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Abstract

In this article we propose a new test for additivity in nonparametric quantile regression
with a high dimensional predictor. Asymptotic normality of the corresponding test statistic
(after appropriate standardization) is established under the null hypothesis, local and fixed
alternatives. We also propose a bootstrap procedure which can be used to improve the
approximation of the nominal level for moderate sample sizes. The methodology is also
illustrated by means of a small simulation study, and a data example is analyzed.
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1 Introduction

Quantile regression was introduced by Koenker and Bassett (1978) as a complement to least
squares estimation (LSE) or maximum likelihood estimation (MLE) and leads to far-reaching ex-
tensions of “classical” regression analysis by estimating families of conditional quantile surfaces,
which describe the relation between a one-dimensional response y and a high dimensional predic-
tor x. Since its introduction it has found great attraction in mathematical and applied statistics
because of its ease of interpretation and robustness, which yields attractive applications in such
important areas as medicine, economics, engineering and environmental modeling. The interested

reader is referred to the recent monograph of Koenker (2005). Many authors consider parametric



quantile regression models but in the last two decades nonparametric methods for estimating con-
ditional quantiles have also been discussed intensively. Most of the literature refers to models with
a univariate predictor [see e.g. Yu and Jones (1997), Yu and Jones (1998), Dette and Volgushev
(2008) and Chernozhukov et al. (2010)]. While from a theoretical point of view there is no difficulty
to generalize this methodology to high-dimensional covariates, it is well known that in practical
applications such nonparametric methods suffer from the curse of dimensionality and therefore do
not yield precise estimates of conditional quantile surfaces for reasonable sample sizes. A common
approach in nonparametric statistics to deal with this problem is to postulate an additive non-
parametric model, which allows the estimation of the regression with one-dimensional rates. In
classical regression (estimating the conditional expectation of the response given in the predictor)
this methodology has found considerable interest in the literature [see Linton and Nielsen (1995),
Mammen et al. (1999), Carroll et al. (2002), Hengartner and Sperlich (2005), Nielsen and Sperlich
(2005), among others]. In quantile regression nonparametric models of this type have only been
discussed more recently. Doksum and Koo (2000) suggest a spline estimate and De Gooijer and
Zerom (2003) introduce a marginal integration estimate of an additive quantile regression model.
Horowitz and Lee (2005) propose a two step procedure, which fits a parametric model in the
first step (with increasing dimension) for each coordinate and smooth it in a second step by the
local polynomial technique. Lee et al. (2010) suggest backfitting methods for additive quantile
regression estimation, while Dette and Scheder (2011) combine marginal integration techniques
with monotone rearrangements [see Dette et al. (2006)] for the construction of additive estimates.
Although these methods estimate the unknown quantile regression with the optimal (one-dimensional)
rate if the assumption of an additive model is correct, they are generally inconsistent if the quan-
tile regression is not additive. In this case the corresponding statistics usually estimate a “best
approximation” of the unknown regression by an additive quantile regression model, but the dif-
ference between the “true” curve and its best approximation can be substantial. For this reason,
it is of some importance to investigate by a statistical test if the hypothesis of an additive quantile
regression is satisfied. In the context of modeling the conditional expectation this problem has
found considerable interest in the literature [see for example Eubank et al. (1995), Gozalo and
Linton (2001), Dette and von Lieres und Wilkau (2001), Derbort et al. (2002) or Abramovich
et al. (2009), among others|. On the other hand, to the best knowledge of the authors, tests
for the hypothesis of an additive quantile regression model have not been considered so far in
the literature, and the purpose of the present paper is to propose and analyze such a procedure
for this problem. In Section 2 we introduce the basic notation and an additive estimate of the
conditional quantile curve. The test statistic for the problem of additive quantile regression uses
the residuals from this additive fit and is introduced in Section 3, where we also study the main
asymptotic properties. In particular, we prove weak convergence of an appropriately standardized
version of the test statistic under the null hypothesis and fixed alternatives with different rates
corresponding to both cases. In Section 4 we present a small simulation study in order to illustrate
the finite sample properties of a bootstrap version of the proposed test. We also investigate a data



example testing if the hypothesis of an additive quantile regression is satisfied. Finally, all proofs
and some of the more technical details in the proofs are deferred to an appendix in Section 5, 6
and 7.

2 Preliminaries - an additive estimator

Consider a sequence of independent identically distributed observations (Xi,Y7),...,(X,,Y,)
where X; = (Xj1,...,X;q)" denotes a d—dimensional random variable with density f and f;
is the marginal density of the ith component X;; of X; (i = 1,...,d). Throughout this paper we
denote by F(y|z) the conditional distribution function of Y; given X; = 2 = (z1,...,24)" and by
Q(r|x) = F~'(y|z) the corresponding conditional quantile function. In the following we fix some
7 € (0,1) and are interested in the problem of testing the hypothesis of additivity

ISH

(2.1) Hy: Q(7]x) = Q(lzy,. . wa) = Y Qulrlaw) + ¢(7)

k=1

for some constant ¢(7) and functions Qg (7|xr) (k = 1,...,d). Note that the quantities in (2.1)
are not uniquely determined and in order to make these identifiable we assume throughout this

paper the conditions
E[Qk<T|X]k)] :0, k’: 1,...,d7 j: 1,...,n.

For the construction of a test for the hypothesis (2.1) let Qadd denote an additive estimate of the
quantile regression function @ (for fixed 7), which will be specified later. We propose the statistic

(2.2) T, = ﬁii% (X; — X,) R;R;,

=1 ji
where the random variables ﬁz are defined by
(2:3) R = I{Y; < Qu(71X0)} = 7,

the function L denotes a d-dimensional kernel function with bandwidth g and here and throughout
this paper we use the notation

(2.4 Ly(X, ~ X;) = 1

X, — X,
g° )

9

Throughout this paper we use the notation @ and a~* corresponding to estimates from the full

sample {(X;,Y;)|j = 1,...,n} and the sample without the ith observation, respectively. Thus the
statistic Q4 (7|z) in (2.3) denotes the additive (nonparametric) estimate of the quantile regression

from the sample without the ith observation. Similarly, @;;d] and @;jdjk denote the corresponding



estimators without the ith and jth and the ¢th, jth and kth observation, respectively. Various ad-
ditive quantile regression estimates have been proposed by De Gooijer and Zerom (2003), Horowitz
and Lee (2005), Lee et al. (2010) and Dette and Scheder (2011).

Note that statistics of the type (2.4) have been introduced by Zheng (1996) in the context of
testing for a specific parametric form in nonparametric regression, and since its introduction has
found considerable interest in the context of goodness-of-fit tests [see Dette and von Lieres und
Wilkau (2001) or Zhang and Dette (2004) among others]. In the following section we will study the
asymptotic properties of the test statistic under the null hypothesis of additivity, local alternatives
and fixed alternatives. In particular, we prove weak convergence of a standardized version of the
statistic 7,, defined in (2.2) with different rates corresponding to the null hypothesis and fixed
alternatives. For this discussion which is deferred to Section 3 we therefore recall the definition of
an additive quantile regression estimate which has recently been introduced by Dette and Scheder
(2010) and will be used throughout this paper for a test of an additive quantile regression. Let
F(-|x) denote the conditional distribution function of Yj, given X; = x. Following Dette and
Scheder (2011) we denote by

Yoy Ky (10 — Xa) Ko g (2 — X)) I{Y; < y}
>y Koy (20 — Xa) Ko g (2 — Xap)

the Nadaraya Watson estimate of the conditional distribution function where for [ = 1,...,d,

(2.5) Fi(ylz) =

7; € R%! denotes the vector containing the components 1, ..., % 1,241, .., 24 of the vector
v = (r1,...,24)T € R4 1In (2.5) the functions K; and K, are one-dimensional and (d — 1)-
dimensional kernels, respectively, hy is a one-dimensional bandwidth and H = diag(hs, ..., hq) a

(d — 1)-dimensional non-singular and diagonal (bandwidth) matrix and we use the notation
Kipy (1) = Ki(21/h1)ha,

. 1
KQyH(iL') =

WKQ(H*%).

