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ABSTRACT. We construct a two parameter family of irreducible, eleven-dimen-
sional, indecomposable, non-flat Cahen-Wallach spaces with non-restricted geo-
metric supersymmetry of fraction v = 3/4. Its compactified moduli space can
be parametrized by a compact interval with two points corresponding to two
non-isometric, decomposable spaces. These singular spaces are associated to a
restricted N = 4 geometric supersymmetry with v = 1/2 in dimension six and a
non-restricted N = 2 geometric supersymmetry with v = 3/4 in dimension nine.
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1. INTRODUCTION

We will describe here in detail geometric supersymmetry of a family of eleven di-
mensional manifolds. Geometric supersymmetry is by definition an extension of the
Lie algebra of the Killing vector fields to a super Lie algebra by purely geometric
data. This roughly means that the odd part of the superalgebra is given by a linear
subspace of the sections in a bundle over the manifold at hand compatible with the
Killing vector fields — we will be more specific at the beginning of Section 5. Although
the manifolds we will consider in this text are homogeneous spaces and, therefore, it
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would be sufficient to discuss the structure at one point, we will give all results in
terms of local coordinates, too. On the one hand, we do this to emphasize the geo-
metric nature and, on the other hand, because the local description may give an idea
for similar constructions in the non homogeneous situation. However, the calculations
are similar in both concepts.

First we will provide the general setup of the manifolds we will consider, the Cahen-
Wallach spaces. We describe in detail the local structure of the metric and determine
the Killing vector fields that yield the even part of our structure, see Sections 2 and 3.
Then we turn to the odd part that will be spanned by sections in a spinor bundle that
are parallel with respect to a given connection. Again we will give the local description
and show how this depends on the elements at one point, see Section 4. These
preparations lead to Section 5 where we first give a short introduction to geometric
superalgebras and geometric supersymmetries. Then we describe in detail how the
ingredients provided so far define a geometric superalgebra. In particular, we prove
several compatibility conditions. In Section 6 we discuss whether there are situations
in which the geometric superalgebra yields geometric supersymmetry. We formulate
the obstruction and provide a full list. In the final Section we discuss the moduli
space of geometric superalgebras and geometric supersymmetries. Furthermore, we
associate the singularities to extended geometric supersymmetries in dimensions six
and nine.

As a side note we emphasize that the spaces we discuss in this text are canonical
candidates for supergravity backgrounds. For more details on this topic from the
supergravity point of view we cordially refer the reader to the literature in the refer-
ences.

2. THE GENERAL SETUP

The approach to classify solvable Lorentzian symmetric spaces by the construction
presented below goes back to [3]. Let (V, (-,-)) be an n-dimensional euclidean vector
space and B be a symmetric endomorphism of V. We denote the symmetric bilinear
form that is defined by B and (-,-) by the same symbol B and we write * : V' — V*|
v = v* with v*(w) = (v,w) for the canonical identification of V' and its dual. We
define W := RY! @ V and denote by § the the extension of (-,-) to a block diagonal
Lorentzian metric on W. Let {e4,e_} be a null basis of R with respect to §|gu.1.
Then consider the following skew symmetric multiplication on g := V* & W that
yields a Lie algebra structure on g:

le—,w] =w", (1)
[v*,e_] = Bo, (2)
[v*,w] = —v*(Bw) - e = —(Bv,w) - ey, (3)

for all w € V and v* € V*. The bilinear form § is extended to a bi-invariant metric
on g be g(v*,w*) := (Bv,w).

Within g the factor V* acts on W, the bracket of W with itself obeys [W, W] = V*
and (-,-) is V*-invariant. From (1)-(3) we see, that the embedding

Vi —R;yQV —=s0(W)=s0(V)®d (R+:V)d (R_eV)® R+R_) (4)
is given by v* — Bv A e; where z A y(z) := (y, z)ax — (z, 2)y.
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These data yield a (D = n+2)-dimensional symmetric space Mg with Lorentz metric
determined by (-,-) and B. The resulting Lorentzian space Mp is indecomposable if
and only if the symmetric map B is non-degenerate. This can best be seen from
(1)-(3) if we recall that Mp is decomposable if there exists a V*-invariant subspace
W C W such that gl i is non-degenerate, see [1,18]. If B admits zero eigenvalues
the space decomposes into a product of a Cahen-Wallach space and an euclidean
space. This can also be deduces from the coordinate form of the metric, see (11).

3. THE METRIC AND THE KILLING VECTOR FIELDS

3.1. The metric. For the local description of Mp we may use the exponential map
and write for z = zTey +ax7e_ + T € W with @ =), 2'¢;

p(z) == exp (zte;) exp (z7e_) exp (7).

This obeys
By = explates ey exp(a™e_) exp(d) = pla)es (5)
Oipu = exp(zTer) exp(z e ) exp(T)e; = p(x)e; (6)
O_p = exp(m+e Yexp(z~e_)e_ exp(Z) = u(x) exp(—Z)e_ exp(F)
(@) (e + 3, xlef — & Zij Bjjzizie,) (7)

K2
where we use exp(Z) = [], exp(z'e;) and

e exp(z'e;) = exp(a'e;) (e — BijxieJr) ®
e exp(z'e;) = exp(z’e;) (e~ + a'ef — L Bji(a*)%ey)

with the matrix (B;;) defined by B(e;) = 3_; Bije;.

From this we read the two components of the Maurer-Cartan form p~tdy =w + 6 €

Q' (Mp) ® g withw € Q' (Mp)® V* and 0 € Q' (Mp) ® W:

w= indzf ey, (9)

0=dz” ®e_+ dei ®e; + (dot — %ZBijxixjdm_) ®ey. (10)

ij
With gg = §(0,0) we get the following local form of the metric on Mp:
gp = 2dxtdr™ — ZBijxixj(dx7)2 + Z(dxi)2 . (11)

In particular the Levi-Civita connection of gp is determined by the Christoffel sym-
bolsT';_._ =-T__; = Z wa If we move from the coordinates to the adapted

ON frame {04,0- + 3 Z B;jx'xidy,0;} there is only one surviving component of
the connection form, namely

Wi— = W3 = — ZBijﬂjjdl‘7 . (12)
J
The bi-invariant metric § on g makes the decomposition g = V* @ W an orthogonal
splitting and the isometry algebra of Mp is given by
isom(Mp) =sop(V)®dV e W (13)
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with sop(V)={A€so(V)|[A B] =0}

={Aeso(V)|[Av] = (Av)* for all v* € V*}. (14)

Remark 3.1. To fix some notation, we like to mention that two Lorentzian spaces
defined by symmetric maps B; and By are isometric if and only if B; and By are

conformally equivalent, i.e. there exists a real scalar ¢ > 0 and an orthogonal trans-
formation X such that By = cX!B; X.

