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Abstract

In this paper we derive sharp estimations and asymptotic results for moment functions
on Jacobi-type hypergroups. Moreover, we use these estimations to prove a Central Limit
Theorem for random walks on Jacobi hypergroups with growing parameters «, 8 — co.
As a special case we obtain a CLT for random walks on the hyperbolic spaces Hy(F) with
growing dimensions d over the fields F = R, C or the quaternions H.

1 Introduction

Let (K, *) be a hypergroup in the sense of Jewett [7]. The convolution * allows the notion
of random walks on (K, ) by saying that a (time-homogeneous) Markov chain (S,,),>0 is a
random walk on (K, %) with law v € M (K) if

P(Spi1 € A|S, = ) = (8, % v)(A) (1.1)

for all n > 0, x € X and Borel sets A € K. A lot of research was carried out in this
setting, such as, for example, on recurrence, laws of large numbers, large deviation principle
and central limit theorems. But there are also many issues where the presentation of S, as
sums of i.i.d. random variables would be useful. Typical examples are laws of large numbers,
where truncature methods are used, see [22| and Section 7.3 of [3].

On a hypergroup, there is in general no deterministic operation corresponding to the
convolution of measures. Consequently, sums of hypergroup-valued random variables cannot
be defined directly. This obstacle was overcome in a particular case by Kingman [10] by
applying the concept of randomized addition, in such a way that, as in the classical case, the
distribution of the sum of two independent K-valued random variables equals the convolution
of the distributions of the summands. Later, this construction was generalized by Zeuner [22]
under the name of concretisation.

In studying of central limit theorems, the modified moments of a random variable, which
are adapted to the hypergroup operation, were introduced to formulate the conditions under
which a particular limit theorem holds, and to calculate the actual value of the limit. The
notions of moments of the first and second order and of dispersion were introduced for special
cases by Tutubalin [15]. Later, the idea of dispersion appeared in the work of Faraut [5]
and Trimeche [14]. The modified moment functions on Sturm-Liouville hypergroups and
polynomial hypergroups were studied by Zeuner [22| and Voit |16] respectively. A systematic
study of this subject on an arbitrary hypergroup has been carried out by Zeuner [23].



Today, there are various CLT’s for random walks on hypergroups available. For an
overview on results we refer to the monograph [3] and references cited there. Random walks
(Sn)n>1 on hypergroups (K, ), where the convolution % = %, is in a certain way coupled with
the number of steps n, were investigated by M. Voit (see [18], [19] and [20]) and is motivated
by the following problem: For v € M!([0,00[) fix, and dimension d € N there is a unique
rotation-invariant probability measure vy € MY(R?) with ¢g4(vq) = v, where @q4(z) = ||z|, is
the norm mapping. For each d € N consider i.i.d. R%valued random variables X ,f, k € N,
with law 4 as well as the associated radial random walks (S¢ := >}, Xl?)n>0 on R% The

aim is to find limit theorems for the [0, co[-valued random variables HSgHz for n,d — oo cou-
pled in a suitable way. Two associated CLT’s under disjointed growth conditions for d = d,
were presented in [18] and in a more general setting in [19]. The first CLT for d, << n
was thereby a consequence of Berry-Esseen estimates of R% with explicit constants, depend-
ing on the dimension d, which are due to Bentkus [1]. A version of this result without the
strong restriction % — oo and g—j — 0 but with the assumption of the existence of mo-

ments [ 2/dv(z) < oo for j € N was recently derived in [6] using different methods, as in the
references above.

The aim of this paper is to derive a CLT for random walks (Sy,),>0 on Jacobi-type hy-
pergroup ([0, 00, *q,g) for a, n — 0o as in [19] without any restriction on the growth of the
"dimension” o = «(n). We shall prove this here by using algebraic transformation and in-
equalities for moment functions as well as relations between moment function of the first and
second order. A part of these results seems to be interesting in general, therefore we study
them in a general setting of an arbitrary non commutative hypergroup in Section 2. Further-
more, special results for the moment functions on Jacobi-type hypergroups ([0, 00], *q,3), in
particular asymptotic behaviour of these as v — 0o, will be presented in the forth section.

The content of the paper is as follows. In the second section, after recalling some basic
facts about hypergroups, concretisation and randomized sums, which are fundamental for the
construction of random walks on hypergroups, we recapitulate the concept of moment func-
tions for arbitrary hypergroups and derive relationships between them. These are essential
for the proof of the central limit theorem 5.1. In the third section we collect the necessary
background information on hyperbolic spaces and Jacobi hypergroups and indicate the con-
nection between them. In the fourth section we derive estimations and asymptotic results for
moment functions on Jacobi-type hypergroups. In the fifth section we use the results of the
previous sections to prove the CLT for Jacobi hypergroups and its corollary. The last section
is devoted to a weak law of large numbers for the sum of many ”“small” random variables on
Jacobi hypergroups.

2 Random walks and moment functions on hypergroups

2.1 Hypergroups. The dual of a commutative hypergroup

Let (K, *) be a hypergroup in the sense of Jewett [7]; this means that K is a locally compact
space with an associative convolution (z,y) + &, * 6, € M (K) such that there exists a
neutral element e € K and an inversion x +— & satisfying certain conditions. For a list of
examples we refer to [3] and [23]. We call a hypergroup (K,x*) Hermitian, if # = z for all
x € K, in particular this implies the commutativity of (K, ).

