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Abstract

A restrictive assumption in the work on testing for structural breaks in time series
consists in the fact that the model is formulated such that the stochastic process under
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the null hypothesis of “no change-point” is stationary. This assumption is crucial to derive
(asymptotic) critical values for the corresponding testing procedures using an elegant and
powerful mathematical theory, but it might be not very realistic from a practical point of
view. For example, if change point analysis for a particular parameter of the process (such
as the variance) is performed, it is not necessary clear why other parameters (such as the
mean or higher order moments) have to stay constant under the hypothesis that there is
no change point in the parameter of interest.

This paper develops change point analysis under less restrictive assumptions and deals with



the problem of detecting change points in the marginal variance and correlation structures
of a non-stationary time series. A CUSUM approach is proposed, which is used to test the
“classical” hypothesis of the form Hy : 81 = 03 vs. Hy : 01 # 62, where 6; and 02 denote
second order parameters (such as the variance or the lag k-correlation) of the process
before and after a change point. The asymptotic distribution of the CUSUM test statistic
is derived under the null hypothesis. This distribution depends in a complicated way
on the dependency structure of the nonlinear non-stationary time series and a bootstrap
approach is developed to generate critical values. The results are then extended to test the
hypothesis of a non relevant change point, i.e. Hy : |01 — 03] < 6, which reflects the fact
that inference should not be changed, if the difference between the parameters before and
after the change-point is small.

In contrast to previous work, our approach does neither require the mean to be constant
nor - in the case of testing for lag k-correlation - that the mean, variance and fourth order
joint cumulants are constant under the null hypothesis. In particular, we allow that the
variance has a change point at a different location than the auto-covariance. The results
are illustrated by means of a simulation study, which shows that the new procedures have
nice finite sample properties. The central England monthly temperature series are analyzed
and significant change points in the variance and lag 1-correlation are found in the winter

monthly temperature at the late 19th century.

AMS subject classification: 62M10, 62F05, 62G09
Keywords and phrases: piecewise locally stationary process, change point analysis, relevant
change points, second order structure, local linear estimation

1 Introduction

Change point analysis is a well studied subject in the statistical literature. Since the seminal
work on detecting structural breaks in the mean of Page| (1954) a powerful methodology has
been developed to detect various types of change points in time series [see for example |Aue and
Horvath| (2013)) and [Jandhyala et al.| (2013)) for recent reviews of the literature|. Several authors
have argued that in applications besides the mean the detection of changes in the variance or
the correlation structure of a time series is of importance as well. Typical examples include the
discrimination between stages of high and low asset volatility or the detection of changes in the
parameters of an AR(p) model in order to obtain superior forecasting procedures. |Wichern et al.
(1976)) studied the change point problem for the variance in a first order autoregressive model.
These authors pointed out that - even if log-return data exhibits a stationary behavior in the

mean - the variability is often not constant and as a consequence any conclusions based on the



assumption of homoscedasticity could be misleading. |Abraham and Wei (1984) and Baufays and
Rasson| (1985) used a Bayesian and an ML approach to find change points in AR-models. |Inclan
and Tiao| (1994)) proposed a nonparametric CUSUM-type test for changes in the variance of an
independent identically distributed sequence and |Lee and Park (2001) derived corresponding
results applicable to linear processes [see also Chen and Guptaj (1997) who used the Schwarz
information criterion]. Recently Galeano and Pena) (2007) and |Aue et al.| (2009) suggested non-
parametric tests for structural breaks in the variance matrix of a multivariate time series, while
Davis et al.| (2006) and Preuss et al.| (2014) proposed methods for detecting multiple breaks in
piecewise stationary processes.

This list of references is by no means complete but an important feature of the cited references
and most of the literature on testing for structural breaks consists in the fact that the model
is formulated such that the stochastic process under the null hypothesis of “no change-point”
is stationary. This assumption is crucial to derive (asymptotic) critical values for the corre-
sponding testing procedures using an elegant and powerful mathematical theory such as strong
approximations or invariance principles. On the other hand this assumption drastically restricts
the applicability of the methodology. For example, Inclan and Tiao| (1994) and |Aue et al.| (2009)
assume for the construction of a testing procedure for the hypothesis

Hy: o? = 0]2 foralli,j=1,...,n versus H,: ol # 0]2 for some i # j. (1.1)

of a constant variance of a time series that the mean of the sequence under consideration does
not change in time (as the variance under the null hypothesis). A similar assumption was made
by [Wied et al.| (2012) in the context of testing for a constant correlation, where the authors
suggested a CUSUM-type statistic for a change in the correlation of a stationary time series if
at the same the means and variances do not change. However, from a practical point of view,
assumptions of this type are very restrictive and there might be many situations where one is
interested in a change of the variance (or the correlation) even if the mean (or the means and
the variances) change gradually in time. In this case the classical approach is not applicable
any more. Recently, [Zhou (2013]) investigated such a problem, in the context of testing for a
constant mean, and demonstrated that the classical CUSUM approach yields to severe biased
testing results if the assumption of (weak) stationarity (under the null hypothesis) is not satisfied.
The situation gets even more complicated if one is interested in more sophisticated hypotheses
such as precise hypotheses [see |Berger and Delampady (1987)]. Here (in the simplest case) one

assumes the existence of a change point k& € {1,...,n} such that

Vi=0T=...=0} # Va=0p4=...=0., (1.2)



and is interested in hypotheses of the form
Hy:A:=|vg—v1| <§ versus Hy:A:=|vg—wv| >0 (1.3)

for some pre-specified constant § > 0. Throughout this paper we call hypotheses of the form
(1.1) “classical” in order to distinguish these from the precise hypotheses of the form ([1.3)).
Although hypotheses of the form have been discussed in other fields [see (Chow and Liu
(1992) and Mcbride| (1999))] the problem of testing precise hypotheses has only recently been
considered by Dette and Wied| (2014) in the context of change point analysis. These authors
point out that in many cases a modification of the statistical analysis might not be necessary if a
change point has been identified but the difference between the parameters before and after the
change-point is rather small. In particular, inference might be robust under “small” changes of
the parameters and changing decisions (such as trading strategies or modifying a manufacturing
process) might be very expensive and should therefore only be performed if changes would have
serious consequences. Testing hypothesis of the form to detect a structural break also avoids
the consistency problem mentioned in Berkson (1938)), that is: any test will detect negligible
changes in the parameter if the sample size is sufficiently large. Dette and Wied (2014) call the
hypotheses of the form hypotheses of a non relevant (null hypothesis) and relevant change
point (alternative), and according to their argumentation only relevant change points should be
detected, because one has to distinguish scientific from statistical significance.

Although the formulation of the testing problem in the form is appealing, the construction
of corresponding tests faces several mathematical challenges. In particular, one has to deal with
the problem of non-stationarity (even under the null hypothesis of a non relevant change point).
For example, Dette and Wied| (2014) developed a CUSUM-type test for the hypotheses in ([1.3)),
which is only applicable under the assumption that the time series before and after the change
point is strictly stationary. From a practical point this assumption seems to be very strong and
not very realistic.

The present paper is devoted to the construction of change point tests for the second-order
characteristics of a non-stationary time series, in particular changes in the variance and the lag
k-correlation. We consider piecewise locally stationary processes as discussed by Zhou| (2013)),
which are introduced in Section[2] Section[3]is devoted to the “classical” change point problem for
the variance or lag k-correlation of a piecewise locally stationary process. We propose a CUSUM
approach based on nonparametric residuals and prove weak convergence of the corresponding
CUSUM statistic. It turns out that the limiting distribution depends in a complicated way on
the dependence structure of the piecewise locally stationary process, and for this reason a wild

bootstrap approach is developed and its consistency proved. The methodology is very general



and applicable in many situations where the assumptions of classical tests are not satisfied. For
example, in the problem of testing the “classical” hypothesis of a change in the lag k-correlation
we do neither assume that the mean, variance or higher order joint cumulants of the nonstation-
ary sequence are constant nor that the change in the variance and the lag k-correlation occur at
the same location. Furthermore, we discover in this paper that the stochastic errors produced
in the nonparametric estimation of the mean and variance function are asymptotically negligible
in the second-order CUSUM statistic. The result is of particular interest and highly non-trivial
because the order of the latter nonparametric errors are larger than the 1/4/n convergence rate
of the CUSUM test.

Section [4] is devoted to the problem of testing the hypothesis of a non relevant change in the
variance or lag k-correlation. We use the CUSUM approach proposed in |Dette and Wied| (2014))
to obtain a test for the hypothesis and its analogue in the case of lag k-correlations.
Asymptotic normality of a corresponding Lo-type statistic is established and a wild bootstrap
method is developed, which addresses the particular structure of the hypotheses in relevant
change point analysis. To our best knowledge resampling procedures for this type of change point
analysis in non-stationary nonparametric problems have not been considered in the literature so
far. The finite sample properties of the new procedures are investigated by means of a simulation
study in Section In Section [0 we analyze the central England monthly temperature series
and illustrate the usefulness of the proposed methodology in identifying second order change
points in climate data. Finally, all proofs and technical details are deferred to an appendix and

an online supplement, respectively.

2 Piecewise locally stationary processes

We start introducing some notations, which we frequently use throughout this paper. For a
(real valued) random variable X and p > 1 we denote by || X||, = (E|X|?)"/? the £, norm
of X. The symbol L means weak convergence of real valued random variables (convergence
in distribution). For any interval Z C R and nonnegative integer ¢ define C?(Z) as the set
of ¢ times continuously differentiable functions f : Z — R and C(Z) = C°Z). Let {&i}icz
denote a sequence of independent identically distributed (i.i.d.) random variables and denote
by F; = o(...,€0, ...,€i—1, ;) the sigma field generated by {e;|j < i}. We define the sigma field
]—"Z-(j) =0(., 651,65, €j41.--, i), Where {€]}iez is an independent copy of {e;}icz, and F = ]—"Z-(O)
for short. In the following discussion we will also make frequent use of the projection operator

Pi(-) = E(|F5) = E([F).



In this paper, we consider the model
}/;:/j/<tl)+6l, Z:L,Tl, (21)

where (for the sake of simplicity) ¢; =i/n (i =1,...,n) and p is a smooth function. Note that
formally {Y;}", is a triangular array of random variables but we do not reflect this fact in our
notation. Change point problems for this model have found considerable attention in the recent
literature, where most of the work refers to problems of detecting a gradual change of the mean in
the situation of zero mean and independent identically distributed (i.i.d.) errors (even assumed
to be Gaussian in some cases) [see Miiller| (1992) for an early reference and Mallik et al.| (2011))
and Mallik et al.| (2013) for more recent references]. Recently [Vogt and Dette (2015 proposed a
generalized CUSUM approach to detect gradual changes in model using a different concept
of local stationarity [see Vogt| (2012)].

In the present paper we consider non-stationary processes of the form and are interested in
identifying abrupt changes in the second order properties such as the variance or the correlation
at a given lag. More precisely we consider an error process {e;} , in (2.1), which is piecewise
locally stationary (PLS) with r breaks for some r € N. Formally, we use the following definition
for a PLS process and the concept of “physical dependence measure for PLS”, which is given in
Zhou| (2013)).

Definition 2.1.
(1) The sequence {e;}?_, is called PLS with r break points if there exist constants 0 = by < by <
o < b, < byy1 =1 and nonlinear filters Gy, Gy, ..., G, such that

e, = Gj(ti, F;), if b <t; <bjyq,

where F; = 0(...,€0, ..., €i—1,€i), and {€; }icz s a sequence of i.i.d. random variables.
(2) Assume that maxi<;<y ||€ill, < oo for some p > 1. Then for k > 0, define the kth physical
dependence measure in L,-norm as

dp(k) = max sup ||Gi(t, Fr) — Gi(t, F7)|lp,

0<9<7 b, <t <byyy
where 6,(k) =0 if k < 0.
For the asymptotic analysis presented later in this paper we list the following conditions:

(A1) The process {e;}, is PLS and piecewise stochastic Lipschitz continuous. This means
that there exists a constant C' > 0, such that for all i € {0,...,r} and all ¢,s € [b;, b;41]
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the condition
1Gi(t, Fo) — Gi(s, Fo)ll./(t —s) < C(t — s)

holds, where ¢+ > 8 and C' denotes a positive constant. In addition, Ele;] =0 for all 1 <i <
n, and we assume the existence of a strictly positive variance function o : [0,1] — R,
such that o7 := o2(t;) = Var(e;) (1 = 1,...,n).

(A2) The second derivative ji of the function p in model (2.1)) exists and is Lipschitz continuous

on the interval [0, 1].
(A3) maxo<i<, SUPyep, b, |1 Gi(t, Fo)ll. < oo for some + > 8.
(A4) 6,(k) = O(x*) for some x € (0,1) and some ¢ > 8.

Remark 2.1.

a) We emphasize that the bound of maxj<;<, ||€;]|, in Definition does not depend on n.
This assumption is made in order to simplify the assumptions and the proofs in the subsequent
discussion. It is also possible to develop corresponding results for an n-dependent bound with
an additional complication in the technical arguments of the proofs and in the assumptions.

b) Note that the process {e?}"; of squared errors is also PLS. Simple calculations show that
{e?}"_ satisfies the assumptions (A1), (A3), (A4) with « > 4.

3 Tests for changes in the second order structure

Suppose that we observe data {Y;}I; according to model ([2.1)), where the process {e;}?; is PLS
and p is an unknown deterministic trend. We are interested in testing nonparametrically the
“classical” hypothesis of a change point in the variance or the lag k-correlation. The important
difference to previous work on this subject [see for example Inclan and Tiao| (1994) or Aue et al.
(2009)] is that in general the process is NOT assumed to be stationary under the null hypothesis
of no change point. This means - for example - that the approach proposed here can be used to
test the hypotheses , where the mean is not constant. The price for this type of flexibility
is that critical values of the asymptotic distribution of the CUSUM statistic are not directly
available. For the solution of this problem we will develop a bootstrap CUSUM-type test for
the “classical” hypotheses of a change point in the variance or lag k-correlation, which is based
on residuals from a local linear fit. For the definition of the local linear estimator we assume
throughout this paper that the corresponding kernel function, say K, is symmetric with support
[—1,1] satisfying [ K(x)dz = 1, and define for b > 0 the function Kj(-) = K(;). The moments of

7



K and K? are denoted by 1y = [, 'K (2z)dx and ¢, = [, ' K*(x)dx, respectively (1 =0,1,...).
We also assume that K € C?([-1,1]).

