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EXISTENCE OF SOLUTIONS FOR TWO TYPES OF GENERALIZED VERSIONS OF
THE CAHN-HILLIARD EQUATION

MARTIN HEIDA

ABsTrRACT. We show existence of solutions to two types of generalized Cahn-Hilliard problems: In the first
case, we assume the mobility to be dependent on the concentration and its gradient, where the system is
supplied with dynamic boundary conditions. In the second case, we treat with classical no-flux boundary
conditions where the mobility depends on concentration u, gradient of concentration Vu and the curvature
Au — s'(u). Existence will be shown using a newly developed generalization of gradient flows by the author
[16] and the theory of Young measures.

1. INTRODUCTION

This work deals with existence of solutions to a variety of Cahn-Hilliard models generalizing applications
in [16]. In what follows, we will introduce the three types of equations that will be discussed in this paper,
where we use some notation and Hilbert spaces as they are introduced below in section 2

1.1. Introductory example: Cahn-Hilliard equations on a closed manifold. The first problem in
most parts was treated in [16] and we will not spend to effort discussing it; we rather consider it as an
introductory exercise for the other two problems, as it will help to improve understanding of the method. In
the aforementioned paper, the author developed and applied a generalized concept of gradient flows to the
following problem:

Given ©2 C R", n < 3, a bounded and open domain with smooth boundary I" and outer normal nr, show
existence of solutions to the following problem in some suitable Hilbert space:

Ou + div [A(u, Vu) V (Au — s'(u))] =0 on (0,7] x €,
[A(u, Vu) V (Au — ' (u))] -nr = Vu-nr =0 on (0,7] x T,
u(0) = ug fort=0.

where we assume for some bounded interval (a,b) C R, 0 € (a,b), that ug(z) € (a,b) for all z € Q,
s(u) = so(u) + s1(u) with so € C?((a,b)) convex and lim, 4 sj(z) = —o0, lim,_; sj(z) = +oo as well as
S1 € C? (R)

Furthermore, we will assume that A : R x R® — R™*"™ is Lipschitz continuous, bounded and uniformly
elliptic, which means there is a constant C' > 0 s.t. C~1|¢]> < (A(c,d)¢) - € < C|¢]? for all (¢,d) € R x R"
and all £ € R™. We will use this problem in order to introduce the basic concepts of the theory. The weak
formulation of the above problem reads

T T
| [ o= [ [ w90V @u-sw)- Vo =0 vee20TiH} @)
(1.1) 0o Jao o Ja
Vu-npr=0on (0,7] xT", u(0) =wug for t =0.
and the existence result can be formulated as follows

Theorem 1.1. For 0 < T < 400 and any ug € H(lo)(ﬂ) there exists u € H(0,T; H(B)I(Q)) NL2(0,T; H%())
satisfying (1.1) with u(t,x) € (a,b) for a.e. (t,z) € (0,T) x Q, and there is a positive constant C € R such

that the estimate
2
(1.2) 1903 0.ty + 180 = st @) 3011, ) + 1l Fogo arny < C (Suo) = S(u(t)))
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holds for all t € (0,T), where
1
(1.3) S(u) :z/ = |Vaul? +/ s(u).
Q2 Q

However, for Q being a bounded domain with smooth boundary I', we can also ask for existence of a
solution to the following problem

O¢u + divr (A(u, Vru) Vi (Aru — s'(u)) =0 on (0,T] x T,
u(0) = ug fort =0,

where divp, Vp and Ar are the tangential divergence, tangential gradient and Laplace-Beltrami operator on
I'. To this aim, let T, I" be the tangential space to I' in # € I" and TT := (J,p{z} x T,I" the tangential
bundle. We suppose that s has the properties as above and A : TT" — R™*" ig Lipschitz continuous, bounded
and uniformly elliptic, which means there is a constant C' > 0 s.t. O[> < (A(c,d)€) - € < C[¢]? for all
(¢,d) € TT and all £ € T,.I'. The weak formulation reads

T T
/ / Opuyp + / / (A(u, Vru) Vr (Aru — s'(u))) - Ve =0 Ve € L*(0,T; H(lo) ()
o Jr o Jr
u(0) =ug for t =0.

(1.4)

This problem is of particular interest for numerical simultions in vesicles formation in biological membranes,
see Lowengrub, Rétz, Voigt [?], as well as Mercker and coworkers [?, 7, ?].

Theorem 1.2. For 0 <T < +o0o and any ug € H(lo)(F) there exists u € H*(0,T; H(_O)l(l“)) NL2(0,T; H*(T))

satisfying (1.4) and there is a positive constant C € R such that the estimate

2 2 2
||3tu||L2(o,t;H(—o§(r)) + [[Au - Sf)(U)HLz(o,t;H(lo)(r)) + ||u||L2(O,t;H2(F)) < C(S(uo) — S(u(t)))

holds for all t € (0,T), where
1
S(u) = / = |Vrul? +/ s(u) .
r2 r

The earliest proof of existence for the Cahn-Hilliard equation the author is aware of, is for A(-,-) = 1,
smooth convex function s : R — R and small concave pertubation s; and was given in [9]. The first attempt
to the Cahn-Hilliard equation using an energy functional & with sg like above and s; a small concave
perturbation was in [1]. This form of s seems to be more physical (for a choice (a,b) = (—1,1)) as it forces
the concentration of each constituent to remain between the fixed boundaries —1 and 1.

Though there is a hughe literature on Cahn-Hilliard equation (refer to [1, 3] and references therein), there
seems to be only few results on concentration dependent mobility, among the most cited being Cahn, Elliot
and Novick-Cohen [5]. Other works are by Liu [6], the one dimensional treatments by Dal Passo, Giacomelli
and Novick-Cohen [7] and Liu [17] and the work by Novick-Cohen [21, 22] which both treat very special cases,
but which are both not covered by our approach. Rossi [25] and Grasselli, Miranville, Rossi and Schimperna
[12] deal with a Cahn-Hilliard equation of the form

0w — Aa(w) =0, w = sy(u) — Au.

However, a dependence on w will also be included in the third part of the present framework, but with
different form of a.

1.2. Cahn-Hilliard equation with dynamic boundary conditions and nonlinear mobility. The
theory of Cahn-Hilliard equation with dynamic boundary condition is rather young. Mathematical studies
and references can be found in Miranville and Zelik [18], Gilardi, Miranville and Schimperna [11], Gal [10]
and the initial work by Racke and Zheng [24]. From the modeling point of view, note that the equations
derived below fall within the modeling framework developed in Heida [14, 13] or by Qian, Wang and Sheng

[23].
Here, we prove existence of a solution to the problem
Ou = div (A(u, Vu)V (' (u) — Au)) on Q,
0= A(u, Vu)V (s’ (u) — Au) - nr on T,

Ou = Ar(u) (Aru — sp(u) — Vu - nr) on T,
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with 4(0,-) = ug(+) for t = 0 on ©Q and I" and we assume A and s to be given like in section 1.1. Ap is
assumed to be bounded and Lipschitz continuous with some 0 < C' < Ar(-) for some positive constant C
and sp = 8¢ + s with so € C%(R). Existence to above problem in case A = Id, Ar = 1 was treated in the
above references for different forms of s and sp. Note that the first and third equation of the problem are
not coupled directly through boundary integrals but only through Vu - np. Thus, the weak formulation of
the above problem splits up into two parts:

(1.5)
/OT /Q Opuyp = /OT /Q (A(u, Vu)V (5'(u) — Au)) - Vi) = 0

/OT /F HE(u) p — /OT /F Ar(B(w) (ArE(u) — sh(B(w)) — Vu-nr) g = 0

together with the inital condition, where we use E(u) to denote the trace of u on T' and Py the projection
operator defined below in (2.2). Our existence result then reads as follows:

Vi, € C1(0,T;C%(Q))

Theorem 1.3. For 0 < T < 400 and any ug € H(lo)(Q) N H?(Q) there exists u € H'(0,T; H(_Oi(Q)) N
L?(0,T; HY(Q)) with E(u) € HY(0,T; L?>(T")) N L2(0, T; HX(T')), as well as Py(s'(u) — Au) € L?(0,T; H(lo)(Q)
and (Aru — Vu-nr) € L*(0,T; L*(T")) satisfying (1.5) and there is a positive constant C € R such that the
estimate

2 2
||UHHl(o,T;H—l(Q))mL?(mT;Hl(Q)) + [[Po (Au — S6(“))||L2(O,t;H(10)) + |ArE(u) — Vu- nF||L2(O,T;L2(F))

©)
+ HEuniﬂ(0,T;L2(F))ﬂL2(O,T;H1(F)) < O (S(uo) = S(u(t)))
holds for all t € (0,T), where

swi= [ 319+ [ s+ [ S9eB@E + [ sriEw).

