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REMARKS ON PSEUDO STABLE LAWS ON
CONTRACTIBLE GROUPS

WILFRIED HAZOD

ABSTRACT. In this note we discuss a class of probability distribu-
tions on homogeneous groups, called pseudo stable laws which were
investigated in [5] for the real line. In particular it is shown that
under mild assumptions these distributions belong to the domain
of normal attraction of stable laws.

INTRODUCTION

In [5] the authors investigate a class of distributions of real random
variables, called (¢, p)-pseudo stable laws, which are closely related to
symmetric stable laws. These investigations are motivated by an ear-
lier publication [8]. See also [3] and [7] for some generalizations (in the
context of weak stability). A real random variable X resp. its distri-
bution p = X (P) is called (¢, p)-pseudo stable if for all real a, b and iid
X,Y, and independent X, Z, we have a- X +b-Y L ¢ X +d¥/7 . Z,
where ¢ = c(a,b) = (aP 4 bP)'/? for some (fixed) p > 0, d = d(a,b) > 0,
and Z with distribution Z(P) = -y denotes a symmetric stable random
variable with characteristic function 7(u) = e™*!", for some 0 < r < 2.
(74),;5¢ denotes the corresponding continuous convolution semigroup.

In order to investigate similar structures of distributions on more
general state spaces, in particular on locally compact groups, we first
re-write the defining equation in an equivalent form. Let, for a@ € R,
H,, denote the homothetical transformation H, : z +— a-z. p € M'(R)
is pseudo stable iff, for some d(-,-) > 0,

Hd(u) * Hb(lu) = Hc(a,b) (,LL) * Yd(a,b)

Now replace R by a locally compact group G, replace (H,),., by a con-
tracting continuous group of automorphisms (7;),., € Aut(G) (with
TTs = Tis). Fix p,r > 0 and let (V)50 70 = €e, be a continu-
ous convolution semigroup which is (strictly) stable w.r.t. (7,1+), i.e.,
Ti(vs) = Yers (resp. T (Vs) = Yios) for s > 0,¢ > 0. We fix the func-
tion ¢: R2 — Ry, c(a,b) := (a® + WP)/P. € MYG) is called pseudo
stable w.r.t. ((7),p, 7, (7s)) if for all a,b > 0 we have

Ta (:u) * Tb(u) = Te(a,b) (;U/) * Vd(a,b) (01)

for some d = d(a, b) > 0, and furthermore, if there exists a commutative
x-sub-semigroup § € M!(G) such that {7,(p) : u > 0,7, : v >0} C S.

Note that the existence of stable continuous convolution semigroups
(7u) with 79 = e, equivalently, the existence of a contracting one pa-
rameter group (7;) implies that G is a homogeneous group, in particular
a simply connected nilpotent Lie group.
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Recall that Abelian homogeneous groups are just vector spaces. It
should be pointed out that the setup chosen here covers also (strictly)
operator stable laws on R?. For the background on stable laws on
groups see e.g. [1], for operator stable laws on vector spaces cf. e.g.,
6], or [1], Ch. I, and the references mentioned there.

Our assumptions differ slightly from [5]: In (0.1) a < 0or b < 0
are not admitted, and the distributions =, are not supposed to be
symmetric. Hence, in particular, one-sided stable distributions on the
positive half-line R, are not allowed in [5]. Furthermore, here we fixed
the functions ¢ (with given p), whereas in [5] ¢ belongs a priori to a
slightly larger class of functions.

We show in Section 2 under mild conditions (satisfied for all exam-
ples) that pseudo stable laws belong to the domain of normal attraction
of stable laws. Hence in particular, this has a strong impact on the tail
behaviour of these laws. (For the existence of moments see e.g., [1],
1.10.17 resp. 2.10.18.)

1. EXAMPLES OF PSEUDO STABLE LAWS

In the following we briefly investigate some examples of pseudo stable
laws on groups and indicate methods to construct new examples. Of
course, these examples are well-known for R, more generally, for vector
spaces. Throughout, as before, let G be a homogeneous group, let
p,r > 0 and let (7;),., be a fixed contracting one-parameter group of
automorphisms. Furthermore, let (7,),>, be a (71/-)-stable continuous

convolution semigroup, v, #Z &., and we fix c(a, b) := (a? + b*)'/P.

