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Abstract

In the framework of jump detection in stochastic volatility models the Gumbel test based on
extreme value theory has recently been introduced. Compared to other jump tests it possesses the
advantages that the direction and location of jumps may also be detected. Furthermore, compared
to the Barndorff-Nielsen and Shephard test based on bipower variation the Gumbel test possesses a
larger power. However, so far one assumption was that the volatility process is Holder continuous,
though there is empirical evidence for jumps in the volatility as well. In this paper we derive that
the Gumbel test still works under the setting of finitely many jumps not exceeding a certain size.
Furthermore, we show that the given bound on the jump size is sharp.

MSC 2010: 62G10, 62P05, 62G32

Keywords: jump test, stochastic volatility model, volatility process with jumps, Gumbel distribution,
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1 Introduction

In the last years the detection of jumps in stochastic volatility models based on high-frequency data has
attained much attention, since this is an important task for modeling, risk assessment and statistical
inference of the integrated volatility or volatility process itself, cf. [1], [3]. Recently Lee and Mykland [7]
and Palmes and Woerner [9] proposed the Gumbel test, i.e. a test relying on extreme value theory, namely
that a certain test statistics based on the maximum of increments of the log-price process converges to the
Gumbel distribution under the null hypothesis of no additive jump component and to infinity otherwise.
Palmes and Woerner [9] derived that this test compared to other tests based on power and multipower
variation has the advantages that both the direction and the location of the jumps may be inferred.
Furthermore, compared to the Barndorff-Nielsen and Shepard test based on bipower variation the Gumbel
test possesses a larger power. However, so far it has only been shown that the Gumbel test works under
the assumption of a continuous volatility process, though there is some empirical evidence that also
volatility processes might possess jumps, cf. Jacod and Todorov [6]. Concerning the volatility process
Lee and Mykland [7] need the assumption that it is a-Holder continuous for any o < 1/2, whereas Palmes
and Woerner [9] relaxed the assumption to a general pathwise Holder-continuous volatility process.

In this paper we show that the Gumbel test still works for a volatility process with finitely many jumps
not exceeding a certain bound depending on the minimal attained volatility. Furthermore, we show that
the derived bound on the jump size is sharp.

The outline of the paper is the following, in the next section we provide the necessary definitions and
notation. In section 3 we prove the convergence of our test statistics under the new assumptions on the
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volatility process and show that the bound on the size of the jumps in the volatility process is sharp. In
section 4 we provide a small simulation study.

2 Definitions and Notation

Let (0, F, (Ft)ie[0,1], P) be a filtered probability space, which we assume to fulfill the usual conditions.
In the following we consider as model for log-prices the following stochastic volatility models, which are
It6 semimartingales of the form

t t t t

Vo= [ oudwi Ti= [ ouawi+ [ dds= [ aawirD. 0<i<y,
0 0 0 0

where W' denotes a standard Brownian motion, o the volatility process and d the drift coefficient. All

processes are (F;)-adapted. With Y we want to emphasize that this process has a possibly non vanishing

drift term. Without loss of generality we consider as time interval the unit interval [0, 1] instead of an

interval [0,T] for some T > 0.

In Palmes and Woerner [9] we considered the following conditions which are a generalization of the
conditions in Lee and Mykland [7].

Assumptions 2.1. Let the volatility o be pathwise Holder continuous, strictly positive and let the drift
d be pathwise bounded. This means that there are two functions

a:Q—(0,1] and K : Q — (0,0)

such that
oy (w) — os(w)| < K(w)|t — 5|, 0<s,t<1, weQ (1)

and
lot(w)| v di(w)] € K(w), 0<t<1, we. (2)

Furthermore, we claim t — di(w) to be Lebesgue measurable for all w € ).

In the following we draw statistical inference with the sampling scheme of high frequency data or the
infill asymptotics, i.e. we consider observations at the time-points 0, %, ..., 1. However, for our analysis
we need a two scale grid which we define as follows. We set N = n? for n € IN and obtain as sampling
times #, 1=0,...,n%2—1 with

l kn +j .

=t 0<kj<n 3)
Hence, the grid on the unit interval separates in two scales. The coarse one, which is indexed by k, and
the finer one, which is indexed by j.