The dual K of a Hermitian hypergroup (K, ) is the space of all real-valued multiplicative
functions ¢ on K with ¢(e) = ||¢||cc =1 |7, 6.3]. For every probability measure P on K the



Fourier transform FP is the continuous real-valued function ¢ — FP(p) := [, ¢(x)dP(x)
on K. It is a well known fact that the uniqueness theorem and the continuity theorem for
the Fourier transform are valid for commutative hypergroups (see [2, 7]). In the following, let
(K, *) be a hypergroup (not necessarily Hermitian).

2.2 Concretization of hypergroups, randomized sums

The forming of sums of K-valued random variables is not directly possible, as there is no
deterministic operation on K in general. It is clear, that the "sum” of two independent random
variables X and Y should be Px * Py. In this section we recapitulate the construction of
the randomized sum of K-valued random variables using the concept of the concretization of
hypergroups (see [3, Chapter 7]). For this, we need the following definition:

Definition 2.1. Let (K, *) be a hypergroup, u a probability measure on a compact set M, and
let & : K x K x M — K be Borel-measurable. The triple (M, u, ®) is called a concretization
of (K, ) if

p{®(z,y,-) € A} = (05 * 0y)(A) for =z, ye K, A€ B(K).

(B(K) denotes the Borel o-field of K.) Since 0, * 0. = 0. * 9, = d, for all z € K, we obviously
have
dle,z,:) =P(x,e,:) =z p—a.s. (2.1)

For a list of examples of concretisation we refer to [22|. It has been proven by Zeuner
[23], that for every countable hypergroup (K, #) there exists a measurable mapping ® from
K x K x[0,1] in K such that ([0, 1], A\ 1), ®) is a concretization of K.

Assumption 2.2. In the sequel let (M, u, @) be a concretization of the hypergroup (K, x) and
(Q, A,P) be a probability space. Moreover let X, Y, Xy, X1, X2 ... be a sequence of K-valued
random variables with Xg := e, and A, Ag, A1, As>... be a sequence of M-valued random
variables such that all random variables X, A, Y, Xo, Ag, X1, A1, X5, Ao, ... are independent.
We set v, := Px,, (s0 vy = d¢) and p,, := Py, (n > 0). For a set B C K we will denote by
xB the map

xz forx e B,

K — K, T) =
X5 x5(®) {e for x ¢ B.

Construction of randomized sums: Let X, Y and A be random variables as in as-
sumption 2.2. We define

A
X+Y :=®(X,Y,A).

This is a K-valued random variable.
More generally, let (X,,)p>0 and (Ay)n>0 be sequences as in 2.2. Then we define the
randomized sum S; , recursively by

D R for n = j,
o (I)(Sj,n—LXn; An—l) for j <mn.
for j, n € Ng with j < n. We write S,, instead of Sp,, i.e. we have

An—l An—2 An—l
Sn:Sn—l + X :(Sn—l + Xn—l) + Xn



If the random variables X1, Xo,... are identically distributed with Px, = v (i € N) then we
will call (Sy,)nen a random walk on (K, ) with law v. In fact, direct computation shows that

the sequence (S")n ey 18 @ (non-homogeneous) Markov chain, with the transition kernel

P (Sy € B|Sh—1=2) = (vn x05) (B) P—as.

for all z € K, B € B(K). We will denote by S,(j,Z) (j,n € N, j < n) the randomized sum
Sn, where the j-th term X is replaced by a K-valued random variable Z, i.e. S,(j,Z) can
be recursively defined as follows

(P S?’l— ‘7Z 7Xn7An_ f . )
8u(j. 7) ;:{ (Sn-1(d, 2) 1) forj<mn

q)(Sj_l, Z, Aj—l) for j ="n.

For instance, if n = 5, j = 3 then

Ay Aq Ao As Ay
S5(3,Z) = S4(3,Z) + Xsg=...= (((X1 + XQ) + Z) + X4)+ Xs.
Clearly S,,(j, e) coincides P-a.s. with the randomized sum S,,, where the j-th term is omitted.

Remark 2.3. Forming randomized sums is generally non an associative operation although
convolution of distributions obviously is. Indeed, it is easy to check that

Ps.

J,m

=VjxVjp1 % ...k Up,

Ps zy=vi*...xvj_1 %Pz xvjpr x.. ok

For v € M'(K) and n € N we denote the n-fold convolution power of v w.r.t. the
convolution * by v". If X1, Xa,... are identically distributed, say Px, = v for n > 1 then
Pg. = pynitl

j,n

and Pg (jz) = Vs Py« (jneN, j<n).

2.3 Moments on hypergroups

We recapitulate the concept of moment function introduced by Zeuner; see |22, 23] and [3,
Section 7.2].

Definition 2.4. Define the function mg(xz) = 1 for x € K. A finite sequence (m;)j=1,..n of
measurable and locally-bounded functions m; : K — C (j = 1,...,n) is called a sequence of
moment functions of length n € N if

/K mi(z) b, % 5,(z) = JZ_; <;> my@mij(y) (i=1,...m; ayekK).  (2.2)

Moreover, the function m; (j = 1,...,n) is called a moment function of j-th order (associated
with the sequence (m;)i—1,..n). By induction, we conclude from (2.2) that m;(e) = 0 for a
moment function of j-th order.