Example 1.1. Let p =r > 0. Then the stable law p := ~; is pseudo
stable (with d(-,-) =0).
[ Indeed, (1) * To(1) = Yar * Yoo = Varrir = Te(ap) (10)- ]

Example 1.2. Let p > r > 0. Again p:= ;. Then p is pseudo stable
w.r.t. ((7),p,7, (7)), where d(a,b) =a” +b" — c(a,b)".

[ Let ¢ := c(a,b) and w.l.g., b < a. Then 74(p) *x T(p) = 7o [t % Tu(p)]
with 0 < u :=b/a < 1. And ppx 7,(1t) = 71 * Yur = Vidwr = Ye(Lu)r *
M+ur—c(L,u)r = Te(1,u) (;u) * Vd(1,u) with d<17 U) =1l+u — C(L U/)T > 0.
Thus we can choose d(a,b) = a"d(1,u) = a"+b"—c(a,b)" and it follows
Ta(1) * o (1) = Te(a,p) (1) * Va(a,p)- ]

Example 1.3. Let p > r > 0, and let (v,) as before. Let (0),,
be a (Tasm)-stable continuous convolution semigroup and assume that
all v, and 6, commute. Then p = -~ x 61 is pseudo stable (w.r.t.
(1), py 7, ()) ), with d as in Example 1.2.

(M)*Tb(ﬂ) = Ta(V1)*76(71)*7a(61)*76(01) = Te(ap) (V1) *Va(a,b)*Fe(a,t) =
Te(ab) (1) * Va(a,b)- ]

Example 1.4. a) Let p > r > 0, and let, for i = 1,2, u® be

pseudo stable, 7 () %7 (10) = Tea ) (11D) £ 740 - Where (%S)) are

(Ty1/r )-stable. Assume moreover d) to be linearly dependent, d® (-, -
a-dV(-,-) for some a > 0, and {Tu(p,()),%(f) uw>0,0>0,i=1, 2
commute. Then p:= ™ x u® is pseudo stable w.r.t. ((7,),p, 7, (V)),

where Yy 1= x7&), and with d(-,-) = dD(-, ).

——
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[ 7a(p) * (1) = 7a(p®) % 7 (M) * 72 (@) % 7, (1®)) = Togap (™ *

1 1 2 .
M( )) * '7(3 1)>(a b) * 'Yc(lg) (ab) — Telab) (1) x 7;(1) * 'Y((I,Zlu) =: Te(1) *x Yq), with

c = c(a,b),dV = dW(a,b). And ( = 7&1)*7&2.39 is (Tp/r)-stable. ]

b) In particular, let iV be as in a), let (6,) be a continuous con-
volution semigroup which is stable w.r.t. (Ta,), and assume again
that all measures belong to a commutative sub-semigroup S. Assume
dM(a, b) (@ + b — c(a,b)") for some constant o > 0. Then
L= pu )*51 is pseudo stable.

[ 61 is pseudo stable w.r.t. ((7),p,r,(0.)) (according to Example 1.2),

i.e., ¥ =4y, 7&2) = 0, satisfy the assumptions of a). ]

Example 1.5. A particular case: Let H; be contractible groups with

contracting automorphism groups (Tt(i)>, i =1,2. Let i be pseudo

stable wor.t. ((77),p.r, (47)). Put G = By @ By, o= 7" @ 77

and 1= pY @ . Then p is pseudo stable if, as in Example 1.4,

d? = q . dW.
|[ In fact, %(f),,u(i) may be considered as probabilities on G supported

by the subgroups H; C G, and hence the commutativity assumption is
satisfied. ]

Obviously we obtain

Example 1.6. Let Gy1,Gy be homogeneous groups with contracting
groups ( Ty ) C Aut(Gy), 1 = 1,2. Let ¢ : Gy — Gy be a continuous

homomorphism satisfying (,07}(1) = Tt(Z)gp. Let p € MY (Gy) be pseudo
stable w.r.t. ((, . )) p,T (%(L ))) Then v := @(u) is pseudo stable w.r.t.

