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1 Introduction

It has been observed experimentally that the the magnetic moment of the proton and the neutron
derivates significantly from that of the electron. This has been the first hint that nucleons could
be not point-like elementary particles, cf. [1,2]. During the 1950s lepton-nucleon scattering
experiments performed by Hofstadter and collaborators [3—6] showed furthermore that neutrons
and protons possess extended charge distributions giving further evidence to the existence of a
nucleonic substructure.

A series of newly discovered hadronic states at various particle accelerators, particularly during
the late 1950s, led to the development of a deeper understanding of the hadronic composition.
The various states were classified according to their spin as mesons (integer spin) and baryons
(half-integer spin). The immense number of newly discovered states was calling for a sys-
tematic classification based on the properties charge, isospin and mass. Independent attempts
by M. Gell-Mann and Y. Ne’eman to group the different hadrons into octet and decouplet—
representations of the flavor group SU(3) with similar properties proved to be very success-
ful [7-9]. The prediction of the mass of the previously unknown Q~—baryon with strangeness —3
and electric charge —1 constituted a great success of this model. Based on these discoveries in
1964 M. Gell-Mann [10],and G. Zweig [11] proposed that baryons were bound states, being com-
posed of three Spin-% particles named quarks and mesons composed of a quark—antiquark pair.
To describe all hadron states known at that time the three quark flavors up(u), down(d) and
strange(s) with electric charges e, = +2/3,e4 = e; = —1/3 proved to be sufficient. Despite its
strong predictive power, the static quark-model also suffered from a fundamental problem. The
ATt and A™-resonances were predicted as spin— and flavor-symmetric wave functions of three
quarkonic fermions thereby violating the well-established spin—statistic theorem [12-14]. This
contradiction was finally resolved by introducing a new 3-valued quantum number named color
[15-18] . Since no colored particles could be detected experimentally it was finally proposed,
that physical hadrons must be color-singlets [16,17,19].

A systematic study of the nucleonic substructure was performed in the late 1960s at the Stanford
Linear Accelerator SLAC [20,21], by analyzing the differential deeply analytic cross section of
unpolarized lepton—nucleon scattering which was parametrized by the non—perturbative structure
functions Fy and Fy, [22,23]. Kinematically this process is characterized by the energy transfer
v in the rest—frame of the nucleon and the virtual 4- momentum transfer from the lepton to
the nucleon of ¢> = —Q?. Studying the algebra of currents, Bjorken predicted [24] that in the
limit Q?, v — oo with the ratio Q?/v fixed the structure functions do not depend on Q% and v
individually any longer, but become a function of the Bjorken variable x = ﬁ only, where M
denotes the mass of the hadron and 0 < x < 1. This behavior became known as Bjorken—scaling
and has been experimentally confirmed in experiments of the SLAC and MIT groups [25-28], cf.
also [29-31]. The scaling property constituted further evidence for the point—like substructure of
hadrons and inspired Feynman to propose the parton—model [32-34]. Furthermore, the prediction
that the structure Function Fj, is much smaller than F, known as Callan—Gross relation [35],
could be experimentally confirmed. This could only be explained if the scattering process was
dominated by spin—1/2 partons.

The group theoretic approach by Gell-Mann and Ne’eman and Feynman’s parton model were
finally joint, when Bjorken and Paschos suggested, that Feynman’s partons would be identical
to the quarks proposed by Gell-Mann [36]. The ground for a full theoretical description of the
force binding the different quarks together was laid in the 1950s when, inspired by the successful
description of Quantum Electrodynamics as a quantum field theory based on the abelian group



U(1), C.N. Yang and R.L. Mills [37] studied quantum field theories based on non-abelian gauge
groups. The renomalizability of massless Yang—Mills theories was proven by G. 't Hooft [38].
These developments inspired M. Gell-Mann, H. Fritzsch and H. Leutwyler, [39], cf. also [17],
to describe quark interactions by a SU(3). Yang-Mills theory, thereby giving birth to Quantum
Chromodynamics (QCD).

A short time before D. Gross and F. Wilczek, [40], and H. Politzer, [41] discovered asymptotic
freedom, calculating the running coupling of QCD to one-loop order which decreases at ever
shorter distances or larger momentum transfers. This explains why scaling is compatible with
the fact that free quarks could never be observed and makes the use of perturbative computation
methods for scattering processes at large enough momentum scales possible.

In 1974 the J/1v meson has been discovered almost simultaneously at SLAC and at Brookhaven
National Laboratory (BNL) [42,43]. It was described as a meson of a fourth quark, the charm
quark, which had been predicted previously [44-47]. A few years later as a first quark of the third
family of elementary particles, the bottom quark (b) was experimentally found by discovering the
T-resonance [48]. Another quark, the top—quark, had been predicted but due to its large mass
it was difficult to be produced in particle accelerators for a longer period and it was observed in
1995 at TEVATRON, [49-52], finally.

Together with the electroweak SUL(2) x Uy (1) sector QCD forms the Standard Model of elemen-
tary particle physics. The theoretical description of the electroweak sector of the Standard Model
has been developed by S. Glashow [53](1961) and S. Weinberg in 1967 [54], cf. also [55, 56].
G. 't Hooft and M. Veltman proved that this theory is renormalizable [57], see also [58-61].
One of the cleanest experimental approaches to study the substructure of hadrons are deep-
inelastic scattering (DIS) experiments. On the theoretical side, applying QCD to practical
calculations was problematic at first, as it is not perturbative in the complete kinematic region.
Here the light cone expansions (LCE), the expansion of operator products around light like
distances, emerged as an important tool to perform the corresponding computations [62-65].
Applying it to deeply inelastic scattering, one derives a factorization theorem, which separates
hadronic bound state effects from the short distance behavior at leading twist [66-68] . The
former are described by the parton distribution functions (PDFs) which can be extracted from
experimental precision data or computed by using non-perturbative methods at a given scale
Q2. The short distance behavior, on the other side, is governed by the process dependent
Wilson coefficients, which allow for a perturbative series representation in the strong coupling
constant ay = ¢2/(4m). A first strong success for perturbative QCD computations was the
prediction of logarithmic scaling violations in deeply inelastic scattering [69,70]. These are due
to parton—parton interactions and the fact that QCD is not conformally invariant [71]. They
could experimentally be first observed in 1975 [72,73].

As it constitutes the most direct way to probe the substructure of hadrons, numerous DIS
experiments have been performed since the 1970s [74-79]. Currently the widest kinematic range
for DIS cross-section studies has been covered by experiments at HERA at DESY [80-83]. Here
the structure function F, has been measured over a large kinematic range with 6-10~7 < z < 0.65
and 0.045 < Q% < 30000GeV? [84], while F;, has mainly been measured at fixed targets [85,86].
For a theoretical description the case where only the massless quark flavors (u, d, s) contribute
has been studied extensively. The massless Wilson coefficients for the F» and F}, were computed
at O(as) in [87-89], at second order in [90-100], and at third order in [101-106].

The experimental data from HERA show, however, that especially in the small x—region the
structure functions receive significant contributions due to charm quarks, cf. [107-110]. Further-
more the DIS-analyses constitute an excellent tool to extract the parton distribution functions



and QCD-parameters as the strong coupling constant a,(My) from experimental data. Very
recently also the heavy quark masses m;, and m. have been precisely measured using these
processes [111,112]. Here a missing precise next-to-next-to-leading order (NNLO) heavy flavor
description is considered one of the dominant sources for the systematic differences between the
PDF extractions of different groups [113-118]. A precise theoretical description of the heavy
flavor contributions to DIS would be especially useful to constrain the low—x behavior of the
gluon—distribution, which also constitutes an important input for the analysis of Higgs-Boson
production at the LHC.

The complete analytic computation of the heavy flavor Wilson coefficients is much harder to
obtain, however. The results at leading order were calculated in the late 1970s, [119-123]. At
next-to-leading order (NLO) a semi-analytic result for the heavy flavor contributions has been
computed in [124-126]. A precise numerical implementation in Mellin space has been given in
Ref. [127].

For values of the momentum transfer Q? much larger than the mass of the heavy quark m?, the
heavy flavor Wilson coefficients factorize, cf. Ref. [128], into the process dependent light flavor
Wilson coefficients C((Lg),(z[/)(l’,QQ /1?) and the process independent massive operator matrix
elements (OMEs) A;;(z, u?/m?). Here the OMEs contain all the mass dependence and are given
as matrix elements of the different twist-2 local composite operators between the partonic states
| 7) (i,7 = q,g). For the structure function F this representation holds from Q2 2 10 m? cf. [128],
which covers a very important kinematic region of the deep-inelastic scattering experiments at
HERA being widely free of higher twist effects [129-132] . Using this representation the NNLO
contributions to the structure function F, have been obtained in Ref. [133]. However, in this
case the factorized representation becomes only valid at values Q%= 800 m?, [128], and thus does
not describe the relevant kinematic region probed at HERA.

The NLO OMEs have been computed in Refs. [128,134]. They were later re-computed using
a different method in Refs. [133,135-139] and extended up to order O(e) in the dimensional
regularization parameter € = D —4. The latter contribution constitutes an important ingredient
to the renormalization of the NNLO OMEs which has been worked out in [139]. Here as a
first contribution to the NNLO description a number of fixed Mellin moments N = 2...10
and in some cases for N = 2...14 has been calculated. First results for general values of
the Mellin-variable N at 3-loop order were obtained in [140, 141], where the O(Cy pT2NF)
color-contributions to the OMEs contributing to F; have been computed. The calculation was
based on integral representations in terms of (nested) sums over generalized hypergeometric
functions [142-149]. These obey a sum representation which allows for a direct extraction of
the singularities of the Laurent series expansion in the dimensional regularization parameter
e = D — 4. Afterwards, advanced summation algorithms encoded in the package SIGMA were
applied to evaluate the nested sums. The same method has been used later to compute the
gluonic OMEs A, o and Ay, [150]. These are important to define the variable flavor number
scheme (VENS) for the PDFs. The method of representing integrals by hypergeometric functions
is very efficient and allows for a direct computation of QCD Feynman diagrams without relying
on integration by parts (IBP)-reductions. It is, however, restricted to a topological subclass of the
Feynman integrals contributing to the NNLO OMEs. Generalizations thereof have been thought
after and inspired the use of Appell-function representations to solve a large number of ladder
topology diagrams [151] and approaches using intermediary Mellin-Barnes representations [152].
The complete O(Cy rT#) contributions to the OME A,, o have been computed in Ref. [152].
Furthermore, recently a lot of progress in the calculation of massive operator matrix elements
has been made using integration by parts reductions [153] and differential equation methods



[154,155]. Additionally to the OMEs A%, and Ay o which have been presented in [140] (see
also Section 3 of this Thesis) now also the OMEs Agq o [156], A}S, [157] and AfJ [158] are
completely known.

Previous OME-computations have been performed with Nr massless and one heavy quark flavor
representing the c- or the b-quark, depending on the kinematic region one is interested in. There
is, however, no strong hierarchy between the quark masses since m?/m? ~ 1/10. The charm
quark can thus not be considered massless at scales y?> ~ m? and the sequential decoupling of
the individual heavy quark flavors in the usual variable flavor number scheme has to be replaced
by a variable flavor scheme which decouples both c- and b-quarks at the same time. One may,
however, compute massive operator matrix elements depending on both heavy quark flavors
and define heavy flavor Wilson coefficients containing heavy flavor contributions from both ¢
and b-quarks. It is one of the main objectives of this Thesis to set up the framework for these
computations.

Additionally to the physical importance it is one of the aims of this Thesis to explore the math-
ematical methods and structures which are best suited for this class of computations. From a
technical viewpoint the computation of the massive OMEs is performed in Mellin space, which
renders the factorization relation for the heavy flavor Wilson coefficients a pure product. The
OMEs thus become functions of the Mellin variable N, which assumes positive integer values.
In a final step one desires to find the analytic continuation in order to perform the inverse
Mellin transform by a contour integration. One is thus faced by the discrete Mellin—/V space
and the continuous xz-space, which are related to each other by the (inverse) Mellin transfor-
mation. As some algorithms (or their implementations) are better suited for a computation
in a continuous space, e.g. [159], cf. [152,156-158], and the inverse Mellin transform is hard
to obtain for momentum integrals, a further continuous space may be introduced by the con-
struction of appropriate generating functions. In both, the discrete and the continuous space,
physical quantities are mostly described within distinctive sets of characteristic functions. For
most massless single scale analyses and simple massive topologies at three loops [106, 160-165]
these are typically nested harmonic sums [166,167]. They obey algebraic, [168], and structural
relations, [169-171]. At fixed values of N these results evaluate to multiple zeta values, [172,173].
A first generalization of the harmonic sums is obtained by adding additional weights into the
nested sums. This yields the so-called generalized harmonic sums, which have been observed
in [174]. Analytic and algorithmic aspects of (inverse) Mellin transforms, asymptotic expan-
sions, etc. have been presented in Ref. [175]. Further extensions to cyclotomic sums [176] and
additionally over letters involving binomials of the kind (*) [177] have been studied as well. The
latter have been observed in Feynman diagrams with several massive fermionic lines [152] but
also in other diagrams exhibiting a highly nested topology. They appear again in different parts
of this Thesis. This includes the case of a diagram with a single massive line and 4-leg operator
insertion and more general binomial summation kernels in the case of diagrams with massive
lines of unequal mass. Algorithms performing many operations as (inverse) Mellin transforms,
(asymptotic) expansions and reductions to a basis for most of these sum structures are available
within the computer algebra package HarmonicSums [175,177-179] . On the continuous side,
each sum structure is associated to respective iterated integrals structures by an inverse Mellin
transform. Here the most commonly observed functions were the harmonic polylogarithms [180)]
over the alphabet {0, +1}. But generalizations thereof where soon required. Firstly the alpha-
bets may be enlarged, but lately also more general classes of iterated integrals [176], for example
over cyclotomic polynomials or square root-valued integration kernels [177] have been studied.
The outline of this Thesis is as follows. In Section 2 we describe the deeply-inelastic lepton-
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nucleon scattering process and its kinematics. We define the structure functions, review the
QCD-improved parton model and present the asymptotic structure of the heavy flavor Wilson
coefficients. In Section 3 we use representations in terms of special functions and modern sum-
mation algorithms to compute the remaining O(C4 rT#Nr) contribution given in terms of the
OME A,y . Furthermore, a large number of diagrams with two massless loop insertions has
been computed in an automatized way. The logarithmic contributions to the heavy flavor Wil-
son coefficients follow as a direct consequence of the renormalization prescription worked out in
Ref. [139]. Their exact form has been determined and is presented together with the respective
theoretical background in Chapter 4. The two heavy flavor Wilson coefficients Lg’ and L};S are
given in complete form. We also present all logarithmic contributions to the 3—loop Wilson coef-
ficients Hgs and H;S, which rely on the anomalous dimensions [69,70,100-103,105,161, 162, 181]
up to three and the OMEs up to two loops [128,133-139]. Section 5 presents the renormal-
ization of the contributions with two distinct heavy quark flavors. Similar to the case of one
heavy quark flavor [139] here the charge is renormalized in the MOM-scheme first using the
background field method [182-184] to ensure that external gluons are strictly on-shell and the
charge renormalization is covered by that of a propagator. A series of fixed Mellin moments
(N = 2,4,6) contributing to all the OMEs of the structure function F» and the variable flavor
number scheme (VFNS) has been computed, see Section 6. Here the Feynman diagrams with
operator insertions have been mapped to massive tadpoles, which could then be expanded and
evaluated using the codes Q2e/Exp [185,186]. First general-N results have been obtained for the
non-singlet OME and all scalar topologies contributing to the OME A, . In the non-singlet
case the N—dependent contributions decouple completely from the infinite sums stemming from
the mass distribution of the diagram. For the diagrams such a decoupling can be achieved in
intermediate steps using a split of the integration domain and suitable mappings of integration
variables. In Section 7 the application of a direct integration algorithm based on hyperloga-
rithms [159,187] for convergent Feynman diagrams with operator insertions is explored. Since it
relies on an integration kernel containing only rational or polylogarithmic functions, generating
function representations for the Feynman diagrams with operator insertions have been intro-
duced. The algorithm has been implemented in MAPLE [188] and provides a very efficient way
to compute diagrams of nested topologies that were previously inaccessible with different meth-
ods. A linear reduction algorithm allows to predict which Feynman integrals are suitable for an
integration via hyperlogarithms, where in some cases linear reducibility could be re-obtained by
a suitable variable mapping. Appendix A presents the conventions used for the computations
within this Thesis. The relevant Feynman rules for the computed QCD- and scalar diagrams are
given in Appendix B. Appendix C summarizes the D-dimensional momentum integration and
Appendix D shortly reviews the different special functions including nested sum structures and
different forms of iterated integrals. The Mellin moments N = 2,4,6 for the contributions with
both c- and b-quarks are presented in Appendix F and the contributions o< In(Q?/m?) for the
heavy flavor Wilson coefficients H, 5 Sand H gs are listed in Appendix E.
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2 Deeply inelastic scattering

Deeply inelastic scattering denotes the scattering of highly energetic leptons off nucleons. This
Thesis will focus on DIS via the exchange of a single photon. The electroweak corrections
can be found in Ref. [189] to 1-loop and dominant higher order corrections can be found in
Refs. [190-192,192-194].

l/

P ===

Figure 1: Schematic diagram of deeply inelastic scattering via single boson exchange

2.1 Kinematics

The basic kinematics of the deep-inelastic scattering process is depicted in Figure 1. A lepton
with momentum [ is scattered off a nucleon with momentum P via exchange of a virtual vector
boson with 4-momentum ¢. The nucleon disintegrates and a new hadronic state F' with a 4-
momentum Py is formed. The 4-momentum of the virtual photon is space-like and the virtuality
Q? is defined by

Q*'=-¢=-(-1), (1)

with I’ denoting the 4-momentum of the outgoing lepton. The outgoing hadronic state is mea-
sured inclusively, thus only its total 4-momentum Pp is recorded. In this case the total cross-
section depends only on two further independent kinematic variables. These are the total center
of momentum energy squared

s = (P+1)*, (2)

and the invariant mass of the final hadron state (Pp |,
W? = (P+q)*=P:. (4)

Here s denotes the total center of momentum energy squared and W is the invariant mass of the
final hadron state (Pg |. The lepton mass is very small compared to the other mass scales and will
be neglected from now on. The process is then described using the following Lorentz-invariant
kinematic variables:

Pqg W2+ Q% — M?

Y= T 2M ’ (5)
e R O Q?
r = - - ) (6)
2P.q 2Mv W24 Q? — M?
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Pq  2Mv W2+ Q? - M? (7)
Pl s—M?2 s — M? '

Y

Thus v is the total energy in the rest frame of the nucleon, x is the Bjorken variable and y is
the inelasticity, cf. [195]. Combining the definitions (2, 6) and (7) one obtains

Q* = 2ys . (8)

Deep-inelastic scattering occurs via the exchange of v, Z, W*-bosons. In this Thesis we study
neutral current unpolarized lepton-nucleon scattering, which is dominated by single photon ex-
change for not too large virtualities, i.e. Q><500 GeV?, cf. [196]. We will thus neglect weak
boson contributions from Z-boson exchange in the following.

The physical region is constrained by several conditions. From Eqs. (4,6) one obtains

WZ:(P+q)2:M2+Q2(i—1)2M2. (9)

As the invariant hadronic mass obey the condition W? > M? this limits the Bjorken variable x
to the region

0<zxz<1. (10)

x = 1 characterizes elastic scattering processes, while the inelastic region is described by x < 1
[197].

Further restrictions on the kinematic variables are obtained by demanding a positive energy-
transfer in the rest-frame of the nucleon

v>0, 0<y<1,s>M?*. (11)
The differential cross section reads, cf. [198-201],

, do 1 454 '_p_ |2
‘T = D) > @m)'ot(Pr+ 1l — P — )My . (12)

n'n,0,F

Here the summation is over the the spin components of the leptons, quarks and gluons, n(n’)
and o, respectively. In the unpolarized case the cross section is obtained as an average over
leptonic and hadronic spin degrees of freedom. Mjy; denotes the transition matrix element for
the electromagnetic current, which is given by

1
Mfi = ezﬂalu 77/)7““([; 77)?<PF ‘ sz(O) ‘ P? U> ’ (13)
for ep scattering at leading order, cf. e.g. [198,200-202]. | P,o) and (Pp | denote the initial
and final hadron state. u(w) are the bi-spinors of the electron respectively its conjugate, and

7, denote the Dirac-matrices. Furthermore, e is the electric charge and J;™(§) the quarkonic
contribution to the electromagnetic current operator, which is self-adjoint:

THE) = Ju(€) - (14)
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For QCD it reads

TME) =D T(O)nuATp T (€) (15)
fif!

where the sum is over the different quark flavors f, f', W¢(£) denotes the respective quark field of
flavor f and A%}, is a matrix which describes the electromagnetic charges of the different quark
flavors. For three quark flavors it reads

1 1
P\ —— )\3 /\8 1
2 < flavor + \/g flavor) ) ( 6)

where the Ay, denote the Gell-Mann matrices , cf. [203,204]. Using Eqs. (12) and (13)
the differential cross section can be rewritten as a contraction of a tensor L,, which describes
leptonic contributions only and a hadronic tensor W,

ydo 1 o* 1 a?

OB T APIQYT ™ T 2(s— M2)Q*

LW, . (17)

Here o denotes the fine structure constant and in the Born approximation the leptonic and
hadronic tensors read

L) = Y [at i m)]| [amnrutn)] (18)
n'n
1
Winla: P) = =) (2m)'6"(Pr —q = P)(P,o | J7™(0) | Pp)(Pp | J7"(0) | Po) . (19)
o,F
The decomposition into purely leptonic and hadronic tensors relies on general properties of
this amplitude and holds for higher orders as well, cf. [205] The leptonic tensor may be easily

evaluated within QED. One obtains

2

Lult) = Tl = (b4 - S ) (20
The hadronic tensor cannot be computed using purely perturbative methods only due to the non-
perturbative effects within the hadronic substructure. One may, however, separate perturbative
and non-perturbative contributions and apply perturbative computation methods on the former
part.
The hadronic tensor obeys various symmetry conditions, cf. e.g. [206]. These allow to extract
the Lorentz structure and to parametrize the hadronic tensor by scalar functions, which contain
all the information on the internal structure of the proton. In the general case there are 14 such
structure functions, cf. Refs. [205,207], while in the cases of unpolarized DIS via single photon
exchange only two structure functions remain. Here the leptonic tensor (18) is symmetric and
thus only the symmetric contribution of the hadronic tensor is physically significant. It follows
that the hadronic tensor must be expressible as a linear combination of the following tensor
structures

Guv s udv P,uPV ) Q,uPu + QVP,u . (21)
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From the conservation of the electromagnetic current, Lorentz- and time-reversal invariance one
obtains the condition

W =0. (22)

Imposing gauge invariance on the Ansatz (21) yields a representation of the hadronic tensor in
terms of the structure functions Fj o

1 Qv 5
Wuu(qap): % <_g,u1/+?) Fl(xaQ )
2z Wb+ Py | 4.9
— (PP, + £ 222 F %) . 23
+ QQ ( Iz + 2 + A2 2(*%7@) ( )
Frequently also the longitudinal structure function
Fr(z, Qz) = Fy(z, Qz) — 22l (z, Q2) (24)

is used. The structure functions Fy(x,Q?) and Fy(x,Q?) are real functions. Their arguments
are Bjorken-z and Q2. In the elastic case © = 1 the cross section is determined by the total
energy transfer only. Inserting (23) into (17) yields the differential cross section in terms of the
structure functions F, and F7p:

do 2ra’?

dudy = W{ [1 +(1-— y)2] Fy(z,Q%) — v*Fi(x, Q2>} : (25)

The structure functions F» and F}, are extracted from the hadronic tensor (23) by applying the
following D dimensional projection operators:

FL(nyz) = _PNPVW;W(CL P) s

F2(£7Q2) =

(D —1) 5z P"P" - g“”] Wiw(gq, P) . (26)

2.2 The Parton Model

Studying the algebra of electromagnetic currents Bjorken observed [24] that in the limit Q% v? —
oo keeping the ratio Q*/v constant, the structure functions do not depend on the kinematic
variables individually anymore, but on their ratio, i.e. on z, Eq. (16),

lim F(Q’L) (ﬁ, QQ) = F(Q’L) (ﬁ) . (27)

{Q?, v} — oo, z=const.

This effect became known as Bjorken scaling and has soon after been experimentally confirmed to
hold approximately in electron—proton collisions performed at SLAC in 1968, [25-28]. Feynman
has shown that this behavior may be explained by considering the proton as a composite object
of point-like constituents at large enough scales. During the short interaction time these partons
behave as quasi—free particles. The virtual photon scatters of one single parton while the other
partons behave as “spectator” partons. The hadronic tensor is thus obtained as an incoherent
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sum over the individual partonic contributions weighted by the probability to find a parton of
the respective state ¢ and with a momentum fraction z inside the proton. This probability is
described by the parton distribution function f;(2).

In the collinear parton model, the momenta of the interacting parton p is taken to be collinear
to the nucleons momentum P and thus

p=2zP. (28)

In Feynman’s original model protons were always composed of two u and one d quarks. Radiative
corrections were neglected and the experimentally observed strict correlation

¢p @
ol —— — 29
(M 2M) | (29)
which implies z = x, was enforced. The discovery of QCD allowed for a more sophisticated
description which included contributions from virtual quark states and gluons. This QCD-
improved parton model may be derived by applying the light-cone expansion.

The hadronic tensor is then derived from a partonic tensor WZW(T, Q?), which describes the
photon-parton interaction, wa:

W (2, Q) = ﬁz /0 i /0 a7 [fi(2) + F(2)] WS (7. QD)o (x — 27) . (30)

Here f(z) and f;(z) denote the parton distribution function of the respective charged parton ¢
and its anti-parton. The partonic tensor WZW corresponds to the hadronic tensor (33), where the
hadronic states (P | are substituted by the corresponding partonic state (p | of the interacting
parton.

In the Born-approximation the electromagnetic current takes the form

(i | g (1) [) = —iea'yu’ (31)
where e; is the charge of the respective parton ¢. This yields the partonic tensor

i 27“312 i g i i i
W, (7, Q%) = qpi 0(1—1) [qupl, + Py + P — 9" | + O(as) (32)

Using elementary quantum mechanical relations Eq. (19) is rewritten as, cf. [201,208],
1 - em em
WuleP) = =3 [ d'¢expliat)(P| (). J7(0)) | P)

= %/d‘lf exp(ig€)(P | [J;"(€), J;(0)] | P) . (33)

By applying the optical theorem the hadronic tensor is expressed in terms of the forward Comp-
ton amplitude for virtual gauge boson nucleon scattering

1
WMV(Q7P> = %lm ﬂtu(q7 P) ) (34)
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with the Compton amplitude

To(@.P) = i / &€ exp(iq€) (P | TJ,(€)4,(0) | P) . (35)

of. [203].
In the Bjorken-limit the light cone expansion of the forward Compton amplitude (35) at twist
T = 2 yields, cf. [88,209],

Q2
T“”(q’ P) - Z{ [Q2gﬂulgvu2 + G Qv ps, + Gopa9ups — G qm] Oi,2 (Na F)
iN

+ [g,“, + qgg—qf} G 9 Ci L (N, 3—5) }q“S"'quN (é)NU:’ | OZHL..MN (,u2> | P) .

(36)

The light cone expansion of the products of electromagnetic currents in (35) yields different local
operators, which in case of single photon exchange and at twist 7 = 2 are given by

Nelarr A
Otlz\{i;m,m,uzv = i 'Sy, Dy - - Dy ?rw] — trace terms , (37)
Os;m’_“?lw = i"7IS[Yy, Dy - - - Dyupyb] — trace terms (38)
O;%Mly---yllN = 2Z'N_2SSp[F§1aD“2 oo Dy F2T] — trace terms . (39)

In Egs. (37-39) S denotes the symmetrization operator (332) of the Lorentz indices pu1, ..., un-.
D, is the covariant derivative, 1) and 1 the quark resp. anti-quark fields and F . the gluonic
field strength tensor with a the color index in the adjoint representation. Furthermore \,. is the
flavor matrix of SU(Np) with Np fermion flavors. The labels ¢, g in Eqgs. (37-39) distinguish
quarkonic and gluonic operators.

