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ABSTRACT. We investigate the power of the CUSUM test and the Wilcoxon change-point
tests for a shift in the mean of a process with long-range dependent noise. We derive analytic
formulas for the power of these tests under local alternatives. These results enable us to
calculate the asymptotic relative efficiency (ARE) of the CUSUM test and the Wilcoxon
change point test. We obtain the surprising result that for Gaussian data, the ARE of these
two tests equals 1, in contrast to the case of i.i.d. noise when the ARE is known to be 3/7.
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1. INTRODUCTION

Statistical tests for the presence of changes in the structure of time series are of great
importance in a wide range of scientific discussions, e.g. regarding economic, technological
and climate data. Many procedures for detecting changes and for estimating change-points
have been proposed in the literature; see e.g. Csorgé and Horvath (1997) for a detailed
exposition. In the case of independent data, the theory is quite satisfactory. For various
types of change-point models, statistical procedures have been proposed and their properties
investigated. In constrast, the situation is different for dependent data, such as encountered
in time series models. For dependent data, most research has focused on linear procedures,
such as cumulative sum (CUSUM) tests, and there are many open problems when it comes
to other types of test procedures, e.g. those used in robust statistics.

In the present paper, we study the change-point problem for long-range dependent data.
Specifically, we will test the hypothesis that the process is stationary against the alternative
that there is a change in the mean. The classical test statistic for this problem is the CUSUM

Key words and phrases. Change-point problems, nonparametric change-point tests, Wilcoxon two-sample
rank test, power of test, local alternatives, asymptotic relative efficiency of tests, long-range dependent data,
long memory, functional limit theorem.
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statistic,
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When the test statistic is large, one infers that there is a change in the mean. The CUSUM
test has good properties when the underlying process is Gaussian. However, this test is not
robust against possible outliers in the data and against heavy-tailed distributions. Recently,
Dehling, Rooch and Taqqu (2013) have proposed a robust alternative to the CUSUM test,
which is based on the Wilcoxon two-sample rank statistic. The corresponding ” Wilcoxon
change-point test” uses the test statistic

k n
> > (txewy - 3)

i=1 j=k+1

(2) Jpax |

One rejects the null hypothesis when this test statistic is large. In their paper, Dehling,
Rooch and Taqqu (2013) investigated the asymptotic distribution of the Wilcoxon change-
point test under the null hypothesis of no change. Moreover, they performed a simulation
study to compare the finite sample performance and the power of the CUSUM test based
on (1) and the Wilcoxon change-point test based on (2).!

In the present paper, we study the power of the CUSUM test and the Wilcoxon change-
point test for a shift in the mean of a long-range dependent process. We will calculate the
power under local alternatives, where the height of the shift decreases with the sample size
n in such a way that the tests have non-trivial limit power as n — oo. These results enable
us to compute the asymptotic relative efficiency (ARE) of the CUSUM and the Wilcoxon
change-point tests, which is defined as the limit of the ratio of the sample sizes required
to obtain a given power. We obtain the surprising result that the ARE of these two tests
equals 1 in the case of long-range dependent Gaussian data. This is in contrast with the
case of i.i.d. and short-range dependent data, where the ARE of the Wilcoxon change-point
test with respect to the CUSUM test is 3/.

We consider a model where the observations are generated by a stochastic process (X;);>1
of the type

(3) Xi = pi + €,

where (¢;);>1 is a long-range dependent stationary process with mean zero, finite variance and
where (u;);>1 are the unknown means. We focus on the case when (¢;);>; is an instantaneous
functional of a stationary Gaussian process (&;);>1 with non-summable covariances, i.e.

We assume that (&;);>1 is a long-range dependent (LRD), mean-zero Gaussian process with
variance F(£?) = 1 and autocovariance function

(4) p(k) = kPL(k), k> 1,

where 0 < D < 1, and where L(k) is a slowly varying function. Moreover, G : R — R is a
measurable function satisfying E(G(¢;)) = 0.
Based on observations X1, ..., X,,, we wish to test the hypothesis

H:pp=...=puy,

IDehling et al. (2013) called the CUSUM test, the ”difference of means test”, and called the Wilcoxon
change-point test, the ”Wilcoxon-type” test.
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that there is no change in the means of the data against the alternative

(5) Ay =...= g # fgs1 = ... = iy, for some k € {1,...,n—1}.

We shall refer to this test problem as (H, A).
Dehling, Rooch and Taqqu (2013) have studied two tests for this change-point problem,
namely the Wilcoxon change-point test which is based on the test statistic

Z Z (1{X@-<Xj} - %) .

i=1 j=k+1
and the CUSUM test which uses the test statistic

ZZXX

=1 j=k+1

(6) W = nd 1<I£<aw§ 1

(7) Dn= 000 nd 1<I1£1<ar}f 1

Observe that the normalization d,,, which will be specified below, is the same for both tests.
These tests are similar in spirit. They compare the first part of the sample to the second
part. The Wilcoxon change-point test (6) involves the rank of the data whereas the CUSUM
test (7) involves their values. One rejects the null hypothesis of no change when these test
statistics are large.

Dehling, Rooch and Taqqu (2013) investigated the asymptotic distribution of these test
statistics under the null hypothesis H of no change in the means. In addition, they calculated
the power of these tests numerically via a Monte-Carlo simulation. In this paper, we will
compute the power of the above test statistics under a local alternative. More specifically,
we shall consider the following sequence of alternatives

N fori=1,...,[n7]
(8) Ap,(n): m—{ p+h, fori=Int]+1,...,n,

where 0 < 7 < 1. Observe that the level shift h,, depends on the sample size n.

2. POwER OF THE CUSUM TEST UNDER LOCAL ALTERNATIVES

We will first investigate the asymptotic distribution of the process

1
9 Dn(N) = X;—X;), 0< A< 1.
) RESTOIDILERS

To do so, we consider the Hermite expansion of G(¢;), namely

=Y %qu

where H, is the g-th order Hermite polynomial. We define the Hermite rank of the function
G as
m =min{¢g > 1 : a, # 0}

and introduce the normalization constants

(10) d? = Var (Z Hm(fi)> .
j=1

We suppose 0 < D < %, in which case

(11) d2 ~ ki n® ™ L™(n),
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where k., = 2(m!)/(1—Dm)(2— Dm). Here we use the symbol a,, ~ b, to denote a,,/b,, — 0
as n — 0o.

Under the null hypothesis H of no level shift, we get that the process (D, (\))o<r<1 in (9)
converges in distribution towards the process

(0%
(12) %()\Zm(l) — Zm(X))o<a<i,
where m denotes the Hermite rank of G and where

see Dehling, Rooch and Taqqu (2013), proof of Theorem 3. The process (Z,,(\))r>0 denotes

the m-th order Hermite process with Hurst parameter H = 1 — DTm € (%, 1). It is Gaussian

(namely fractional Brownian motion) when m = 1, but it is non-Gaussian when m > 2. For

various representations of the Hermite process (Z,,(A))x>0, see Pipiras and Taqqu (2010).
In view of (3), under the alternative A in (5), we need to consider

[nA] n [nA] n
I DI I BYISIREa) Si Sy
i=1 j=[pA]+1 =1 j=[nAl+1

Observe that the statistic D, (\) presumes that the jump occurs at time [nA] 4+ 1, whereas
the local alternative A, j, (n) involves a jump at [n7]+1. There will therefore be an interplay
between A and 7. In fact, under the local alternative A,y (n) in (8), we get

JnAn](n — [rn]) for A <7
" d ;J %ﬂ { :Tnn(n — [An])[tn] for A > 7.
t o (N)
T(1— 7)1
T ; ;\

FIGURE 1. Graph of the function ¢,; see (16).