Here and subsequently, let (m;);=1,...» be a sequence of moment functions of length n € N.
For every K-valued random variable X and k € {1,...,n} such that my(X) is integrable,

BL(X) = E(my(X)) = [ mi(X)dP

4



will be called the k-th modified moment of X (with respect to the moment function my).
We write E,(X) for a modified moment of first order and refer to a modified expectation. The
modified *-variance V,(X) of X is defined as

X) :/mQ(X)dIP’E*(X)2

if [ mo(X)dP is finite and V,(X) := oo if not (c.f. [22, Sections 5-6]).
Let X, Y and A be random variables as in 2.2 such that m(X) and my(Y') are integrable

A
for all £ <n. Then, we recapitulate from [22] that m, (X + Y) is integrable and

n

E(XFY) =Y (k) Ef(X)E:_ (V) = EL(Y + X). (2.3)
k=0

In particular, for p; € MY (K), (i = 1,2,3) we obtain following commutativity property

/ (@) d(pn * p2 * ps)( / my(z ) * dfig(2) * dig(3)) (T), (2.4)
K

where o is a permutation of {1, 2, 3}.

Lemma. 2.5. Let Xy,...,X,, be K-valued and Ay, ..., A,_1 be M-valued independent ran-
dom wvariables, such that Px, = v and Py, = p for i = 1,...,n with corresponding random

walk (Sp)n>1 (with law v). Then

k

E (mi(Sn)|X;) =Y <’;’> my(X;)Er_1(Su(jie)) P—as.

=0
forallk € Ny, j € {1,...,n}. In particular, for k =1 we have
E(m1(Sn)|X;)=m1(X;) + E.(Sn(j,€)) P—a.s.

Proof. Let B € B(K),k € Ngand j € {1,...,n}. Consider the random variable S, (j, xB(X))-
Obviously, by the definition of xyp we have

Sp(w) for w € {X; € B}

Sn(d, xB(X;5))(w) = {Sn(j7 e)(w) forw ¢ {X; € B}.

This and the independence of X; and S, (j, e) clearly forces

E(1ix,eymi(Sn)) = Ei (Sn( x8(X;)) —E(1ix,¢ny - mr(Sali,€))) (2.5)
= E; (Sn(J7 XB(Xj)))_P(Xj §é B)EZ:(STL(J? 6))

On the other side, by Remark 2.3, Eq. (2.3) and (2.4) it follows that

EL (Sn(, x5(X / i (2)d(Py g x,) * 7" ) (@) (2.6)

—Z< )E XBX))EL o (Su(i,€))



Since 1(x,epymu(X;) = mi(xs(X;)) (I € N), taking (2.5) and (2.6) in account we obtain

&=

k
2 (a(50)) = 3 () E (L, emma (X)) B (51.:0) ~P(X; # BJEF(51,0)
(L0, 8) (X)) Bia (Su G, €)) +P(X; € B)EL(Su(le)

E(l{XJEB}mOt (Xj))Ezfa (Sn(ja 6))

Il
N
Q
N N
&=

Theorem 2.6. Let (m1,ms) be a sequence of moment functions such that
ma(x) > my(z)? forallx € K. (2.7)
Suppose that assumptions of Lemma 2.5 hold. Then

E({ml(Sn) - zn: ml(Xj)}2> < n(E(mg(Xl))—E(ml(X1)2)> (2.8)
7j=1

Proof. We define Z,, := my(S,) — Z 1(X;) and calculate

Z%2 = my (Sp)? — 2my (Sy) - Zml (X;) + { Zml (X;) }2-
; =

J=1

Since the random variables X, ..., X, are i.i.d., Assumption (2.7) yields
E(Z2)< E(ma(Sn))—2 Z]E m (Sp)mi (X)) +n(n — DE(m1(X1)) +nE(mi (X1)?). (2.9)

For j € {1,...,n}, using Lemma 2.5 and Eq. (2.3) we obtain
E (ma (S)mi (X)) = B (m1 (X)E (ma (S0)|X;) ) = E(ma (X;) {ma (X)) + B (S (G €)) })
= E(m1(X1)?)+(n — DE(m1(X1))*.

A
Tterative application of (2.3) to E(ma(S;) + Xj11) (j =1,...,n— 1) leads to

A,
E5(Sn) = E5(Sn_1 + Xn)=E3(Sn 1)+2(n — DE.(X1) +E5(X))

= 5 (Sp_2)+2(n — 2)E., (X1)*+E5 (X1)+2(n — DE, (X,)°+E5 (X))
=...=n(n— 1)E(m1(X1))2+nE§ (X1)
Therefore, we obtain from (2.9)
E(22)< n(E(ma(X1) ~E(mi(X1)?) ).
0

Remark 2.7. While the randomized sum S, clearly depends on the particular choice of the
underlying concretization on K the estimation in (2.8) does not.