Note that the usual way for treating such equations is different and we will shortly skech it formally:
Starting from the classical Cahn-Hilliard problem with dynamic boundary conditions

Ou = div (V (s'(u) — Au)) on Q,
0=V (s'(u) — Au) - nr on T,
Ou = (Aru — sp(u) — Vu - nr) on T,

it is convenient to reformulate this problem (for the moment informally) as
~ AN O = — (' (u) — Au) + () on ,
() = (s (w)) = (Au)

where (u) := f, u. This formulation allows to perform partial integration in the term Au and thus to treat
the problem in one single weak formulation of the form

/OT/Q—AJ_vl@tuva/OT/Q(S'(U)¢+Vu~V¢)+/OT/F8tu¢+/OT/F(VFU'VF¢+8%(U)¢)=0

However, for the nonlinear dependence of the mobility on u, Vu, the operator Afvl would have to be replaced
by a time-dependent operator, imposing lots of technical difficulties.

1.3. Cahn-Hilliard equation with curvature-dependent mobility. The third type of Cahn-Hilliard
equation is a generalization of the first type with an additional dependence on the “curvature” term w :=
—Au + s'(u) (see below). Thus, we write down the problem as

Opu — div (A(u, Vu,w) Vw) =0 on (0,7] x Q
w+ Au—s'(u) =0 on (0,7] x
(A(u, Vu,w) Vw) -npr = Vu-npr =0 on (0,T] xT

u(0) = ug fort=0.
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where s(u) = so(u) + s1(u) with so(u) = |ul” for some p > 2 and s; € C’l‘?’l(R) is a three times continuously
differentiable mapping with bounded derivatives up to order 2.

Furthermore, we will assume that A : R x R” x R — R™*"™ is Lipschitz continuous, bounded and uniformly
elliptic, which means there is a constant C' > 0 s.t. C~1|¢]? < (A(a,b,c)€) - € < C|¢]? for all (a,b,c) €
R x R"™ x R and all £ € R®. The weak formulation of the above problem reads

T T
/ /&sm/w/ /(A(u,Vu,w)Vw)~Vw:0 Vi) € L*(0,T; Hpy ()
0o Jo 0o Jo

w=—Au+s'(u), Vu-nr=0on (0,7 x T, w(0) = ug for t =0.

(1.6)

for which the following existence theorem holds:

Theorem 1.4. For0 < T < +00 and any ug € H () there exists w € H'(0,T; H(_o)l (Q)NL%0,T; H?()),

w € L2(0,T; H(lo)(Q)) satisfying (1.6) and there is a positive constant C' € R such that the estimate

2
”atu”QL?(o,t;H(jJ)l) + [[Au — PO(S{)(U))HLZ(O;t?Hgo)) + Hu”i?((),t;fﬂ) < C(8(uo) — S(u(t)))

holds for allt € (0,T), where
1
S(u) :z/ = |Vul? +/ s(u) .
Q2 Q

The last result is of particular interest for the sharp interface limit. This limit is obtained by replacing S

with
5 1 _ 5 1
S%(u) ::/ = |Vu| +—2/s(u)
0?2 e* Ja

and solving a sequence of problems

ot — div (A(u®, Vu®, w®) Vw®) =0 on (0,7] x Q,
1
w® + Auf — ?s’(ue) =0 on (0,7] x Q,
(A(u®, Vu®,w®) Vu®) -np = Vu® -np =0 on (0,7] x T,
u®(0) = ug for t =

For the corresponding sequence of solutions u¢, we expect
u® —u

where v € BV (Q) with u(-) € {—1,1} almost surely, Vu being equal to a varifold v with curvature &,
satisfying 0y = k in a weak sense. We refer to the work by Roger and Schétzle [?], Mugnai and Roger
[19, 20] or the survey by Serfaty [27]. Note that with regard to the limit equations, the dependence of A
on u or Vu makes limited sense as u(z,t) € {—1,1} almost surely and Vu is a lower dimensional Hausdorff
measure indicating the interface. However, the quantity w® should converge to the curvature x of Vu and
thus, the dependence of A on w may affect the limit equations. A rigorous study of these reflektions is,
unfortunatly, beyond the scope of this article.

1.4. Outline of the paper. In section 2 we will introduce some standard Hilbert spaces which will be
frequently used in this paper and collect some basic facts on them. We will furthermore introduce basic
notations for the work with boundary derivatives. In section 3 we will introduce some functional analytical
tools, in particular the theory of Young measures whereas in section 4, we will introduce the theory of gradient
flows in the way it is presented in [16].

Since we introduced the three types of problems by complexity of their analysis, we will then go on first
treating the problems from subsection 1.1, making the reader familiar with the method and notation in
section 5. The second step will be generalization to the dynamic boundary conditions in section 6, making it
necessary to look for a suitable Hilbert space in order to apply gradient flow theory. Finally, we will include
the dependence of mobility on curvature and proof Theorem 1.4 in section 7.
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2. NOTATIONS AND PRELIMINARIES

For any Hilbert space H, we denote L?(0,T; 1) the Bochner space of LP-functions over (0, 7] having values
in # and by H'(0,T;#H) the space of functions u € L?(0,T;H) having dyu € L?(0,T;H). Furthermore, by
C([0,T),H) we denote the continuous functions from [0,7] to H, by C*([0,T],H) the k-times continuously
differentiable functions and by AC([0,T]; H) the set of absolutely continuous functions over [0, T7.

2.1. Sobolev spaces on (). In order to study the examples below, we will frequently make use of the
following Banach and Hilbert spaces: We consider an open, bounded domain 2 C R™ with smooth boundary
I' = 0€2 and outer normal vector nr. Wz’f (€2) denotes the usual LP-Sobolev space and Wzlf, 0(€) the closure of
C3°(Q) in WF(€). We will also make use of the notation

(2.1) H*(Q) :=W§(Q) and H{(Q) = W5(Q)

Following Adams [2|, we introduce the fractional Sobolev spaces by interpolation: Let W, be the space of
measurable functions [0, 00) — L?(Q) with u € W, iff t*u(t) € L*(0, 00; W4 (Q2)) and t”dyu(t) € L?(0, 00; L*(12)).
Then, for v =6 — % set

|

and for s =m+ o0 > 0 with m € N, 0 € (0,1) define

lifys @ = lulliym + Z [0%u; T =7 ()|

lo|=

@ = it maxd [T ol [T e ol

FeEWL, f(0)=u

Iy -
and W3 (Q) = Wy (Q) "5 For s <0, set W5 (Q) = (Wy ()™

H~1(Q) denotes the dual of H}(Q2). Furthermore, we introduce
H(IO)(Q) = {d) cHY(Q) : /Q(b = O}

RO /w» Ve Ve,ue Hb(9)

with the scalar product

and its dual space H (_0)1(9) with scalar product

(0,90 = (VAN &, VAYW) . Yo,0 € H(Q),

where Ay is the Laplace operator with Neumann boundary conditions. More generally, define

L%m)(Q) = {f € L*(Q) : /Qf = m} , Cfo)(ﬁ) L(o)( yNCk(Q) Yk e NU {0}
and
(2.2) Py L*(Q) = L, (), fef- /Q f
the orthogonal projection onto L%O)(Q). For simplicity, we may sometimes omit the (€) if the context is clear
(e.g. H' instead of H'(Q2)). Then, —Ay : Hj, () — H(B)l (Q2) is the Riesz isomorphism.