We also note that the statistics ﬁl differ only by the component of the predictor, which is used
in the kernel K but not in K5 and that (under appropriate assumptions) all of them estimate
the conditional distribution function consistently. Moreover, for different values of [ = 1,...,d
different bandwidths hy = hyy, he = hg; will be used in the estimate ﬁl, although this will not be
reflected in our notation. Throughout this paper we denote by G : R — [0, 1] a strictly increasing
given distribution function, which can be specified by the data analyst and denote by K a further
positive one-dimensional kernel with compact support, say [—1, 1] with corresponding bandwidth
b,,. Following Dette and Volgushev (2008) we define

(2.6) Qun(tlz) = G (Gin(rlz)),

where the statistic CA}’L N is given by

(2.7) GZN (T]x) = Z/ Kbn (%) ’x) - u)du



and we use the notation K, (z) = K(z/b,)/b,. Note that intuitively (for example if Fj(y|z) is
uniformly consistent) we obtain for N — oo, n — 00, b, — 0 the approximation

(2.8) @Z7N(T|x) Gn(T|z) == — Z/ Kbn <N>‘x> —u)du
~ [ HFE )k < 7hs = G@Ur)

and therefore the statistic @17 ~n(7|x) defined in (2.6) is a reasonable estimate of the conditional
quantile curve Q(7|z) = F~(7|z). Dette and Volgushev (2008) demonstrate that the choice of the
distribution function G has a negligible impact on the quality of the resulting estimate provided
that an obvious centering and standardization is performed. Similarly, the estimate le ~N(T|z) is
robust with respect to the choice of the bandwidth b, if it is chosen sufficiently small [see Dette
et al. (2006)]. The estimate (2.6) suffers from the curse of dimensionality if the dimension d of
the predictor is large and for this reason Dette and Scheder (2011) propose to combine it with the
marginal integration technique in order to obtain an additive estimate of the quantile regression

with a one-dimensional rate of convergence. To be precise define
]xl ZQZN ‘l’l, ]l) lzl,,d
as an estimate of the first marginal effect

(2.9) q(Tlz:) = /Q(T|37)fl($1)d$l = Qu(7]x1) + (1),

where f, : R¥™! — R is the density of the random vector (X5 Xji1, Xjis1, - - - Xja)T and the
second equality in (2.9) holds under Hy. The estimates of the marginal effects ¢(7|z;) are now
used to define the final additive estimate of the conditional quantile function which is given by

d
(210) @add(7—|x) = ZAk(7—|xk) — (1 — —) Z qu |sz:

k=1

We note that this statistic is well defined even in the case when the null hypothesis (2.1) is not
satisfied and in this case it estimates consistently (under appropriate assumptions) the function

Qada(T ZQ; T|z) + c(7),

where the quantities (); are defined as in (2.9). Throughout this paper we make the following
assumptions regarding the kernels used in the definition of (2.2), (2.5) and (2.7).



Assumption 2.1. The one-dimensional kernel Ky in (2.5) is of bounded variation and has com-
pact support [—1, 1] with ezisting moments of order 2 satisfying

1
/ zKi(z)dr =0,

1

1 1
co(K) = 5/ 2? Ky (x)dx.
-1

. . . . _ . 1%
Similarly for a multi index v; = (va,...,v4) € N¥! we define the monomial z* = z5?,... 22,

denote by |v| := ZLQ v; the corresponding degree.

Assumption 2.2. We assume that the kernel Ky in (2.5) is a (d—1)-dimensional kernel of order
q with support [—1,1]471, that is

(1) Ko is symmetric,

(Zl) / KQ(ZL‘l)dl'l = ]_,
[7171](1_1 a a

i) [ laliKa(eplde <o for ] <
[-1,1)4-1

(1v) / xilKg(ZUl)d.iEl =0 for 1< || <qg-—1,
[_171]d71

(v) / xl{lKg(xl)dxl%O for some || =g,
[-1,1]¢-1

and is of bounded variation.
The one-dimensional kernel K and the d-dimensional kernel L satisfy
Assumption 2.3.

The kernel K is Lipschitz continuous with compact support [—1,1].

The kernel L is a d-dimensional symmetric kernel of order 2 with compact support [—1,1]%
and satisfies L(x) < oo, L(x) >0 for all z € [—1,1]¢

3 Asymptotic theory

In this section we study the asymptotic properties of the statistic introduced in Section 2 for
testing the hypothesis of an additive quantile regression. We begin with a statement regarding
weak convergence under the null hypothesis. In order to keep the notation simple we assume that
the (d — 1)-dimensional bandwidth matrix in the definition of the estimate (2.5) is proportional

6



to the identity matrix, that is H = diag(hs, ..., hs) € RE"DX(@=1) where h, is a one dimensional
bandwidth. We also introduce the notation K, (x) instead of Ky g () in this case. Moreover,
in order to present a result regarding weak convergence under the null hypothesis we make the

following basic assumptions.
Assumption 3.1.

1. The random wvariables X; have a positive density f € C([0,1]%) with support supp(f) =
[0, 1]¢, where ¢ > d and C4([0,1]¢) denotes the set of all q times continuously differentiable

functions defined on the unit cube [0, 1]%.

2. For any x the function F(-|x) is strictly increasing and continuously differentiable with uni-

formly bounded derivative.

3. The distribution function G is twice continously differentiable and (G=1)" is uniformly bounded
on closed intervals I C (0,1).

4. For any x the function Q(:|x) is twice continuously differentiable in a neighbourhood of T
and there exists € > 0 such that
sup  sup Q'(s|r) < oo,
z€[0,1]¢ |s—7|<e
sup sup Q"(s|z) < oc.

z€[0,1]¢ |s—7|<e

5. Foreachl=1,...,d, the banduidths g, b,, hy, hy used in the estimate ]31 in (2.5) satisfy the
following conditions (if n — oo)
N =0(n), b, =o0(h)
*=o(h}), nhi = 0(1)
ng? — oo, nb, — o, nhlhg_l — 00
hy = o(h?), nhy"™" = O(1)

Assumption 3.2.

For each 1 =1,...,d, the bandwidths g,b,, h1, ho used in the estimate ﬁl in (2.5) satisfy the
following conditions (if n — oo)

n2a
= o(1)
nhlhg 1b%
a 4 1
n’ gz hlhd_l - 0(1)
2

for some a > 0.



The following result establishes weak convergence of the test statistic 7}, defined in (2.2) . Through-
out this paper the symbol P denotes weak convergence.

Theorem 3.3. If Assumption 2.1, 2.2, 2.8, 3.1, 3.2 and the null hypothesis (2.1) of an additive
quantile regression model are satisfied, it follows that

(3.1) ng™*T, = N(0,0%),

where the asymptotic variance is given by

(3.2) o =27%(1 — T)Q/LQ(u)du/f2(:1:)d$.

Remark 3.4. We would like to point out that a result of the form (3.1) is typical for the limit
distribution of a statistic of the type defined in (2.2) [see Gozalo and Linton (2001), or Dette and
von Lieres und Wilkau (2001)]. For example, recently Hérdle et al. (2012) considered the problem
of testing the hypothesis of causality in quantile regression, which reduces in the simplest case to
the hypothesis (for a given [ € {1,...,d})

Hy - Q7 [ 2) = Q7 [ z).