3 Hyperbolic spaces and Jacobi hypergroups

3.1 Hyperbolic spaces

Let d > 2, and F = R, C, or the skew field of the quaternions H. We denote with U(d,F) the
orthogonal, unitary or symplectic group respectively. Moreover, we consider

U(d,1,F) :={A € GL(d+ 1,F) : A*I A =T 4},

where I 4 is the diagonal matrix of the form diag(—1,1,...,1). The hyperbolic space Hy(F)
of dimension d over F may be regarded as the symmetric space

Hd(F) = Gd/Vd,

where G4 := U(d,1,F) and V; := U(1,F) x U(d,F). In all cases, the double coset Gy//Vy
can be regarded as the interval [0, co[ by identifying ¢ > 0 with the double coset

ch(t)0 ... Osh(?)
0 0
Vaa Vg with ap = I 4 ;
0 0
sh(t)0 ... 0ch(¢)

(see [5] and [11, Ch. 3]). We define the hyperbolic distance on Hy(F) by
dist(xVy, yVy) := oq(Vay 'aVy), forz, y € Gy,

where ¢g4 : Vga,Vg — t is the homeomorphism between Gy//Vy and [0,00[. For a fixed
probability measure v € M1 ([0, 00]) there exists a unique radial (i.e. Vy-invariant) measure
vy € M (Hy(F)) with pg4(vg) = v (see in a more general context [19] and references cited
there). In this way, we introduce the time-homogeneous radial (i.e. Vg-invariant) random
walks (S,ff)n>0 associated with the vy by Sg := Vg € Hy(F) and

P (Sff_H eEA-Vy| Sz =x- Vd) =1y (:L‘_IAVd) =v (le‘_lAVd)

forn >0, x € G4, and A C Gy a Borel set (see [7, 19] for details). Among other results, we
shall derive the following central limit theorem for the random walk (S;f)n>0 on Hy(F) where
for a fixed field F, the dimension d and the number of steps n tends to infinity.

Theorem 3.1. Let (dy)n>1 C N be an increasing sequence of dimensions with lim d, = 0
- n—oo

and fiz F as above. Let v € M'([0,00[) with a finite second moment. For each dimen-
ston d > 2 consider the Vg—invariant time-homogeneous random walk (Sg) on Hy(F) such
that for oll n, d, the random wvariables dist(SZ“,SZ) have distribution v. Then, r; =
JoS(n (chz))dv(z) < oo exist for j = 1,2, and

1
NG

tends in distribution for n — oo to the normal distribution N'(0,r9 — 7).

(dist (Sﬁ”, SO") —nrl)



The above theorem will be proved by considering the moments of the distributions of
(alist(Sff,S(‘)‘l))n>0 on the spaces G//H ~ [0, 00[ equipped with the associated double coset
convolutions. These convolutions may be regarded as special cases of the so-called Jacobi-
convolution on [0, 00| (c.f. Section 3.2). The same result, but with some restrictions on the
growth of d = d(n) in dependence of n was derived by M. Voit in [19, 20| by using different
methods.

3.2 Jacobi-functions and Jacobi-hypergroups
For fixed parameters a > § > —% let

/

o p(x) :=sh (x)?*Tch (z) 2 )

This gives Z“ﬁg; = (2a + 1) coth(x) + (26 + 1) tanh(z) and p = a + S + 1. Moreover, let

L := L(4,p) be the differential operator on [0, o[, defined by

a;ﬁ(i) ,

Lf(z)=—f"(x) - fi(x) (3.1)
aa,ﬂ(x)

for x > 0 and f € C?([0,00[) with f/(0) = 0. The Jacobi-functions oy = cp(;"m may be
introduced as the unique solutions to the Sturm-Liouville problem

Loa(x) = (0" +X)px, 9a(0) =1, ¢)(0) =0. (3.2)

It is well-known (see e.g. [4, 14, 22]) that there is a unique hypergroup operation * := %, g
on K := [0, 0o[ such that

| 06, 26)(0) = r@erly) forall a yeRy, AeC. (3.3)

We denote ([0, 00[, *4,5) and *4,5 as a Jacobi-hypergroup and a Jacobi-convolution on [0, oo
with parameters («, 3) respectively. The neutral element of this hypergroup is 0 and the
inversion is the identity mapping. According to (3.3), the Jacobi functions are multiplicative
functions w.r.t. the operation * := x, g on K. Furthermore, the dual K of K satisfies

K={px: XeR,UI[0,0]}.

The Plancherel measure 7 of K := (R4, *) associated with the Haar measure wg := aaﬁ)\ﬁh
(Aﬁh is Lebesgue measure on R, ) and is given by

1 .
drg(N) = Wd)‘fl[h with ¢(\) 1=

V2r2 AT (AT (o + 1)
L((p+iX)/2)T((p +iX)/2 = B)

for all A € Ry. The proof of the preceding results can be found in [3, 4].
The (Fourier-) Jacobi transform f v+ Ff or p+— Fu is defined by

FIO) = /O T F OB dwr (), Fulh) = /0 " oa(O)du(t)



for all functions f and Borel measures p on Ry respectively, and A € C, for which the right-
hand side is well-defined. With the notations above, the hyperbolic spaces Hy(F) and their
associated double coset convolutions are related to the Jacobi-convolution x, g by

o — dsz(F) -d dsz(F)
= f T

An important technical tool will be the Laplace representation for the multiplicative functions
©x (A € C) proved in [4, Proposition I-IV]: For every « € R there exists a probability measure
vy on [—z, x| such that

~1, B= — 1.

oa(x) = /et(p+i)‘)d1/x(t) forzx e Ry, A e C. (3.4)

Furthermore, the measure 7,(t) := e ?'dv,(t) is a symmetric subprobability measure on R
which depends continuously on z in the weak topology on M!(R).