(7). (%S” — o))

Example 1.7. Subordination.  Let Gy be a contractible group with
contracting automorphism group (1;). Let ()\t)tzo be a (7¢)-stable con-

tinuous convolution semigroup. Let (o) C MY (R,) be (one- sided) sta-
ble w.r.t. (Hyuy»). (Hence 0 <r < 1.) Let furthermore, ¢ € M'(R,) be
pseudo stable w.r.t. ((Hy),p.7,(aw)). Then p:= [ M\d&(t) € MY(G)

is pseudo stable w.r.t. ((Tt) (w = fR Auday (u )))
[ We have H (5) x Hy (&) = Hc(a b)(§) * Qaap). Furthermore, 7,(p) =
Jr, Ta(Au)dE(w) = [z, Aaud€(u) = fo, AudHa(€)(u )

Hence Ta(p)*Tb(,u) = fR+)\ d(H,(&) * Hy(&))(u fR Aud(H(€) *

ag)( (fR AdH( )) * (fR+ )\udozd> = Te(1) * Yq- ]

In fact, we do not know if on R there exist pseudo stable laws which
are not convolution products of stable laws. (For R cf. Example 1.8
below.) If & = ay * B, € MY(R,), where (ay) and (8;) are (H,/»)- and

(Hpar)-stable respectively, then p = (f& /\udal(u)> * (f& Ad By (u)>

is a convolution product of two (71/,)- and (71,-)-stable factors. So,
we are in the situation of Example 1.3. In that case, no new examples
are created via subordination.

The next class of examples is found in [5], cf. also [3, 8]: there exist
pseudo stable laws which are not representable as convolution products
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of stable laws. We mention these examples in our list since they seem
to be the only known concrete examples with that property:

Example 1.8. For G = R, it is shown in [5], [8], that for 0 < r < 2
there exist A, B > 0, p > 2 such that f : R 5t — exp (—A[t|" — B[t|P)
is the characteristic function of a probability measure u, i.e. f(t) =
w(t). In fact, forr € (0,11U{2}, p > 2 and sufficiently large A, B, f is
a characteristic function, but forr <2, A, B > 0, the set of p > 2, such
that f is not a characteristic function, is not empty. It is easily shown
that such a probability is pseudo stable w.r.t. ((Hy,),p,r,(V.)), where
() is the stable continuous convolution semigroup with characteristic
function t — exp (—AJt|"). As p > 2, u cannot be represented as
convolution product of two stable laws.

Almost verbatim as in the preceding Examples 1.2, 1.3 it follows that
again d(a,b) = a" +b" — ¢(a,b)" (though t — exp (—BI|t[")) is not the
Fourier transform of a probability).

Remarks 1.9. a) In Examples 1.4, 1.5 we had to suppose that the
functions d¥ are linearly dependent. In all concrete examples in our
list we obtained — for fixzed p > r — d(a,b) = a” + 0" — ¢(a,b)", hence
in that cases linear dependence is trivially satisfied. (The case p < r
turns out to be trivial, c¢f. Theorem 2.1 a).)

b) In [5, 3, 8] the authors show furthermore that for G = R the
characteristic functions of (symmetric) pseudo stable laws are always
representable as t — exp (—Al|t|" — B|t|?) for constants A,B >0, 0 <
r <2 andp > 0. Hence a convolution product of two stable laws is
pseudo stable, a product of n > 3 stable laws (with different stability
indices) is not pseudo stable. The last result holds true in general:

Let (fyt(i)) be (Ty/r;)-stable, i = 1,2,3 with 0 <7 :=r; <ry <7r3:=

p. Then p = %1) *752) *”yf’) is not pseudo-stable (though, according to

our examples, ’yfl) and the products of two factors are pseudo stable).
[ In fact, for a,b > 0,c = c(a,b) we have 7,(p) * 7,(1) = o *fyégz) *

1 1 2 1 2
757’)*,Y((a2+brfcr)*7((a22+brz —c2) = TC(H’)* ’Y((aerbrfcr) * 7((a22+brz 7CT2)} . ]fﬂ

is pseudo stable, we have T,(1) * To(p1) = Te(t) * Ad(ap) for some (T/r)-
stable continuous convolution semigroup (A;). By the injectivity of the
convolution operator of the embeddable law T.(p) (cf. [4]) it follows that
Nd(ap) = fy((iZerucr)*’y((jZZ+br276T2). But the right side is not (1,1-)-stable,

a contradiction. ]

As mentioned afore, our examples enable us to construct new non-
trivial pseudo stable measures on homogeneous groups. We show e.g.,
for G = H, the 3-dimensional Heisenberg group, that there exist
pseudo stable laws with full support which are not representable as
convolution products of stable laws. The reader will easily see how this
result may be generalized to arbitrary homogeneous groups.