This hypothesis means that the conditional quantile given X = x does not depend on the com-
ponents 1y, ..., T;_1, 141, - - ., Tq Of the vector x. Héardle et al. (2012) proposed a statistic of the
form (2.2), where the residuals R; are replaced by R; = I{Y; < Q(7|X;)} and Q(r|z;) is an appro-
priate estimate of the conditional quantile function under the null hypothesis H§. They claimed
asymptotic normality of a normalized test statistic

1 ..
Iy = —— L,(X;, — X,)R;R;
n(n . 1) Z 9( J) J
i#£]
with the same limit distribution as given in Theorem 3.2. However, it should be pointed out here

that the proof in this paper is not correct. The basic argument of Hérdle et al. (2012) consists in
the statement that the fact

sup | Q(7]z;) — Q(r|x:) |< C
results in the estimate

where the statistics J,y and J,,;, are defined by
1

U n(n—l); ol j)EUEU

8



1

Jup = ————
o —1)

D Ly(Xi — Xj)eikL,
i#]
and e;p = {Y; + C, < Q(71Xu)} — 7, e = I{Y; + C,, < Q(7|Xu)} — 7 (see equation (A.11-3)
in this paper). A simple calculation shows that this conclusion is not correct and in fact the
inequality (3.3) does not hold in general. It turns out that the proof of Theorem 1 in Hérdle et al.
(2012) can not be corrected easily.
However, using similar arguments as given in the proof of Theorem 3.2, it can be shown that a
similar statement of weak convergence holds for a slightly modified statistic considered in Hardle
et al. (2012), that is

/2

(ng_ 0 D Le(Xi = X)(I{Y; < Q7' (r|Xu)} — T)I{Y; < Q7 (7IXp)} — 7) 25 N(0,0?)
i#]

where Q (7| X;) denotes the quantile regression estimate of Dette and Volgushev (2008) frome
the two-dimensional sampe (X;;, Y;)"; and o2 is defined in (3.2) (we omit details here for the sake
of brevity). A correct proof of the result claimed in Hérdle et al. (2012) is still an open problem.

In the following discussion we investigate the asymptotic properties of the statistic 7, defined in

¢

(2.2) under local and fixed alternatives. For this purpose we introduce the “residuals”

(3.4) Ry = H{Y; <Q(7]X;)} — 7
and denote by
(3.5) A(X;) = E[R; — R{™ | X;] = —E[R}™ | X]]

the conditional expectation of the distance between the “residuals” defined before and the “re-

stricted residuals”
(3.6) RyY = {Y; < Qaaa(T]X;)} — 7

obtained from the best additive approximation. Note that under the null hypothesis we have
A(X;) = 0 a.s., while under the alternative it follows that P(A(X;) = 0) < 1. We first consider
the properties of the test for local alternatives of the form

(3.7) Q(7|x) = Quaa(T|) + dpl(x),

where d,, denotes a sequence satisfying d,, = (ng%?)~*/? — 0 as n — oo and the function /(-) and

its first-order derivatives are bounded.



Theorem 3.5. Assume that Assumption 2.1, 2.2, 2.3, 3.1 and 3.2 are satisfied. Under local
alternatives of the form (3.7) with d, = 1/(n*%g%) it follows that

(3.8) ng? T, = N(p, 02),
where the asymptotic variance and bias are given by (3.2) and

= Bl(F'(Q(7|X1)[X1))**(X1) f(X1)],
respectively.

The following result specifies the asymptotic distribution of the test statistic 7,, defined in (2.2)
under fixed alternatives. For its proof we require the following additional assumptions

Assumption 3.6.
1. For any y € R we have F(y|-) € C{([0,1]9).
2. We assume the representation
(3.9) HY; <y} = F(ylX;) = syl Xj)es, j=1,....n,

where s*(y|z) = F(ylx)(1 — F(y|z)) and the ; are independent of Y;, but may depend on
X;. We moreover assume that sup, E[e}|X; = z] < oo.

3. For eachl=1,...,d, the bandwidths g, b,, hi, he used in the estimate ﬁl in (2.5) satisfy the
following conditions (if n — o0)

logn
ey,
n20—1/2
=t o(1), for some a >0
1762

Note that in model (3.9) the random variables are independent identically distributed with with
Ele;|X;] = 0, Var(e¢;|X;) = 1. Moreover this model is a common assumption in quantile regression
[see Hall et al. (1999) or Dette and Scheder (2011) among others] and observing (3.4) we have

(3.10) s(Q(7]X;)[Xj)e; = I{Y; < Q(7]X;)} — 7= R;.

Theorem 3.7. If Assumption 2.1, 2.2, 2.3, 3.1 and 3.6 are satisfied and the null hypothesis (2.8)
does mot hold, then we have as n — oo

(3.11) n'2(T, — E[T,]) = N(0, 52,

10



where

BT = BIAY04)F0O0)] + 28 [F/ Qa1 X0 X) A £00) (606) = (1= 5)b(06)) 12

d
+o(h) +0(g")
with b(z) = ¢ ba(za) and

a=1
1 3.2 F( (T|xa>tg>|xa7tg>
12 hton) = (i) | <56F'< Qe )| 1)
%F(Q(ﬂxmtg”xavtg)%f(xmtg)
F,(Q(T|xa7tg)|xa7tg)f(xoutg)

The asymptotic variance in (3.11) is given by

) fa(ta)dta.

d

0? = AVar | A2(X,) f(X1) = B(A(X2) f(X2) F'(QuaalT|X2) | X) (3 Q[ Xaa, Xia)

(s _

+4r(1—7)F [( (X1

M&

7_|‘XV10H X3a + Q(T|X3om Xla > ‘X1>]

d

( /
+Zf( X1)F <Q( DIX1) /AXM’ ta) I (X10s ta) F'(Quaa(T X 10, ta)| X1as ta)dto

1 5 , 2
- (d - 1>F’(Q(T‘X1)‘X1) /A(t)f (t)F (Qadd(/r’t)u)dt) }

Remark 3.8. Note that Theorem 3.3 provides an asymptotic level « test for the hypothesis (2.1)

of an additive quantile regression model by rejecting H,, whenever
Tn > &nulfou

where 62 is an appropriate estimate of the asymptotic variance o defined in (3.2). Moreover, by
Theorem 3.7 it follows that this test is consistent, because under the alternative we have

T, 25 E[A%(X,) f(X1)] > 0

from this result.

4 Finite sample properties and a data example

4.1 A small simulation study

In order to investigate the finite sample properties of the nwe test we have performed a small
simulation study. To be precise, we consider the median regression model

11



where ¢; are independent, standard normally distributed and independent of the bivariate covari-
ates X; = (X1, Xi2),7 =1,...,n. For the choice of the predictor we investigate the following two

scenarios.
(A) X; are uniformly distributed on the unit square [0, 1]?

XZ:(XM,X12>NZ/{([O7].]2), izl,...,n
(B) Xz = (XilaXiQ) are given by
1 1
X1 = = + —arctan(Z;)
2 7

1 1
Xip = 5 + - arctan(Z;s)

where Z; = (Z;1, Zi2) are (independent) centered normally distributed random variables with
variance 1 and correlation p = 0.2,p = 0.5,p = 0.8.