Lemma 2.1. [16] Let A € L°°(Q;R™ ™) having the property that there is 0 < C < 1 such that C|€|°
EA(x)E < CY|E for ace. x € Q and for all € € R™. For ¢ € H(_O)ln(Q) let py € H(O)(Q)solve
—div(AVpy) = ¢ on Q, (AVpy) -nr=0onT,

Then, there is 0 < G < 1 only depending on C' such that for all ¢ € H_}(Q)holds

(0)

G613 < [ Voo (A5 <G ol
Q (0)
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2.2. Sobolev spaces on I'. Since I' is C°°, we may introduce the tangential gradient Vr in the following
way: On T, let nr be the normal vector field and for each arbitrary C*°-vector field a : Q — R3, we define
the normal part a,, and the tangential part a, on I' via

Gn =@ -nr, a.:=a—a,nr.
We define the normal derivative

Opa :==Va-nr
and the tangential gradient Vp for any scalar a through

Vra = (Va),. = Va—nro,a.

For a smooth mannifold, this is equivalent with the Levi-Civita connection on I'. Thus, we may understand
any vector field f_ tangential to I' as an element of the 7T, and we define the divergence

divp f . := traceVr f,,
where we find for any sufficiently regular f:
div f =divpf, + 0n(f,,) -
The mean curvature of I' is defined as
kr := trace (Vrnr)

and we find the following important result:

Lemma 2.2. [4]|For any f € C'(T") holds

/erfz/rfﬂrnr+ aer

where v is the unit vector tangent to I' and normal to OU. Furthermore, for any tangentially differentiable

field q holds
/divrq:/ﬁFQ'nr+/ q-v
r r ar

The Laplace-Beltrami operator Ar on T is defined as Ar f := divpVr f. For a nice introduction to surface
gradients and the Laplace-Beltrami operator not based on the Levi-Civita connection, we refer to Buscaglia
and Ausas [4].

Remark. Lemma 2.2 implies for the closed surface I' that
~ [oars = [Vrg-ves  vngecr@.
r r

Via localization, projection and interpolation, we can introduce W3 (T') for s € R [2]. Note that

2 2
gy = [ vl + [ o2,
r r

For u € C?(Q), we set Er(u) := u|r the trace of u on T, and d,u := Vu - nr, with Er(u), d,u both being
functions on I'. Like in €2, consider the space

(2.3) HE () = {u € WAT) : /Fu - 0} ,

2 2
U = Vrul® .
Il oy = [ ¥

and introduce H (_0)1 (T") in an obvious way. We summarise the main imbedding results of interest from [2] in
a short lemma:

Lemma 2.3. The operators Er : WF(Q) — W;ié( ), k and 8, : WE(Q) — Wzkig(lﬂ), k> 2,

> 1,
are continuous. Furthermore, W¥ (Q) < Wk2(Q), W (D) < W (') are continuous and compact for all
k1 > ko and kl,kz € R.
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Remark 2.4. Note that there is 0 < C' < 1 such that
Cllullyy ) < IVull L2y + 1 Er (W)l 2y < ct lullwa )
i.e. the last chain of inequalities shows an equivalence of norms on W, ().
Furthermore, for simplicity of notation, we simply write
(2.4) u=FEr(u) € L*(T) Yuec W3 (Q)

and thus, we do not distinguish between W3 (Q)-functions and their traces, whenever this will not cause
confusion. Finally, we have the following result, which can be found for example in the book by Temam [29]:

Lemma 2.5. Let
E(Q):={ue L*(Q)" : divue L*(Q)} .
then, the operator
O+ E(Q) = L*(Q), u~u-nr

1S continuous.

3. FUNCTIONAL ANALYTICAL TOOLS AND YOUNG MEASURES

3.1. Tools from functional analysis. We state two fundamental results from functional analysis which
are known in various versions, among which we will use the following:

Theorem 3.1 (Egorov’s theorem for L?(0,T;H)). Let H be a Hilbert space and (v,), e C L*(0,T;H) be
a sequence such that v, — v € L*(0,T;H) strongly and pointwise for a.e. t € (0,T). Then, for any ¢ > 0
there is K. C (0,T) compact with L((0, T)\K.) < € such that v, — v uniformly on K..

Theorem 3.2 (Lusin). For a Banach space B, let f € LP(0,T;B) for some 1 < p < co. Then, for each
€ > 0 there is a compact set K= C (0,T) such that L((0,T)\K*®) < ¢ and f € C(K¢;B).

3.2. Young measures. For a separable metric space E, we denote by B(F) the Borel-o-algebra, where
L£(0,T) is the Lebesgue-o-algebra on (0,T) and £(0,T) ® B(F) is the product o-algebra. M(0,T; E) denotes
the set of measurable functions over (0,7") with values in E. A £(0,7) ® B(E)-measurable function h :
(0,T) x E — (—00,+00] is a normal integrand if v — h(t,v) is lower semicontinuous for all ¢ € (0, 7).

For a Hilbert space H, let B(H) denote the Borel-sigma-algebra with respect to |-||,,. We say that a
L ® B(H)-measurable functional h : (0,7T) x H — (—o0, +00] is a weakly normal integrand if

v = hi(v) := h(t,v) is sequentially weakly l.s.c. for a.e. t € (0,T).

Definition 3.3. (Time dependent parametrized measures) A parametrized measure in F is a family v :=
{vt}ie(0,7) of Borel probability measures on E such that

t € (0,T) — vy (B) is L — measurable for all B € B(E).

We denote by Y(0,T; E) the set of all parametrized measures.

For computations below, the most important result on parametrized measures is a generalization of Fubini’s
theorem [8]: For every parametrized measure v = {11}, 1), there exists a unique measure v on £(0,7) ®
B(E) defined by

v(I x A) = /Vt(A)dt VI e £(0,T), Ae B(E).
I
Moreover, for every £(0,T) ® B(E)-measurable function h : (0,7) x E — [0, +00], the function

e [E h(t, €)dun(€)

is £(0,T)-measurable and the Fubini integral representation holds:

(3.1) /( g OO = /O ! ( [E h(t,f)dz/t(f)) dt.
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If v is concentrated on the graph of a measurable function w : (0,7) — E, then v; = 0, for a.e. t € (0,T),
where d,,(;) denotes the dirac’s measure carried by {u(t)}. In this case, by (3.1):

T
[ gt = [ attu@ar.
(O,T)XE 0

For calculations below, we will study the following situation: given two Hilbert spaces H and H, we will
consider a mapping ge(-,-) : H x H x H — R being continuous in H and bilinear continuous in H with

CTHIEI < gu(6©) SCEl;,  YueH, EeH
for some constant C and
(3.2) G (Vm, ) = gu(v,0) Vo €H,

whenever u,, — u strongly in H and v, — v weakly in H. Starting from section 4 below, we will assume
H — H continuously, which is actually not needed for the results in this section.

Corollary 3.4. [16] As a consequence of (3.2), we find for u, — u strongly in H and On — @ weakly in H:
gu(p, ¢) < liminf gy, (n, @) -
n—oo

Theorem 3.5. [16] Let {vn},, oy be a bounded sequence in LP(0,T;H), for some p > 1, and let {un}, oy be a
sequence in LP(O,T;’}:[) with u, — u € LP(0,T; ’}:t) pointwise a.e. in (0,T). Then there exists a subsequence

k— v, and a parameterized measure v = {vi}yc (o ) € Y(0,T;H) such that for a.e. t € (0,T)

limsup |[vy,, (t)|l,; < +o00, vy is concentrated on L(t) := ﬂ {on, () : k>q}
k—o0

g=1
of weak limit points of {vn}, oy, and
T T
lim inf h(t,vp, (t))dt > / </ h(t,f)dut(§)> dt
k—oo Jo 0 H

for every weakly normal integrand h such that h™ (-, v, (+)) is uniformly integrable and there holds

(3.3) 1iminf/Tgum(vm(t),vm(t))dt > /T (/H gu(f,ﬁ)th(§)> dt.

k—oo  Jo 0

T T
/ (/ 5||zdut<s>)snmmf | o an
0 H k—oo 0

v(t) ::/ Edvi(€), we have v,, — v in LP(0,T;H).
H

In particular,

and, setting

Finally, if vy = 6y for a.e. t € (0,T), then

1 1
(Ungrw)yy = (VW) in Ll(O,T) Yw € LI(0,T;H), ]; + 6 =1,

and up to extraction of a further subsequence independent of t (still denoted by vy, )
Un,, (t) = v(t) for a.e. t€(0,T).