Regarding the increments of the finer scale we define

AWkJ = Wtk,j-‘r"% — Wtk,j7 AYk,j = }/t — Y;k,]_, AYk7j = tk,j-‘r"% — Y'tk,]_

I
k»J+”2

Setting Zx,; = nAWy j, (Zk,j)osk,j<n is a family of i.i.d. N(0,1) (standard normal) distributed random
variables, since W is a Brownian motion. Finally, we define some abbreviations concerning the volatility:

Ok,j = Ot ;5 Ok = O0k,0-

The idea of the Gumbel test is that the increments of the log-price process normed with an estimate of
the spot volatility behave approximately as i.i.d. standard normal random variables and hence classical
extreme value theory may be used.



Theorem 2.2. [Palmes and Woerner [9]] Set

log(log N) + log(4
an = /310gN. by = ay — 280 °2g 2)1<:;z(\)fg( ™ NeN (4)
and define a statistics T, by
AYy
T, =n max ( v’”), nelN (5)
0<k,j<n Ok
with )
2 n=
va ™™ ~ . -~ 4
= gy & ATk ATk (6)

Then, under the Assumptions 2.1 we obtain for the model with no additive jump component
anz(Tn_brﬂ)_d’ga n— oo

where G denotes the Gumbel distribution with the cumulative distribution function x — e~ reR. If
the model has an additive jump component J of possibly infinite jump activity and if we replace Y in (5)

by Y + J, we obtain for v < %
n Yan2 (T, —by2) > 00 P-stoch. on A, (7)

with
A={weQ :ye(0,1] : Jp,(w) — Jp,—(w) > 0}.

Moreover, in the case of a finite jump activity the divergence rate of (7) can be improved from /n to n.

Remark 2.3. Theorem 2.2 applies the bipower variation estimator (6). However, in order to keep the
technicalities in this paper as small as possible, we will make use of the quadratic variation estimator
n (11). Note that there is no need to distinguish between these estimators if we are not concerned with
external jumps, cf. Barndorff-Nielsen and Shephard [3]. Merely the divergence rate of n in the case of
external jumps with finite activity holds only for the bipower estimator (6). Compare also the results in
Palmes and Woerner [9][Section 5] for further details.

The Assumptions 2.1 allow for a fairly general continuous volatility process, namely possible short- and
long-range dependence, but jumps in the volatility process are excluded. In the following we will show
that the Gumbel test still works under the following condition, i.e. finitely many bounded jumps. Since we
are mainly interested in the influence of the jumps in the volatility process we consider the simplifications
that the drift d vanishes, « is constant and W and o are independent.

Assumptions 2.4. Let the volatility o > 0 and the Brownian motion W be independent. Set further
d =0 and assume
V(w) = ogtlilgt(w) >0, we.

Furthermore, fit0 < e <1 and0 < a <1 and let t — oy(w) be caglad with, at most, finitely many jumps
of size not larger than e(\2 — 1)V (w) and a-Hélder continuous between the jumps for every path w € €.
This means that there is a function N : Q — INg and a sequence (S;)i=0 of stopping times with So = 0,

such that

holds for all

()€ | (Siw), Sia(w) A1, we



Here, N denotes the number of jumps in the respective path and (S;)1<i<n are the jump positions.
Furthermore, we claim

0 < |Acs, ()] = |os, (@) — 05, (W)] < e(vV2—DV(w), 1<I<N, we®

and assume as usual
lot(w)] < K(w), 0<t<1, wel

In general, the Assumptions 2.4 say that sufficiently small jumps with finite activity in the volatility
process are allowed. It turns out that the bound of the jump size (v/2 — 1)V is sharp in the sense of
Corollary 3.5 in the following section.

For completeness, a formal proof is provided in the Appendix that such a sequence of stopping times
(S1)i>0 as stated in the Assumptions 2.4 exists, N is measurable and that K can be chosen as a measurable
function. This is also important for the proof of Theorem 3.2.