Therefore, we may and will restrict to diagonal maps B such that the space Mp is
defined by a sequence of real numbers A2, ..., \2. We may also sort this sequence in
the way A7 < ... < A2 and all non-vanishing if Mp is indecomposable.

Example 3.2. Consider D = 11, i.e. n =9, and B = —4/3> (4]13 1 ) Then Mp
6

is indecomposable and the metric is given by

3 9 9
gp = 2dxTdx™ + 432 (4 Z(m’)Q + Z(x’)2) (dz™)* + Z(dmi)2 .
i=4

i=1 =1

3.2. The Killing vector fields. A local basis of the isometry algebra of Mp is pro-
vided by the Killing vector fields, i.e. by those vector fields X that obey Lxgp =
0. We will denote the Killing vector fields associated to the ON frame of g by
Ky, K-y, Ky, K(;-) and those associated to the standard basis of sop (V') by K.
In the following we consider B = diag(\,...,\2).

Because the metric coefficients only depend on the 2%, we immediately see that d.
and 0_ are Killing vector fields and we write K4y = =04 and K(_y = —0_. The
ansatz .
Ky = ai(x7)0; + Bi(x™ )"0y
Koy = o (27)0; + B (z7 )"0y
inserted into Lxgp = 0 yields

(15)

B _ o 0a
ox~ =Aoq Ox~ =0
or
28;" 250 00" 2,,()
o~ MO g T

This motivates the further specialization to
a; = a;cos(Nz ™), B = bisin(MNaT), af =afsin(\zT), BF = b} cos(MxT),
and the coefficients are related by A;a; = b;, —A\;af = b;. By claiming the com-
mutation relations (1)-(3) we fix the remaining free parameters:' (1) and (2) yield
af = —\a; and (3) yields a? = 1. The resulting Killing fields that are adapted to
e4,e_ and the orthonormal eigenbasis {e;} of B are K4y = -0, K_) = —0_, and
Ky = cos(\iz™)0; + A sin(Az ™ )2' 0, (16)
Koy = =X; sin(A\z7)9; + A7 cos(Az ™ )2' 05 . (17)
IWe have to take into account that the vector fields obey the commutation relations only up to

sign. This is due to the difference between right and left invariance when we turn from the group
structure to the structure on the coset space, see [14] for more details on this fact.
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The additional Killing vector fields that come from sop (V) are given by the usual
s0(V') generators subject to condition (14), i.e.

K(ijy = 270; — 2'0; (18)
with 4, j € I, for some a where {1,...,n} = UZ:1 I, with I, = {re—1+1,...,74} is
the disjoint decomposition coming from \? = ... = )\31 < )\21_‘_1 =...= )\%2 <...<
Ao =...=X andrg=0,r;, =n.

4. CONNECTIONS AND PARALLEL SPINORS

We will consider special connections on a the spinor bundle S(Mpg) of Mp in the
following, namely connections that are compatible with the homogeneous structure of
Mp. It S(Mp) is associated to the irreducible Clifford module such connections are
described by V*-equivariant linear maps g = V*@W — C{(W) with the property that
p:so(W) D V* — CLW) coincides with the spin representation, i.e. p(v*) = I'(v*).
Here C¢(W) denotes the Clifford algebra of W. In [13] such connections are discussed
in detail, and we will state the result in Propositions 4.1 and 4.3.

4.1. Preliminaries. Mainly to fix our notation, we recall some facts on the Clifford
algebra in this special situation. We consider C/(R*!) = gl,C with generators v, =

e = Jgtima+ ) =va(Q o) 2 =a(e) = tioa - o) = v3( O ) ana

0 1
If we denote the generators of C4(V) by {7;}1<i<n, those of C{(W) = gl,C & CL(V)
are given by {I',}c+,—i1 = {7+ ® 1,7~ ® 1,0 ® %;}. In particular,

we denote the two-dimensional volume element by o := % [y, 7-] = —03 = (_1 0) )

gbCor—=rRl=r®1ecClUW) (19)
CU(V)sa—1®a=1®d +0o®a' € CHW) (20)

where a = a® + a € C{(V) is the decomposition into its even and odd part. In this
regard, we consider the map ~ : C{(V) — CU(V) with a% + a! = a” — a'. Consider
the irreducible Clifford modules Sz and S(V') of C4(RY1) and C¢(V). The first one
decomposes into a sum of two one dimensional half spinor spaces S5° = ker(I's) given
by the +1-eigenspaces of o. If we denote the two projections on the two eigenspaces
by o0+ = 2(1+0) = —3y5v+ then (20) is rewritten as 1&a = o- ®a+ 04 ®a =
o_®a+0,®a. In our choice of y-matrices the eigendirections are given by €; = (1,0)*
and & = (0,1)! such that a spinor in S(W) = Sa @ S(V) = S, @ S(V)@ S5 @S(V) =:

S™(W) @& ST (W) can be written as 7 = = €1 @ m + €5 ® n2. The action of

"2
Ce(W) on S(W) is now given by

(r®a) (771> _ (7“116_6 r12a> (771) — (am> (21)
2 ro1a  T22a 2 arz
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for r € gl,C and a € C{(V). In particular, the image of v* € V* considered as an
element of so(WW) C C¢{(W) under the spin representation, is given by

1
v =BvAep— Z((%r @ 1)(o @ Bv) — (0 @ Bv)(74+ ® 1))
22)
1 1 1 /0 Bv (
—4(7+U—UV+)®BU—27+®BU—\/5(0 0)-

4.2. The algebraic description. In terms of the notation introduced above, the
relevant spinor connections of Mp are singled out as follows.

Proposition 4.1. The V* equivariant linear maps that define homogeneous connec-
tions on the spinor bundle are

N SN 1 /0 Bv
p(v*) = §V+®BU— \/§(O 0 ) )
1 . 0 V2a
ples) = Lysda= (0 2 ) ,
A A A A c 2
ple) = o_Ge+ o @d+7-Ob + v4He = <\/%b */;6) :
. . 1 . wb  ——=se4(w)
p(w) = —o_Qwb — 0, Rbw — §’Y+®Sg’d(w) = ( 0 \/zbw .
with a,b,c,d,e € CLV) and
Sed: CLV) = CUV), sza(z)=cx—zd.
The two parameters a,b are fized to be pseudo-scalars a = a+ fvy* and b = —a+ Bv*
if dim(V) is even, and scalars a = —b = « if dim(V') s odd.