3.1 Change point tests for the variance

Our first goal is to investigate the stability of the variances 0? = o%(t;) = Var(V;) (i =1,...,n)
testing nonparametrically the “classical” hypotheses (1.1). For this purpose we consider the
CUSUM statistic

) (3.1)

where S'l = Z;Zl é? denotes the sum of squared nonparametric residuals é; = Y; — fi, (¢;), and
fip, (+) is the local linear estimator of the function p with bandwidth b, that is

n

(i, (t). f15, () = axgmin > (Y — by — bi(t; — ) Ky, (t; — 1) (3.2)

bobr 5
[see Fan and Gijbels (1996)]. Weak convergence of the statistic T, /y/n follows under the addi-
tional assumption

(A5) The long run variance function

Ri(t) = Y cov(GH(t, Fi). GH(t. Fo)) it t € (b b, (3.3)

k=—0o0
exists, £7(0) := limy o £3(t) exists and infep 1) £3(t) > 0.

The following result provides the asymptotic distribution of T,. Its proof is complicated and

therefore deferred to Section [7.1.1]in the Appendix.

Theorem 3.1. If assumptions (A1)-(A5) are satisfied and nb® — 0, nb3 — oo, then under the

null hypothesis of no change in the variance we have

I o »
—T, — K1 := sup |Ui(t) — tU;(1)|, 3.4
7 1 te(o,l)’ 1(t) — tUL(1)] (3.4)

where {Uy(t) }ieo,1) s a zero mean Gaussian process with covariance function

min(t,s)
y(t,s) = / wx1(r)dr. (3.5)
0



It follows from the proof of Theorem that the statistic \%Tn has the same limit distribution
as the statistic which is obtained if the nonparametric residuals é; are replaced by the “true”
errors e; from model . This observation is remarkable and highly non-trivial because the
error from the nonparametric estimation is larger than 1/+/n.

As a consequence of Theorem [3.1], we obtain - in principle - an asymptotic level « test for the
hypothesis by rejecting Hy, whenever \/LETAn > (¢1_a, Where ¢, is the (1 — «a)-quantile
of the distribution of the random variable K; in (3.4)). However, under non-stationarity (more
precisely under the PLS assumption), the function x? defined in (3.3) and, as a consequence,
the covariance structure of the Gaussian process {U;(t) — tU;(1)}sepo) involves the complex
dependency structure of the data generating process. Therefore it is very difficult to estimate
the critical value ¢;_, of the asymptotic distribution of the CUSUM test statistic directly. As
an alternative, a data-driven critical value will be derived in the following discussion using a
wild bootstrap method to mimic the distributional properties of the Gaussian process Ui(+).
Following |Zhou| (2013) we define for a fixed window size, say m, the quantity

A 1 - m .
Bi = s > (S - gsn)Rj, i=1,.n—m+1, (3.6)

J=1

where S, = Ziigﬂfl ¢2 and {R;}icz is a sequence of i.i.d standard normal distributed random

variables, which is independent of {¢;};cz.
Theorem 3.2. Suppose that the conditions of Theorem are satisfied. In addition, assume

that m — oo, m/n — 0, mbilog®n — 0 and %g;” — 0. Then

Nop

1 A D

Mn = max (I)zm q)nferl,m‘ — ]Cl

m+1<i<n—-m+1| n—m-+1

conditional on F,, where the random variable ICy is defined in (3.4]).

Theorem provides an asymptotic level a test for the hypothesis of a constant variance in
model ([2.1), where the critical values are obtained by resampling. The details are summarized

in the following algorithm. Some illustrations of this method are given in Section [5] and [6]

Algorithm 3.1.

[1] Calculate the statistic 7}, defined in .

2] Generate B conditionally 4.i.d copies {ég% ot (r = 1,...,B) of the random variables
{®; )75 defined in (B.6) and calculate

M, = max
m+1<i<n—m+1

4 R S
P —m+1




3] Let M1y < My < ... < M(p) denote the order statistics of My, ..., Mp. The null hypothesis

of constant variance is rejected at level «, whenever

Tn/\/ﬁ > M\_B(l—a)j . (37)
The p-value of this test is given by 1 — £ where B* = max{r : M, < T, //n}.

Remark 3.1. it follows by similar arguments as given in the proof of Theorem 2, Proposition
3 of [Zhou| (2013)), and Lemma and Lemma in the appendix of this paper that the
bootstrap test (3.7)) is consistent. In fact the test is able to detect local alternatives of the form

02(:) = 02 + n~Y2f(.), where f(-) is a nonconstant piecewise Lipschitz continuous function.

3.2 Changes in the correlation

In this section we consider the problem of testing whether there are changes in the correlation
pix = corr(Y;,Yii,) for some pre-specified lag k. Namely, we are interested in testing the
hypotheses

Hy: pir,=pjr foralli,j=1,...,n versus Hy : p; # p;r for some i # j. (3.8)

A test for the classical hypothesis Hy : p1 = po in stationary processes can be derived by
similar arguments as given in Wied et al.| (2012) under the additional assumption that the mean
and variance are not changing. However, statistical inference regarding changes the correlation
structure in a general local stationary framework (including non constant mean or variance)
requires estimates of the covariances and variances. For this purpose we consider two different
estimators. First, let 6(t;) = 62 , (t;) denote the local linear estimates of 07 = o*(t;) = Var(Y;),
which is defined as

n

~

(62 5, (1), 0%, 0, (1)) = argmin ¥ (&7 — by — by (t; — ) Ko, (: — 1), (3.9)

Cn,
o b07b1 i=1

where é; = Y; — [, (t;) denote the residuals obtained from a fit of the local linear estimate with
bandwidth b,,. This estimate is appropriate if there is no structural break in the variance.

2 is required.

If this situation cannot be excluded, a more refined estimate for the function o
To be precise, we also allow the variance to have a structural break at a point, say t,, which
does not necessarily coincide with the location of the change point in the lag k-correlation. We
assume that 2 is Lipschitz continuous on the intervals (0,,) and (f,,1) and that there exists a

constant ¢ > 0, such that #, € [(,1 — ¢]. We define an estimator, say t*, of the change point ,
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in the variance by

th = argmax  |[M(7)], (3.10)
[n¢] <i<n—|n¢]+1
where
MG)ZE( Z '—Hilﬂ (3.11)
L

Jj=i—L+1

and L € N is a regularization parameter, which increases with n. Note that the maximum in
(3.10) is not taken over the full range 1 < i < n as recommended in [Andrews| (1993) [see also

Qu| (2008)]. Finally, the second estimator of the variance function is defined by
62(s) = 62(s)I(s <) +G5(s)I(s > tF) (3.12)

where 67 and &3 are the local linear estimator of the variance function from the samples
Yi,.. o, Y and Yy 41, ..., Yy, respectively. The following result shows that ¢, is a consistent
estimate of £,. A proof can be found in Section

Lemma 3.1. Assume that nb® — 0, nb> — oo and that Assumptions (A1) - (A4) are satisfied
with © > 8. Suppose that the variance function is twice differentiable on the intervals (0,t,) and
(t,, 1), such that the second derivative 02 is Lipschitz continuous (here t, is the location of the
change point of the variance, which is defined as t, = 1 if there exists no jump). Let L = |n®]
for 4/ < a < 1/2, then the estimator t, defined in (3.10) satisfies t; —t, = O,(n~1=%)) if
t, < 1.

Remark 3.2. Observe that the lower bound for the parameter a in Lemma converges to (
as t — oo. Consequently, if 0 < #, < 1, the rate of convergence of the estimator ¢ is arbitrarily

close to the optimal rate n~! if Assumptions (A1) and (A4) hold for any ¢ > 0.

The lag k-correlation at the point ¢; is estimated by a local average of the quantities of the form

pik — Gk (3.13)

where 67 is either the estimate 67 , defined in (3.9) (if a change point in the variance can be
excluded) or the estimate 62* defined in . For convenience, we set ¢; = 0, whenever ¢ > n,
in the following discussion. The correspondmg partial sum is denoted by SW Z i1 T/V"C nd
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we consider the CUSUM statistic

T = max
1<i<n

(3.14)

In order to specify the necessary assumptions for the asymptotic theory, recall the definition of
the random variable I/T/ik in (3.13) and define an unobservable analogue by

W.’“:M' 3.15
T oty (3.15)

It is easy to see that W} is F;,; measurable and that the process (WF)"—F is PLS. Define ¢
as the number of break points, 0 = ¢y < ¢; < ... < ¢; = 1 as the corresponding locations of
the breaks and Hy, Hy, ..., H, as the corresponding nonlinear filters, that is WF = H;(t;, Fi1.)

if ¢; < t; < ¢j41. For the asymptotic analysis of the CUSUM-test we require the following
additional assumption:

(A6) The long run variance function

[e.e]

Ry(t) = > cov(H(t, Fr), Hi(t, Fo)) i t € (cs, cinl,

k=—oc0
exists, the limit x3(0) = lim, o x3(t) exists and infyeo 1) £5(t) > 0.

Theorem 3.3. Assume that b, — 0, ¢, /b, — 0, ¢,b,? — 00, nch — 0, 71()20;1/2 — 0, nbflc}/2 —
oo and suppose that Assumptions (A1) - (A4) and (A6) are satisfied with v > 8. Assume that 6>
m 18 either the estimate &szbn defined in , if there is no change point, or the estimate
o2* defined in if there exists one change point, say t,, in the variance function. In the
latter case let 0% be strictly positive and twice differentiable on the intervals (0,t,) and (t,,1),
such that the second derivative 52 is Lipschitz continuous. Then under the null hypothesis of no

change point in the lag k-correlation we have

— T 2y Ky = sup |Us(t) — tUs(1)],

\/ﬁ te(0,1)

where {Us(t) | t € [0,1]} is a centered Gaussian process with covariance kernel
min(t,s)
v(t, s) :/ K3 (r)dr. (3.16)
0

In order to develop a consistent bootstrap test recall the notation ([3.4]), define Sjvfin = Zi:;”_l Wf
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and @"fn as in (3.6) where S, and S;,, are replaced by SV and Sﬁl, respectively.

Theorem 3.4. Assume that the conditions of Theorem are satisfied. If m — oo, m/n — 0,
—1/4
V(e + (\/%Tn +0) + =)en / )logn — 0, then

MY = max
m+1<i<n—m+1

T N 'S o1

conditional on F,, where the random variable ICy is defined in Theorem [3.3,

Theorem and yield the consistency of the following bootstrap test for the hypothesis of
a constant correlation with asymptotically correct type I error rate. The null hypothesis (3.8)) is

rejected whenever

T5/vn > MG o) (3.18)

Here M, Fé(ka) | s the (1 — a)-quantile of bootstrap sample of the distribution of the statistic
MY defined in (3.17), which is generated in the same way as described in Algorithm .

Remark 3.3.
(1) Assume that under the alternative hypothesis the variance has at most one structural break
at the point £, and that the second derivative 62 of the variance function is Lipschitz continuous

on the intervals (0,%,) and (f,,1). Then it can be shown by similar arguments as indicated in

Remark that the bootstrap test is able to detect local alternatives converging to the
null hypothesis at a rate n='/2.

(2) In principle one could always work with the estimator 62* defined in (3.12). However, a
numerical study indicates that in cases where there is in fact no change point in the variance the
estimator 62 , defined in has a better finite sample performance. Therefore we strictly

Cn,bn

recommend its use, if a structural change in the variance can be excluded.

Remark 3.4. Although the method described so far refers to the problem of detecting a
change point in a particular lag k-correlation, it can easily be extended to the problem of testing
for a change in one (or more) correlations simultaneously. We illustrate extensions of this type

exemplarily for the problem of testing the hypotheses

Hy: pix=pj=pp foralli,j=1,...,nk=1...,¢ (3.19)
H; : there exists 1 < k < ¢ and i # j such that p;, # pjx - (3.20)

For this purpose recall the notations (3.15)) and (3.13]) and define the vectors W; = (W}, ... Wi)T

(2
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and W; = (W}, ..., W9T. For some norm || - | on R? we consider the statistic

T = max
1<j<n—q

Sw-ls

Observe that {W,},en is a PLS process, with nonlinear filter function, say W, and (unknown)
¢ break points 0 = dy < dy < ...,< dy < dpr1 = 1. Assume that the conditions of Theorem

are satisfied, where assumption (A6) is now replaced by the condition

(A6*) The long run variance function
R3(t) = Cov (Wilt, Fi), Wi(t, Fo)) R if t € (dy, dira],

exists. Let A(t) = Ami(F5(t)) denote the smallest eigenvalue of the matric #(t), then
limy o A(t) exists and infycpo 1 A(t) > 0.

Under these assumptions it can be shown by similar arguments as given in the proof of Theorem

[3.3 that

1
—TC—> sup ||U —tUy(1)]],
N t6(01)|| 2(t) 2(1)]]

where {U,(t)|t € [0, 1]} is a g-dimensional centered Gaussian process covariance kernel (¢, s) =

fomln(t ) ~2( )d?" c RI¥4q.

A similar result can also be derived for the new bootstrap procedure. To be precise define the

vectors

~ 1 ¢ N m -
D, = (Sjm——Sn_q)Rj, 1=q+1,...,n—m—q+1,
vmn—m—2q+1) ]21

(3.21)

where Sj,m = Zi’;;”_l W,, Sn_q =y "1 W, and {R;}icz is a sequence of i.i.d standard normal
distributed random variables, which is independent of {¢;};cz. If the conditions of Theorem
hold [where assumption (A6) is again replaced by (A6*)], then we have (conditional on F,,)

~ 7 ~

q)im_ (I)n—m— m‘ i> su U,(t) — tUs(1)]].
, n—m—2q+1 ¢+l te(og) 10:(t) 2(1)]

n

max
g+1<i<n—m—q+1
These results show that the bootstrap test (3.18)) can easily be extended to discriminate between
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the hypotheses (3.19)) and ({3.20)).