2.3 The light flavor Wilson Coefficients

The structure functions F; contains long-distance effects contributions from parton-parton inter-
actions, which make it impossible to describe it using purely perturbative methods. However,
for large enough virtualities (Q? it obeys the factorization relation

2 s % 2 Q?
Z(I‘,/J/ )®Cz,Q <I’, F) +G (I’,/L ) ®Ci,g <.§U, ?)

x
Fi(z,Q%) = N, > e
q
Q2
+NpA (7, 1) @ qus (m, —) yi=2,L. (40)

112

Here Np denotes the number of quark flavors, e are the electric charges and the sum run over
light quark flavors which typically are u,d,s. G(z,Q*/u?) is the gluonic parton distribution
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function (PDF), X(z, 4?) denotes the singlet combination of the quark and anti-quark PDFs, f,
and f; respectively. It reads

Np

S(Ne, No®) = 0 | Fo(Ne Noi?) + fo( N N, )] (41)

=1

Likewise the non-singlet combination of the quark PDFs is given by
1
AQ(NFa N, ﬂz) = fq(NF7 N, IUQ) + fti(NF7 N, IUQ) - N_FE(NF7 N, IUQ) . (42)

In Eq. (40) the Cj’(NQSL)(N 7, N, Q?/u?) are the light flavor Wilson coefficients, which describe the
hard scattering of a photon with a light quark. Here the singlet contribution is usually split into
a non-singlet and a pure singlet contribution:

S _ NS PS
Co, = Cy+Ci/ . (43)

The symbol ® denotes the Mellin convolution f ® g of two functions f, ¢

[f © gl(z / iz / 2 6(2 — m2) F(21)9(2) - (44)

The Mellin transformation M|[f](N) of a function f is defined by the integral

M[f](N) z/o dz 2N 71f(2) . (45)

The Mellin transformation translates the convolution (44) into a simple product of two functions
in Mellin—space,

M[f @ g](N) = M[f](N)M][g](N) . (46)

It is thus technically advantageous to perform computations of this kind in Mellin—space.

The renormalization prescription, see cf. Section 5, introduces the renormalization scale p. As
physical observables the structure functions are independent of the renormalization scale. This
yields the renormalization group equation (RGE) [210-214]

D(1*)Fo,1)(N, Q%) = izF(z,L)(N, Q*)=0. (47)

2
O
Here the total derivative operator D(u?) is given by

DU = g+ B0 g~ S N 69

where the sum runs over all the different masses. The S—function and the anomalous mass
dimensions, v,,, are given by

2 0as(p?)

Blas(1?) = B (49)
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Ilan))) = - LS (50)

From Egs. (47) and (40) one may derive the RGEs for the parton distribution functions [209]

d S(Np, N, 1i?) — L (g 'qu> <E(NF7N7N2)) (51)
dlnHQ G<NF7N7M2) 2 \Vga g G(NF7N> qu) ’
d I ns
WAIC(NF7N7 /’62) = _éfyqq Ak(NF7N7 /’62) ) (52)

and for the Wilson coefficients

d (0£?<NF,N,Q2/M2>) _ 1<qu vqg) (0§?<NF7N’Q2/M2>) . ()

dln p? Cg,i(NFv N, QZ/NQ) 2 \Vga Vgg Cg,i(NFa N, QQ/NQ)
d 1
dln”gogis<NF’N7 Q2//~L2> = §7zlg\lqscé\,1is<NF7N7 QQ/MQ) : (54)

Egs. (52-54) are the QCD evolution equations of the massless parton densities and Wilson coef-
ficients. The explicit expressions for the anomalous dimensions and massless Wilson coefficients
are found in Refs. [69,70,100-103,105,161,162,181] and [87-91,93-103,105, 106].

2.4 Heavy flavor corrections in the limit Q? > m?
In the case of pure photon exchange! the heavy quark contribution to the structure functions

Fio,1)(x, Q?) for one heavy quark of mass m and Np light flavors are given by, cf. [134],

1 —
EF(%%(:E,NF +1,Q% m?) =

k=1

Nr 2 2
m
3 i i (24 1.8 22 ) 0 [t 0+ o )

1 2 m?
+N_FL;%2,L) <x7NF +1, %7?) ®2($,M2,NF)

1 2 m?
+N_FL2:(2,L) <x7NF + 17%7?) ®G<I7M27NF)}

Q2 m2

+ 622 H;%Q,L) <(L’, Np + 17?7?) ®Z(xaﬂ2aNF)

HS N Q2 m? 2
+ 9,(2,L) €, F+17ﬁ7? ®G((L’,,LL 7NF) ) (55)

Here the argument (Ng+ 1) indicates the presence of Np massless and one massive quark flavor.
One distinguishes the heavy flavor Wilson coefficients Lﬁq, Li,, Lfv’qs and H}? qs) H,,, where the
photon couples to a light (respectively heavy) quark line [119].

Generally the presence of one additional massive quark flavors introduces much more complex
integrals and functions during the computation of the contributing Feynman diagrams when

'For heavy flavor corrections in case of W*-boson exchange up to O(a?) see [215-218].
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compared to the purely massless case. Due to this we restrict ourselves to the kinematically very
interesting region where the the virtuality ? is much larger then mass m?, such that power
correction in m?/Q? maybe be safely neglected, but not so large that logarithms of the kind
In(m?/Q?) become too large to allow for a perturbative series approximation.

This kinematic region the heavy flavor Wilson coefficients factor into the light flavor Wilson co-

efficients CE&ZSL")\‘S(N Np+1,% ) and the process-independent massive operator matrix elements
ASPNS ef. (139,219,

2 2
CSPS, NSasymp(N’NF_i_l’Q_,m_) _
HED p2

ZASPSNS<N Np+1, - >OS(PSI)\IS(N Np+1, Q2>+O<

2

Q2) . (56)
The explicit expressions for the massive operator matrix elements are obtained from the Green’s
functions

GQ N2 = ‘]N<q7] ’ O’L ’ Q7Z>Q ) (57)
= JN<g?V7j|Oi|g/vbai>Q‘ (58)

Here (q,k |, (g, v, j | denote external quark and gluon states, respectively and the indices 4,5 (a,b)
are the color indices of the fundamental(adjoint) representation. The operators O; are defined
in (37-39) and the subscript @) indicates that only contributions that contain at least one heavy
quark line are taken into account. The local operators (37-39) are traceless and symmetric under
the Lorentz group, whereas the Green’s function contains trace terms which do not contribute
to the final result. These terms may be projected out from the beginning by contracting with
the external source term

GQ pv

JN = Aul"'AILN s (59)

where A, represents an arbitrary light-like vector, A* = 0. The Green’s functions still contains a
Lorentz or spinor structure and color indices due to the external partonic states. These structure
is mapped to 1 to define the massive operator matrix elements.
For the Green’s functions with external gluonic states one may choose to include unphysical
transverse gluon states in the summation over the indices p,v. In this case the respective
projection reads [139]

5ab

1) Aab _ 9" —N Aab
Pg( )Gl,(Q),,uu == _N2 —1D— Q(A p) Gl,(Q)“u,u ) (60)

and diagrams with external ghosts have to be included to compensate the unphysical terms. If
one uses the physical projector

R 1) 1

(2) Hrab — ab
P Gl,(Q),W N2_-1D—2
C

_ L DPAY PV ARN L
g (A . p) N (_glu‘ —|— A—p> Gl,IEQ)“LLV , (61)
additional ghost diagrams are not required.
For the Green’s functions with external fermions one applies the projector
ij _ v vl w
P, Gz @ = N —(A-p)” Tr[ P G ] (62)
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Here and in (60)—(61), N, denotes the number of colors, c¢f. Appendix A.

The unrenormalized OMEs are then defined by the projections of the Green’s functions [139]
22 re
Ay(GroaN) = B (63

52

N m Aid
AZQ<F, e, N) = PGV (64)

The respective Feynman rules are given in Appendix B. The asymptotic heavy flavor Wilson
coefficients are given by [219] 2

2 2 2
Coto.n) (N Nr, v ) +LN%2L)(N Np +1, 9 _2> =
G G
Q2
ANy (N, Np +1, )(JN (N Np 1, " e )
in the non—singlet case, and for the pure-singlet and singlet contribution
C;?z,L)(NF> + L!;?ZL)(NF +1) = [Ay;Q(NF +1)+ Aqq o(Np+1) + AEZ(NF + 1)}
XNFCN’:?ZL)(NF + 1)
+AP o (Np + 1)C, 1) (Np + 1)
+Ag@(Nr + 1)NpCy o) (Np +1)
(66)
Cg,(lL)(NF) + Lg7(27L)(NF +1) = AgoNp+1)NpC,, (2,0) (Nr+1)
"’Aqg,Q(NF + 1)CN(2 L)(NF + 1)
+ Aqg,Q(NF +1) + AQQ(NF + 1)
X NpCh ooy (Np +1) .
(67)
The H; ;s are decomposed into OMEs and light flavor Wilson coefficients by
HP? (Np+1) = A% (Np+1) [ON J(Np+ 1) + Cigy 1y (Np + 1)
+ | A(Nr + 1) + AT Q(Ne + 1) G5, 1) (Vi + 1)
+Ago(Nr +1)Cy o) (Np +1) (68)
Hg,(lL)(NF +1) = Agg, Q(NF + 1)09 (2, L)(NF +1) + Agg, Q(NF + 1)0 (2, L)(NF +1)
+Aqy(Ni + 1) O 1y (Ve +1) + Ch%y 1y (N +1)] (69)

Here and in the following, the index "asymp” to denote the asymptotic heavy flavor Wilson
coefficients is omitted. Expanding the expressions (65-69) up to O (a?) yields [139]

2),NS A(2),NS
LS (Ne+1) = a2 AR (Np +1) 6+ C ()|

2Ref. [219] contains a few inconsistencies concerning the f notation which have been corrected in Ref. [220]
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AL (N +1) b+ AL Nz + DO (NF +1)

+CSE )| | (70)

a,(2,L)

+
Q
» W

w W

%y (Ne+1) = a ABPS(Np 1) 6+ A2 (Np +1) NeCY, 1 (Np + 1)
+NPCET ()] (71)
LS o (Np+1) = a2A5) o (Np + 1)NpCLy 1 (NF +1)
+ a3[ AL (Np+1) 8+ AL (Np +1) NpCP, | (Np +1)
+A® (Np+1) N 0“(2 o(Ne+1)

+ AS)(NE + 1) NeCEPS (Np +1) + NoC®, (N )], (72)

Hi%(Ne+1) = ag[ AGYPS(Np +1) 6, + é;?()é!DLS)(NF * 1)] )
O T TN
~(1

+AR (Np +1) el

Hyop(Np+1) = &S[ Am(N 1) G4+ C«;’l()z (N + 1)}
+ 2[ AN Np +1) 8y + AL)(Np +1) CTS (Np + 1)
+ Aéiz),Q(NF +1) éggl()zL)(NF +1) + C’;,Q()Q,L)<NF + 1)}
+ ai[ AS (NE +1) 6+ AD(Np + 1) CUNS (N + 1)
+ Ao (Np +1 Ng(,l) y(Np+1)

with d, = 1 for F5 and d, = 0 for F;,. Here we have applied the notation

J(Nr) ¢

f(Np) = Ny , f(Np)= f(Np+1) = f(Np) . (75)

2.5 The variable flavor number scheme (VFNS)

In an exact description only massless particles may be interpreted as partons in hard scattering
processes since their lifetime must be large compared to the interaction time o é [221]. For

large values of Q2 the heavy quark flavors may, however, be be considered as becoming effectively
massless and variable flavor number scheme- parton densities may defined to describe them.
In Mellin—space on obtains the following set of parton densities is obtained, [134] :

fk(NF + ]-7N7 :u27m2) + fE(NF + ]-7N7,u27m2) =
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12

NS
Aqq,Q (N,NF+17W

) - [fe(Ne, N, i*) + fr(Np, N, pi?)]
12

1 PS 2
+N_FAqq’Q (N,Np‘l— 1,@) 'E(NF,N,,U )

1 2
‘I’N—FAqgaQ <N7NF+1,%> 'G(NF7NHM2)7 (76)

fo(Ne +1,N, i*,m?) + fg(Np +1,N, i, m?) =

,u2
) - Y(Ng, N, 1i?)

PS
AQQ (N,NF—i_l,W

2

U
gy (N Ne +1, 25 ) G N (7

The flavor singlet, non—singlet and gluon densities for (Ng + 1) flavors are

2 2
S(Np+1,N,12,m?) = |ANS, <N, Ne+1,E ) + APS, (N, Nr+1, %)

m2

2

1

2 2
+ [AquQ <N7NF+17%> +AQ9 (NJNF+17 a ):| G(NF7N7:LL2) )

m?
(78)
Ak<NF+ 17N7,U/27m2) = fk(NF+ 17N7/L27m2) +fE(NF+ 17N7:u27m2>
— Y(Np + 1, N, pi?, m? 79
NF+1<F+7 ,,u,m), ()
2
1
G(Np+1,N,u*>,m*) = Ago (N,Nerl,ﬁ) - % (Np, N, pi?)
1 2
+A997Q (N)NF—'— ]-aﬁ) G(NFaNa/'L ) : (80)

These expressions, however, rely on the presence of a strong hierarchy among the masses of the
heavy quark flavors my,,
2 2

This condition is not fulfilled when considering charm— and bottom-contributions, with n =

m?/mi ~ %. Up to two-loop order this does not cause an essential problem since no graphs

with both ¢- and b-quarks contribute.This changes at O(a?) and the respective power corrections
have to be taken into account, see Sections 5 and 6.
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3 Topologies with massless loops

Among the ~ 3000 diagrams contributing to the different massive OMEs at 3-loop order which
describe the massive contributions to the structure function Fy(z,Q?) for Q* > m?, there are
many which contain at least one completely massless fermion loop. These massless loops can
be integrated out first and yield new propagators with real exponents. Although these real
exponents lead to a complication, methods inspired by those at 2-loop order can be applied to
treat this class of diagrams. Using this method the complete OME A,, o has been computed
[140,222]. For all contributing diagrams with two massless bubble insertions this method has
been completely automatized [223].

3.1 (General approach

In [139] a database of fixed Mellin moments for all diagrams contributing to the OMEs A,
AS;Q, Agsq, Ao, Agg, Ageo and Ay, has been given. Codes written in FORM [224] and
Maple [188] have been set up to identify all diagrams with at least one massless loop. After
applying the Feynman rules of Appendix B the occurring fermionic traces of y-matrices were
calculated using the built-in FORM—functions. The momentum integrals were performed in a
loop—by—loop approach: All denominators contributing one loop were combined using the Feyn-
man parametrization in Appendix (C.19). As a next step the momenta are shifted in order to
symmetrize the D-dimensional momentum integral. As a byproduct this yields factors of the
form

(Acki + A(P{ziDksy + -+ Pa{za )k ))" (82)

with polynomials P; in the Feynman parameters. Using the binomial theorem

(Aki+ADY = ) (]]V ) (ADNTI(A LK) (83)

J=0

only the first few terms contribute. This is due to the property that symmetric momentum inte-
grals over odd powers of the momentum vanish and the occurrence of the contraction A.A =0
for higher powers of A.k;. A maximum of the first three terms had to be considered in the
present computation. The symmetric D-dimensional momentum integral was finally evaluated
by applying the rules in Appendix C and the same steps were repeated for the remaining loop
momenta. Here the order in which the momenta are integrated is not arbitrary. More simple
special functions representation may be obtained in many cases by specific choices for the inte-
gration order of the loop momenta. One-scale one-loop subdiagrams were integrated out first,
as in this case the scales factor out of the denominator functions and the Feynman parameter
integrals reflect the integral definition of the Euler-B function

A C

4
A+C|’ (84)

1
B(a, B) = / do; 207 (1 —2) ' =T
0

where the shorthand notation (D.27) has been applied. To avoid more involved special function
representations it is furthermore advantageous to integrate out the loop consisting of all massive
propagators as a next step if this does not yield too complicated polynomials P; in the operator-
insertion (82). After integrating out all the loop momenta using this prescription all Feynman
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parameter integrals obey the general form

I_/ /(del 2% (1 — ;) ) (1293]).. (1_2:%)013 ”’gao’ n) - (g5)

Here ¢ (1 — ), x;) denotes the Dirac-0 distribution whereas the sums within are taken over all
Feynman parameters attached to the different propagators within one loop-momentum integra-
tion. Furthermore, the a; and ; are either integer numbers or linear polynomials in the dimen-
sional regularization parameter € and ) is a polynomial in the Feynman parameters describing
the mass distribution of the diagram. The precise form of the operator function OP (xy,- - , z,,)
in Eq. (85) depends on the specific operator insertion (see Appendix B):

e operator insertion on a fermionic line

OP (x1,- -+ ,x5) = Pl (86)
e operator insertion on a gqg-vertex
N N+1 N+1
; . P, — P
OP N pipN—y _ 1 -2 87
(.’L’l, 7'%.”) ]z:% 142 Pl . P2 ( )
e operator insertion on a qqgg-vertex
OP($17"' ,.’En) = ZZPQJPfV_l_] (P1+P4)l (88)
j=0 1=0
N N—j+1 N—j+1
(P + PNt p
= ZPQJ X iz (89)
j=0 4
(Py+ P)NY?2 — (P + Py) PNTL pN*T2 _ p ! (0)

Py (P + P — P) ~ Py(PL—Py)

with the P; polynomials in the Feynman parameters z;. Using the closed forms (87,89) or (90)

if the respective denominators factor into Euler-B-like factors = or (1 — :1:1-)5 in all Feynman
parameters. In a next step the d—distributions are integrated out by

/1dy5<1—yixi> fy,z1, - ,xn) =10 (1—ixi)f<1—ixi,x1,--- ,:L'n) , (91)
0 i=1 i=1 i=1

where we have introduced the Heaviside function

o) = {1, if 2 > 0. (0

0, otherwise.

The Feynman parameter integrals are then remapped to the hypercubus by applying

1 1 n
/0 /0 dxldxn9<l—;$z> f(Il,{L‘Q,‘-',I‘n)
1 1 n & &
:/O /0 dml...d$n9<1—2xi) f(:nl <I—Z$i>,$2,-..,xn> (1—21‘1) . (93)
i=2 j '
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The way in which Eqgs. (91) and (93) are applied may lead to a higher or lower entanglement of
the integrals, specifically with respect to the parts stemming from the operator insertion. We will
thus discuss strategies to obtain an integral representation with the least possible complexity.
If the remapping (93) of a specific parameter leads to a factorization of polynomials it is applied,

e.g
/.../Oldxl--'dmn‘g(l_gm) (f’”“” (l_gm»a

:/~--/Oldx1~--dxn9<1—zn:xi> (1 4+ y1)” (l—zn:xZ) (94)
=2 i=2

In a next step we map parameters that do not appear in the operator polynomials or other non-
trivial factors. Here we always choose factors such that the corresponding mapping does not lead
to additional terms with symbolic or negative exponents. If a Feynman parameter occurs only
within one factor with negative or symbolic exponent, it may be integrated out directly. If these
steps are not sufficient to obtain a factorization of the polynomials in the operator function into
B-like terms, the binomial theorem is applied in order to impose this factorization.

After applying all these steps in an optimal way all diagrams of this class obey a representation
of the form

1 1 OP’ cee X
[oc/ / dey -+ day, J[ 20 (1 — )™ (21,2 2n) (95)
0 0 i

(1 — l’kiﬂl)'y

Here the «; and (3; denote linear functions in ¢ and the Mellin variable N, xy, z; € {x1, -+, 2, }.
The exponent 7 may be zero or a linear expression in ¢ and the operator function OP’ may or
may not contain finite sums stemming from respective operator Feynman rules. All integrals
except for the ones over the Feynman parameters x;, and z; are evaluated using the integral
representation of the Euler—B function (84) and its representation in terms of I'-functions (84).
The nested integral over the two remaining Feynman parameters x; and x; reflects the integral
definition of the hypergeometric 3 F5 function. For the generalized hypergeometric function p,1 Fp
it is given by, cf. [142,143, 225],

ap,dl,y...,ap bl,...,bp
iz =T
bl,...,bp al,...,ap,bl—al,...,bp—ap

1 1 P
X / / H (d:):i x?i_l(l — wi)bi_ai_l) (1—zxy---xp) %,
0 0 =1

p+1Fp

(96)
It obeys the series representation
ai,...,ap - (a1)i-..(ap); 2"
F, 2| = : . 97
PRy, b ] ; (b1)i...(bq); T(i + 1) (97)

with the radius of convergence

P P+1
2| <1, or z=1, Re(Zbi—Zai)>O. (98)
=1 =1
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The hypergeometric functions obey a class of contiguous relations [142,225-228], which may be
used in some cases to reduce the occurring 3F5 functions to the Gauss hypergeometric function
of. In this case Gauf}’ theorem

2 F
c—a,c—b

b —a—b
@ ;1]:r[c’c ¢ ] Re(c—a—1b)>0, (99)
C

is applied to obtain a sum—free representation. All diagrams are thus expressed in terms of nested
sums over ['-functions. This representation now allows to extract the e-poles explicitly and to
perform the Laurent series expansion using Eqns. (D.23-D.26). In a last step, the remaining
sums are evaluated using summation algorithms based on difference fields [229-235] encoded
in the packages Sigma [236,237] and EvaluateMultiSums [238,239] . In order to treat infinite
summation bounds and to speed up the manipulations of expressions in terms of indefinite nested
sums, the package HarmonicSums [175,177-179)] is utilized in addition.

3.2 The OME A,

o (@ D

Figure 2: Some typical diagrams contributing to the OME A, . Thick lines represent heavy quarks,
whereas thin ones depict massless fermion flavors.

Most of the diagrams contributing to the operator matrix element A, o contain at least one
single—scale loop and do thereby belong to the class of diagrams discussed in the present Sec-
tion. Furthermore a series of ladder graphs (as the rightmost graph in Figure 2) contributed.
This class of graphs may be represented within the same set of special functions and is evaluated
with the same methodology. The diagrams contributing to Ay, o are very similar to the dia-
grams describing the O (NpT#) contribution to the OME A, with the only difference being the
assignment of the masses to the different fermionic lines. All together there are 89 diagrams with
external gluons and 8 ghost-diagrams contributing to the OME A, ¢. They can be grouped
into 35 symmetry classes, where all members of a symmetry class yield the same result due to
symmetry reasons. In this way we obtain for the constant term of the unrenormalized OME

Agg.0 the expression

N2+ N+2 56 32 8 4 4
(3,0 _ 2 2 2 4
Uyg) = NFTF{CF [— Sy + —275’351 + 53251 + 552 + —275’1

N(N+1)(N+2)L 9
256 16(10N3 + 13N2 + 29N + 6)
29 ] - S3 4 35,8
Ty 8IN2(1+ N)(2+ N) [55 +355]
325N° —16N* + N —6)  , S(109N"+291N? + 4T8N? + 324N +40)
8IN2(1+ N)(2+N) 7° 2TN2(1 4+ N)2(2 + N) ?
8(215N* + 481N? + 930N? + 748N +120) Ry 5
1 1

8INZ(1+ N)2(2 + N) 243N%(1 + N)3(2 + N)
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64(N? + N + 2)Rs Rg

9N —1)N3(1+ N)3(2 + N)ZC?’ T BN )N+ NP2+ NP
N2 N +2 56 128 160 4 8
C — 8y — 28 + =558 — =52 + 28,52
TN NN Do) |9t T g T T gy e T g T g
4 128 256

64 64
St — =518, — —S8 —S511— —@S
571 g P21P1 9 31+ g 211 9 (351

32(5N* + 20N3 + 41N2 4 49N + 20)
BIN(1+ N)2(2+ N)?
64 (5N + 38N 4+ 59N2 + 31N + 20)

[S? + 12551 — 35554]

128 (5N? + 8N + 10)

T3 N+ N22+ Ny S S NOF MR LN
512 (N> + N + 1)(N? + N +2) 16R; s
9 (N—1)N2(1+N)2(2+ N)2<3 C 8IN(1+ N)3(2+ N)3"2
32(121N3 + 293N2 + 414N + 224) Rg o
a 8IN(1+ N)2(2+ N) 2 BIN(I+ N2+ N)3™!
16 Ry 8R1o

S

BN DN+ N2+ N T 23N - DNS(1+ NP2 + N

} aon
with the polynomials

R, = 24368N° + 81984N* + 179200N? + 225232N? + 126880N + 21504 , (101)

Rs = 3N®4+9N° — N* —17N® — 38N? — 28N — 24 | (102)

R¢ = 13923N'7 4+ 180999N'6 + 1064857 N> + 3812487 N + 9348807 N?
+16391845N12 4 20248499 N + 17070917N ' + 11536274 N° + 11303496 N®
+13846104N" + 16104128 N°® + 22643488 N° + 29337472N*

+26395008 N3 + 15388416 N2 + 5612544 N + 995328 | (103)
R; = 139N® 4+ 1093N° + 3438N* + 5776 N® + 5724N? + 3220N + 752 , (104)
Ry = 1648N° 4+ 11104N° + 34368 N* + 63856 N* + 71904 N? + 43264 N + 10880 , (105)
Ry = 1244N'0 4+ 10557N? 4 40547N® + 90323 N7 + 114495N° + 49344 N°

—69902N* — 115200N? — 64352N?% — 11264 N + 864 (106)
Ry = 3315N' 4+ 39780N + 194011N" + 471164N"? + 416251 N — 860568 N '°

—3525799N? — 6015120N® — 6333994N7 — 4373672N°® — 1907512N°

—499824N* — 217952N? — 264192N? — 160128 N — 34560 . (107)

Here Cr, C4 and T denote the color factors, cf. (A.20-A.23). Sy = Si(IN) denotes the single

harmonic sum (D.44) and ¢, = > ,;—,, k > 2, k € N are values of the Riemann (-function. The
heavy flavor Wilson coefficient Lg is thus completed.

3.3 Automatized computation?®

Additionally to the C4T2Ng and the CrT%Np contributions there is a much larger class of
diagrams with similar topologies contributing to the relevant operator matrix elements. All

3In collaboration with Mark Round.
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OMEs i
Ag, (including ghost diagrams) | 100
ANS 29
A%]qé%‘lans 29
O
AGa.0 30
Ayy o (including ghost diagrams) | 89
Agg@ 27

Table 1: Number of diagrams that could be computed in an automated way via representations in
special functions

diagrams with at least one massless internal two-point function are in principle computable with
the same method. Due to the relatively large number of these diagrams it is advantageous to
set up automatized procedures in order to allow for an efficient evaluation.

All contributing diagrams have been generated using QGRAF in Ref. [139]. We used the same
diagram database to allow for easier comparison with the fixed Mellin moments computed in
this reference. FORM-codes have been set up to implement the Feynman rules including those
for the operator insertions, see Appendix B. A Mathematica code then analyzes the specific
diagram topologies, selects those diagrams with at least one massless bubble subtopology and
chooses an optimal integration order for the different loop-momenta. This integration order is
determined by the following criteria

e Integrate all completely massless loops first
e Integrate all completely massive loops
e If in doubt integrate the loop without any operator insertion first

e Otherwise choose next integration momenta randomly.

The momenta are then integrated using a FORM—code and a Feynman—parameter representation is
obtained. We apply the strategies outlined in Section 3.1 to map the integrals to the hypercubus
in a way that avoids further entanglement among the different Feynman parameter integrals.
All Feynman parameter integrals which may be performed without yielding a higher nesting
among the remaining integration variables are performed at this step and the binomial theorem
is applied until all remaining integrals correspond to the integral definitions of the Euler-B
function or a generalized hypergeometric pFy—function. The e-expansion is performed using
the sum representation of the hypergeometric functions and the nested sums are evaluated in a
final step using the summation packages Sigma [236,237] , EvaluateMultiSums [238,239] and
p-sum [240,241]. For fixed values of the Mellin variable N, all results were in agreement with
the Mellin moments computed in Ref. [139].

All results of the individual diagrams are expressed within the class of nested harmonic sums up
to weight w = 5, and the constants (, and (.
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4 Logarithmic contributions to the heavy flavour Wilson
coeflicients

The computation of the complete heavy flavour Wilson coefficients at O(a?) constitutes a very
challenging task due to very large expressions and complex mathematical structures. Due to
the renormalization procedure [139] we know, however, that all logarithmic contributions in
(m?/u?) can be expressed in terms of the 3-loop anomalous dimensions and different lower
order quantities?. All 3-loop contributions to the two Wilson coefficients L; and LqPS have been
computed and they are now presented in a complete form, see also Ref. [220]. The complete
Wilson coefficients LqNS and H 5 S including logarithmic and non-logarithmic contributions can
be found in Refs. [157, 158,223,244, 245]. Furthermore all logarithmic contributions to the
operator matrix elements, which are needed vor the variable flavor number scheme have been
computed [156].