Remark 4.2. We consider sop (V) acting in the usual way on W. Then it is compat-
ible with the equivariant map p if it is extended by p(A) :=T'(A) for all A € sop(V)
where T is the spin representation.

The curvature of a connection given by the equivariant map p is determined by its
values in W and given by

RAX,Y) = [p(X), p(Y)] = p(IX, Y]w) = T([X, Y]y~).
Therefore, an equivariant map p from Proposition 4.1 yields a flat connection if and
only if p is a representation.

For example, if we assume scalar parameters a = b = « the surviving components of
the curvature are

P
e - (T ) (23
Ro(er,e5) = <20l(2)')/ij ﬁagzédv(;[i)ﬁj]}> (24)
Rf(e_,e;) = _% (8 QE,d(ez‘)O‘F B(ei)> (25)

with
Ged: CLV) = CUV), qealz) = sg’d(x) =7c*x + xd® — 2¢ad.



A FAMILY OF NON-RESTRICTED D =11 GEOMETRIC SUPERSYMMETRIES 7

The flat connections from Proposition 4.1 are singled out by the following Proposition
4.3 together with Remark 4.6.

Proposition 4.3. An equivariant map p with p(e) = 0 defines a flat connection if

and only if
=70 5 w70 )

with (¢, d) subject to
¢z,a(v) = —B(v) (27)

forallv € V. In particular, e € CL(V) remains a free parameter of the flat connection.

Example 4.4 (Example 3.2 continued). For the metric associated to the symmetric

map B = —432 (413 16) in eleven dimensions, the pair (¢, d) with

c=—3Bv123, d= 7123

obeys (27). This means, the spinor connection that is defined by these data is flat. In
fact this pair together with e = 0 has been considered in [4] and [10] as a connection
that provides a maximal amount of parallel spinors.

Remark 4.5. If the spinor bundle is not associated to the irreducible module but to
an extension of type S ® CV we call this an N-extension. In particular, Proposition
4.3, remains almost the same with (¢, d) taking its values in C/(W) ® gl C.

In [13] we discuss in detail a large class of pairs (¢,d) that solve condition (27), the
so called quadratic Clifford pairs. Furthermore we give an additional condition that
makes the list of solutions we present complete. This condition arises naturally in the
discussion of supersymmetry.

Although we will not need it later but for the sake of completeness, we will state the
result analog to Proposition 4.3 for p(e4) # 0.

Remark 4.6. For an equivariant map p with p(e;) = 0 to define a flat connection
we need n even and B = —2)\?1. Moreover, a = IT* is mandatory. We consider the
upper sign for which the map p is given by

o) = Ve (o o). sten = vaa (g 1)

(e )\@<po—\/m—c+ BH_+(6++6++EI)>
o= —all™ po+VaB+A+dl )’

p(v) = (—al‘[ﬂ) vaf + N+ Séf,d; (’U)) .

(28)

0 all~v

The free parameters are the scalars «, 3, pp and the Clifford element ei. The further
contributions are related by /af + A2s_+ ;- (v) =as+ _ - (v) forallve V.
T.dy t—el
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4.3. The local description. The discussion so far took place in one particular point
of the manifold and, therefore, was a discussion on Lie algebras and representations.
In the following, we will translate the discussion to the manifold Mp.

The choice of coordinates on Mg yields a splitting of the spinor bundle S := S(Mp) of
Mp as S~ @® ST with the first (resp. second) summand being the —1-eigenspaces (resp.
+1-eigenspace) of o := £[[';,I'_], i.e. the kernel of I'y (resp. I'_). The projections
on the two subbundles are given by o1 = —%I‘;Fi. We will use here the notation
5 = £ 4 & for the sections in S, too. In particular, the action of I'y interchanges
the two subbundles whereas they are preserved by the action of I';. This is due to
O’iri = 0, O'iI# = 1_#, and O'iri = Fiai.

The Levi-Civita connection on Mp induces a connection on the spinor bundle S
via the Spin-representation. It is given by VE = dg — iz v w‘“’l"m,g which in our
situation is

V+§: a+57

R T ey
V=00~ gw T f=0-6~ 3 ) o' T B, (29)
Vi€ = 0€.

In the following we will consider a general connection on S(Mp) defined by the equi-
variant map p as given in Proposition 4.1. For the discussion of spinor connections
we restrict to the situation of Proposition 4.1 with scalars a = —b = «, because we
will later on discuss odd dimensional manifolds, only. We know about the dimension
of the space of parallel sections, K1 C 8: It coincides with the dimension of the kernel
of the curvature R”. In fact, for a connection according to Proposition 4.3 we get
dim K7 = dim S(W) = rank S. More general, we see from (24) and (25) that & = 0
is mandatory if we assume the kernel of R” to be non-trivial. Moreover, in this case
the kernel is given by ker(I'y) = 5™, generically.

We will now consider this situation with ¢ = 0 such that the connection is entirely
determined by the pair (¢,d). In our local coordinates the connection is given by
D, =V, +p(e,) for p € {+,—,i} and the parallel spinors satisfy DEZ 0. After
applying the projecton operators f%FiFjF this is

0=0:8, (30)
0=0:& — %F+Sé,d(€i)§2 ; (31)
0=0d:&, (32)
0=0_¢& — %m > @7 B(ej)é + i, (33)
0=0_& +dés. ] (34)

From (30) we see that £ is independent of 2T and from (32) and &, is independent
form 2, such that (34) yields

o = &a(27) = exp(—a~d)&3 (35)
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for a constant spinor £J. Moreover, (31) yields 9;0;¢€; = 0 such that
=& ,2)) =€ Zx T szalei)éa(zT) (36)

for a spinor &] depending only on x~.

Inserting both in (33) yields
1 .
0=0_& +¢c& + 7F+(Zx”s(—;d Ydéo — Zx cszalei)éa — Zx Ble; fg)
= (0-¢ +é€) — F+ Z Ge.ales) + Blei)) &

The vanishing of this term means that both summands have to vanish separately such
that we end up with

(qg’d(v) + B(U))fg = 07 (37)
€(z7) = exp(z~ )y, (38)

with & = exp(—z~d)£). We recall that &9, £9 are constant spinors that obey I' £ =
r-&=o.

Remark 4.7. In terms of the local coordinates we again see, that the space of parallel
spinors is of dimension 3 dim S(W) and parametrized by &7, generically. In case of
maximal K; we need the full freedom in the choice of £J in (37) and (38). In this
case the vanishing of the bracket in (37) is needed. This, of course, is the same as the
vanishing of the sole remaining curvature term in (25), i.e. (27).