4 Relevant changes of second order characteristics

After a change point has been detected and localized a modification of the statistical analysis is
necessary, which addresses the different features of the data generating process before and after
the change point. Dette and Wied| (2014) pointed out that in many cases such a modification
might not be necessary if the difference between the parameters before and after the change
point is rather small. On the one hand, inference might be robust with respect to small changes
of the variance or correlation structure. On the other hand, changing decisions (such as trading
strategies or modifying a manufacturing process) might be very expensive and only be performed
if changes would have serious consequences. For these reasons Dette and Wied| (2014) proposed
to investigate the hypothesis of a mon relevant change point, which will be discussed in
this section for the variance (Section and lag k-correlation (Section in a general non-

stationary context (more precisely under the assumption of PLS).

4.1 Relevant changes in the variance

First we investigate the problem of testing for a non relevant change in the variance of a time
series. Recall the definition of model and that o? = o2(t;) = Var(Y;) is the variance of
the response at the point ¢;. Throughout this section we assume the existence of some fixed but
unknown point ¢, € [0, 1] such that the variance function in Assumption (A1) is constant on
the intervals (0,%,) and (f,,1) and that the variances o? satisfy with k = |nt,|. For some
pre-specified § > 0, we are interested in testing the hypothesis of a non relevant change
in the variance. Problems of this type have recently been discussed in Dette and Wied| (2014)
under the assumption that the process before and after the change point is stationary and that
additionally the mean of the process is constant (even if there is a change of small order in the
variance). From a practical point of view, assumptions of this type are not very satisfactory and
in this section we will propose a procedure for detecting relevant changes which does not require
such strong assumptions.

It turns out that a test for the hypothesis needs an estimator of the change point, and we
could use the estimator ¢} defined in for this purpose. This estimator requires the choice
of the regularization parameter L. However, in the present context such a complicated estimator

is in fact not necessary, because the variance before and after the change point is assumed to be
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constant. Therefore we introduce the alternative estimator

. . N2
t, = argmax (Sm — TS,L> , (4.1)
n

1<m<n

where S, = S €2 denotes the mth partial sum of the squared residuals é; = Y; — [, ()
obtained from a local linear fit. Estimators, maximizing the CUSUM-type statistics have been
widely studied in the situation of stationary processes [see |Jandhyala et al. (2013)], and it turns
out that the statistic 7, has better finite sample properties than the estimator t* defined in
(3.10)), if the variance function before and after the break point £, is in fact constant (which is
our basic assumption throughout this section).

Let A = vy — vy denote the “true” difference before and after the change point. Our first result

establishes the asymptotic properties of the estimator ¢, under the PLS assumption and is proved

in Section [7.2]

Lemma 4.1. Assume that b, — 0, nb> — oo, nb® — 0 and that Assumptions (A1) - (A5) are
satisfied. Suppose that the variance function is strictly positive and constant on the intervals
(0,%,) and (t,,1) (here t, is the location of the change point, which is defined as t, = 1 if there
is no jump). The estimate t,, defined in has the following properties:

(i) If A =0, then t,, converges weakly to a [0,1]-valued random variable.
(i4) If A # 0, then |t, —t,| = O,(n~?) for some a > 1/2.

We now use the statistic (4.1) to define estimates of the variance before and after the change

point, that is
|ntn | n

- 1 - 1
A, = — 7, NApg= —— é2,
1 |nt,] Z J 2= [nt,] Z J

J=1 j=|ntn|+1

and denote by A, = Amg — Aml an estimator of the difference A. Using similar arguments as
given in the proof of Lemma [4.3]in Section [7.2]it follows that A, — A = Op(hz/gﬁ"). In order to
construct a test for the hypothesis (1.3)) we now consider the statistic

3 b

T, = =
2(1

where the process U, is the CUSUM process defined by

[ns)

1 S w—
Un(s) ==Y é&3—=> ¢
n 4 n 4
Jj=1 J=1
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The following result establishes the asymptotic properties of the statistic T,,. The proof is omitted
because it follows by similar but easier arguments as given in the proof of Theorem below,

where we investigate the problem of testing for non relevant changes in the lag k-correlation.
Theorem 4.1. Suppose that the conditions of Theorem [3.1] hold.

(i) If A #0, then

Vil = %) 2 2(8) 1= gt [L06) = st 1)lsk — s A RIS, (49

T RO-R)?
where {Uy(s)}sepo,1) denotes the Gaussian process defined in Theorem,[3.1]
(i) If A =0, then T,, = Op(1/n).

It follows from Theorem that an asymptotic level « test for the hypothesis ((1.3) of a non

relevant change in the variance is obtained by rejecting the null hypothesis, whenever

T, > 6> + U\l/ﬁa, (4.4)
where v1_,, denotes the (1—«)-quantile of the distribution of the random variable Z; () defined in
. We note that this distribution is a centered normal distribution with a variance depending
on the data generating process in a complicated way, in particular on the long run variance
defined in . In order to circumvent this problem we will develop a resampling procedure to
obtain critical values, where we have to address the particular structure of the hypothesis

of a non relevant change point in the variance. To be precise, define

~

Vi=¢é5— A (5 > [nt,)). (4.5)

7 -

Let {R;} ez denote a sequence of i.i.d. standard normal distributed random variables, which

is independent of {F;};cz, define SJV " = Zf;r;nfl V., SX =>", V. and consider the random

variables

R 1 n—m-+1 R m
oY = (S.Vm - —S,Y>R. 4.6
’ vVmn—m+1) ; 7 n ’ (4.6)

The following result provides a bootstrap approximation for the distribution of the random
variable Z1(1). The proof follows by similar but easier arguments as given in Section , where a

corresponding statement is proved for change point tests in the correlation structure.
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Theorem 4.2. Assume that the conditions of Theorem are satisfied. In addition, assume

that m — oo, m/n — 0, mbilog*n — 0 and mlogg/zn — 0, then
1 6 v i Sy it, i -
M= ra =) 2 (‘I’zm - n_—mﬂq’"m%m) (7 ) t") = &)
n ) m1<i<n—m+1

conditionally on F,, where Z,(1) denotes the random variable defined in (4.3)).

We summarize the bootstrap test for the hypothesis ((1.3)) of a non relevant change in the variance

structure in the following algorithm.

Algorithm 4.1.

[1] Calculate the statistic 7}, defined in (4.2).

2] Generate B conditionally 7.i.d copies {@E% P (r = 1,2, ..., B) of the sequence {®}, }7—"*!
defined in (4.6)) and calculate

1 6 - { - it, i
Wl 8 (A T TP YA
Tont(l-t,)? m+1<iz<7;m+1 T n—m 1T A
[3] Let M(V) < M(V) . < MXB) denote the order statistics of M, ..., M}. Reject the null

hypothesis (1.3]) of a non relevant change in the variance at level « if
T > 6% + M pa_ay)y0/ V7. (4.7)

V Ey o
The p-value of this test is given by 1 — £~ where B* = max{r : 6 + f/%) <T,}.

Remark 4.1. It is of interest to investigate the power of the tests (4.4) and (4.7). For this
purpose note that it follows for A # 0 from (4.3)

T, — A? 62 —A? v ,0
Lt NG +
Al Al A )

5.(0.8) = B(T, > 6% + ”1\/%5) —p(va

52 — AQ 4 Ul—a5>
Al Al

~1— \y(ﬁ (4.8)

where W is the distribution function of the random variable Z;(1) (in fact a centered normal
distribution). Therefore, under the alternative of a relevant change A? > §2, we have 3,(5, A) —
1 as n — oo, which provides the consistency of the test (4.4)). On the other hand under the null
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hypothesis 0 < A2 < §2 we have

lim f,(6,A) =

n—oo

0 if0< A%< §?
a if A% =42

If A =0, then T, = Op(1/n) and lim,_,o 8,(5, A) = 0, which means that the test has in
fact asymptotic level a.

We can also use to investigate the power as a function of the parameter ¢ in the hypothesis
. For example, we can see that for sufficiently large n the power ,(d, A) is approximately
1if 6 — 0, and 3,(5,A) is approximately 0 if § — oo. Moreover, it is easy to see that all
statements mentioned in this remark hold also for the bootstrap test defined by .

4.2 Relevant changes in correlation

Consider model (2.1]), denote by p; r = corr(Y;, Yiix) the correlation at lag k and suppose that

for some unknown ¢ € (0, 1)

P1 = PLk = oo = Plnt) k> P2 = Plat|+1k = - = Pn—kk- (4.9)

In this section we are interested in the problem of testing the hypothesis of a non relevant change

in the correlation at lag k, that is
Hy : |p1 — po| <0 versus Hy : |p1 — p2| >0 (4.10)

for some pre-specified § > 0. |Dette and Wied| (2014) provided a method for testing the hypothesis
(4.10)) under this and the additional assumption that the process before and after the change point
exhibits a stationary behaviour. However, in general local stationary framework the construction
of a test is more difficult and will be explained in the following paragraphs.

We denote by A = py — p; the (unknown) difference before and after the change point and
assume throughout this section that under the null hypothesis of a non relevant change in the
correlation the variance function ¢ has either no jumps or has a jump at a point, say %,, which
does not necessarily coincide with the change point ¢ in the correlation structure. In order to
estimate the correlation consistently before and after the change point we recall the definition
of the variance estimator , which addresses the problem that the variance function before
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and after the change point is not constant. We define the CUSUM process

it (4.11)

where é; = Y; — [u,, (t;) denotes the nonparametric residuals from the local linear fit and we use
the convention that é; = 0 for ¢ > n. The estimator for the change point of the correlation

structure is finally defined by

t, = argmax (U[k] (m/n)) : (4.12)

1<m<n

Note that the statistic £,, depends on the estimator ¢* for the change point in the variance, which
is defined in (3.10]). The first result of this section establishes consistency of this estimate.

Lemma 4.2. Suppose that the conditions of Lemma are satisfied, and that the conditions
for the bandwidths b, and c, of Theorem hold. The estimate t, of the change point in the
correlation structure defined by (4.12) satisfies

f -2 T, if |A] =0, (4.13)
|ty — t] = Op(n™®), if |A] >0, (4.14)

for some o > 1/2, where Tynax s a [0, 1]-valued random variable.
The test for the hypothesis of a non relevant change will be based on the statistic

1
tn)2 0

t2(1 —
where the the process Uy M is defined in (4.11). The following theorem shows that Tg is a

consistent estimator of A? and also provides its asymptotic distribution.

Theorem 4.3. Assume that the conditions for the bandwidths b, and c, of Theorem hold,
and that Assumptions (A1) - (A4) are satisfied with 1 > 16. Suppose further that the variance
function is strictly positive, twice differentiable on the intervals (0,t,) and (t,,1), such that the
second derivative o2 is Lipschitz continuous (here t, is the location of the change point, which is
defined as t, = 1 if there is no jump). If there exists a break, then we assume additionally that
ty, € [¢,1 = (] for some constant ¢ > 0.
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i) If A # 0, then

Vn(TT — A?) N 2Z5(A) = 6 ] / [Ua(s) — sUs(1)][st — s A t]|Alds, (4.16)

2(1—1) J,

where the Gaussian process {Us(s)}scio,1) 45 defined in Theorem .
i) If A =0, then T = Op(1/n).

A careful inspection of the proof of Theorem [4.3|shows that the statement remains correct
for any estimator of the change point in the correlation structure, which satisfies and
(4.14). Moreover, Theorem yields an asymptotic level a test for the hypothesis (4 of a
non relevant change in the correlation structure by rejecting Hy, whenever T]; > 62+ ”\lf‘, where
U1-o denotes the (1 — a)-quantile of the distribution of the random variable Z5(J) defined in
. We note again that this distribution is a centered normal distribution with a variance
depending on the data generating process in a complicated way. In order to provide a consistent
bootstrap approximation of the distribution of the random variable Z5(1), recall the definition
of the estimator ,, of the change point in the correlation structure in - We consider the

L"th €;é A _ 1 n—k éé
2t Gy Bne = o] 2wk )41 5oy and define

statistics Anl = Lnt ]

as an estimator of the difference A = py — p;. The next lemma provides consistency of A, and
is proved in Section [7.2]

Lemma 4.3. Suppose that the conditions of Theorem and Assumption (AG) are satisfied,
then A, — A = O (log")

Define

A~

&:ﬁﬁ%—A[(_mm% (4.18)

where the variance estimator is given by (3.12), and let {R;};cz be a sequence of i.i.d. standard

normal distributed random variables, which is independent of {F;};cz. We introduce the partial

sums S’JA Z]+m YA, S4 =" A, and define

n

R 1 n—m-+1 R m -
A _ Z A A\ p.
P = vmn—m+1) (Sj’m n &K ) B (4.19)

J=1
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then the following result is proved in Section [7.3]

Theorem 4.4. Suppose the conditions of Theorem hold and that m — oo, m/n — 0,
V(2 + (= + b2 + \/%Tn)cgl/ll) logn — 0, then

/NCn
1 6 x i . ity i .\ D
ot 6 <cpA ot 44 ><_”__msn)—>z 1) (4.20
"ont2(1—t,)? Z B —m41 b o 2(1) (4:20)

m+1<i<n—m+1
conditional on F,, where the random variable Z5(1) is defined in Theorem [{.3,

Theorem [.4] provides a consistent asymptotic level o bootstrap test for the hypothesis of a non
relevant change in the correlation structure. The hypothesis (4.10)) is rejected, whenever

T7 > M pa—-a))d/vn + 6. (4.21)

Here M{p, ) is the (1 — a)-quantile of bootstrap sample of the distribution of the statistic
M defined in , which is generated in the same way as described in Algorithm 4.1 The
consistency and the properties of the power function of the bootstrap test follow by similar
arguments as given in of Remark for the test of non relevant change in variance. The details

are omitted for the sake of brevity.