The single-mass contributions to the operator matrix elements have the general form

2 3/2¢/2
(3 m 1A33 1A3 L 31 3),0

where the dz(»?)’k are functions of the Mellin variable N only. After renormalizing the mass, the
coupling, the operator and applying mass factorization, the renormalized expressions for the
massive operator matrix elements A;; obey the general structure [139, 246]

2 2 2 2
AS) (m_2> = a( In® (m ) +a( )2 12 (m ) —I—a( " n (m ) +a( "0 (109)
R NR HR IMR

where pugr denotes the renormalization scale. For simplicity we will identify the renormalization
scale with the factorization scale from now on, ur = pur = p and use the shorthand notation

Ly = (7:—22) . (110)

Due to the form of the mass-dependence in (108) the coefficients a®!, a(®2 and a(®* depend

on the pole terms of the unrenormalized OME only. The renormalization procedure introduces
terms which cancel these pole terms and all logarithmic coefficients of the renormalized OMEs
can thus be expressed in terms of anomalous dimensions and lower order quantities. The only
contributions that have not been known yet are the constant parts of the 3-loop OMEs a;;. The
analytic expression for a S has been published in [140] as well as aqq,¢ the computation of which

is outlined in Section 3. In the MS-scheme the renormalized OMEs APSQ and Ay, o read [139]

A(3),PS,WS NG 79(1 ’qu)ﬁoQLg 1 ),PS 2(0)4(1)) 12
19,Q - F 12 8 foq + YVag Vgq )M

1/ . ) )
+Z (27(53)’% + 7{58) {2a(gq),Q - 75(,2)60,@{2}) Ly

4For heavy flavour Wilson coefficients depending on both my, and m, there are further logarithms in the mass
ratio n = m2/m? which can not be determined by the renormalization procedure only, [242,243]
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(0) 4,(0)
2 (0)5(2) Yoq Vag B0,QC3 ’qu 50 Q%2 (3),PS
~Yag Ygq.Q + 12 4 +aq%Q ’ <111)

and
(3),Ms %gg) (0)2 (o 3 1 1)
AqgQ = Nr 48 Yoq Yog T 250@(799 - ’qu + 260) Ly + A 27qg Bo,q
1
1 1),NS | ~(1 2 (2)
+7t§g) (mgq) Véq) + 759) ™ 261@) }LM + 5{%59) T %gg) ( 99:Q
ONs | ) g

40,0 +51,Q) ] — G (754)%19 + 200 Q[%y _7qq +260]) L

+(0)
2(0) (NS _ (2 Yag (0) 2/(0) 0) _ (0
+/ng (aq%Q gg Q 61 Q) C (79(] fqu + 260 Q |:f)/gg fqu + 2B0i|>

48
(3)
G . Uq9,Q
16 (7119 'qu + 27(5}1)50762) + ]q\é;p . (112)

In (111,112) the ~,;; denote the anomalous dimensions, and the f; and ﬁ] o coefficients of the
QCD-g function, see Egs. (195-198). The light flavor Wilson coefficients obey the general form

[e'e) !
Ci (N,a,,Q*/p?) = > d> &’LE (113)
=0  j=0
with the logarithm
Q2
1
We use the matrix notation
ik ( gk gk
= (e ) | (115)
and
(k) (k)
7® =TT (116)
Yoa  Vgg -

Here ¢*° = (1,0) and the first order contributions ¢!'¥ are given in Ref. [89]. The second order
contributions have been computed in Refs. [95-97]. The coefficients ¢-? with j > 1 follow from
the evolution equation obtained by resolving the RGE for the Wilson coefficients. Up to O(a?)
they are given by [247]

EERN YN (117)

A= POy 4 10 (O _ g ) (118)
1

2?2 — §c1’1 (v - BoE) (119)

= 0408 (0 5) 139 (0~ 255) (120
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A2

(" (YY) = BiE) + ! (v = 25,E)) (121)

3,3 *? (v —28,E) , (122)

c? =

Wl LN -

with E the unity matrix.

For Q? = u? the light flavor Wilson coefficients are given in [87-91,93-103,105,106,248]. Renor-
malizing the OMEs using Eqgs. (283,112) and inserting the result into (71,72) yields the complete
expression for the respective heavy flavour Wilson coefficients. The leading order contribution
to the Wilson coefficient L3 starts at O(a?). In Mellin N-space it reads

Lgy =3 [1+(-D"]
32P4 L, I 64P
TON - DNAN F 1PN 22 Q| 27(N — )NA(N + AN + 2)°
256P; (—1)N 2(39y)* (N +2) L%,
" 9(N —1)N2(N +1)3(N +2)3 3(N —1)
64(N? + N +2) (8N? + 13N2 + 27N + 16) 64(N? + N +2)%s,
9(N —1)N2(N +1)3(N +2) ~ 3(N—1)N2(N 4+ 1)2(N +2)

XGE{CFNFTI%

Ly

5125 5
3(N - )N(N + 1)(N + 2)

32P,L2,
9(N —1)N3(N + 1)3(N + 2)2

+

32P; N 64P,5,
27(N — )NA(N + )3 (N +2)3  3(N — 1)N3(N + 1)3(N + 2)2

N2+ N +2)°
R — I
(N —1)N2(N +1)2(N +2) 3
B 32Py N 32P351

243(N — 1)N5(N + 1)5(N 4+ 2)*  81(N — 1)N4(N + 1)4(N +2)3
B 16 P3S? B 16 P5So

2T(N —1)N3(N +1)3(N +2)2  27(N — 1)N3(N + 1)3(N +2)2

32L% (N2 + N +2)° 32(N2+ N +2)°L3,

9(N —1)N2(N +1)2(N +2) 9(N — 1)N2(N +1)2(N +2)

2 2
(N2 + N +2) 6y, 3 52 g . 1605 256c3]]

+_

+

+

+

(N — 1)NZ(N + 12(N 1 2) [ 27 27 9
+NF5§§(3)(NF)} : (123)

with the polynomials

P, = 4NS4+22N° 4 48N* + 53N3 + 45N% + 36N + 8 (124)
P, = N7 —15N°—58N* —92N3 — 76N? — 48N — 16 (125)
Py = NT—37N®—248N° — 799N* — 1183N3 — 970N? — 580N — 168 (126)
Py = 11N" 4 37N® 4 53N° 4 7N* — 68N> — 56 N? — 80N — 48 (127)
Ps = 49N7 4 185N° 4 340N> 4 287N* + 65N3 + 62N? — 196N — 168 (128)
P; = 85N 4+ 530N? 4+ 1458 N8 4 2112N7 + 1744N6 + 2016 N° + 3399N* + 2968 N3

+1864N? + 1248 N + 432 (129)

32



P; = 143N'0 4+ 838N? + 1995N% + 1833N7 — 1609N°% — 5961 N° — 7503N* — 6928 N3

—4024N? — 816N + 144 (130)
Py = 176N'0 4+ 973N + 1824N8 — 948N" — 10192N% — 19173N° — 20424N* — 16036 N>

—7816N? — 1248N + 288 (131)
Py = 1717TN' 4+ 16037N"? + 66983N'! 4+ 161797N'0 + 241447N° + 216696 N® + 86480N7

—67484N° — 170003 N> — 165454N* — 81976 N3 — 15792N? — 1008N — 864 . (132)

For brevity, here and in the following the massless 3-loop Wilson coefficients C’Z-’fj have been left
symbolically. Their analytic expressions were given in Ref. [106]. Furthermore we have used the

shorthand notation

N2+ N+2
N(N+1)(N+2) "

~0 __
Vag = —4

The gluonic Wilson coefficient L;Z reads

4 16(N? —4N? — N —2)
L3, =321+ (~1)N]{ a?TENpS L S
o2 =21+ () ]{“8 PNEY | 5Tt - ey (v e D)
4 : 16 64(N®—4N?2—N—2)| 16
LoL NpTp | L3 | —A2,51 — —A0 Lol
3wl M} { FER\ M 79992t = T NN £ 1)(N + 2) g JagtQEM
64(N2+N+1)(N2+N+2) 8
CANFTE 39,51 | L,
TOANFIE 9N SNV + 1)2(N + 2)2 T gas™!
64(—1)N (N3 4+ 4N? + 7N +5) N 8Pas
3(N+1)3(N+2)3 9(N —1)N3(N +1)3(N +2)3

32(8N* —7N3 4 5N? — 17N — 13)5, 64(N?+ N +1)(N?+ N +2)
9(N — 1)N(N + 1)2(N +2) M1B(N —1)N2(N + 1)2(N +2)2

8 o
+§’qu51

~ 4 4.5, 8
0 2 2
+ Yqg [—?51 + 75 + 55_2}] LQ

32(8N* —7N3 4 5N? — 17N — 13) 57 N 128(—1)N (N3 + AN? + 7N + 5)5;
9(N —1)N(N +1)2(N +2) 3(N +1)3(N +2)3

B 32P4 S N 64(—1)NPig

27(N — 1)N2(N +1)3(N +2)3 ~ 9(N — 1)N2(N + 1)4(N + 2)*
B 16 P3o L2 64(N*+ N +1)(N?+ N +2)

2T(N —1)N3(N + 1)4(N +2)4 * "M | 3(N —1)N2(N + 1)2(N +2)2
W80 g 32(8N4 + 13N? — 22N? — 9N — 26) S, N 128(N? + N —1)S3

3 a9 9N — )N(N + 1)(N + 2)2 ON(N + 1)(N + 2)

64(8N® + 15N + 6N3 + 11N? + 16N + 16)S_5

32 Py

O(N —)N(N + 12(N +2)? v
128(—1)NV(N3 +AN? + 7N +5)  64(2N —1)(N3 +9N?2 + 7N +17)5
3(N 4+ 1)3(N +2)3 9N —1)N(N +1)2(N +2)
8y 16 128(N? + N +3)5_3

8 32
~0 | 22 - _ _—
Higg | =35t + 57 + 350 SNV (N +2) ) [ SP = 85,51+ 5
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s { 4 oo 452} N 8(109N* + 291N 4 478N? + 324N + 40) Sy
Tag| 73717 73 27TN2(N + 1)2(N +2)
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8P19S? B 16 P33.51
N —DN3(N+1)3(N+2)2  27(N — 1)N4(N + Di(N + 2)3
64(—1)N Psg N 8(N? + N +2) P15,
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S3 28,8, — 8
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64P155 2 n 52615 5+ 288 53— 5129
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NN+ D)

+NpCyy” (NF)}} ;

where

Py = 3NS4+9N° — N* —17N3 — 38N? — 28N — 24

Py = 47TN® 4+ 141N° + 59N* — 117N3 + 2N? 4 84N + 72

Piy = 65N% +455N° + 1218 N* 4 1820N3 + 1968 N? 4 1460N + 448
P13 = 139N® 4 1093N° + 3438N* + 5776 N3 + 5724N? + 3220N + 752
Py = 9N7 4 71N + 214N° + 320N* + 275N3 + 215N2 + 160N + 32
P = N®4+8N7T—2N6 — 60N — 23N* 4+ 108 N3 + 96N? + 16N + 48
Pig = N®4+8N7T—2NS® —60N® + N* + 156 N3 + 24N? — 80N — 240

+
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Pr7
Pig
Py
Py
Py
Py
Pa3
Poy
Pas
Pag

Py

Py

Pyg

Psg

P3

Py

3N® + 8N7 — 2NS — 24N° 4+ 15N* 4+ 88N?3 4 152N? + 96N + 48

5N8 — 8NT — 137N6 — 436 N° — 7T13N* — 672N3 — 407TN? — 192N — 32

TN® + AN — 90N® — 224 N5 — 21 N* 4 388 N3 + 608 N2 + 336N + 144

10N® + 46N7 + 105N6 + 139N° + 87N* — 17N3 + 50N? + 84N + 72

19N® + 7TON7 + 63N — 41N° — 192N* — 221 N3 — 142N? — 60N — 72

38N® + 146N7 + 177NS 4+ 35N° — 249N* — 373N3 — 218N? — 60N — 72

56 N8 + 194N7 + 213N6 4+ 83N> — 231N* — 469N3 — 290N? — 60N — 72
113N® 4+ 348N7 4+ 109N°® — 289 N> — 272N* — 859 N3 — 778 N? — 172N + 72
IN? + 54N® + 56 N7 — 110NS — 381N° — 568 N* — 364N3 — 72N? + 128N + 96
IN? 4+ 54N8 + 167TN7 + 397N + 7T80N® + 1241 N* 4 1448 N3 + 1200N?

A~ N~~~ o~~~
= e e e e e e e
S S S U,
O © 0 N O O = W N
M Y~ Y Y ~— Y ~—

+608N + 144 (151)
55N9 4 336N8 + 218 N7 — 2180N°% — 6520N° — 9764N* — 9368 N? — 60322

—2448N — 576 (152)
N —56NY — 236 N® — 373N7 + 82N° 4+ 1244N° + 2330N? 4 2560N3 + 1712N?
+896N + 288 (153)
33N + 231N + 662N + 1254N8 + 1801N7 + 2759N° + 5440N° + 9884 N*
+12512N3 + 9200N? + 5184N + 1728 (154)
45N + 383N10 + 958 N9 + 526 N® — 763N7 + 1375N% + 7808 N° + 13028 N'*

+12976 N3 + 8016 N? + 4608N + 1728 (155)
SIN'! 4+ 483N 4+ 1142N° + 1086 N® — 767N” — 4645N° — 8936 N — 11980 N*
—12352N3 — 8272N?% — 4800N — 1728 (156)
120N +1017N10 4 2737N? 4 1292N8 — 8086 N — 20743N°% — 24563 N°

—16702N* — 6840N? + 120N? + 2432N + 960 (157)
121N + 988 N1 4 3554 N° + 6972N8 + 7131N7 — 846 N® — 14806 N — 25354 N4
—26096 N3 — 16752N? — 8352N — 2592 (158)
27TN12 4 441N + 2206 N + 5360N? + 7445N® + 8555 N7 + 18766 N® + 44852 N°
+67572N* + 63960N3 + 39632N? 4 15648 N + 2880 (159)
2447N'? 4+ 16902N 1! + 59649N10 + 125860 N + 128761 N® — 36530N " — 248341 N°
—304460N° — 162188 N* — 11724N3 + 29160N? 4 19440N + 7776 (160)
3361N12 4+ 23769N ! + 62338 N0 + 59992 N — 63303 N8 — 317823N7 — 585520N6
—640602N° — 430132N* — 167536 N3 — 27648 N2 + 9504 N + 5184 (161)

76N + 802N13 + 2079N 12 4 1847 N — 19377N 10 — 58253 N9 — 26543 N8

+170601N7 + 362177NS + 225119N° — 103240N* — 193092N3 — 137160N?

—117072N — 25920 (162)
76N 4+ 1042N" 4 5979N'2 4 16367TN ' + 11883N10 — 47693 N — 125723 N8
—86079N" + 36437NC + 22559 N° — 51700N* + 24828 N3 4 132840N?2 + 116208 N
+25920 (163)
3180N' + 38835 N4 + 188728 N3 + 456665N 2 + 460954 N — 406761 N1
—1972948N? — 2827653 N® — 1857970N" 4 109786 N® + 1302824 N° + 1092456 N4
265888 N3 — 227616 N? — 194688 N — 44928 (164)
28503N 17 + 297639N 16 + 1232041 N'° + 2461407 N + 2169615N 2 + 662941 N 12
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+2110979N M + 5346653 N 10 + 2021366 N — 7290864 N8 — 11721384 N7

—3689680N6 + 15676192N° + 32276800N* + 31869312N2 + 18809856.N 2

+6856704N + 1244160 (165)
Py = T75N'® 4+ 3330N17 4 35497N16 + 175010N1 + 486862 N1 4 966996 N 13

+2037362N 12 4 3604404N 't — 1625689N10 — 29506022 N — 78753403 N

—107977014N7 — 71548880N% + 18344016 N° + 89016048 N* + 92657952 N3

+58942080N? + 25505280N + 5598720 (166)
Py = 325N 4 4280N'7" + 17759N 10 — 14880N1° — 412326 N1* — 1696848 N '3

—3216546 N2 — 1169232N 1! + 8956857N 10 + 23914216 N + 31536899 N®

+25361392N7 + 9982840N5 — 10154128 N — 26098704 N* — 26761536 N3

—17642880N? — 8087040N — 1866240 . (167)

The expressions in Eqs. (134),(123) are given in an irreducible basis representation. Apart from

those in the 3-loop massless Wilson coefficients the Wilson coefficients Lqu and Lf , are given
in terms of the harmonic sums (D.44)
Slu S—27 S27 5—37 537 S—47 S47 S—Q,lu 52,17 53,17 52,1,1' (168)
0.002 . .
O(a?) contribution of ng
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Figure 3: The O(a?) contribution by L, to the structure function Fy(z, Q?).

The Mellin transforms of the functions (168) are known [166,180] and the z—space expressions
for LZ’SQ and L; , have been published in Ref. [220]° together with the logarithmic contributions
to the other heavy flavour Wilson coefficients contributing to the structure function Fy, whereas
the non-singlet Wilson coefficient Lg',g has been published separately and including the non-
logarithmic contributions in Ref. [157].

5T would like to thank A. Behring for discussions.
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Figure 4: The O(a2) contribution by L , to the structure function Fy(z, Q?).

Figure 5 displays the contribution of the Wilson coefficient Lf3 to the structure function Fy(x, Q?)
up to O(a?). Here the PDFs of Ref. [249], ¢f. Eq. (11), have been used. The Figures 3 and
4 illustrate the corresponding two- and three-loop contributions to the Wilson coefficient L;Q.
The O(a?) contribution is smaller than the the O(a?)-term. This is due to terms o< 1/z in the
three loop contribution which do not contribute at 2-loop order. Generally the contributions at
two- and three-loop order turn out to be minor compared to other contributions to the structure

function Fy(z, Q%) [220].
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O(a?) contribution of LY%
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Figure 5: The O(a?) contribution by Lf$ to the structure function Fy(z, Q).

All logarithmic contributions to the massive operator matrix elements which are needed for the
variable flavor number scheme have been published together with the logarithmic contributions
to the heavy flavor Wilson coefficients in Ref. [220].
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5 Renormalization of massive OMEs with two masses

The Feynman integrals contributing to the various operator matrix elements contain ultraviolet
and collinear divergences. We choose to regularize both by applying dimensional regularization
[250] in D = 4+ ¢ dimensions. This additionally requires the extension of the Lorentz-metric g,,,
and the Clifford algebra of the Dirac matrices to D dimensions. The divergences then constitute
themselves as poles in a Laurent series expansion around € = 0.

At one and two loop order the two-mass massive operator matrix elements A;; are given in
terms of the known single mass contributions since they do not contain more than one internal
massive fermion line. The first genuine diagrams with two different masses emerge at O(a?).
The two—mass OMEs can be decomposed into contributions depending on just a single mass
each and contributions stemming from diagrams with both masses

l l
s (mi m3\ | (mi /2 m2\ "%
Ai\ee) T \e) e

Here the parts /Alg) correspond the single-mass OMEs the renormalization of which has been de-
rived in Ref. [139] and p? is the renormalization scale, which we choose equal to the factorization

~

x 2 2
A(l) “(l) ml m2
Aif + Ay (_u2 ’_qu) : (169)

N 2 2
scale.It would be sufficient to cover the renormalization of the mixed contribution AE? (%, %)

only. However, it is technically advantageous to construct the renormalization prescription for
the complete two-mass OMEs. Furthermore, a change in the renormalization scheme as in Egs.
(207,208,241,240) generally introduces a mixing between the different components of Eq. (169).
We thus present the renormalization for the complete two—mass OME. In a fixed renormaliza-
tion scheme. The renormalized mixed-mass contribution is then obtained by subtracting the
respective single-mass terms.

To renormalize the operator matrix elements with two masses we follow the renormalization
procedure outlined in Ref. [139] before. At various steps adjustments have to be made to account
for the second mass which is why we present the different steps here again in complete form.
We study the case of Np massless and two massive quark flavors as this covers the physically
interesting case of contributions due to ¢— and b—quarks and the respective power corrections in

o N

n= (170)

@§m| S

which are not suppressed by a strong mass hierarchy. Up to O(a?) no diagrams with more than
two massive fermions contribute.

5.1 Mass Renormalization

The most frequently used schemes for the mass renormalization schemes are the MS— and the
on—mass shell (OMS) scheme. We renormalize the mass in the OMS scheme first and provide
the finite renormalization to switch to the MS-mass, cf. Eq. (241).

The bare masses m;, i € {1,2} are expressed by the renormalized on—shell masses m; via

2

ms: e/2 m2 1>
mi = Zmyi(ml,mg) m; =m; |:1 + ds <—2l) 5m1 + dz(-;) (5m2,i (ml,mg) -+ O(&i’) s (171)
t I
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where @, denotes the bare coupling §2/(47?)? and
omiy (my,ma) = 6ms + b, (ma, ms) - (172)

In Eq. (172) dm) is the single mass-contribution, whereas Sfm denotes the additional contribution
emerging in the case of two different massive flavors. Note that from order O(a?) onward the
Z-factor renormalizing m; depends on my and vice versa. For the massive operator matrix
elements this is observed at 3—-loop order for the first time. The coefficients dm; and dms, have
been derived in [251,252] up to O(e®) and O(e™') respectively. The constant part of dmy was
given in [253,254] and the O(g)-term of dmy in [139],

6 3
(-1)
= 5m71 +6m\? + 5m§1)€ : (174)
1 45 91
199 51 605
—14Tr(Np + 1)) + Cr (? — 7@ +481In(2)¢ — 12@,) +Cy (—?

+g€2 —24In(2)G + 6C3> + T [Np <475 + 10c2> +1 (62—9 — 14@)}] (175)

5 07(_2) 5 07(_1)
dENneLE (176)

e2

L 8 14
5m22(m1,m2) = CFTF{_2 - — 4+ STZLH(?(’I"Z) — 8(7“1 + 1)2 (TZQ —T; + 1) H—l,O(Ti)
g £

3
+8(ri — 1)* (r] + 7 + 1) Hio(r;) + 877 Ho(r;) + 3 (8r7 +15)

+2 [4r;* 128 12 + 5} gg} (177)
N R S
= 2 T O (178)
g g
with i € {1, 2},
1
r =+/n and 1o = — . (179)

Vi

The superscript ¢ for the coefficients 5m§_2) and Smg_Q) has been dropped as they are independent
of the renormalized mass m;. Here Hz({) denotes harmonic polylogarithms [180] (see Appendix

(D.2.1)) with Hy(¢) = In(¢), H_1,0(¢) = Lia(—¢) +In(¢) In(1 + (), Hip(¢) = Liz(1 — () — (> and
Lis(z) the dilogarithm (D.33).
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Eq. (178) states the complete analytic form of the contribution of the respective other massive
flavor to the renormalization of the bare masses. In the present analysis we will focus on mq, ms
being the masses of the charm and bottom quark respectively. Due to the small ratio

(180)

n~ 0.1

we may restrict ourselves to the expansions up to O ( 3In’( ))

- 45
dmy" O (my, my) = CrTy (+10<2 + 5 = 246" + 240 — 246
13 151 1 1
2(-=1 — 4+ —1 - 2
3 ( 00+ ggg T >+442)”

1 19
32 In(n) — — | n* | +0O (n*In(n)? 181
+32 (gl 300)77)+ (7" n(r?) (151)
- 2 1
omy> O (my,my) = CFTF<—2ln2(n)+§6ln( )+2g2+1i83
1 19 1389
2(—=1 2
3 ( 30 0+ 300)"+3 < 1120 n(7’)+156800)"
(182)

1 997 1\ 5 )
+32( 3151 n(n )+396900)n>+0(n In(n)?) .

R R 2 .2
1 (2) (M1 My
i 4G (0 ) +a {Aw ()

Applying Eq. (171) we obtain the mass renormalized operator matrix elements by

. 2 2
~ ml m2 ~
AZ](?:F: ) = 51] Qg A [1/2 'u27
m2\e/2 d maNe/2 d 7 aqy/mE mi
o (25 g+ () ] A (2 28,0
It Ydmy  \ g dmy Y
S r2 2
vl ap ()
{ I\ 2
woma | (T0) Py (T2, A (T, )
p? dmy G dmgy ] " p2 pE
mld mgd 1) 1 m2
[5m2(m1,m2)d—ml +5m2(m1,m2)d—mJ Al <M27 e ,N)
+5_m% (ﬁ)sm%dg <m2>€m2d2 Al <m1 N>
2 ,U2 dm2 ,U2 dm2 Y] Iu2’ Iu2’
mi\&/2 (ma\/2mid mod 2 m? m3
o <u2) (;ﬂ) dmy dmy ( 27 2’N) ' (183)
1 2 pep

They are symmetric under the interchange of the masses m; and ms
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5.2 Renormalization of the Coupling Constant

When renormalizing the coupling constant it is important to note that the factorization relation
(56) strictly requires the external massless partonic legs of the operator matrix elements to be
on-shell

=0, (184)

with p the external momentum of the OME. This condition would be violated by massive loop
corrections to the gluon propagator. We follow [139] and absorb these corrections uniquely into
the coupling constant by using the background field method [182-184] to maintain the Slavnov—
Taylor-identities of QCD. We thereby adopt a MOM-scheme for the coupling constant. A finite
renormalization relates the MOM coupling constants to the MS-—scheme and is applied later. For
this scheme transformation we assume the decoupling of the two heavy quark flavors.
Concerning the light fermionic flavors, the coupling constant is renormalized as in the MS-
scheme, with

i = 2 (=, Np)al' ()
= () [1+ 6alF(Np)alS (142) + 6l (Np)al ()] + O@®) . (18)

The coefficients 5a2’7'?(N F) are given by

5a'sv,l1s(NF) = gﬁo(NF)a (186)
S (NE) = BN+ ZAu(N) (187)

From the renormalization prescription (185-187) it follows directly that that Sy(nf), fi(nf) are
the coefficients of the QCD [—function for Ny massless quark flavors

BYS(Np) = —Bo(Np)a¥s — By(Np)a™s +0( ) (188)

They are given by [40,41,255-258]

11 4
34 5
Bi(Np) = ECA (gcA + CF) TrNp . (190)

We split the renormalized gluon self energy II into purely light and the remaining heavy flavor
contributions II;, and Ilg

H(p m%,mg) HL( )~|—HH (pz,mf,m%) . (191)

The heavy quarks are required to decouple from the running coupling constant and the renor-
malized OMEs for p? < m?, m2 which implies [128]

5(0,m?, m2) =0. (192)
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We apply the background field method which has the advantage of producing gauge-invariant
results also for unphysical quantities as e.g. off-shell Green’s functions to compute the heavy
flavor contributions to the unrenormalized gluon self-energy [182,259]. Applying the respective
Feynman rules [204] we obtain the result

I e (07} 3 427, 2,0) - = (=07 4 D" out Lo (07 i 3 427 )
. R R 2/6on m2 5/2 m2 5/2 &) Cl € 1
HH,BF(O,W%,mgafa&as) = s c |:<,U’_21) T (/L_22> eXp<§7(§>>
9 m% € mg € 1 20
+a? <_2) 4+ <_2> —(——TFCA - 4TFCF>
Iz Jz ex 3
32

_ETFCA + 15TrCr

86 31 5
+€<——TFCA — —TpCp — gCQTFOA — C2TFCF>

27 4
(M) () () e LS G))
+0(a3) ,
(193)

where the masses m; and ms have been renormalized in the on-shell scheme given in Eq. (171).
In order to write (193) more compactly we used the notation

[e.e]

0 = () ()7 (25 6)) 194

and keep this factors unexpanded in the dimensional regularization parameter . Furthermore
we denote the contributions to the QCD-f function coefficients by ﬁfg [40,41,128,139,255-258]

foo = —3TF, (195)
5
b = —4 (gCA + CF) TF, (196)
(1) 32
big = —gTFC’A + 15TFCF (197)
86 31 D
/8526)2 - _2_7TFCA - ZTFGF — (2 (ETFC’A + TFCF) . (198)

Eq. (193) differs from the sum of the two individual single-mass contributions [139] by the last
term only. This term is due to additional reducible Feynman diagrams in the cases of two heavy
quark flavors of different mass.

The background field is renormalized using the Z—factor Z, which is split into light and heavy
quark contributions Z4 1 and Z4 . It is related to the Z-factor renormalizing the coupling
constant g via

1 1
Z,= 2,7 = . (199)
! A (Zar + ZA,H)1/2
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Concerning the light flavors we require the renormalization to correspond to the MS-scheme
with Np light flavors

el/2
Zu(Ne) = 255" (200)
The heavy flavor contribution is fixed by condition (192) which implies
g pe (0, 4%, as,m3,m3) + Zag =0 . (201)

The Z—factor in the MOM-scheme is read off by combining (199,(192), (193) and (201)

1
MOM
ZMOM (e Npp + 2, 1, m) = S (202)
Up to O(ag/'ow) we obtain the renormalization constant
ZYOM e, Ne +2) = 1 a2 [Z(50(Ne) + o ()]
vation )[BT L) + s (@)
1/ /m3\e [/m3\¢

(G 4 (2)) (ravestiy o)
L0, MoV (203)

We define the coefficients of the MOM-scheme Z-factor, 5&2{'10'\" and 5@2{'8“", analogously to the
MS-coefficients in (185)

saMoM = [25 oNr) | 28 +22(9)] (204)
5a2{|20M _ Bi(N, + {QBOiNF) 4 QBO’Qf(e)}2

(20 (28)) (ra et t)] ot

Finally we express our results in the MS—scheme. For this transition we assume the decoupling of
the heavy quark flavors. The renormalization—scheme transition then follows from the equality
of the unrenormalized coupling constant.