Remark 3.6. In the original theorem in [16], there was the assumption that H < # is continuously embedded
for conceptual reasons of the paper (see also section 4 below). However, looking at the original proof, it is
obvious that the assumption # < H is not needed. We also refer to Stefanelli [28] Theorem 4.3 for a more
general result.
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4. GRADIENT FLOW THEORY
The theory developed in [16] deals with equations of the form
(4.1) O € =V, S(u) + f(t)

with S being a (possible nonconvex) lower semicontinuous entropy functional on a Hilbert space H, V;,S
being the limiting subgradient with respect to a densly defined metric structure g, and f € L(0,T;H).

More precisely, consider Hilbert spaces Ho < H < H with the set B (H) of positive definite continuous
bilinear forms. We then use the following terms and notations:

Definition 4.1. We call any tuple (Ho, H, M, g) of Hilbert spaces Ho, H, H and a mapping g, : H — B(H)
satisfying 1 and 2 an entropy space:

(1) Ho — H < H, where the embeddings are dense, and the embedding Ho — H is compact. We
denote |||, [Ilz, lI-lly, the respective norms and by (-,),, the scalar produkt on #.

(2) g is a densly defined metric in the following sense: There are positive constants 1 < G* < +o00 such
that

—1 ~
(4.2) VG (Yl < lgu(z,y)] S VG [(z,y)5]| YueH, Vre,yeH,

for all u € H and ge is strong-weak-continuous in the following sense: if u,, — u strongly in #H and
on — @ weakly in ‘H as n — oo, then

(4.3) Gun (s ) = gulp, ) asn — o0 Vi €H.

This means that to every point u € H we associate a local scalar produkt and local norm
<$7y>g(u) = gu(xay)7 ||(EHg(u) = gu(l',il') Vil',y EH'

We denote by g, the unique automorphism on A such that

(4'4) QU(% 4,0) = <§u(v)7 90>7-[ VoeH.

We will assume that S is a proper functional §: H — ( —00, +00]. Then, following Rossi and Savaré [26], we
define the set valued subdifferential dS(u) at w € D(S) N'H through

S(u+ hv) — S(u)

. < Tim
(4.5) d€dS(u) &  (dv)y < hin\j{)lf N YveH
and the subgradient V,S(u) of S in u € H N D(dS) through

(4.6) SEV,S) < FbedSw) : go(6,v) = <S,U>% Yo eH,

where the index u refers to the local metric. If no confusion occurs, we write VS(u) = V,S(u). Note that
this concept of subdifferential coincides with the classical Fréchet subdifferential in case S is convex (see [15])
and will thus also coincide in our case of a continuous perturbation with signle valued L?-subdifferential.

In what follows, we denote the local slope by

(4.7) 0S| (u) 1= limsup oW =S
w—u, weD(S) ||u - w”g(u)

implying

(4.8) sup 0[],y < 10S] (u) Yu € D(dS)

5EVLS(u)

and in case dS is single valued, [0S (u) = [[VS(u)|| ;) -
Finally, for every subset A C H we define the affine hull aff A and its minimal section A° through

aff A:= {Ztiai ta; €At €R, Ztll} s

A = B0 €l A= {E € Ak il = 1471}



EXISTENCE OF SOLUTIONS FOR GENERALIZED CAHN-HILLIARD-EQUATIONS 10

Definition 4.2. [26, 16] We say that for any u € H, £ € H is an element of the limiting subdifferential
d;S(u) of § in w if there are u,, € H with u,, — u strongly and §,, € dS(u,,) such that &, — & weakly in H.
The limiting subgradient and the weakly lower semicontinuous envelope of |0S| are defined through

ViuS(u) = gy (diS(u))
ViS@)li= ok el ViS@)° = {€ € ViSt) : el = Vi@l }

Thus, equation (4.1) has to be understood in the sense of
(4.9) 9u(Opu, ) € (dS(w), )y + gu(f.0) Vo € L*0,T;H)
Note that in case the graph of (S,dS) is strongly-weakly closed in H x H X R, i.e.

&n €dS(vy), 1Hh =38(vn)

(4.10) Uy =0, =& TR

} = £e€dS(v), r=38©),

we find d;S = dS. As explained by Rossi and Savaré [26], this condition yields closedness and convexity of
dS, the continuity condition

(4.11) Up =, s%p(|68(vn)| ,S(vp)) < 00 = S(v,) = S(v) asn S oo

and the the following chain rule: If v € H'(0,T;H), £ € L*(0,T;H) with £(t) € d;S(v(t)) for a.e. t € (0,T),
and S ov is a.e. equal to a function s of bounded variation, then

(412) L(t) = 6.0/ (1))

Lemma 4.3 ((See [26])). If S is converx, condition (4.10) is fulfilled.
For the rest of the paper, we assume that S is an entropy functional in the following sense:
Definition 4.4. Let (Ho, H,H, g) be an entropy space with G* > 1. We say that S : H — (—o0, +00] is an

entropy functional on (Ho, H,H, g) if it satisfies :

(1) D(S) € H and S : H — R being proper, lower semicontinuous, i.e. the domain D(S) of S is
non-empty.
(2) S+ ||-|l;; has compact sublevels, i.e. there exists 7, > 0 such that sets

1 -1
{v eH S+ Q—min{l,vG* } Hv||3_[ < C}
T
are compact for any 7 < 7, and any C > 0 and there is a constant Sy > 0 such that

(4.13) S(v) {1,\/@‘1} lv]2, > —So

Tx
(3) S satisfies the estimate

lullg, < € (S(w) + 10SP (w) +1)
We close this section stating the first of three existence theorems from [16] which we will use below:

Theorem 4.5. Let Ho, H, H, g and S satisfy definitions 4.1 and 4.4 with d;S(u) being convexr and closed
for alluw e H.

(4.14) S(u) = Sy (u) + Sg(u)

with functwnals Sy : H — R being proper, lower semicontinuous, and Sz : D(S) C H—R being continuous
w.r.t. H. Furthermore, let f € L?(0,T;H). Then, for each ug € Ho and every 0 < T € R, there exists a
solution uw € HY(0,T;H) N L%(0,T;H) to (4.9), satisfying the Lyapunov inequality

(4.15) / |0yl w13 / ((f = ViS())°)* + S(u(t)) < S(u(0)) +/0 (f,u) gy for a.e. t € (0,T).

If S additionally fulfills the continuity assumption (4.11) then, there is a negligible set N C (0,T) such that

3 [ 1ol 5 [ 10— ViS@) P+ S() < S+ [y VEE (5T) Vs €O
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5. PROOFS OF THEOREMS 1.1 AND 1.2

We introduce the following spaces

H = H(B)l, H = H(lo)(Q)7 Ho := H?(Q),

such that we find Ho < H — L2 (©2) — H with all embeddings being dens and compact.
Definition 5.1. Let S : H — (—00, +00] be given through (1.3) with S(u) := +oo for all u ¢ H. Then, we
consider the restriction of S := S| ;2 of S to L?(Q) and define the set valued L*-subdifferentials 85 (u) C L*(Q)

and %(U) C L%O)(Q) at u € D(S) through:

- 5S . S(u+ hv) — S(u) )
weDE): sef ) & ()< lm i Yo € L2(Q)
5 50S . Su+ h) — S(u)
2 . 2

We only proof theorem 1.1 and start with two lemmata by Abels and Wilke. Theorem 1.2 is proved
likewise.

Lemma 5.2. [1, Lemma 4.1, Corollary 4.4] Assume s; = 0, then S : L%O)(Q) - RandS: H — R are
proper, lower semicontinuous and convez.