Example 1.10. Let (1;) denote the group of dilations on Hy acting on
the Lie algebra g = R® ast¥ for the diagonal exponent E = diag(1,1,2).
Let Z = R denote the center and i : R — Z C H; the canonical
mgjection.
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Let (%(1)) C MY(H,) be (7,1/-)-stable with full support, and let pt) €
MY(H,) be pseudo stable w.r.t. ((1¢),p,T, (’yt(l))) (e.g., choose pt) =

’y%l)), such that d(a,b) = a” +b" — c¢(a,b)".
Let <'Yt(2)> C MY (R) be (Hyy2r)-stable and let v € M (R) be pseudo

stable w.r.t. ((Hy),2p,2r, ('yt(2)>) as in Example 1.8. (Therefore, 2r <

1.) Put p® :=i(v) € MY(H,). T |z = Hpyor implies that (i(’yt(Q)))

is (T, )-stable, furthermore, i(v) and 2'(%(2)) are central measures in

MY (G). Hence, by Example 1./, (% =y *752)) is (T1/r)-stable and

= M % 1 s pseudo stable w.r.t. ((7.),p, 7, (v)), has full support
and is not representable as convolution of stable laws.

2. PSEUDO STABLE LAWS AND DOMAINS OF ATTRACTION

In the following we point out that pseudo stable laws are closely
related to limit laws. Let, as before, u # &, be pseudo stable w.r.t.
((7¢) ,p, 7, (7). To avoid trivialities, assume again vy, # ¢, for s # 0.
Then, putting a = b = 1 in (0.1), we obtain p? = Ty (1) * 74, with
c(1,1) =27 and d(1,1) =: dy > 0. By induction we obtain (observing
c(k'/P,1) = (k +1)V/7) :

1= T () * va, (2.2)
with d := 0,dy = d(1,1),d, = Y5 d((k — 1)¥/7,1).

Theorem 2.1. Assume that {d,/n} is bounded above. Then we have:

a) If p < r then 7,-1/»(n)" — p, hence Ay := p is embeddable into a
(Tsp)-stable continuous convolution semigroup (), and Ya..) = €.

b) If p > r then {7,-1/»(1)"} is relatively compact with accumula-
tion points LIM {7, 1/»(1)"} C {7s:0< s < K} for some K > 0. In
particular, any accumulation point is (T, )-stable.

b1) In particular, if d,/n — « for some a > 0, then p belongs to the
domain of normal attraction DNA(vy,) (w.r.t. (Ta/r)).

c) If p = r then again {7,-1/»(1)"} is relatively compact, with ac-
cumulation points LIM {7,-1/»(11)"} C {puxvs:0<s < K} for some
K > 0. In that case all accumulation points are embeddable into con-
tinuous convolution semigroups (A;) with Ay = [ * 7s.

cl) And again, if d,/n — « > 0, then p is embeddable into a
(uniquely determined) (7/»)-stable continuous convolution semigroup
(pe) and, as in Example 1.2, Ya(ap) = Har+br—c(ab) -

Proof. Equation (2.2) is equivalent with
To1/e ()" = % Ygm—r/o (2.3)
(since (7,) is (7,1/-)-stable), resp.
Tp—1/r (/J)n = Tp1/p—1/r (,u) * Ydp-n—1 (24)

In case a) we use equation (2.3), in case b) (2.4), to see that {7, —1/»(1)"}
resp. {7,-1/~(1)"} are relatively compact: In case a), r/p > 1, we have
dp -n7"P — 0, thus 7,-1/ ()" — p.

In case b), 1/p — 1/r < 0, we have 7,1/p-1/-(i1) — €., thus (for some
upper bound K of {d,,/n}), LIM{7,-1/- ()"} C{7s:0<s < K}.
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In case ¢), p = r, it follows 7,-1/»()" = t * Va,/n and therefore,
LIM A{7,-1/p ()"} C{pu*vs:0<s < K}.