3 The Gumbel test with jumps in the volatility process

In this section we will show that under the Assumptions 2.4, i.e. finitely many sufficient small jumps,
the Gumbel test is still applicable. Furthermore, we will construct a counter example demonstrating

that the bound on the size of the jumps is sharp. We start with a Lemma that builds a bridge between

volatility processes with and without jumps. Now we assume w.l.o.g. P(S; = 0) = 0 and set K, def

([nSi] = 1) Tyenmy tnlgspyy, Ln=1
Lemma 3.1. Under the Assumptions 2.4, we obtain for every v < «

n’ max [nAYy ; — oW Zy ;| >0, n— o, P-as. (8)
J

where k' in the above mazimum runs over all positions of the coarser scaled grid in between the volatility
does not possess a jump, i.e.

N
Ke{o1,...,n—1}— | J{Ki.}
=1

and j € {0,...,n — 1}. Hence, the above index set is a random subset of {0,1,...,n —1}2. If in addition
¥ <aA %, we obtain
n’ max |62 — 0% =0, n—ow, P-as. 9)
and AV,
n ‘i
n" max |———d Zyi| =0, n—ow, P-as. (10)
k'.j Ok i

with the spot volatility estimator

n—1
Gr=n) |AV,;P 0<k<n (11)
j=0
Proof. Set
oC e8]
T = <1+Z |Aas,|> =Y Aog, (s, q(t), 0<t<1. (12)

=1 =1
The first term in (12) guarantees that 7 is positive and the second term subtracts all jumps within a

path. Thus, ¢ def o + 1 is a positive a-Holder continuous process that is independent of W. Set further

t t
Xt = J, Ps dWS, Ct = J Ts dWS
0 0



Since the volatility ¢ and the Brownian motion W are independent according to the Assumptions 2.4,

we can assume w.l.o.g.
1
th itz 2
AY]CJ = J O'g ds Z}C’j, 0< ],k‘ <n, (13)
t

ki
cf. Palmes [8][p. 26] for a formal justification.
We start with the proof of (8) : Using

AY]C/J' = AX]C/’]' - ACkl’j = AX]Q/J' - ’7']€IAVV]€/J7 Ot = Pt — Tk,

we have

[nAYr j — ok Zis | = [nAXpr j — orr Zior s

which implies

n'max |[nAYy ; — o Zi ;| < n7 max |nAXy; —orZy;| =0, P-as.
k',j 0<k,j<n

Here, the latter convergence holds, since we can apply Palmes and Woerner [9][Proposition 3.3, eq. (12)]
to the process X.

Next we turn to the proof of (9) : Set
n—1
Gr=n) |AXy;?, F=n Z |AC >, 0<k<n
j=0

and consider

n—1
82/ = @i/ + ?]gz —2n Z AX/C/J‘AC/C/J‘
j—O

1 n—1
= (pk/ +Tk’ Z Zk’ ; 27’7,7’;.3/5 Z AXk/)jZk/,j.
=0

Next, decompose the last term in

n—1

_ZTk’Sﬁk’ Z Zk’ . 2Tk/Rk/

with

def 1
Rk/ = Z Zkl i nAXk/ i QPk’Zk’,j)-

Then, we have
~ ~ ~ 1'C
O'i/ - O’]%/ = 0’]3/ - ((pk/ - Tk")z = ((,0;%.1 - QD%/) + (T,?, - QTk/gOkl) (n Z ZI?’,j - 1) - 2Tk1Rk/.
j=0
Again, an application of Palmes and Woerner [9][Propositon 3.3, eq. (13)] to X and W yields
L5 4,
n =0

Note that [9][eq. (13)] is proven for the bipower variation estimator. However, a simple check of the
respective proofs in [9] yields that [9][eq. (13)] still remains valid in the case of the quadratic variation
estimator, cf. Palmes [8][Theorem 1.4.2] for more details.

n? max |§7 — o3| — 0, max —0, n—o o, P-as. (resp.) (14)




Note that every path of 7 and ¢ is bounded. Thus, it remains to estimate the residual term Ry :

n—1

> Zig

n” max |Ry| < max —
k ko=
j=

n?Y max InAXy ; — Pkl
3J

The second factor converges P-a.s. to zero due to Palmes and Woerner [9][Proposition 3.3 eq. (12)]. Note

for the first factor
1 n—1
<\/ﬁ 2 le‘) ~ (Z0,4)j=0,...n—1,
J=0 k=0,...,n—1

.....

so we have for every N € IN together with the Markov inequality

1[E E 1 Zo ;1N _
P max — 2 Zk,j 2 € = P (max|Zoyj| Z \/E€> S w = O(ni N2 1)67N7
kE n 720 J nzeN

where the last equality follows immediately from Palmes and Woerner [8][Proposition A.3]. Hence, a
standard Borel-Cantelli argument yields that also the first factor converges P-a.s. to zero and, therefore,
(9) is proven.