(205)

72 —
ZM (e, Np + 2)aM (1?) = ZgMOMQ(a, m, pt, Np + 2)aMM(1?) . (206)

g

Solving (206) perturbatively we obtain

__ 2 5
o = o (n(G) ()

Big (m(’;—j) + 1n(f—§> - Qﬂfg?] 50 (agTs4> | (207)




or,

a'sv's = a'SV'OM + aQAOMQ ((5@2/7'10'\/' — (5@'8\/7'715(NF + 2)) + aQAOMS ((5(12’7'20'\/' — (5(1'5\/7'725(NF +2)
—26aM5 (Np +2) [(mgﬁoM — 6aMS (N + 2)}) + O(aMoM?) | (208)

as finite renormalization prescriptions describing the scheme-change MS <> MOM. Note that
unlike in Eq. (185) in Eq. (207) and (208) aM® = aMS (Ng + 2). Applying the coupling renor-
malization (203) to (183) we obtain as combined formula for the combined mass— and coupling—
renormalization up to O (aﬁ"OM?’)

~ 2 2
i MOM 4(1) (M1 Ty
Ay = oyt a A (F’F)
| gMom? A®@ mi mj3 + §gMoM 4 (1) mi mj
as i\ 2 2 Asy Aij AT
m2\ /2 d m2\ /2 d 2y /mE m2
o ((2) it (52) Pt ) A (21 22)
1( G 1dm1 I de2 T\
~ 2 2 A ~ 2 2
MOM3 | 2(3) (1 1My MOM 4 (1) MOM | 4(2) (M1 M
+CLS A,LJ (F, ﬁ) +(5CL8,2 AZ] +2(SCLS’1 A” (E’ IUQ)

d
dmy dms

omi ((mive o AP miNe , dP O\ ig)
- 2 ((ﬁ) m1+dm12(ﬁ> demg 2) Ay

2\ ¢/2 2\ ¢/2 d d = 2 2
e () () g G
H 2 my L) pep

d : 2
+ <5m271(m1, m2)m1— + 5m2,2(m1, m2)m2—) AQ) <—, %)

(209)

N—
| I |

where the e— and N—dependence of the OMEs has been suppressed.

5.3 Operator Renormalization

We now remove the UV-divergences by introducing the respective Z—factors for the different
operators defined in Eqs. (37-39)

~

NS _ NS/, 2 NS
Oq,r;m ----- BN Z (M )Oq,r;m ----- BN (210)
S _ S/, 2\AS -
Oi;m ,,,,, UN Zij('“ )Oj;m ~~~~~ HN =49 - (211)
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In the singlet case the operator renormalization introduces a mixing between the different oper-
ators since they carry the same quantum numbers. Analogously to the OMEs here the Z-factors

were split into flavor pure singlet(PS) and flavor non-singlet (NS) contributions
-1 _  ,—1PS ~1,NS
Z4 = ZPS 4z NS (212)

Each Z-factor is associated with an anomalous dimension -;; via

d __
B Ne, N) = I (Z)5 (@l Nie, W) (213)
;Y5 N, N) = i1nZ( ,Np,e,N) (214)
iJ F, 'ud,u ARY F, :

Here both the anomalous dimensions and the operator Z-factors obey perturbative series expan-
sions in the coupling constant

7¢Sj’ PS, NS(CL'SVIS,NF, N) — CLE/IS 71(;—1),5, PS, NS(NF, N) (215)
=1

Zy = byt Z k7, (216)

Zt = S+ Z% J (217)

In order to renormalize the respective operators we consider operator matrix elements with
off-shell external legs as a sum of massive and massless contributions:

— 2 T
Ao 0k N 2) = Ay (0l
+AQ (p*,mi,m3, p?, aM Np +2) . (218)

Here the massless contribution depends on aMS since the MOM-scheme in Section 5.2 was con-

structed in such a way, that it corresponds to the MS-scheme concerning the renormalization of
the light quark flavor and gluon contributions. The term ¢;; does not have any mass-dependence

and is considered a part of the light flavor part Aij (;—If, oz';TS, N, F)

We first consider the renormalization of the purely massless contribution in the MS-scheme [260]
R X e —

ANS(— aMS,NF,N> — ZNS(aMS N e, N)A q5<— a™S, N, e, N) (219)
H p?

7

Aij(;—p,agﬂs, Ne,N) = 20, Np,2, N) Ay M—];,agﬂs, Nr.e,N) il =a,9.
(220)
Solving (213-214) yields the Z-factors
(0)

MS ™S Vij wms2) 1 /1 0 1 @
Zii(a¥® Np) = 5ij+a2”5?j+a2"s{ <2%(l)%] + Borss )) o= )
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MS L /1 0) (0)_(0 0 4 0
+al'® {53 (HOA0 + Br D) + 3850

(2)

Ll )y o, 1 o (1) 2, w2 (o>) Vi
Z B 2B, A 291
t3 (GM Wi Y ng T 5P T 5P ) + 5o (221)

and for the NS— and PS-—case

(0),NS

S i Y w2 ) 1 /1 2 1
ng(ag/'s,NF) _ 1+a2/|s qq6 Jralg/ls { (2%5(1 ),NS +57(0) NS) +2_6%5(1]),Ns

=3 1 /1 4
L (0 4@ ) (222

PS, MS ows?) 1 o, L apes wms3) 11 o) o)
Zyq (s Nr) = ag {2 276(19)7;1 +2_€’Vt§q) +a; g(gVéq)Vtgg)Véq)

1 1 /1 o a
+21 DD + B D) + 5 (3195

6 3
1 1 7(2) ,PS
D + WD+ S 5) + (223)

The Z-factors describing the UV renormalization of the complete operator matrix elements
A, (p m2,m2, u?, aMOM Ny + 2) are obtained by inverting (221-223), replacing Np — Np + 2
and by applying the scheme transformation (208). The resulting operator Z-factors are

(0)
3 Yij 1 1
Z; (aM Np+2,1) = b — GQAOMTJ + alioM” L ( 2%(]1 - 5GMOM%(JO)>

1 1 0 3 1 1 2) 1

WL <2%<l>,m +507U) L gMOM L( 3%(] — §aMOMA(D
1

~0aM ) + ( Bov(l)+25aMOM50’fo)+‘517i(f)

L' oo 1 o.a
+5a2”PMWfl)%S)+ S+ ) + ( 2B

3 6
1
0 0
_50%(1)718) 6%(5 )%(k)%(cg)> ) (224)
and
0),NS
ZoLNS(GMOM N oy MOM’Ylgq) Laom? | L1 ans 5 mom (o)
qq Qg sy AVE - - Qg c 2’7qq Qg ’qu
),NS 0),NS mom3 |1/ 1 MOM_ (1
(50%,,1 + 27“ )] + al L(—gvéq) — dalPMy [N
_Sa Mommgq) NS) ( Bo 7(1) NS+25aMOMB 7(o NS 5 7(0) NS
1_(0.Ns_(1)NS 5 MOM, (0),NS2 1 2 ( 0),NS2
T5%q " Yag T 00 Yog >+;3(_§f307qq Bqu
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1 (0)Ns3
6%5«;) )] ’ (225)

_|_a|v|orv|3 [1( 1 @)ps

< 37‘1‘1

—1,PS; MOM mom2 | 1 1 PS
qu17 (as 7NF+2) = G [&_(_27(5(11)7 )+ (2’7(58)7;2)>

1 /1
MOM ,PS 0 1 PS
—5& fy(gq) ) + = (6fyég)fyéq) + Sfyéq) (g) + 27¢gq)7§q)
1 1
1),PS MOM 0 0
+— 6 ”y( ), + (5@ fy(gg)fyéq)) + — 3 ( 37§g)7§q)7¢gq) GFYéq)fyég)pyég)

_ /30%52%2)) (226)

Here and in Eqgs. (221-223) we have dropped the N dependence of the anomalous dimensions 7;;
and the coefficients 3; for brevity. The inverse Z-factors for the purely light situation correspond
to (224-226) after substituting Ny +2 — Np and dalo™ — dal.

We are only interested to perform the UV- renormalization for the massive contribution to the
operator matrix element in (218) and thus subtract the contributions stemming from purely light
parts again

AQ(p m1>m27:u 7aMOM NF+2) = Zzl ( QAOM NF+2 M)A (p m%ammu aaMOM NF+2)
+Zzl ( QAOM NF+2 M)A <_p7 E/TSa NF)
12

—Zy " (al', N, p )Aij(_up GMS,NF) : (227)

(2

Finally the limit p? — 0 is performed. Since scale-less diagrams vanish when computing them
in dimensional regularization only the Born piece of the massless OME contributes

Ai]’ (O, OKI;/TS, NF> = 51’]’ . (228)

One obtains the UV-renormalization prescription

m n mi m —
A (M0 12, o N 2) = asMOM(AS>’Q<M—§,M—2)+Z ”(pr,m-z;*”(m)

v

~ m m
L aMom? <A(2)7Q< L)+ 25 e+ 2

_Z_17(2)(N )_I_ Z_lv(l)(N +2 )A(l)’Q m_% m_%
ij F ik F ) M kj /.L2 ) /L2 )

v

~ m m
+aMoM? (A(-?.’)Q( e )+ 2 O (Ne + 2, )

_Zfl,(3)(N )+ Z*L(l)(N +9 )A(Z),Q ﬁ @
i F ik F T4 1) Ay 02 2
B . m? m?2
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Here Z-factors at Ny + 2 flavors describe the massive case (224-226) while those with argument
Np denote the Z—factors for the massless case.

5.4 Mass Factorization

At this stage, only collinear singularities remain. They arise in massless subgraphs only and are
therefore independent of the additional heavy quark flavor considered in this analysis. We thus
follow [139] directly and remove the collinear singularities via mass factorization

2 2 2
my my oMOM _ i@ may oMOM -1
Aij(m,lﬂ, MOM Ny +2) = Azl<u o) Np+2)I (230)

In a fully massless scenario the transition functions I';; would be related to the light flavor
renormalization constant via the identity

i (Nr) = Z;" (NF) - (231)
However in the presence of one or more heavy quark flavors the transition functions apply to

massless subgraphs only. Due to this and the subtraction of the d;;~term in the UV-renormalized

OMEs AQ the transition functions contribute up to O(a?) only and finally the combined renor-
malization formula

Az](ml m2 I\/IOM N +2>

2

Mom [ a(D.@ (™M m3 1,(1) —1,(1)
g Ajj (Fau_ > +Z; 7 (Np+2) — Z; 7 (Nr)

2 2
2 2
—1,01) J0.Q (M M L0.Q (M M —1,(1)
+ 2 MO (N + 2) AL <F?> + |4 <? M L)+ 2" (Ne 4 2)

_Z—l U(NF)]F (1)(NF)>

A m2 m2 _ —
—|—a2"°'\"3 (141(5‘3)76,>(M217 M;’) +Zij1’(3)(NF +2)— ZijL(g)(N )
Z LWV L) ADQ(TE TS L 10y oy 0T T
+ ik ( +)k;] 2 2 + ik ( +)k;] 27[1/27

1) {0.Q (M M3\ 1)



is obtained. Eq. (232) differs from the corresponding renormalization prescription for one heavy

quark flavor [139] by the definition of the renormalization constants Zigl’(k) (Nrp+2) only. Now the
term ¢;; is added back to the massive OME. In a final step the coupling constant is transformed
to the MS—scheme via Eq. (207).

5.5 Mass renormalization schemes

For the renormalization of the quark masses the on-shell and the MS-scheme are frequently used.
The MS-renormalization constant is given by

= Z"m = m[l + 4,07, + a20ms| + 0(a?) (233)
with the coefficients [251],

5_(_1)

o = gOF = mgl , (234)

1
5Ty = fF (18Cp — 22C4 + 8Tp(Np + 2)) + Cr (50 %CA - §OTF(NF + 2))
—(-2) s (-1)

S LU L (235)

e £

The following relations between the coefficients in € of the on-shell renormalization constant and
the MS-renormalization constant are observed:

smi Y = sm{™Y (236)
sms 2 = smb?, (237)
smi™ = omiY = sm{TVem? +26m% (By + NiBog) - (238)

The scheme transformation are derived from the fact that the bare mass does not depend on the
renormalization scheme:

After renormalizing the coupling to the MS-scheme we obtain the following scheme transforma-
tions for the masses m;, i€ 1,2:

1 2 _
m; = m (1 + {5 In (ZZ) 5mgl) + 5m§0)}a'sv's + {5m2 ) "(my, mo) — 5m11)5m1 )

1 -
+26m Bo(Ng) + 46m? oo + <—§5m§1>5m§0) +omy Y + 20m” By

2

m: 1 1 2 1

In (%)2}a“”52> . (240)
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Inverting this relation yields

I m;> VE ; -
m; = m(l — {(5m§0) — §5m§ Uln (722 ) }a'sv's + {—(5m2’(0) (g, M) + (5m§ ”5m§°)

2 B 1 N2
+ <5m§0)> + 5m§ 1)5m§1) - 25m§1)/30(NF) - 45m§1)ﬂ07Q + (— <5mg 1)>

2
3. _ me?
—26m'” By + 55m§ Vsml® — sm'% By(Ng) — dml ”) In ( " )
1 2 1. 1. (1 2\ 2| e

We will present all our results in the on-shell scheme. The transformation to the MS-scheme
can then easily be performed applying Eq. (241).

5.6 One—particle reducible contributions

Starting from O(a?) the OMEs also contain one-particle reducible contributions. Up to now
only the irreducible diagrams were computed. The renormalization acts on the complete OME.
Adding the one—particle reducible contributions requires the knowledge of the corresponding
quark— and gluon self-energies as well as lower order OMEs.

5.6.1 Self-energy contributions

The scalar self energies are obtained by projecting out the Lorentz—structure

ﬂfﬁ (p2) m127 m227 Mza &s) = i(;ab [_gul/p2 + pypu] ﬂ<p27 m127 m227 :U’27 ds) ) (242)

ﬁ(p27m127m227/1’27&s) = dﬁﬂ(k)(p277ﬂ1277ﬁ22aﬂ2> ) (243)
k=1

XA:ij(p27W11277ﬁ227u'27ds) = 1 51']' ]é zA:(an7/ﬁ/12a7/ﬁ'22a,1127d5) 5 (244)

XA:(pz77ﬁ1277/7QL227M27&s) = dei(k)(pQ,ml2,m22,u2) . (245)
k=2

We decompose the irreducible two—mass self energies into contributions which depend on one
mass only and an additional part stemming from diagrams with both heavy quark flavors

2 ~ 2

00 (2,0 %, ma?, ?) = AW 2, 70+ 10 (2, 720 1 I (02 a2, ma?, u?) - (246)
ju It
and for the quark self-energy
~ 2 A D
g . . ~ m ~ m . . .
B i i, %) = SO, )+ B0, ) + SO, i o ) - (247)

Up to two—loop order no diagrams with two heavy flavors contribute

~

W (p%, mi %, my, u?) = 0for ke {1,2}, (248)
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SO (p2 2, e, 12) = 0. (249)

The single-mass contributions are known from [139,261-263]

1005 - n() e 46 | )

mm@:@)::z%cgy{_écg+;{4xh+5q¢+

iy -a) - oree{ea(ii+ Jo- §) s on( - - |

+0() (251)
w03R) - ) (e ]

—1-6—12{ (CA - 6CF>NFTF + %(35014 — 48CF)TF - C’A78

1

4
+ECACF} ! {§<CA(—101 — 18(,) — 626’F) NpTy

3181
+§ (CA(—37 _18G) — SOCF>TF + CA( 196, + @ + W)

1570 272
+C4Cr <16C3 - —) —02 } + NFTF{CA <§C3 + ECZ

27
3203 1942 295 6361
~25) € <__C2 B >} {CA (-5 e+ _CQ ey
218 1969 781
1O (=16 - 2 - 8—1)} + 03{484 — 227G+ G — o
42799 1957 10633
_SB 22
3333 } +CACF{ 8B4 + 36¢ 1 CQ ol }
274
+C%{ Gs+ }) +0(e) (252)

and for the quark self-energy,
= meee () (EEY 23[R e oy e
2 L 112 u2 e 6 72 2
) : n2\3e/2( 8 1 (32 40
@ ™y — m = —Ca
5®(0, 70 TFCF(MQ) <3£30A + S { STV +2) = Cug

454

17140
__CF} {27TF(NF+2)+CA{<2+7}—26CF}
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+NFTF{ C2+@}+ {C2+@} CA{”g §4~2+@}

81 81 3 3 162
335
+Cp{~8¢ - G- —}) +0(e) . (254)
Similarly to other massive processes [264-268], the constant
) 2., 13 /1
Bi = —4GIn’(2) + S In*(2) — G+ 16L14<§) ~ — 1.762800003... (255)

emerges in Eq (252). At O(a?) irreducible diagrams with two different masses contribute for

the first time. For the gluonic case we computed the respective diagrams up to O(n?) using the

codes Q2e/Exp [185,186]
2 1256 1 320 64 my> Mo
3 A2 A2 2 o 1 2
H( )(O,ml N ) = {_§T+g (—W — ? (ln (F) +ln (—2))>
(02 20) (o (5) e (2)
3157 ~ 3 35 7 Py
64 ,256 Mio> My
16/3 1 In
(1o g ) m () (
(B 6410208, 39616
3157 3675 1 99225
S84, 64 10208 5 39616 ,
0 "5 36757 T 99225"

1504 16 1987136 , 7026016 3}T2 .
- F

81 __CZ 385875 | 31255875

164 1 [560 1y s
+{—g§ = {— —16/31n (7> —16/31n (7
A 2
9 N U 148
140 22, (my?
g ( ( ) ( ))]—aln (%)
o (5 (2 - (25) (2
12 1 1 1
65 16 50 mq2
= 15— = — — P | In? [ —=
+(9 /150 =57 189") (/ﬂ
- @+i +322+100 In e’ In i
9 " 157" 21" T 189" 12 12

389 1924 6392 20284 7,2
- (—— — 20— o — oo — 773> In <m—1)

27 225 ' 2205 59535
14 oy’ 65 16 , 50 5\, o (s

-1 — —2/15n — — In? [ —-
9 (u2)+(9 / o1 T 189" )\ 2
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(17, 1924 6392 5 20984\ T2
—_— n RN
27 27 595 T 2205 T 59535

1130 70 56 34144 1202594 ,

o Tt oS8T 33T 350!
4231264 )|, ,

B 64 5 . 256
18753525 } FCa+0 (0 )} +0() (256)

The quarkonic self-energy contributions have been calculated analytically in n using the methods
described in Section 6.3

128 80 2In? 8 604

SO (2 a2 g2 12) = CpT2d — 20 O(s) . (257
(p 7m1 7m2 7/’L ) F F 982 278 3 3 81 + (6) ( )

5.6.2 The Operator matrix elements

Asin Eqgs. (246-247) we define the two-mass OMEs at one-loop order and the irreducible OMEs
at O(a?) by

2 A2 ~ o2 ~ s~ 2
ey miy o i MY A1) (1o
ap(ae) = () () 25
2 o~ 2 ~ ks 2 o2
A(Q) irr : & _ A 2) irr + A Jjrr [ T ’ 259
u2 G 12 G

where the A;; functions with one argument denote the usual single-mass OMEs. Using the
definitions (246-247) and (258-259) we compose the reducible massive operator matrix elements
at O(a3) by

jéi),Ns (m1 1y ,MQ) _ A,(ﬁ]) NS, irr (m 2,m22,/ﬁ2) I 3(C) (0 M2, Mo ,,f) , (260)
Ay (rn®,mio? ?) = AQ)™ (rin®,mi®, )
+Agy (nin® mg? p®) IO (0,m00%, min®, %) (261)
AR (it ) = AR (o, ) + T (0,1, g )
D (0,2, mg?, 12)? (262)
and at O(a?) by
AGNS (17,2 2 1 2) = AGINSIT (17 2 a2 0 2) LSO (0,902, mitg?, 1?) (263)
Agg _ ﬁ(?))yirr A(Q) (m1 2, )ﬂ(l) (0,77, g2, 12)
FAG) (a1 )H(2) (0,%, My, %) (264)

AB) A(3 irr _|_A(2) (ma1®, ma?, p )H(l) (0,m1® My ) . (265)
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5.7 General Structure of the Massive Operator Matrix Elements

In the case of one heavy quark flavor with mass m, the mass dependence of the unrenormalized
massive operator matrix element at order ol is given by

le
~2 2\ 2 N
E?(%,&N) = <%) Ag) (5,N) . (266)

Here Ag) <€,N ) does not depend on the mass anymore. It exhibits poles in the dimensional
1

:B»

regularization parameter € up to e

R oo (l k)
A()
Al <5, N> (267)
k=0
Furthermore, we adopt the notation of Ref. [139] and denote
ath) = q® bt = g0, (268)
The unrenormalized operator matrix elements with two massive fermion ﬂavors with masses
my # my are split into the respective single-mass terms (266,267) and a part A [u_’ 7, €, N}
depending on both masses
” 52 2\ 5 o\ 51 - 2 ~ 2 a2
AT N) = [(ﬁ) () A (o) + A (T - )
e M H He

(269)

The two flavor contributions A ( u;’ Mg e, N > my # ma, to the massive OMEs do not obey

a factorization relation as (266) and the mass dependence is pulled into the coefficients of the
Laurent expansion

. o oLk (mi m3
fxg)(g,N) Za ( L #) . (270)

k=0

Analogously to (268) we define

2 2 2 2
40 (gm_Q) _ 40 (m_2 ﬁz) | (271)
(27 p (2

In the following a®®, o, @® without argument will denote the single mass-quantities corre-
2 2

sponding to the definitions in (267,268), while a(“! (%, %) refers to the two-mass contribution.

From Eq. (232) it is obvious that the renormalization of the 3-loop OMESs requires the knowl-

edge of the one-loop OMEs Agjl»)(ml,mQ) up to O(g?) and the two-loop OMEs AZ(JZ-) (mq, ma)
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up to O(g). Up to O(a?) these two mass quantities can be traced back to the corresponding
single-mass quantities by Eqgs. (258-259) and (260-262).

It is technically advantageous to perform the renormalization on the complete two-flavor OMEs
Ag) (mu—lj, ”Z—%Q, e, N > For brevity we will present the renormalization formulas for the two-mass

contribution flg») (”;2 , ";22 e, N > only, which is obtained after subtracting the respective single-

mass contributions, cf. Refs. [139,246].

NS
5.7.1 AN,
The lowest non-trivial flavor non-singlet(NS)-contribution is of O(a?),
— 2 3 NS 4
AP, = 1+a Aqu +agA. o +O0(a) . (272)

Starting from a? it exhibits non-trivial two-mass contributions

AN, = 14+a2APN 1 O0(al) | (273)

The renormalized two-mass OME in the MOM-scheme is obtained from the bare quantities
combining Eqs. (209, 232). It is given by

AN (Np +2) = AGISMOM 4 7 VONS (N 4 ) — Z, N ONS (W)

—1,(1),NS +(2),NS,MOM (2),NS,MOM
+qu W (Np +Nh)Aqu + [Aqq,Q

2OV (N Np) = ZMONS (N [T MO (Ng) - (274)

After a finite renormalization to the MS-scheme and the subtraction of the single-mass contri-
butions one obtains the the pole-structure of the two-flavor piece

5(3)71\13 B 16 1 1 8 NS,(1 (0)
Aqq,Q — _g 37qq /80 Q 3/8 ,Q’yqq ) 4’yqq 50 .Q (LQ + Ll)
1 .
~2B0, W (Ly + Ly) — 29982 5 (L3 + LoLy + L?) — 8ab>® By o
24
A | gl (mdmd, ) (275)

with

my ms
() (). o6

The renormalized expression in the MS—scheme is given by

NS 2 2 1 1
Ao’ = dBie (ng + gL:{’ + §L§L1 + §L%L2> + Bogiag ) (L3 + L)

—|—{4aNS )Bo ot ,30 Q’Y(O)@} (La+ Ly) + 852;5’(2)50,@
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+déz?gs (m%,m%,;ﬁ) ) (277)

For the explicit expressions for the anomalous dimensions 7;; see Refs. [161,162] and for the
2-loop constant and O(g) part of the OMEs see [135,137] and references in these papers.

PS
5.7.2 AP

Depending on whether the operator couples to a heavy or a light fermion, there are two pure—
singlet contributions [139]

A% = a?AGYTS + a2 A5 4 O(al) (278)
PS
Aqq Q = 3Aqq Q + O( ) (279)

Up to O(a?) only the OME Ag, contains a generic two-mass contribution, since A oo €merges
only at O(a?) and contains one internal massless fermion line. One has

5 7(3),PS
A%y = a3ADT + 0(al) . (280)
The combined renormalization relation at third order is given by

Ag; PS, MOM+Aqq5$ MOM _A JPSMOM | 4(3),PS, MOM_i_Z(]_ql,(g),ps(NFjLNh)

qq, Q
— Z," P (Np) + 2,00 >(NF + N AG PO 1 Z L (Np + N, A
+ [AGYOM 4 Z MO (N 4+ Ni) = 2 O (Ne) [T O (Vi) + [AG PO

+ 7 LOPS(N 4 N, — Z ()PS(NF)}F—l,(1)<NF) i [AS;,MOM +Z‘1’(2)(NF+Nh)

— ZMO(Np) + Z, 2D (N + N AGMM + 2 MO (N + Nh)Aglg>g”°M] DO (Ng)
(281)

This yields the generic pole structure for the PS two—mass contribution

3 PS 16 1 1 R 2 PS
Aé?; - B 3%(1 ng 60 Q@ + 475(72)'752)50769 (L2 + L) + 3%2(9))79(1 - _ﬁ Q%lz)q )
1 0) 2 Lo A PS,(1)
+- 2904080 o (L3 + L1Ls + L) + 5750 s — 20009 Y ¢ (L2 + L)

2 e 2),PS PS
3T = 8agy S hog + 235 agy) | +ag," (mim3. pF) (282)

In the MS-scheme one obtains the renormalized expression

MS,PS [ [ [2[ [ [ ~(0)
A( )q = ’qu rng BO > ( 1 2 3 : 3 3) { 7( /y " 5 /y ( )}

,PS N —(2),PS
x (L2 + L3) + {4a8;‘° Bog —AQal? — 5()@@7;2)732)} (Ly + L1) + 8agr " Bog
,PS
—240al2) + ag"> (md, m3, u?) | (283)
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5.7.3 Ay,
Like in the PS case, there are two different contributions to the OME Ag,

Agy = a,AD) +a2A5) + aPAY) + O(al) . (284)
Ao = a®AP 10 . (285)

Of these OMEs only Ag, contains two flavor contributions starting from O(a?)

5 e 13
Agy = a?Af) +alAY) +0(al) . (286)
(287)
In Eq. (286) the a? contribution consists of one-particle reducible diagrams only, see Eq. (261).

