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Eleven-dimensional symmetric supergravity
backgrounds, their geometric superalgebras,
and a common reduction

Frank Klinker!*

Abstract. We present two different families of eleven-dimensional mani-
folds that admit non-restricted extensions of their isometry algebras to geo-
metric superalgebras. Both families admit points for which the superalgebra
extends to a super Lie algebra; on the one hand, a family of N = 1, v = 3/4
supergravity backgrounds and, on the other hand, an N = 1, v = 1 su-
pergravity background. Furthermore, both families admit a point that can be
identified with an N = 4, v = 1/2 six-dimensional supergravity background.

PACS codes: 04.65.+e, 02.40.Hw, 12.60.Jv

1 The setup

1.1 CW-spaces

In this text we consider CW-spaces and ask about conditions such that they can be
considered as backgrounds in supergravity. In this context CW-spaces have been
discussed in [1-6], for example. CW-spaces are Lorentzian solvable symmetric
spaces that have been characterized in the early 1970’s by M. Cahen and N. Wallach,
see [7]. There is a one-to-one correspondence between D = n + 2-dimensional
CW-spaces and triples (V, B, (-, -)) of an n-dimensional euclidean vector space V, a
symmetric map B € End(V'), and an extension (-, -) of the euclidean product on V'
to a block-diagonal Lorentzian metric on W = R?&® V. We fix a null basis {e, e_}
of the R?-factor. The manifold structure of the CW-space is defined by a Lie algebra
structure on V'* @ W of which the non-vanishing brackets are given by

[v*,e_] = Bo, [v*,w] = —(Bv,w)ey, [e_,w] = w*. (1)

Here, * : V' — V* is defined by (-, -). In particular, two such spaces Mp, M are
isometric if and only if there exists an orthogonal map A and a positive scalar 3 such
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that B = BABA?, see [7,8]. The CW-space Mp that is defined by such triple is
indecomposable if and only if B is non-degenerate. This can for example be seen by
taking a look at the explicit form of the metric (2).

1.2 The metric and the Killing vector fields
Using the exponential map y(z) = exp(ztey) exp(z~e_) exp(d; z'e;) we get
ptdy = Zx_dx_ ®e;

+drm ®e_ + dei ®e; + (dzt — %ZBijximjdx_) ® et

ij
such that the local metric of the D = n + 2-dimensional CW-space Mp is

g=2dxtdx™ — Z Bija'a? (dv™)? + Z(d:ci)2 . 2)
ij i

We can and will consider an orthonormal basis {e;} of V' such that the symmetric
map B is diagonal, namely B = diag(Af,...,A2). If A\ = --- = A2 < A2 || =

71
o= A, < s <ALy = o = A2 wewrite {1,...,n} = J,_; with
In={ra-1,...,7a}andro = 1,75 = n.

The Killing vector fields of this metric are given by

Kiy=-04, K_y=-0-

Ky = cos(Aiz™)0; + Ajcos(z™)z'0,, i=1,...,n,
K-y = =Aisin(Aiz™)0; + A cos(z7)2'd,, i*=1,...,n,
Ky =270, —2'9;, (ij) € fU...UI:.

3

We denote the Lie algebra that is spanned by the Killing vector fields by Ky, see
also [1,2].

1.3 Connections on the spinor bundle

We consider the irreducible spin bundle S over Mp. We denote the images of the
basis {e1,e_,e;} under the spin representations by {I';.,I'_,T";}. They obey the
usual Clifford relation I'yI's + '’y = —2g4p. The spin bundle splits into two
subbundles S = S_ @ S where the first and second summand are the —1- and +1
eigenspaces of o := %[FJrIL], respectively. The two projections on the subbundles
are given by o1 = —%F;Fi. Due to T2 = 0 we have I';. : S, — S_ and
S, = kerI';. We denote the components of a section & € 8 with respect to the
above decomposition by & = &1 + &s.
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The Levi-Civita connection on M p induces a connection on the spinor bundle. It is
given by
Vi€ =048 Vil =0¢

1 .
V=064 5> o'y Ble). @

From [9] we know that any connection D on S that is compatible with the symmetric
structure of M p is described by a pair of elements (c, d) of the Clifford algebra of
V. Itis given by

D& =Vi&, Di&=Vi&,
D_& =V_& +c, D_§=V_§ +dSo, (5)

1
D& = V& — §F+3c,d(€i)£2a D& =V&s.

with s, 4(v) given by
Sc,d(ei) = Cri — Fld . (6)

Remark 1. If the spinor bundle is reducible and of the form S® C* the result on the
form of the connection remains true but with the parameters c, d taking their values
in the tensor product of the Clifford algebra and gl C.