In either case, it follows embeddability of 4 in a) resp. of any accumu-
lation point 75 resp. px7s in b) resp c), (cf. e.g., [1], 2.6.4). In case bl)
or cl) we have in addition b, /n — «. Then 7,1/, ()™ — A1 := 7, resp.
— A 1= [ x Y, yields p € DNA(A) w.r.t. (7./+); in particular, Ay is
embeddable into a (uniquely determined) (7,1, )-stable continuous con-
volution semigroup (\;) (cf. e.g., [1],2.6.10 b)). If \; = puxy,, stability
of (A;) implies for all n € N: A} = 7,,1/» *Vna, and on the other hand we
have A = p" x 7. Thus, again by the injectivity of the convolution
operators of 7, ([4]) we obtain u" = 7,1/+(u),n € N. Le., u is B-stable
(cf. [1], 2.6.13), and therefore p is embeddable into a stable continuous
convolution semigroup (p;) ([1], 2.6.14 b) and 2.6.11* (p. 256)). The
last assertion follows as in Example 1.2: 7, () *75(1t) = T(grypry1/r (1) by
stability, thus = figr 15 = fe(a,p)r * Har+b7—c(ab)r- Hence in view of the
defining equation (0.1), Te(ap) (14) * Ya(ap) = Te(ap) (1) * Har+br—c(apyr- In-
jectivity of the convolution operators of (the embeddable law) .., ) (1)
yields V(ap) = Mar4br—c(ap)rs as asserted.

Note that we assumed p # €, and 7, # €. and furthermore, that (7;)
is contractive. Hence in either case a), bl), c1), the limit A\; # ¢, is a full
measure w.r.t. B := {7 };~0 C Aut(G). And therefore, the convergence
of types theorem holds true (e.g., verbatim as in [1], 1.13.33.) Hence,
as in the proof of [1], 2.6.10 b), p resp. \; is embeddable into a stable
continuous convolution semigroup. U

For a = 0 we obtain v, = €.. Then the assertions hold trivially.

In [5, 3, 8] for G = R the functions d(-,-) are explicitly calculated
solving functional equations of characteristic functions: If c(a,b) =
(a? 4 bP)Y/P then d(-,-) has the form we obtained in the examples
in Section 1. In general we can only show that d is homogeneous,
d(ta,tb) = t"d(a,b) for a,b,t > 0. We indicate a proof to point out
which tools are needed if characteristic functions are not available:
|[ Tra (1) * Tep(4) = Teta,en) (1) * Vd(ta vy, With c(ta, th) =t-c(a,b). On the
other hand, this equals 7 [7,() * 7(p1)], thus we obtain: Ty(qp) (1) *
Verd(ap) = Tte(ap) * Vd(tan)- Assume e.g., t"d(a,b) > d(ta,tb), then
again injectivity of the convolution operators of 7, yields 7@z (1) *
Vird(a,p)—d(ta,th) = Tte(ap) (L), 1-€-; Vird(a,p)—d(tab) = Ee since G is aperiodic.
Whence the assertion. ]

In our examples 1.2, 1.3, 1.8 we obtained for r < p: d(k'/?,1) =
kP 4+ 1 — (k+ 1)/, thus d, = >_5 d((k — 1)/7,1) = n — n"/P. Hence,
d,/n =0 for r = p and d,/n — 1 for r < p. Thus these examples are
covered by Theorem 2.1.

To show that the assumption d,,/n < K in Theorem 2.1 is quite
natural we consider briefly the case of infinitely divisible p:

Proposition 2.2. Let, with the above notations, p be pseudo stable
w.r.t. ((1e),p,7, (W), Ve Z €. Assume in addition that p is infinitely
divisible, hence embeddable into a continuous convolution semigroup
(pe), p1 = p. Furthermore, assume either (1) G = RY, or (2) uy =
ft, t > 0. Then {d,/n} is bounded.

Proof. Inserting u = 1Y, n € N, in the defining equation, we obtain

Ta(pa/n)™ * To(pa/n)™ = Te(ap) (1 /n)" * Vi e In case (1), MY(G) is
commutative and the roots i1/, va,/m of infinitely divisible laws are



PSEUDOSTABLE LAWS 7

uniquely determined. In case (2), the convolution operators 1), on
L*(G) are positive semi-definite functions of T},,, hence y; are uniquely
determined by p; and commute with all measures commuting with
1. Furthermore, the stable continuous convolution semigroup () is
uniquely determined by ;.