4 Moment functions on Jacobi hypergroups on [0, o]

From now on let (K, %) be a Jacobi-hypergroup on R and ¢y a Jacobi-function for parameters
a > > —1/2. It is well known that ¢)(x) is an analytic function of A for all x € Ry (see
[11]). The derivations of ¢py(z) with respect to A were established as the most important
tool for defining (modified) moments for each probability measure on R, in a way, which
is consistent with the convolution structure (c.f. in a general context of Sturm-Liouville
hypergroup [3, Section 7.2]).

Definition 4.1. For every x € Ry and k € Ny let

o \"
mg(x) == m; ”8)(1’) = <8H> Pi(ptp) (T) =0

We recapitulate from [3, Section 7.2| some facts about my. For k = 0 we have ¢;, = 1
and thus mo = 1. It is easily verified that for any n € N the tuple (my)g=1,. » is a sequence
of moment functions of the length n in the sense of Definition 2.4. The casesn =1 and n = 2
are proven in |23, Section 5 and 6]. By differentiating the equation (3.2) with respect to A we
obtain

Ly, = —2kpmy_1 — k(k — 1)mg_2, mp(0) =m(0) =0 for k>1. (4.1)
It follows from the Laplace representation (3.4) that
i (z) = / () = / (4 (<1)he ) dua (1) (4.2)
—x 0

for x € Ry, A € C and k > 1. In particular, my is non-negative and in the case p = 0 (i.e.
o= =—1) it is clear that my = 0 if k is odd.

Next we prove a series of statements about the moments my, which are needed in the next
section.

Lemma. 4.2. For all k € N the functions my, = ml(f’ﬁ) are recursively given by
C Y aap(2)
mi(x) = (2kpmi_1(2) + k(k — 1)my_s(2)) dzdy. (4.3)
o Jo aas(y)



Proof. Let w := m). The initial value problem (4.1) is equivalent to

/
/

a
w = ——2Ly +b, w(0) =0,
a/a’/B

where b(x) := 2kpmy_1(z) + k(k — 1)my_o(z). With variation of constants we obtain

w(zx) = exp(F(x))/Ox b(t) exp(—F(t))dt,

where F(z) := — Ox Z“ th; dt. By integrating the equation above, one obtains the asserted
recursion formula for my. O
Remark 4.3. By using the Recursion formula (4.3) we obtain for the moment function mga’ﬁ )
(@8) (1) — 29 / / : d dy (—1/2<B<a, xc[0,00]. (4.4)
o8y
We set ”
Aaslt) = [ aasl)dz (<1225 <, ye Do, (1.5
For =0 we obtain A, o(y) = (aﬂ)sh( y)2@+) and therefore
(03 v AOC
mg 0) () = 2p/ ’O(y)dy =In(chz), (x€]0,00[). (4.6)
0 aa,O(y)

Lemma. 4.4. For all k, | € N with [ > 1 we have
my(x) < my(x) <z for every x> 0.
In particular, my and my satisfy the growth condition (2.7) of Theorem 2.6.

Proof. Since the function t — ¢! is convex on R, the first inequality follows from Jensen’s
inequality and (4.2). The second inequality is a consequence of the fact that the measure v,
in (4.2) is supported by [—z, z]. O

Lemma. 4.5. Let o > 8 > —1 with (o, B) # (—%,—3). Then
(1 + %)ln (chz) for5>0
(1+ 57)In (chz)  for B € [—3,0].

Proof. Let x € [0,00[. Firstly, we consider the case 0 < 8 < a. By the monotonicity of ch
and Formula (4.6) we obtain

(07

(1- |f_’1)ln (chz) < mga’ﬁ)( ) < {

mga,ﬁ)(x) < (1 4 af—l)mga,O)(x) — (1 + I—B|-1)ln (chx).

On the other hand, by means of partial integration, using & < 92 (0 < 2z < y) we have

ey—chy
262
(’5()>2a+5+1//“‘“0 ewydzdy

aaO
Aqo(y) Y Ag0(2)28e257
—2a+p+1) [ 4 ay y-2a+p+n) [ [ ez
+A+1 +5+1
> aaf-lln (chz) — Wln (chz) > (1-— ai 1)ln (chz).

10



We now turn to the case 5 > —1/2. Since zﬁz < gﬁ; for 0 < z <y, we conclude

(c,8)

a+1/2

<(1+ )n (ch z).

20+ 1

For 0 < 2z <y we get ( y)25> 1, hence that

mga’ﬁ)(@ > Lﬁ-ﬁ-lmgap)( )=(1- a’m)ln (chx).