The parallel spinors with respect to this connection are given by £ = (&1, £2) with

_ 1 i _
& = exp(z c)f? + 3 Zx T'iscale;) exp(x d)«fzo ,

@)
& = exp(z™d)&y,
where €9 = (£9,£9) is a constant spinor subject to the condition
(ge,alei) + B(ei))§2 =0 (®)
with
Ge,d(€i) = Sc,d 0 Sc,ale;) = AT, +T,d? — 2c04d . 9)

2 Geometric superalgebras

A geometric superalgebra of a CW-space M p is an extension of Xy to a superalgebra
Ko @ K1 with the following properties:

1. K1 is a subset of the space of the sections that are parallel with respect to a
connection D on a spinor bundle S.

2. There exist a linear map £ : Ko — End(K1), such that [Lx, Ly] = Lx v
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3. There exist a bilinear symmetric map {-,-} : Ky x K1 — Kq such that

2A{Lx& & = [XA{E S

A geometric superalgebra is called irreducible if S is as a Clifford module. In case
that the spinor bundle is reducible with S@C® we call the superalgebra N-extended;
sometimes we write N = 1 instead of irreducible. A geometric superalgebra is called
non-restricted if the space K; contains all parallel spinors, otherwise it is called
restricted. We denote by v the quotient of dim/’; and dim.S. Then a superalgebra
extension of a CW-space with flat connection is non-restricted if and only if v =
1. Nevertheless, a superalgebra extension with v < 1 can be restricted or a non-
restricted.

A geometric superalgebra is called supersymmetry algebra if the extension actually
is a super Lie algebra, i.e. if in addition

4. Lie 3§ = 0is fulfilled for all £ € K.

In this situation we also say that the underlying space admits geometric supersym-
metry.

In our situation £ is the spinorial Lie derivative, see [10]. It is properly defined for
Killing vector fields X and given by

Lx§=Vx{-T(VX)E. (10)

In particular, for this map the second part of 2. is satisfied.

From now on we restrictto D = 11 and n = 9.

2.1 Afamily of N =1, v = 1 geometric superalgebras
We consider connection (5) with
c=al23,d = P23 (11)

These Clifford elements obey

) la— B)°T; fori e {1,2,3}
QC,d(ez) - {(O‘+B)2Fz fori e {4779} (12)

Therefore, (c,d) yields a flat connection on the CW-space Mp that is defined by
B = —diag ((a — 8)*13, (« + 5)*1s) - (13)

It is indecomposable if and only if o % +3. We write )\5 = —(a—pB)2forj €
{1,2,3} and A3 = —(a + f)* for j € {4,...,9} and set \; = —i(a + f3).
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If we consider

£ =¢(€0,69) =exp(azT123)E}
+(1 + % Zz F+$i(a1—‘1231—‘i — 51—‘1'].—‘123))
-exp(Ba~T123)€8
£9,€9 constant, 0_£3 =0,£) =0

K1 = 56»8(

In particular we have dim Ky = dim S such that v = 1. o
For & = £(£9,£9) € K1 we have Lx¢ € K1; more precisely
Lx,&(€0,€) = £(0,0),
Li &(€1,€3) = &(—c), —dg3)
L €(&7, &) = €(3T 450,483, 0), (15)
Lx 0 E(61:€3) = £(=3T+ B(ei)€3,0)
LK(”)f( fg) = §(% uf?v %Fufz)-

To complete the geometric superalgebra wee need the map {-, -} : K1 x K1 — Ko.
We will define {£, £} for & = £(€9,£8) by giving its projections onto the different
directions of /Cy. The full map is then given by polarization. We consider the charge
conjugation C' in eleven dimensions. It is skew-symmetric and obeys

C(&,n) =C(&1,m2) — C(m, &)

We write
9
{66 =& Ko +16.6) Koy + {68 Ko
9 9 - (16)
+Y G Koy + 1) {6 K
i=1 ij=1
with
{57 £}+ = C(é?a F*&?) ) {575}7 = C({g, F+£(2)) ) {57 E}z = 20(53, Flgg) )
Y
{fa g}z = rjc(glo, F123Fi£(2)) ) (17)