We introduce the function ¢, : [0,1] — R by

(19 o0 ={ {5 st

which takes its maximum value 7(1 — 7) at A = 7; see Figure 1. Note that for large n, we
get

[RA] n
(17) Z > (A).
dn =1 j=[nA]+1

Thus, in order for the second term in (14) to converge as n — oo, we have to choose the
level shift h, ~ cd,/n. When n is large, this is exactly the order of the level shift that can
be detected with a nontrivial power, that is with a power which is neither 0 nor 1.
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Theorem 2.1. Let (§)i>1 be a stationary Gaussian process with mean zero, variance 1
and autocovariance function as in (4) with 0 < D < % Moreover, let G : R — R be a
measurable function satisfying E(G*(£)) < oo and define X; = pu; + G(&;). Then under the

local alternative A, p, (n) with

d
1 Py ~ —= )
(18) b

for an arbitrary constant c, the process (Dyn(X))o<a<1 in (14) converges in distribution to the
process

(19) (55 (AZn(1) = Zu(V) + e (V)

where (Z,u(N))aso denotes the m-th order Hermite process with Hurst parameter H = 1 —

P (1,1), where a,, is given by (13) and ¢-(\) by (16).

)
0<A<L1

Proof. We use the decomposition (14). The first term on the right hand side has the
same distribution as D,(\) under the hypothesis, and thus converges in distribution to
a4 (NZm(1) — Zm(N)). Regarding the second term, we observe that by (18) and (15) we get

[nA] n
Snj(n—[mn]) for A< 7
;] [%\:H { S(n—[An])[rn] for A>T
— cor(N),

uniformly in A € [0, 1], as n — oo. O

TI,

Remark 2.2. (i) Observe that for ¢ = 0 we recover the limit distribution under the null
hypothesis. Thus, Theorem 2.1 is a generalization of the results obtained previously under
the null hypothesis. The limit process is a fractional bridge process. When m = 1, this
process is a fractional Gaussian bridge. For m > 1, the process is non-Gaussian.

(ii) Under the local alternative, i.e. when ¢ # 0, the limit process is the sum of a fractional
bridge process and the deterministic function c ¢, .

As an application of the continuous mapping theorem, we obtain the following corollary.

Corollary 2.3. Under the alternative A, p, (n) with h, ~ d"c D,, as defined in (7) converges
in distribution to
(20) sup |()\Z (1) = Zn(N) + co-(N)]

0<Aa<1 e
Remark 2.4. (i) The limit distribution (20) depends on the constant ¢. For ¢ = 0, we
obtain the limit distribution under the null hypthesis. Quantiles of this limit distribution
were calculated numerically via a Monte-Carlo simulation by Dehling, Rooch and Taqqu
(2013), Table 1. Increasing the value of |¢| leads to a shift of the distribution to the right.
If ¢ = oo, that is, if h, tends slower to zero than d;"c for any ¢ > 0, then the correct
normalization for D,,(\) should go to co at a higher rate which would kill the random part
(Ap(1) — Z,(N)) in (19), and hence the level shift could be detected precisely. The power
of the asymptotic test would be equal to 1 in this case.
(ii) For a given 7 € [0, 1], the function ¢.(A) takes its maximum value in A = 7, and this
maximum value equals 7(1 — 7). Thus, for values of 7 close to 0 and close to 1, 7(1 — 7) is
close to 0, and thus the effect of adding the term c¢, () is rather small. As a result, the
power of the test is small at level shifts that occur very early or very late in the process.

(iii) The higher the level shift and the closer A is to 7, the easier it is to detect the level shift.



6 H. DEHLING, A. ROOCH, AND M. S. TAQQU

(iv) If the observations are short-range dependent, one can typically detect level shifts h,,

of size ¥* = but here, because of long-range dependence, the level shifts that can be

\/77
detected are of smaller order % ~ #/QL() = cn~P™2L(n); note that Dm < 1.

We will now apply Corollary 2.3 in order to make power calculations for the change-point
test that rejects for large values of D,,. Under the null hypothesis of no level shift,

D25 sup o T':’|)\Z (1) = Z, (M)
0<A<1 M.

If we denote by g, the upper a-quantile of the distribution of supy<y<; [AZm(1) — Zn(A)],
we obtain

lim Py <D > la m|qa> =P ( sup o m||)\Z (1) = Z,(N)| > Mqa) = q,
n—00 : 0<>\<1 m! m!

where Py indicates the probability under the null hypothesis H. Thus, the test that rejects
the null hypothesis H when D,, > |a”}| « has asymptotic level a.. If h,, is chosen as in (18),
we obtain under the alternative AT,h ( )

(21)
|am’ A ‘am|
Jm Py, <>( ol e S| (AZn(1) m(A))+c¢T(A)\ >

Thus, for large n, the power of our test at the alternative A, j, (n) is approximately given
by the right-hand side of (21).

We may also apply Corollary 2.3 in order to determine the size of a level shift at time [7n]
that can be detected with a given probability . First, we calculate ¢ = ¢(a, #) such that

S OZu(1) = Zn(0) + 0, 00] 2 210, ) =

m!

(22) P ( sup

0<A<L1

ml

Thus, by (21), we get that the asymptotic power of the test at the alternative A, j, (n) is
equal to 8. Thus, given a sample size n, we can detect a level shift of size h, = &= c(a, B) at
time [7n| with probablhty £ with a level a test based on the test statistic D,,.

3. POWER OF THE WILCOXON CHANGE-POINT TEST UNDER LOCAL ALTERNATIVES

In the context of the Wilcoxon change-point test, the Hermite rank is not that of the
function G, but of the class of functions

(23) l{G(&‘)Sw} - F<I>7 YRS Rv

where F(z) = E(liq,)<sy) = P(G(&) < x). We define the Hermite expansion of the class
of functions (23) as

— Jy()
Lcen<ay — Flz) =Y “C2H,

g=1

where H, is again the g-th order Hermite polynomial and where the coefficients are
(24) Jo(x) = E (Hy(&) o6 <o) -
We define the Hermite rank of the class of functions (23) as

m :=min{q > 1: Jy(x) # 0 for some = € R}.
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Theorem 3.1. Suppose that (&;)i>1 s a stationary Gaussian process with mean zero, vari-
ance 1 and autocovariance function as in (4) with 0 < D < % Moreover, let G : R — R
be a measurable function, and assume that G(&) has continuous distribution function F(x).
Let m denote the Hermite rank of the class of functions (23), let d,, be as in (11), and let
the level shift h,, be as in (18). Then, under the sequence of alternatives A, , defined in
(8), if h, — 0 as n — oo, the process

®) (2 > (lew—3) - 360 [(Flat b - F)r)

converges in distribution towards the process

(26) (fR Inl@dB) () ) )

|
m: 0<A<1

where (Zm(X))aso denotes the m-th order Hermite process with Hurst parameter H = 1 —
P c (1,1) and where J,,(z) is defined as in (24).