Having proven (8) and (9), the proof of (10) is the same as the proof of the analogue statement in
Palmes and Woerner [9][Proposition 4.1] in the case of no jumps in the volatility process. It is therefore
omitted. ]

Theorem 3.2. Theorem 2.2 holds under the Assumptions 2.4 with the spot volatility estimator given by

(11).
Proof. Note that the interesting part of the proof is the convergence to the Gumbel distribution, since
the other part of the convergence to infinity is not influenced by the conditions on the volatility process.

Hence we prove
d
ap2(Tp —bp2) > G, n— 0.

Lemma 3.1, (10) and

TLAYk j

max ——>= — max Zy, ;
k,j Ok k,j '
’I”LAYkI i TLAYk i TLAYk/ i
< max Ai’j—Zkgj + [ max —24 — max — 5 ) 4+ max Zy ; —maxZy ; ), melN
K',j Ok k,j Ok K',j Ok’ k,j K',j

implies that it suffices to establish the following two convergence results:

AY, AYy
P<maXnAk’]—maank’j>0>—>O, n — o0 (15)
k,j Ok k'.g Ok
and
P (r%aka,j — rgaXZsz- > O) —0, n— ow. (16)
\J '\

The following proof is divided into three steps. The first two steps prove (15). The first step simplifies the
claim to a more elementary result which involves only the maximum of i.i.d. N(0,1) random variables.
This simplified result is proven in the second step. Finally, in the third step, the first two steps are used
in order to prove (16).

STEP 1. Simplification of the claim. Set

ﬁk—ak .
Mh=—""—" Chj =nAYy; —orZr;, 0<k,j<n
k



and define for any fixed 0 < v < a A %

N—-1
1 o o
A, = ﬂ{Sl+1—Sl>}m{V>(2Kn_2)vn_2},
=0 "
17c 1 1 1
B, = { x|~ ; Zi; =1 < 5 max || < et max Gy j| < 05 max Z >0}7

with the notation {M;, My} def My n M, for any sets My, Ms. Furthermore, we have with

. N
ke U{Kl,n}
1=1
the inequality
AYy AY)
P (max ekl B e LT O) (17)
k,j Ok k',j O'kl
nAY; N
< P max— "9 s> max P24 B | 4+ P(AS) + P(BS).
k.7 0'% k’ j O'k/

Lemma 10, (9), (10) and (14) yield P(BS) — 0, n — 0. Note also
limsup P(A;) < P(limsup A4;,) = P((liminf 4,,)¢) = P(&) =0,

ie. P(AS) — 0, n — . Set Gy, def {(g1,...,g)€{0,1,....n—1} g1 <go<...< g}, 1<I<n.
Since we aim to verify (15), the above yields that it is sufficient to prove that

nAY; . AY
Z Z (max kg — max LAY >0, (Kin,...,.Kin) =9, N=1, Ay, Bn>

~ kl
1=1geGi,, o, Ok
tends to zero, if n tends to infinity. Define

Ay = y infkﬂ}as, 0<k<n,
rSS< =

] sup |Acg, | 1ig,<1y < e(vV2— 1)V
=1

Then we have for w € A4,, and every 0 < k < n, i.e. in particular for k

e k kE+1
Ai(@) € 04(w) < M) + 2K (@)™ +0(w) © M) +8u(@),  — <5 :
This yields the estimates
1 n—1 1 n—1
M= D 27 <G < (M4 60)°= ), Zij, we Ay,
n n 4
j=0 7=0
since
n—1 n—1 tk,jJrn%
8,3 =n (AY;W)2 =n Z J, 052, ds Z,ij,
j=0 j=0Ytk,j
cf. (13). Using this we obtain with C), ' A, A B,, neN the inequalities
nAY; . AYy
P max —" > max "SI (K K) =g, N =1, C, (18)
ki O b ow