As a consequence the flavor dependence factorizes in the O(a?) terms.
The renormalized MOM-scheme two—loop contribution is obtained by

2),MOM ~(2),MOM _ _ _ ~(1),MOM
A(Q; - Aé?s)z + qul’(z)(NF + Np) — quL@)(NF) + qul’(l)(NF + Nh)A;g),Q
_ ~(1),MOM ~(1),MOM _
+ 2,0 (Np + N AGMOM - [AGMOM 4 Z 1D (N 4+ )
—Z;gL(l)(NF)} PO (Ny) . (288)

The unrenormalized terms are given by

- oS () ()5
g (7:22 f—f) . (289)
The coefficients dg; and 58; (ZL—E, TZ—E) are read off Eqn. (261)
Gy = —50@%2){% (Ly+ La)* + @} , (290)
Ty = ﬁo,cﬁéS’{—% (L + )" = 56 (L + L) - %cg} . (291)

The renormalized expression at 2 loops then reads
7(2),MS 1 A A ~(2
AG"™ = Shoadly) (L + 13) + Ghoadly) +ag, (292)

The renormalized 3—loop OMEs in the MOM-scheme are obtained from the charge— and mass—
renormalized OMEs by

(3),MOM (3),MOM __ 7(3),MOM 7(3),MOM 1,3 1,3
AQg + Aqg,Q - AQg + Aqg,Q + qu ( )(NF + Ni) — qu ( )(NF)
+ Z O (Np + Np) ADMOM 4 2= 1O (N + N ) ADTOM 4 22 B (N + N ) AG MM

(1
_ ~(2),MOM ~(1),MOM 1,
+ Z MO (Np + Ny) AGMOM | AQIMOM 1 7 L (N + N,)
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o Zq—gL(l)(NF)] Fg_gly(Q)(NF> + |:A(2)7|\/|OM + Zq—gl,(Q)(]VF + Nh) . Z—l,(2)(NF)

+ Z MO (Np + N) AGMOM 4 2o b (N 4 Nh)Aéz)g'OM] T+ (Np)
qq

n [A(Eg; PSMOM z 1(2) PS(NF TN — z 1,(2 )PS(NF):|F;g1,(1)<NF)

n [A( ),NS,MOM + 2.0 ONS(NL 4 N — 7. 1,2 )NS(NF)}F;;’(I)<NF) , (293)

q9,Q qq

The structure of the unrenormalized OME is more complex than in the NS— or PS case. It is
given by

g(3)_18 8 .0 0 9 20 , 1 _(0) (2012
AQg - _3 lgﬁoﬁo Q7q9 37!59)%;1)6 0,Q + ﬁo Qng ’Yég) + 24ﬁ0,Q7(Sg) + 575(@) (7659))
1 ~(0) ©
+€_2 {4%5(1) (%gg ) + 1860 nyqg) + 7600 Q7qg - 27(19 ’qu 50 QT ﬁo Cﬂqg 759)}

1 1 10 . 2,
(L + In) + GRS + 9D - Dol + 2593 - 230610
1

—i—lO”y )50 Q6m1 + z

1 0. 15 1
{ﬂég)ﬁf’“) + 56 Boaomy Y+ 1304 - —ﬁo Qg

L, . . .
+§’Yg(,2)7§g 7(52 B Q} (Lo + L) + { BoBo.o i) + 50 A0 + 50 Porl

3 . N R
i G e (4 )+ { 0 o + Ao + 12835

(2)
(ng ) CQng + 27;9) Ag9.Q — 27!19 (5m2

OO|H

. 2 4
+2B0,5 070 }L2L1 + 3vqg — 860,005

. 1 . 1. .
+9749 5. + 7ol sy + 570 2Bo0bo + 85m§0)ﬁo,m§2)]
3
gy (m,m3, 1) (294)

After subtracting the respective one-mass OMEs for both masses m; and my the two—flavor
contribution is obtained. It reads

ABMS 902 40 7 0) INONG 25 ~(0) ~(0)
AQg - {_ZBO,Q%EQ) 967;'1 ('Vég)> + 5739)%(”)50,62 - @50 Qlytgg 799 5060 Qlytgg
343 100 N A 352 40
X ( 2 + 1) + Z’qu ’qu BQQ - BOBD,Q’qu - §BO,Q7qg ,y‘gg - /8 fng

IS
_76(19)759)

4

1 1
><(L§L1+L?L2)+{ o0 Yo = 75N Ya O+ Bomqg

29 3 .05
—gfng ﬁo Q(Sml + ’ng)ﬂl Q} (L% + Lf) - 4L2L17q2)50 Qéml 2 + {57159)5771& b
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1 1 R .
32 (ng) C7 + ng C2ﬁ0 Q’qu - 65m1 5 ,nytgg) %gg) Gg9,Q — 50 QC27,§2 799

27 . 9 _ . R
— 0GB = 578y oo + 460Qan} (Ly + L) + 834 Boq — %52 GApe @

DG 4 - (30)? < N — 3908 ot 14 8o oo — 85m{D o 3D
1%9 (B — 29 f;g 0~ —qu ) BoBoaCs — 50 @AY O + 400 (57”2 ’
+dmg>( ) — %’qug Cgﬁogémf (3) (ml,mg,/f) ) (295)
5.7.4 Ao

The matrix element Ay, o contains contributions starting at O(a?),

Ao = a?A%, +a24D, 1+ 0(a) . (296)

Diagrams with two different masses however contribute only from O(a?)
3 3
Ao = a®A%, +0(al). (297)
The renormalization in the MOM—scheme is performed using
2),MOM 7(2),MOM
A;q),Q - A_Eiq{Q + 2y (2)<NF + Nn) = 2, 1(2)(NF)
7(1),MOM 1, 1, -1,
(AL + Z MO (N + Ny) = Z,, D (Np) )T, (298)
AROM = ANy 2o MO (Np + Ny) = Zogh O (Np) + ZH O (N + Ny AL 3

+7 1(1)( Ne+ Ny)A ()MOM+[A()MOM+Z W (Np + Ny)
(NF)}F PP (Nr) + [ s M 2O (N + Ny)
O N [T O (Ne) + AR 4 2,20 (N o+ )
1(2 (Np) + Z;, 1(1)<NF+Nh)A;g)7$/IOM
+z, 1<1>(N + ;)AL MOM}FQ‘;’“)(NF) . (299)

Applying Eq. (299) yields the unrenormalized expression

1
3 .
A;q),Q = —16 379q 54 QT 1275711 B o L2+ L) — 450,62%511) _675(;2)502,62

R 2.
x (L3 + LiLo + L}) — 380,38 (La + Ly) + gvéq 12a%) 3y Q]

~(3) 2,2 2
+agq,Q (mh Mo, ) ) (300)
and the renormalized operator matrix element

£ (3) S 3 3 5
Aégq)cg/l = 7 Bie (2Lg +2L7 + §L§L1 + §L?L2> + 550,@75(1]) (L3 + L3)
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3 _ ~(3
+{6a§?} Boo + 5%52’63,@(2} (Ly + Ly) + 1222 o.q + al) (m3, m3, 1) .(301)

5.7.5 Agg

Finally, the matrix element Ay, o obeys the expansion

Ago = 1+a,A) o +a2A%  +a2AD  + 0(al) (302)

with two—mass contributions starting at O(a?),

Agg = +a2A% + A%+ 0(dl) . (303)
The renormalization formulas in the MOM-scheme read

ADMOM - JRIMOM | 7L C) (N 1 Ny,) — Z,.2) (N

+Z, D (Np + Ni)AQ S + Z, MO (Np + Ny) A MM
[A; MoM 7 ’(1)(NF + NW) = Z PO (Np) | T O (V) (304)

3),MOM 7 (3),MOM _ 1, 7 (1),MOM
A " = Aég)cz + Z O (Ne 4+ No) = Z O (Np) + 2,0 (Ne + N A

1,(1) NF+Nh) ;g)gloerZ 1(2)(NF+Nh)A( ),MOM

(
1)(NF + Np)AS A )MOM + [Aégzgom + 2, (Np + Ny)
05 (A 20
1(2 (Np)+Z 1(1)<N + N, )A( ),MOM
+Z‘1’(”(NF + Nh)Aég{g"OM} T, (Nr)

+[ADYOM - Z1D (N + Ny) = Z, (Np) | Tt O (N (305)

After subtracting all single-mass contributions we obtain the unrenormalized pure two-flavor
contribution at 2 loops

8 432
Bo.q . S,Q

A(2

0o = o (Ly + Lo) + g (MY, m3, i) + €dgq.q (M7, m3, 1) . (306)

and the renormalized expression
1(2),MS 2 2 (M 2 (M 2 ~ 2 2 2
Aggo. = —Big(In 2 +In 2)) 265 o2 + Agg,Q (mi,m3, %) . (307)

The O(a?) contribution consists of one particle reducible contributions only and the coefficients
follow from Eq. (262)

Gyog = Biog(Le+ L) +2634G . (308)
p) 1 2
aég),Q - 65(2),@ (L1 + Lo)” + 850G (Lo + Ly) + §5S,QC3 : (309)
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The unrenormalized 3-loop contribution from two masses reads

AB

1 10

56
g [__»ng)ﬂ QPYg - ?Bﬂﬁa@ 60 Q"Ygg 48ﬁ0 ,Q

{—753742%52)
2 9.0 (0) 3 Lo _ 14,
_146050762 - §7qg ﬁo,nygq - 36/30,62 (LQ + Ll) 3,-ng ’.qu - EBO,Q'Ygg

1
4o /31 abog —200mi V2| +

1. 7 .
{47(52)7% — 15(5m1 )B§7Q - 550,@%5?
+ﬁ1,QBO,Q (L2 + Ll) + 1560 Q _f}/qg ﬁO Qﬁqu - _BOﬁOQ /80 Q,Ygg

R 1
X (L% + L%) + {—45(2)@%52) - 2453@ - 85053,@ - ’7152)50,(42’7{52) }L2L1 - 553,@(2753)

2.
+37§3 - 1250,62@2@),@ 1853 QG+ ﬁo QCﬂgq 75,8) 5055@(2 — 16577?@53@

~(3)

+45, Q5m2 +a,00 (ml, m3, uQ) ) (310)

The renormalized result in the MS-scheme is given by

T(3)MS
AggQ -

23 R 1.
{ B0 0V + 5050 QT 50 QT 752 Bo Q’Y } (L3 +L3) + {1’7(52)50@’7;2)

29

+— B 0,Q 7119 ngq

1 13 .
+63 Q’Ygg + 260065 QT 655 Q} L2L1 + L2L2) {_Zﬂl,QﬁqQ + gﬁoyg’yﬁ)
4 }

9
(L2 + L?) + 8Ly Ly smi™ )BOQQ + {1505(2),@(2

9
L /30 062 — 3B0.@dmS + 50 009 +120m” B2 3 50 0G940

1 _
+605 Qagg Q} (Lo + Ly) — —qu)f A + 50 QG + gﬁoﬂg,g@ + 1260,62(1!(7262

+650 Q<3 + 16(5?77/1 ﬁOQ + ,80 QC?’PYgg — 250 Q ( 1 (0) —+ (52 ,(0) >

9 _
+—(5m Y2 QG2 — ﬁo QG058 — 550,QC251,Q

+a§g>Q (m2,m2, ,ﬁ) . (311)
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6 Massive OMEs with two masses

Starting at 3-loop order Feynman diagrams, which carry internal fermion lines of different mass
contribute to the OMEs. Contributions of this type are dealt with here for the first time.
In Section 6.1 we discuss the decoupling relations for the kinematic region where one has to
consider two massive quark flavors. For all OMEs we are calculating a series of Mellin moments
N = 2,4,6 [243,269], which are presented in the OMS—scheme in Section 6.2. Results at generals
values of the Mellin variable N are given for the flavor non-singlet case for the vector and axial-
vector current and in the case of transversity in Section 6.3 [243]. The equal mass case for the
non-singlet and pure singlet terms is dealt with in Section 6.4. In Section 6.5 we devise a method
to calculate the diagrams contributing to the OME A,y ¢ and compute all scalar topologies both
in z- and in N-space [242,270].

6.1 Decoupling two massive quark flavours

In Section 2.2 the decoupling of the heavy flavor Wilson coefficient into light flavor Wilson coeffi-
cients and massive operator matrix elements has been discussed for the case of one massive quark
flavor. However, the relevant Eqs. (65-69) maybe be generalized to allow for the simultaneous
decoupling of more than one heavy quark flavor. This is advised because m?/mi ~ 0.1. One
obtains

@ @ it m
CQ(ZL <N7NFvﬁ> +Lq(?L <N7NF+2>E,F7P> =
2 2
ANy (N, N+ 2,21 >CN (N N+ 2, Q)
’ 2 12
(312)
in the non—singlet case. For the pure-singlet and singlet contribution the relations read
Coy(NP) + L%y (Np +2) = [ANSy(Ni +2) + AfSo(Np +2) + Afg (Nr +2)]
XNFC«P52L (NF + 2)
Aqu(NF + Q)Cq (2L (NF + 2)
+Ag0.0(Nr + 2)NF097(27L)(NF +2),
(313)
Og,(ZL)(NF) + Lg7(27L)(NF +2) = Agg, Q(NF + 2)NFC (2,L) (Nr +2)
"‘Aqg Q(NF + 2)Cq (2,L) (NF + 2)
+ AquQ(NF +2) + AQQ(NF +2)
(314)

Here and in the following the mass- and Q?-dependence of the Wilson coefficients and operator
matrix elements have been suppressed for brevity. For the H; ; functions the factorization rela-
tions into light flavor Wilson coefficients and massive OMEs take the following form in the case
of two different masses
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H;%ZL)(NF +2)

Hg7(2’L)(NF + 2)

ABS (N +2) [ O35, 1) (N +2) + Co5y 1y (N +2)

[ AN (N +2) + APS (N +2) | CF%, 1) (NF +2)

+A50.0(NF +2)Cy 2.0)(NF +2) (315)
Agg,Q(NF + 2)09 (2,L) (NF + 2) + Aqg Q(NF + 2)0 2L)<NF + 2)
+Aqy(Nr +2)|C, 1) (Nr +2) + C2%, ) (Np +2)| (316)

Expanding the expressions (312-316) up to O (a?) then yields

LQ{%ZL)(NF +2)

L? 0.0y (Nr +2)

Hy'to 1y (Np +2)

9,

S

2),NS A(2),NS
Afm)Q (Np +2) 6 + C;()ZL)(NF)]

A;§>35(NF +2) 0y + AL (Np + 2)CL 5T (Np +2)

S )] | (317)

7,(2,L)

Aqu (NF+2) 52+quQ(NF+2> NFC (2L)<NF+2>

,PS
NG (13

2A0) o(Np + 2)NpCL, | (NP +1)

:(

0| A (Nr+2) 8+ Agg o(Np +2) NpC®), | (Np+2)

a

2

3

[\

» W

S

9:(

+A4po(Ne +2) NpCe, 1) (Ne +2)

+ AS)(Np+2) NpCOMFS (Np+2) + NFOS()ZL)(NF)] . (319)

aS[A() (Np+2) 6, + C 2L(NF+2)] (320)
a?| AT (Ne+2) 8+ CET (Ne +2)

+AZ (Np +2) C!
+ASPS(NE +2) C

oy (NF +2)

;1()21\15) (Np + 2)]

A (NP +2) b+ O, ) (N +2)]
AG(NE+2) &+ A (Np +2) COUS (NF +2)

9,(

,L) g
AQg(NF +2) 6+ Ag; Np +2) CN

) C
+ AL (Ve +2) €U (Np+2) + €, (Np + 2)}
( ) CENS (N +2)

)

1
+ AggQ(Np +2) é?z \(Np +2
2),

L
+ AD(Np + 2){05 S (NF +2) + COPS (N + 2)}

+ AL o(Np +2) ) | (Np +2) + 0(3 H(Ne+2)] . (320
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with do = 1 for the structure functions Fy and 0o = 0 for Fp,, respectively. In Eqs (312-321) the
following notation has been applied

foy = 19 (32)
f@) = fl@+2) - flz). (323)

The presence of diagrams with ¢- and b-quarks at 3-loop order yields power corrections in
n = m?/m? to the massive operator matrix elements, which can not be absorbed into the charm-—
or bottom-densities of the variable flavor number scheme directly. It is therefore advantageous
to extend Eqs. (324-328) to allow for a simultaneous decoupling of both heavy quark flavors in
the variable flavour number scheme:

fk(NF+2,N7N27m%am§) +fE(NF+2’N7:U’27m%7m§) =
m? m
A‘II\I‘IS’Q (N’NF+27 H #2) [fk<NFaN 1% )—I—fE(NFaNnLﬂ)}
2 m2
o %)'E(NRNM)
1
2
1
T2

m% 2
,U2 G(NFaNa,U )7 (324)

fo(Ne +2,N, ui*,m?) + f@(NF +2, N, p?,m?) =

APS (NN + 2,
NF q9,Q F 1

1
+N_FAqg’Q (N NF + 2 "

m} m}
Al (N Np +2, ul u22> - S(Np, N, 1i*)
2 2
gy (N, Ne 2, ) G, ). (325)

The flavor singlet, non-singlet and gluon densities for (Ng 4 2) flavors are given by

NS %mQ 1 m%
i (02,2878 s (v, 28)

Z(NF_‘_QaNnuz?mz) = 20 MZ

2
My

+AG, <N Np +2, ul /ﬂ)] - S(Np, N, 1i*)

2 m2 m2 m2
+ |:AQQ7Q (N NF+2 /Lgl ,u22> _'_AQQ (N’NF+27M_21’/JJ_22):| G(NFaNaluQ) )

(326)
Ak(NF+2aN7:u2>m2) = fk(NF+27Nau27m2) +fE<NF+2>Na,u27m2)
— Y(Ng+ 2, N, 1, m? 327
NF+2(F+’ 7luam)7 ( )
2 9 %m% 2
G(NF+2aNnuam) = AQQ:Q (N NF+2 ,LL2 ?)Z(NFaNmu)
2 2
+Ag0 <N Np+2, 2 mj) -G(Ng, N, %) . (328)
T

Here fy ) denote the quarkonic parton densities, X is the singlet distribution X = ZkNj (fe+ 1)
and G is the gluon density.
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6.2 Fixed Mellin Moments

While not yet sufficient for a phenomenological analysis the study of fixed Mellin moments
is still interesting for various reasons. They provide a thorough check on the renormalization
prescription given in Section 5, and the general N results given later in Sections 6.3 and 6.5.
In theory the knowledge of a sufficiently large number of fixed Mellin moments also allows to
construct the general N-expression [271]. In many cases it is, however, very difficult to a compute
such number of fixed Mellin moments with the usual single-moment methods.

In Ref. [139,246] fixed Mellin moments for the single mass case were computed by projecting
the respective integrals onto massive tadpoles and evaluating them using the code MATAD [272].
In the present study we deal with one additional mass. The Feynman integrals are therefore
:z by an expansion in subgraphs [273-276] using the codes
Q2e/Exp [185,186] which also rely on MATAD to evaluate the single-mass tadpole diagrams.

The Feynman diagrams are generated using QGRAF [277]. In order to take account for the local
operator insertions we introduce new additional propagators which either carry an operator
insertion or which generate an operator on an attached vertex. In case of operator insertions on
a gauge boson, this method leads to a double counting of some vertex diagrams which has to be
removed.

After applying the Feynman rules (cf. Appendix B.2) and the projection operators, Eqs. (60-62)
the momentum integrals take the form

first expanded in the mass ratio n =

6 _ [ d°k dk o .
IV (p,my,ma,ny...n;5) = @np (QW)D(A'QI) o (Ag) f(ka - ki pyma, ma)
(329)

Here p denotes the external momentum, p? = 0, A is an arbitrary light-like vector A? = 0 and ¢;
are linear combinations of the loop momenta k; and the external momentum p. The exponents
n; are integer-valued and obey > n; = N, while the function f(k; ...k, p, mi, ms) contains the
remaining numerator structure and denominators.

The light-like vector A has been introduced in Eq. (59) to project out trace terms. Removing

it again yields the tensor I ,Sll) ,,,,, UN

N
](l) <p7 miy,mo, My .. nj) - HAﬂjj(l)

Pl yees LN (p7 miy,mo, Ny ... nj) . (330)

J=1

Since Hj\;l AW constitutes a completely symmetric tensor only the purely symmetric part of

i,S?,_,,,MN contributes. We thus symmetrize it by shuffling the indices, [166-168,172,174,180], and
normalize it by dividing by the number of terms. For the general integral (329) the symmetrized
tensor is given by

[;511),---,MM (p,my,ma,ny...m5) = S fl(fl)r__,MM (p,my, ma,nq ...10; ) . (331)
Here the symmetrization operator S is defined by
1
Sfurves = 772w (332)

where the sum is over the words w given by the different orderings of the Lorentz indices
(TR 73 3
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For example for M = 3 one obtains

1
SfM17M27N3 = 6 I:fulvu27“3 + fM17M37M2 + fl"‘27ulvu3 + fﬂ%ﬂi&vﬂl + fM37M17N2 + fMBy,UZle] : (333)

The result of the original integral (329) may then be re-obtained by applying the projection
operator [139]

[V/2]+1 [N/2]—i+1 g N
My = FOV) Y G TT 2252 TT %) 639
i=1 I=1 p k=2[N/2]-2i+3 p

The prefactors F'(N) and the combinatorial factors C(i, N) are given by

23/2-N21(D /2 +1/2)

) (D-1I(N/2+D/2-1)° .
0 _ Nyt 228 VPPN + 1)D(D/2 + N/2 + k — 3/2)
Coh N = ) e sl D2+ N2 — 1) (30
for odd values and
Oeven(k,7 N) _ (_1)N/2+k+1 22k_N/2_2F(N + 1)F(D/2 + N/2 —2+ k) (337)

T(N/2—k+2)T(2k— )I'(D/2+ N/2—1)

_ 2'VPT(D/2 +1/2)
PN = (D—-1I(N/2+DJ2—-1/2)° (338)

for even values of the Mellin variable N. The prefactors F°¥(N) , Fé*?(N) are chosen such,
that the projector (334) obeys the normalization condition

I, P .p"N =1. (339)

The integrals with local operator insertion for fixed values of N are thus represented in terms of
tadpole diagrams with a modified numerator structure. The projection operators (334) become
very large for large values of N, which leads to an exponential increase in the computation time.
In the case of two heavy quarks of different mass the computation of the Mellin moment N = 6
of the two—mass contributions to the OME Ag, took already about one year of CPU-time.
The pole structure of the unrenormalized OMEs corresponds to the one which was deduced from
the renormalization prescription in Section 5. It constitutes an important check on our results.
In the following we present the moment N = 2 for the two-flavor contributions to the constant
parts of the various operator matrix elements as defined in Eq. (169). For N = 2 the following
non-singlet contribution 2-mass contribution is obtained
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L mTess2 ea 88856\ L (12082 512
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67



256
27

512
81

1024
81

+O(7]4L§])

L L3 —-L3—

LyLy —

Here and in the following we apply the notation

Iil_1 (ml)v
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Note that here as well as in all other computed QCD-

x n* do not appear in the pole-terms in the (dlmensm
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results within this thesis power corrections
nal regularization parameter e.

The constant contribution to the OME A, ™ is given by
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+81(2+ 1)+27 he +griela = grfa o o (n'Ly) - (343)

Finally the gluonic contributions to the OMEs AS;),Q and ASZQ are given by
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(345)
The results for the constant parts in the Laurent expansion around & = 0 for the further Mellin

moments N =4 and N = 6 are listed in Appendix F.

6.3 The Non—Singlet Contributions

All non-singlet diagrams at 3—loop order contain two massive fermion loops. One of these may
be stripped of its mass by using the Mellin—Barnes representation [278-281], see Figure 6. This
yields similar integrals as in the case with one massive and one massless fermionic line [140].
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Figure 6: One of the massive fermion loop insertion is effectively rendered massless via a Mellin—
Barnes representation.

One may now introduce a Feynman parameter representation, integrate the momenta and per-
form the Feynman parameter integrals in terms of Euler B—functions (D.29) analogously to the
procedure described in Section 3. The remaining contour integral is then of the general form

x fl(‘g?N)?"'?fi(g?N) e gl( >+£7g2<€)+£7g3(€)+£7g4<8)_5795(6)_5 I3
ok le(s,N),...,fI(e,N)] / a F[ 06(0) + € gn(e) — € (”4’)
346

i 00

where the f; and the g; are linear functions. Furthermore, the notation

ai,...,Qq; . F(al)r((h)
F[bl,...,bj] T T(by)---T(by) (347)

is applied. After closing the contour in (346) and collecting the residues a linear combination of
generalized hypergeometric 4F3—functions [142,143] is obtained

ax(e), a2(8)7a3(5),a4(€)
bi(e), bale), bs(e) | (348)

For the NS—contributions the arguments of the hypergeometric pFy) are completely independent
of the Mellin variable N and each term factors into contributions that describe the operator
insertions and the generalized hypergeometric functions covering the mass structure of the dia-
grams. Due to the fact that the arguments of the hypergeometric functions depend only on the
dimensional regularization parameter ¢ their respective expansion may be performed with the
code HypExp 2 [282]. The results of these expansions are then given in terms of the following
(poly)logarithmic functions [283-286], Eq. (D.33),

[_Zc e,N) 4Fs

{1 (152, L (V). Lz, Lia (VD) (319)
with 7, = /7. The prefactor C; (¢, N) may contain a sum stemming from the operator insertion
on the vertex, see Appendix B. This sum is easily evaluated in terms of single harmonic sums
using the summation package Sigma [236,237] .

The general pole structure for the unrenormalized two-mass contribution to the OME A?;Q
is given in Eq. (275). The only contribution which is not determined by the renormalization
prescription is the constant part, for which we obtain
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— 25| L 1
+ 91/ 2N(N +1) 51| Liz(n) | n(n)
+16 (BNt + 6N +47N? + 20N — 12) (, N (n+1)(5n* +22n +5) [4 (3N?2 +3N +2)
2TN2(N + 1)2 93/2 N(N +1)
. (m + 1) (10972 + 51 + 42 — 10m;, + 5

—1651i| L13 (771) ( 9773/2 ) [251

3N?24+3N +2)7_ . 16 (40572 — 3238y + 405) 256 640
_( >:|L13(77)—|— ( n n ) <3 . C2 Sl

2N(N + 1) 7297 27 27
128¢, 3712 1280 256 64 (3N2 + 3N +2) (3
{ 9 8l ]82_ ST o T T NN )
4R,

— : 350

T29N4(N + 1)47;} (350)

Here we have used the notation 7, = /7 and the polynomials R; read

Ry = 159°N* + 78)N* + 15N* 4+ 300> N? + 1561 N> + 30N? + 259> N? + 18nN? + 25N?
+10n*N + 4nN + 10N + 327 , (351)

Ry, = 1215n*N® — 1596nN® + 1215N® 4 4860n* N — 6384nN" + 4860N" + 81001*N°®
—25844nN°® + 8100N° + 7290n* N° — 39348y N° 4+ 7290N° + 3645n>N* — 20304nN*
+3645N* 4+ 810n* N3 — 1400 N3 + 810N> + 432nN? + 288N + 8641 . (352)

The pole structure of the unrenormalized transversity OME corresponds to the one in Eq. (275)
after substituting the anomalous dimensions 'y S Yeq. NS,trans - The constant contribution is given
by

~(3)NSTR _
aqu
32 8 n+5)06Bn+1) (n+1)(5n*+22n+5)
CrT? S;— —|1n® — 45, — 3
F F{{W 1 91 (n) + o + 36,72 [45; — 3]
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(353)

with

Ry = 405m*N* —532nN* + 405N* + 810n>N? — 1064nN?> + 810N? + 405> N>
—1012nN? 4+ 405N2 + 961N + 2887 . (354)

6.4 The contributions with m; = m»

Additionally to the case of two fermionic lines of unequal mass all diagrams of this class emerge
also with both fermionic lines of the same mass. For the OME Ay, o these contributions have
been given in Ref. [287].

For the non-singlet contribution one may obtain the equal mass result by taking the limit n — 1
in Eq. (350) and multiplying by a factor of % to avoid double counting of diagrams. One obtains

L (3),NS ) 128 1024 64 256 (3N? + 3N +2) 320
= T:Cp{ —S4 — ——(S1 + —(S — 268
tan ! F{ T gy SRt TN ey T Y
6405 N 8 (BN* + 6N3 + 47N? + 20N — 12)< N 1856 194245
81 ”? 27N2(N + 1) S T O T
4R,
TT2ONI(N + 1)4} ’ (355)

with

Ry = 417TN® 4+ 1668N7 — 4822N% — 12384 N° — 6507N* + T40N?> + 216 N? + 144N
+432 . (356)

For the pure-single OME Ag% the method described in Section 6.3 yields generalized hypergeo-
metric functions of argument 7. In the general case the resulting infinite sums were not accessible
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with the present summation technology, but the limit 7 = 1 could still be obtained. The the
single-mass contribution to the constant term of this OME is given by

2
~(3),PS  _ 17Cr N2+ N+92 2 (gsi” _ y
“Qa (N—l)N2(N+1)2(2+N){( ENE2 (0 5%
128 1024 160 32 32P;(N)
08, — = 8,8+ 2268 ) o o)
+3 2,1 9 G 9 21+3C21 9N(N+2)C2
N 32P,(N) 5
2TN(N 4 2)(N +3)(N +4)(N +5) "
B 32P5(N) g2
2TN(N + 1)(N +2)(N + 3)(N +4)(N +5) !
N 64.P4(N) 5
8IN2(N + 1)2(N 4 2)2(N + 3)(N +4)(N +5)""
B 64P5(N) (357)
243N3(N + 1)2(N 4+ 2)3(N + 3)(N +4)(N +5) [’
where the polynomials P; are given by
P = 8N°®+29N° 4 84N* + 193N° + 162N” + 124N + 24 (358)
P, = 40N° + 625N® + 3284N7 4 5392N6 — 7014N® — 33693N* — 47454 N
—46100N? — 26280N + 7200 , (359)
Py = 8N'" 4+ 133N? + 1095N® 4 5724N7 + 18410N® 4 34749N° 4 40683 N*
+37370N? + 22748 N? — 3960N — 7200 , (360)

Py = 52N 4+ 746 N2 + 4658 N + 20431 N + 79990N? + 251778 N® + 553796 N7
+837697N°® + 886552N° + 599060 N* + 155864 N3 — 82368 N? — 76896 N
—17280 , (361)
Py = 293N £ 4670N™ + 32280N'3 4 145948 N2 + 559575 N1 + 1871440N 10
+4877344N? 4 9333994 N8 4 12958212N7 + 12693884 N° + 8472792 N>
+4514336 N* 4 3109248 N? + 2192832N? + 1026432N + 207360 . (362)

6.5 Scalar A, o diagrams with m; # my

The factorization into parts depending purely on the Mellin variable N and contributions de-
2
pending only on the mass ratio 7 = 22 which has been observed for the non-singlet diagrams,

m2
constitutes a very special case. In gerlleral a mixing between both variables occurs and more
advanced methods are required to perform the calculation. Since the complexity of the math-
ematical structures contributing to a Feynman diagram depends on the denominator functions
mainly and in the present case also on the form of the operator insertion, we first study the scalar
topologies contributing to the OME A, o. Due to the nesting between the Mellin variable and

the mass ratio, novel n-dependent sums and integrals contribute.