Remark 3.2. (i) The normalization d,, and the processes (Z,,(A))r>o in Theorem 2.1 and
Theorem 3.1 are the same.

(ii) Since, by assumption, the distribution F'(z) of G(&) is continuous, it follows from integra-
tion by parts that [, F(x)dF(z) = 5. This explains the 1/2 in (25) because [, F(z)dF(z) =
E(1{x,<x7)), where X7 is an independent copy of X;. The independence assumption is rea-
sonable as the dependence between X; and X vanishes asymptotically when |i — j| — oo.
(iii) As noted at the beginning of the proof, the first part of (25) converges to (26) under
the null hypothesis. We show in the proof that the second part of (25) compensates for the
presence of the alternatives A, p,,.

(iv) We make no assumption about the exact order of the sequence (hy),>1. Theorem 3.1
holds under the very general assumption that h,, — 0, as n — oc.

(v) If we choose (h,)n>1 as in (18), the centering constants in (25) converge, provided some
technical assumptions are satisfied. To see this, observe that

6-0) [(Flo+ 1)~ F@)ar) ~ Do [ FEEIIZ D g

S (V) /R F@)dF(z)
= o () / 12 (x)d.

The convergence in the next to last step requires some justification — this holds, e.g. if I is
differentiable with bounded derivative f(x).

n
dn,

Corollary 3.3. Suppose that (&)i>1 is a stationary Gaussian process with mean zero, vari-
ance 1 and autocovariance function as in (4) with 0 < D < % Moreover, let G : R — R be
a measurable function, and assume that G(&) has a distribution function F(x) with bounded
density f(x). Let m denote the Hermite rank of the class of functions ligey<ay — F(2),
x € R. Then, under the sequence of alternatives A, , defined in (8), with h, ~ c%" we
obtain that

(27) n;ﬂ Z_: D3 (1{X¢<xj} - %)

n’

0<A<L1
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converges in distribution to the process

<fR Jm(;)!dF("”)(Zm(A) — MZn(1)) +c¢T(A)/Rf2<1“>dI>

0<A<1

Proof of Theorem 3.1. In our proof, we will make use of the limit theorem that was
derived in Dehling, Rooch and Taqqu (2013) under the null hypothesis. They showed (see
Theorem 1) that

Z Z (1{G(£z <G(&)} — 5) Jg I m! (Zm(A) — N, (1)).

1=1 j=[n\]+1

(28)

n

In order to make use of this result, we will decompose the test statistic into a term whose
distribution is the same both under the null hypothesis as well as under the alternative, and
a second term which, after proper centering converges to zero. As in Dehling, Rooch and
Taqqu (2013), we will express the test statistic as a functional of the empirical distribution
function of the G(&;), namely

k
1
=7 > Loe<ay-
=1

Given integers k, ! with k£ <[ we denote by F;(x) the empirical distribution function based

on G<§k>, .o ,G(fl)7 ie

l
1
(29) Fia(r) = =7 Zk Lic(e)<at-

Recall that under the local alternative, we have

X G(&) + p fori=1,...,[n7]
Tl G&) +p+h, fori=[ntl4+1,...,n.

Thus, we obtain for A < 7,

[nA] n [nT] [nA] n
Yo > lxiexy = Z Y Yeruscen s T D o) rnsaE) utha
i=1 j=[nA]+1 i=1 j=[n\]+1 i=1 j=[n]+1
[nA] [n7] [nA] n
= Z Z 1{G51><G(5]}+Z Z LG(e)<G (&) +hn}
= 1] [nA]4+1 =1 j=[nt]+1
= Z Z Lceozoen +) D (Lse=oe)+hy — Laeae))
1= lj [nA]+1 =1 j=[n7|+1

(30) = Z Z Laen<oen + D D, Loe)<ce)<aie) i)

i=1 j=[nA]+1 =1 j=[n7]+1
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In the same way, we obtain for A > 7,

[n/\] n
> 2 lpasxy
=1 j=[nA]+1
[nT] [nA]
- Z Z e rusce)ruthay + Z Z LG ) +pthn<G(E))+uthn}
1=1 j=[n\]+1 i=[n7]+1 j=[nA]+1
[nT] [nA]
= Z Lae)<oe)im) + Y Z Laen<aen
=1 j=[nA]+1 i=[n7]4+1 j=[nA]+1
[nA] n [nT]
=Y Y lawesaen + ) Z (Lcenzce)+hay — Licen=ae)y)
i=1 j=[nA]+1 i=1 j=[nA]+1
[nA] n [nT]
(31) =Y > Lee<oen + ) Z La)<ae<a)+hn
i=1 j=[nA]+1 =1 j=[nAl+1

Thus, in order to prove Theorem 3.1, it suffices to show that the following two terms,

[nA] n

(82) == sup Z > lae<crsa) thy — PA1-7) / (F(x+ hy)— F(2))dF ()
n n 0<A<t i=1 j=[n7]+1 R
and
[nT
(33) —— sup Z S leteeotercie i — r(1-) / (F(x + hy)—F(2))dF (2)
n n 7<A<1 i=1 j=[nA]+1 R

both converge to zero in probability. We first show this for (32). Observe that

S S Lo cter<ate sy — n2A(1—7) / (F(x + hy) — F(z)) dF(2)

i=1 j= [n7'+1

n

=AY (Fan(G(&) + hn) = Fax(G(4)))

j=ln7l+1

(1 —7) /R (F(z + hy) — F(2)) dF(2)
= =7 [ (P + o) = Fi()) APl s1(0)
—nz)\(l —7) /R (F(x+ hy,) — F(z))dF(z)
= A ln= o)) ([ (oo + ) = Fos @ Fsan(e) = [ (Fla -+ 1) = F)F (@)

T ([n\](n — o)) — n2A(1 - 7)) /R (F(x + hn) — F(2))dF (z)
Note that |[nA](n — [n7]) — n®A(1 — 7)| < n and | [ (F(z + hy,) — F(z))dF(z)] < 1. Thus

nldn ([n)\](n — [n7]) = n2A(1 — T)) /R(F(x+ hp) — F(x))dF(z) < di — 0,
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as n — 0o. Hence, in order to show that (32) converges to zero in probability, it suffices to
show that
(34)
1
o ln=lr) ([ (Pt 4 o) = o DdFinte) = [ (Flo ) = F)ar()

converges to zero, in probability. In order to prove this, we rewrite the difference of the
integrals in (34) as

(35) /R(F[M](Hh) Flon(2)) dFjar)41,0(2) — A(F($+hn)—F($))dF(w)

= [ (B ) = () = (Pl + ) = F) 105
T / (F(x + hn) = F(2)) d(Fprpsrn — F)(@)
= /R (Fix (@ 4 hn) — Fix(z)) — (F(z + hy) — F(x)) dFyprs1,0(x)

_ /R (Frrsin(z) — F(z)) d(F(z + h,) — F(z)),

where we have used integration by parts in the final step. Thus, in order to prove that (34)
converges to zero, it suffices to show that the following two terms converge in probability, as
n — 0,

) o [ (Pl ha) = Foe)) = (P + ha) = F(@)) dFlpsan(e) 0

d

(37) d_ln(” _ ) /R (Fropsin(®) — F(@)) d(F(z + hy) — F(x)) = 0.

