ € A,,_;.

Hence there exist AY € GF(G), i = 1,...,n+ 1, such that AY =
n+1

AT 7 (AD), therefore A= A© + 37 7 (AD).
=1

Note that c¢) is in analogy to the vector space case considered in
Example 5.4, 4). In fact, generating functionals replace the second
characteristic functions. (For more details on continuous convolution
semigroups and generating functionals see e.g., [29], [10], [7], [3].)
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Here we used the following notations: For A € GF(G) and o €
Aut(G), o(A) € GF(G) is defined by (c(A), f) := (A, f o o) for test
functions f € D(G).

More generally, let G; be locally compact groups, let ¥ : G; — Gy
be a homeomorphism which respects the differentiable structure, i.e.
fow € D(Gy) for all f € D(Gy). Then, ¥(A) € GF(Gy) for all
A € GF(Gy). (Where again ¥(A) is defined by (¢¥(A), f) := (A, fo
1Y) for test functions f € D(Gg).) In fact, ¥(A) € GF(Gs) follows
immediately by E. Siebert’s characterization of generating functionals,
[29], Satz 5 , [10], Theorem 4.5.8.

Remark 5.6. As afore mentioned, if () is a continuous convolution
semigroup with generating functional A, then n—times decomposabil-
ity of (u;) implies n—times decomposability of A. The converse is true

if the involved measures p, e belong to a commutative sub-semigroup

S with 7(S) C S.

n—times decomposable continuous convolution semigroups and gen-
erating functionals (in Lévy Khinchin representation of the second char-
acteristic functions) were investigated for real and p—adic vector spaces
and characterized in various ways. (Cf. [16], [18].) We use these results
to obtain characterizations at least for the main examples, connected
resp. totally disconnected contractible groups. First we mention the
obvious result:

Lemma 5.7. We assume that as above a homeomorphism ¢ : G — Gy
exists respecting the differentiable structures, and in addition there exist
T € Aut(Gy), p € Aut(Gs) such that 1 o1 = pop. Then we have:

a) If T is contracting (on Gy) then so is p (on Gs).

b) If Ae GF(Gy) is (n—times) T-decomposable then also (A) €
GF(Gy) is (n—times) p-decomposable, n > 0.

The above mentioned results imply Proposition 5.8 below, from which
Theorem 1.2 follows. We use the notations introduced in Proposition
2.11. Let G be a contractible group, A € GF(G) a generating func-
tional.

Proposition 5.8. a) Let G be a connected contractible locally com-
pact group, i.e., a (homogeneous) Lie group, of dimension d, say. Let
G = R? denote the Lie algebra, exp the exponential mapping and for
7 € Aut(G) let 7€ GL(G) C GL(RY) denote the differential. For

A e GF(G) let A= exp 1(A) € GF(G) and (\;) C MY (G) the corre-
sponding continuous convolution semigroup. Then the following asser-
tions are equivalent:

(i) A is n—times T-decomposable (in GF(G))

(i1) A is n—times T-decomposable (in GF(G) = GF(RY))

(11i) The continuous convolution semigroup (A;) € MY(G) gener-
ated by _,il s n-times ﬁ-decomposable

(iv) The Lévy-Khinchin representation of ;lE GF(G) = GF(RY)

has the structure described in [16], Theorems 3.1.
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b) LetG be a totally disconnected contractible locally compact group,
with contracting T € Aut(G). (Cf. Ezamples 2.4, 2.8.) Let G = Q, de-
note the tangent object described in Example 2.8, Proposition 2.11 b),

with corresponding homeomorphism v : G — Q,,, and let TE Aut(Q,)
such that v o7 = T o . For A € GF(G) let A= P(A) and (M) C

MY(G) the corresponding continuous convolution semigroup. Then the
following assertions are equivalent:

(i) A is n—times T-decomposable (in GF(G))

(i1) A is n—times 7-decomposable (in GF(G))
(iii) The continuous convolution semigroup (A;) € M(G) gener-

ated by A is n—times ;—decomposable

(iv) The Lévy-Khinchin representation of A€ GF(G) = GF(Q,)
has the structure described in [18], Theorems 4.3, 5.2. (Note that on
totally disconnected groups generating functionals are defined by the
Lévy measures, which are characterized in [18].)

Proof. a) 1 == exp ! : G — G = R? satisfies the assumptions of the
Lemma 5.7 since G is a simply connected nilpotent Lie group. The
equivalences of (i) < (i7) resp. (ii) < (iii) follow by Lemma 5.7 b)
resp. Remark 5.6, whereas (iii) < (iv)’ is proved in [16], Theorem
3.1.

b) By Example 2.8 and Lemma 5.7 the equivalences (i) — (i7i) follow
as in a). The equivalence (iii) < (iv) follows from [18], Theorems 4.3,
5.2. [ In fact, in [18] the result is proved for vector spaces over the
field of p—adic numbers, hence for prime powers p. But, at least for
dimension 1, the proof also works for the additive group of the ring of
p—adic numbers, p not necessarily a prime power. ] O

6. APPENDIX: MULTIPLE DECOMPOSABILITY ON MATRIX-CONE
HYPERGROUPS

The investigations before are not limited to the case of groups. If
we stay in the locally compact set-up, hypergroups are natural candi-
dates. For the background the reader is referred to the monograph of
W. Bloom and H. Heyer [1]. Recently M. Voit [34] and M. Résler [24]
investigated new classes of hypergroup structures on matrix cones with
‘group like’ properties. In [5] some basic probabilistic aspects of these
hypergroups were investigated. It turned out that most of the tools
needed for the investigations above in Sections 3-5 are also available
for these hypergroups: There exist norms and automorphisms, in par-
ticular, contractible automorphisms. Furthermore, shift compactness
theorems ([5], 0.12, 1.10), and a version of the equivalence theorem
([5], 2.20) are proved. Moreover, the convolution is commutative and
Hermitean, hence by Lévy’s continuity theorem for hypergroups conver-
gence of infinite convolution products and triangular arrays are easier
to handle. 7-decomposable laws (the case n = 0) and their co-factors
are characterized ([5], 2.21-2.23). Altogether, most of the results for
multiple decomposable laws obtained before have a counterpart (at
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least on) on matrix cone hypergroups. We do not go into details here.
The investigations will be continued and published else where.
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