n (2N +62)%)? Z. Ok Lyt j + Crr g

< P i > — = (Kip,...,Kin) =9, N =1,C,
HEli‘X A2 11)? W5 ow(+ ) (s, tn) =9
(2(-5)
Mo +6, Ly Tr s 1
< P n;lax k k,J 1 >maX k’J - n 1 7(K1TL7 Kln)_gaN_lv Cn
ki g (1—-L)z ¥ 1+-L v(a-4)

We have on A,, for n large enough

Ar + 6, -3 - o
k; <1+2 V“Leéﬁ 1)V=\/§+n*5—(\6—1)(1—e)< 2— K
%

for some constant k > 0. Hence, if g € Gy 5., | < n, (18) is not larger than

Ne= 1 2
Pl M8 maxZ > ———maxZy; — — | P(Kip, ..., Kin) =g, N =1)
(1—L)2 kg 70 I4gs kY n2 '

where the maxima run over

1 l
Fe|Jlg) and Ke{ol,...n—1}—|Jigh
j=1

=1

respectively. Here, we used the independence of Z and o. Define

V2 —kK 1 2 !

D} ={ " maxZ; . > maxZy j—— ¢, L<n,g9€G,.
l,n (1_L)% % %,j 1+—k" k nE g l,
nYy
It suffices to prove P(Df,) — 0, n — oo with 7 = (0,1,...,1 — 1) € Gy, for every fixed | < n, since we
have
Z > PO} )P(Kim, ..., Kin) =g, N =1)
1=1g€Gi,n
= P(Df,) >, P(Kin ... Kin) =g, N =1)
=1 gEGl,n
< ). P(Df,)P(N =1)
=1
and

P(Df, ZP(N—Z) 1 < o0.
=1

Hence, a dominated convergence argument, (17) and the results proven so far yield the desired conver-
gence (15).

STEP 2. Convergence of (D], )n. We know that

o ef maXZ by, =0, Bin def max Zy'j —bi—tyn = 0, mn — o0 P-stoch.
k,j "\J
Due to
P(D[,)
2—kK 2
= P n+bm) > ———Bin+bm_in) — —=
(1_L)%(Oél, In) 1_}_7%(@, (n—l)n) 3
nYy



V2 — kK 1 1 2—K
= P 1 0%,n— 1 /Bl,n > 1 b(nfl)n - ﬁbln ~
(_%)2 1+n7“/ 1+n7‘f (1_%)2
and the stochastic convergence of (a;,)n and (8., )n to zero, it suffices to show
1 2—K
——btyn — ———b 00, N — 0. 19
1+ n% (n—10) (1 _ L)% In —> — ( )

Substituting (4) in (19) yields

! «/210g((n—l)n)—‘/i% 2log(ln) + o(1), n —

1+ =
1 -
= 2log (((n —)n) (++55) > - \/210g ((ln)lnlv> +o(1).
Since ) 5
— 1 If—>2—/<;<2, n — o0,
(1+35) G

step 2 is completed.

STEP 3. Proof of (16). Write as at the end of step 1

P (mkax Zyj — rilax Zy > 0, An>
"\J

5]

n
S Z Z P (ma‘XZ%)j > rillaszk’,_ﬁ (Kl,nv"le,n) =9, N = l)
k,j )

5]

Again it suffices to establish

PlmaxZ; . >maxZy ;| -0, n—o (20)
.5 7 K'.j

for every fixed | € N and g € Gy ,,. Note that the proof of (20) is a simpler version of what was performed
for the second step, namely set k = 1. O

Next we turn to the question, whether the bound on the size is optimal or if it might be chosen larger.
In the following, we demonstrate that the bound (1/2 — 1)V is sharp. Our main result in this context
is Corollary 3.5 which is a stochastic generalization of the following Proposition 3.4. We illustrate that
the convergence to the Gumbel distribution does not have to hold, if there is an oversized jump in the
volatility process at some irrational position. Such an irrational jump position causes some problems
since our grid consists of equidistant rational points. We start with the following preparatory lemma:

Lemma 3.3. Fiz any 0 < ¢,r <1 and let ¢ be an irrational number, then there are sequences (n;) and
(k1) of natural numbers with the properties

ngloo, 0<k<mn

and ] %
—I+L<c<—l+L, =1 (21)
ng 2nl ny ny



Proof. Consider the function
g : N—]0,1], n+~— nc—[nc|.

g(IN) is a dense subset of [0, 1]. This is due to the irrationality of ¢ and can be proven by the pigeon-hole
principle, c.f. Arnold [2][§24, page 222]. Observe that (21) is the same as claiming

nic—kj € <g7r) , =1 (22)

Since (%,7) < [0,1] is open and g(IN) is dense in [0, 1], it follows that

9(m) A (5.r) € [0.1]

consists of infinite many points. So we can choose a sequence n; T 00 of natural numbers such that

r

g(m) € (*

>
27T)7 [>1 (23)

holds. Finally, we set

0< K déf [nlcj <n, [>1

and observe that this choice yields the equivalence of (22) and (23) which proves this lemma. O

Using this, we can prove the following main result in this context:

Proposition 3.4. Let h and ¢ be two numbers, such that h > /2 and 0 < ¢ < 1 is an irrational number.
Set
oy = h]]-[O,c](t) +]]-(c,1](t)7 0<st<1

and d; = 0. Then, there is a sequence (n;); of natural numbers, such that n; 1 o0 and
P(T,, — bz = e)—>1, l—-ow (24)
for all e > 0. This implies in particular

anz(Tn—bnz)—I—)g, n — o0.

Proof. We use the fact that the spot volatility estimator o) estimates the average value of the spot
volatility in the interval [%, %] Thus, if the spot volatility jumps in this interval, we make obviously
an error depending on the jump size and position. Our intention in the following is to make this error as

large as possible to get the negative convergence result (24).

The proof is divided into two steps. Similar to the proof of Theorem 3.2, the first step simplifies our
claim, so that it remains to prove a more elementary result which involves only the maximum of i.i.d.
N(0,1) random variables. We prove this result in the second step.

STEP 1. Simplification of the claim. We have

t AW, t <
n:JUSdWF b ¢
Wt_[[c+h[[c7 t > c.

0
Let
fu(t) = |n%t] —n|nt], 0<t<1
denote the fine scale position of ¢ and choose 0 < k < n, such that c € (%7 %) Then we can write
fn(c)—1 n—1 h2
Gp = n Y (A teantn Y, (AYi)? 0<ean<—2Z0;

=0 J=fa(e)+1 n

10



h2 fn(c) 1 n—1

= Z Zk ] Z Z]%ﬁj + €k n-

.7 fn(c)"l'l

Next set
. def h—+/2
4(h? —1)

and note that by Lemma 3.3 we have two sequences (n;); and (k;); of natural numbers, such that

[QJ Fn(€) < Lrmal, ce<kl,kl“>,z6m

n n

€ (0,1) (25)

and n; 1 oo. This implies together with the weak law of large numbers

R h2 |rng] 1 n;—1
op, < - Z lel,j + — Z Zil,j —rh®+(1—-7r), |- o (P-stoch.)
b j=o j=lrni]+1
which yields
h2 [T’ﬂlJ 1 n;—1
P (6} =1+2r(h*~1) < P — > Z,fl,j+n— Moo ZE - 1—r(h?=1)| = r(h? - 1)
! 7=0 =|rn;]+1
—- 0, [— oo (26)
Next define L
A 2
Tror(h2—1) V2,
cf. (25) and
7‘l=[§nlJ>f—l [ >1.

=
n 2 ny ’

Furthermore, note that for arbitrary € > 0 we have the inequalities

AYy, s
P (Tm —b,2 = e) > Pln max # —b2>¢€
! o<j<|sm| Ok !

> (/\ max Zi, j — bn? > e, 3,%[ <1+2r(h? - 1)) .

o<gj<ring

WV

Thus regarding (26), it suffices to establish

<)\ max Zy, ; — b,@)é)—)l, I — o0,

o<g<ring

which we will show in the second step.