In order to prove (36) and (37), we now apply the empirical process non-central limit theorem
of Dehling and Taqqu (1989) which states that

(2 N (Fny(®) = F(2)) e oo cyreion) — @ Z(O))acl oo 0ol rcl0,1)
where
T(&) = Jula) = B (Lioiqren Ha(€))  and 2(3) = 22,

By the Dudley-Wichura version of Skorohod’s representation theorem (see Shorack and Well-
ner (1986), Theorem 2.3.4) we may assume without loss of generality that convergence holds
almost surely with respect to the supremum norm on the function space D([0, 1] x [—o0, o)),
i.e.

(38) sup }d;l[nA](F[n,\] (z) = F(z)) = J(@)Z(\)| — 0 a.s.

A€[0,1],z€R
Note that by definition, for any A < 7
([n7] = [PA) (Flnxjs 1 fnn) (7) = F (7)) = [n7](Flar(2) — F(2)) — A (Flany (7) — F(2)).

Hence, we may deduce from (38) the following limit theorem for the empirical distribution
of the observations Xpa41; - Xjnss

(39) sup |d, (0] = [nA]) (Fluxs1,por) () = F(2)) = J(2)(Z(7) = Z(N)| = 0,

0<ALT,zeR
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almost surely. In the same way, we obtain

(40) sup |dy, (0 — [0A]) (Flax10 — F(2)) = J(2)(Z(1) = Z(\))| = 0,

0<A<1,z€R

almost surely. Now we return to (36) and write

(41)

/]R d_ln[nA] ((Flax (@ + ) = Flax () = (F(2 + hn) = F(2))) dFjur1,0(2)

<

/R (& + hn) — J(2))Z(\)dFpury1.0(2)

+  sup i[M] ((Fix (z + ha) = Fix(2)) = (F(z + hy) — F(x)))

zER,0<A<1

(Tt ha) J(m))zm\

< sup |Z (M)

0<A<L1

/R (& + hn) — J(2))dFpury1.n(2)

+ sup
z€R,0<A<L1

iW\] ((Fpax(@ + 1) = Flax(2)) = (F(2 + hn) = F(2)))

—(J(z + hy) — J(x))Z()\)‘.

The second term on the right-hand side converges to zero by (38). Concerning the first term,
note that

(42) J(z) :/Rl{g(y)<x}Hm(y)¢(y)dy: _/Rl{:c<G(y)}Hm(y>¢(y)dy7
where ¢(y) = \/%76_92/ 2 denotes the standard normal density function. For the second

identity, we have used the fact that G(&), by assumption, has a continuous distribution, and
that [, Hm(y)o(y)dy = 0, for m > 1. Using (42) we thus obtain

(43) /Rj(x)dF[mHLn(x) = //1{1<G(y)}H Y)o(y)dyd Finz) 11,0 ()
_ / / o260 @Flurt 1.0 (2) Hon ()6 (y) dy

_ / Furi1(G0)) Hon (4)6 (),

and, using analogous arguments,

(44) /RJ(QJ + hn>dF[n’r}+1,n(x) = - /RF[nT]—H,n(G(y) - hn>Hm(y)¢(y)dy

By the Glivenko-Cantelli theorem, applied to the stationary, ergodic process (G(&;))i>1, we
get sup,cp |Fn(x) — F(x)| — 0, almost surely. Since

n [nT]

ﬂn7]+1,n<x> - F[TLT] (.CL'),

n — [nT]
we get that, almost surely,

(45) Suﬂg }F[n7]+1,n($> — F(x)‘ — 0.
S
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Returning to the first term on the right-hand side of (41), we obtain, using (43) and (44),

/R (& + hn) — J(2)) APy n(2)

| (Fur1.0(G () = n) = Flurprn(G () Hn(9)0(y)dy
/ IF(G(5) — hn) = FG)| [ Hn)| o)y

+2SU_p |ﬂnr]+1n - ‘/ ’H |¢

Both terms on the right-hand-side converge to zero; the second one by (45), the first one by
continuity of F', the fact that h, — 0, and Lebesgue’s dominated convergence theorem. In
both cases, we have made use of the fact that [ |H,,(y)|¢(y)dy < co. Thus we have finally
established (36). In order to prove (37), we observe that

) / (Furpian () — F(@)) d(F(z + hy) — F(x))

<

/RJ(x)(Z(T) — Z(D)d(F(z + hn) = F(@)‘

+ sup
zeR

/RJ(x)d(F@ + h,) — F(x))

(0 - (7)) (For 10 (2) = F(2)) = J(2)(Z(7) = Z(l))‘

<

|1Z(7) = Z(1)]

1
+sup| 7-(n = [n7]) (Frpan(z) = F(2)) = J(@)(Z(7) = Z(1)).
The second term on the right-hand side converges to zero, by (40). Concerning the first

term, note that

/R J@)d(F(x + hy) — F(2)) = E (J(G(&) — ha) — J(G(E)))

Applying Lebesgue’s dominated convergence theorem and making use of the fact that, by
assumption, J is continuous, we obtain that [, J(z)d(F(xz + hy,) — F(z)) — 0. In this way,
we have finally proved that (32) converges to zero, in probability. By similar arguments, we
can prove this for (33), which finally ends the proof of Theorem 3.1. U

4. ARE orF THE WILCOXON CHANGE-POINT TEST AND THE CUSUM TEST FOR LRD
DATA

In this section, we calculate the asymptotic relative efficiency (ARE) of the Wilcoxon
change-point test with respect to the CUSUM test. To do so, we calculate the number of
observations needed to detect a small level shift h at time [rn] with a test of given level
a and given power 3, both for the Wilcoxon change-point test and the CUSUM test, and
denote these numbers by ny and n¢e, respectively. We then define the asymptotic relative
efficiency of the Wilcoxon change-point test with respect to the CUSUM test by
(46) ARE(W,C) = lim <

h—0 TLW
It will turn out that the limit (46) exists and that the asymptotic relative efficiency does not
depend on the choice of 7, a, 5. If this limit is larger than 1, then the CUSUM test requires
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a larger sample size to detect the level shift, and hence the Wilcoxon change-point test is
(asymptotically) more efficient.