4.4. A family of eleven dimensional spaces. From now on we are interested in
non-flat connections and turn to dimension eleven. More precisely, we consider a
connection that is given according to the discussion above by

=(al'+ 6T )k, d:= (O/F[ + ﬂ/FJ)FK (39)
with I, J, K C {1,...,9} and INJ N K = (. We use projections
X}tJ = %(]]. + /LI.]FIJ)
with 277 € {1,4} such that (1;;T7)? = 1. In terms of X;‘LJ we write
geale)) = of Ty X + oy 10X, (40)

for some linear combinations af € {£a 4o’ 4 3+ 3’} where the specific arrangement
of signs depend on whether ¢ € I, J, K, or (I U J U K)C.

We will further specify our connection and consider |I| = |J| = |[K|+1 = 2 or —
without loss of generality — I = (12), J = (34), and K = (5), i.e.

¢= (a3 Xihay + - Xip3)T125,  d = (o Xihgy + " X155 125, (41)
with
ar=aFB, ap=dFpF.
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For gz,q we get in this case
(- = )Ty X 3y + (g — @ )°TiX 153, forie {1,2}
(- + )T X hay + (a+ +a/ )T X155, forie {3,4}
( /
/

) )?
(oy — 0} )’TiX gy + (a )’TiX a3 for i€ {5} 1)
)? )?
(

dzd(ei) =
(g + o/ )°Ti X hay + (o + o/ )T X 53, forie {6,7,8,9}

Remark 4.8. In (37) we have X155,& = exp(—27d) X 33,83 such that X 55,86 =
0 <= Xi33,&9 = 0. Therefore, condition (38) can be read as

(%,d(”) + B(U))fg =0.
Collecting the discussion yields the following proposition.

Proposition 4.9. For the four parameter family of connections (39) the space of
parallel spinors is of dimension 3 dim S(W) determined by S(V)® X{,S(V) C S(W)
for a metric with at most four different eigenvalues determined by a?‘ from (40).
In the particular situation of (41) this is true for the metric defined by
B = —diag ((a— — &/, )?1, (a— + a/})?1a, (ay — /)21y, (g 4+, )°1y) . (43)
Remark 4.10. The Clifford elements ¢, d that define the connection are invariant
with respect to sog(V), i.e. [¢, A] = [d, A] = 0 for all A € sop(V) C C¢{(W).
From the calculations in Section 3.2 the space of Killing vector fields Ky of the metric
(43) is spanned by
Ky =-0¢, K=-0-,
Ky = cos(Nz™)0; + A sin(\z™)z'o,
Koy = —Aisin(Az7)9; + A7 cos(Az ™ )z' 04
K(Z]) = xjé)i - .’ﬂiaj .
for 1 <i<9and (ij) € {1,2}>U {3,4}> U {6,7,8,9}%

Analogously, for the space of spinors that are parallel with respect to the connection
defined by the pair (¢, d) according to (41) the results of Section 4.3, namely (35)-
(38), yield

§=¢€(€.68) = exp(~a~ 08
Ki=<£&e g (1 -z Zf+x Sz d(q)) exp(—z~d)£&y (45)

€9, €9 constant , I'_ ¢ = F+§1 =0,X53,69 =0

5. GEOMETRIC SUPERALGEBRAS

5.1. Introduction. In this section we will not give the definition of geometric super-
algebras and geometric supersymmetry in general, but consider the special situation
from Proposition 4.9. Nevertheless, we will shortly recall the idea.

2From here on we use A\] = Ay = —i(a_ — ) A =M = —i(am + ), As = —i(ay — ),
and A\¢ = ... = Ag = —i(ay + /).
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A manifold M is said to admit a geometric superalgebra if there exists an extension of
a Lie (sub)algebra of Killing vector fields /Co(M) on M to a graded skew-symmetric
superalgebra where the even part acts on the odd part as derivatives. It is called to
admit geometric supersymmetry if this extension is a Lie superalgebra. The odd part
of this algebra is assumed to be purely geometric in the following sense: We consider
a vector bundle E over M together with a connection D such that Ko(M) acts on a
subspace of the space of parallel sections

K1(M) C {s € | Ds = 0}. (46)

This action then defines the even/odd-bracket of the (Lie) superalgebra. That means,
there exits a map £ with Lxs € Ky and [Lx,Ly] = Lix,y for all X, Y € Ko(M),
s € K1(M). If there exists an extension with equality in (46) the extension is called
non-restricted.

One non-trivial, important ingredient of such extension is the pairing Ky (M) X
K1(M) — Ko(M) that is compatible with £ and defines the algebra structure.

The bundle F usually is a spinor bundle over the base manifold M and a geometric
superalgebra or geometric supersymmetry is called irreducible if the spinor bundle is
modeled on an irreducible Clifford module, say Sy. If it is modeled on the reducible
Clifford module Sy ® CV then we call it N-extended, see also Remark 4.5.

In our special situation we consider the following datas:

e The rank-32 bundle S = S(Mp) of spinors over the eleven dimensional Cahen-
Wallach space Mp that is defined by (43).

e The connection D on S defined by (¢, d) according to (41).

e The Lie algebra of Killing vector fields Ky and the space K; C 8 of dimension
24 that is given by the spinors parallel with respect to D, see (44) and (45).

e The charge conjugation Cy = Cy ® o4 on the spinor space S(W) = S(V)®.5,
of W =V @ RY! is skew-symmetric and can be described in terms of the
symmetric charge conjugation Cy on the spinor space S(V) of V = RY and
the skew-symmetric charge conjugation oo on IR"!. This yields a symmetric
map by (£,7) — (C’W(E, F“ﬁ))ue{hai}’ or, in terms of the two factors of
CW)

Cw (€, T i) = —V/2iCy (€1,m), Cw (& T4if) = V2iCy (E2,1m2)
Cw (&, T477) = —iCv (&1, 7vim2) — iCy (11, 7i&2) -

The skew-symmetry of Cy, and the symmetry of the map S(W)®S(W) — W
implies that for a fixed Clifford element a € C¢(W) of degree ¢ the symmetry

of (£,7) — Cw (€, aif) = ACw (77, a €) is given by
Ay = *(*1)%

e The charge conjugation on the fibers yields a spin-invariant bilinear form on
on the bundle S that we will denote by C, too. If we use the splitting of the
bundle introduced at the beginning of Section 4.3, and consider 5 =&+ &
and the same for 77 we have

(47)

(48)

—

C(&,7) = C(&1,m2) — C(m,&2) -
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e The action of the Killing vector fields Ky on the spinors is defined by the
spinorial Lie derivative

L:Kox8 =8, (K& Lr:=Vré—-T(VK)E, (49)

see [15]. We emphasize the fact that this definition works properly only for
Killing vector fields, because in this case VK is indeed skew symmetric.