Abels and Wilke [1] identified the L2- and H- subdifferential of S in the Frechet-sense:

Lemma 5.3. [1] Assume s; = 0 and set s, = +oo for x & (a,b). Then, for the L*-subdifferential of S
defined through (1.3) holds

5°S
(5.1) D(W) = {c € H*(Q) N L3 (Q) = 5'(c) € L*(Q), s"(c) |Vef* € L'(Q), One o™ 0}
and
0
(5.2) E(fL) = —Au+ Pys'(a).
ou
Moreover,
~n2 1/ ~\112 10/~ ~12 608 ~ 2 ~12
(5.3) allzr= + lls"(@)llz2 + | s"(@) [Val” < O == (@) +llafz. +1
Q u 2
for some constant C independent of .
For the H-Subdifferential holds
0S50S
(5.4) D(dS) = {c € D(H) : W(c) € H(lo)(Q)}
(5.5) dS(u) = An (—Au + Pys'(a))
and in particular,
(5.6) 320y < C (1AS@I3 + Nilaey +1) -

Note that the term +1 in (5.3) and (5.6) was not present in the orginal statements. As S in the setting of
lemma 5.3 is convex, the graph of (dS,S) is strongly-weakly closed in the sense of (4.10). In particular, this
implies the chain-rule condition (4.12) and convexity of dS(u) for all uw € D(dS).

In case s; # 0, S : H — R remains lower semicontinuous and equations (5.1)-(5.5) still hold with modified
constants. We finally have the following lemmas:

Lemma 5.4. dS is single valued and strong-weak closed.

Proof. Tt is easy to veryfy that dS(u) is single valued for all u € D(dS). For w, — u strongly in H and
&, = dS(uy,) such that &, — £ weakly in H, note that due to boundedness of the sequences u,, and &, we

find boundedness of [|uy ||, and thus u, — u weakly in H?*(), u, — u strongly in Hl;) and u, — u a.s. in

Q up to a subsequence. Furthermore, for w,, := —Au,, + Pys'(u,) we find w,, = w weakly in H (10) for some

1
weH(O).
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Now, let
S(u) = S(u) - /Q su(w),

then S () is convex and therfzfore, the graph of ds is strongly weakly closisd by lemma 4.3. For a further
subsequence and for (, := dS(u,) we get weak convergence of (,, = ¢ = dS(u) = —Au + Pysj(u) in H and
Py(s)(un)) — Po(sy(u)) strongly in L?. Thus,

§n = Gn + 51(un) = ¢+ Po(s1(u)) = —Au+ Po(s'(u))
weakly in H. O

For u € H, we define for r1,7ro € H:
(5-7) gu(m,rg) = / VplfA(U,VU)Vpg = / TPy = <T1,P2>H L. = / Topy = <T2,p1> HL >
Q Q © Ho) Q Hgy Hiy,
where p} solves
(5.8) —div (A(u, Vu)Vpj) =r; fori=1,2.

It is immediate to check that g is a densly defined metric in the sense of definition 4.1.

Above considerations together with (4.8) yield that S fulfills all requierements of definition 4.4. As a
consequence of theorem 4.5 we get existence of a solution u € H*(0,T;H) N L?(0,T;Ho) to (4.9) and it
remains to reconstruct an expression of the form (4.1):

For any u € D(S), r € L*(Q) with p from (5.8), v € AC(0,T; L*(Q2)) with v(0) = u, v'(0) = r we formally

write 50 50
9a(VaS,r) ’ */ S r:/fdiv (A(u,Vu)Vi(ﬂ))p

to obtain the specific form of (4.9) and equation (4.1) in the present setting reads (note that g, (0yu,r2) =

(Oru, p2>H<0>’H<0> ’
. 508
Owu € div (A(u VU)VE( ))
(5.9) or: Gu(Opu, p) € = (diS(u), )y Vo € L2(0,T;H) .

Estimate (4.15) together with the above calculations yields (1.2). Theorem 1.2 can be prooved similarly
having in mind that the proof of lemma 5.3 presented by Abels and Wilke [1] is the same for a closed surface
I’ with H(lo) (T") defined through (2.3).

6. PROOF OF THEOREM 1.3
6.1. The Entropy space. We introduce the space V through
Vi= Hig () x LA(T),  Jlu= (o, us) 5 = Il 3 ) + N1y
where L?(T) is with respect to the Hausdorff measure on I'. Note that
V= {u = (Ug,uy) €V ¢ Ep(uy) = uv}
is a closed subspace of V, being isomorph with H, (10)(9) and with the equivalent norm (cf. remark 2.4)

2 2 2
[[u= (UW7u7)HV = Hvuw”H(Q) + ||U’Y||L2(F) :

We furthermore introduce
2 2 2
Iy = [ (Va4 [ 19
Q r

|- 1
HY = {(um u) €V - u, € B2(Q)) I

and the dual space H}: :== (H}) ~'. For any function v € H(B)l (Q) having the property that there is v € L?o) (Q)

with
/Qmpz/gw Vi) € H) ()
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we formally write & = Py(v). We finally introduce the space HA () through

)y = [ RS + [ @ = A+l oy -

Il - 1
HA = {(uy,u,) € H}: : uy, € H3(Q)}I‘ i .

Remark 6.1. Since for uw € V, u € H} or u € HX holds u, = Er(u,) like in (2.4), we will sometimes abuse
notation and not destinguish between u., and Er(u,), i.e. we will often write v ~ u, ~ u,, whenever the
meaning is clear from the context.

In what follows, we will say that u € H?(Q2) weakly solves the system

—Au, =f inQ
—Aruy+0,u=g onl

iff it is a solution to the problem
(6.1) /Vu-Vga+/Vru-Vr<p=/f<p+/g<p Yo € H*().
Q r Q r

In particular, we infer in case g = 0 for ¢ = 1 that fQ f=0.

Lemma 6.2.
HY = {ue H} : Aue LX(Q), (yu, — Arus) € LA(D)}

Proof. We show for (u,u,) € Hf with u, € H3(Q) that there is C > 0 independent on u such that
2
I8l < € (1Al + 10mts = Artes lsqey + 1z ) -

If not, there was a sequence of functions (um),,cy C Hp, un, € H*(Q) for all m, such that [|Auy,[|;. =1, and
for f, = —Po(Atm), frn = =AU, Gm := Oty — Aruy, holds fm — 0 strongly in L2, g,, — 0 strongly in
L2(T), Uy, — 0 strongly in HY and f,, — f weakly in L?. However, as f,, = Po(fm), we can assume w.l.o.g.
that hy,, == f, — fm € R for all m and thus for a subsequence h,, — h € R such that we find f,,, — h # 0
strongly in L2. Note that due to regularity of u and definitions above, for any m there holds

/Vum-th+/Vrum-Vr<p:/fm<p+/gm<p Vo € H*(Q),
Q T Q T

and thus, in the limit, u is a solution to
/ fo= / Aup =0 Ve H*(Q),
Q Q

implying Au = Py(Au), a contradiction. Now, considering v € HX and any sequence (um),,cny € H?(Q)
such that u,, — u in ||~HH1A, we find Au € L2. Since 8, — Artiy, , — f for some f € L*(T), we find for
all sufficiently regular ¢ € C’?O)(ﬁ):

/Ffz/J - /Qz/JAu = mlgnoo (/F (OntUm,w — Artm ) ¥ — /szAum)
= n}gnoo </F (Vrtum,y) - Ve + /Q Vi - Vum)

(/F (Viuy) - Vit + /Q Vi w)

_ (/F (Ot —Apun,)z/)—/ﬂz/)Au) .

In order to construct an entropy space in sense of definition 4.1, we make the following choice of the tripple
of function spaces:

O

Mo:=Hy, H:=Hp, H:i=Hg(Q)xLD).
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With the additional space
lullei= [+ [0, £2i= L2y (@) < D)

the chain of dense embeddings Ho < H < L% < H holds with with the first and second being compact, as
lemma 2.3 and the proof of the following corollary show.

Corollary 6.3. The triple (7—[0,7:[,7-[) satisfies 4.1 point (1).