Remark 4.2. The proposed method can easily be generalized to address the problem of testing
for a relevant change in several correlations simultaneously. Exemplarily we illustrate such a
generalization in the situation, where one is interested in detecting a relevant change in any of
the lag 1- to lag g-correlations. Consider model and suppose that there exist time points
tr € (0,1) such that

Pl(k) = Prk = - = Plntg].k> Pz(k) = Plnty|+1k = - = Pn—kk
(1 <k < ¢q). We are interested in testing the hypotheses

Ho: |p1(k) — pa(k)| < S forallk=1,...,q
H; : there exists a lag k € {1,...,q} such that |p;(k) — p2(k)| > Ig,

where 9y, ...,0, are given thresholds. For each lag k, let fn,k denote the estimator for ¢, defined

in (4.12)) and define

= —)2/0 (O (s))?ds, (4.22)



where Ul is given by (4.11). Recall the definition of the g-dimensional process Usy(t) =
(Uz1,...,Uzq)" in Remark , and suppose that the conditions of Theorem and (AG*)
hold. Then it can be shown

max |v/n(T7 ; — A?)] L2y Z* = max

1<i<q ’ 1<i<q

6 1
m/o [U2774'(S> — SUQ@(l)HSti — S A tl”Al‘dS s

where Ay, = p1(k) — p2(k) (1 < k < g). Similarly, bootstrap methodology can be developed

considering consistent estimates, say Alm, of A,. Let

AW = S5 A, TG > [nfk), (4.23)
o (t5)
and consider the vector A; = (121[11], . ,A[qk])T. Further, define Sj‘m = Zi:]n_l A, Siq =
STIA, and
1 n—m-+1 m
o/, = (S = 28, )Ry (4.24)
’ vVm(n—2¢—m+1) j:zq—;—l ” n "

(i=¢q+1,..,n—m—q+1), where {R;},cz is a sequence of i.i.d. standard normal distributed
random variables, which is independent of {F; };cz. Let ‘i){},[z] be the &y, entry of ‘iJf‘m (1<k<gq)
and define
o 6 o N P B
Ve S (@ ey (D)

72 7 )2 _
ntn,k(l t k) mA1<i<n—m41 n—m+l n n

Then (conditional on F,) maxi<g<q |ApM,, | 2, Z*, which provides the consistency of a corre-

sponding bootstrap test.

5 Finite sample properties

In this section we investigate the finite sample properties of the proposed tests by means of
a simulation study. In all examples considered we used the function u(t) = 8(—(t — 0.5)* +
0.25) as mean function and a sequence of independent identically normal distributed random
variables {¢;};ez in the definition of the errors e; = G;(i/n,F;) in model , where F; =
o(...,€0,-.-,€;). The dependency structures differ by different choices for the nonlinear filter

G;. The sample size is n = 500 and all results are based on 2000 simulation runs. In each run,
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Figure 1: Typical sample paths of the processes corresponding to model I-V1I.

the critical values are generated by B = 2000 bootstrap replications.

5.1 Change point tests for the variance

In this section we investigate the finite sample properties of the bootstrap tests for the “classi-
cal” hypothesis of a constant variance and for the null hypothesis of a non relevant
change in the variance. It turned out that for change point analysis of the variance the Mini-
mal Volatility (MV) method for the selection of the bandwidth provided slightly better results
than the commonly used cross validation. The MV-method has been advocated in Politis et al.
(1999). To be precise consider a sufficiently wide interval (a,b) C (0,1) and define the points
di:=a+(i—1)(b—a)/l € (a,b),i=1,2,...,1 as potential bandwidths. For each d;, we calculate
the statistic Tn(i), which is defined as the test statistic Tn in (3.1)) with bandwidth b, = d;. We
then calculate for i = 4,...,1 — 3 the standard errors SD(i) := sd(T,,(j),i —3 < j < i+ 3) of

different subsamples of these statistics. Finally, the bandwidth b,, in the interval (a,b) is chosen
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as b, = d;-, where 7* = argming.;; 3 SD(3).
In the following we discuss three models for the filters of the innovations in model ({2.1)).

() G(t,F;) = H(t,F;)/4, where H(t,F;) = 0.5H(t,F;_1) + ¢; for t < 0.5, and H(t,F;) =
—0.5H<t,f'¢_1) +¢g; for t > 0.5.

(IT) G(t, Fi) = H(t, Fi)y/1 — a?(t) /4, where H(t, F;) = "2 a’ (t)e;; and a(t) = 1/4 +t/2.
(III) G(t, F;) = H(t,Fi)\/1 —a%(t)/8 for t < 0.5, and G(t, F;) = H(t,F;)\/2(1 — b?(t))/8 for

t > 0.5. Here H(t,F;) = > 72 a’(t)ei; for t < 0.5, and H(t, F;) = Y 2 ¥/ (t)ei for
t>05,a(t)=1/4+t/2and b(t) = 0.5 — (¢t — 0.5)%

Model (I) is a piecewise stationary process. The correlation has a structural break at the point
t = 0.5. Model (II) is a locally stationary process. The MA coefficient is smoothly time-varying.
By our construction, the variance of model (I) and model (II) remains constant, which means
that both models correspond to the “classical” null hypothesis in (L.1)). Model (III) is a piecewise
locally stationary process. The correlation of model (IIT) has a jump at the point ¢ = 0.5. The
MA coefficients before and after the point ¢ = 0.5 are smoothly varying. The variance of model
(III) also has a jump at t = 0.5 and remains constant before and after the jump, respectively.
This model corresponds to the null hypothesis in of a non relevant change point in the
variance. Typical trajectories of the processes corresponding to model (I) - (III) are displayed
in the upper part of Figure [T}

For model (I) and (II) we investigate approximation of the nominal level of the bootstrap test
for the classical hypothesis of a change in the variance over the interval [0, 1]. The
corresponding rejection probabilities are displayed in the left and middle column of Table [I We
display the simulated type I error using different bandwidths in the interval (0.025,0.3) and the
bandwidth calculated by the MV-method (last line). We observe that the results are rather
stable with respect to the choice of b,. Only if b, < 0.1 the level is overestimated. In particular
the bandwidth calculated by the MV-method yields good results for both models.

For model (III), we are interested in testing the hypothesis of non relevant changes in
variance, where the threshold is given by § = 1/64. The corresponding rejection probabilities
are shown in the right column of Table |1| for the case that A = ¢ = 1/64. Note that this choice
corresponds to the boundary of the null hypothesis, and according to Remark the nominal
level is smaller in the interior of the null hypothesis, i.e. A < § (these results are not displayed for
the sake of brevity). Interestingly - compared to the problem of testing the “classical” hypothesis
(1.1 - the method is more sensitive with respect to the choice of the bandwidth. However, the

MV-method yields a rather accurate approximation of the nominal level.
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Table 1: Simulated Type I error of the tests (3.7) and (4.7) for a change in the variance for
various bandwidths and the bandwidth calculated by the MV-method (last line). Left and middle
column: test for the hypothesis (1.1) (model (1) and (II)). Right column: test for the hypothesis

(model (II1)).

model I 1I II1

boJa 5% 10% 5% 10% 5% 10%
0.025 19.15 31.55 3045 449 245 4.95
0.05 88 169 152 259 5.4 8.7
0.075 5.7 13.1 10.25 1875 7.55 11.9
0.1 6.05 12.8 8.85 16.3 8.15 12.7
0.125 4.75 1095 7.95 15.2 7.4 12.15
0.15 5.55 11.9 7.3 145 875 14.05
0.175 4.1 10.2 6.5 14.5 & 13.05
0.2 46 10.7 49 11.15 755 118
0.225 3.55 &85 4.75 10.3 7.3 12.85
0.25 3 & 515 108 835 14.75
0.275  3.05 93 475 10.7 7.8 14.15
0.3 4.15 9.55 5.6 10.35 16.35 26.65
MV 4.7 114 6.75 139 6.75 123

5.2 Change point tests for a lag k-correlation

We now investigate the same properties of the tests for changes in the lag 1-correlation. For this

purpose we consider the following models.

(IV) G(t, F;) = H(t, Fi)\/1 — (t — 0.5)?/4, where H(t, F;) = 0.3H(t, F;) + &;.

(V) G(t,Fi) = H(t, Fi)\/c(t)/4 for t < 0.5, and G(t,F;) = H(t, F;)\/d(t)/4 for t > 0.5, where
c(t)=1—(t—0.5)% d(t) =1— isint and H(t, F;) = 0.3H(t, F;) + &;.

(VD) G(t, F;) = H(t, F;)\/1 — (t — 0.5)2/8, where H(t, F;) = 0.5H(t, F;_1) +¢; for t < 0.5, and
H(t, F) = O.7H(t,.7—"l_1) +¢; for t > 0.5.

Model (IV) is a locally stationary processes. The variance of the process is time-varying, but
the correlation remains constant. Model (V) and model (VI) are piecewise locally stationary
processes, where the variance has a change point. Before and after the jump, the variance varies
smoothly. The correlation of model (IV) and (V) is constant, while the correlation of model (VI)
has a break at ¢ = 0.5. Typical trajectories corresponding to these processes are depicted in the

lower part of Figure
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Note that the change point analysis by the tests proposed in Section and requires the
choice of two bandwidths in the local linear estimates of the mean and variance. We use a
generalized cross validation method introduced by Zhou and Wu (2010) to select the bandwidth
for estimating the mean function. Then we apply this cross validation procedure again to select
the bandwidth for estimating the variance function. The parameters L and ¢ in the estimator
are chosen as L = [n'/3] and ¢ = 0.016, respectively.

The corresponding rejection probabilities are displayed in Table [2| for various bandwidths b, in
the interval (0.025,0.3). At each fixed b,, the bandwidth for variance ¢, is calculated by cross
validation. The results for the bandwidths calculated by cross validation are displayed in the last
row of the table. The left and middle column correspond to the “classical” hypothesis whether the
correlation remains constant (model (IV) and (V)). We observe a very accurate approximation
of the nominal level if the bandwidth is chosen such that b, < 0.1. If b, € (0.1,0.3) the nominal
level is slightly underestimated. For both models the generalized cross validation proposed by
Zhou and Wu (2010) yields a rather accurate approximation of the nominal level,

The right column of Table [2|shows the simulated type I error of the test for a non relevant
change in correlation with 6 = 0.2. Again the case § = A = 0.2 is displayed in model (VI)
corresponding to the boundary of the null hypothesis, and the simulated rejection probabilities
are smaller if |A| < 6. Compared to the test for a non relevant change in the variance (see Table
the test for a non relevant change in the correlation is rather stable with respect to the choice
of the bandwidth. Also the proposed cross validation methodology performs reasonably well,
which is reported in the last line of Table 2]

Finally, we display in Figure[2] the simulated rejection probabilities of the tests for the hypotheses
(1.3]) and for a non relevant change in the variance or correlation, respectively, as a function
of the parameter 0 € [0,2A]. The significance level is chosen as 0.1. As expected the probability

of rejection decreases with & (see also the discussion in Remark [4.1]).

5.3 Power properties

In this section we investigate the power of the tests proposed in this paper considering the

following four scenarios.

) G(t,F;) = (1(t < 0.5) + 1(t > 0.5)V1+NH(t, F;)/4, where A > —1, H(t, F;) =
0.5H(t, Fi—1) +e¢; for t <0.5, and H(t, F;) = —0.5H(t, F;—1) +¢; for t > 0.5.

A0) G(t,F) = H(t,F)[1(t < 05)y/1—a?(t) + 1(t > 0.5)\/(24 A)(1 —b2(t))] /8, where
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Table 2: Simulated Type I error of the tests for a change in the lag 1-correlation for various
bandwidths and the bandwidth calculated by generalized cross validation (last line). Left and
middle column: test for the hypothesis (3.8) (model (IV) and (V)). Right column: test for the

hypothesis (4.10) (model (VI)).

model I\Y Vv VI

boja 5% 10% 5% 10% 5% 10%
0.025 47 104 49 10.3 6 8.95
0.05 3.75 85 45 9.1 6 9.25
0.075 4.15 97 44 96 7.05 9.9
0.1 34 81 34 81 6.05 9.55
0.125 3.85 91 405 825 64 9.35
0.15 335 835 3.2 825 5.3 7.7
0.175 2.8 815 35 83 49 6.75
0.2 26 76 395 89 45 6.95
0225 29 7.7 3.1 8.05 4 6
0.25 3.1 8 345 825 5.15 7.6
0275 28 87 35 89 6.3 8.9
0.3 3.05 85 3.15 835 5.9 8.8
CvV 5 10.15 4.75 9.65 6.75 10.45
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Figure 2: Simulated rejection probabilities of the test (4.10)) for the hypothesis of a non relevant
change in the variance (left panel) and lag 1-correlation (right panel) as a function of the threshold
d € [0,2A] in the hypothesis (1.3).
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H(t,F;) = 3 gd (t)eij for t < 0.5, and H(t, F;) = Y72V (t)e;; for t > 0.5 and the
function a and b are defined by a(t) = 1/4 +t/2 and b(t) = 0.5 — (¢t — 0.5)?, respectively.

(IIl") G(t, Fi) = /1 — (t — 0.5)2/4H (t, F;), where H(t,F;) = 0.3H(t, F;) + € for t < 0.5, and
H(t, F;) = (0.3 = \)H(t, F;) + € for t > 0.5.

(IV’) G(t, F;) = H(t, Fi)\/1 — (t — 0.5)%/8, where H(t, F;) = (0.5—\)H(t, Fi_1)+¢; for t < 0.5,
and H(t, F;) = 0.TH(t, F;_1) +¢; for t > 0.5,

Model (I') is used to study the power of the test where the case A = 0 corresponds to the
null hypothesis of a constant variance. The power properties of the test for a non relevant
change in the variance is investigated in model (II’). Here we test the hypotheses Hy : A < 1/64
versus Hy : A > 1/64, where the case —2 < A < 0 corresponds to the null hypothesis. Similarly,
the power of the test for a constant lag 1-correlation is studied in model (IIT") (again the
case A = 0 corresponds to the null hypothesis of a constant correlation) and the corresponding
hypotheses Hy : A < 0.2 versus H; : A > 0.2 of a non relevant change in the lag 1-correlation
are investigated in model (IV?) (here the case —0.4 < A < 0 corresponds to the null hypothesis).
The rejection probabilities for various values of A are displayed in Figure We observe that
the proposed methodology can detect (relevant) changes in the variance or correlation with

reasonable size.