In the remaining part of this section, we will focus on the case when m = 1 both for the
CUSUM as well as the Wilcoxon change-point test, i.e. when the Hermite rank of G(&;) and
of the class of functions g, <z3 — F(2),2 € R, are both equal to 1. This is the case, for
example, when G is a strictly monotone function. In this case

/R Jy(z)dF(z) = —ﬁ,

see Relation (20) in Dehling, Rooch and Taqqu (2013), showing that the Hermite rank of
the class of functions 1¢g (¢, )<y — F'(2), 2 € R equals 1. Focusing now on G(&;) and using
integration by parts, we get that the first order Hermite coefficient a; of G' equals

E(G(&)&) /G )zo(z /G dx-/qﬁ )dG (x

where ¢(z) = \/%76_‘” /2 denotes the standard normal density function. Thus, the Hermite
rank of G(&;) equals 1, as well.
In this case, i.e. when m = 1, the Hermite process arising as limit in Theorem 2.1,

Theorem 3.1 and Corollary 3.3 is fractional Brownian motion (Bg(A))o<a<i. Note that
fractional Brownian motion is symmetric, i.e. (—Bg(A))o<a<i has the same distribution as
(Br(N))o<a<i- Thus the limit processes in Theorem 2.1 and Corollary 3.1 can also be written
as

(47) (lar[(Bu(A) = ABu (1) + ¢ 6r(A))ocr<t -

(48) ( /R Ty (2)dF ()

As preparation, we first calculate a quantity that is related to the asymptotic relative
efficiency, namely the ratio of the sizes of level shifts that can be detected by the two tests,
based on the same number of observations n, again for given values of 7, a;, 5. We denote the
corresponding level shifts by Ay (n) and he(n), respectively, assuming that these numbers
depend on n in the following way:

(Ba(3) = ABu(1) + co.0) [ f2(9:)dx)

0<A<1

dn
(50) hc(n> = ch.

In order to simplify the following considerations, we take a one-sided change-point test, thus
rejecting the hypothesis of no change-point for large values of

max g g X X;)
1<k<n—1
=1 j=k+1
or

k n
max E g lex <x.
1<k<n—1 {XisX5h
i=1 j=k-+1

respectively. These are the appropriate tests when testing against the alternative of a non-
negative level shift. In order to obtain tests that have asymptotically level o, the CUSUM
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test and the Wilcoxon change-point test reject the null-hypothesis when

>
(51) nd, |a1| 1o hans 1Z Z (X = Xi) 2 o

i=1 j=k+1

1 1
(52) nwdn] [ T (2)dF (e _max Z Z (1{X <X}~ 5) 2 G

.... =1 j=k+1

where ¢, denotes the upper « quantile of the distribution of supy<y<;(Bg(A) — ABg(1)).
This follows from Theorem 2.1 and Corollary 3.3 after applying the continuous mapping
theorem. The constants a; and the functions J;(z) are defined in (13) and (24), respectively,
and have just been computed. Under the sequence of alternatives A, (), the asymptotic
distribution of the test statistic in (51) is given by

sup (BH()\) ~ ABy(1) + C—C¢T(A)) :
0<A<1 \a1|

see Theorem 2.1. Under the sequence of alternatives A;j,, (n), the asymptotic distribution
of the test statistic in (52) is given by

cw Jp 2 (@) :
NACIAE >|¢ W)’

see Corollary 3.3. Thus, the asymptotic power of the CUSUM test is given by

JLIEOPAT’}LCW (nd las | 1<k<n 12 Z (X5 = Xi) 2 qa)

i=1 j=k+1

sup (BH()\) — ABg(1) +

0<A<1

(5) = (s (B~ ABu() + 6.00) 2 00 )

0<A<L1

In the same way, we obtain the power of the Wilcoxon change-point test

lim P ! 1 !
nsoo An () nd, | fR Ji(x)dF 1<k<n 1Z Z Xy 79 ) = 2 la

i=1 j=k+1

(54) =7 (s (BH<A>—ABH<1> oS L 6 ) 2 00 ).

0<A<1 | Jg i@

Thus, if we want the two tests to have identical power, we have to choose ¢c and ¢y in such
a way that

Cc Cw fR f2
T YT A = Av
o) = (R
which again yields by (49) and (50),
he(n)  co  laa] [ f3(

) e e R

This quantity gives the ratio of the height of a level shift that can be detected by a CUSUM
test over the height that can be detected by a Wilcoxon change-point test, when both tests
are assumed to have the same level «, the same power § and the shifts are taking place at
the same time [n7]. In addition, we assume that the tests are based on the same number of
observations n, which is supposed to be large.
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Example 4.1. In the case of Gaussian data, i.e. when G(§) = &, we have m = 1, a; =
E(GHi (&) = () = 1, [ P2(0)de = [y grede = o7z and fy Ji(2)dF(2) = — 57z see
Dehling, Rooch and Taqqu (2013), Relation (20). Thus we obtain

(56) o _12VT_

cv  1/2y7

Hence, both tests can asymptotically, as n — oo, detect level shifts of the same height.

The level shifts can be expressed in terms of

Y(t) =P ( sup (Bg(A\) — ABy (1) +to-(N\)) > qa) :
0<A<1

viewed as a function of ¢, for fixed values of 7 and a. The function ¢ is monotonically

increasing. We define the generalized inverse,

¢ (B) =inf{t > 0:4(t) > B}
Thus, we get

(57) P (s (BalN) = ABn(1) + 07(5) - () = 00 ) =
0<A<1
and, in fact, for given 7, o and 8, ¥~ () is the smallest number having this property.
We can now apply Theorem 2.1 and Theorem 3.1. By comparing (53) and (57), we can
detect a level shift of size h at time [n7] with a CUSUM test of level o and power /3 based
dn

on n observations, if hg(n) ~ %= co, where c¢ satisfies == 1~ (B). Hence we obtain that

heo(n) has to satisfy

he(n) = Clautu(8) = n~ P L(m)|ar [0~ (5).

Similarly, by comparing (54) and (57), we get for the Wilcoxon change-point test that n has
to satisfy

| Jx Jl(x)dF(xﬂw_(ﬁ)
Jg 2 (2)dx '
In the following theorem, we compute the asymptotic relative efficiency of the Wilcoxon
change point test with respect to the CUSUM test.

hw(n) = n P2 L(n)

Theorem 4.2. Let (§)i>1 be a stationary Gaussian process with mean zero, variance 1
and autocovariance function as in (4). Moreover, let G : R — R be a measurable function
satisfying E(G*(&1)) < oo, and such that G(&1) has a distribution function F(z) with bounded
density f(x). Assume that the Hermite rank of G(&1) as well as the Hermite rank of the class
of functions (1{ce)<ay — F(2)), * € R are equal to 1. Moreover assume that 0 < D < 1.
Then

ja] Ji /2 (w)de )”D
| Je J1(x)dF ()] ’
where To and Ty denote the CUSUM test and the Wilcoxon change-point test, respectively.