Note that in Design A the random variables X;; and X, are independent, whereas Design B
represents a situation where X;; and X;, are correlated. In our simulation study we consider three

models for the conditional quantile function, that is

(41) Q(05|ZE1, 172) =T+ X9
Q(0.5]x1, 29) = 27 + 15
(4.3) Q(0.5|z1, x9) = cos(cm(xy + x2)), ¢ =0.5,1,2,

where the first two cases correspond to the null hypothesis of additivity and (4.3) represents
three alternatives. For all kernels in our estimators we use the Epanechnikov kernel K(t) =
3(1—1)I1-1,11(t), and a product of two kernels of this type as a two-dimensional kernel. Following
Dette and Scheder (2011) the bandwidths are chosen as

hy = 0.6n"5,hy =0.2n75,b, = 0.1n 1,9 = 0.1n"1.

In similar problems it has been observed by several authors [see Fan and Linton (2003)] that
the asymptotic normal distribution under the null hypothesis does not provide a satisfactory
approximation for the distribution of the statistic 7,, for small sample sizes. For this reason many
authors propose the application of a bootstrap in this context to calculate critical values. We
follow this suggestion and use a wild bootstrap for this purpose. To be precise, in the 7-quantile
model we define a bootstrap sample by

Y;* = Qadd(T’Xi) + 'U'L|Y; - QN(T|XZ)‘7

where @add and CAQN are defined in Section 2 and v; denote independent identically distributed
random variables satisfying P(v; = —1) = 7 and P(v; = 1) = 1 — 7, which are independent

12



from the original sample. A similar bootstrap data generation was suggested by Sun (2006) The
bootstrap observations, conditionally on the original sample, fulfill Hy and additionally fulfill a
T-quantile regression model because

P (Y < Qaua(T|1X3) | X = ) = P(v; <0) =,

where P* denotes the probability conditionally on (X;,Y;), 7 = 1,...,n. Note also that for the

median model used in the simulations we have 7 = % and v; are Rademacher variables. The

critical value for the test is then obtained from the bootstrap distribution

P T2t i) =1 —a,

n,(l—«a

and the hypothesis of additivity is rejected if T;, > ty (1—q)- For the estimation of £y (1—a) We choose
the number of bootstrap replications as B = 100 and we have simulated the rejection probabilities
of this test on the basis of 1000 replications of each experiment.

In Table 1 we display the results of the simulation study for model (4.1) and (4.2) for n = 100 which
represent the null hypothesis. The corresponding results under the alternative defined by model
(4.3) are shown in Table 2. Under the null hypothesis we observe a reasonable approximation of
the nominal level under Design A and B provided that the correlation between the explanatory
variables in the latter case is not too large [see Table 1]. If p = 0.8 in Design B the nominal level
is overestimated, which means that the critical values of the bootstrap procedure are too small.
The results in Table 2 demonstrate that the bootstrap test detects alternatives with reasonable

power in all cases under investigation.

model (4.1) model (4.2)
A B A B
p=02 1] p=05| p=0.8 p=02] p=0>5]| p=038
1% 2.0 1.8 2.2 3.1 1.5 2.5 1.7 3.0
5% 5.8 5.7 6.0 8.9 6.5 5.5 6.7 10.5
10% | 10.1 10.6 10.0 15.6 11.5 10.5 11.4 15.8
20% | 19.8 21.6 19.6 27.7 21.0 19.5 23.1 26.3

Table 1: Simulated level of the bootstrap test for the hypothesis of an additive quantile regression
model under the null hypothesis of additivity.

4.2 A data example

Recently Dette and Scheder (2011) applied additive quantile regression to investigate the Boston
housing data, which has been analyzed by several authors. The dataset contains the housing
values of suburbs of Boston and 13 variables, which might have an influence on the housing prices
like pollution, crime and urban amenities. This dataset has been analyzed by several authors, also
in the context of quantile regression. Dette and Scheder (2011) focus on the four covariates
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c=0.5 c=1 c=2
A B A B A B
p=021| p=05| p=038 p=02| p=05| p=0.8 p=02 | p=05]| p=0.8
1% 2.7 2.8 3.0 3.5 55.1 59.0 66.4 61.7 84.8 97.5 97.0 95.5
5% 7.2 6.8 6.8 9.9 73.8 77.5 83.6 76.8 92.7 99.0 99.0 98.7
10% | 12.6 13.2 13.4 17.2 83.0 85.3 91.2 84.1 96.5 99.7 99.7 99.0
20% | 24.9 22.4 23.2 27.3 92.0 92.9 96.0 90.1 98.8 99.7 99.7 99.8

Table 2: Simulated power of the bootstrap test for the hypothesis of an additive quantile regression
model (4.3) corresponding to the alternative.

e per capita crime rate,

e average number of rooms per dwelling,

e weighted mean of distance to five Boston employment centres,

e lower status of the population

and fit their additive conditional quantile model to the data. In order to check if their assumption
of an additive quantile regression model for 7 = 0.5 is reasonable, we apply the bootstrap test
where we use the same bandwidths as Dette and Scheder (2011), i.e. hy = 8.60, hy = 0.70, hg =
2.10,hy = 7.14,b, = 0.02,¢9; = 8.60,99 = 0.70,935 = 2.10,94 = 7.14. The value of the test
statistic is given be T,, = 0.00004057821 and the p— value from B = 100 Bootstrap replications
is p = 0.175. This indicates that the hypothesis of additivity cannot be rejected at a controlled
type I error of 10%.

5 Appendix: Proof of Theorem 3.2

Throughout the proofs we assume for the sake of a transparent notation N = n and a uniform
distribution G. The general case follows by exactly the same arguments using an additional Taylor
expansion. Recall the definition of the statistic 7, in (2.2) and consider the decomposition

Tn - Tln + T2n + T3n

where the statistics T}, (j = 1,2,3) are given by

(5.1) Ty, = m > Ly(Xi = X;) RiR;
i)

(5.2) Ty, = ﬁ Z Ly (Xi — X;) Ri(ﬁj — k)
i

(5.3) T, — _n(nl_ ¥ S Ly (Xi— X)) (R, — R)(R,; — R;)
i)

14



and R; and R; are defined in (3.4) and (2.3), respectively. The assertion follows from the following
two statements, which are proved below

(5.4) ng? Ty, — N(0,0?)
(5.5) ng?Ti, = o0,(1), j=2,3.
5.1 Proof of (5.4)
Defining Z; = (X;,Y;),i=1,...,n, and
H,(Z;,Z;) = Ly (X; — X;) (I{Y; < Q(7]Xi)} — ) (I{Y; < Q(7]X;)} —7)

we can write the the statistic ng%Tm as

ng%Tln = g
n—1

iy

i=1 j#i

The assertion then follows from Theorem 1 in Hall (1984) if the assumptions of this statement
can be checked. For this purpose note that we obtain from Assumption 3.2 for i # j # k # ¢ for
some A > 0

E(E[H,(Zy, Zi)Hy(Zk, Z;)| Zi, Z;)°]

< ]
=2 [ [ s ose+ sggtan s - vo)gtasas ~ o)
E[Hs(Zi,Zj)] (1 7) 91 E[p(%ﬂ

1 / ) / 1 o 1
=7(1—71 L*(uw)du | f*(x dx—i—o( ) = ——1—0(—),
T g g 297 \g?
where 6% > 0 is defined in (3.2). In a similar way one establishes the estimate F[H:(Z;, Z;)] =
O(g%), which gives

BE(H (2, Z) ol Ze, 29) 5 2]+ ™ EIHL(Z0 Z3)) Ly
(B[H2(Z:, 2,)))? =0(s") +0(-—) =ol0).