6 Data Analysis

Various scientific data show that since the late 1800s, the mean global temperature starts to
increase significantly. For example, during 1906-2005, the Earth’s average surface temperature
rose by 0.74 + 0.18 °C, with the rate of warming also increasing with time. On the other hand,
however, there are much fewer studies on possible changes in the second order characteristics
(especially the correlations) of temperature time series, both globally and regionally. In this
section, we are interested in identifying possible changes in the second order structures of re-
gional temperature in the recent three centuries. To this end, we analyse the Hadley Centre
Central England Temperature (HadCET) data from 1659-2015. These data can be downloaded
from http://www.metoffice.gov.uk/hadobs/hadcet/. We present the analysis results of monthly
temperature series in January and July as representatives of the winter and summer monthly
temperature patterns in central England. The time series are shown in Figure [df There are

apparent increasing trends in both time series.
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Figure 3: Simulated power of tests for a change in the variance or lag 1-correlation. Left upper
panel: test for a constant variance defined in (model (I’)). Right upper panel: test for a
non relevant change in the variance defined in (model (II’)). Left lower panel: test for
a constant lag 1-correlation defined in (model (I1I°)). Right lower panel: test for a non
relevant change in the lag 1-correlation defined in (model (1V’)).

30



We first test the constancy in the variance and lag 1-correlation for the January data. In our
analysis the critical values are generated by 8000 bootstrap replications. The bandwidths were
chosen as described in Section . The results are summarized in Table . The test rejects
the null hypothesis of no change point in the variance at 5% level. We then use the statistic
to estimate the change point and obtain ¢, = 226, which corresponds to the year of 1884.
Next we apply the test again to the periods before and after the identified change point and
conclude that there are no further structural breaks in the variance during the two periods. The
estimates of the variance before and after the year 1884 are given by 4.05 and 2.85, respectively.
Next we apply to testing the constancy in the lag 1-correlation, where we use the statistic
to estimate the change points in the variance with ( = 0.14 and L = 38. We identify
tr = 242, which corresponds to the year of 1900. The result is close to the one which is obtained
by the estimator . The null hypothesis of no change points in the lag 1-correlation is rejected
at 5% level [see Table 3]. Next we use the statistic to identify the location of the change
point of the first order correlation and obtain ¢, = 213, which corresponds to the year of 1871.
Again we investigate the existence of further changes in the lag 1-correlation before and after
the year 1871 and conclude that there are no further structural breaks in the lag 1-correlation
during the two periods. The estimates of the lag 1-correlation before and after the break point
are equal to —0.108 and 0.231, respectively.

The results from Section [4] enable us to perform tests for relevant changes in the variance and
lag 1-correlation for the January data. Figure || displays the p-values of the tests for a relevant
change in the variance and log 1-correlation for different values of the threshold 0. At the 5%
significance level, we conclude that there exists a relevant change with size 6 = 0.645 in the
variance and a relevant change with size 6 = 0.313 in the lag 1-correlation.

For comparison, we also analyse the July data. For the variance, we choose the bandwidths
b, = 0.205 and m = 33. The test statistic is 1.90, together with the simulated 90% critical
value 1.83 and 95% critical value 2.04. Hence we cannot reject the null hypothesis of no change
point in the variance at the 5% significance level. For the correlation, the bandwidths are chosen
as b, = 0.26, ¢, = 0.06 and m = 25. The test statistic is 0.84, and the simulated 90%
critical value is 1.11, and the 95% critical value is 1.25. Hence, again we cannot reject the null
hypothesis of no change points in lag 1-correlation at the 10% significance level.

In conclusion, our data analysis suggests that besides the mean trend, there exists strong evidence
indicating structural changes in the second order structures of monthly temperatures in central
England. Further, the latter changes are inhomogeneous among different seasons, in the sense
that changes in the variance and correlation are more significant in the winter than in the

summer. This implies that winter temperatures in central England have become more unstable
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and more difficult to predict since the late 19th century. Finally, we also locate the change

point in the second order structure of the HadCET temperate data through all three ways we

proposed in our paper. The three change points, 1871, 1884 and 1900, are quite close. Our

findings suggest that the time of change in the second order structure of our data coincides with

that of the mean global temperature identified in various previous studies.

Temperature

January Temperature

0

T T
50 100

150

T
200

Time

250

T T
300 350

Temperature

19

18

17

16

15

14

July Temperature

T T
0 50

T T
100 150

T T T T
200 250 300 350

Time

Figure 4: Temperature in °C of UK from 1659-2015 in January (left panel) and July (right
panel). The lines are the fitted trends of the means by local linear regression.

Table 3: Tests for the existence of a change point in the variance and lag 1-correlation in the
HadCET data. v}, denotes the critical values obtained by the bootstrap procedure. “Whole” rep-
resents the whole period, “Before” and “After” represent the period before and after the detected
change point, respectively.

Variance lag 1-Correlation

Whole | Before | After | Whole | Before | After

Test Stat. | 5.29** 2.82 3.34 1.53** 0.64 0.71
V0% 4.56 4.66 5.1 1.31 0.76 0.95
Voo 5.11 522 | 5.67 | 145 0.85 1.07

b, 0.155 0.26 0.26 0.23 0.19 0.21

m 40 30 18 19 32 11
Cn, — - - 0.05 0.06 0.059
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Figure 5: p-values of the bootstrap test for a relevant change in the variance (left panel) and lag
L-correlation (right panel) for different values of the threshold §. The horizontal line marks the
significance level 0.05.
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7 Proofs of main results

In this section we provide proofs of the main results, where some of the technical details are de-
ferred to an online supplement. Throughout this section the symbol = denotes weak convergence

of a stochastic process in C(0, 1) with the uniform topology.

7.1 Proof of Theorem [3.1} 3.2 Lemma [3.1, Theorem [3.3| and

7.1.1 Proof of Theorem

In order to study the asymptotic properties of the statistic T,, we introduce the random variable

Si— =S,
n

T, = max

¢ )
1<i<n

where S; is the ith partial sum of the PLS {e?}I |, that is S; = 23:1 e5. It follows from the

results of [Zhou| (2013) that \%Tn N SUDse(0,1) |U1(t) — tUL(1)], where {Ui(t)}iejo) is a centered
Gaussian process with covariance kernel ({3.5)).

We will show below that for the maximum deviation between S; and S; satisfies

max |S; — S| = O,(\/nb, +nb +b1). (7.1)

1<i<n

From (7.1) we obtain T}, — T}, = O,(v/nb, +nb? + ;') = o(y/n), where the last estimate follows
from our choice of the bandwidth b,,. This yields the assertion of Theorem [3.1]

For a proof of the remaining estimate ((7.1)) we use the decomposition

S; — Sz =A,;+ B, (7.2)
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where the quantities A,,; and B,,; are defined by

i

Aui =23 es(fn(t) = plt). Bus= 3 (ults) — fn, (1))

j=1
Observing the estimate ({8.4)) in Section of the technical appendix we have 0 < B,,; < B, ,, =
O, (b, + nb?) for all 1 < i < n, which implies

max B, ; = O,(b,! + nb?). (7.3)

1<i<n

By Lemma [8.1] (which is proved in Section it follows that

i [nbn |
max A —20 > an; =2 Y e, () — uty)| = Oplnxa),
[nbp | <i<n—|nby | ) -
j=|nbn|+1 Jj=1
n—|nby | [nbn]—1
o Ani—2 D =2 > el (k) — plt;)
j=|nbn] J=1
=2 > el () — pty)| = Oplnxa),
j=n—|nbp|+1

where y, = b3 + 2, and

A j = nb ZKbn

A further application of the estimate (8.4]) in Section and the Cauchy-Schwarz inequality

gives

G=1,....n). (7.4)

J [nbn |

Desutt) = im @), < X leslalitts) = ()l
=1

= O(y/nb, +nb?),

= O(y/nb, +nb).

max
1<j< | nbn

> ei(ulty) = fw,(t5))

i=n—|nby |+1

max
n—[nb, | +1<j<n

2
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This implies that

1 3
max |Anil < . an<I?<aX—L . |Ai] + Op(+/ by, + b)), (7.5)
where A, ; = 2 Z;':Lnbn | Gn,j and a,_; is defined in (7.4)).
In the following we derive an estimate for the first term on the right-hand side of ((7.5)). For this

purpose we consider the random variables é;,, = E(es|es, ..., €s—m) and note that the sequence
(€sm)"_, is m-dependent. Now define aﬁjj;) =e; > Ky, (22)é,,,/(nb,) and

_2 Z a»]’

Jj=|nbn|

then a similar argument as given in the proof of Theorem 1 of Zhou| (2014]) shows that

< C'v/nb,mx™

ZKbn(S;j)(és,m - es) 4
1

for some constant x € (0,1). By the Cauchy-Schwartz inequality it follows that

n— Lnan n
O N = %) L = IO |
‘Lnbnjgr?g%zX—Lnbnj’ ’ ”’ll 2 |€J’Z bn( (€, €s)|
] [nbn | s=1
= O(v/nmx™b;'/%). (7.6)

With the notations ZLEZ;) = Ejm >ony Kb, (51)E,,n/ (nby) and fl,&m) =2 Z (b al ) it is easy to
see that

Now an elementary calculation via Burkholder’s inequality shows

1 « S—J\ .
iy 2 6 ()

A

[nbp | <i<n—|nby | ™t

ZM

SEZMemu el @)

max
1<j<n

4:O<\/%bn)7

and by a similar argument as given in the proof of Theorem 1 of |Zhou (2014) we have for some

constant x € (0,1) the estimate maxi<j<p ||€;m — €;lla = O(x™). This gives for the left-hand
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side of ((7.7)

A(m) |

n,i

max \flfl";) —
[nbn | <i<n—|nby | ’

and an application of ([7.6] yields

A tedious but straightforward calculation shows that P;_;(€;,,€;,,) = 0 for I > 2m. For example,

, = OL/n/bx™),

max 1A — ~£Ln})|
[nbp |<i<n—|nby | ’

]2 — O(v/n/bymx™). (7.8)

if i > j —m, then by definition, €;,,€;,, is 0(€j_2m,Ej—2m+1, .., €;) measurable. Consequently,
E(&;méiml|Fj—1) = E(€jm€im|Fj—i—1) = E(€;mé€im) if | > 2m, which gives P;_;(€;m€;im) = 0.
The other cases it < j—1l—1and j —1 <i < j—m — 1 are treated similarly, and details are
omitted for the sake of brevity. Observing P;_;(€;m€im) = 0 for { > 2m we obtain

Similar arguments as given in the proof of Theorem 1 in [Wu (2005) show

Gim 3 o, (— ) Zém K, (2 ])HQ’
s=1

and by the triangle inequality it follows that

2m
A _gAm H <9 \
max | n, n,z| 9 — 2_:

[nby | <i<n—|nby |

‘ . (7.9)

max g 1a
[nbp | <i<n—|nby | J n,]
Jj=|nbn]

~(m M
1PNl < —

1Pl Nls < M(Z1j + Zoy),

where the terms 7, ; and Z, ; are defined by

1. - S=J\ r~(ic)) ~
- w%( =) -]
1
Zpj = — ]m —ej’ ZKbn< ) (J ) X
ég,)n = ]E(egj)\ss,m, oy €y 8g) for s —m < j <os, el Gl(ts,]-"( ) for by <ty < by and we

use the convention éﬂn = €5 for j < s—mor j > s. Elementary calculations show that for
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H ZKbn(%)égﬁl)Hzl =0(Vnb,), 1<j<n,
s=1

while by definition Hé;f;l) €;mlla = 0 for I > m. On the other hand, if 1 < j <n, 0 <1 <m,

—é
J
we have by Assumption (A4)

s(G-0 _

~ i—1
1890 — &, lla = |[E(es — 9 lejmmy ooosgjmi €p )], < MX,

which gives Z, ; = O(\/’fl—lT) Observing that é?,};’) —€ésm=0ifs>j—l4+m+lors<j—1-1,

it is easy to see that Z;; = O(;7-). It now follows from Doob’s inequality

and we obtain from ([7.9)) that

Finally, similar arguments as given in the proof of Lemma 5 in |Zhou and Wu| (2010) show

max | Z Pj—ldSZ‘) |

[nbn | <i<n—|nby | = [nn ]

-0l 20)

= O(L2 + (bn)*lﬂ). (7.10)

max |ASZ) — IEAE:;) | RSYET:

[nbn | <i<n—|nby |

(b | SV E[Aim] = O<; ; X‘i_ﬂ/("b”)) =0(b, ).

Observing ([7.5)), (7.8) and ([7.10]) and taking m = M logn for a sufficiently large constant M > 0
yields maxi<j<, |[Ani| = O,(v/nb, + nb? + b, ). Consequently, the assertion (7.1)) follows from

(7.2), (7.3]) and this estimate.

7.1.2 Proof of Theorem [3.2]

We recall the definition of ®;,, in (3.6) and define on the interval [0, 1] the linear interpolation

~

D n(t) = Pt + (0t — [0 (P iy s1m — Pt m)- (7.11)

The assertion follows if the weak convergence
{ @ (t) beo) = {U1(t) hepoyyy
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conditional on F, can be established. For a proof of this statement define ®,,, and Q:Dmn( t)
by replacmg the nonparametric residuals {é;}7; by the (non-observable) errors {e;}; in the
definition ) and - of CDWL and @m’n( ), respectively. Note that similar arguments as
given in the proof of Theorem 3 in Zhou (2013) show that {(i)m,n(t)}te[o,u = {U1(t) }iepo,1)- The

assertion of Theorem 3.2 then follows from the estimate

- 2 2 /
SUP | Pr (1) = Pron ()] = Op(<%)l i + /mb? log n) (7.12)
N0On

tel0,1]

In order to prove ([7.12)) let C' denote a sufficiently large constant, which may vary from line to

line in the following calculations, and consider the event

logn
An:{sup fip,, (1) — pu(t §C<—+bilogn)}.
tG[O,I]‘ b (1) ) \/nbnb}/4

By Lemma of Section in the technical appendix we have that lim, .., P(A,) = 1. This
yields for 1 < j <n —m + 1 the estimate

A j+m 1 J+m—1
E[(S;m — Sjm)?I(Ay)] < E [ e =&)Y (e + 6 — e, 1(A)
r=j
m log n
< ( 372 +m2bilog2n).
nb,

Similarly, it follows that E[(S,, — gn)zf—;I(A )] < C’(m 1252 "+ m2b% log® n), which gives

n—m+1

_¢ 1 e Mg &)
IBooms = Boome (A = oy 3 E[(S1m — Sy — (S0~ 5)°1(A)]
mlog®n 41 9

An application of Doob’s inequality and Proposition [8.2] in Section [8.2] finally yields

mlog? ny1/2

max |(I)z,m — (i)z,ml = Op((W) + \/Ebi 10g n)
NoOn

1<i<n—m+1

The estimate ([7.12)) now follows from this result and definition ([7.11]), which completes the proof
of Theorem [3.2
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7.1.3 Proof of Lemma [3.1]
Define N (i) = %(Z;:i_LH 5 — Z;if_l e3) and recall the definition of M(i) in (3.11). By
similar arguments as given in the proof of Lemma [8.3|in the technical appendix (note that ¢ > 8)

we have [|[M(i) — N(i)]|4 = b2 + X/%Tn, and Proposition [8.1] yields

1
N A — 1/472
,omax (M) =N =0, (n02 + i ) (7.13)
Consider the case that i € B := {i : |t; — t,| > L}. Then by our assumption on the variance
function, there exists a large constant C, such that |EN (¢)] < CL/nfor L <i<n—L+1,i € B.
By Lemma and Lemma in the technical appendix it now follows [N (i) — EN(i)],2 <
CL V2 (L <i<n—L+1,i¢€ B), which gives

max IN(i)| = Op(L™Y*n?* 4+ L/n).