(58) ARE(Tyw,Te) = (

Proof. For abbreviation, we define

]y I@)dF @)\
(59) ”‘(|a1|fRf2<x>da:) '
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We will show that the Wilcoxon change-point test based on bn observations has asymptot-
ically the same power as the CUSUM test based on n observations. We will consider the
local alternative

(60) AS = Ao = A (n)
for the CUSUM test, and the local alternative
(61) AY = Ay = A, 2y ()

for the Wilcoxon change-point test. Note that under A}Y the level shift is the same as under
AC. Further observe that, by (11),

hszcédn/b = cé&i/Q(n/b)l_D/QLl/Q(n/b)
n n

_ b 1-D/271/2 D/271L1/2(n/b)
¢k L/=(n)b T(n)
— d bD/2 L(n/b) V2
n L(n)
d

62 ~ c—2pPI2,
(62 :

where we have used the fact that L(n) is a slowly varying function.
For the CUSUM test, we can apply Corollary 2.3 and we obtain under the local alternative
AY that

o D S ((Br(A) = ABa(1) + 1

0 (M)}

For the Wilcoxon change-point test, we apply Corollary 3.3 with ¢ replaced by ¢b”/?, in
view of (62). We thus obtain under the local alternative A"

1 D s B f]R f2 )2
@ e s B M)+ G e ()}
= o {2z + Lo},

by (62). Let g, denote the upper a-quantile of the distribution of sup0</\<1{BH( )—ABg(1)};
then the test that rejects the null hypothesis when ‘D > (o Or when 7 dF(:c)| W, > qa,
R

respectively, have asymptotically level . The power of these tests at the alternatives A¢
and A respectively, converges to

P (s { (B = ABa() + o 0} 4.

0<A<1
Note that this also holds for the power along any other sequence, such as bn. Since the level

shift at the alternative AS equals the level shift at the alternative A}” we have shown that

the Wilcoxon change-point test requires bn observations to yield the same performance as
the CUSUM test with n observations. Thus ARE(Tyw,T¢) = 1/b, proving the theorem. [

5. ARE orF THE WILCOXON CHANGE-POINT TEST AND THE CUSUM TEST FOR IID
DATA

We have shown in Example 4.1 that in the case of LRD data, the ARE of the Wilcoxon
change-point test and the CUSUM test is 1 for Gaussian data. In this section, we will
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compare this surprising result with the case of i.i.d. Gaussian data. We will find that in this
case, the ARE is %, i.e. the Wilcoxon change-point test is less efficient than the CUSUM
test.

We consider i.i.d. observations X7, ..., X, with X; ~ AN (0,1) and the U-statistic

=> > X, X))

i=1 j=k+1
As kernel we will choose heo(x,y) = v — 2 and hw(x,y) = lo<yy — , in other words we
consider
k n k n
c
O3 3 ) =Y Y (- X0
i=1 j=k+1 i=1 j=k+1
k n n
1
UES 3D NI 35S ( -3):
i=1 j=k+1 i=1 j=k+1
Both kernels h¢, hyy are antisymmetric, i.e. they satisfy h(x,y) = —h(y, z), so in order to

determine the limit behaviour of U ,EC) and U, ,EW), we can apply the limit theorems of Csorgo
and Horvéth (1988).

Theorem 5.1. Let Xy, ..., X, be i.i.d. random variables with X; ~ N(0,1). Under the null
hypothesis of no change in the mean, one has

(63) sup

0<A<1

n3/2

1
Ui\ — BBy n()\)' = op(1)

and

(64) sup U — BBy,(A)| = 0p(1),

1
0<A<1 | p3/2 /% [An]

where (BB, ,,(A))o<a<1, @ = 1,2, is a sequence of Brownian bridges with mean E[BB; ,(\)] =0
and auto-covariance E[BBW( )BBW( )] = min(s, t) — st.

Proof. By Theorem 4.1 of Csérgé and Horvath (1988), it holds under the null hypothesis H
that

sup
0<A<1

—5=Upn) — BBn()\)' = op(1)

n3/ 20

where (BB, ()))o<x<1 is a sequence of Brownian bridges like BB ,, and BB, ,, above and where
o? = E[h*(X)] with h(t) = E[h(t, X1)]. The kernel h has to fulfill E[h*(X;, X;)] < oo which

is the case for he(z,y) =y — x and hyw (z,y) = I{z<,) — 3 and Gaussian X;;. O
Theorem 5.2. Let Xi,..., X, be i.i.d. random variables with X; ~ N(0,1). Under the
sequence of alternatives A, p, (n) and with h, = fc where c is a constant, one has
1 ©)
(65) 3_/2U[/\n] — (BBi(A) + ¢ (N))g<rct
n 0<A<1
and
1
(66) — W™ — | BB,(A

2 \ /
\/_ 0<A<1
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in distribution, where (BB;(\))o<a<1 s a Brownian bridge, i = 1, 2.

Proof. First, we prove (65). Like for the case of LRD observations, we decompose the
statistic, so that we obtain under the sequence of alternatives A, (n)

1 [An] n [An] n
n3/2 n3/2 Z Z 3/2 Z Z
i=1 j=[An]+1 =1 j=[An]+1

By Theorem 5.1, the first term on the right-hand side converges to a Brownian bridge BB(\).
For the second term we have like in the proof for LRD observations

3/22 Z \/_hnng( )

i=1 j=[An]+1

and in order for the right-hand side to converge, we have to choose

1
67 h, = —c.
(67) =
Now let us prove (66). Again like for LRD observations, we decompose the statistic into one
term that converges like under the null hypothesis and one term which converges to a con-
stant. Under the sequence of alternatives A, (n) and for the case A < 7, this decomposition

18

An] A n
1 1
"> DD Dl (SRR R D) Dy e
=1 j=[An]+1 =1 j=[rn]+1

The first term converges uniformly to a Brownian Bridge, like under the null hypothesis. We
will show that, if the observations ¢; = G(&;) are i.i.d. with c.d.f. F' which has two bounded
derivatives F' = f and F”, the second term converges uniformly to cA(1 — 7) [, f*(x) dx,
which is cé,(N) [ f?(z) dx for the case A < 7. In the case of standard normally distributed
G(&), ie. for F =& and f = ¢, this function is ¢(2y/7)"'¢,(N). To this end, we consider
the following sequence of Hoeffding decompositions for the sequence of kernels h,(z,y) =

Lty<o<ythny:
(69) ho(z,y) = 0y 4 hyn(x) + hon(y) + hsn(x,y)
Let X,Y ~ F be ii.d. random variables. Then we define
Op = E[h(X,Y)] = P(Y <X <Y +h,)
y+hn
= [([ w0 a) sty ay
R Yy
= [ (Pl k) = Po) 1)
F hy,) — F
=y [ PO E ) g,
70 ~ hy, 2(y) dy,
(70) [ £y

where in the last step we have used that (F(y + h,) — F(y))/h, — f(y) and the dominated
convergence theorem. Moreover, we set

hl,n(l‘) = E[hn(l', Y)] — 1971 = E[I{Y<x§Y+hn}} — 1977,
(71) = F(x)— F(x—h,) —19,
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and
h2,n(y) = E[hn(Xa y)] - lgn = E[[{y<X§y+hn}] - 7~9n
= F(y+hy) — F(y) —
and
h3,n(x7 y) = hn<x7y) - th(l') - h2,n(y) - ﬁn
= ]{y<x§y+hn} - F(ZL’) + F(I - hn) + 1971 - F(y + hn) + F(y)

We will now show that

1
(72) SUP 5 Zl | ; 1 (hin(€) + hon(€)) + han(ei €5))| = 0
- = 1=1 j=|mn|+

in probability, and from this it follows by the sequence of Hoeffding decompositions (69) that

[An] n
sup ——= n(€i,€5) —Un)| — 0
0§A1<) n3/2 ;J %ﬂ J )

i.e. that the second term in (68) converges uniformly to

nlggomz; [Z 0, _J%W[An]( — [rn))V, :A(l—T)c/sz(a:) dx
7 j=|Tn|+1

by (70) and (67).