6.5.1 Strategy

As we expect new functions to appear in the results and since the construction of the inverse
Mellin transforms for these functions is a non-trivial task we opt for an approach were we derive
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the z-space representation of the respective diagrams directly. The N-space representation®
is then obtained in a final step by using a generating function representation, constructing a
difference equation and solving it using Sigma [236,237] .

First we introduce Feynman parameters and perform the momentum integration for all closed
fermion lines. Therefore, for each massive fermion loop we obtain one effective propagator and
each mass is now only contained in one of these.

We detach the mass of one of these effective propagators by using the Mellin-Barnes representa-
tion [278-281,288|

(A+B) T(\)2mi /_m A e P+ OT(=¢) (363)

and perform the last momentum integration to obtain expressions like

I5 _ (m%>d/27u56 (m%)d7V12347 /+ioo dg T |:_£07 Us + 507 Ve + ’57 Vsg — d/2 + 607 V12347 — d— 50

V1, V2, V3, Us, Vg, V7, Vg — &, Vs + 2&0

i 00
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/ > / dyo dyy dys dyz dzod2y 8 (1 —yo —y1 — Y2 — y3) 0 (1 — 20 — 20) iy My
0 0

7N+l/4fd/2+£0 ( 7N+V4fd/27§0 ZN+d/2—1—V4+fo
1

X (1= —yo—u3) (1 — yo — ys) Ya + Y3)
viA—d/2—£ N
X (1—2) ((y1 +y3)(y2 +y3) —y3)" - (364)

Except for the additional Mellin-Barnes integral the Feynman parameter integrals are now of a
similar form as the integrals in Section 3.1 and the appropriate application of the same techniques
allows to disentangle all Feynman parameter integrals of this Section into Beta-function integrals
of which only one depends on both the Mellin variable N and the Mellin Barnes variable .
Usually one may rewrite the integrals in terms of I'-functions. If this is not the case, we obtain
representations as for example

11 oo 1+N+v 1+ N+ v
[5(1 = Cl<m1,m2,€)%N—H/“ dg (F[ " 3:| _<_1)NF|: " 7:|)

<T _%+V4_57_2_€+V347_S;_§;V5+€7V6+§7_2_%+V56+§
1/5V6,1—|—N—|—l/37,—2—€+V3+2V4+V7—2§,V4—§,V56+2§
1
X/ an£X1+€/2+N7U4+£ (1_X)V4_1_§ ’ (365)
0

where (] is a function of the masses my, my and . Next, convergent sum representations are
derived. Mellin Barnes integrals of the form

1 +Z’00F|ia1+£7"' 7ai+£7b1_€7”' ,bjC1+€,"’Ck+§,d1—€,"' 7dl_£:|

A 366
271 ( )

are usually solved by closing the contour either to the left or to the right and applying Cauchy’s
theorem

]{cf(Z)dZ = 27 Z res. f . (367)

%

5The steps to compute these Mellin transforms are included in the computer algebra package HarmonicSums
[175,177-179] .
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If we close the integration contour in (366) to the left(right) the residue sum only converges for
Z > 1 (Z < 1), respectively. In (365) we have Z = {2 which covers both, values below and
above 1. We thus follow the method that has been applled in the equal mass case Ref. [289] and

split the integration contour and remap the individual parts to the integration domain [0, 1]:
+ioo X \¢ e 1 X \¢
/ dg/degX)(” ) _ /+dX+/ dx f(g,X)(”—>
—i oo X 0 1i7} 1 — X
+i 0o 1 T
= / dg/dT d 2f(5, )Tf
—ico 0 n+T) n+7T
1
+i oo 1 T
= dé / dT T¢ | ——— f (5 >
/_m 0 (n+ T)2 n+T

£&n 1
+(1+77T)2f (1+nT>

A further advantage of this procedure is that the contour integration practically decouples the
n-dependence which now only enters indirectly through the T-integration.

We now follow the well known procedure of deforming the contour integral in order to separate
the ascending from the descending poles 7 and apply Cauchy’s theorem to evaluate it. As we are
left with only one integration step at this point there are no overlapping singularities anymore.
If necessary we map T — 1 — T in order to have singularities which are regulated by ¢ only
at T' = 0. These singularities are then written as e-poles explicitly by applying the following
integration by parts relation:

(368)

1

/0 1dT T°f(T) = 1i T~ f(T) /0 1 AT T~ f(T) (369)

Being left with a sum representation and an integration which is regular for ¢ — 0 we may now
perform the Laurent series expansion around ¢ = 0.

1
T 1-a

0

Rewriting the sums. In order to do this and to perform the infinite sums ® we apply the

package Sigma [236,237] . The sums are then expressed in terms of generalized harmonic sums
(D.46) at infinity which have to be rewritten in terms of generalized harmonic polylogarithms at
argument x = 1 using HarmonicSums [175,177-179] . These generalized harmonic polylogarithms
are iterated integrals over the following alphabet:

dr dr dr
{7’7+T’1+T72}' (370)

In order to process them we want the remaining integration variable 7" to only appear in the
argument of the HPLs. Because of the emergence of letters with non-linear denominators we

"In some cases an additional regularization parameter was introduced in order to separate overlapping poles.
8Due to the integral transformation (368) these infinite sums are independent of the mass ratio n which renders
them much easier to solve.
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cannot apply the methods given in Section 7.3 directly, although extensions as described in
Section 6.5.1 should suffice to transform these HPLs. However, due to the relatively simple
structure of the letters in Eq. (370) there is a way based on applying the shuffle relations and
rescaling the internal integration variables to rewrite the corresponding iterated integrals in the
desired form.

Absorbing rational, N-dependent factors into the integral. There might be some ratio-
nal prefactors depending on N left stemming from the integration of the Feynman parameters.
These are now pulled into the T-integration by performing a partial fraction decomposition and
then applying the following partial integration identities:

Nigla)¥ f(x) — Ni-lg<x>N%dix> - [(as S8 o e

U e - L (@)
w1 = g (faor >a)

- /Oldxmgm“a 149(2) (/ ) e

Especially relation (371) has to be handled with care, as its application may introduce new
divergences in each term. This issue is solved by regularizing the remaining integral in (371) by
a +-type distribution which cancels these additional singularities, e.g.

N/Ol da 2 Hy (2) (nIIQ)N - gHo ()
+/j (o) () e
e (+Ho o) ()
2 |GEm) e
: ( )(w) 679
;<nfﬁ>N—1 |

We now rewrite the remaining integral as a Mellin transform. Considering these expressions one
obtains

1

=0

77[_[0

Q

(374)

=0

(376)

j / dz f(x,n) (g(z,n))"
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g(1)

[ AX (g1 (X, n), XN |4 g n) > 0for 0 <z < 1,7 >0
9(0)
N —g(0)

(DN [ dXf(—g (X, n), ) XN |G X

—g(1)

, g(zym) <0for0<z<1,mp<0.

To do this the class of harmonic polylogarithms is not sufficient and generalizations thereof are
required. We thus extend the class of harmonic polylogarithms by introducing addition letters
with quadratic polynomials in the respective denominators. These are given by

dr 7t
4,1y — , 377
i - g 37)
or more generally
{{a,b,c},i} — _ dr (378)
T a+br+cr?’

where ®4(7) = 7%+ 1 denotes the forth cyclotomic polynomial and dr indicates that the iteration
proceeds over 7. Generalizations of HPLs over the cyclotomic polynomials are also known as
cyclotomic HPLs [176]. Thus Hy 4,1} () represents the iterated integral

xdTl /Tl d7—2 T2
H r) = — . 379
o o) = [ [T (379)

By using this larger functional space, diagram §,, Figure 14 below, is rewritten as

N
I= / " 1y P e 00 (7) ( na’ )
0

(1 + na?)? L+ na?
/(1+n)
n /n 1 NG N
— r Hiomy 1y (10mp000 | ———= | =
2 J, {{1,0,n},1},{{1,0,7},0} </—1—x\/ﬁ

n/(1+n)
5 | {[Ho () = Ho ()] H} (x) + H; (a)

x T
— 16 (Ho,{4,1},{4,1} (\/%) + Hia,13,0,{4,1} (\/i/:—x))} N, (380)

where in the last step we removed the n-dependence of the argument by again applying a rescaling
of the inner integration variables. At this stage it is desirable to remove the square roots in the
arguments of the HPLs and to obtain iterated integrals with the argument x only. In order to
obtain this representation we once again exploit the property that taking the derivative reduces
the transcendental weight of a hyperlogarithms and use a method similar to the one given in
Section 7.3 below, e.g.:

d v\ 1 HO( i)
dg A0 (m) 21—z
— %1:@ [Ho(x) + Hi(x)] (381)



Hisyo ( \/%) = i (Hio(z) + Hia(z)) - (382)

However, not all the occurring HPLs can be expressed in terms of generalized HPLs of the
previous kind and new, root-valued letters have to be introduced. We thus introduce a new,
more general class of iterated integrals which we define recursively by

G{f(7), o), fulT)} o 2) = /zdﬁ Am)G{fa(T), - (T} m)  (383)

0

with the special cases

G2 = 1. (384)
and
G({l,l,---,l},z> — L) (385)
T Tt. T n

Using these generalized iterated integrals we rewrite rewrite the HPLs with root-valued functions
in the argument. For example one has

NS (3 — 62 + 3nz + 3n*x + Tx? — 2nz? — 5n’a?® — 323 + 3na?)
H{4,0y,{{n.0.1},0} )"

3(n—1)n
2(1+n)mﬁ(_l+2x)G({mﬁ},x)
1
L VT a1+ 20) ({ mf} )
21 =N =T+

+WG({E\/F7\/:\/F}’$)
PRAUERYE o ({vimrm )
n

T+nT

i 2(177+—771)G ({ —n—lwm} x) - (386)

In the present computation similar HPLs up to weight w = 3 had to be transformed. Due to the
size of the expressions and the necessity to cancel spurious terms all relations obeyed by these
quantities have to be used. These are:

e shuffle relations

e integration by parts relations, such that only factors with exponents € {1/2,—1} con-
tribute to the different letters

e shuffling of single square root terms to the end and performing the integrals e.g.:
1 2 3/2 1 N
G({\/F,T+1},x> =3 {G({\/?},x) +u G({1+T},x) +G<{1—|—7— T .
(387)
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These identities have now been implemented in HarmonicSums [175,177-179] and allow a signif-
icant simplification of expressions with iterated integrals of this type. Finally the integrals are
merged. After the mapping of the integration variables (380) we are left with integrals of the
form fof ™ dz or | fl(n) dz. This is due to the splitting of the X-integration in Eq. (368) and can
be undone by re-merging the integrals

/f gy G(z) = /O e G(z) — /0 " g G(z) . (388)

(n)

As would have been expected, the integrals fof ™ Qg G(z) completely cancel already existing

integrals and only trivial integrals of the form
o) 1 o)
/ dr {L‘aZL’N — —:L,N—l-a
0

389
a+N+1 (389)

=0

remain. We now use HarmonicSums [175,177-179] to perform the inverse Mellin transform
for terms that do not contain any z-integration . They usually stem from integration by parts
applied in steps (369), (371) or (372). We are left with a z-space representation for our diagram.
This representation usually also includes a part proportional to a d-distribution and a part
proportional to a +-distribution.

Mellin transform and rewriting generalized HPLs. As a last step we want to generate
a IN-space representation for our result, which corresponds to performing the last remaining
integration. This is done by using a generating function representation performing the integral
into generalized HPLs and then generating a recurrence relation for the Nth coefficient of this
result as described in Section 7.4. All this is automatized in the package HarmonicSums [175,177—
179] and the resulting recurrences were solved with Sigma [236,237] . The result contains many
generalized HPLs at argument 1 stemming from the upper integration limit. In case their letters
are free of the mass ratio n they can be evaluated in terms of mathematical constants like 7, In 2,
the Catalan number C, (5, (3 by using standard integration methods or applying the internal
integration algorithms of computer algebra packages like Mathematica or Maple. In case these
generalized HPLs are not entirely free of 7 it is desirable to rewrite them as iterated integrals with
argument 7 in order to obtain linear independence and an easier access to series representations.
Rewriting these generalized HPLs cannot be done by rescaling integration variables or by just
applying (7.3) as due the root valued letters the derivative with respect to an inner variable
in general does not lead to a weight reduction in this case. There is, however, an extension to
the idea of (7.3): Taking the derivative with respect to inner variables we observe, that only
generalized HPLs of a lower weight, GHPLs independent of this variable and the original GHPL
itself contribute, e.g.:

e

_ﬁG <{—n—17+m}’1)

2
RCET 1)nG ({VTV1—-71,V/7V1-17} 1)
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_ 143 G<{ﬁ\/ﬁ,—ﬁm }1) |

2(n—1)n —n =T =07
(390)
Therefore, the linear first order differential operator
d 1+3n
—t 391
dp = 2(n—1)n (391)
does lead to a weight reduced expression when applied to the GHPL
V1=
G({ﬁ\/l—ﬂu},l). (392)
- —T—=nT

The weight reduced expression can be rewritten with the same method and we have to undo the
effect of the differential operator by using the general solution for linear first order differential
equation

= F@) + pla)F () = (@) (393
= f) = [ (st~ arhew (- [o@as)ar. o

Applying this method to the GHPL considered above we obtain

G({ﬁm, VTVI—T }71):1+4n—2n2_3(1—4\/ﬁ+77)c2

- 6(—1+n)3 16 (n —1)°
Vi VT o1 (=3
+53(17—1)26;({1—7’7}’77)+4(—1+n)41 n( |
395

For all the GHPLs considered in this section it is always possible to construct a linear first
order differential operator ?, which does yield a weight reduced expression when applied to the
respective generalized HPL and all the GHPLs could thus be rewritten in terms of GHPLs with
argument 7).

6.5.2 Results

Up to a global prefactor all results are expressed as functions of the mass ratio
n=— (396)

only. We furthermore define the function L;(n) which appears frequently

Li(n) = 1/Ondx Ve In*(z) (397)

2 1l—=x
= 4H 100 (v/1) +4H100 (V1) — 81 — vnIn*(n) + 4/ n(n) | (398)
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Figure 7: Diagram 1. Here both mass assignments m, = my, my = ms and m, = mg, My = My
yield identical results.

and present the results for all scalar two-mass topologies contributing to A, ¢ both in z- and in
N-space. Each term in the z-space result of Diagram 1 factors completely into z and n-dependent
contributions. No iterated integrals involving both, n and z, contribute. The z-space result is
completely expressible within the class of harmonic polylogarithms

Di(z) = (mi)”* (m3)"" {

1(1+7n%) 1 [(74 — 2450 — 2450° + T4P) 1
£

3
P H,
44100 510" Ho ()

1 (5520349 — 79284451 — 792844572 + 55203497%)
—— 1+ H
org (177 Hh <Z)] * 1185408000
(74 — 245n — 24502 + T4n°) Hy (2)
88200
(—55125 + 379751 + 2474502 + 36181°) 1 ( )]
<

1 3
+%(1+7])<2—

3
— PH
929579200 T
525 — 2451 — 245102 + 15495%) Hoo(n) 1 ,
’ — (1 H
430080 120 (1+7°) Hia (2)
(=14 n)%(5+ 61 + 51?)

- 2048,/1 [H-100 (v/n) + Hio0 (\/ﬁ)]} : (399)

+Hy ()

N

Due to the z-space structure, in N-space only single harmonic sums contribute. The Mellin-space
result is given by

Di(N) = (m%>5/2 (mg)a_g {1 + (—1)N] { 41 N é (773 + 1)51 (N)

210(N + 1)

2 105e2(N + 1)

_ 7’In(n) N (n+1)(2n*(37TN — 68) — n(319N + 109) + 74N — 136)
210(N + 1) 44100(N + 1)2

9Using first order linear differential operators instead of pure differentiation could be used to extend the
parametric integration method of Section 7 . However, remapping parameters as in Section 7.5 might be a more
suitable method to integrate Feynman parameter integrals which are not a priori reducible. Both methods break
down when genuine elliptic functions appear.
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(57% + 6n +5)(n — 1) P,
T amsgv 1) oo W Hioo (V)| ) | o emene v 1
N n°S1 (N) 154973 — 24512 — 2450 + 525 n2(y) + Py(n+1)

420(N +1) 860160(N + 1) " 1185408000(N + 1)3

(n* +1) [ST(N) + 82 (N)]  (n° +1)¢

840 (N + 1) 280(N + 1)
(n+1)(2n*(3TN — 68) — (319N + 109) + 74N — 136) S (N) (400)
88200(N + 1)2 ’

with the polynomials P;(n, N)

P, = 361811°N + 89941n> + 24745n* N + 24745n* + 37975nN + 37975n

—55125N — 55125 (401)
P, = 5520349n>N? + 10046138n> N + 73481891 — 13448794nN?

—226102287N — 119838347

+5520349N2 4 10046138 N + 7348189 . (402)

Although topologically very similar to Diagrams Dy, diagrams D, and Do, exhibit much more

Figure 8: Topology 2. Dy, represents the mass assignment m, = ms, m, = mq and Doy, (mq <> my).

evolved mathematical structures. As we restrict ourselves to a representation within the class of
iterated integrals of argument z, additional root-valued integration kernels had to be introduced.
Furthermore, iterated integrals depending on both variables 77 and z contribute.

In z-space diagram Dy, consists of contribution D?j ®. which is regular as z — 1 and a contribu-

: +
tion D5,

Dou(2) = DE%(z)+ D (2) . (403)

82



The latter contains terms o< 1/(1 — 2) or o< 1/4/1 — > and requires a regularization via +-type
distribution when performing the Mellin transform. With a function f*)(z) of the general form

FO i In(1—z kz:g; , (404)
we define
M [fD] (N / dr Z Tpe(@ 1)(111(1 — 7). (405)

This regularization is required for the Melhn transform of the diagrams Dy,, Doy, Dg, and Dygy,.
For Dy, the +-part is given by

Dg;,-) _ (m%)E/Q (mg)—3+a {

1 7 37} 7 1
—= — + G , 2
£210(—1+2) 44100(—1+2)  420(—1+2)  [\1—7
3

iutern it il e

1536(1 3/2

(1 + — 10’V  [[VI-TVT
- 3072(1 — 3/2 GHVI=rvr) ]+ 12288(1 )3/2G Hl—r+m} H

1—71

—5577511*_"2)“37; | e e[ {vva )]

LS [G H Vi-7y7 1 } Z}

12288(1 — z)3/2 l—74+nr’1—71

e HH l}zﬂ} (406)

l—74+n7' 7

and the regular contribution to Diagram 2a is
e €/2 —3+e
D) = (o )
1 1|31 1 1 5230 P,
§(1—2) | =L += - — G <= ~
(1-2) [52 105 Tz [22050 210" 71"~ 315250 T 280

stG[{zhom] 1 4 [f11
T 44100 +4_2077GHF’F}”7}

SR Bkt Gl ek /10 P/ N S} S G
3 126022 11289600722 6451207z 1—7)7
Q4 1 (n—1)Qs
— 1 _
64512Onz2G T 153677m25/2G {Vi-7v7}.4]

e H%} ’"] [645?220772 " 307(2177%25/26; (V1=V} 2]
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+
307211 — z25/2

o550

1228801 — 2252 I1—7+n7

L e[ {vivn g

(=1 41)°Qs [G[{\/ﬁf 1 }Z}

1228801 — 2252 l—7+nr'1—71

)

l—7+n7' 7

with the polynomials

Q1 = 11025(—1+ 2)z + 18375n°z" + n'2* (—9472 + 257252 — 6247527)

+49n°2* (—1091 — 900z + 13502%) — n(—1 4 z)* (—8704 — 22050z + 257252%)

—245n°z (133 — 253z + 902° + 302°)

Q2 = 315(—1+ 2)® — 5250°2° — 105n(—1 + 2)*(6 + 2) + T’z (11 + 180z + 90z?)

+3n%2 (512 — 5952 + 2452%) — 1057” (—1 4 9z — 182% + 10z°) |

Qs = 3+ (=9+4n)z+ (9—8n—6n°) 2>+ (-1 +n)*(3 + 5n)z*

Qs+ = 105(n—1)> (17n* +22n+9) 2* — 3 (35n° + 302y — 105) z + (1715,
+945n” — 387n — 945) 2> + 105(n — 1)*(n + 1)(5n + 3)z* + 768y .

Performing the Mellin transform by using the regularization (405) yields

D2a<N) =

2\¢/2 2\ —3+¢€ 1+ (_1)N 773 1 _L _ L
(mi) ™ (ma) { 2 052 * 2 |20 (7~ g

2N (37N% — 105N + 68)n® — 245(N — 1)Nn* — 210

* J4100(N — DN(N + 1)
Gn* | (=DN(n 1)~V P
5 (N)] 840 ' 280 | |340 (2N —3)(2N — 1)(2N + 1) 12288
9—2N-13 (2]<[V)P4
T3 D)INF DN —3)2N — 1)
e p ¥yt
+3(77 —1)(N +1)(2N - 3)(2N — 1) 2 () (1 +24) ] )

Py
T 1185408000(N — 1ZNZ(N 1 122N — 3)(2N — 1)

272N711 (2N) P

TwWN+nmea@N_uPimm¢m+ﬂmawﬂ

2 ()P,
12288(n — 1)(N + 1)(2N — 3)(2N — 1)
N (=112 (L) [Sia (L=, i) = S (L= i)

2 (L 20

11=1

+
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(408)

(409)
(410)

(411)



(=D)Y(mn—1)~M'p

144N —3)2N — )2N + 1) [52 (1 =mnN) =S (1=n1N)
P35; (N)
T 32579200(N T )@2N —3)eN —1) T ) [@Sl (N)n®
Py
T22579200(N 1 1)(2N — 3)(2N — 1)
+ 2 D S (LU L) S (=)

3= DIN+1DEN =3)(2N - 1) &~ (%) (1 + 2iy)

(DN -1t PS (1—n,N)
(2N -3)2N-1)2N +1) 6144 ] } ’ (412)

with the polynomials

P

Py

143638961° N® — 4n? (62471331 + 7928445)N”*

—10n (17883051 — 108312547 + 519645) N°

+ (188408897* — 1081839157 + 182904757 + 24675735) N°

+ (661465877 + 43783951 — 177759757 + 1881705) N*

— (785243571 — 411136957 + 8412075n + 86929815) N°

+3 (73481897 — 46356451 + 7657475n + 15366365) N

—40320(2451 — 424)N — 8467200 (413)
5n° (8N — 12N? — 2N +3) +7° (—28N* + 64N — 9) — 3n(2N +17) + 45 (414)
n* (71224N° + 217316 N? — 666110N + 269823) + 247451° (AN? — 8N + 3)

—3675n(14N — 31) — 165375 (415)
5n* (16N* — 40N? +9) — 121 (8N? — 12N? — 2N + 3) — 6n* (4N? — 8N + 3)
+12n(2N —3) + 45 . (416)

Diagram 2b exhibits a very similar structure and is related to diagram 2a by the interchange
my <> ma, n — 1/n. Its z-space contributions consists of a part which requires regularization
via the +-distribution,

DY(z) = (m3)™ (m%)eﬂ{

_1 1 _ 37 n 1 e 1 s
2103 (=1 +2) 441003 (=1+2z) 420n3(—1+ z) 1—7]"

_155?)(6771(+n il [VI=TvTh ]+ H%}”} [_420773(1—1—1-2)

514+ 1)z T
307277 ( 3/2 [{ \/_} }

5(=1+n)*/z G[{ mf} H

12288n*(1 — 2)3/2 —n —T+nT

_30%717;;1”1\53/2 {G [{ - T} z] e H\/ﬁ\/_ %} Z”

1—7
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5(=14n)*V/z [GH VI—TyT o1 H

ez e e e

(=]

—-N—T4+nT T

and a remainder contribution
D;)eg(z) _ (m%)73+6 (mg)s/Q{
1 1 2 37G ({1},
5(1_2)[ +_[ s G2 }n)l_ 2 31G({}.0)

105e2n3 ¢ 2205017 210n3 2315250m3 44100n3

LG }77)+ G | 18’z - 124622+ T2 CG({7}.2)Qs
420m3 280m3 € 12601322 645120m122

Q1 GUhA) i+ 1)s
112896001422~ ntz 645120 3072n4/T — 225/2

x| GUVT= 7V, —=—},2) + G({VI= V7, 7—1_},2)] B %

+

12288n4/1 — 225/2
R R e Vi z>H 2

—n—T4nr 1—7 —7]—7—1—777'7; ’ 645120n*z

1 1+ Qs 7 ! (= 1)°Q
+774,/ — 225/2 3072 ({ b T\/_} ) 'V — 2257 12288

G o6 - e (ViR )

(418)
with

Q1 = 3159°(z — 1)® — 105" (z — 1)*(z + 6) — 1051 (10z° — 182 + 9z — 1)
+77°2(902% 4 180z + 11) + 3nz(2452° — 5952 + 512) — 5252° (419)
Q2 = —=315n°(z — 1)> +105n"(z — 1)*(z + 6) + 105> (102" — 182> + 92 — 1)
—7n°2(902% 4 180z + 11) — 3nz(2452" — 595z + 512) + 52527 (420)
Qs = 315n°(z — 1)°2 — 35" (z — 1)*(352% + 210z + 256) — 1057°2(10z° — 1827
+92 — 1) + 35772 (182" + 362 — 49) + 105n2°(7z — 17) — 525z* | (421)
Qs = 11025n°(z — 1)%z — n*(z — 1)*(257252% — 220502 — 8704) — 24512 (302"
+902% — 2532 + 133) + 497?27 (13502% — 900z — 1091) + nz*( — 624752
+25725z — 9472) + 183752" (422)
Qs = 3z —1)% -4’ (z — 1)%2 — 60 (2 — 1)2* — 52° + 12n2° . (423)
In Mellin N-space, this yields

pat) = (o) oy [ {2

2 105273
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1 [ 2107° 4 245(N — 1)Nnp — 2N (37N2 — 105N +68) S, (N)  In(n)

€ 44100m3(N — 1)N(N + 1) 210m3 21073
N (77 . 1)—N—1,'7N—2P2 B 272N713 (2]]\>[)P3
12288(2N —3)(2N — 1)(2N +1) 3(n—1)n*(N +1)(2N —3)(2N —1)
9—2N—13 (21<,V)P3 N 221'1(_1 +77)7i177i1

3~ PV + DN —3)2N — 1) 2= (1) (1 + 20y)

Py
1 2
+840773] w(n) + [22579200773(1\[ T1)(2N —3)(2N — 1)

(77_ 1)_N_17]N_2P2 n— 1
T 6144(2N — 3)(2N — 1)(2N + 1)31 ( ’N)

n
9—2N-12 2N P N 22i1<_1 + n)_ilnilsl <—1+77’Z‘1)
+ - (N) 3 Z - ' n
3(n = DP(N+ 12N = 3)(2N —1) £~ (%) (1 + 2iy)

S1(N) Py
“ 20 | U T 118520800003 (N — 12NN + 122N — 3)(2N — 1)
2—2N—11 (2]<]V) P3
32N +1)(2N —3)(2N — 1) [H—mo (V) + Hip0 (ﬁ)]

22N () P,

12288(n — 1)3(N + 1)(2N — 3)(2N — 1)
N 2% (-1 4 p)~hph [52 (_17;”7,2'1) — 511 <_1,7+77, Lilﬂ
(%) (1 + 2i4y)

11

(=1 """ 2p n—1 n—1
+6144(2N—3)(2N—1)(2N+1) [Sl’l n LN =5 n N }

_|_

X

i1=1

P S2(N) + Sy (N)
- N
225792000 (N + N — 32N — 1) M+ g
C2
280773} ’ (424)

with polynomials

P = 1653751 + 3675n*(14N — 31) — 247457 (AN — 8N + 3) — 71224N°?

—217316N? 4+ 666110N — 269823 (425)
Py = 450° = 30*(2N +17) 4+ n (—28N? + 64N — 9) + 5 (8N® — 12N* — 2N +3) (426)

Py = 450" +12p°(2N — 3) — 6n° (4N? — 8N + 3) — 121 (8N® — 12N* — 2N + 3)

+5 (16N* — 40N? + 9) (427)

Py = 1057 (235007N° + 17921N* — 827903 N® + 439039 N? + 162816 N — 80640)
—25725n°(N — 1)>N (202N? — 307N? — 125N + 384)
—5145n(N — 1)°N? (6164N* — 8724 N> — 2585N + 2703)
+(N —1)>N? (14363896 N* + 3739260N* — 24768426
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—34435223N + 22044567) . (428)

Diagram 3 displays a particularly simple structure and does only depend on the logarithms

Figure 9: Diagram 3. Due to the symmetry of the diagram both mass assignments m, = my,
my = ms and m, = mo, my = my yield identical results.