L<i<n—L+1,€B

Combining this estimate with (7.13]) yields

1
N — —-1/2, 2/ 1/472 )
Lgigr{g%}il,ieB IM(3)| = O, (L n“* + L/n+n"'"b; + )
Similarly, we can show that M(|nt,]) = o(t}) — o(t;) + O, (/42 + 711/4—11;1/2 + L7Y2 + L/n).
The choice of L implies that

lim]P’(|./\/l(Lnt~UJ)|> max |M(z‘)\>:1,

n—00 L<i<n—L+1,ieB

which completes the proof of Lemma |3.1 O

7.1.4 Proof of Theorem [3.3

We restrict ourselves to the case of a variance function with no change point and the corre-
sponding estimator (3.9). The statement for the estimator (3.12) follows by similar arguments
as given in Theorem where we deal with the problem of testing for relevant changes in the
correlation.
Recall the definition (3.15]), define S} = Z;;l VVf as the corresponding partial sum and consider
the CUSUM statistic T¢ = max;<i<p [S)" — £S)V|, We will show the estimate

max [S}" — SIV| = O,(nck + nble, /* + b, "¢, ), (7.14)

1<i<n
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which implies T¢ — T = O, (nc2 + nbf’lcﬁl/4 +b,'c,;t). Tt follows from Zhou| (2013)) that T¢/\/n
converges weakly to the distribution of the random variable Ky defined in Theorem [3.3] By
our choice of the bandwidth b, we have nc? + nb3 et 4 ble; ! = o(y/n), and the assertion of
Theorem [3.3] follows.

For the sake of simplicity we omit in the subscripts ¢,, b, in the variance estimator o, 5, and
the superscript k£ in the definition T/T/f, WF the proof of the estimate . With the notation

1/ _ €iCitk :
W; = 2 We obtain

S (Wim 1) | < max Yol ot = ol gy 7

Lsjsn £ o?(ti)o(tivk)

=1 1=

max
1<j<n

where we have used the fact that the variance function is Lipschitz continuous. Let W; = Zf%’)“
denote the analogue of Wi, where the estimate 62(¢;) has been replaced by the “true” variance

02(t;). By a careful inspection of the proof of Theorem , it can be seen that

3 (Wi—VVi) ‘ — 0,(v/nb, + nb® + by Y). (7.16)

Define

A

/ A = J ézéz—i-k o t o
A :_;<Wi_Wi)_Z ( 2 ; )(—;) s )),

i=1

then our next goal is to estimate max;<j<, |A;|. For this purpose we consider the random variable

J aa N
iy o 3 Gle(=07(H) + 0'(h)
. ot(t:)

=1
(here the estimator in the denominator has been replaced by the true variance function), and

obtain

max |[A; — A;] < Z ‘ezel+k| ) o (t ))2 (7.17)

125 o1t

For the expectation of the right-hand side it follows

E[Z |éiéi+k|A(f' (t:) — o*(t:)) ] < c; & allésrllall(62(t:) — o2(t:))?]l2- (7.18)

P o2(ti)o' (L)
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By Lemma [8.3] of Section [8.1] in the technical appendix we have that

I, () = pe(8) s = O (b2 + ——). (7.19)

1
\/nb,
which implies ||é|l4 < C. On the other hand, Corollary [8.1] in Section [8.1] shows

max [|(6%(t) — o*(t)?ll> = O (b + Loy i), (7.20)

1<i<n nb, ney,
and we obtain from (7.17)), (7.18) and Proposition in Section the estimate

) A A= A 4 -1 4 -1
max |Aj < max |A;| + max [A; — Aj| = max |Aj[ + Op(nby +b," +ncy +cp7). (721
Now the remaining problem is to derive an appropriate estimate for the quantity max;<;<y, ]/_\j].
For this purpose note that Aj = 5%1 + 5\]'72, where

_ ZJ: (EiCirr — eieipr) (02 (t:) — 6°(t;))

S o (t:) 7

>~

i=1

- _ 4 €i€i+k<02(ti)_&2(ti))
)\j,2 ; 04(ti) .

By Lemma Corollary of Section and the estimate ((7.19) it is easy to see that

3 - |€iCirk — eeirrlla o A2
E[fgﬁg’% |/\J¥1|} S ; () [o%(t:) — 67(t:)||l2 = O(z,,), (7.22)
S el
E[ X} < Wik ll2y 200y — 52041, = O(m,), 7.23
i el = 2 Tt ) — )l = Otm) (7.23)
max |5\J 2| < |Xn—|_nb +nen |—1 2| + zn: —‘6i€i+k‘ |O'2(tz) — 6'2(tz)|
n—|nbp+ncy | <j<n ’ - " " ’ o 0'4(ti)
i=n—|nbn+ncn |
< max |Aj2| + Z [Ciciril 0% (t;) — 67(t;)]

b 4
nbnp+ncy | <j<n—|nbp,+ncn | —1 o*(t;
K 1<5< K ] i [ nbn-+ncn] ( 7,)

= max |Nj2] + O, (7). (7.24)

[nbn+ncy | <j<n—|nbp+ncy|—1

where the constants m, and m, are given by m, = nb’c? + ,/%bi + \/ %Ci +
(nbn + ney) (05 + ¢ + = + =), respectively.

1 T
foncn’ T

ncn,

In order to prove a corresponding estimate for the remaining term max| s, 4ne, |<j<n—[nbn-+nen| A2l
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in (7-24) we study the asymptotic behavior of the quantity o2(¢)—o2(t). By Lemrna in Section
it easily follows that

sup |6%(t) — o2 (t) — “20 ZKC” ; é; E(ef))‘ = O(Ci + L) (7.25)

teT, neéy

We now consider the decomposition
DKo (ti—=1)(& —E(¢]) — (¢ —E(e)) = ) Ko, (t — 1)Qi,
i=1

where Q; = Q1 + Q2,, Q1. = 2e;[u(ts) — fults)], Q2 = [p(ts) — fu(t)]*. By Lemma in Section
[8.1] we obtain

sup ’Mbn(ti) — p(ti) — wbi —— ) €Ky, (t; —t;)| = O(b) + =).
by | <i<n—|nbn | 2 nby, =t n

The triangle inequality and Proposition [8.1]in Section [8.2] imply

sup
texTy

26Z ..
Z [(cn 7 Ql i eijn (tl - t]) - MZN(tl)bgLel}
- =

H4 — OB, (7.26)

where we use the notation ¥ = [b,+c¢p, 1 —b, —¢,]. Similar arguments as given in the calculation

of max |y, |<i<n—|nbn| |An,i| in the proof of Lemma and the summation by parts formula show

n
cn t; Zeijn(ti_tj>
=1

Jj=

texy Nb 2

up ZK%@ ~ Ousji(tbe | = 0w e),
texy ' 2
and (|7.26)) gives H SUDjexn | Doy Ko, (ti — 1)Q1 ,‘ H2 = 3/4 + b1 + n/2b2). On the other

hand, note that

Z K., (ti —t)Q2;

i=1

sup
texy

S Rn,l + Rn,2
2
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where

1 ¢ p2fi(ti) o) 2
Ry = E}Ql—t@—E Ky, (i — b)M
! 1;861‘121?/ : " ) nb, = €3 s ( i)+ 2 " 2
R,o = 51(1zp E K., (t; (u( i) — E e; Ky, (t; +,u2u( )b2>
tE 1

2

< () = it - - ; s o (1 — 1) — P22 2)

Proposition [8.1] in Section [8.2] and similar calculations as given in the proof of Lemma [7.1] show
that

1
Ry = O(neae; (- —+ b)) = O(cl/2b;* + nel/*b}).

n

while a further application of Lemma [8.1] in Section [8.1] yields

by cn
Ry = O(:l/_z e %+ nb 1/2> = O(v/nb?2ct? 4 nbdcl/?). (7.27)
n

Consequently, combining the arguments in ([7.25))-(7.27)), it follows that

o2 (t) — o(t) — “2"2 Z Ky, (t: ~E(¢}))

= O(7y), (7.28)

2

sup
texy

where ﬁnzci+$+bicgl/4+ 1 +%—|—c;1/2b;1n*1+c;1/2bi—|—b?/2(ncn)*l/2+bic;1/2,

nbncn

Recall the definition of W;, define Z/ = €2 — Ee2, then it follows from (7.28) that

Wi(32h—y Ke,(t; — t:) Z] + pab? (ti)nc3 /2)
E( S )<
Lnanrnangr;lgarii [nbn+ncny | ] 2+ Z O'2<ti)7’LCn -
ol end G2 (ti) = 0 (ti) = e 2o yy Koy (ty — i) 2] — 126 (t:) 3 /2
> leicinls () |, @
i=|nbp+ncy | !
= O(n7y).

By the Cauchy-Schwarz inequality we obtain ||/ — I/T/i(m)||4 = O(x=), 2! — Zl{(m)||4 =
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€§m) = G](tl,ﬁ(m)% if bj <t < bj+1.
Hence, with similar arguments as given in the proof of Lemma 5 of Zhou and Wu| (2010) we get

LW K, (t — 1) 7]
ma E[ g=1 ) L =0(ch).
[nbn+ncn |<j S?i(— [nbn+ncy | Z ( )

n
i=|nbp+ncy |

o?(t;)ney,

Then by a similar m-dependent approximating technique as given in the proof of Lemma [7.1| we
get

S Wikt — )7~ EIWK,, (, — t)2)

Lnbﬁncnjgrjr'lggi [nbntnen | LnanJrncnj 02(;)”% = Op(c, )
Similarly, and more easily one obtains
J
Lnbﬁmnﬁr?ff_tnbﬁmnj Zei6i+k#20"2(ti)bi/(%‘i(tz‘)) = Oy(ncd). (7.30)

=1

Hence, it follows from (7.29) and (7.30) that max|up, tne,|<j<n—(nbntnen] A2l = Op(nftn + nc),
which implies, observing ([7.22]) - (7.24)),

A — 2
max A;| = O,y + m,, + n7, + ne;,).
Lnbn+nan§j§n—Lnbn+nan| ]‘ p( o " n)

Combining this result with the estimates (7.15)), (7.16)) and (7.21]), and by our choice of the
bandwidths, we have that

> (Wi =Wy

i=

max =0, (nc2 +nbde, Y + b1,

1<j<n

which establishes the estimate (|7.14]) and completes the proof of Theorem

7.1.5 Proof of Theorem [3.4]

We restrict ourselves to the case of a variance function with no change point and the corre-
sponding estimator (3.9). The statement for the estimator (3.12) follows by similar arguments
as given in Theorem where we deal with the problem of testing for relevant changes in the
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correlation.
Recall the definition of W; and W; in and and introduce the notation W; = Zf(t*’)“
(again the superscript is omitted in our notation). We consider the corresponding partial sums
Z”m "W, Sjm Zﬁm "W, and SW Zﬁm "W, and define S, = 3" W,,
=" W, SXV = Zr:l W,. Similarly, define (®;,,, ®p.n(t)), (@fm, @%’n( )) and (CIDZZn,
n( )) by replacing (S, S;,.) in the definitions , 7.11) of ®;,, and @mﬁn(t) by (S, Sjm),
(Sn, Sjm) and (S, 5'%), respectively. It then follows from the results Zhou| (2013)) that

{ @0 (t) }eeo] = {Ua(t) }cor), where {Us(t)}refo is a centered Gaussian process with mean 0

>e+2> O)z

and covariance kernel (3.16]). The assertion of Theorem [3.4]is now a consequence of the estimate

sup ‘&)m,n(t) - CI2)771,7z(t>| = Op(\/aén% (7.31)

te[0,1]

F + b2 + F) 14 ) logn. For a proof of this estimate we consider the
logn

A, = {sup i, (t) — p(t)] < C————

tE[O,l]‘ (t) () \/n_bnbl/4

B, = { sup |6%() — *(1)| < c(c%;+( —

tel0,1]
then by (8.5) and Corollary in Section it follows that lim, ,,, P(A4, N B,) = 1. Using
similar arguments as in the proof of the estimate ([7.12)) it can be shown that

+Cb2 logn},

) 1/4> log n. }

o ) m
(@G — Prn) I (An 0 By)|1? < C(ﬁ)

A

(D, = P ) I(An N By)|* < Cmdy.