Nevertheless, it has to be checked, whether parallel spinors from /C; stay
parallel after applying the Lie derivative, or, in other word, the connection is
invariant under isometries.

5.2. Even-Odd and Even-Even-Odd.

Proposition 5.1. Consider Ko and Ky as defined in (44) and (45). The Lie deriv-
ative when restricted to Ko acts on K1.

For the proof of Proposition 5.1, we need to know how the operators Lx = Vg —
I'(VK) for K € Ky act on spinors from K;. We will do this for the basic elements
(K@), Ky, Koy Ky -

We will make use of

Nl for (u) = (=0),
VilEK))y = Ou(K () + ZFMN;AKE))K = —Afat for (wv) = ((-),

0 else,

ViulE )y = (K)o + D Tamn (K )" =0,

vu(K(i))u = 0u(K(iy)w + F/t—;V(K(i))7 + Zruj;V(K(i))j
J
—0,00; for (uv)
= GM(K(Z))V + Z FMJ,V(K('L))] = 51[61 for (‘U,l/)
J 0 else,

—0;08F  for (uv) = (=4),

(]
——
S

|~
S~— ~—r

V(K i)y = 0u(K =)y = 6B for (uv) = (0—),

0 else,

and

VK)o = 0u(Kij))v + D Tuea(Kiip)' = {
4

Okj0ie — Oirdje  for (pv) = (kf),
0 else.

We will also use

(- — o/ )T1a50i X 55 + (g — @ )95 X gy i=1,2
(- + o/ )T1asDi X hay + (ay + /)15 X0y, 0= 3,4
(ay — o/ )T1250i X o3y + (@ — @/ )T150i X g3, i=5

(oz+ + Oé:L)F125PZ'X1+234 + (Ckf + QL)F125F¢X17234 1=26,...,9

seale;) =

which for £(£9,£9) according to (45) becomes

se.a(e)€ = iAT 1250 X534 -
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Furthermore we will need
exp(—z~d) = (cos(ia/ z™) — isin(io/ a7 ) 125) Xihay
+ (cos(ia”_z7) —isin(ia’_x7)T125) X o4
exp(—z7¢) = (cos(iapx™) —isin(iay ™ )T125) Xipas
+ (cos(ia—z™) — isin(ia—z ™ )T125) X 1o -
A careful examination yields

[’K(Jr)g: v-‘rg: Oa
- - 1 . -
Lr §=V-E+3 > NaITIyE
J

_ 1 Nz
=~ —d&+ g > Aair €
J
= _ 1 o
= —exp(—x7¢)ct) — exp(—x~d)ded + §F+ Z a’ (esz,a(e;) + AiT;) &
J

N _ 1 .
= —exp(—z~¢)et) — exp(—x~d)deY + §F+ Z 2’ se.q(e;)dés
J

—

—&(e, dey)
as well as
CK(i)EZ ai(z7)Vi€ + Bi(z7) 2V 1€ + %F+ﬁirig
= %F+ (ai(z7)seale) + Bi(z7)Ti) &
= %FJF (cos(Ajz™)TyasD; — isin(Az7)T;)éa,

On the one hand — by recalling X1+234§2 = &9 — we ave

Lk, )f = s F+(005(/\ 27 )yasT —isin(\z ™ )( s(ial x™) — isin(iaﬁrw—)Fl%)gg

“Q\iI‘Jr(cos (A +io/ )z )5l — isin((A; 4 ial, )z ™)) €8 for i =1,2,5

2%

( (
i;if‘+(cos((/\ — i/, )x T )T1sT — isin((A; — ial, )z 7)) &8 else

204 (cos(ia—z™)Tia5T; + isin(ioa_z7)
)

I‘Z) &) fori=1,...,4
r

LAl (cos(ioy ™ )T1asTy + isin(iagz™

Z) fori=5,...,9
and, on the other hand we have
g(sa,d(ei)fgao) = exp(—cz)sza(ei)és
= i\ (cos(iaya™) — isin(iaya™ )Ta5) Xy, Til1258)
+iX; (cos(ia_a™) —isin(ia_z 7 )125) X 1534012563
i)\i(cos(ia,ac_) — isin(ia,x_)F125)Flg5Fi§3 fori=1,....,4

iXi (cos(ioqa™) — isin(ioga™ )95)T1gs0iE)  for i =5,...,6
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such that
I
‘C’K(i)g = 55(1—‘_‘_35@(62')53, 0) .
Doing analogous calculations for
g 1 (0 — * (o —
ﬁK(i*)f = §F+ (Oli (z7)szale:) + B; (x )Pz‘)§2

22
= EZFJF(COS(/\Z-;U_)FZ- — iSin()\ix_)F125Fi)§2 .

we get
- X
‘CK(i*)f ZF-&-&(F 527 )
In addition we obtain .
Lk;)& = ig(rijfgvrijgg)

where we have to take into account (ij) € {1,2}? U {3,4}> U {6,...,9}2. We collect
the result as follows.

Remark 5.2. The Lie derivatives according to Proposition 5.1 are explicitly given
by

£K<+)€(£1’52)

Lk 8(8).6) = E(cgl,dsg)
Li,6(8,89) = —€(- F+scdel)£2, 0),
£K<1*)5(€1>§2): 5(%1—‘ f27 )=
Lrc,,&(€0,69) = —€( - 1Fm517 3T4563) -

For u € {£,4,7*,4j} we can rewrite this as
Lr,,E(67,63) = —€(plen) (€1, 69)) (50)
with p according to Proposition 4.1 and Remark 4.2 as well as e;« := e} and sop(V) =
span{e;; } with p(e;;) = —1L;.
5.3. Odd-0dd and Even-0Odd-Odd.
Definition 5.3. We use the charge conjugation C' on S to define a symmetric map
Ki®Ki— Ky.
Motivated by (47), we consider the projection
Ki®Ky — SpaH{K(+),K(_),K(i)} C Ko .
given by
{Em" = {&MT Koy + &M Ko+ ) _{&m K (51)
with
(&M =&, Tym), {&m*T =0C(E,T-n)),
{€' = 0. Tnd) + COPY, Tigd)
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We complete this projection to {-,-} by the two maps

K1 ® K1 — span{K -} C Ko, {7} = Z{g, T Ky (53)
and
e 1 o
Ki® K — SpaH{K(ij)} C Ko, {10 = B Z{fﬂ?} jK(ij) . (54)
2]

The coeflicients therein are defined by
(€7 = C(&), s6.a(B~(e:))n9) — C(sc,a(B~"(e:))€3,nY)

' 55
= %0(59711125111'778) + )\%C(n?,Flstifg) (55)
and
o 1

&7 = - §O(€gar+ (sa,(e;)Ti + Liszale;))nd)
iMC(€9,T4T589) for (ij) = (12)

= iAgC (0, T4 Tragusel)  for (ig) = (34) (56)

i)\60(687F+F125ij58) for Zj) S {6, }2
)

(
=1 ie;\;C (€3, T4 T105T4;€9) for (if) € {1, 2}2 U{3,4}2u{6,...,9}?