Proof. The embedding H L% evidently is compact as lemma 2.3 shows. Consider a bounded sequence
(um)men C Ho. In the following we will pass to subsequences keeping the original index parameter m.
Recalling remark 6.1 we show u,, — u weakly in H( implies u,, — u strongly in H. Due to Lemma (2.3),
we find up, o, — u, strongly in L%O)(Q) and Uy, » — u. strongly in I/V21 /2 (Q) for a subsequence. Furthermore,

comparing to the proof of lemma 6.2, it is not difficult to check for m — oo that w.lo.g. Aup,., — Au,
weakly in L?(Q) and

OnUmw — ArUp, 4 — Onty, — Arty weakly in L*(T),

and the statement follows from strong convergence of u,, in L and

lim </ |Vum7w|2+/ Vum,7|2> = lim (/ um_,wAum7w+/um,w (Ontm, e Apumﬁ)>
<—/ Auwuw—k/(@nuw—Apuv)uq,) z/ |Vuw|2—|—/ Vi, |?
Q r Q r

O

Note that H~! = H(lo)(ﬂ) x L?(T") and on ‘H we introduce the local scalar products
autrivr) = [ VoL@ VOVHEL + [ B, Arp, = (e padg
r

(6.2) :/er,wp;w‘i”/rrl,'ypgﬁ :/QTQ,wpiw‘F/FTQ,’ypllﬁfy = <T27p1>7-[77-1—1 )

where p = (p;{w,p}fy) € H~! satisfy the equations

(6.3) / (A(u, Vu)Vpi,,) Vu + / Ar(u)pi .y = (ris )y -1 fori=1,2and Vp € H,
Q r
with the constraint
(A(u, Vu)Vp},,) -nr =0.
In other words, p¥ € H~! solves
—div (A(u, Vu)Vp,) = riw, onQ and A(u,Vu)Vpi,-np=0onT,
Ar(u)pi, =7in, onl,
Note that in general p'. # Er(pj.,).
Corollary 6.4. g, : H — B(H) satisfies 4.1-(2).

Proof. For fixed ry consider 71 ,,, and p1,m = (P1,m,w, P1,m,y) solutions of (6.3) for rq m,, s.t. rim — ry in H
and (Um )men C H with u,, — u. We check that p; ,, — p1 and py solves (6.3) for u and 7. Thus, from the
representation in (6.2), we conclude

Gu,, (Tl,m; TQ) — gu(rlvr2) .
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6.2. The entropy functional and existence of solutions. In this part, we shall rigorously use notations
announced in remark 6.1 for functions u € H = V. Note that this notation is not applicable to L%, H or
H~', which is, why we still use full notations in that spaces.

Definition 6.5. Let S be proper functional S : H — (—o00,400]. Then, we consider the restriction of
S:=S8|,, of S to L} and define the set valued L2-subdifferential %% (u) C L% at u € D(S) through:
r

s
ou

S(u + hv) — S(u)

b€ W

Yo e L3

(u) < (5,U>L%§ligl\i‘élf

Remark 6.6. Comparing to section 5, due to the Riesz isomorphism —Ap : H(lo)(Q) — H(B)l(Q), we find

(6.4) dS(u) = {(sw,sw) D (AN Sw, 8y) € (Ef(u)} .

We introduce the following functional on L2, resp. H:

(6.5) S(u) — {fQ <S(Uw) + % IVUwP) =+ faQ (SF(’LLV) + % |Vpu,y|2) for u € H%(Q) 7

+00 otherwise
with s, s as introduced in subsection 1.2.

Lemma 6.7. The functional S is lower semicontinuous on H and L}. If s1 = s =0, S is convex on both
spaces.

Proof. 1f s1 = s3 = 0, convexity is trivial. Furthermore, for any sequence u,, € H with a constant C' > 0 s.t.
S(u,) < C, we find u, to be bounded in H, i.e. due to the particular structure of s(-), a short calculation
yields

S(u) < liminf S(uy,) .

n— oo

In case s1, s2 # 0, note that up to a minimizing subsequence u,, — u strongly in L2 and the statement follows
from the Lipschitz-continuity of s; and ss. O

Lemma 6.8. Let S be given through (6.5), then
orS

(6.6) D(=-) = {c € HE(Q) : §'(¢) € LE, s"(c) |[Ve|* € LY(Q), s"(¢) [Vre|” € Ll(r)}
and
(6.7) il < € (| TS @+ 2 1

. u Hi(Q) ~ 5u u L% u L2(Q) .

Furthermore, G € D(dS) implies (S‘SF—SU(&) € H(lo) x L3(T),

(6.8) il o < € (IdS(@) 3, + 1l 3z +1)

and for any u € D(S), the L2-subdifferential is given through
orS
09 (F20) = B0 — (PR gy + (T o+ 5 (0) = Bt ) e

for all = (Yo, ) € LE.

Remark 6.9. Thus, as the last lemma yields [lull,,, < (S(u)+ 1+ [|dS]|;,), we have shown that S satisfies all
claims of definition 4.4.

The proof of the following lemma follows the proof of lemma 5.4 and is left to the reader.

Lemma 6.10. dS is single valued and strong-weak closed.
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Now, for any u € D(dSr), r € L3 with p from (6.3), v € AC(0,T; L%) with v(0) = @, 7'(0) = r we formally

write is(v(f))‘02/0<5gir( ))w Tﬁ/F (61(;?( ))7 Ty

In particular, the last inequality holds for » € H and we thus find

lim S(u+h2) —SW /Q—div( (u, Vu)V (sp(u) = Au)) po +/F (52‘2} (u))7 Ar(Wpy = (V8,1)4)

where p is the solution for 7 in (6.3). Similar to section 5 we deduce that the gradient flow (4.9) is equivalent
with

(6.10) (O, P) gy y—1 = /Q div (A(u, Vu)V (s' (1) — Au)) p, — /F <5FSF(u)> Ar(u)p, Vpe L3,

or, as p, and p, are independent, the last equation is also equivalent with (1.5). Theorem 1.3 is then a
consequence of theorem 4.5.

Remark. Even though (0;u),, and (Oyu) , are not directly related with each other, note that still the condition
u € L*(0,T; H'(2)) relates the values on I' with those in (2.

6.3. Proof of Lemma 6.8. In the following, recall 0 € (a,b) and assume w.l.o.g. s,(0) = s0(0) = 0 (shift
s0, 51 and sy by affine functions) and define s§ (x) := max {0, so()}, sy (z) := min {0, so(2)}. Furthermore,
assume for the moment s; = so = 0. Due to the assumptions on sg, for any n € N large enough there exist

an € (a, §) with sy(an) = —n and b, € (% b) with s{,(b,) = n and we introduce the following functions:
sy (w) for c € (4,b,)
i) :== < n+ sy (bp)(u—1b,) forc>b, ,
0 forc<0
sq(u) for ¢ € (an, 5)
[ () == ¢ n+si(an)(u—ay) forc<a, ,
0 forc<0

and extend f,7(-), f, () to (0, g), resp. (%,0), monotone and C*(R), such that they are approximating (53’)/
and (sg)/. Note that also y = y + f, (y) is strictly monotone and we introduce M, := sup [,y | £ (v)']-

Now, let u € D(Sr), i.e. u € HE and 0 < t < 2/M,,. By continuity and strict monotonicity we get unique
existence of

U (w) = u(@) — tf, (@ ()
and the theorem of the inverse function yields @;(z) = F}*(u(z)), where F}* : [a,b] — [a,b] is a continuously
monotone differentiable mapping with
F'(z) =2, (F")(r)—1, as t— 0 uniformly on [a,b].

Thus, we see that for u € HE(Q), also @, € H'(Q) x L*(T). Furthermore, the properties of F* yield @; — u
in H1(Q) x L?(T') as t — 0. Finally, monotonicity of f,7(-) yields 0 < @; < u if u > b,,.

For ¢ € C?(R) being monotone decreasing with ¢(z) = 1 for z < 0, ¢(z) = 0 for ¢ > £ and ¢' > —4/b
define ¥y (z) := @(u(x))/m(p(u(z ))) such that

/ /
/Vﬂ}u VU*/ ¢ |V | <0, /Vrlﬁu'Vru: M|Vru‘2§0
r r m(é(u))

and uy = Gy + tm(f,F (U)) Yy € H1 N D(S) for ¢ small enough, i.e. [,u; =0.

Thus, we can easﬂy calculate using the notation d,, := m(f,5 (u;)).