{f é_}ij _ —’L)qC(fQ, Flggrij€g> for 27] S {1, 2, 3}
' iNoC(€9,T193T;€9)  fori,j € {4,...,9}

In fact, a calculation similar to those in [11] proves the compatibility of £ and {-, -}
and yields the following result. It is an extension of the results obtained in [2] and
a special case of a more general classification result on supergravity backgrounds of
Cahen-Wallach type of which a publication is in preparation.
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Proposition 2. The CW-space given by B = —diag ((a — 8)*13, (o + 3)?16)
along with the connection D described in (5) with (¢,d) = (al'123,8T123) de-
fines a I-parameter family of non-restricted irreducible geometric superalgebra if
the odd-odd-bracket is defined as in (17).

2.2 A family of non-restricted N = 1, v = 3/4 geometric superalgebras

We follow the way of construction from the preceding section. For this we consider
now a connection that is defined by a pair of Clifford elements

c= (Oérlg + 5F40)1—‘3 = (Oz+X1Jr245 + Oéfo245)F123

- (18)
d=(a'T12 + BT45)ls = (o, Xihus + @ X1p45) 123

where we introduced the combinations ax = a F 3, o/, = ¢/ F 8’ and the projec-
tion operators Xli245 = %(]l + I'1245). The quadratic map ¢, q associated to these
elements is given by

(- — /)T X s + (g — o/ )T X145 fori € {1,2},
Qoales) = (a4 =/ )’TiX o5 + (@ —al)? I‘iX1:245 fO”: € {3},
’ (- + /)’ T X hys + (ag +o/_) ;X155 forie {4,5},
(o + o/ )T X hys + (- + /)T X 5, fori€ {6,7,8,9}.

(19)
Therefore, we consider the CW-space M p with

B = —diag ((a- — a/{)* 1z, (g — /)’ 1y, (a- +ay)? 1o, (ay + 0y )?14) .
(20)
It is indecomposable if and only if a4 # Fa’,. As before, we write )\5 = —(a_ —
of ) forj e {1,2}, A\ = —(aq — /)% A) = —(a_ +a/))* for j € {4,5},
A= —(ay+a)*forj € {6,...,9},and set \; = —i(ax +c’, ). The connection
defined by (¢, d) above is non-flat such that » = 1 cannot be obtained. The parallel
spinors in this situation define /C; and are given by

€ =£(&0,8) =exp(zc)é}
Ki=q¢e8 +(1 +32 F+ﬂfi8c,d(€i)> exp(z~d)&3

697 58 constant, 0*58 = J+§? = 07 Xf245§8 =0
(2D
such that v = 3/4. Again we have Lx¢ € Ky for all € = £(£9,€9) € Ky with the
same relations as before, namely (15).

We also complete the structure by introducing the map {-,-} : K1 x K1 — Ky as
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before. In this case it is given by
{687 =0E.T-8), {66 =0&.I'+&), {§&' =208, 1&),
{&,¢" = %C(G?,anég) ;
iMCO(€3,T4T589) for (ij) = (12)

{¢,€9 = iA3C (9,01 T1234589)  for (ij) = (45)
Z)\ﬁC(fQ, F+F123ij§(2]) for Z7] € {67 s 79}

The involved calculations that prove the compatibility of £ and {-, -} can be found
in [11].

We summarize the above in the following statement.

(22)

Proposition 3. The CW-space that is given by the symmetric map
B = —disg((0- — 0}y, (g — )2, (o — )21, (0 + 0fy)2Ls)
together with the connection D described in (5) with (c,d) = ((ayXi5s +
a_X1_245)F123,0¢;Xf245F123) defines a 3-parameter family of non-restricted
irreducible geometric superalgebras with v = 3/4 if the odd-odd-bracket is defined
asin (22).

Remark 4. e The first three bracket projections in (17) and (22) are the
analog of the usual supersymmetry brackets as known from the super
Poincaré-algebra in the flat situation. In more common notation it reads as
{Qa,Qp}t =T# - The two further projections are strongly related to the
ingredients that enter into the definition of the superalgebra, namely the coef-
ficients of the connection that defines the odd summand.

e In the N-extended situation the charge conjugation is replaced by the tensor
product of a charge conjugation on the first factor and a bilinear form on the
second factor in the construction of the odd-odd bracket.