In (52),(55) and (56) the spinors £, £9 and 70, 7Y are the constant spinors that define

the parallel spinors £ and 7], see Remark 4.7 and the calculations before.

Remark 5.4. The construction in Definition 5.3 can be made more general such that
it provides a superalgebra for a wide class of connections according to Proposition
4.1. More precisely, it can be shown that this is the only possible algebra structure.
This is used in [12] to start a systematic classification of supersymmetric extensions of
Cahen-Wallach spaces that in particular covers the examples found in the literature,
see [4-11,16], for example. A first attempt of such systematic treatment has been
started in [17] but with the restriction to {-,-} = {-,-}", which turns out to be too
restrictive for allowing a superalgebra with non-trivial odd-odd bracket.

Proposition 5.5. For any K € Ky and £ € K
(K A& &) = 2{Lw &)

The statement of Proposition 5.5 is clear for K = K, such that we may restrict
to K € {K(_), Kg), K@), Kj)}. The remaining proof needs the symmetry of the
charge conjugation as stated in (48). For E: 5(510, 0) we have
K AEE) = C(Q.T-&) K, K(4)] =0 and {LxE}=0.
The last equation is only non obvious for K = K(_), K(;;) and is then due to
C(e€), T-&7) = DoAsC(&], el -&7) = C(&], el -&7)
= A4C(£?7 E]-—‘*g?) = _0(5?7 El—‘*f?) )
C(Ty€7,T-€7) = ApAsC(&7, Ty T-€7) = —C(&, Ty T-£Y)
= —A3C(&),T;T_&)) = C(&),T;T_&Y) .
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=
=
£
a3
Q
o
B
1)
Z.
o,
@
ml
N
=
A
NO
N>
2
a3
o
@
[

. . 1 Y
[K(fﬁ {57 }] = {g,f}_[K(,),K(,)] + 5 Z{Eag}” [K(f)a K(Zj)] =0
i

—

{Lx € €} = {£(0,de9), £(0,9)}
1)\6

- C(&Z,F-O-de)K( ) + — Z C 527F+F125l]d£2)K(2J)
1j=6
+iMCO(&, F+F5d§g)K(12) +iA3C(£3, T+ T12345dE9) K 34

because for (ij) € {3,4}2 U {6,...,9}* we have
C(€5, T4 T125i;dES) = NgC(d€S, T+ T125:5€9) = AgAgA3C (£, dT 1 T'125:;9)
= —AgAgA3C (&, T T125;;dE9) = —C (&9, 11 T125:;dE9)
C(&9, T4 T5dEy) = ApC(dEy, T T569) = ApAgA3C(&3,dl 4 T'5E3)
= —AyAgA3C(&9, T T5de)) = —C(€5, T T5dEY)
C(£9,T4+d&d) = A1C(d€9, T1£9) = A1 AGA3C(£9, dT1.£9)
= —A1AA3C(83,T1d€) = —C(&3, T4 T5dey) .

For K = K1) we get

(K ey 1€, Y] = {€. €} [K rey, K ()] + Z{f ] i)

- iZGjAjC(537F+F125Fij§2) Sik K (015

j

o for (k€) = (12), (34)
X6 ZU _6C(&, P4 TasD 1 E8) K g5y for (k0) € {6,...,9}?
2{£K(M,)g, g} = {5(07 Fkﬁ€2)7 5(07 fg)}
i\
= C(&), T4 Theld) Ky + *6 Z C (&9, T4 TrasiTres) K ijy
—_—
=0, Az=—1 =6
+ A1 O(&9, T TsT1e€d) K12y + ids C(€9, T4 T 123450 ke€9) Kza
=0, Ag=—1 =0, Ay=Ag=—1
i w
= 76 Z C(&9, T4 T1a5T;Twed) K i)
ij=6
o for (k€) = (12), (34)
A6 Z” 6 (53,F+F125Fj[k§8)K(g]j) for (k¢) € {6,...,9}?

For K = K we get

oo - 1 oo
[y €. €} = {66} K, K] + 5 D {667 (K K]
j
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1 -
= C(&9, T4 &) Ker) + 3 Z{faﬁ}ij@kﬂ((i) — ki K (jy)
ij

C(€3, T4 ) K ooy +{E, Et 120k K 1) — 011 K (2))

9
+1{&,€}34(0pa K (3) — Or3K (4)) + Z{f’ﬁ}jkff(j) ;
=6

—

Q{EK(k) g’ g} = {§(F+55 d(ek)fgv 0), 5(07 fg)}

'L
= Z)\— (Tysz.a(er)€9, TiasjEN K

Z (Tysz,alen)€s, TE) K

- Z 527I‘+X1+234FkF X1234€2)

+ z’/\k Z C(&3, T X5y Tkl 125T563) K )
j
= O(&, T4 69) K (v
+iMC(&3, T4 T589) (Ska K (1) — 01 K (2))
+iX3C (€9, T T1234553 ) (Ora K (3) — k3K (a))

9

+ i) Z C (€3, T4 Tya51E) K.
j=6

In the last step all other summands vanish because of skew-symmetry, e.g.

Ay=—1
C(&9, T4 X153 Tl 105589 K5y = —A3C(€9, T4 T124E5) K (5 ~'= 0,

— 0 _
or because X 53,85 = 0, e.g.

C(&9, T4 X1h3yDsD1asT1E) K (1) = —A1C(€9, T4 T2 X 153,68) K1) = 0.

By similar arguments, we get that for K = K~ the following terms coincide:

[K oy, 6,61 = {66} [K ey, K(o)] + Z{ﬁ EVI K (omy, K (i)

—

2{Li 680 = — M4 T4E5,0), (0,§2>}.

We collect the result of Section 5 in the following statement.

given by (44) and (45), respectively.