S(u)fS(ut)Z/Q(so( u) — so(uy)) th/Vu Vi (u) — 2 m(fH(a /|V1/1u2
+ [ oot = sw) +4 [ Veu- Vestw) - #mis @) [ 190
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For the first part of the above expression we get

/Q(so(u) —so(ut)) + t/Q Vu -V (u) — 2 m(f () / \Vz/Ju

> / b (o) i (ur) + / (s0(t) — so(iie + dn))
QN{u>b/2} QN{a/2<u<b/2}

+ so(u) — soluyg n Uu - + (g
(@) [P [ ol s d) [ Va9

! + _ - ) X
> -/Qﬁ{u>b/2}tSO(Ut)fn (ut) + /Qm{a/2<u<b/2} (s0(u) — so(tt + dn)) -l-t/QVu VI (uy)
— (g2 [ Ve

where we used so(u(z)) — so(ut(z)) > si(us(x)) (u(z) — ue(z)) and u(z) < w(x) if u(z) > b/2, sh(u(z)) >
i (ug(x)) as well as so(u(z)) — so(u(x )+td (2)) > 0if u(z) < a/2 and t < a/(2M,,). We similarly conclude

/F(so(u)fso(ut))+t/eru.fo:(ut)ftz () 21/|V”(/Ju

> [ s+ (s0(u) — (7 + o)
I'n{u>b/2} I'n{a/2<u<b/2}
[ Fru gl ) = £ mir @) [ 90

Now, let w € 5FS( ), we then get by definition (note that S is convex in case s = s3 = 0)
<w, n () = d">L

t
= / so(ue) £ (ug) + til/ (so(u) — so(ts + dy)) +/ Vu - VEE(ur)
Qn{u>b/2} QN{a/2<u<b/2} Q

+/m{u>b/2} sé(ut)fn*(ut)ﬂ—l/ (so(u)—so(at+dn))+/Fvw.vrfn+(ut)

rn{a/2<u<b/2}
1 1
—tm(£F @0 [ 190 =m0 [ Ve

which yields for ¢t — 0:

+ () — / + + +
<w,fn (U) dn>L% = /Qn{u>b/2} SO(u)fn (U) - /Qﬂ{a/2<u<b/2} SO(U)(f ( / Vi Vi ( )

/ s )+ [ s () ([ () / Vru- Vrf (u)
n{u>b/2} I'n{a/2<u<b/2}

respectively

N u)? / N v/ )
i =y = [ e [ s - d) o (e T

/ w? s [ o) (1 () = o) + ¢ [ (£ (0)Veu - Tra
m{u>b/2} rn{a/2<u<b/2} r

We make use of the simple extimate ||[m(f,} (u))|| 2 < CIf )| 12 following directly from the definition of
m(f,7(u)), yielding for n — oo

ol 2 [ 68 0P+ [ ()" @ IVal®+ [ () @2+ [ ()" ) Vel

which is together with the similar calculation for f,; the estimate (6.6). In particular, sj(u) € L?(Q) x L?(T")
implies u € (a, b) almost surely with respect to L.
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Thus, we find for some § > 0 that [{z : u(z) € (a +3J,b—39)}| > 0 and for some non negative ¢ €
Cs°((a+ 6,b—6)), with sptp = [a + 6,b — 8], define o, := d(u(z))/m(o(u(z))), being in H1(Q) x L*(T).

Now, let M € N and ¢p; € C*°(R) such that ¢ps(x) = 0 for |z| > M 4+ 1, Yp(x) = 1 for |z| < M and
YPhs(z) <2 for all z. Note that by the properties of sg, u € Hy implies xar := ¥ar(sy(u)) € (Hll D R) and
xu = 0if [so(u)[ > M + 1. Thus, we find for ¢, as above and any ¢ € CF) (Q), u € D(S), some ty > 0 such
that also @ := u + txm — tpum(xamp) € D(S) for all 0 < t < 1.

Thus, we find for w € %= (u):

(w, Xarth — pum(ear)) > Tim + (S(u) — S(@)
3 oot = sof@) + [ S Vs - pumtars))
+ lim <‘/1—~ % (SQ(U) — S() / Vru - VF(XM'(/J Py (Xqu)))
> [ (@0t = eumlrd) + [ VT = eumlxart))
Q Q
+ / (s (W) (xarth — purmlxarts))) + / Ve - Vo (oard — pam(xart)
I I

In order to investigate the behavior as M — oo, note that trivially m(xa%)) — 0 and xp — 1 pointwise and
due to boundedness by 1 also in L?(Q2) x L?(I"). Furthermore, as v, is bounded by 2 and ¢, (sf(u)) — 0
pointwise for M — oo, it is straight forward to see

/ V- V(4 (sh(u / Vu - (xar Vi) + / 1 ()b (s () [V
—>/Vu~Vw as M — oo
Q

and similar for [ Vpu - Vi (¢ar(so(u))y). Thus, we find

Wty = [ oo+ [ Vu ot s+ [ Vewveo.

Replacing ¢ by —, we find equality. Using partial integration, Definition (6.1) and Lemma 6.2, we get

(w,¥) 2 :/9(56(11’)1/})7/QAU"/)+/F(VU'TLF+56(U)7A1"u)1/1.

and hence w,, = Py (sj(u)) — Py (Au), wy = (Vu-nr + s5(u) — Aru) in the weak sense yielding (6.9) and
u € Ho. (6.7) follows immediately from the calculation whereas (6.8) follows from (6.7) and (6.4).

It is elementary to verify that the statement still holds in case s; # so #Z 0: To this aim, note that the
domain D(dS) remains the same and that u is essentially bounded by a < w < b. In particular, calculating

the g—Z—derivative of
S(u) ::/Sl(u)+/52(Eu)
Q r

for u € D(dS), it is easy to see that estimate (6.9) remains valid. Thus, having in mind above estimates in
case s1 = s9 = 0, it is easy to verify that (6.7) still holds.

7. PROOF OF THEOREM 1.4

We will now proof Theorem 1.4 in four steps: First we will construct an approximate problem, that can
be directly solved using Theorem 4.5. Then, we will show convergence of a subsequence of the approximate
solutions as the approximation parameter tends to zero and demonstrate that the limit function solves the
original problem. We then finally proof a technical lemma on the subdifferentials.

Before starting, note that the experiences from sections 5 and 6 tell us, that the probably correct choice
for the three Hilbert spaces are

M= Hy () H = Hj,) (9) Ho := H*(Q)
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Note that one is tempted to directly consider the problem as a generalized gradient flow
Opu = —VS(u)
where the gradient is with respect to the metric structure g (-, ) defined through
ge: Ho — B(H)
uo= o gul)
where with w = —Au + §'(u):

(7.1) Gu(r1,72) Z/Vp‘fA(u,Vu,w)Vpé‘ =/r1p§‘ =/r2p§‘,
Q Q Q

where p} solves
—div (A(u, Vu,w)Vp) =r; fori=1,2.
However, g, then is defined on Hg instead of # and thus theorem 4.5 does not apply. Nevertheless, the

additional information w € H (10) (Q) will be sufficient to cope with that problem.

The basic formal idea behind the following proof is to identify a set A C L?(0,T;Ho) that is not compact
in L2(0,T;H) but still has sufficiently nice properties in order to guaranty (4.3) resp. (3.3).

7.1. An approximate problem. We start by considering the following problem: Like in section 5, we

choose .
Ho = H*(QNHpy(Q), H:=Hg, and H=Hg(Q).
We extend w to R" by 0 and for any n > 0 we consider w * ¢,, where ¢, is the standard mollifier.

For any u € H(lo) ()N H?2(£2), we then consider the following scalar product on H: we define for r1, 75 € H:

(72) gitrrs) = [ VoA Vuws o) V55 = [ rpg = [ rapt
Q Q Q

where p} solves

(7.3) —div (A(u, Vu,w * ¢,)Vpi') =r; fori=1,2.

It is immediate to check that ¢ is a densly defined metric in the sense of definition 4.1. For convenience of
notation, we write the gradient with respect to g" as V,, i.e.

gu(VaS(u), ¥) = (dS(u),b)y,,  VipeH
and denote by V,; the corresponding limiting subgradient w.r.t. V,, according to definition 4.2.
Instead of lemma 5.3, we this time consider the following:

Lemma 7.1. Let S and s be as introduced in subsection 1.3. Then, for the L?-subdifferential holds

5°S
(7.4) D(%2) = {c € HAQ)N Ly (Q) : (c) € LX), 8"(0)|Vel* € L'(Q), duc|, = o}
and

530S

(7.5) W(ﬂ) = —Au+ Pys' ().
Moreover,

. 2 - 5°S . I* )
(76) il + @)y + | ()19 < 0 (\ 2@ Al + 1)

L2()
for some constant C independent of .
For the H-Subdifferential holds
3OS, &S

(7.8) dS(u) = A (—Aa+ Pys'(a)) ,

i.e. dS(u) is single valued and

(7.9) il < C (NAS@) 5, + a0y +1) -
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Furthermore, we find
Lemma 7.2. dS is strongly-weakly closed.