We use the triangle inequality and show the uniform convergence to 0 for each of the three
terms in (72) seperately. Since the parameter A occurs only in the floor function value [An],
the supremum is in fact a maximum, and the Ay ,(¢;) are i.i.d. random variables, so we can
use Kolmogorov’s inequality. We obtain for the first term in (72)

[An] 2 [n]

(73) P | sup n = lrn) Zhl,n(Ei) > s § Z\/ar [h1n(€)]

0<A<T n3/2

Now consider an independent copy € of the ¢; and the Taylor expansion of F' around the
value of e,

F(e+ hy,) = F(e) —I—F’(e)hn_f_w

where the last term is the Lagrange remainder and thus ¢ 4§ is between € and € + h,,. Then
we obtain

2
h;,,

L Var[hn(€)] = Var {

= F(E)—F(e—hn)l

hn
= Var [f(e) + F"(e+ 5)%}

= Var [f(e)] + Var {F"(e + 5)%}
+2(E[f(e)F"(e + 6)hn] — E[f(e)] E[F"(e + 6)hn]) ,

and since f = F’ and F” are bounded by assumption, we get Var[h;,(€)] = O(h?). Since
hy, — 0, the right-hand side of (73) converges to 0 as n increases.
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In the same manner, we obtain

n

An u 1 n?\?
(74) Pl sup 7[13—/; Z hon(€)| > s 2 ZVar [han(€5)]

OsAsT j=[mn]+1

Finally, we have to show that

(75) sup m Z Z hgn EZ,GJ —0

0<A<T i1 i

in probability. We set temporarily [ := [An| and T' := [rn| and obtain from Markov’s

inequality
) .
< —
S 2

<0<l<T n3/2

2
Z Z hs (€, €5) 0<l<Tn3/QZ Z hs n( ez,e]] .

i=1 j=T+1 =1 T
Now for any collection of random variables 1, . . ., Y4, one has E[max{Y?2,... Y2} < 2% | EY?,
so that
2 11 T l n 2
82E 0<l<T n3/2 Z Z han(eir ;)| < EEZE Z Z h3’”(€i’€j)]
i=1 j=T+1 =1 Li=1 j=r+1

52 . ZZ Z Var [hs (€, €5)],

=1 i=1 j=T+1

where in the last step we have used that hs,(€;, €;) are uncorrelated by Hoeffding’s decom-
position. Now for two i.i.d. random variables ¢, 1, we have, like above with the Taylor
expansion of F"

Var [h3 ,(€,n)] = Var |:[{77<€S77+hn} — F(e)+ F(e — hy) + 9, — F(n+ hy) + F(n)}
= Var [Ityce<nrnny — hn (f(€) + Op(hn)) 4 hn (f(0) + Op(ha))]
= Var [Iycccyinny) + Var [l (f(€) + f(n) + Op(hn))]

+2Cov [Iyce<ysnnys hn (f(€) + f(n) + Op(ha))]
< (0, —92) + h20(1) + 24/(9, — 92) - h20(1)

= O(hy),
)gémm»

using (70). We have just shown that
=1 j=T+1
which proves (75). So we have proven (68) for the case A < 7. The proof for A > 7 is

g <0<l<T n3/2 Z Z isncir €5)
similar. O

Now the stage is set to Calculate the ARE of the Wilcoxon test based on U&G) and the

CUSUM test based on U D ], as defined in the section about the ARE in the LRD case. Let

g denote the upper a- quantlle of the distribution of supy<y<; BB(A). By Theorem 5.2, the
power of the tests is given respectively by

(76) P(wpwmm+@@u»z%)

0<A<1
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and

(77) P (s (B0 +evy0.00) 2 00

0<A<L1

where 6% = 1/12 and we assume that

Cw cc

hw(n) = —, hc(n) = —.

Thus if we want both tests to have identical power, we must ensure that cc = ey /(0 - 24/7),
in other words

he(n) cc 1

hw(n)  cew 0-2y7

Now we define, as in the proof for LRD observations, the probability

b(t) = P ( sup (BB(\) + £, () > qa) ,

0<A<1
for whose generalized inverse ¢~ holds
(78) P(sup (BB + 07 (9)6:0) 2 .) 2 6
0<A<1

Now, comparing (78) and (76), we conclude that we can detect a level shift of size h at time
[n7] with the CUSUM test of (asymptotic) level  and power /3 based on n observations, if
ho(n) = &% and where cc satisfies co = 1~ (B); hence we obtain that hc(n) has to satisfy

1
ho(n) = ==~
In the same manner, we get for the Wilcoxon test the conditions hy (n) = % and cw [(02y/T) =

1~ (P) and thus
o2/
vn

Solving these two equations for n again and denoting the resulting numbers of observations
by nc and nyy, respectively, we obtain

ng = (%¢_(5))2
e = (2727 (6)) |

hw

hw(n) = Y (B).

To obtain ARE(Tw,T¢), we equate hy and he. We then obtain the following theorem.

Theorem 5.3. Let X4,..., X, be i.i.d. random variables with X; ~ ./\/(0, 1). Then
h—0 nW

where Te, Ty denote the one-sided CUSUDM-test, respectively the one-sided Wilcozon test,
for the test problem (H, A;p,).
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6. SIMULATION RESULTS

We have proven that for Gaussian data, the CUSUM test and the Wilcoxon change-point
test show asymptotically the same performance, i.e. that their ARE is 1. For Pareto(3,1)
distributed data, we obtain, using (58) and numerical integration, an ARE of approximately
(2.68)%P. Now we will illustrate these findings by a simulation study.

6.1. Gaussian data. We consider realizations &;,...,&, of a fGn process with Hurst pa-
rameter H = 0.7 (D = 0.6), using the fArma package in R, and create observations

{G(@-) fori=1,...,[nAl
Xi= . ;
G(&)+h fori=[nA+1,...,n

by applying a transformation G which is (with respect to the standard normal measure)
normalized and square-integrable: E[G(£)] = 0, E[G%(£)] = 1 for £ ~ N(0,1). As a first
step, we choose G(t) = t in order to obtain Gaussian observations Xi,..., X, (later we
will choose a function G such that we obtain Pareto distributed data). In other words, we
consider data which follow the local alternative

A w=FE[X;]=0 fori=1,...,[n7]
A w=FE[X;]=h fori=n7t|+1,...,n,

as in (8). In contrast to the simulations by Dehling, Rooch and Taqqu (2013), we choose a
sample size n = 2,000 instead of n = 500. We let both the break point k& = [rn| and the level
shift h := pg1 — i vary; specifically, we choose k& = 100, 200, 600, 1000 (which corresponds
to 7 = 0.05,0.1,0.3,0,5) and we let h = 0.5,1,2. For each of these situations, we will
compare the power of the CUSUM test and the power of the Wilcoxon change-point test in
the test problem (H, A, p): We have repeated each simulation 10,000 times and counted,
how often the respective test (correctly) rejected the null hypothesis.