- o+l +1
It is clear that for a = 8 = —1 the first moment m(a"B) vanishes. O
Lemma. 4.6. There is a constant C, such that for all« > > —5, x € [0, 00],
-1

T — mga’ﬁ) ()] < |B| 1 and ‘(mga’ﬁ)> () —z| < a|i| 7% (4.7)

Proof. By Lemmas 4.4 and 4.5 using the inequality
0<z—In(chz)<In(2),
we obtain
’a: - mga’ﬂ)(x)‘ <z —In(chx)+ ’f_‘ 1ln (chz) <In(2)+ a’f—llx'

Since the graph of (mga’ﬁ))_l is obtained by reflecting the graph of mga’ﬁ) across the line
y = x, the second inequality follows immediately from the first one. O

Lemma. 4.7. Let a > > —1 and (a, B) # (—1,—3) then

ma(z)? < ma(x) < ma(z)? + ;ml(x)7 (x € Ry). (4.8)

Proof. Because of Lemma 4 4 we have only to verify the second inequality. From (4.4) and

(4.5) we obtain m/(z) = 2p7 Ao, ﬁ((x)) Hence, by Lemma 4.2 and partial integration we observe

)= 4 / / Zzﬁ \(z)dzdy + (@)
:4p/0 aa,,a(()) y)dy — 4 // aaﬁ; )dzder[l)ml()

<2 /0 () )y -+ (@) = s (@) + ().

For a = B = —4 we conclude from (4.3) that ma(z) = 22. O

For j € Ng, —1/2 < 8 < o and v € M([0, 00[) we define
rj = /OO In (ch z)/dv(z), 7j(a) == /OO mga’ﬁ)(:z:)dl/(x),
0 0
rjo= /000 2/ dv(x), 7j() = /0 (a’ﬁ)( Ydv(x).
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Remark 4.8. From Lemmas 4.5 and 4.7 we have

lim 7i(a) =rp = lim 7(a) (k=1,2). (4.9)

a—0o0 a—0o0

Lemma. 4.9. Let k € Ny and a > —%. Then

_1
m{®(z) = 275 m\“72 (22) (x € Ry). (4.10)
Proof. The idea of the following proof goes back to Koornwinder (see Section 5.3 of [11]). For
a>p> —% let L£4,3) be the differential operator as in (3.1). For a function g € C?(R,) with
¢'(0) = 0 we define a function g by g(t) := g(2t), (¢t € R4). By a straightforward calculation
one obtains

('C(a,a)g) (t) = 4(‘6((1,7%)9) (Qt) (411)

For k = 0 the Formula (4.10) is obviously true. Let k > 0; we set f(t) := m,(f’a) (t) and
_1
h(t) = 2~%m\" ") (2t). Since (4.1) we have
(L)) (1) = —2k(2a + Dm0 () — k(k — m{™3 ().
On the other side we calculate
7 — (avfl)
(Liamh) () = 4(L i, _1)h)(2t) =42 k(ﬁ(a’_%)mk ) (2¢)
(a

_1 o1
=427 (<2k(o + mi" 2 (@) — k(k— Dmi,® (o))

1
—4. 2—’f(_2k(a + 5)2k—1m§;i§“) (t) — k(k — )26~ 2m(™5) (t>)

= —2k(2a + Dm®P(t) — k(k — Dm{™3 (1).

By the uniqueness of the solution of the underlying initial value problem we finally conclude
that f = h. O

5 A central limit theorem with growing dimensions

Let (57(1&”8))”>0 be the time-homogeneous random walk on ([0, 00[, % 3) with law v as de-

fined in Section 2.2. In this section we study of the asymptotic behaviour of (S,(f"ﬁ))n>0 for
increasing parameters o and 5. From now on we will suppose that the variables X7, X, ...

are i.i.d. with finite usual second moment 75 = 7(v) < co. We already know [21, 4.2] that

s = (o) )

converges in distribution for every fixed index (o, 3) (—% < B < «). It is an interesting
fact that the limit distribution is some normal law on R, independent of which hypergroup
(R4, *q,3) has been considered. It is also known that for a fixed parameter 3 > —3 in the
case of the finite second moment 79 < oo under strong requirements on the growth of the

sequence (o )nen C [B, 00[, namely \/LQTL — 0,

\}ﬁ {Sfla"’ﬁ) — nm}
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tends in distribution for n — oo to the normal distribution A(0,79 — %) (see [19, Theorem
4.2]). In analogy with the radial limit theorems on R*" for «a,, — oo (see [18, 19]) one
might suspect that, also in our situation, the case n >> «, would establish another limit
distribution as in the case n << «,. However, we shall prove:

Theorem 5.1. Let 5 > —% and let (ap)nen C [B,00[ be an arbitrary increasing sequence

with lim «, = co. Let v € MY ([0, 00]) with a finite second moment 72 < co. Then, 71 and
n—oo

S(anyﬂ)

1o exist and for the random walks (Sy on [0, oo with law v,

)nZO

o2 (5) i)

tends in distribution for n — oo to N'(0,79 — ).

The proof is essentially based on the asymptotic behaviour of modified moments m,(i, o ),

k € N for o« — 0.

Proof. In the first step we show that the random variables

1 (an, . I & (o,
S (S and 22 S (x))

J=1

are “asymptotically uncorrelated”. More precisely, we check that the random variables

Ly = %(mga"ﬁ) Zm(an’ﬁ )

converge to zero in the L?-sence. For this, we conclude from Theorem 2.6 that
E(ZEL)S E(mg(Xl))—E(m1 (X1)2): fg(an) — fg(an).