The assertion of Theorem [3.4] now follows by a similar argument as given in the proof of Theorem
B2 O

7.2 Proof of Lemma [4.1] - [4.3]

In order to simplify the notation define G,(m) = S, — =S, Gp(m) = S, — mS’n, where
Sy = D0 €2, Sy = S €2 Then it is easy to see that the estimator ¢, of the change point

in the variance function defined in can be represented as £, = 1 argmaxlgmgn(@n(m))?
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('b>

("0)
Q>

0 mZ
ni

Similarly, we introduce the notation
argmax, ., .. (Gn(m))? for the estimator of the change

Q>

Jj=1

and obtain the representation ¢
point in the correlation function defined in (4.12))

7.2.1 Proof of Lemma [4.1]

Recall that Section considers the problem of testing for a non relevant change in the variance
and that under null hypothesis, we have 02(s) = o2 for s < t, and 0?(s) = 02 + v for s > t,,
where v is an unknown (without loss of generality) positive constant. A simple calculation shows

that

fu(m) - n(m(n)t(n) —m(n) At(n))y, (7.32)
=m/n and t(n) = |nt,]/n. By Proposition 5 of |Zhou (2013)
on a possibly richer probability space, there exist i.i.d standard normal variables, say {V;}icz,
(7.33)

where we used the notation m(n)
0p(n'/*logn),

such that
max |S; —
1<i<n

— Gu(m)] = Oy(en),

max |G, (m)

1<m<n

£(5)- 3t
where k1 is defined in assumption (A5). By the arguments given in Section we have
(7.34)

where o, = b1 +nb? ++/nb,. Now a similar reasoning as given in the proof of Lemma 5 of [Zhou
and Wu, (2010), Assumption (A3) (A4) and (A5) yield that there exists a constant C' such that
(s) < C for all s € [0,1]. Then it is easy to see that ||Z,]|3 = O(n). By Doob’s inequality, we
(7.35)

max |Z;| = p(\/ﬁ)v

have that
1<j<n
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and observing ((7.33) we obtain

~

max |G (m) — G (m)| = max |Gy(m) + Gu(m)||Gu(m) — Gu(m)] = Oy(ne,).

1<m<n 1<m<n

Define V;,(m) = G2(m) — G2(|nt]), note that V,(|nt]) = 0 and consider a constant a € (3, 2),

such that n'=®/g, — oo. Observing the definition ([7.32)) and the estimate (7.33)), it follows that

G2 (m) — ( Falm) + = — Tzn)g‘ = 0,(n*4logn). (7.36)

n

max
1<m<n

By (7.35), we have maxi<m<n(Zm — 2Z2,)* = Oy(n), and together with (7.34)) and (7.36) this

yields

max V,(m) = max [G}(m) — Gy ([nt])] + Op(np,) = max {fﬁ(m) — fa(lnt))

meMny meMy, meMy
+ 2(fn(m) = fullnt]))Em + 2fn([nt]) (Em — Ene)

- Q%fn(m)En + Q%an(LntJ)En} + Op(no, +n**logn), (7.37)

where the maxima are taken over the set M,, = {m | [nt,] — [n'"%/2] <m < |nt,] — [n'7]|}.
Observing the definition of f,,(m) in (7.32)) we have for some positive constant C,

s [72(m) — f2((nt))] < ~Cn*=, (7.38)

and implies
s [fu(m) — ([0 ))]E = O logm), (789
s (7 fom) — P (a2, = 0,072 10gm). (7.40)

Using the representation =, —=Z|,;| = ZZLZJZ 41 o(t;)V; and similar arguments as in the derivation

of ([7.35)) yields

WILQ%R[E,” — Emy] = Op(nl/Q(l_a/Q) logn).

Consequently,

max f,([nt])[Em — Epne)] = Op(n****logn). (7.41)

T)’LEMTL
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By our choice of «, (7.37)) - (7.41) it now follows that

P(lim sup max Vi (m) = —oo) =1 (7.42)

n—oo |nty]—|nl=e/2|<m<|nty|—|nl-2]

On the other hand, similar arguments give the estimates

2 2 2—0/2
max m) — nt < —_COn?o 7
1<m<|nty | —|nt~ a/2J[f (m) = fullnt])] <
n t Em — = n = 0 3/21 ,
lgmgLngl?}Lnl—a/q ([nt]) Lnt)] ,(n°/logn)
max [Tf (m) — M (|nt))=, = O (1 3/210gn)
1<m<|niy|—|ni—o/2) 0" " n n
max — f(t))Em = O,(n**logn
1<m< |ty | —|[nl- Q/QJ[f n(m) = fu([nt])] (N gn),
and by our choice of a we obtain P(lim sup,,_, MAX) << | i, | — |ni-o/2 Vn(m) = —00) = 1. Com-
bined with (7.42)) this gives P(lim sup,, _, MAX) <1< i, |— [0l Vn(m) = —o0) = 1, and it can be
shown by similar arguments that P(lim sup,, ., max,z, |+ (n1-e|<m<n V,,(m) = —o0) = 1. Conse-

quently, it follows that
lim P(|nt, — |nt,]| <n'™®) =1,
n—oo

which proves part (ii) of Lemma [4.1] For the case that the variance has no jump at time ¢,
the desired result follows from the fact that G,(m)/\/n converges weakly to some Gaussian
process {Ui(s) — sUi(1)}seo,1), which implies £, 27 = argmaxe o1y |U1(s) — sUi(1)[, where
the Gaussian process {U;(s)}sejo,1) is defined in Theorem

7.2.2 Proof of Lemma [4.2]

By a careful examination of the proof of Theorem (see the next section) it follows that

max |G, (m) — Gp(m)| = Op(nc® +nb2c,V/* +n'~*logn +b,'c; ),

1<m<n

where
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Write ¢f, = nc2 + nbicﬁlM + b, ¢, ' +n'"*logn, where « is defined in the proof of Lemma .
Let 1/2 < o < 2/3, such that n'~® /¢, — co. Then using similar arguments as given in the
proof of Lemma [4.1| we can show that

~ /

tn —tn = Op(n™"),

if there is a change in the correlation at time ¢. On the other hand, if there is no change in
correlation, we have that %, 2, Tinax, Where T = argmaxge () |Us(t) — tUx(1)|, and the
stochastic process {Us(s)}scpo,1) is defined in Theorem

7.2.3 Proof of Lemma 4.3

Recall the definition of (4.17) and define A, ; = ﬁ ZLmJ W;, Apa = m S W; (the

Jj=1 j=|nt|+1 """
superscript k is again omitted). From the proof of Theorem we have that

%) Az —E[Ay] = op(%).

Since A = E[A,] — E[A;] we have A, := A, 2 — A,y = A+ Oy(1/4/n). In order to prove this
estimate we introduce the notation A, = {|t, —t| < &\/%"} Then by Lemma we have that
lim,, . P(A,,) = 1. This yields

where
L”tJ VVJ ngnJ VVJ Lnfnj VVJ V[/j \_ntnj W W
A= T " 2 Ty Be= 2 (WJ - Lntj) » On = Zl (Lntj - LnAnJ) (7.43)
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It is easy to see that I(A,)A, = O ( ). Using the same arguments as in the proof of Theorem

4.3 we obtain I(A,)B, = o(y/n/n) = 0(1/\/_) and

|ni]

I(A,)-C —J(A)ZWM<C-I(A )%Wbﬂ
v Ve It (et A VD

L] logn
(ZW + 0p( ) /i

\_ntj |nt] [nt|

(ZW+ZWI <) - S Wi >h)+ (\/‘))bﬂ

ny/n
=|[nt] j=|nt]

_0 <1(\’§§ﬁ”>. (7.44)

Combining ([7.43) - (7.44) and using Proposition|8.2|in Section |8.2{shows A,, ; — An 1=0, (h\)fﬁ").

Similarly, we have A, 5 — An,g = Op(li’%m) and the assertion of the lemma follows.

7.3 Proof of Theorem [4.3] and [4.4]
7.3.1 Proof of Theorem [4.3

We consider the non-observable analogue

3 1
1" = —2/ UZ(s)ds.
)? Jo

2(1—t
of the statistic T,: defined in (4.22)), where the process U, is given by
1 "
L J+k) ne3 o(tj)o(tiie)
It follows from the proof of Theorem [3.3] that

{Vn(Ua(s) + (s ANt — st)A) Ysepa] = {Ua(s) — sUs(1) Fsepo)s (7.45)

whenever A # 0. The continuous mapping theorem, elementary calculations, and the identity
3 fol [st — s At]2ds = (1 — )2 imply /(17 — A2) 25 Z,(A), where the random variable Z5(A)
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is defined in Theorem [4.3] Finally, we show the estimate
V(T —T7) = O,(n'/? + 0263 ¢ V4 4 nV2¢, + 07120 )Y, (7.46)

a o —5/4 —1/4

where ¢, = n'"*+nc, (n"%cy / —i—cfﬁ—(r—i—bQ - F) / ), @ =1—4/1—v for some v > 0,
which completes the proof.

For a proof of this remaining estimate we consider the case A > 0, where it follows from Lemma

that |t; —t,| = O,(n™%). The proof of the statement in the case A = 0 (which corresponds
to £, — Thnax) is easier and omitted for the sake of brevity. For the event A, = {|t; —{,| < &}

it follows from Lemma [3.1] that lim,_, P(A,) = 1. Observe that we have from Lemma

sup |6
teTy

(0 - %) - 200 Y e - B R -] = 0+ ),

i=1

where T, = [cp,ty — ™% — ] U [ty + 7% 4+ cp, 1 — ¢,]. Also still holds. Now similar
calculations as given in the proof of ([7.14]) yield

l
max ’Z( €j€]+k B eéfﬂk)‘[ 0, (nc + nbPe b,
1<IE n(f—n——cn)| | o(tjiwr) 0
l
€iCi+k eje]+k
~ max | (o )\I = 0,(Ca).
[n(to—n—2—cy) | <I<|n(tv+n—%+cn) ] Z O'(tj)O'(tj+k) 0'2* b

j=|n(ty—n——cy)
!
Z ( €j€itk €J6J+k>‘1 = 0,(nc2 + nbc 1/4—|—b b,
o(t

j=n(tu+n=+cy)] j)o-(tj'l'k‘) 02*

max
[n(t+n—2+c,) | <I<|ns|

where we used Corollary for the second statement. So we have

sup 1|Un(s) — Un(s)|I(An) = Op(nc? +nbc; 4 + b et + C).

0<s<1

Using the same arguments and Proposition in Section we obtain

sup 1|U,(s) — Un(s)] = Op(nc +nb2c; Y + b7l 4 Go).

0<s<1
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From 1) it follows that fo \Un(s)|ds = O,(1). Consequently, we have

1
2 [[10266) = 03 < s wP10,(6) = )] [ 1006) + Dutols
0 0<s<1
< 201 sup |Un(s )| / [Un(s)lds +n'/? sup [Up(s) = Un(s)]?
0<s<1 0<s<1

= 0,(nY/2 + nM23 V4 4 072, + Y2 e,
and the remaining estimate (7.46)) follows.

7.3.2 Proof of Theorem [4.4]

Recall the definition of A, A CIDA in (4.17)), (4.18]), (4.19) and define

€;€;
A= —3T AT > |nt]),
I ool =)
1 n—m-+1 m
Yo E SA _ ZSMHR.
,m \/m(n_m+1) — (j,m n n) 7

where S, =370 AL, SA =3 A, We introduce the processes
CI);?L,TL(S) (I)Lnsj (TLS - L J)(q)fnsj—{—l,m - q)fnsj )

éﬁl,n(‘g) (I)Lnsj (’TLS - L J)((D\_nsj+1 m (I)Lnsj ) (747)

and note that it follows from [Zhou (2013) that {®;} (s)}sep,1) = {U2(5)}sepo,1 conditional on

Fn. The assertion of Theorem [4.4]is therefore a consequence of the estimate

sup |@;,,(s) — &1,.,(5)] = Op(Vmpa), (7.48)

s€(0,1)

where p,, = (n_a055/4+c,21+(\/7+7n+b721+ \/:Lb—n)cﬁlﬂ) log n. To show (7.48)), define A,, = {|,—t| <
ogn A og?n ~ ogn
Clogn) B, — (1A, — Al < 2}, €, = {sup,cqq lin, (6) — u(6)] < C— 22 1 OB log,

Dip={ sw |aé*<t>—02<t>|scpn},

te[0,ty—n—)

Don={ s |o%(t) = o*(t) < Cpa.

te(ty+n—a,1]
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where C' is some sufficiently large constant, « is defined in Corollary 8.3 By construction it
follows lim,, ;. P(W,,) = 1, where W,, = A,NB,NC,ND; nﬂDM Let A; = eje“’“ —AI(j > |nt)).

Similarly to the definition ( and (7.47), we define SZAm, o @A Wt ), Where the random
variables A; are replaced by fll-. From the proof of the estimate 1t follows

sup (95,,(1) = @b, ()] = Oy (Vimpn + mnﬂﬂ). (7.49)

te(0,1)
On the other hand,

j+m—1 Jj+m—1

—E| > I = [nt)) ~1(r = | Z I(w A)I(r > |nt,))

Jj+m—1

<CE[ 37 10M)(A( > Lnt) ~ 1(r > LnfnJ)))r +(

mlog? n>2

vn

Note that E[Zﬁm IO (AI(r > |nt]) — I(r > [ni, )2 = 0if j < |nt — Clogny/n| —
m+ 1 or j > |nt+ Clogny/n|, and is bounded by m? if j € [max(1, |nt — C'logn+/n| +m —
1), min(n, [nt + C'log ny/n])]. Thus we have

1 (o A SA N2 Cmlogn =~ Cmlog'n
o m i m > ES], = 55 TWa)] < N (7.50)
j=1
and similar arguments lead to
n—m-+1 9 4
2 m Cmlog™n
(n—m+1)m E[ I(W”)F] < - (7.51)

Jj=1

Now similar arguments as given in the proof of estimate ((7.31)) together with (7.50|) and (7.51)),
yield

mlogn

s [84,0) - 94,001 = 0,(("E) ),

and the assertion (7.48)) follows from ([7.49)).
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8 More technical details

8.1 Uniform bounds for nonparametric estimates

The following two lemmas provide uniform bounds for the estimate /i, in the interior ¥, =
b, 1 — b, and at the boundary ¥/ = (0,b,] U [1 — b,, 1) of the interval [0, 1].

Lemma 8.1. If assumptions (A1)-(A3) are satisfied and b, — 0, nb, — 0o, we have

A Mzﬂ(t) 2 1 ¢ 3 bn
) — u(t) — — K, ( — )| =00 + ),
sup i, () — () 2 T, 2 eily, (L —t)| = O(b, + n)

where T, = [by, 1 — by].