17

Theorem 5.6. The indecomposable Cahen-Wallach space Mp and the connection D
on its spinor bundle according to Proposition 4.9 define a non-restricted geometric
superalgebra.

o The even and odd part, Ko and K1, of the underlying graded vector space are

o The product structure is given by the usual commutator on Ky and completed

by the even-odd bracket defined by the Lie derivative, see Remark 5.2, and the

odd-odd bracket according to (52), (55), and (56) from Definition 5.5.
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We end this section with a short comment on the question if the odd part of the
geometric superalgbra is minimal in a certain sense.

—

Remark 5.7. Because K(;+) acts by ﬁK(i*)g(O,fg) = NE(T 1 T4£9,0) we have

- XHa,S fori=5,...,9,
£K<i*)£(0,68)€{xl_2345 for g
1234 ori=1,...,4.

Therefore, a reduction of K1 in Theorem 5.6 is only possible if some of the eigenvalues
of B vanish, i.e. if Mp is decomposable.?

There are special configurations of parameters in the metric (43) that yield decompos-
able spaces, namely oy = £/, and a_ = £¢/,. In fact a reduction is only possible
ifa_=d, =0o0ray =ao/, =0.

6. GEOMETRIC SUPERSYMMETRY

6.1. Odd-0Odd-0Odd. In this section we will show that for a special set of parameters
the geometric superalgebra from Theorem 5.6 in fact defines geometric supersymme-
try.

We recall the fact that a superalgebra is a Lie superalgebra if the graded Jacobi
identity is fulfilled, i.e. for all elements x, y, z we have

where | - | denotes the Zo-degree.

If a Cahen-Wallach space Mp — or, more precisely, Ky & K1 — defines a geometric
superalgebra, the only obstruction to geometric supersymmetry is the odd-odd-odd
bracket. Furthermore, due to polarization it is enough to ask for the vanishing of

Liea =168 Lr, E+{68 Li )5+Z{£ 'L, €
(57)

= o %

+ Z{é & Lr €+ 5 Z{f EY9 Lk, €

for all EE K.

In our situation we use the notations from Section 5, in particular (50), (52), (55),
and (56), such that the vanishing of Lz g6 for &= £(£9,€9) is

A
0= —C(&3,T489) £(cey, de?) +'476 ZC (69, T4 T125:569) €(T5€0,T45€9)

17=6

i\ - i\ -
+ SHO(E8, T T58) €(T1267, Taatf) + 5 C(E8, T Tr2asd) €(Taed, Toal)

—

iy NC(€0,T369) €T T1asigd, 0) —i > A C(€0, T125T3€9) §(T'4 165, 0) .

3As reduction we consider only those for which the resulting algebra is nontrivial, i.e. I' ;K1 # 0.
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Together with 5(5(1), £9) =0 < &) = €9 = 0 this yields the following two equations for
the two constant spinors

9
a4 + o
0= —a,C(&,T1&)) Trasés + T+ D C(€8, T T1a5i568) 565
ij=6

a_ /

—« a_ +ao
(&, T TsE) 12 + ——C

5 (€9, T4 1234589 T'3463
and
(0% Q_
0= — %C(§§,F+€3)(F12s — Ta5)8) — 70(53, I,&9)(T125 + Daas)E0

a —a 0 0 0
+ Tc(fzaFJrFng)mel +

a_ +ao
- "+

5 (€9, T4 1234569 T34}

/ 9

ap + o
+ 4 e ”2_260 527F+F1251752) 1751

2

+(am — ) Y (C(&7,T3€9) T1asli€d — C(&7, T1as1i69)T389)
4

+ (a- +al)) Z (C(€7,Ti€3) Trasliky — C (&7, T1as T3 ) T363)

=3

— (s — /) (C(&1,T589) T1a&d — C(&0, T1269)T5£9)
9

+ (ag +aly) Z (C(&7,T3€3) Tuasligy — O(&7, Trasliy ) Tik3) -

We may rewrite this in terms of V = R? by considering £?,£9 € S(V') and using the
conventions from Section A

s +a O
0= —a,Cv (&), &) n2s8 + % Z Cv (€3, 71255€9) 71569
ij=6 (58)

/ !/

a_ —« +
+ TJFCV (€9, 75£3) 1263 + 5 Oy (€9, 7123455 ) V34E5
and
oy +oa_ ap — o
0= ———Cv (&)l — ——5—Cv (€. ) 1358}
a_ —ao _+a
+ T+CV (€9, 715€9) 11263 + TJFCV (€9, 11234563 v34€7

9
at +al 0 0 0
t— 20V (€2, 71255€2) 15
ij=

2
_—a Z (Cv (&7,7:€9) Sipnv215€5 — Cv (€7, Gi1 721565 ) 7i€9) (59)
=1

4
(- + o)) Z Cv (€0,7i€3) m125:€5 — Cv (€7, 255 1i&5)

oy —a, (CV (60, 7563) ma&s — Ov (€7, 71262)71563)
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9
04+ +@+ Z CV 51,%52)’7125152 Cv (5?7’7125153)%‘53)- (60)
1=6
A direct computation shows that (59) and (58) are obtained only for ay = —3a/,.

Theorem 6.1. The geometric superalgebra of the indecomposable Cahen-Wallach
space Mp according to Theorem 5.6 yields non restricted geometric supersymmetry if
and only if

B = —diag ((a— — o/, )12, (a— + o/ )*12,160/7 11,407 14)
and (¢,d) given by

c= ( - SCV/JerJr234 + CV,X17234)F125, d= O/JFX1+234F125 .

7. THE MODULI SPACE OF GEOMETRIC SUPERSYMMETRY

7.1. The moduli space of geometric superalgebras and supersymmetries.
The moduli space of geometric superalgebras according to Theorem 5.6 is naturally
parameterized by

(-, oy, ap) e R\ {(£al, oy, 0q), (oo, oy, 2a!)) |ag,a o/, € R}.

If we omit the euclidean configuration and divide out the isometries defined by the
action of positive(!) scalars as well as the isometries defined by (a_,a/,,ay) ~
(—a—,d!,, a4 ) we obtain a subset of the closed disc

(o)), ap) €C' = D?\ {(oy,ay) |ay = £d, or af +2a,% =1}, (61)
see Figure 1.

Proposition 7.1. The compactified moduli space of geometric superalgebras according
to Theorem 5.6 is C' = D? and (61). Its obtained by adding the decomposable, non-
euclidean configurations indicated by the diagonals and the ellipse in Figure 1.

If we divide out the remaining isometries defined by the antipodal map the resulting
space s C = D2, too, because S* = RP'. More precisely, the result is an S*-cone
over the base point Py and the decomposable spaces are associated to conic sections:
Two different line segments as well as one ellipse.