As by Remark 4.8,
To(am) — 7o) — 0 (n — 00),

the claimed convergence follows. We define
1 . n,x - n.o o R
Unoc = %ZVJ’( ) with V}( @ = m? (X)) 71 (a)

and denote the distribution of U, o by fin,o. Now we will prove that U, , tends in distribution
for n — oo to N'(0,72 — 7). Let f € Cy(R) be a bounded continuous function on R, o > —3
and n € N. We have

| [ Fitna, = [ £ =) <] [ bt~ [ Flrna|+

+]/fdun,a—/de(O,ffz(a)—m(a) ) —1—’/de(O,fg(a)—fl(a)Q)—/fdj\/’(07r2_7«%) .

V(n7o‘)

Since the random variables f ,j=1,...,n arei.i.d. and

E(Vi")=0, V") = fafa) — ia(e)?

13



we conclude with Markov’s inequality and the estimation of m; in Lemma 4.5 that

0< ]E((Un o — U QO)Q): E(U2 ., = 2UnanUnsao + Up o)

{ nan )_2nE(V(n,an)V(n,a0))+nE((V(n,ao))Q)}

2(cn) — 1 (an)? — 2B (m{™P (X)m{"P (X1)) +271 (an) 1 (a0) + (o) — 71 ()?
(

Il
=

CpT2
min(a,, ag)

+ 271 (o)1 (o) + F2(c0) — #1(ag)?,

IN
3¢

o(an) — 71 (am)? — 2rg +

where cg is a positive constant dependent only on [.

Let € > 0, As := {|Un,a, —Unal <0} (6 > 0) and f € C(R) be a bounded uniformly
continuous function on R satisfying f # 0. It follows that

56>0: /A F(Unan) — F(Una)] dP <

S ™

By (4.9) we observe that for £ := min <6, 12ﬁfT| )

dng, ap: ]E((Uman — Un,a)2>§ g Vn >ng, a>ag.

By Chebyshev’s inequality follows for a and n large enough

\ [ W) - mw' [ Una) = F U+ [ 1f(Una) - ST P
A5 2N\As

é<
52 =

+2Hf” (‘ n,0n na’>5)<6+2‘|fu

03\03

6

In summary, we get

dno, ap: ’/fd,un,an _/fd,un,a

€
Sg Vn > ng, a > ag.

From the classical central limit theorem we deduce

Vadm: | [ fduna— [ 1aN00) - @) <
As the sequence of measures (N(0,72(a) — 7(c))),, converges weakly to N (0,72 — r), we
have
YVa>o

| [ 1an(0.72(0) - (@) - [ 1aN©.r2 - 3] <

Hence, U, 4, and therefore, finally Y,,, converges to the normal distribution N (0, ro — r%) ]

Wl m

Corollary. 5.2. In the situation as in the theorem above,

1 anB)\ L,
L, := ﬁ {S,(la"’ﬁ) — (mg B)) (m’l(an))}

tends in distribution for n — oo to N'(0,ro — 7).

14



Proof. Let x,, := mga"”g) (Séa”’ﬁ)) and y,, := n1(a,). Adapted from the mean value theorem

there is a £ between z,, and y, such that
’(xn - yn) - (mfl(xn) - mfl(yn))’: ’xn - ynHl - (mfl)/(g)}

Since (ml_l),(x) N 1 as x — oo (see [22, proof of Lemma 5.7|) we obtain

‘(xn — Yn) — (mfl(xn) - mfl(yn))‘g ((mfl),(min{xn, yn})*l)‘xn - yn’

Therefore, by the preceding theorem, L, tends in distribution for n — oo to the normal
distribution N'(0, 7 — 72). O

Corollary. 5.3. Let (an)n>1 C [0,00[ be an increasing sequence with lim 5 = 0. In the
- n—oo “'n

situation as in Corollary 5.2,

;ﬁ (st — oy (o)) (5.1)

tends in distribution for n — oo to the normal distribution N'(0,r9 — r?).

Proof. We have

-1
L, = \/15 (S,(Lo‘"’ﬁ) - nﬂ(o‘”’ﬁ))—l—\/lﬁ (mﬁ(o‘”’ﬁ) - (mga"’5)> (n1(an)) )
In particular, the growth condition on «,, and the second inequality in (4.7) implies the
corollary. O
In the central limit theorem above § is fixed and «a,, tends to infty. It is natural to think of
variants of theorem 5.1 for ay, and 5, — oo in certain coupled ways (see [19]). Usually, such
kinds of CLT no longer have a geometric interpretation. Nevertheless, we present here a CLT
for the case ,, — oo and «,, = 3, + ¢ for some constant ¢ > O:

Theorem 5.4. Let ¢ > 0 be a constant, and let (Bp)nen C [—3,00[ be an arbitrary, in-
creasing sequence of indices. Let v be a probability measure on [0, 00[ with second moment

fR+ xle/(x)d< oo. Then, p := fR+ In(ch (27))dv(z) < oo and 0% := fR+ (ln(ch(Qx)))Qdy(x) <
oo exist, an