Therefore Theorem 1 in Hall (1984) yields ng2Ty,, — N(0,02), where the asymptotic variance o2
is given by (3.2).
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5.2 Proof of (5.5)

For the proof of (5.5) we define for a > 0 defined in Assumption 3.2

logn 1
5.6 Cp=n%—"—"; D, =n"—
(56) \/ nhohd ! nhy

and introduce the set
(57) Qn = {Sup ’@add(’r‘x) - Q(T’:E)l § Cna sup Iilélx ’Q\;fd(TLr) - @add(T’-CE)l § Dn}

First we consider the term 73, and introduce the notation

Tony =—————— n—l ZZL (X; — X;) (R — Rir)(Rju — Rj1)

zl];éz

where

Ry = I{Y; < Q(7|X;) +2C,} — 7, Ry = I{Y; < Q(7|X;) —2C,} — 7.
It is easy to see, that on the set €2,

I{Y; < Q(r]X) — 2C,} < I{Y; < Qi (r1X))} < I{Y; < Q(r|X,) +2C,.}

which implies (note that the kernel L is non-negative) 1{Q, }75s,| < 1{Q,}T3.,0 < T3,v. Therefore
we have

E|Tsa]) = EL{Qu} Dol + EL{QH Tl < B[ Touvl] + (BT 1 P(Q)) 2.

We now calculate
E[| T3] = Z Y E[L Xj) (R — Rir)(Rju — Rj1)].
1 j#i
Observing that f'(z) and F'(y|z) are bounded we obtain by a Taylor expansion

ElLy (Xi — X;) (Riv — Rir)(Rju — RjL)]
=E[Ly (X; — X;) (F(Q(7]X:) + Co| Xi) — F(Q(7]X;) — Co| X))
X (F(Q(T|X;) + Cul X;) — F(Q(7]X;) — Col X;))] = O(CF).

With Assumption 3.2 we have ng? Ty, = Op, (ng?C2) = or,(1) and therefore the proof of (5.5)
in the case j = 3 follows from E[T%,] = O(1/g*) and the following result.

Lemma 5.1. For Q, defined in (5.7) we have that

(5.8) P()) = O (p(n) exp (—n*?))

where p(n) is a polynomial in n and « is defined in Assumption 3.2.
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Proof of Lemma 5.1 For a proof of (5.8) it suffices to show that
(5.9) P(sup |@add(7'|I) = Qaad(7|2)| > C) = O (p(n) exp (—n%))
(5.10) P(supmax |Quaa(rlz) — Qzia(rla)| > Do) = O (pln) exp (=)

At first we consider the probability (5.9). We have that

{0+ (1-3)B}

M&

(5.11) sup |@add(T|$) Qadd(T
x =1

where

B = sup [G(r|zx) — gi(7]a)]

Tk

N
By =~ [@k(r|Xu) — e(7)]
i=1

and consider the term Bgl) (the other cases are treated in exactly the same way). In the following
calculations all constants are denoted by C' although they might differ from line to line. With
the similar arguments as in Dette et al. (2006) and the assumptions regarding the bandwidths we

have ¢;(7|x1) = g1 (7|21) + 0 (C,,), uniformly with respect to z;, where

(5.12) Qun(T]1) = Zan 7|(21, Xin))

and we introduce the notation
Qun(7|z) = G (Gn(Tl|2))

and G is defined in (2.8). Recalling the definition of @l,n in (2.6) we obtain by a Taylor expansion
and similar arguments as in Dette and Scheder (2011)

n

(7o) = au(rle) = %Z[@anm,xﬂ» — Qualrl(er, X))

j=1

Z/ ' \(xl,X]l)> — U) (E(%|($1,Xﬂ)) - F(%’(%,Xﬂ)))du

i,j=1" "

+$z/_mi<f<zn &) K3 (P (Gl 00) ~0))

17



where the quantities Ag)(ﬂxl) and AP (T]z1) are defined by

AV (rlar) = ZKbn< <—| Jfl»Xj;)) - T> <ﬁ1<%|($17xj1)> - F(%|($17Xj1)>>

j=1 i=1

1255 o)) )

X <ﬁ1<%|($1anl)> —F(%K“’Xﬂ)))

and the random variables §Z = fi(Taxlijl) satisfy |£z — F (%|(ZE1,X]‘;)) | S ’ﬁl (%|($1,le>> —
F (%|($1, le)) | (i =1,...,n). Observing the Lipschitz continuity of the Kernel K it follows with
the notation D,, = {sup, , |F1(y|z) — F(y|r)| < b,} that

2b2 ZZ {|F(_|($1, g1)> — 7] <20, }

n =1 i=1

§s;1§)2’131(y]3:) F(ylx) ‘ sup b2 Z/I{\F (u|(x1, Xj1)) — 7] < 2b,}du(l +0(1))

sup | AP (rfar)| < sup2| i (yla) — Flyla)]| sup
1 z,y

~ 21
<supC|Fifyla) = Flyla)| +-(1+0(1))
T,y n

<supC|[Fi(ole) - Fyla)| (1+0(1))

on the set D,,. For the term Av(@l)(ﬂa:l) we have

sup A (rfay) = — sup Z / Ko, (F(thes, X;1) = 7) (B (01, X)) = F (01, X,0)) ) de(1 + 0(1))

w4

<sup C'|Fi(yle) ~ Flyla)| (1-+ o(1),

and therefore we have for sufficiently large n
P(BY > ) = P(BY > C,[D,) P(D,) + P(BLY > C.|D;) P (D)

<P(sup C|Fi(yla) = F(yle)| > Cu) + P(sup | Fi(yle) = Flylo)] > b )
x,Y Y,

(5.13) §2P<Sup C|F\(y|z) — F(y|z)| > cn)
z,y
(note that C,, = o(b,)). Introducing the following notations

~ 1 <&
h(z,y) = - > K, (@1 = Xpa) Koy (21 — Xaa) H{Yi < ¢}

k=1

18



~ 1 <&
fla) = > Kin (w1 = Xia) Koy (21 — Xia)

k=1

. 1 &
h(2,y) = - > Kip (1 — Xpa) Koy (21 — X)) H{Yi < ¢}
ki

~

- 1
o) = D Ky (w1 = X)) Koy (21 — Xa)
ki

Wz, y) = F(ylz)f(x)
straightforward calculations yield
(5.14) Fi(ylz) - F(y[x)‘ < Coi(z,y) + Cus(z, 1)

where

-~

Using the notation &, = {sup, |f(z) — f(z)| < 0} we have for the first term of the right-hand side
of (5.14) (where § > 0 is chosen sufficiently small)

P(sup Cpi(z1,y) > Cp) =P(sup Cpi(21,y) > Cp|Ea) P(E,) + P(sup Cri (21, y) > Cn|E5) P(EL)
x1,Y x1,y €1,y
<P(supC |(h(w,y) — h(z.y))| > Cul &) P(E) + P(ES)
z,y
<P(sup C|(h(ay) - hia.y))| > C) + P(ES)
T,y

and with similar arguments one can show

P(Sup Chra(z1,9) > C’n) < P(sng’ ‘f(m) - f(x)‘ > Cn> + P(ES).

x1,Y

Recalling (5.13) and combining these estimates we obtain

(5.15) PBY>c,) < 6P (C sup f(z) — f(z)] > Cy) + 2P (C'sup Ih(z,y) — h(z,y)| > Ch).