Hy(n) =In(n) and Hy(z) = In(z) in z-space. D3(z) reads

Ds(z) = (m?)*? (m%)”{

(L+7°) (=142) (74 —245n — 2450° + T4n°) (=1 + 2)

210z¢ 882002
} . (429)

In N-space this corresponds to an expression in terms of rational functions and In(n) only. It is
given by

_ one/2 o gve-s [ 14 (=D)Y (773+1) Pi(n+1)
Dy(N) = (m) ™ (m3) { 2 } {2105N(N+ ) " R8200N2 (N + 172

7° In(n) } | (430)

(=1 + 2)Ho () = oo (1) (<14 2)Ho (2

"~ 420N(N + 1)
with the polynomial

P = 77 (74N? = 346N — 210) + 1 (—319N? + 101N + 210) + 74N? — 346N — 210 .
(431)

The z-space expressions for Diagrams Dy, and Dy, are completely regular as z — 1. For Dy,(z)
one obtains

pute) = o) )|

[ (—1+2)(-1+52+22%) 1 1 Q1
c { 6022 0% [\ S 7| T 5760002
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mp

Figure 10: Topology 4. Dy, is given by assigning m, = msy,m; = mq and Dy, by assigning m, = my,
my = my respectively.

K (—1+Z)Q2GH 1 }Z]JFQ%SGH%}?Z}

60 1920n= 1— 28800n22
= 1+n><1—z3;§7;5/[2{mf} }+60”GH1’1L}4
16+ 30) 7;8% {221 @(3+”2)G[{%7%}7Z]
(L+ )1~ 2)*7Q GH . }}
1—7

480m25/2

[{vva 1} ]| - e

e R ORI

e [{ 7} o]+ G (V=

—ﬁ"( 35—3n+8772)GH1_71+m} z]
ST (TR

1920m25/2 l—74n7

PO DET D) G (=7 VT 7y}

_(—1+77)3((;£—2?7+?72)GH\/—\/— C{} H

fm el i

_(—1+n)2(1—2)3/2623[ HF[ 1 }}

1920n25/2 l—74nr’'1—71

n(—35 — 3n + 8n?)
480
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l—7+n7' 7 512,/n 1—7'7'7

ofpr it}

(TR ] e 2 L )

+(—1 +n)(1+n) (=7—2n+n?)
16m

ro ViR v ) H A CT o)

V1= 1
x |G 4 V1 =17, T\/?, , 2
l—74nr 1-7
V1= 1
v [{vr=rr Yo H } , (132)

l—74nr 7

with the polynomials

Q1 = —150n°2" (10 4+ 41z — 622° + 242°) + 75*2” (12 — 22z + 432" — 382" + 122*)

—201m%z (82 — 57z + 652% + 1352° — 2402* + 902°)
—152 (24 — 152z + 6622” + 512° — 8302" + 4202°)

+2n (104 + 6962 — 25682 + 77982" 4 3195z* — 11850z + 54002°) (433)
Q2 = —6+67z— 8122 — 852" +1052" + 5 (—1 + 2)%2(—1 + 3z)

—10n* (=1 + 2)*2(1 + 32) + n* (2 — 50z + 202* + 160z° — 1202")

+2n (=6 + 99z + 72* — 452° + 152%) (434)
Qs = 3+ (-13+5n)z—15(=3+2n+7n*) 2 +15(7T—=5n—3n>+7n°) 2* (435)
Qi = —6+4 38z — 1482" — 42° +1902" — 1052° — 5*z (3 — 62 + 122°

—102° + 32") + 10n*z (3 + 62° — 82° + 32") — 21 (6 — 302

+922% 4 522° — 602" + 152°) 4+ (2 — 172 + 702* + 1402°

—2802" 4+ 1202°) (436)

Qs = 150n°z" (6 — 8z + 32%)

—75m%2° (=6 + 122 — 102* + 32°) — 152 (6 — 382 + 1482°

+42° — 1902 4 1052°) + 10n*z (3 — 203z + 1052°

+2102% — 4202" + 1802°) — 61 (40 — 210z — 862 + 4602° + 2602*

—300z" + 752°) . (437)
(438)

Performing the Mellin transform yields

nne/2 (oy-ste [1+ (=17 !
Di(N) = (m})"" (m3) ™" [ 9 ] {_55(1\7— N(N +1)*(N +2)

N n((4N? — 4N = 3)n* + (4N — 6)np — 35) (L — )~V
1024(N + 1)2(N + 2)(2N — 3)
P22_2N_9 (21<7V—_12)

N(N +1)%(N +2)(2N - 3)

90



2P,

220 (1 — )

" N(N +1)2(N +2)(2N = 3)

o (3(4N?

n
i1=1 (

— 4N = 3)n* + 12(2N —

i1hﬂm

3)n — 35)

72+2i1)
—1+1i1

768(N + 1)2(N + 2)(2N — 3)

P2 N ()

+

N(N +1)2(N +2)(2N - 3)

29— 2N(2N 2)77]32
)?

124N (N + 12(N + 2)2N = 3)

N 2211
Z 2+27,1) 1

7,1:1 1+i1

_ - 221 (1—n)"S (1 _Uﬂi)]
24211
i1=1 ( 1+’Ll)
n((4N? — 4N — 3)n* + (4N —

6)n —35)(1 —n)~N

512(N + 1)2(N +2)(2N —3)

+ h

Si(1—m, N)] In(n)

92— 2N — 7(2N 2)P2

28800(N — 1)2N2(N + 1)3(N + 2)(2N — 3)

+

P ()

VIN(N +1)2(N +2)(2N — 3) [HLO’” (Vi) + Hioo (\/ﬁ)]

2 2N(2N 2)77P2

" N(N +1)2(N +2)(2N — 3)
M) 82 (1= in) = S (L= 1))

_l_

1024N (N + 1)2(N + 2)(2N — 3)
N 22i1 (Sl(il)

N 2%1(] —
X [Z <72+2i1)
’i1=1 —1+i1
n(3(4N? — 4N — 3)n* + 12(2N —

+ ) n

(72+2i1
i1:1 —1+7;1

3)n — 35)5; (N)

768(N + 1)2(N + 2)(2N — 3)

1—n)"Nn((4N? — 4N — 3)n? + (4N — 6)n — 35
L= n(( )n* + ( ) )[511(1_77’1’]\[)
512(N + 1)2(N + 2)(2N — 3) ’
_52(1 _777N):|} )
with polynomials

P = 900n°N" —900n*(2n — 1)N°® — 25n (27n* 4+ 90n + 163) N° + (24751
+450n* 4 8875n + 7296) N* + (—225n" 4 2250n° — 7251 + 6336) N°
—(675n* + 13501 + 88757 + 33216) N? + 192(25n + 27) N + 8640

Py, = 5’ (8N? —12N? —2N +3) + 3n* (4N? — 8N + 3) 4 (45 — 30N) — 105 .

Interchanging the masses m; <> mo yields

—34¢ /  9\¢/2 2 —1)(222 +52—1
Du(z) = (m) " () {5 [‘( o ol(31)
({ } ) Q4 1 (z—1)Q 1
T To8R0022 - 57600m322  mPz 1920 G({ 1— T}’ 2)
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(439)

(440)
(441)



(1—2)*2(n+1)

GVT=rvr, ==}, 2) + GV 7V, -}, z)]

48013 25/2
(—35n* —3n+38) 1 1
o |0 T )+ G e

+<1_z>3/2<n—1>2Q5[G<{“‘Tﬁ b )]

n325/2 1920 —n—T14+nr 1—-77" —n =740’ T

(n—1)(n+1)(Tn* +2n—1)
1673

+ 1l—7v7, V1 —7T

a(

,2)

LG{VI AV _T\/;,%},z)

11
—— (=13 +2n—1
+n364(77 (T + 2n — 1)

c|a(vi—rve, YV Ly

-7+ 1—71

LoV Toryr YTV 1y >]

T+nTT

(1—2)%2(n+1)Qs
_ 1807352 G{V1-1V7},2) + 1807 <{'—U‘—7'+'ﬁ7}’z)

)32 (n — 1)2 5 11—+ ,
_<17]3Z532 <77 1912)()@ G({_nl_ 7._;/;7_} ) - %%(77 - 1)(77+ 1)(777 "'_277 - 1)

GV TV T Tyr),z) - A 2 = 1)

64n3
<G((VIve T ) Sl gl )
_ )32
U 3~ VG VIV + g0 )
+%(10577 —12(;10—577+64)G({_7_}’n)+$§(n_1)2<7n2+2n_1)
<GUVI=TVAVT=TVT}2) + s (10 =577 =39 +1)
G L D+ gota olih 1) - gl 4n)

Q1 = n*(1052" — 852" — 812> 4 672 — 6) + 2n° (152" — 452° + 72* + 992

—6) +n°(— 1202* 4+ 1602° + 202° — 50z + 2) — 10p(z — 1)*2(32 + 1)

+5(2 —1)%2(32 — 1) , (443)
Q2 = n*(1052° —190z" + 42° + 1482* — 1432 + 6) + 2n°(152° — 602"

+522° + 922° — 45z + 6) — n*(1202° — 2802" + 1402° + 7027

—137z +2) — 10n2° (32> — 82 + 6) 4 52° (32" — 102° + 122 — 6) , (444)
Qs = —15n'2(1052° — 190z" + 42° + 1482% — 382 + 6) — 61°(752° — 3002°
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+260z" + 4602" — 862" — 210z + 40) + 107°2(1802° — 420z* + 2102

+1052% — 203z + 3) 4 150nz* (32" — 82 + 6) — 752°(32% — 102* + 122 — 6) , (445)
Qi = —157"2(4202° — 830z" + 512° + 6622° — 572z + 24) + 2n°(54002°

—118502° 4 31952 + 77982 — 79682 + 6962z + 104) — 201z (902"

—2402" + 1352% + 652° — 147z + 82) — 150n2° (242" — 622° + 412° + 102

—24) + 7527 (122° — 382 + 432 — 22) (446)
Qs = 152° —15n2%(32 + 1) — 5n°2(152° 4 62 — 1) + 1 (1052° 4 452 — 132 + 3) . (447)

In Mellin space Dy, takes the form

oN—3+e , one/2 |1+ (_1)N 1 1
Dy(N) = (mj) (m3) {T} {_25(N— LN(N +1)%(N +2)

(350 + (6 — 4N)n — AN? + 4N + 3)(n — 1)~ NVpN=3
e 1024(N + 1)2(N + 2)(2N — 3)

P2 2N — 9(2N 2)

+ N—-1
MN(N + 1)2(N + 2)(2N — 3)
9—-2N-11(2N-2\ p N 92i1(_1 —i1 01
n ) L M ey
M N(N + 1)2(N +2)(2N = 3) (502

35n% + (36 — 24N)n — 12N? + 12N + 9
7683 (N + 1)2(N + 2)(2N — 3)

P2 N )

TEN(N + 12(N +2)(2N —3)
92— 2N (2N 2) P1 N 2211
TT020 NN+ 1)2(N + 2)( [2 Ewal
X 2 (14 ) S, (‘n i)
- (—2+2i1) }
’i1=1 —1+i1

3502 4+ (6 — AN)n — AN2 + 4N + 3)(n — 1)~ NpN-3 —1
+(n+( n +4N +3)(n—1)""p Sl<n ,N)]ln(n)

512(N + 1)2(N +2)(2N — 3) 1
+ b
288007 (N — 1)2N?(N + 1)3(N + 2)(2N — 3)
2N-2 2N—-2
N P20 () 272NN )

BN(N +1)2(N+2)(2N —3)  2N(N + 1)2(N + 2)(2N — 3)
B 92— 2N(2N 2)P1

X _H—l,O,O (\/ﬁ) + Hl,O,O (\/ﬁ) 1024774]\/'(]\[ + 1)N(]\17 —+ 2) (2N — 3)

- N 2211(_1+77>—i1nz‘1 [5171 (—177-&-7771’2'1) 52< 1+n 21)}

(—2+2’i1)
Li1=1 —1+i;

P+
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N 22i1 [i — Sl.(il)] 35 2 2
2 i 4+ (36 — 24N)n — 12N- + 12N +9

= (T 76873 (N + 1)2(N + 2)(2N — 3)

(35n 4+ (6 — 4N)n — 4N? + 4N + 3)(n — 1)~ NVpN=3 h—1
" B12(N +1)*(N +2)(2N —3) [52 (T N)

— S, ("T_l 1,N)} } : (448)

with polynomials

P = 1059° + 159°(2N — 3) — 3 (4N* — 8N +3) —8N® + 12N* +2N —3  (449)
Py = 1925* (38N* + 33N® — 173N? + 27N +45) — 25¢°(N — 1)>N (163N

—29N —192) + 450n(N — 1)>N? (2N*? — N — 3) + 225(N — 1)°N*

x (4N® — 7N —3) . (450)

In z-space diagram Dj, is given by

Figure 11: This diagram depicts D5, with m, = mg, my = my and Dy, with m, = my, my = my
respectively.

Dals) = (m%f”(m%)‘“{l[—(‘”"’) e QGHI}”‘“H

€ 4522 15
Q1 I 3 (=14 2)Q2 1
Y- G
201600722~ 105”7 “2 T 672002 T

Qs 1 (=1 +m)(1 = 2)*?Qu
+W007722G [{T}’z] + 840n25/2 G{V1-1VT},7]

+%n3zG Hi 1_17} z] + (—58774 + 7 (—1;8 + 135» G Hii} ,n}
g o6 {1 1) o]« B e (vimvm vim ey

4n
I+ - 2)3/2Q4
1680n25/2

+G [{mwi}z]

JEREEE

1 Q , 1 3 1

TG HT} ’”} [67207]2 T 1057 *C [{T} z]

(L1 - Z>3/2Q4G HVT=7yr) o] - n (=175 — 35n — 161z + 167°z)
168012572 VTS E 1680
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- H+<—1+n>2<1—z>3/2@4GHmf}]

1—7+n7 6720m25/2 1—7+n7
-1 1 542 2
_( +0)( —H‘;)?( + n+n)G[{\/1—T\ﬁa\/1—T\E}7Z}

32n T+ nT

1 1
GHI—T—{—UT’I—T}’Z]

LI G2+ Hm\f ﬁf} ”

n (=175 — 351 — 161z + 167°z)

1680
_ 201 _ \3/2
o[l ], Clea - g
l—7+n7'T 6720n25/2

o ) o)

l—74+n7'1—71 l—7+n7' 7

(5-3n—n*—1°) VT 11 (—1+n)(1+n) (5+2n+n?)
AT G|:{1—T7T77'}7n:|_ 8n

G H\/ﬁﬁmﬁli} z] e [{\/1 TV _Tﬁ,i},zH

o[l

T+nt ' 1—1

X

(=14n)3 (54 2n+1n?)
32n

+G [{\/ﬁf VI-TyT 1} ZH} (451)

1—7—1—777 T

_|_

with polynomials

Q1 = 309’27 (216 — 146z — 1052° + 702°) 4 525n"2% (12 — 22z 4 432>

—382% 4+ 122%) 4 752 (24 — 1522 + 6622° + 512° — 830z* + 4202°)

+207°2(290 — 237z + 53527 + 7562° — 15542" 4 6302°) — 2(672

+22482 — 119842% + 372342° + 153452 — 555902° + 252002°) (452)
Q2 = 35n*(—1+2)%2(—1+32) 4+ 212 (34 352 — 1752 + 1052°) + 5(6

—672 + 812" + 852° — 1052") — 21 (=30 + 509z + 172% — 2512°

+1052*) + 2° (=5 + 47z — 282" — 2942° + 210z*) (453)
Qs = 525m*2° (=6 + 12z — 102* + 32°) + 30n°2* (—108 — 32z + 2102

—2802° + 105z*) — 752 (6 — 38z + 1482” + 42° — 190z* + 1052°)

+107°z(15 — 751z + 22527 + 7982 — 15122* + 6302°) — 21(560

—2910z — 8542° + 73802° + 40202* — 5340z° + 15752°) (454)
Qi = —15+ (65— 21n)z + (—225 + 1267 + 35n°) 2° + 105 (=5 + 37
+n° +1°) 2° (455)

Qs = 357"z (3 —06z+ 122" — 102° + 32%) + 2’2 (=3 — 32z + 2102
—2802° + 1052") — 21 (30 — 154z + 4922” + 2682° — 3562 + 1052°)
—5(6 — 382 + 1482° + 42 — 190z* + 1052°) + n* (10 — 69z + 1502
+5322% — 10082" + 4202°) . (456)
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In Mellin-space one obtains

Dsa(N) _ (m%)s/Q (m%)fiﬁrs |:1 + (—1) 4

2 } {_515(N — 1)N(N + 1)2(N +2)

n((4N? =8N +3)n? — 4(N + 1)n+25)(1 — )=~
256(n — 1)(N + 1)(N 4 2)(2N — 3)(2N — 1)

. 2N () P, ¥, gin(1 - )
512(n— DN + 12N +2)2N —3)2N - 1) & (%)
_ P27 (3) ] 2 (0)
(n—1)(N +1)2(N +2)(2N — 3)(2N — 1)
n(3(4N? — 4N — 3)n? + 25) 272N=8 (2T
384N +12(N+2)2N —=3) (n—1)(N+1)2(N +2)(2N —3)(2N — 1)

22 (1= )8y (1— i) P
P )
n((4N? =8N +3)n? — 4(N + 1)n +25)(1 — )~
128(n — 1)(N +1)(N +2)(2N — 3)(2N — 1)
PN T ()
(N +1)2(N +2)(2N — 3)(2N — 1)
Py
 14400(N — 1)2N2(N + 1)3(N + 2)(2N — 3)
2o () P,
(N +1)2(N +2)(2N — 3)(2N — 1)
22T ()P,
V(N +1)2(N +2)(2N - 3)(2N — 1) [H‘LO’O (Vi) + Hioo (\/ﬁ)]
N 22V (Y )nbs
256(n — 1)(N 4+ 1)2(N + 2)(2N — 3)(2N — 1)
N 92i1(] — )i [52 (1—1.01) — Si1 (1 -1, 1,@1)}
= (i)
n((4N? =8N +3)n? — 4(N + 1)n+25)(1 — )~V
128(n — 1)(N + 1)(N + 2)(2N — 3)(2N — 1)
n(3(4N? — 4N — 3)n* + 25) 51 (N)
384(N + 1)2(N + 2)(2N — 3)

N
Sl(l_naN)

In(n)

_|_

X

[5171 (1 -1, 1, N)

—S2 (1 —n,N)] +

with the polynomials

P = 900n°N" —900n*(2n + 1)N°® — 25n (27n* — 90n — 89) N° + (24751
—450n* — 46257 — 5504) N* — (225> + 22500 — 1757 + 3264) N*
+(—6751* + 13500 + 46251 + 22784) N* — 96(25n + 46) N — 5760
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P, = n*(8N® —12N* —2N +3) +n* (—4N*+8N —3) + (2N — 3) + 75 .  (459)

The mass reversed diagram Ds;, obeys the z-space representation

C34e , one/2 2 —1)(222+52—1
pute) = o) iy 1D Bl o
LG{51,2)@s Qu (n = 1)(n +1)(50° + 2 + 1)
1008007) 22 2016007322 8n3
G( 1—7v7, V1 —7T ,Z)—f—G({\/l—T\/F,\/l—T\/;,%},Z)]

(77_1)3(5772+277+1> G({\/ﬁ\/_ V1—1yT 1 }Z)

32n? —T4nr’ 1—71

HO((VT=VF LT L z>]_773_2 0}, )

¢({ }.2)

1 1
—n—T+n7’ 1—7
} ) (1=2)*?(n+1)Qs
—n—T4+n7 T 16801325/2

+G({¢_1—Tﬁ’;}7z’)]+(1_2)3/2(" e ey

6720n325/2 —n—T4+nr 1—7

(3512 4+ 1750 — 16z + 1672)
16803

+G({ G{V1-TvT. g })

TR )] [ Q  (1=2*(n+1)Qs

—n—T+nT’ T 6720m3 2 16801325/2

1 (357% + 1757° — 162 + 161)2) 1
({Vl_T\/—} ) _3 1680 G({—T]—T—i—nT}’Z)
(=22 _1)Q%N{”/ ¢‘} 2 - (n—1)(n+1)(50° +2n + 1)
73 25/2 6720 —-n—T + nT 8n3
<GV rym VT ryr} ) - O (ggn; 2 +1)
2G({LY 2

GV, Y Tﬁ}} - % 6({ 1)

_ 5)3/2

o @m GV}, >+%ﬁze<{;$},z>

1 1 on z
‘+(‘_'Ié 384y 128 +'10577 )G <{

} 77) +—— n— 1)2(5n2+277+1)

5n° — 3% — —1 T
G({\/l—T\/Fa\/l—T\/?}az)+(n 252775/277 )G({1\/_’_’%}’n)

P R0 - 1 (o)
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Q1 = 57*(1052* — 852° — 812" + 672 — 6) + 2°(105z* — 2512° 4 172°

+509z — 30) + n*( — 4202* + 5882* + 562° — 942 + 10) — 2z (1052°

—1752" + 352+ 3) — 35(z — 1)’2(3z — 1) , (461)
Q2 = 51*(1052° — 1902* + 42° + 1482% — 143z + 6) + n°(2102° — 712"

+5362° + 9842% — 5182 + 60) — n*(4202° — 10082 + 5322° + 1502

—489z + 10) + 2nz( — 1052* + 280z* — 2102% + 32z + 108)

—352°(32° — 102° + 122 — 6) , (462)
Qs = —T75n'2(1052° — 1902* + 42° + 1482 — 38z + 6) — 2n° (15752°

—53402° + 40202" + 73802% — 8542 — 2910z + 560) + 107°z(6302°

—15122* 4 7982" 4 2252% — 7512 + 15) + 30nz°(1052" — 2802°

+2102% — 32z — 108) + 5252°(32° — 102° + 122 — 6) , (463)
Qs = Ton"'2(4202° — 8302" + 512° 4 6622° — 572z + 24) — 21*(252002°

—555902° + 15345z" + 372342° — 371842° + 22482 + 672)

+20n°2(6302° — 15542 + 7562° + 5352% — 867z + 290)

+30n2°(702* — 1052° — 146z + 216)

+5252% (122" — 3827 + 432 — 22) | (464)
Qs = —1052° —35n2*(32 4+ 1) — 21n°2(152° + 62 — 1)
+51%(1052° + 452% — 132 + 3) . (465)

In Mellin space one obtains

2\ —3+e€ 2\6/2 1+ <_1)N 4
Dsp(N) = (mi) (m3) [T} {_515(]\/ —1)N(N +1)%2(N +2)

[ (251% — 4(N + 1)n + 4N? — 8N + 3)(n — 1)~ N-1pN-2

256(N + 1)(N + 2)(2N — 3)(2N — 1)
P1272N79 (QN)

T DAN T AN 1 2)(eN —3)@N 1)
9—2N—9 (21€[V)P1 N 222‘1(_1 +77)—i1nz‘1 )
TSP (N F 12N +2)2N —3)2N — 1) il:l ) ] ()
(25m% + 12N? — 12N - 9) P27
TIRIP(N L 1PN +2) 2N —3) T BN+ 1N £ 2)2N —3)(2N — 1)

_ 22 ()P N 22 (=14 )y (A )
(n— DP(V + DA(N + 2)(2N — 3)(2N — 1) 2~ )

25m% — 4(N + 1 AN? — 8N +3)(n— 1) N-1pN-2 -1
(25072 — 4(N + 1 + +3)(n—1) "y Sl(n ,N>]1n(n)

128(N + 1)(N + 2)(2N —3)(2N — 1) ;
Py
T 144007 (N — 1ZNZ(N 1+ 13(N + 2)2N —3)
P22V (3) 22N P

TN FI2(N +2)2N —3)2N —1) _ PPN+ 12(N +2)(2N —3)2N — 1)
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22N ()P,

T 2560 — PN - 12(N + 2)2N —3)2N — 1)

X [H_1’070 (\/ﬁ) + HI,O,O (\/ﬁ)

N 2211<_1 + n)filnh [8171 (*117+TI’ 1’1'1) o 52 (*1174’7)’7:1)]
C)
(n—1)"N=1pN=2(250% — 4(N + 1)+ 4N? — 8N + 3) [S n—1 5
128(N + 1)(N +2)(2N — 3)(2N — 1) U

n—1 (25m% +12N? — 12N — 9)
_51,1 (T,l,N)} + 384773(N+1)2(N+2)(2N—3)Sl (N)}, (466)

X

+

where we abbreviated the polynomials

P = 75+ 9*(2N — 3) +n (—4N? + 8N — 3) + 8N? — 12N? — 2N + 3 (467)
Py = 641 (86N* 4+ 51N° — 356 N? + 69N + 90) — 257°(N — 1)>N (89N*
—7N —96) + 450n(N — 1)°N? (2N? — N — 3) — 225(N — 1)°N?
X (AN® —=7TN —3) . (468)
The diagrams Dg,p, and Dg,p, see Figures 12 and 14 respectively, are of a topology with one

my

Figure 12: Dg, with m, = mo, my = my and Dg, with m, = my, m, = msy respectively.

fermionic triangle and one fermion-bubble. For Dg,(2) one obtains

Dﬁa(Z) _ (m%)fSJrE (mg>5/2 {

1 2+H+2+2-2 1 1 1,1
T2 1800 +o¢ U519 — ¢ (71H2)

G({%}’Z)Qi‘} n Q4 n 1 G({é},z)Qg
201600(n — 1)n3z2 181440007322 (n— 1)n?z 201600

1 11 11 V1—2(n+1)Qs
e R R R ERE| R

1
€

+

+
T

X

GUVT=Tvr, ==}, 2) + G{VI=7v7, %},z)]
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1 1

e S
g ) i | P e T )
(AR | - et L e
T ) ) AR S
V{19 - e =

1—7v7

1—77

x |G(

(n—

1)%(75n°

— 631% — 350 —

)+ G{VT= TV VI= V7, -} 2)

105) »f____vf' 1

G{VI-7vT, =

67203

H(VI=TVr T

T—i-nT
1

—T4+n7’ 1—7}’2)

VI—2(n+1)Qs

n3z5/2 6720

c—

Q1

1
[40320(n-—-1)n3z'_

B |t

T

GUVT =TV} 2) +
VT2 (- PG (

(n—1)n?

Vir/T
—nN—T+NT

— 25m3 + 260 + 23n + 8
( )G({—n—7'+777
p2) 1

n325/2 26880
(n—1) 1 |

1

3360
1
DT Sl 20
1 (n+1)(75n* — 63n* — 35n — 105)

G({

773EO

XG({\/l —7V7,V1 —T\/F},z

G(VT=ryr LTy
V(-

n325/2
1

1
——3%<

3360
—1)(7579°

G{=12)

420m3

— 631°

_|_

* 120

O —15n°(152° — 252"

—10z* + 34z — 15) + 1° (3302°
— 154z" + 2942°
+352% 4+ 2102* — 105z — 12) — 1052*(32

n?(1262°

l—7 " —n—7+n7

“G{VI=TvT}2) -
— 350 — 105)G({V1 —7v/7,V1 = 7/7},2)

o]}

— 823 4 3422

12) s 1680

nS
1)%(75n — 63n* — 35n — 105)
6720

1 (n—
)*‘55
G({%}w)
SmCUr=)ae(s,

?)

“}.m)

(469)

— 14z + 3) + 3n* (632" — 552" — 962°
— 826z" + 2942° + 9872" — 478z 4 105)
— 2732° + 1782 — 15) + nz( — 105z

-T2 462-3), (470)
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Q2 = T75n°(z —1)*(152° + 52" — 132 + 3) + n*( — 9452° + 825z* + 14402°
+1502% — 12472 + 225) — *(16502° — 41302" + 14702° + 49352°
—2602z 4 525) — 5n°(1262° — 1542* 4 2942° — 2732% 4 78z — 15)
+35n2 (152" — 52% — 302° + 152 + 53) +525(z — 1)%2(32° — 2 + 1) ,

Qs = T75n°z(152° — 252" — 82° + 342> — 142 + 3) + ' (— 9452° + 8252°
+14402" 4 1502° 4 7222% — 20152 + 560) + ° ( — 1650z° + 41302°
—1470z* — 49352° + 25582% 4 17152 — 560) — 5n’z(1262° — 1542*
+2942% — 27327 + 1222 — 15) + 5n2° (1052* — 352% — 2102% + 1052
—324) 4 5252°(32° — 72° + 62 — 3) ,

Q4 = 3375n*2(602° — 1102* — 272" + 1462> — 562 + 12) — 8n° (465752°
—938252" — 4050z* + 1140752" — 513192* 4+ 7605z + 3780)

+450m°2(1682° — 434z" + 772% + 5742 — 2322 + 290) — 360n2° (525"

—8752% + 7002% — 175z — 853) + 236252" (122" — 262 4 192 — 10) ,
Qs = 105(1 —22)z° + 35027 (— 22" + 2 4+ 1) — 219*2(62° — 32 — 42 + 1)
+5n° (302" — 152° — 232> + 112 — 3) .