STEP 2. Convergence to infinity of a A-scaled partial-mazimum. Crucial in what follows is that we have
the lower bound X\ > +/2, which is due to the choice of r. The notations

f

de def
M, =

max Zkl g Al = amm (Ml — bﬁnl)’ l Z 1

0<g<rng

are used in the following. We know that A; 4 G, 1l — oo, cf. Lemma 1.1.7 in Haan and Ferreira [4], and
write

P(AM[ — bnl2 2 6) = P()\(Al + aTLnl brlnz) - amm brLL2 2 a/Tlnle)
1
= P (Al > X (arznzbnl2 + Qryny 6) - annzbnm> .

11



Obviously it suffices to establish
Xb"? —byyn, = —0, | — 0.
This follows after a substitution of (4), i.e.

bpz = Ao, = 4/2lognf — A\y/2log(rimg) +o(1), 1 — oo
= 2¢/logn; — V2\/logr; +logn; + o(1)

A log 7y
= 24/logn; |1 - — +1]|4+o0(1
g 2 log 1 (1)
—
>1 —1
— —o00, [ — oo.

)

O

Corollary 3.5. Let (U, F, (Ft)o<t<1, P) be a filtered probability space. Furthermore, assume that W is
a (Fi)-adapted Brownian motion on this space and that there are two random variables S, H : Q — R,
such that (S, H) is Fo measurable and independent of W. Next assume that the distribution of (S, H)
has an atom at some point (¢, h). To be more precise, let

P((S,H) = (c,h)) >0
for some pair (¢, h) with
0<c<1l,c¢Q h>+2
Further set

f
o! = Hlpyg(t) + Lis(t),

t
y(SH)  def f oSH) W, 0<t<1
0

and define (TT(LS’H)) analogue to (T,)n as a function of (Y;(S’H)) . Then there is a sequence (n;) of
n t
natural numbers with n; 1 0, such that

P(T(S’H)—bnflz 26) -1, |-

ny
for all e > 0. This implies in particular
an2 (T —b,2) b G, n— . (27)

Remark 3.6. The assumptions of Corollary 3.5 basically state that the volatility jumps at the position
S with the jump size H —1if 0 < .S < 1 and H # 1. Furthermore, there is a positive probability that o
jumps at some irrational position with a jump size larger than /2 — 1. Note also that the existence of a
filtration as stated in Corollary 3.5 does not cause any problems. This is due to the fact that if H € F
is a sub-o-algebra, which is independent of Fj, then

(Wt,’Ht)ogtgl, H, déf O’(H V] .Ft), 0<t<1

is also a Brownian motion. We have to consider such sophisticated technicalities since the construction
of the Itd integral requires o to be (F;); adapted.

Proof of Corollary 3.5. Using the independence of (S, H) and W, P((S,H) = (¢,h)) > 0 and the state-
ment of Proposition 3.4 we can write for any € > 0

PEED =z e) = [P (T b > o (5.1) = (s.)) P (s,
R2

n

12



n

> P((S,H) = (c,h))P (T(S’H) — by > e‘ (S, H) = (c, h))

n

= P((S,H) = (c,h))P (T(C’h) by > e) .
This implies with the same sequence (n;); as in Proposition 3.4 the convergence

P (T(S’H) —bn? > e) -1, [ —> 0.

ny

Furthermore, (27) follows from Slutsky’s theorem together with a,2 1 00 as n — . O

4 Simulation study

Theorem 3.2 claims that our scaled test statistics (5) still converges to the Gumbel distribution in
the presence of sufficiently small jumps, not larger than the bound V(v/2 — 1), cf. Assumptions 2.4.
Furthermore, Corollary 3.5 states that this bound is sharp, i.e. it is the lowest possible bound.

In this section, we investigate the convergence respectively divergence properties of the scaled statistics
(5) by numerical simulations in the case that the volatility process possesses jumps of the critical size.
Our simulations clearly confirm the existence of such a critical jump size. Hence, the simulations coincide
with our theoretical investigations of the previous section.