For the first probability on the right hand side of (5.15) we have that
(5.16) P(csup f(z) — f(z)] > cn) §P<2C sup | f(z) — E[f(2)]| > Cn)

+P@C%mEﬁhﬂ—f@N>CO-
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The second term of the right hand side of (5.16) is of order p(n)exp(—n®) which can be shown
by calculating the expectation and a Taylor expansion. For the first term we use Lemma 22 from
Nolan and Pollard (1987) and obtain that the class

G = {K1<' _a“)fg(‘ _bxl)’x € (0,14, a,b € R\{O}}

is Euclidean. Furthermore we have that G,, C G for

6o {5 (52 (2 o)

and therefore the classes G,, are Euclidean with the same constants as G. Now with

05, = | Elg = Elg]]*llg, < Chihy™
Theorem 2.14.16 of van der Vaart and Wellner (1996) yields

P(Csup|fla) ~ E[f(@)]| > Cu)
1 KC?nhhi™t N
<OW(n) exp( 5 g 2 5) = Olpln) exp(—n™))
\/nh2hZ
where p(n) is a polynomial. The second term in (5.15) can be treated with the same arguments.

For a proof of (5.9) it remains to consider the term Bﬁ) defined in (5.11) (the cases k =2,...,d
are treated in exactly the same way). We have

1 < 1 <
SN G (X ) — ‘:‘— G (71 Xin) — g (| X X)) — ‘
7 i) = )| =[5 o) = au(r1Xo0) + () = ()
<L S @ X e Xon) [+ |23 (el — )
=0 - qk ik qk ik n £ gk ik
~ 1
< sup G (o) = au(7lan)| + | au(r|Xan) — Elan(71 X))
Tk i=1

and the assertion follows from what we have shown before and the Markov inequality. Next we
consider the proof of (5.10).

d
no~ ~ 1
sup x| Q(rlz) = Q (o) < _{ D + (1 - )DR }
o k=1

where

1 n ~ ~3
Dy = supmax [Gi(rlzy) — @ (7|x)]
T =
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k —max‘—qu 7| Xk ——qu (11X ‘

Considering term ijl) (all other terms in the first sum are treated similarly) we obtain by similar
arguments for sufficiently large n

| K2, (X1 — Xin)|
P(DYY > C,) <C(P(D5) + P(€5) + P(me | - fi(Xa)| > 9))
(DY > C,) <C(P(D3) + P(€g) + P (ma Z e~ h)
=O(p(n) exp(—n?)).
For terms of the form Dq(fk) we use the estimate
il —qu X0) = 5 S (1)
J#i
n 1 ~ i
< —Z% (r1X) - —qu (| X | + e | —— > @10 3 X50))
JFi
<nfix | qu 1) G| X |+ sup b [l — (o)
= z)
- 1 n_~ i
sSum( )qk<f|:ck> - qkwm)] o+ sup g ()] ) + sup miax |Gi(rlee) - (7o)
and the assertion of Lemma 5.1 follows by the same arguments as before. a

Now we prove assertion (5.5) for the term T5,. Recalling its definition in (5.2) we have

T2n - Q(TIL) + T(Q)

2n

where the terms TQ(n), 1 = 1,2 are given by

= _ 2 r— YN L, (Xi - X)) (R — Ri7)R;
i jFi

T = n_lzi:;L (X: — X;) (R;7 — R,)R,

with R7 = I{Y; < Q.M (r|X;)} — 7. Now the random variable T2(711) can be treated with the
same arguments as the term T, and we get ng®/?T. 2(7? = O(ng?D,)) = o(1) (in L; and thus in

probability) where the last equality follows by Assumption 3.2. For the second term T2(Z)

that E[T ] =0 and

we have

(T32)? = Uy + Uy
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where

j— 4 ~_ 4 ~_
b= n?(n —1)2 Z Ly (Xiy — X;) Ly (X, = X;) (R, — Ri,)(R, — Ry,)R;
NN
4 ~_ ~_ . ~_ .
U= iy > Ly(X, = X)Ly (X, — X)) (R = B2 4 RV — Ry )Ry,

J1#i1,d2712,517#72
~

X (Ri—sz _ ﬁi;j%]é + ﬁ;jh]é _ Ri2>Rj
with R, 7" = I{Y; < Q_17"(7|X;)} — 7. For the second term one obtains E[U,] = E[U,], where
Z Lg (Xil - le) Lg (XZ - Xj2) (Ri_ljl - R'_]17]2)Rj1 (Ri_gj2 - R'_]Lm)R]é

71 2

~ 4
U= ——
n?(n —1)?2 W=
TR - i Ly (Xi, — X)) Ly (X, — X) (R = R, ) Riy(R;) — Ri,) R,
n2(n — 1) =, g \ iy ig) g \ A j i1 ia in J4;
4
and Z denotes a sum where all indices are distinct. Similarly to the treatment of the term T3,
it can be shown that |E[Uh]| < E[|Us|] = O(D?) + O(C,,D,,/n) applying Assumption 3.2. The
same assumption yields analogously that |E[U]| < E[|U;]] = O(C2/n + C,/(n?*g?)). Altogether
we have E[(T{)?) < E[|U1]] + E[|Us|] = o((ng¥?)~2) by the bandwidth conditions. We obtain
that ng®/ QTQ(,QL) = 0(1) in Ly and thus in probability, which completes the proof of (5.5).

6 Proof of Theorem 3.5
Recall the definition of C,, and D,, in (5.6) and consider the decomposition

where T}, is defined in (5.1), the statistics Tj,(j = 2,...,6) are given by

_ 1 v (D _ padd
TM_n(n_l);Lm X)) Ri( R; — Ry

1 ~~ —~
Ty = ———— Y Ly (Xi — X;) (R; — R{*)(R; — Ry™
3 n(n_1> oy 9( J)( ) )( J g )
1
T, :—E L. (X, — X)R(R: — Rodd
47’l n(n _ 1) l;éj g ( 7 ]) RZ(R] Rj )
1 ~
Tnz—E L, (X; — X;)(R; — R*)(R; — R
5 n(n_1> oy !J( J)( ) )( J J )
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T6n — F Z L X X ) (Rz — R?dd) (R] - R?dd>
i#j

and R;, R; and R are defined in (3.4), (2.3) and (3.6), respectively. Observing the proofs of
(5.4) and (5.5), respectively, we have that under the local alternatives of the form (3.7)

1
(6.2) ngtThn 25 N'(0,0%); Ty = o( ) j=23
ngz
in L1, and it remains to investigate the terms Ty,, Ts, and Tg, in the decomposition (6.1). First
we study the statistic Ty, for which we have that E[Ty,] = 0 and

E[Tfn] - n — 1 o 1\2 Z Z Z Z E - )Ly{Xiz - ij)Ril(RJi - R;lldd)

i1=1 j17#11 i2=1 joFia

Riz (Rjz - R?gdd)] )

where the expectations in this sum vanish whenever jo # i1 # 19 or i1 # i9 # j;. Considering the

case where iy = 19, j1 # jo we obtain by a Taylor expansion for some constant A (conditioning on
Xi1, Xj1, X2 and Yj)

B[Ly(Xi, — X5 Ly(Xi, — Xj,) B}, (Ry, — R (Ry, — R3]

B[Ly(Xi, — Xj))Ly(Xi, — Xj,) R B[R;, — Ry X B[Ry, — Ri?|X,]]

[ (X )LQ(X ij)R2 (F(Q(T’le)lle) - F(Qadd(T|Xj1)|Xj1))
( (T‘ j2)‘ j2) - (Qadd(ﬂ j2>’Xj2>]

< )‘diE[Lg(Xh - Xj1)Lg(Xi1 - jz)] =0 (di) :

The other cases can be treated with similar arguments and we obtain

a dn
E[L9<X11 - Xj1)2R221 (le B ledd)2] - O<E>
9 dd dd d,
BILy(Xi, = X5, Ra Ry, (R, = R (R, — R = 0(33)

Combining these estimates we have
(6.3) ng2 Ty, = op(1).