Remark 5. The parameters of the families of geometric algebras in Propositions 2
and 3 can be reduced by one if we identify isometric Cahen Wallach spaces, so we
are left with a 1-parameter family and a 2-parameter family, respectively.

2.3 Supersymmetry algebras

Propositions 2 and 3 tell us what the geometric superalgebras look like. The next
question we will discuss is: when does such algebra yield a supersymmetry algebra?
Or: what CW-space can be considered as supergravity background? The obstruction
to this is the cubic spinorial condition 4, namely L, (1€ = 0. Using (16) this is

L€ ={6 T Lr E+ {66 Lr 6+ {66V Lk, €

+ E {575} LK(i*>§+§ E {f,f} ]ﬁK(U)f.
[ ij
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If we split this into its two components we see that it yields one cubic equation for
the constant spinor £9 and one cubic equation for the two constant spinors £?, £9. For
example, in case of the geometric superalgebra from Proposition 2 the two equations
for the second and first components are

1
0=BC(E. T 4&) s + (=) Y C(€3, Tiasly5€3)Tis63
ij€{1,2,3}

- i(a +8) Z C(£9, T123T5E9)T3;E5

ije{4,...,9}

(24)

and

0= (&, T+E) &
+ (o —p) Z (C(&7, Ti€3)T 123735 — C(&7, T1a3li&2) T3 )
i€{1,2,3}
+(a+p8) Y (C€) Tig)T123Ti€) — C(€7, TrasTi€)Ti€s)  (25)

+o(a=B) Y ClE) Tyaaly;E0)T5¢)

ije{1,2,3}

(a+8) Z Cle9, Tyl E9)T3560 .

ije{4,...,.9}

1

>~

The only combinations of coefficients for which (25) and (24) can be identically
solved is a = —30.

The analogue of (24)-(25) for the superalgebras from Proposition 3 can be found
in [11] and the only choice of coefficients that solve the resulting equations is a4 =
-3/,

We collect the results in the following proposition.

Proposition 6. 1. The geometric superalgebra according to Proposition 2 yields
non restricted v = 1 geometric supersymmetry if and only if

B = —4a’diag (413, 1¢)
and (¢, d) is given by

Cc = 730&1—‘123, d= CKF123 .

2. The geometric superalgebra according to Theorem 3 yields non restricted v =
3/a geometric supersymmetry if and only if

B = —diag ((a— — o/,)?15,16a/7 11, (- + o/, )? 15,40/ 14)
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and (c,d) is given by
¢ = (= 3a/ Xihys + a-Xip45)T123, d =/ X550 105

Remark 7. Part one of the above Proposition is exactly the unique maximal super-
gravity background of CW-type that has been considered in [1,2]. The uniqueness
follows after identifying isometric spaces, see Remark 5.

3 A common reduction

Consider two CW-spaces of dimension D’ = n’ +2and D = n+2 > D’ associated
to the symmetric maps B’ and B = B’@® B”'. These two spaces come with geometric
superalgebras K’ and K that are N’-extended and N-extended. Furthermore the

relation N’ = 2[717271 }N holds.

Then K’ is called a reduction of X, or & an oxidation of K, if the following holds:
We erase from Ky exactly n — n’ Killing vector fields from K ;) and the same from
K (i~ such that the remaining part of C remains an algebra and is isomorphic to ' —
maybe after restricting IC;. This is in particular of interest in the following situations:

e Can we reduce and/or oxidate a geometric supersymmetry so that the result is
such, too?

e Suppose no member of a family of geometric superalgebras yields geometric
supersymmetry, can we find a reduction of a member that does?

We will address these question with regard to the families we presented before.

3.1 The first reduction

Due to the nature of the connection defined by (18) the odd part of the super Lie
algebra from Proposition 6-2 cannot be restricted further in the generic situation.
Nevertheless, there is one configuration of parameters where this is possible, namely
o/, = 0. In this situation, we are left with a decomposable CW-space associated to
B = —a?diag(1,1,0,1,1,0,0,0,0,0) and the odd part of the geometric supersym-
metry is restricted to X15,5£) = 0 in addition to X1,,5£5 = 0,i.e. v = 1.
By taking a closer look at (24)-(25) we see that both terms vanish for a truncated
summation over {1,2, 4,5} if the proposed restriction is performed. The resulting
algebra can then be interpreted as a reduced 4-extended geometric supersymmetry
in the following way. These are exactly the data for the D = 6, N = 4 supergravity
background proposed in [12].