08r 08F

0.6 0.61

041 041

0.2f 02l

Gumbel distribution
—— Approximation

) I . . .
-3 -2 -1 0 1 2 3 4 5 6 7 -3

08F

06

041

02r

Figure 1: A sharp bound concerning the jump size of the volatility process

In what follows, we construct a suitable volatility process. Fix n € N and 0 < p < 1 and let Xg, ..., X, 1
be a family of i.i.d. Bernoulli distributed random variables with success probability p. Moreover, let
Uo, . ..,Un—1 be iid. and uniformly distributed on [0, 1] and let B and W be two standard Brownian
motions, such that X, U, B, W are independent. Set further

T o= 1+|1+B, 0<t<1l, M= inf 7, 0<k<n,

K k41
wSs< =
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|nt]—1

w = 20 ML () + Matt Ly x@mitoth) Kjneps Uprt)s 0™ =0, 0t <1,
k=0
Ugc’n) = T+ C(\/i - 1)715(“)7 0<t< 1u c>0 (28)

and t
yem _ f e qW,, 0<t<1.
0

7 is a reflected Brownian motion with starting point 79 = 2 and reflection barrier 1. Further, ¢ — %Sn) is

a step function that jumps on every subinterval Iy, def [%, ’%1] with probability p, i.e. iff X} = 1. In this
case, the jump position is uniformly distributed on I according to Uy, and the jump size is the infimum
of 7 in Ij. Thus, (28) adds on 7 on every coarse grid position with probability p a jump of the critical

size ¢V (7/2 — 1). Therefore, every path of ¢(©™) has a Bin(n,p) distributed number of jumps.

We used in our simulations the grid-size # with n = 200 and simulated Y (¢ with ¢ = 1,2,3,4 and
p = 0.1, i.e. every volatility path possesses on average np = 20 jumps. The scaled test statistics (5) was
evaluated 5000 times for each ¢ and the resulting empirical distribution functions are plotted together with
the Gumbel distribution in Figure 1. The divergence (to infinity) away from the the Gumbel distribution
is clearly observed in the cases ¢ = 2,3,4. Otherwise, the resulting plot of ¢ = 1 is close to the plot of
the Gumbel distribution. This confirms our theoretical result that there exists such a jump size bound
of the volatility process.

Appendix

For completeness, we provide a proof that a sequence of stopping times (5;);=0 as stated in the Assump-
tions 2.4 exists, NV is measurable and that K can be chosen as a measurable function. Assume for this
purpose that the Assumptions 2.4 hold and set for [ > 1

Si(w) =

Position of the I-th jump in o(w), o(w) has at least I jumps,
o0, else

and set Sy = 0. To understand that each .S; is a stopping time, an inductive argument is provided. Firstly,
define for r,s,u,v € Q and m,n € IN the sets

1
Lyon = {(r,s)e([f:u<r,s<vand|r—s|<n},
Ao = JweQ: o, @) =) > —
r,s,m w |or W oglw (-

Sp is obviously a stopping time. Assume for the induction step that S; is also a stopping time for some
1 € IN. Observe, furthermore, for ¢ > 0 and

Coo=J ) U AemeFn O<uuv<l

MEN neN (r,s)ely v,n

the relation

(S <th= |J {Si<s}nCsieF

0<s<t,
sEQ

which proves that S;y; is a stopping time due to the right continuity of the filtration (F;). Next
{N=n}={S, <0}n{Spt1=0}eF, nelNy

yields that IV is measurable. It remains to establish that K can be chosen as a measurable function. To
understand this, set

o>
Ye=00— D) Aos, L), 0<t<1, Ao, €0

=1
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and observe that 1 is (F;) adapted since o is (F;) adapted and (S;) are stopping times as proven
previously. Note that v is simply ¢ without jumps. Since @ is pathwise a-Ho6lder continuous, we can
define

|'(/)t(w) — s (W)|

K(w)=| sup v sup |op(w)] <o, weQ.
0<s<t<1, |t — 5|O‘ o<t<1,
5,tEQ teQ

K is obviously measurable and fulfills the requirements of the Assumptions 2.4. Compare for similar
results in this context also Chapter I, Proposition 1.32 in Jacod and Shiryaev [5].
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