The statistic T5,, can be treated with the same arguments as the term 73, under the null hypothesis
and it follows

(6.4) ng?Ts, = 0, (ng%dnCn> = 0,(1).
Finally, we study the remaining term 7§, for which a straightforward calculation yields
(65)  Elng*Tou] = ng?E[Ly(X) — X;)(Ri — R{“)(Ry — Ry™))
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= g2 E[Ly(X1 — X;)(F(Quaa(T|X1) + dul(X1)|X1) = F(Quaa(7]X1)| X1))
X (F(Qada(T|X2) + dnl(X2)[ X2) — F(Qaaa(7]X2)| X2))]
= BE[(F'(Qaaa(T]|X1)|X1)1(X1))* £ (X1)] + o(1)

and

(6.6 Bl(Tou — B{T) = o )

Thus (3.8) follows from (6.1)—(6.6).

7 Proof of Theorem 3.7

For a proof of Theorem 3.7 we assume for a transparent notation d = 2. The general case follows
by exactly the same arguments. Recall the decomposition (6.1). Observing the proof of Theorem

1 .
,I‘Jn:0<%>7 ]:172737
in L;. Therefore we obtain E[T,] = Z] W ET;n] +o(1/y/n) and

3.3 we have

V(T \/_Z in — ET]) + 0, (1),

and it remains to investigate the statistics Ty,, Ts, and Tg,. We first study the term Ty, for which

)

we have the stochastic expansion

ZRE 4n\X]+op( ) ZRA +op(

=1

2P

where

7 1 a
T4<>_— Z Ly(X; — X;)(R; — R3%)

" nn-—1)
J=Lj#1

and A(Xj) is defined in (3.5). A corresponding stochastic expansion for the term T}, requires
substantially more effort. More precisely, we have the following result, which is proved in the

Appendix.

Lemma 7.1. Under the assumptions of Theorem 3.7 we have

10
; 1
(7.1) T5n = E Z0 + 0(—)
j=1 v

in Ly where the terms 79 in this stochastic expansion are defined by

(72) 20 =E Ly (X, = X;) F'(Quaa(rIX:) | X)ACG ) K (Xit = Xua)Kopa (X — Xip)
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y <F(Q(T|(Xz'1: X)) (X1, Xi2)) — F(Q(T|(Xz‘1,Xk2))|(Xi17Xk2))ﬂ
F( X1, Xi2) F/(Q(TI( X, Xi2))[(Xin, Xia))

(7.3) Z2 = Z Riho(X)
(74) 29 =L (B P (Quaalr| X)) X) A)Q(] (X1, X)) X

— Bl (O F (Quaalr|X) [ X) AX)Q(r] (X3, X))
(75) 2 =B|Ly (Xi = X)) F'(Quaa(r X)X ACK) Ky (Xia = Xia) Kopa(Xio = Xio)

" (F(Q(TKXM,Xz‘2))|(Xl1X12)) — F(Q(TKXM’X@))KXM,Xﬂ)))]
J (X, Xio) F'(Q(7)( X1, Xio) )| (X, Xi2))

10 29 =13 Ri(x)
A7) 20 =3 (B )P (Quaalr | X) X)AX)Q(r] (i, Xa))| X0
— B[ fx(X) F(Qaaa(T1X) | X)A(X)Q(7|(X1, X2))])
(7.8) Zr(f) =F [Lg (Xi — X;) F'(Qaaa(T| X)) | X)) A(X) K1 gy (X1 — Xi1) Koopy (Xg2 — Xi2)

o <F(Q(T|(Xm1, Xi2)) (X1, Xi2)) — F(Q(7—|(XmlaXk?))l(thXk:Z)))}
S (X1, Xi2) FY(Q(7[( X1, Xi2)) (X1, X))

(7.9) Z® = Zthg (X))

(110)  ZzP = ZE X)F'(Qaaa(7[X) X)A(X) (g1 (Xi1) + g2(Xr2) — 2¢(7)) | X]

(7.11)  zZ{"9 =E [Lg (Xi — X;) F'(Qaaa(T]X:) | Xi) A(X;) Koy (Xt — Xi1) Ky (X2 — Xi)

y <F(Q(T|<Xm1 , Xi2))| (X, X)) — F(Q(7 |(Xm1>Xk2))|(Xm17Xk2)))}
f (X1, Xi2) FY(Q(7[( X1, Xi2)) [(Xon1, X))

where (X,Y") are independent copies of (X;,Y;) and

 fo(Xi) [ A(Xu, ta) (X, ta) F'(Qaaa(T](Xin, t2)) | (Xin, t2) ) dts
TR kel (X)F(QrIX)IX)

~ AXn) [ At Xie) 2t Xio) F'(Qaaa (7] (B, Xi2)) (B, Xi2) ) diy
(P13 Il = TEIP@UIIT)
(714) hS(Xl) _f (Xll)fQ Xl? fA t) )F,<Qadd(7—|t)|t)dt

F(X) F(Q(7] Xy)| Xq)

Next we study the term T§, using Lemma 3.1 in Zheng (1996) with the kernel H(Z;, Z;) =
Ly(X; — X;)(R; — R{)(R; — R}), where Z; = (X;,Y;). A straightforward calculation gives
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E[(H(Z,Z5))% = o(n), which yields the Hoeffding decomposition

Ton — ElTsn] = ZHl +op<;ﬁ)
where Hy(z) = E[H(Zy, Zy)| X, = x| — E[H(Z,, Z5)] and
E[Ts,] = EIA*(X1) f(X31)] + O(g?).
From Lemma 7.1 we have for the expectation of the statistic T,

E[Ts,] =B1ZV] + BIZ{"] + E[Z{"] + E[Z{!"] + 0(%)

where
E[ZD] = — E[A(X1)F'(Qaaa(7]X1)|X1) f(X1)b1(X11)] b + o(h3) + O(hd)
E[fo)] =—F [A(X1>FI(Qadd(T‘X1)‘Xl)f(Xl)b2<X12>] h% + O(h%) + O(h3)
BIZL7) =4 B IACO) F(Quan(7]X0) [ X0) F(X0)ba(Xan)] 2+ 0(3) + O(12)

E{Z) =5 B [A(X0)F(Quaa (71 X0)1X0) £ (30 (Xaa) B2 + o) + O(19)
and the bias b, is defined in (3.12). Observing (6.1) it therefore follows that
E[T,] = E[A*(X1) f(X0)] + 2E[F"(Qaaa(7| X1) | X1) A(X1) f(X1) (b(X1) — %b(Xz))]h? +o(hi) + O(g)

which is the claimed representation in Theorem 3.7 for the case d = 2. With the same argument

we obtain the stochastic expansion
Vn(T,, — E[T,]) = A, + B, + C,, + 0,(1),

where the quantities A,,, B, and C),, are given by

A =i (T = BTy ) = —= 37 (M) /(X) = EIA*(X)1(X,)
B V(D 20+ 2)
- ZE[ X,)F (Quaa(71X;)|X, )(;( (71(Xar. X)) + Q7] (Xar, Xio)

+ Q(rl(Xun, X)) + Q(rl(Xan, Xi2))) = QU7 (X1, Xi2)) = QUrl(Xin, X)) ) 1]