Proof. With the notations

n

1 ti—t 1 ti—t
Sn,,(t):n_an( . )len(ti—t), Rn,l(t):_ZY;( i )len(ti—t),

: nby
i=1 i=1
(I =0,1,...) we obtain the representation
-1
bnfs,, (t) Sni(t) Sna(t) R (1)

for the local linear estimate i, , where the last identity defines the 2 x 2 matrix S, (¢) and the

vector R, (t) in an obvious manner. By elementary calculation and a Taylor expansion we have

S, (1) [ fiv,, (t) — pu(t) + OB + by /n)

bu (v, (1) — f1(1))

[ S kit~ )+ Bt
i 2 €, (6 = D(5)

uniformly with respect to ¢ € T,,. Note that S,,(t) = 1+O($) and S, 1(t) = O(=—), uniformly

nbpn

with respect to t € T,,, which yields

N pafi(t) 1 ¢ ‘ 5, bn
t) — p(t) — by — — G (L —10)|=0(b, + —).
sup iy, (1) — plt) = =507 = - ;:1 eilS,, (ti = 1) = O (b, + )
Therefore the lemma follows from the definition of the estimate /i, in (3.2)). U
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Lemma 8.2. Assume that the conditions of Lemmal[8.1] hold, then

n

s [e(t) i ) = 1(0) = = 3 [0, 1) = w1, (0 (5 )| s (6 = )+

nb
tes!, n i

2

b
2

(1) (0, () — w10, (e, (00)| = OG5 + ),

where Ty = [0,ba] U [L = bo, 1], vip, (8) = [0 00 K (2)dz and e(t) = vop, (H)vap, (1) — 12, (1),

—t/bn

Proof. For any t € [0,b,] U [l — by, 1], using (8.1]), we obtain

5.t [ i (1) = (1) ] _ [ b S (Y = u(t) = )t — )]s, (8 — 1)
" [Balin, (1) = (1))

and a Taylor expansion yields

S (Zf) I[Lbn (t) - ;u(t) _ ﬁ Z?:l eiKbn (ti — t) + %V%,bn (t)ljl(t)
' ' i i €k, (8 — ) (571) + Bvsy, (Dji(1)

o 2 [Ya — plt) = ()t — 1)K, (8 — 1) (5)

+ O(b + b, /n)

(8.2)

uniformly with respect to t € [0,b,] U [l — by, 1]. On the other hand, uniformly with respect to

t €[0,b,] U[1 — by, 1], we have that

+O(—).

nb,

_ | opa () v, ()
Sult) = [Vl,bn<t) Vo p, (1)

Therefore, combining (8.2]) and (8.3)), it follows that

n

C(0) i (6) = 1)) = = 3 [v20,(6) = w10, ) () (1 — )+

i=1

b2 . by
2 (1) (v, () = a0, (D0, (1) + O (b5 + =)
uniformly with respect to ¢ € [0,b,] U [l — by, 1].

The next lemma concerns the order of deviations of fi, from g in the || - ||;-norm.

(8.3)

Lemma 8.3. Assume that assumptions (Al)-(A4) are satisfied and that nb> — oo, nbS — 0,

o8



then

Sup |7, (8) = p(t) 1 = O(B2 + (nb) /%) (8.4)
te(0,1]
sup [ji, (¢) = pu(t)] | = O + (nby) /25, 14). (85)
te[0,1] 4

Proof. Observing the stochastic expansion in Lemma [8.1| we first evaluate || > | ; Ky, (t; —t)]]4
and |2 37" | €Ky, (t; — t)||s. Recalling the definition of P; we note that

Himn@i ) - Hij_";pi_keifc,,nm —) < i Hipi_keimn(ti ).

Since for each k, P;_re; Ky, (t; —t), 1 < i < n is a martingale difference sequence, it follows from

Burkholder’s inequality

H ZPi*keiKbn (ti — t)
i=1

< CZH ikeify, (ti —1))]|2 = CZH i—keify, (t — 1)1,

=1 =1

i < CH (i(PikeiKbn(ti _ t))2)1/2 i

and condition (A4) implies || Y7 Pi_xe; Ky, (t; — t)]|s = O(v/nb,x*), uniformly with respect to
t € ]0,1]. This yields

n

sup Z ei Ky, (t; — )

tefo,] "= 4

= O(v/nb,). (8.6)

Similar arguments show sup,¢(q 41 || DN €Ky, (ti—t)|ls = O(v/nbyb, '), and by Proposition
in Section B.2it follows that

| sup Izeszn (t: = 1)/ (nby)l[la = O((nby) 126,11, (8.7)

telo,1] =

and by Lemma we obtain

N 1 g ,U2ﬂ(t) 22 Xn 2
ap G S e+ POy | Zo(2n )
teTIZ ‘(Mb () = n n ’ 2 ) 2 Mbi/zl X

where x, = b2 + b,/n. Hence || sup,eg, (fi, (t) — p(t))?[l2 = O( b}m + b1). By similar argument
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and Lemma (8.2|it follows that || sup,cer (i, (t) — u(t))?|l2 = O(ﬁ +b%), and a combination of
the last two estimates gives (8.5). On the other hand, Lemma and also imply

s )= 07 = G S0+ 2500, =0 )

which further yields sup,ce, ||(fi, (£) — p(t))?||l2 = O((\/:LT +02)?). Similar arguments show the

estimate sup,cq, || (fis, (1) — p(t))?[l2 = O(( \/iT + b2)?), which proves the remaining estimate
(8-4). O

The following results give a uniform bound for the p-mean of 6%(t) — ¢*(t), where 6° = 67, is

the variance estimator defined in (3.9)). We begin with a uniform asymptotic stochastic expansion
for the difference 6%(t) — o?(t).

Lemma 8.4. Suppose that Assumptions (Al1)-(A4) are satisfied, ¢, — 0, nc, — oo, and the

variance function o? is strictly positive, twice differentiable with a Lipschitz continuous second

derivative 5. Then the estimate 6% = 62, defined in (3.9) satisfies

..2 2 n
~20\ 20, H20 (t)cs _ 1 42 2 N 3, 6n
sup |62(£) — o2(t) o 3 (@ — B, (¢, t)( - O(cn + n) (8.8)

2
teTn P

n

c(t)(62(t) — - ni Z [V2 en(t) = Vie, (t)(

ti—1

Cn

sup
e,

)& — B, (6 - )+

C?L -2 2 3 Cn,
LG4, (1) = Ve, Dvse, ()] = O+ ), (89)
where ¢(t), vj., (t) are defined in Lemma T =l 1 —c,) and T, =10, ¢, U1 — cp, 1].
Proof. Following the argument given in the proof of Lemma [8.1] we have that

5.8 [ (? (1 -

a%t))]:[ 5 T @ () = (O~ ) (=) ]
(t) - &

a>(t)) mem i (6] = () = * (1) (1 — ) (1) Ko, (1 — 1)

where S,,() is defined in the proof of Lemma[8.1] The lemma now follows by the same arguments
as given in the proof of Lemma [8.1] and Lemma [8.2] which are omitted for the sake of brevity.(J

Corollary 8.1. Suppose that the conditions of Lemma hold with + > 8, then

1 1
~2 2 2 2
sup ||0“(t) — o (1 —O(cn—l— +0b;, + )
te[0,1] lo°(¢) ()1l Ve, Vnby,
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Proof. By (8.8)), we have for some large constant C,

n

~9D 42 2
sup ||6°(t) — o <oc —|—su H é; — Ee; Kcnt@-—tH <
sup [6%(1) = 0*(1) pn%zf Kot = 1)
Cc + su e—IEe H + su H e—é?Kcnti—tH.
t€7€ ney, ;( te’g nen = ) ( ) 4

It is easy to verify that the first term satisfies

—Ee?)K,, (t; — t)

sup ;

teTn ann i—1

i O<\/71_cn>

By the proof of Lemma [8.3] we obtain (note that ¢ > 8)

sup |, (1) = p()lls = O (82 +

t€[0,1]

1
)

which yields (note that é; = e; + u(t;) — fu, (t:))

1
) 2
su (e? — K, ti—tH :O<bn—|— )
P > 2 te — &) Henlti 1), Vs
Hence sup,cr. |62(t) — o*(t)||ls = O(c + b2 + \ﬁ) Similarly, using the estimate

2 |
we obtain sup,er [|6%(t) — 0*(t)]la O(c —|— ﬁ + 02 + F) which completes the proof. [

Corollary 8.2. Suppose the conditions of Lemma[8.4 hold, with o > 8. Then

tggg)w?(t)—02(t)|H4:0(c5+(\/7% T B2y \/W> —1/4).

Proof. The lemma follows from Proposition [8.1]in Section [8.2] the triangle inequality and simple
calculations. Note that the first assumption of Proposition is satisfied by the arguments

in Corollary The second assumption regarding the derivative can be shown by similar
arguments as given in and (8.7)). O

Corollary 8.3. Suppose that the conditions of C’orollary hold. Let « =1—4/1—v for some
v >0, and ¢ is defined in condition (A3) and condition (A4). Then we have

sup o (£) = o*(£)] = Oplp)

te[0,ty—n—|U[ty+n—o,1]
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where p, =n"%c,""* + A+ (A= +02+ \/%Tn)cn

Proof. Define

k k
. 1 t—ty\! _ 1 t—ty\!
S’“:_E:(Z >Kc h—t), R = — ( )Kc t; —t)é2,
n,l ne, — Cn n( ) n,l ne, — Cn n( )61
| AL 1 &t —ty!
Sk = (Z )Ke tz_t Rk - — (Z )Kc tl_t AZ'
2nl ne, ;_k e n( )7 ==n,l ne,, p Cn n( )61

Recall the definition of ¢2*(¢) in (3.12)). With the notation k* = |nt}| elementary calculations
yield

5%(75) = 5%,1& (t) = (Rﬁfo(t)*gfi;(t) - RZ; (t)‘gﬁjl (t>)/(52jo(t)gﬁj2(t> - (S’Sjl(t))Q)»
G5(t) 1= G5 e i1 (1) = (Ry g (1)Sy 5 (8) = Ry (0S5 71 (8) /(S (DSk (1) — (Sh (1))

We will show below that

~ sup sup |67 ,(t) — a1 ()] = Op(pn),
[to—th|<n— t€[0,t, —n %]
sup sup 163, (t) — o3 ()] = Op(pn).

[ty —tn|<n—a tE€[ty+n—a 1]

The assertion of Corollary [8.3) then follows since ¢ — 1, = O,(n~®). For a proof of the two

remaining estimates we assume without loss of generality t, > t, and define

=1 1 I'm?vJ tz—t ! ~9 " tl_t ! ~2
Rit) =~ (3 () Beltim 0+ 3 (T ) Kelti = 022).
i=1 i=|nfy+1]

where {&2||nt,] + 1 < i < t,} are independent of {F;,i € Z} with bounded u moment,
E(&) = 0, Var(é;):=62(t;) such that ¢%(t;) are Lipschitz continuous in [f,,t,] and o2(£) =
o%(t,) = 62(t;) = 63(t,—). Define

o1(t) = (Rho(0)Sha(t) = R (OS2 (1)) / (Sho(®)Shat) = (S11(1)). (8.11)
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Using similar arguments as given in the proof of Corollary [8.2it follows that

 swp sup16,(1) = o2 ()] = Oy (2 + (
[nty |<h<|nty]+|nl—] te[0,t, —n—]

1 1
b2 ~1/4) (812
\/n_cnjL nt \/n_bn>cn ) (8.12)

On the other hand, by Proposition we can show that for [ = 0,1

~ sup sup Ry () — Ry (1)) = Op(ne,).
[nty |<h<|nty|+|nl—] te0,t, —n—]

Combining (8.10)) and (8.11]), the last estimate implies that

~ sup sup (07 (1) — 61 (8)] = Op(n~¢,”).
[nty | <h<|nty|+|nl—e] te]0,t,—n—]

By (8.12)) we have

sup sup  |52,(t) — 3(1)] = Oy (pu), (8.13)

[nty | <h<|niy, |+ |nl=o| t€[0,t,—n—2]

and it is easy to see that

~ sup sup - 63,,(t) — 03(8)] = Op(pn)
[nty | <h<|nty|+|nl=] t€lty+n—,1]
o oosup sup [67,(8) = of ()] = Op(pa),
[nty | —|nl—a|<h<|niy] | t€[0,ty—n—]
sup sup  [63,(t) — o3(t)] = O, (pn). (8.14)

[ty |—|nl=] <h<|nty,| t€[fy+n—a1]
The assertion now follows from (8.13)(8.14)), the definition of ¢*(¢), and the fact that ¢* —, =
op(n™%). O

8.2 Two additional technical results

Proposition 8.1. Let {Y,,(t) }+cjo,1) be a sequence of stochastic processes with differentiable paths.
Assume that for some p > 1 and any t € [0,1], | Tu(®)|l, = O(my), |Tn(t)|l, = O(l,), where
M, b, are sequences of real numbers, m,, = O(l,), then

ol (2) )

In particular, if p =2, we have || sup,cio 1) | Tn(t)|[l2 = O(Vmaly).

sup |T,(t)|

te(0,1]
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Proof. For a sequence b, define b, = |b,”'| and let 7; = ib,, i = 1,2,...,b, and 7, = 1 for
i = b, + 1. Then by the triangle inequality, we have

sup |T,(¢)] < max |T,(r)|+ max Z,
t€(0,1) 0<i<bn+1 1<i<bp+1

where Z;, = sup,,_, ~ior, |Tn(t) — Tp(7i)|. Observing the inequalities

Zalp<|| [ 10

</ Tl = Ofbit)

and max, ;. Zp, < Zb"H Z¥ | we have
max  Z,| = O((EbP=V)VP) = 01,6/,
1<i<bp+1 P
Similarly, we obtain the estimate || max,,.; 1 |Tn(t:)l|l, = Op(bﬁl/pmn), and picking b, =
my /L, proves the assertion. OJ

Proposition 8.2. Suppose A, are sets such that P(A,) — 0 as n — oo, and X, 1(A,) = O,(1).
Then X, = O,(1).

Proof. For any € > 0, let N be a large constant such that P(A4,) < ¢/2 for n > N, and M be a
large constant such that P(|X,|I(A,) > M/2) < ¢/2 for n > N. Then

P(| X, > M) < P(IX,[1(An) > M/2) + P(|X,|I(A,) > M/2)
<P(A,) +P(|X,|I(A,) > M/2) <e

for all n > N. O
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