Hence we obtain 7, (tt1 /) * 7o (f1/n) = Te(ap) (H1/n) * Va, m for all n and
therefore it follows for all ¢ > 0,

Ta(pte) * To(pe) = TC(a,b)(,ut) * YVt (2.5)
As immediately seen, symmetry of (u;) yields vq,: = 7a,: for all ¢,n,
this shows that (7;) is symmetric too. Let A, G denote the generating
functionals of (x;) and (7;) respectively, and denote the Lévy measures
and Gaussian terms by na,nc and 'y, T'¢ respectively. (2.5) easily
yields 7,(A) +7(A) = To(ap)(A) + dy, - G, in particular, 24 = 71/, (A) +
dy-G, and by induction, forn € N, n-A = 7,1,,(A)+d,-G. Equivalently,

A= (1/n) 1um(A)+ (d,/n) -G
Consequently,
na = (1/n) - 11 (na) + (dn/n) - N (2.6)

I'y= (1/")'Tnl/p(FA)+(dn/n>'FG (27)
Hence, if ng # 0 or I'¢ # 0, boundedness of {d,/n} follows by (2.6)
resp. (2.7). Since, as mentioned above, (v,) is symmetric, # &, the
proof is complete. O

However, we do not know if in the group case there exist examples
p with different growth behaviour of {d,}. Hence we mention

Theorem 2.3. Let () be a (1,1, )-continuous convolution semigroup
of full measures. (For the definition of full measures cf. e.g., [1], §

2.2. 1.) Assume for a subsequence (n') C N that d,,/n ") s0. Then we
have:

a) If p <7 then 7 1/ (p)" — € along the subsequence (n').

b) If p > r then Td;ur(,u)” — vy along (n'). Thus, if (n) =N, u
belongs to the (general) domain of attraction p € DA(y1) (with norming
automorphisms belonging to B = (1) ).

Proof. a) r > p, hence 1/r < 1/p and thus Tdr_Ll/p(,u)” = T(d;yn)l/p(,u) *

Y-y — € (along (n')), since d,' - n — 0 and P .,

b) r < p. Then szl/r(u)” = T(d;yn)l/pTd;/p_l/r(u) xy1 — 7 (along
(n)) asd;t-n—0,1/p—1/r <0, thus 741/ Ty -1 (1) = e O

Possible Generalizations. a) As Aut(R) = {H, : u € R\{0}}, the
definition of pseudo stability (on R) could be generalized as follows:

€ MY (G) is called completely pseudo stable if for all a,b € Aut(G)
we have

a(p) * b(p) = (i) * Va

where ¢ : Aut(G) x Aut(G) — Aut(G) and d : Aut(G) x Aut(G) — Ry
are (suitable) functions. However, for d(-,-) = 0, this defines ’complete
stability” (cf. e.g., [1], 1.14.28, 2.11.22). It is known (cf. [9]) that for
G = R" and n > 2, completely stable measures are Gaussian, and vice
versa. Thus the definition of complete pseudo stability turns out to be
to restrictive.
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b) At the first glance it seems natural to investigate pseudo sta-
ble laws on more general convolution structures admitting contract-
ing groups (7;) of automorphisms (to guarantee the existence of stable
laws). E. g. generalized convolutions for the state space Ry (cf. e.g.,
[3, 7] and the literature mentioned there). In the case of hypergroups,
as in the group case, the existence of contracting (7;) has a strong im-
pact on the underlying structure. E.g., on R, only Bessel-Kingman
hypergroups admit contracting automorphisms. More general exam-
ples are hypergroup structures on matrix cones (cf. [10]), which have
a considerably rich structure of automorphisms, and hence there exist
stable laws in abundance. (Cf. also [2]). Our Examples 1.1-1.7 and
Theorem 2.1 hold true in this situation. However, the existence of non-
trivial pseudo stable laws p, i.e., laws which are not products of stable
laws, could not be proved. Therefore, we omit further details.

¢) The existence of stable laws and hence of continuous contract-
ing automorphism groups restricts the investigations to homogeneous
groups. To get rid of that restrictions one can replace G by a con-
tractible locally compact group, (7;) by a discrete contracting group
(%), <, and assume (7;) to be semistable. Under additional conditions
on G which guarantee a convergence of types theorem and continu-
ous embedding of (certain) infinitely divisible laws, a part of the afore
mentioned results holds in this general situation. Natural candidates
for investigations of examples of such 'pseudo semistable’ laws are the
real line on the one hand and certain contractible totally disconnected
groups on the other, e.g., p-adic groups. Details will appear elsewhere.
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