— E[A(XG) f(X5) F(Qaaa(T|X;) [ X;5) (2Q(T](Xin, Xiz)) — Q(T(Xj1, Xiz)) — Q(7](Xir, Xj2)))]
Cp =v/n 2Ty, — 229 — 220 — 429)
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Z% Z R (A(Xi)f(Xi) + ha(X;) + hs(X;) — hs(Xi))

and hy, hs and hg are defined in (7.12), (7.13) and (7.14), respectively. Therefore asymptotic
normality is a direct consequence of Lyapunov’s central limit theorem. Finally a straightforward
calculation yields

Var(A, + B,) = 4Var [A2(X0) F(X1) = B[ A(X) f(X2) F'(Quu(7] X2)| Xo)

X (Q(T|(X11»X22)) + Q(7](Xa1, X12))
1

- Q(Q(T’(Xn; X39)) + Q(7|(X31, X12)) + Q(7](X31, X12)) + Q(7|(X11, X32)))) |X1H

Var(C,) = AE [T(l —7) <A(X1) F(X1)

f2 Xi9) [ A(X11, 1) (X1, t2) F (Qaaa(T]( X1, £2)) | (X1, t2) )dts
F(X)F'(Q(7]X1)[X0)
Ji( X)) A(ty, X12) f2(t1, X12) F'(Qaaa (7| (t1, X12)) | (t1, X12))dty
(X)) F(Q(T|X1)[X4)
~ JA® O F (QaaalTt)[t)dt
( (71X1)|X1) ) }

_|_

and Cov(A,, + By, C,) = 0, which completes the proof of Theorem 3.7

7.1 Proof of Lemma 7.1

Observe the decomposition 75, = ﬁ(i) + 7% where

5n

~ 1
Tg,?:—_ZL X; — X;) (R; — R¥)(R; — R — E[R; — R%| X))
n(n z#
T;?_ ZL Xi — X;) (Ri — R E[R; — R2¥|X;).

Z#J
We calculate
N2 ~
B(T) ] ==y 2o 2 Bl (X = X5) Ly (X, = X,) (Ra = B (e, = i
11751 12#£72

x(R»—R“dd—E[ — RYIX ) (R, — R — B[Ry, — REX,,))

1 + 0 —J1 a —J1 a
n2 o 1 Iy Y Ly (Xiy = X)) Ly (X, = X,) (B = R (R — R
11771 i2#j2

X (le - R;‘led - E[R - Radd|XJ1])( - R;'Lgdd - E[Rjé - R?gdd‘xh])
1
=(;)
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where the last estimate follows by similar arguments as given for the term 73, under the null
hypothesis [see Section 5]. With similar arguments we obtain

T8 = oy 3 L (X = X) (FQuaar1X01X) = F(QUrIX) X)) LR = R3]+ o =)
Z#J

and therefore a taylor expansion and Lemma 5.1 yield
(g 1
Ton = T+ o( 72)

1
= T+ T8 + T8 + T8 + o <%)

where we introduce the notation

Tl ==y 2 Lo (6 = X0) F(Quaa(71X0) | X) A @ (71Xer) = (| X)) €= 1,2
275]
1

2n%(n —1)

n

ZL (X = X;) F(Quaa(7] X3) [ X0) AX)) Y (@5 (7 Xne—zy) — e(7)); £ =3,4

1#£j k=1

o= -

and we treat the terms 7, 5(7!;) for £ =1,...,4 separately. Recalling the notation (5.12) we have for
the first term

Y Ly (Xi = X5) F'(Quaa(r| X:) | X0) AX;) @ (71 X)) = qun(7] Xir)

n(n— 1) =
2 B 6= ) P QX)X AC0) 1)~ )
1
1 = 101 -1 o)

where the first equality defines the terms T5(71L'1) and T5(71L'2) in an obvious manner. A straightforward
but tedious calculation (using a Taylor expansion and similar arguments as in the proof of Theorem
3.1 in Dette and Scheder (2011) yields

T ==y 2o Lo (K = X)) F(Quaa(r| X1 XA Z[Q (Xt Xi2)) = Qua(rl(Xir, Xia))|
zsﬁj

BT ZZZL (X — X;) F'(Quaa(7| X)) X)) A (X))

z;éjklll

XK%@(_KXH,X,@)_T><ﬁ1_i<_|<Xﬂ,X,ﬁ>>_F@'(XM,XM»H(%)
= ZZZL (Xi — X;) F'(Qaaa(T|X3)| Xi) A(X)

i#j k=1 1#£i
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/ Ky, (F (#](Xi0, Xi2)) — 7) Ky (Xir — Xun) Koy (X — Xia)

1Y, < ) — F(t|(Xa1, Xp2)) 1
F(Xow, Xia) i+ °<ﬁ>

) 1
— 1) 52 <_>
S AW

where Z. is defined in (7.2) and

20 = 3D 1y 06— X)) P Qualr XD X)ACY)

i#j k=1 1#i

« / Ky, (F (#](Xs1, Xi0)) — 7) Ky (Xin — Xin) Koy (X — Xio)
0

1
ol )
n TO NG

Here the first equality is a direct consequence of the assumption (3.9) and the last equality follows
recalling the deﬁnition of Zr(f), (3.10) and a standard argument. Similarly we obtain for the
statistic 7" defined in (7.15)

S(t|Xl)El

———dt
f(Xila XkQ)

T = T ZZL (Xi = X5) F'(Quaa(7]X:) | Xi) A(X;)

z#]k 1

X (Q(7|(Xi1, Xi2)) — (7] Xi1)) + 0p (%)

0 ZE[ F(Qada(7] X)) | X)) A(X3) (Q(7(Xir, Xk2)) — @1 (7] X)) |Xk] + op(L

7)
_7® 4o, (%)

where Z{¥ is defined in (7.4). The statistic Téi) is treated similarly and we obtain the represen-

tation .
-y
j=4

where Zr(f‘), 7 and 79 are defined in (7.5), (7.6) and (7.7), respectively. The terms Zq(:), 7
in Lemma 7.1 correspond to the statistics TE)(S) and Téﬁ) in the decomposition (7.1) and we restrict
ourselves to the calculations for the quantity Tég). The corresponding representation of Téi) follows
exactly by the same arguments. Observing the definition of F, in (2.5) and using a Riemann

approximation and a Taylor expansion we have

(7.16) 7 = (18 + TS (1 + 0(1)).
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Here the term Téz'l) is given by

T >y F(Quaa (| X:) | X)) A (X))
'L;éj klm=1
< ( / Oo K, (F <—|(Xk1, X12)> - u) du— (7))

o 1
2n3 (n—1) ; ];1 Ly (Xi — X;) F'(Qaad(T|X) | X)) AX)(Q(T|( Xy, Xi2)) — (1)) + 0<%

QZE (Qaaal(T| X)X ACG) F(X)NQ(T| (X1, Xi2)) — a1 (X))
2

k=1

- % B Quualr1X) X A (X0 (Xia) = (7)) + o =)
1 1

227(1)+0<\/ﬁ)

where Z” is defined in (7.10) and the last equality follows by showing that the L? distance
between both sides is of order o(1/n). The term Tégm in (7.16) is given by

T3 = 2n4n_1 DI F'(Quaa(7|X:) [ X) ACX;)

z;éj k,l,m=1
~ .m m
x Ko, (F (gy(xm,xm) -7 (Fl (1 (X, Xie) = F (=] (i, Xi2))) )
1 1
—Z0 1~ 70 (_>
+ 3 5% +o )’
where Z(M and Z® are defined in (7.8) and (7.9), respectively and the last equation follows by

(1.

similar arguments as used in the treatment of the term 77, b, Finally, a similar calculation shows

1 1 1
T = 700 4 52}? + 227(19) + o( ﬁ)

U) are again defined in Lemma 7.1. This completes the proof of the assertion.

where the terms Z;
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