]‘ C,Pn C
7<m§ﬂn+ ) (gt ,ﬁn))_np)

n

tends in distribution for n — oo to N'(0,0% — p?).
Proof. By (4.4), monotonicity of sh and Lemma 4.9 we obtain

(Butebn) () < 20t et (gapn) y_ 2Pntetl (83,

and

2 1 1 2 1 1 1
mgﬁn—‘rc,ﬁn)(x) > Bn +c+ Bn + mgﬁn,ﬂn) (l’) _ Bn +c+ 6n + m(lﬁm 2)
28, +1 Bn+c+1 228, +1) Bn+1+c

respectively. From Lemmas 4.5 and 4.7 it follows that

(22)

lim m(fB"J“C’B”)(a:) = (M)j for j=1,2 and z € R,.

n—oo J 2
The proof of Theorem 5.1 can now be transferred word by word to the setting above, which
then leads to the proof of the assertion. O
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6 The addition of small random variables with growing dimen-
sions

Let (K,x*) be a hypergroup with K := [0,00[ and (M, u, ®) a fixed concretization of K (c.f.
[3, Section 7.1]). Moreover, let (X,),~, and (Ay,),~, be sequences of random variables as
in the Assumption 2.2, such that v = P, and p = Py, for all i € N. Tt is well known that
in contrast to the situation on (R, +) with the ordinary addition +, the distributive law on
(R, %) does not hold for the addition +, i.e.

a- (X+Y)#a-X+a-Y.

This important difference is also reflected in central limit theorems on (R4, *). To describe

)

this, we consider for an 7 > 0 the randomized sum 57([ r

sively defined by

with initial compression n~", recur-

(r) n "X forn=1
SN =
" @(Sr(ﬁ)l,n_TXn,An_l) forn>1

as well as the associated compressed random walk (S’g’))nzl with law v on [0,00[. The
most classical case appears for » = 1/2, which states that the sum of many small random
variables 57(11/ ? has approximately a so called Gaussian distribution, has been proved for the
hyperbolic plane and space in [9], [15]; (see also Section 3.2 of [13]) and in a more general
setting by Trimeéche in [14]. On Chébli- Triméche hypergroups, Zeuner [21] has shown that

ﬁ (Séo) — ]E(Sfmo))) is asymptotically normal and %&(10) approaches +o0.

On Jacobi hypergroup ([0, 00[, *4,4) it has been proven by M. Voit (see [17]) that for r > 1
the random variables n” 1/ 2ST(LT) after an suitable normalization tend in distribution to the
Rayleigh distribution p.

6.1 The Gaussian distributions on Jacobi-hypergroup ([0, 0], *(a,g))

Definition 6.1. The Gaussian distribution on Jacobi-hypergroup ([0,00[,*(&75)) with pa-
rameter ¢ is the unique probability measure p; on [0, oo[ with

Fue(A) = e 2P for N e R4 U [0, p].

The existence of p; is a consequence of |21, Theorem 5.5.]. Although p is uniquely de-
termined for every given hypergroup (Ry,*,g), a different hypergroup will in general have
different Gaussian measures. The family of Gaussian measures (y; : ¢ > 0) forms a convolu-
tion semigroup. By forward calculation we obtain for ps-distributed random variable X; and
for fixed indices («, /)

E* (Xt) =P -t and V* (Xt) =1t.

By the inversion formula for (Fourier-) Jacobi transform (see [11, Section 2| and [8]), the
density h; of a Gaussian distribution p; with respect to the Haar measure wg = aaﬂ)‘]%h is
given by

hi(z) ::/ e‘%(Pz‘*‘)‘Q)(p/\(:r)dﬂK(/\).
0
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Let E(ut), V() be the usual expectation and variance of py respectively. We conjecture that

the density h; of T'(u), where T' is the linear transformation

T(a) = g (o = Blw).

converges to the density ng1 of the normal distribution on R. This would imply a CLT for

ST(L1/2) as n, o — oo. For this, one needs a "good” short-time asymptotic of h; for ¢ — 0.
Nevertheless, we present here a weak LLN for the sum of many small random variables as
o — 00.

Theorem 6.2. Let 5 > —% and let (an)nen C [B,00[ be an arbitrary increasing sequence

with lim «, = co. Let v € ML([0, 00]) with a finite second moment 75 < co and
n—oo

(Y, = S(enB)1/2)

n>1
the associated random walk on ([0, 00[, %, 3). Then Y, converges in L*-norm to E(X?).

Proof. By Lemma 4.4 we have
E((mgamﬁ) (57(11/2)) —Emga"’ﬁ) (57(11/2)))2) <E (mgan,ﬁ) (57(11/2))) _E (mgaﬂ,ﬂ) (57(11/2)))2'

For all x € R4 we obtain by a straightforward calculation

. T _1 2
lim nln (Ch —)— 2;10 .

n— o0 \/ﬁ

Therefore, by dominated convergence, Eq. (2.3) and Lemma 4.5, follows

lim E(m{*" ({/2)) = le(x2).

n—oo 2

Hence, by means of the Identity (2.3) (see also the proof of Theorem 5.1)

E(m{ 7 (072 )= n(n — DE(m{*? (X1/v7)) K (m§ 2 (x1/vi))

and 4.7 we conclude ]
lim B (mi™ (5072) )= JE(X7)”

n—oo
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