Since our theoretical considerations yield an ARE of 1, we expect that both tests detect
jumps equally well — that means that both tests, set on the same level, detect jumps of the
same height and at the same position in the same number of observations with the same
relative frequency. And indeed, we can clearly see in Table 1 that the power of both tests
approximately coincides at many points; differences can be spotted only when the break
occurs early in the data.

relative jump position 7 relative jump position 7

0.05 0.1 0.3 0.5 0.06 0.1 0.3 0.5
h=0.5]0.074 0.153 0.767 0.874 h=0.5]0.072 0.143 0.765 0.876
h=1 |0.153 0.694 1.000 1.000 h=1 |0.128 0.602 1.000 1.000
h=2 |0.828 1.000 1.000 1.000 h=2 |0.321 1.000 1.000 1.000

TABLE 1. Power of the CUSUM test (left) and of the Wilcoxon change-point
test (right), for n = 2000 observations of fGn with LRD parameter H =
0.7, different break points [rn| and different level shifts h. Both tests have
asymptotically level 5%. The calculations are based on 10,000 simulation runs.
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6.2. Heavy tailed data. We consider again realizations &i,...,&, of a f{Gn process with
Hurst parameter H = 0.7 (D = 0.6) and create observations

- JG(&) fori=1,...,[nA
G +h fori=[nA+1,...,n]

by applying the transformation

mwz—éa(@wrm—g)

In this case, the first Hermite coefficient of G, obtained by numerical integration, equals
a; ~ —0.6784. This transformation G produces observations X; = G(&) which follow
a standardized Pareto(3,1) distribution with mean zero and variance 1. The probability
density function of X is given by

fia) = ?@Q@$+@%imz—¢g

else.
To the second sample of observations, X;,11,...,X,, we again add a constant h, but this
time we choose
dy,
(80) h=h,=c==cnP?
n

as in (18). We let the break point k = [rn] vary; here, we choose 7 = 0.05,0.1,0.3,0.5. We
let also the sample size vary; we will give details below. To these data, we have applied
the CUSUM test and the Wilcoxon change-point test, and under 10,000 simulation runs we
counted how often the respective test (rightly) rejected the null hypothesis.

Now our theoretical considerations, see (58), predict for this situation

o ne ([l f ) d
ARk =] ‘Q&Lmﬂmm

n—oo ’I’LW
This means that the CUSUM test needs approximately 26.66 times as many observations
as the Wilcoxon test in order to detect the same jump on the same level with the same
probability. In order to find this behaviour, we have analysed the power of the Wilcoxon
test for ny = 10,50, 100,200 observations and the power of the CUSUM test for ng =
266, 1332, 2666, 5330 observations.

In order to be able to compare the two tests, we need to have identical level shifts when
applying the Wilcoxon test to a sample of size ny, and the CUSUM test to a sample of
size nc = 26.655ny,. This can be achieved by choosing the constants ¢ in (80) accordingly,
namely taking cc = 2.67754 cyy. In this way, we obtain

WS, = cong”® = 2.67754en(26.655nw) P/ = cyny”? = WY .

We ran simulations for two different choices of ¢y, namely ¢y = 1 and ¢y = 2; see Table 3
and Table 4 for the results.

Here, we have to face a problem which was already encountered by Dehling, Rooch and
Taqqu (2013). For the heavy-tailed Pareto data, the convergence of the CUSUM test statistic
towards its limit is so slow that the asymptotic quantiles of the limit distribution are not
appropriate as critical values to define the domain of rejection of the test: In finite sample
situations, the observed level of the test is not 5% — as it should be when using the 5%-
quantile of the asymptotic limit distribution. In order to remedy this, we used as critical
value for the test, the finite sample 5% quantiles of the distribution of the CUSUM test

2/D
) ~ (2.67754)%%6 ~ 26.655.
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statistic under the null hypothesis, using a Monte Carlo simulation; see Table 6 in Dehling,
Rooch and Taqqu (2013). Here, we have performed the same steps, but for sample sizes
n = ng = 266, 1332, 2666, 5330. The results are given in Table 2. Note that this problem does
not arise when using the Wilcoxon change-point test, since the Wilcoxon test is distribution
free under the null hypothesis.

n | 266 1332 2666 5330 oo
Gemp,0.05 | 0.73 0.66 0.64 0.63 0.59

TABLE 2. 5%-quantiles of the finite sample distribution of the CUSUM test
under the null hypothesis for Pareto(3,1)-transformed fGn with LRD param-
eter H = 0.7 and different sample sizes n = n¢.

The simulation results are shown in Table 3 (for ¢y = 1) and Table 4 (for ¢y = 2). Indeed,
for a fixed jump position 7, the power of the CUSUM test (for n = ng = 266, 1332, 2666, 5330
observations) and of the Wilcoxon test (for n = ny = 10, 50, 100, 200 observations) coincide.
They are not fully equal, but we conjecture this is due to the small sample size which conflicts
with the asymptotic character of our results. But it becomes clear: The CUSUM test needs
quite a number of observations more to detect the same jump on the same level with the
same probability — as predicted by our calculation around 25 times as many.

relative jump position 7 relative jump position 7
n h | 005 0.1 0.3 0.5 n h | 005 0.1 0.3 0.5
266 0.50 | 0.049 0.049 0.066 0.088 10 0.50 | 0.036 0.025 0.033 0.079

1332 0.31]0.050 0.052 0.083 0.110 50 0.3110.049 0.051 0.093 0.120
2666 0.25(0.052 0.055 0.092 0.127 100 0.25(0.050 0.053 0.102 0.134
5330 0.20 | 0.051 0.054 0.099 0.130 200 0.20 | 0.051 0.055 0.103 0.134

TABLE 3. Power of the CUSUM test (left) and of the Wilcoxon change-point
test (right), at different break points [rn], different sample sizes n, and differ-
ent jump heights h, for Pareto(3,1) distributed data. Both tests have asymp-
totically level 5% (CUSUM test is performed with empirical quantiles). The
calculations are based on 10,000 simulation runs.

relative jump position 7 relative jump position 7
n h | 005 0.1 0.3 0.5 n h | 005 0.1 0.3 0.5
266 1.00|0.049 0.054 0.162 0.259 10 1.00 | 0.033 0.024 0.039 0.197

1332 0.62]0.052 0.062 0.236 0.345 50 0.6210.049 0.055 0.199 0.283
2666 0.50 | 0.055 0.069 0.272 0.390 100 0.50 | 0.051 0.063 0.225 0.316
5330 0.4110.054 0.074 0.287 0.402 200 0.41]0.054 0.066 0.242 0.338

TABLE 4. Power of the CUSUM test (left) and of the Wilcoxon change-point
test (right) at different break points [rn|, different sample sizes n, and different
jump heights h, for Pareto(3,1) distributed data. Both tests have asymptot-
ically level 5% (CUSUM test is performed with empirical quantiles). The
calculations are based on 10,000 simulation runs.
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