Consider the six-dimensional CW-space associated to B = —a?1, and its spinor
bundle Sg with charge conjugation Cs. Within S = Sg @ C* we identify the second
factor with the five-dimensional spin-representation and provide it with the charge

9
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conjugation Cs. Then C' = Cg ® C5 defines a bilinear form on S. Furthermore we
consider the connection defined by

c= QX1_234F12 ® T‘7 d=0. (26)

Here T is some vector in IR® regarded as an element of the Clifford algebra with
T? = —1. The parallel spinors of this connection are parametrized by constant
spinors €Y @ v1 € S5 ® C°, €9 @ v2 € Xih3,5.+ @ C°.

To define K; we impose the further condition X53,£) ® v1 = 0 that yields the
reduction to v = 1/2.

We use C' to write down the bracket structure of the algebra:

{fa 77}+ = 06(5(1)7 F—n(l))cfi(vla wl) ;
{5777}_ = 06(5(2)7F+778)05(U27w2) )
{fﬂ?}l = 06(5?7Fing)c5(vl7w2) + 06(77?7Fi€g)05(w1?v2) )

{57 77}1 = E (C() (5?7 F12I‘z773)05 (’Uh T’LUQ) + C()('I]?, ].—‘12].—‘153)05 (wl, T’Ug)),

{&n}7 = —aCs (€3, T 119)Cs (va, Tws)
(27)
fOI‘f = 5(5? & Ula§8 ® U?)’ n= 77(77(1) ® wlang & 'LUQ).

Proposition 8. The above data yield a six dimensional 4-extended non-restricted ge-
ometric supersymmetry with v = 1/2 that is the reduction of the eleven-dimensional
geometric supersymmetry from Proposition 6-2 for o/, = 0.

3.2 The second reduction

As we know, the non-restricted geometric superalgebras with v = 1 from Proposi-
tion 2 only yield geometric supersymmetry for a special choice of coefficients, see
Proposition 6-1. Nevertheless, if we again take a look at (24)-(25) for the choice
B = 0 we see that the truncation to {1, 2, 4,5} annihilates both sums if we consider
a restriction to ¥ = 1/2 of the odd part that is similar to the one before, namely
X154560 = X 154589 = 0. The interpretation of this truncation as a reduction is as
follows:

We consider the same six-dimensional CW-space and the same spinor bundle as
before but with connection defined by

c=al'12®T,d=0. (28)

This connection is flat and the parallel spinors are parametrized by all of £? ® v, €
S,— @C*, 3 ®vy € S @C*. We consider the restriction subject to the conditions

X 153469 = X153,€9 = 0 as before. Furthermore, we use the same brackets as in
7.

10
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Proposition 9. The six-dimensional data above yield a restricted 4-extended geo-
metric supersymmetry with v = 1/2 that is a reduction of the eleven-dimensional
non-restricted geometric superalgebra from Proposition 2 for 5 = 0.

3.3

Concluding remarks

e The correspondences that have been claimed in Propositions 8 and 9 can

be made precise by identifying 7" with I's and embedding Mg into M7, by
(+,1,2,3,4) — (£, 1,2,4,5).

We will briefly explain why the two six-dimensional supersymmetries con-
structed in the last to subsections are essentially the same although the con-
nections that define the structures are not.

In the construction of both supersymmetries we could have forget about the
further restriction of £?. That would also lead to supersymmetries and to six-
dimensional supergravity backgrounds but with v = 3/4 in both cases. The
first one would then be non-restricted and the second one would be restricted,
by definition.

However, by introducing the further condition on £ we guarantee that the al-
gebra structures in both cases coincide. Roughly, this due to the fact that both
connections differ by a half spinor projection that enters into the bracket struc-
ture (27). In case of additional restriction this is only artificially present so that
we could omit it.

We want to emphasize the differences of the two oxidation of Propositions 8§
and 9.

In the first case the eleven-dimensional CW space is decomposable with non-
flat connection and the geometric superalgebra is indeed a super Lie algebra.
Therefore, oxidation and reduction can both be considered as supergravity
backgrounds.

In the second case the oxidation is an indecomposable CW-space with flat
connection but the superalgebra does not define supersymmetry. Neverthe-
less, the space belongs to a family of geometric superalgebras that contains a
supersymmetric solution, namely the sole maximal supergravity background
of CW-type, see Remark 7.
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