Similar to section 5, we observe that g¢ and S satisfy all conditions of Theorem 4.5, so we get existence
of au, € H(0,T;H) N L*(0,T;H,) solution to the equation

T T
(7.10) | st @) = = [ sty e 0T,
(7.11) or Oy = =V, S(uy),
where u(0) = ug for t = 0. This is a weak formulation to the problem

Oy — div (A(uy, Vy, wy * @) Vwy,) 30 on (0,T] x U,

wy + Auy — 8" (uy) =0 on (0,T] x U,
(A, Vg, wy * @p) Vwy) -np = Vu, -nr =0 on (0,7] x U,
un(0) = ug fort=0.
Note that the solution satisfies the apriori estimate
¢ t

(7.12) %/0 Hu%Hjn(un) + %/o ||V,7718(u,7)|\3n(un) + S(uy(t)) < S(u(0)) for a.e. t € (0,7).

However, we whish to study the behavior of solutions as 7 — 0. In this context, note that we cannot decide
whether w,, * ¢, — w in L*(0,7; L*(?)) as we do not know whether w,, — w in L*(0,T; L*(2)). (As w,
depends nonlinearly on w, and s’ is not Lipschitz in R.)

7.2. Convergence of the approximate problem. It is thus necessary to repeat some of the steps in [16].
First, as n < 3, we find Hoy < C(Q) compactly and thus u, € L*(0,T;C(Q)).
We find a subsequence (uy, ),y With 7, — 0 as k — oo such that there is w € H'(0,T;H) N L*(0,T; Ho)
with
uy, —u weakly in H*(0,T;H) N L*(0,T;H,o),
Uy, — u strongly in L*(0,T;H) N L?(0,T;C(Q)),
Uy, (1) = u(t) in C(Q) N HY(Q) for ae. t € (0,7).

Now, let ¢ > 0. By Egorov’s theorem, there is a compact set Ko C (0,7) with £((0,T)\Ko) < § s.t.
uniformly for all t € Ky we find u,, (t) — u(t) strongly in C(Q) N H'(Q). For each k € N\ {0}, Lusin’s
theorem yields existence of a kompakt set Ky C (0,7) with £ ((0, T)\K}) < 27F'e and u,, € C(Kx; C(Q)).
Defining K. := (\p—y Ki, we find £((0,T)\K.) < €, u,, € C(K;;C()) for all k and by the pointwise
convergence also u,, — u uniformly in C(K.;C(Q)) and strongly in L*(0,7; H*(Q)). In particular, we find
lu(t,z)| < Ce, |uy, (t,z)] < C: for all k for some constant C. > 0 for all (t,z) € K x Q. Now, it is evident
that s{(uy,) — s((u) strongly in L?*(K.; L*(Q2))as well as Au,, — Au weakly in L*(0,T; L*(Q)), implying
wy, — w = —Au + so(u) weakly in L?(K; H(lo)(Q)).
Thus, we may perform the following calculation:

klggo /KE/Qw?ik = _klggo/Ks/QAum:wnk "‘klggo/Ks/Qs/(unk)wnk
:kILI&LE/gZVU"kvw”k +klggo‘/KE/Qsl(um)wﬂk
:/ /Vqu+/ /s'(u)w
K. JQ cJQ
“Je
e JQ

where we used boundedness of u,, to get local Lipschitz continuity of s'(-). In particular, we find for fixed € a

further subsequence wg, s.t. w, () — we(t) in L*(Q2) for a.e. t € K. A standard diagonalization argument

yields the existence of a subsequence such that w,, (t) — w(t) in L*(Q2) for a.e. t € (0,T).



EXISTENCE OF SOLUTIONS FOR GENERALIZED CAHN-HILLIARD-EQUATIONS 21
We consider the space H := H(lo)(Q) x L*(Q) and
ﬁ. : 7:[ — B(H)
(U,’LU) = g(u7w)('7')
where
Ju.w(r1,m2) = / VpiA(u, Vu, w)Vps = / ripy = / T2y,
Q Q Q
where p} solves
—div (A(u, Vu,w)Vp) =r; fori=1,2,
and we immediately check with (7.1) and (7.2) that
gZ('v ) = g(u,w*gan)('a ) ) gu('a ) = g(u,w)('a ) :
We find with the above estimates and theorem 3.5 two Young measures pu,v € Y(0,T;H) associated with
uj, and V,, S(uy, ) such that u), — [, &dp(§) and V), S(uy,) = [3, Edvy(€) weakly in L?(0,T;H). Our

Nk
final aim is now to identify the sets of concentration of w,v:

We find with help of theorem 3.5 and corollary 3.4 that

T T
liminf/ Gy 1wny,) (O, Optiyy, ) 2/ /Hg(u,w)(g,g) dp(§) and
0 0

k—o0

T T
lim inf /O (VS (it ))? > /0 L Gy (6,€) dn(€).

k—o0

Also, with help of (7.11) as well as the following corollary 7.3 below, arguing as in the proof of theorem 4.5
. -1
in [16], we find that ug, vy are concentrated on (gu,w) (d;S(uw)) = g; H(diS(u)) for t € K, for all e > 0. As

d;S(u) is convex for all u and e was arbitrary, the theorem is prooved.

Corollary 7.3. [16] For a bounded sequence ¢, € H and u, — u strongly in H, we find o, — @ weakly in
H iff Gu, (on) = Gu(p) weakly in H, where g, is defined through (4.4).

7.3. Proof of Lemma 7.1. The proof is similar to subsection 6.3: This time, s{,(0) = so(0) = 0 and define
s¢ () := max {0, s0(z)}, sy () := min {0, so(z)}. For ag € (s5) " (=1/2), bo € (sh)~" (1/2), there are for
any n € N a,, € (—00,a0) with s{(a,) = —n and b,, € (by, +00) with s{(b,) = n and we introduce f,5 and
f, similar to subsection 6.3, such that f;7(-), f, (-) are both monotone and C?(R) with y — y+ £, (y) being
strictly monotone and C?(R™), too.

Now, let u € D(S), i.e. u € H} and define @y := u — f;F (i)

wg =y + tm(f (@) /L"(Q) € HE N D(S)

for t small enough.
Thus, we can easily calculate using the notation d,, := m(f,F (4:))/L™(Q) following the outline of section
6.3 or the proof of theorem 4.3 in [1] that for w € %(u), we get by definition

—_

(w, £l () = dn) 2 > 7 (8(u) = S(u))

> fH ()2 + 17! /

Qn{u>b/2} QN{a/2<u<b/2}

(s0(11) — s0(@ + dn)) + / V- Vf )

which yields for ¢ — 0:

(Wi =d)y = [ e | o) )+t [ () (w)Va- Vu
r QN{u>b/2} Qn{a/2<u<b/2} Q
and for n — oo by monotone convergence together with the similar calculation for f, :
1 ol 2 [ shla?+ [ shla)val®

which is (6.6).
We find for any ¢ € Cf’g)(ﬁ) and v € D(dS) some ty > 0 such that & :=u +tp € D(S) for all 0 < t < to.
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Thus, we find for w € %(u):

(w, ) > lim  (S(u) — S(@))

“t=0t

~ lim (/Qi(so(u)so(ﬂ))+/QVu~V1/}> Z/Qs{)(u)wwL/QVU-VZZ’

Replacing 1 by —, we find equality. Using partial integration, we get

by = [ PuGsh@)o— [ A viec@.

and hence, the standard theory of elliptic equations tells us that w solves w,, — Py (sp(u)) = —Au with
d,u = 0, implying u € H?(Q2) and [ull g2y < Cllwll 2 (See also Abels and Wilke [1], Section 2).

Again, S in the setting of the last lemma is convex and the graph of (dS,S) is strongly-weakly closed
in the sense of (4.10), implying convexity of dS(u) for all w € D(dS). This convexity remains even in case
s1 # 0, whereas the subdifferentials remain in the form (7.5) and (7.8).
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