4Strict1y speaking, we may add an arbitrary summand 8'X;,,,I'125 to d without changing the
result, because X155,£9 = 0.
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FIGURE 1. The moduli space €’ of geometric superalgebras
Qe

a_ ==+d,
dim Eigp(0)=2

ay =—a,
dim Figp(0)=4

ay =ao,
dim Eigp(0)=1

_ /
oy = —3al,
geometric supersymmetry

The geometric supersymmetries according to Theorem 6.1 are parameterized by
(a—,al) e R?\ {(a-,xa_),(a-,0)|a_ € R}.

If we divide out the isometries given by the conformal equivalence as mentioned
in Remark 3.1 as well as the isometries given by (o/,,a_) +— (ay,a_) we get the
following result.

Proposition 7.2. The moduli space of geometric supersymmetries according to The-
orem 6.1 is given by

Co=(0,5)U(f. 3]
The compactification of the moduli space is done by adding the decomposable, non-
euclidean spaces. The result is the compact interval

Co=10,%].

Remark 7.3. The moduli of geometric supersymmetries can be identified with the
line ap = —3a/. in Figure 1, at least after identifying via antipodal map. The

correspondence Co — C” is

¢ — = (sin ¢, —3sin @) .
1+ 9sin? ¢

7.2. The singluar points as N-extended supersymmetries. As we saw above,
there are are two configurations of parameters in the compactified moduli Cy of geo-
metric supersymmetries that yield decomposable spaces. They are associated to the
points P; = P| and P, in Figure 1, respectively
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i. P, (o, =0) with
By = —a*diag (14, 05) .
In this case we have ¢ = a_T'125X 54, and d = 0. Therefore, the action on
o_XTS is trivial, and we may further reduce K; to
X155451 ® X{534571 C ST @S5 = St
ii. P, (o, = £a_) with
By = —4a? diag (414, 1, 02) .
In this case a further reduction is not possible.

We emphasize the fact, that in both cases i. and ii. conditions (58) and (59) don’t see
the Killing vector fields associated to the zero eigenvalues of B.

The geometric supersymmetries on the decomposable eleven dimensional spaces that
are associated to the singular points of the moduli space can be interpreted as IN-
extended geometric supersymmetries in lower dimensions D = 11 — d, at least if we
restrict the even part Ko in a suitable way, i.e. to i,7* € {1,...,D — 2}.

i. The singular point P, can be associated to restricted v = 1/2, 4-extended
geometric supersymmetry in six dimensions. The ingredients are as follows

e The D = 6 Cahen-Wallach space Mg associated to B = —(321,.

e The spinor bundle S = S(Mg) @ C*,

e The bilinear form C' = (g ® C5 with C5 being the charge conjugation on
S5 = C*.

e The non-flat connection according to Proposition 4.1 that is defined by

c=BXa YT, d=0

with T being some vector in C¢;(IR%).
e The even part is defined by the Killing vector fields of Mg.
e The odd part Iy is defined by

(X193456 @ Xf2345g) ®C*=1I"5 ® C*.

The space we just described is exactly the D = 6, N = 4 supergravity back-
ground discussed in [16].

Remark 7.4. We may take a closer look at Examples 3.2 and 4.4. A straight for-
ward generalization yields non-restricted v = 1 geometric superalgebras on Cahen-
Wallach spaces of dimension eleven. The associated symmetric map is given by
B = —diag ((a — a/)?13, (o + &/)*1). The connection according to Proposition 4.3
is defined by the pair (¢,d) = (ozI‘ng?, o Fg?) and is flat.

In particular, there is a unique pair (a, ) = (=38, ) for which geometric supersym-
metry is achieved, see [4,10].

Nevertheless, if we restrict the odd part of the geometric superalgebra to X54,57; ®
X {55411 and consider o/ = 0 we see the following feature:

Although the analog to (58) and (59) is not obtained for the full summation 1,...,9,
it is obtained for a summation 1,...,4.
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Therefore, if we again restrict the even part in a suitable way, i.e. to 1,...,4, we get
a super Lie algebra that can be interpreted as the same restricted v = 1/2, 4-extended

geometric supersymmetry as before, but with (¢,d) = <BF£) ®T, 0) instead.

The main differences to the interpretation before is, that in this case the eleven
dimensional oxidation is flat, indecomposable, and defines a geometric superalgebra
only, instead of geometric supersymmetry.

ii. The singular point P; can be associated to non-restricted, i.e. v = 3/a, 2-
extended geometric supersymmetry in nine dimensions. Here the correspon-
dence is as follows.

e The D = 9 Cahen-Wallach space My associated to B = —4a?diag (414, 1¢).
e The spinor bundle S = S(My) ® C2.
e The bilinear form C = Cy ® 0.
e The non-flat connection that is defined according to Proposition 4.1 and Re-
mark 4.5 by
c=—al @1y +2aT%, @ios, d=2T @1, + 2T, @ios.

2 2
e The even part is defined by the Killing vector fields of My.
e The odd part Ky is then defined by
(S7 @ X5357) @ (S7 @ X557) C (S2®57) @ (S2 ® S7) = S9 ® C?.

Although we have been very brief in the description of the two singular points, we hope
that the reader is well prepared to handle these example by using the preliminaries
provided in this text.

APPENDIX A. CLIFFORD MATRICES

We use the following explicit Clifford representations in dimension nine and eleven
for the calculations in Section 6.

Consider matrices L, for 1 < a < 7 that are defined as matrix representation of left
multiplication by imaginary octonions:

171 -1 1 7171
-1 1 1
L1 = 1 -1 ) L2 = -1 -1 ) L3 = 1 -1 ’
1 1 1 -1 1 1
-1 1 1
-1 1 7171 7171
1 1 -1
Ly= 1 1 1 , Ls= 1 1 -1 , Le= 1 1 1 )
—171 1 1 1 1
171
-1
L7 = 171
1

Starting from this we define y-matrices {7 }ieq1,...,0y for V=R by
Yo =01 Q@ Ly, v8=—102®1, ~9:=—io3R1.
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The charge conjugation matrix for V' obeys 7/Cy = Cy~; and is given by
Cy=03®1.
From this we get the y-matrices {T', } ye {4,y on W = R'!0 by the procedure described
in Section 4.1. In particular, the charge conjugation obeys FZC’W = CwI', and is
given by
Cw =00 Cy .

Here as well as in the main text the matrices o7 = ((1) (1)), o9 = (? OZ>, and

oL = ((1) _01) that obey 0,0, = iZiZl €;j,0% denote the Pauli-matrices.
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