Performing the Mellin transformation using HarmonicSums [175,177-179] one obtains

_ o\—3+e [ ove/2 |1+ (_1)N 1 1 —Sl (V)
Dgo(N) = (m7) (m3) [ 2 } {_4552(N+ 1) Tz [90(N+ 1)

B P; —751% + 38n + 41

180072(N — 1)N(N + 1)?2 537602(N + 1)

( 1) Py

+ n—

53760(n — 1)n*(N + 1)*(2N = 3)(2N — 1)

2—21\/—10(2]{[\[)]36 N 22i1(_177+n)i1

T105(n — Dip(N + 1)2(2N — 3)(2N — 1) [2 ) i 77]

o) () In*(n) + I

840 (N + 1) | T | 8064073 (N + 1)2(2N — 3)
.\ 2_2N_9(2]<[\7)P6 i 22i1 (%M)llsl (_1n+n’i1>

105(n — L)nP(N + 1)2(2N = 3)(2N — 1) ~~ ()

_29N—-8 (2N

B 2-2N=8(2N) p,

10573(N + 1)2(2N — 3)(2N — 1)
. (7] 1) P2

2685007 — (N + 122N —3)@N =1 '\

1 1 n_ n-—1 S (N)

b g (ot In

AN ) | 2200 (n—l’ n > 420 ()
P, 272N () Po

(471)

(472)

(473)

(474)

7 9072000m3(N — 1)2N2(N + 1)3(2N —3)  10573(N + 1)2(2N — 3)(2N — 1)
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22N ()P,

5376007 — DP(N + 122N —3)2N — 1)

Xi?“(%n)h [52 (71;",2'1) Sn( 1

)]

= (%)
(_7]_ N+1p _ I
T 26380P(N + 1)2(2N — 3)(2N—1) [S“< n 1 N> o (TN)}
P,Sy (N 1 ) 1
T 203200 (N + 122N —3) _ 360(N + 1) [Sl (N) =+ 5% <N)] T RPN D)

X

1 n—1
—S4(N) — Sy (—77 ,N) Sii <—’7 ,1,N) 512( n ,N>
n—1 n n n-—1

—1 —1
+Sl,2 (Lan—aN) +Sl,171 (n a]-v 1 7N)
n—1 7 1 n—1

n—1 1 (751 — 63n* — 35n — 105)
~—— 11N
+51,1,1( . L )] + [ 13440052(N + 1)

272V P
10577 (N + 122N — 3)(2N — 1)] . [H‘l’o’o (V) + Hioo (\/ﬁ)]

G
T 120(N + 1) } ' (475)

Here we abbreviated the polynomials

Py

91582N7 — 147453N% — 132764 N° + 236946 N* + 235222 N3 — 442293 N?

+32760N + 75600 , (476)
3751 (N 4 1) — 61 (4N? 4+ 23N + 19) + 420N* — 676 N* — 13N + 123 , (477)
—450n" (2N? = N —3) +n” (656 N* — 328N — 609) + 18y (26N — 11N — 42)

+315 (4N? —4N - 3) | (478)
4481°(3 — 2N)? + n* (—5600N? + 2800N + 6525) — 307 (224N? — 106N — 345)
—1575 (4N? — 4N - 3) | (479)
4n? (2N? = 5N? + 3N — 10) — 25N (N? — 1) — 30N (N? —1) , (480)

11257 + 1897°(2N — 3) — 35n (AN? — 8N + 3) + 105 (8N — 12N* — 2N + 3) (481)
2n°(2N — 3)(49057N°® — 10080N° — 62834N* + 15120N° + 215377N?

—55440N — 50400) — 225n*(N — 1)>N(N + 1) (1376 N* — 1248 N — 539N — 840)
—90n(N — 1)2N?(N + 1)(2N — 3)(2231N + 581) — 70875(N — 1)2N?*(N + 1)

x(2N — 3)(2N + 1) . (482)

Assigning the masses for this diagram the other way yields diagram Dg,. Its z-space representa-

tion reads

Dﬁb(z)

- ()
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1{10—-40 22 + 25 30nm?) 22 1 1
g[ 2+ (22 + 250 + 307%) 2 +_GH }Z]

45¢2 180022 90 (\1-r
1 I(1 0 11, 1
50° Hr} Z] T 181400022 | 120 T a0 © H 1- r} ZH

Q2 1 (=1 +n)V1—20Qs
T 201600(—1 + n2 " HF} ’Z] T ggeogr O VIS TVT) ]

1 1 1 1 Q4
“10° {{1—7’1—7}’4 +G{{1—T}’Z} [201600(—1+n)nz
1 11 1 11 (14 n)vI—2Qs

~120" © H"} ”H ~ 1s0° H"} } ST

ofjrmensto) Jreffurme |

X

1—7

—(_1+77)(_75+63”+35772+105773)G[{\/1—7\/F VI=7V7) 7]

840n
: Qs (4 V=205
2 _ - .
" HT} ,n] 40320(—1 +n)nz Graonn G Y17V} 2]
(254 W+ B’ 8 o ff L | T, (LY Qs
3360(=1 +m) L—74nr )’ 2688072%/2
VI—1yT 1, L1
XG[{m < _@nG 1_7_7; y %
(=14’ [ 1 1 ] (L) (=75 + 630 + 359° + 1050°)
120 L= 1747’ 16807
-1 20 > 1 .
xG{VI—1yT,VI—7V7}, 2] — (=1+n)* (=75 2762?6737+ 3502 + 10513)
V1—T1T n (=25 + 26n + 231> + 8n3)
1 - - —
XG[{\/—T\/FW—TMW 0 3360(—1 +n)

X

o[t ) s [ ]

(—1+ VT = 2Q [G HFW 1 }}

268807)2°/2 l—74nr’1—71
v1-— 1 1 1 1 1
+G —T\/Fv_ ) < __773G y ) 2
l—74+nr' 7 420 l—771-7
3 3
n 1 11 (—1+n)n 1 1 1
——G|{——,— G
420 [{1—7’7”7‘}’4—'— 420 l—7'1=74n7'1—71 '

1 1 1 1
— (-1 G -
+420( i |:{1—’7'71—7'+777'77'}’Z:|

_|_
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+(1 +n) (=75 + 63n + 35n* + 1057°)
1680n

1—71

ofpr it}

o ] g e

ey

l—74+nr’'1—71

ro[{vr=rvr Y L H} (483)

7‘+777‘ T

with

Q1 = 23625n"2% (=10 + 19z — 262 + 122°) — 360n°2*(—853 — 1752
+700z% — 8752° 4 5252%) + 33752 (12 — 562 + 1462 — 272° — 1102" + 602°)
+450n°z (290 — 232z + 5742 4 7T72% — 4342* + 1682") — 8n(3780 +
7605z — 513192 + 1140752% — 4050z* — 938252° + 465752°) (484)
Q2 = —5250°2° (=34 6z — 72" + 32°) — By*z” (=324 + 1052 — 2102” — 352" 4 105z*)
—75z (3 — 14z + 342% — 82° — 252" + 152°) + 5’2 (=15 + 1222 — 2732° + 2942°
—154z* +1262°) + 1 (=560 + 2015z — 7222> — 1502° — 1440z* — 8252 + 9452°)

+n” (560 — 17152 — 25582 + 49352° + 14702* — 41302° + 16502°) (485)
Qs = 154 (=55+21n)z + (115 — 84n — 350%) 2* — (=75 + 63n + 351 + 1057°) 2°

+2 (=75 + 63 + 357% + 1057°) 2* (486)
Qi = —5250°(—1+2)°2 (1 — 24 32%) — 75(=1+2)* (3 — 132 + 52% + 152°)

—35n*z (53 + 152 — 302" — 52° + 152*) + 5n° (=15 + 78z — 27327 + 2942°

—1542" +1262°) + 1 (=225 + 1247z — 1502% — 14402° — 8252 + 9452°)

+n* (525 — 2602z + 49352% 4 1470z* — 4130z* + 16502°) , (487)
Qs = 1057°2° (32 — 72° + 62 — 3) + n*z (1052* — 352% — 21027 + 105z + 12)

+n° (—1262° 4+ 1542" — 2042° 4 2732% — 1782 + 15) — 1*(3302° — 8262"

+2942° + 9872% — 4782 + 105) — 35 (632° — 552" — 962° — 102° + 34z — 15)

+15 (152" — 252* — 82° 4 342% — 142+ 3) . (488)

In Mellin space this corresponds to

B ne/2 o oy—ste [ 14+ (1N 1 1 P
Dg(N) = (m7)™" (m3) {T] {_4552(]\7 +1) + c [1800(N —1)N(N +1)2

Sy (N) P .
—S5(N) =51 { 7— N 1—n,1,N
TooN | TN ) S(N) =S 7= V) S (L=, 1 N)
1 1 ,
+Sl,2 < 7]- -, N) - 51’2 (1 — 1, —7N) + 51’171 (1 -, 17—,]\/‘)
L= 1= 1—1

1 P,
St (1=n—— 1,N)| -
oL ( Ty )] 9072000(N — 1)2N2(N + 1)3(2N — 3)
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where

Py

2NTE 22N ()P

T105(N + 1)2(2N — 3)(2N —1) ' 53760(5 — 1)(N + 1)2(2N — 3)(2N — 1)
N 221 —n) " |S1a (L—n,1,41) — So (1 —n,4
XZ2 (=) [$11 (1 ! )= S2(1=ni)| S, (V)
) 403200(N + 1)2(2N — 3)

i1=1 1

(1 —=n)"VnPs
+26880(7] _ 1)(N+ 1)2(2N— 3)<2N — 1) [52 (1 -1, N) - Sl,l (1 —ﬁ,l,N)]

1
T 360(N + 1)

41n* + 38y — 75
53760(N + 1)

[SHN) + 5, ()] + ()

272N ()0 P ZN: 2%1(1 — )™
10752007 — 1)(N + 122N —3)(2N — 1) =

. )P 5 (i ) v
105(n — 1)(N + 1)2(2N — 3)(2N —1)  840(N + 1)
)~

(1—=n)""nPs
TB3760(y — (N + 122N —3)2N —1)| T In(n)

22N 10

,'73

420(N + 1)

1 by
x [52 (N) =511 (—1 i N)] " R0640(N 1 1)2(2N — 3)

P2V () 22N (),

TI05(N+ 122N —3)2N —1) T 10507 — )(N + 12(2N —3)2N — 1)

NP (L) (1—n)~VnPsS) (1—n,N)
(%) 26880(n — 1)(N + 1)2(2N — 3)(2N — 1)

1

i1=1

AN T1P2N —3)2N —1)105  1340y/m(N 1 1)

2-2N-8 (2N Py (105n° 4 352 + 63n — 75)]

x| Ho100 (v/) + Hip0 (\/ﬁ)] - ﬁ} ; (489)

(30m% + 25m — 8) N® — (30m” + 25n + 12) N + 20N? + 40 (490)
—4 (708751 4 100395n* + 774000 — 49057) N7 + 6(94500n" 4 1498951

+98400n — 55777) N° + (2126257° + 60660n* + 1500757 — 190856) N°

—3 (2598750 + 3520801 4 174225n — 145828) N* + (708757 + 340920n°
—294751 + 770788) N® + 3 (70875n" + 522901 — 22575y — 504674) N* +

2520(75n + 52) N + 302400 (491)
—315n* (4N? — 4N — 3) 4+ * (—468N” + 198N + 756) + n(—656 N> + 328N
+609) + 450 (2N* — N — 3) (492)
15757 (AN? — AN — 3) + 307 (224N — 106N — 345) + 25m(224N* — 112N
—261) — 448(3 — 2N)? (493)

1057° (8N? — 12N? — 2N + 3) — 351 (AN — 8N + 3) + 189n(2N — 3)
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+1125 (494)
Ps = n” (420N® — 676N — 13N + 123) — 65 (AN + 23N +19) + 375(N +1) . (495)

The ladder-type diagram D7 is symmetric under m; — my and only one mass assignment has

Figure 13: Dy, both mass assignments m, = msy,m;, = my and m, = my, my, = my yield the same
result due to symmetry reasons.

to be considered. It evaluates to

Di(z) = (m%)3+3/25{_177+1+ Q2 +(?73—{—1)(z2—1) [G({% 1 V. 2)

€ 24n2 864013z 180732 —7'1—7

e | B e e R (C ]
__V%;%O(nm@g G({\/—l—T\/F,i},z)+G({\/—1—T\/F,%},z)]

1 1 1 1 1 1
e e e B (e ]
VI =z (n—1)%(27 +2(5n + 27)z + (27n* — 10n — 81)2?)
7]3\/5 2880
x[G({”‘Tﬁ Ly e 1},2)]

l—74+nt’'1—-17 l—74+n7'T

1 Q¢ 1 1 1 1
"= 20 [G({_n_wm’ =) +G<{m’;}’z)]

VI—z(n—1)%(10n(z — 1)z — 272> + 271 (322 — 2z — 1))
n3\/z 2880

vi—7yr 1 VI—TyT 1
X G({—U—TﬂLnT’1—7}’Z)+G({—77——T+77T’;}’Z)
11 1 1 1 1 11
+$1_80(773+1) G({l—r’;’1—7}’Z)+G({1_T’F’;}’2)
(1—n) 1 1 1 1 1 1
* 180 [G({l—T’1—7'+177'71—7}72)+G({1—r’1_7+mﬂ;}73)]
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l—7 —n—7+n7 1—7

(n—1) 1 1 1 1 1 1
e e 4.9)
1 1 1 1 1 1

mtqf;qua+mtq_fﬁﬁﬂ
o) Gl e 1)

_(773+1)
90n?

1 1
l—7+nr'1—1

},z>+a<{1,; b z>]

({—

1 1
G({;’ —n—T4+nt 1—7

D(27? + 1 2
b+ 1) T Dl G(VT=rrT=7ye

+1(1
90

1—17 ’Z)

+G{VI=TVTVT=7VT, l}’ B 1)2(27&24; 107 — 81)

G((VI=7vr Yo VAR )+ G({VT=rvr Yo TV 1 z)]

T+m 1—71 7'—|-777'T

(n — 1)*(81n° 4 10n — 27) \/ o1
0 1440 GUVI-7Vr = = i h?)
e ] —#"1443@5&{1;},2)

% —(”‘”(z‘%({ Lo+ Bl

4320(n — 1)n? 1803z 1—777 180n3

-1—7713—\;;%(77 —1(n+ 1)2(422 — 2z — 1)G({\/1 — T\/?},z)
1 1 1

1 Q 1
oDt T A o @ U b Y)
VI =2 (n—1)*(27 +2(5n + 27)z + (279* — 10n — 81)2?) o YI=TVT
ERE 2850 2

—(z = 1)z (n—1)?(10n(z — 1)z — 2722 + 27n* (32> — 22 — 1))

+

9z 2880
<ULV ) L - D6 1)
+(11g0n)G<{1iT’1—¢1+m}’z)+(;788n£)G({1i7’—n—lr+m}’z)
Fa @ DG T h2) g~ VG T
(VoW eV IS L Rl )
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({x/ﬁf‘/ \/‘} 2 - 1(17—1)2(81772+10n—27)

T+ 0T 1440
V=TT 1
<GUVI= TV Y Do ) el )
(n+1)Q:G({1}, z) 3V1—z(n — 1) (77 +1)(422 — 2z — 1)
B 1440m3 B 40m3\/z G{V1-1V7},2)
—16n+7* + 82 +1*(82—27)  (n*+1) 1 11
|22 W o) et
(m—1>m+1)3 (*+1) 1 11
t e SGUVL=rVT VI =7V} ) = S s Gy 7 o b )
(279 4 10n + 27) VT 11 (P+1)z (*+1) 1
288017/ S gttt S I R T et DA L
111
IR (a6)
Q1 = 27y (62" — 112° + 32° + 32 — 6) — 2*(222° — 662> — 152 + 63)
+0° (= 3242 + 6822 — 4262° — 30z + 84) + n( — 442° + 1322
+30z 4 204) + 272(62° — 112° + 32 + 3) | (497)
Q2 = —2Tn°2(24z" — 462" + 112° + 162 — 24) + n* (6482° — 13702
+8732% — 122* — 390z — 180) + n(6482> — 13702" + 8732
—122" + 182 — 180) — 272%(242° — 462* 4 11z + 16) (498)
Qs = 20n(z—1)2+27(22* =22 — 1) +27*(22> =22 — 1), (499)
Qi = (1 =22)z+4°2 +0°2(42+3) +4(z* = 1) = 8p(z* + 2 — 1)
+n? (42° — 152 — 4) | (500)
Qs = 9(z—1°Bz+2)+9°(z — 1)°(3z + 2) + 2(52"* — 332° + 4227
+14z —43) | (501)
Qs = —42°+4nz(22— 1) —n’z(4z 4+ 3) + 1 ( — 42> + 152 + 4)
—4n° (2 = 1) +8p* (2 + 2 — 1) , (502)
Q: = 9z (323 — 722432+ 3) + 97722(323 — 7224+ 32+ 3) + 2n (5z4
—332° 4422 + 142 + 11) . (503)

The Mellin space-expression for this diagram reads
.D N — 2 3+3/2 - ) I
7(N) (m?) 2 24en?(N + 1)
324 320° + 11nN (N2 4+ 3N + 2) + 119N (N? 4 3N + 2)
57603 N (N + 1)2(N +2)
L e ()
45 (n — Dn3(N + 1)2(N +2) = (2:11)

108



32—2N—7(2]<[V) (n+1)N (n_7_7_1)N

5 (N +1)? 11520(n — 1)n2N(N + 1)2 (N+2)P5
. (L—n)"F VS(&) s ()
11520(n — )PP N(N + 1)2(N +2) ' 360(N +1) ' 360m3(N + 1)
! 20 () 2 (1 — )
B G DN+ (N 4 2) z::l ) ] S
ol P UEL v
5760m3(N + 1)2(N +2)  453(N + 1)2(N + 2)
1 2_2N_8<2]€[V)P2 N 221‘1(%%)1'151 (—177—1—77’2'1)
45 (n— (N + 12(N +2) 2::1 (%)
L g 1 (* —1)S2 (N)
T 1) MBN(N 4+ 1)2(N +2) 1) - 18073(N + 1)
L—n)"
5600 — PNV F R et )

(%)N n—1
- 5760(n — D N(N +1)%(N + 7155 (T N)

1
all ) R N
717 Y

180(N + 1) 180 (N + 1) —1 7

+

1 272N78 (2]{[\7)

220 (1 — )8 (1 —n,i1)
T DN F 12N 1 2) 1231 ) ] In(n)

i1

1 (270 + 109 + 27) 272N=6(21) py
e [ 1440(N +1)  45(N + 1)2(N + 2)} 8 [H—l’ovo (Vi) + Hiog (\/ﬁ)]

P122_2N_6 (21<7V) 9—2N (213/') P2

PN+ 12N +2) 1152007 — DN + 12(N + 2)
N 22 () Sy (R L) — Sy (R
()5 ()
B (n+1)P, (n +1)PsS; (N)
2880 N (N + 1)2(N +2) ' 5760n3(N + 1)2(N + 2)
(’ +1) > (n* +1)S3(N)
180773N(N+1) (N +2) [52( ) = 5l )] T ROP(N + 1)

+

(LI)NP5 _

1
NS (1—n,1,N)—S —1-nN
+180N+1 (1 77 ) 171( n, 1, ) 1,2(1_77, n, )
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1 1
+S512 (1 -1, —7N) — S (1 —77»17—,]\[)
1—n 1—n
1 1 n n—1
-S 1— ,—,1,N] [S NS [ —=,1,N
1’1’1( Ty ) TR0V + 1) 1(77—1 ) “( 0 )
1 —1 1
+Sl,2 (n—a LvN) - 51,2 <L7 n—vN) - 51,171 <n 717 1 7N>
n n—1 n—1 n n n—1
n—1 7 272N (%) Pro
-S| —, —— LN ]+
n ‘n—1 11520(n — 1)n(N + 1)2(N + 2)
N 91 (] — ) [SQ (1—n,i1) — Spi(1—n, 1,@'1)} }

X (22,1) (504)
i1=1 i1
This expression contains the polynomials

P = 27" (2N? +4N +3) — 10n(2N + 1) + 27 (2N? + 4N +3) | (505)
P, = 81p* —10n(2N + 1) + 27 (4N* + 8N +3) , (506)
Py = 2Tn° (AN? 48N +3) + 21 (6N? + 73N 4 115) + 27 (AN* 4+ 8N +3) | (507)
Py = 27 (2N* 4+ 4N +3) 4 21 (27N + 44N —5) + 27 (4N* + 8N +3) , (508)
Py = 64n° — 640*(N + 1) + 5nN(N + 1) — N (54N? + 103N + 17) | (509)
Ps = n°N (5AN®+ 103N +17) — 50°N(N + 1) + 64n(N + 1) — 64 , (510)
P = —27p° (4N? + 8N + 3) 4+ 1 (196N? 4 586N + 449) 4 n(164N? + 494N

+271) 4 27 (4N? +8N +3) , (511)
Py = n*(2TN? +81N? + 54N — 32) — >N (N? 4+ 3N + 2) + 16nN (N? + 3N + 2)

32, (512)
Py = 279*N (4N? + 8N +3) + 21 (27TN? + T6N? + 78N + 60)

+27N (4N?+8N +3) , (513)
Py = 27(4N?+8N +3)n* — 10(2N + 1)n + 81 , (514)
P = 27 (4N? 48N +3) + 21 (54N + 98N — 5) + 27 (4N* + 8N +3) , (515)
Py = 27" (AN? 4+ 8N +3) + °(71 — 20N) + n(71 — 20N) + 27 (4N* + 8N + 3) . (516)

Finally we turn to the diagrams Dg, ;. In z-space they contain contributions which have to be

Mg

Figure 14: Dg, with m, = mso, my = my and Dg, with m, = my, m, = msy respectively.
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regularized as in Eq. 405. For Dg, this contribution is given by

(+) _ (o2ye/2 o ay-s+e ) L 1 1 1 1
D’ = () (m2) {590(—1—|—z)+450(—1+z)+180(1—z)G [

(=1 +7) (25\/2 4 (=100 + 637) VI — 2/(1 = z)z)
3360n(1 — 2)*2
(1+m) (25v7 + (=100 + 63n)VT = 2/=(— 1+ 2)2) G [{1} 7]
a 6720n(1 — 2)3/2 ]

VTR ] (—=1+7) (25\2/6‘8;057?11(10;;3?377)(1—Z)x/5>

ol Aol
oo o )

1 (—1+n)?(25y/z + (=100 + 63n)(1 — 2)v/2)
TG H\/ﬁ\/? F} ZH * 268801(1 — 2)3/2

(= R =0 B

—n—T7+nr 1—71 —n—T+nT T

+

_|_

The regular contribution to Dg,(2) reads

. _34e 1 1 7 G
DReg — 2\€/2 2\ =3+ o _ _ 2~ 5 1—
8a (ml) (mQ) 452 225¢ + 20250 120 ( ?)

—[ <8—§>+;o(a (== -<[{2} 1)

1814400077 _ﬁ+ { } ] (201600 (=1+n)n
420 >+201600 1+ F}Z]
LN LG ({1 f} ]
336077\/_

e e (el (e
g L)) el(A 1)

26880

|
*%77@[ =i} o] ref{=rnl}
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_ (=1+4n) (=75 + 63n + 357 + 1051%)

o G {(VT=rVrVT=Tv7} ]
ol - .
o n8s H 1 } Z] (14T = 2Qy
3360(—1+1n)z —n—T+n7)’ 268801m+/=
{20 ] e (P
_ (—14;077)77 o H% - 1T . m} | Z] L (A (=75 +16§§70;7F 35n* + 1057°)

xG VI =1yT, VT —7V7},2] + (=1+n)* (=75 2762%737+ 35072 + 1057%)
ol S

nQs
—T+nT 3360(—1+n)z

R | E |

e [

X

vi-tyT 1 1o 111
e {—77—7+n7 o A I Iaor LA Il b g
11 1 111
" {;’1—7’1—7}’2}+GHF’1—T’F}’Z}
111 1 | . .
R (1 3 1
h -{T’T’T}’n} Pyt G{{T’_W_T‘i'??T’l—T}’Z}
e 1 1\ ]| (=75 + 63y + 359* 1 1050°)
TN =TT T 53760./7
colf V7 1IN T () (<75 4 63y + 3507 4 1050°)
RS 16807
x[G H\/l 1 }7z:|—i—G{{\/l—T\/F,\/l—T\/_’l},Z}]
— -

(-~ )2 (=T5 2762?6137+ 35n0° + 1057°) [ H\/—\/’ _\/T;/;T 1 i T} Z]

=N} o

—T+nT T
with

Q1 = 168752 (2+ 3z — 262° + 122°) + 2362502 (—12 + 142 + 2° — 222° + 1227)
—12600n° (=12 — 3z + 252% + 52° — 352" 4 152°) + 450n* (280 + 30z
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Qs =

Q4
Qs =

Qe =

+2382% — 3012% — 2382" 4 1682") — 8n (5040 — 108642 — 6752> + 60752

—924752" + 465752°) (519)
5250° (=1 + 2)* (=1 + z + 32%) + 1 (—1332 + 1845z 4 2702% + 24702 — 16502")
+175m* (=13 4+ 9z + 122* — 112° + 32%) + 375 (1 + 22* — 72° 4 32*) — 5y® (4

+3152 + 2102 — 350z° + 1262*) — 3n (=619 + 500z + 6902 — 9852° + 3152") (520)
3752% (2 — T2 4 32%) +525n°2* (3 — 52% + 32°) + 5n*2 (—96 + 3152 + 4202

—3852° + 1052") — 51z (=376 + 315z 4 2102% — 3502° + 1262*) + n* (—1120
—728z + 18452° + 2702° + 2470z* — 16502°) — n (—1120 + 672z + 15002

+2070z° — 29552 + 9452°) (521)
75(1 — 22)z + 63nz(—1 + 2z) + 350°2(—1 + 22) + 105n* (—1 — 2 + 22°) (522)
—752 (2 = Tz + 32%) + 3nz (100 + 1382 — 1972° + 632%) — 35" (=3 + 92

+122% — 112° + 32") — 1051° (=3 + 32 — 52° + 32*) 4+ 1> (=395 + 3152

+2102% — 3502° + 1262*) + 1 (—25 — 3692 — 542 — 4942° + 3302%) (523)
—8n*(—1+ 2) — 252 + 26n2 + 8n* (=2 + 3z) + (8 + 152) . (524)

In Mellin space one obtains

DSa(N)

. 2 5/2 2\ —3+¢ 1 + (_1)N . N+2
G R e
(N +2)S) (N)  8N?+ (4 —25p)N? — (251 + 24)N + 20
90(N + 1) 1800N (N + 1)?
TN(N?+ 3N +2) — 3*) S{(N) _ PhSi(N)
2520N (N + 1)2 403200m(N + 1)2

9—2N-T (2]197) P, 9—2N—-8 (2}3\/) P,
_ I8 =
1057(N +1)2 ' 105/7(N + 1)? 100 (V) + Hiopo (V)

+

!
(

X

272N(2]1\>7)P2 i\f: 92i1 <%+n> 1 [52 <—1n+77’2'1> —S11 (%, 1,2‘1”

- .

53760(n — 1)n(N + 1)2 £~ )

—1 —N—-1,N
PR R - s s U il ¢ )L
840N (N + 1) 53760 105(n — 1)(N +1)2

- 9—2N-10 (2137) P, N 22i1(_1 + ?7)—1'1771'1 N P;

105(n — 1)n(N + 1) £ (%) 90720007 N2(N + 1)3
~ (30° +TN(N? + 3N +2)) 8, (N) il | Sy (N)n?

2520N (N + 1)2 T 10N (N + 1)2
2—2N—8 (2]<7\7) P2 2—2N—9 (2]]\;/) P2

C105p(N +1)2 T 105(np — )n(N +1)2

N 222'1(_1 + n)*ilnilsl (_177+77’ Zl) (77 . 1)—N—177NP13 n— 1 N
2 (2;11) * 26880N (N + 1)? ( n )

X
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+ 5
80640(N + 1)1

-1 —N-1 NP -1
n (n—1)""'n 1[52 -1y
26880N (N + 1)? n

s (t5ha)] - s )

with the polynomials

P = 647" —64n°(N + 1) — 3> N(N + 1) + 2nN (88N? + 245N + 157)

—25N (4N? 4+ 20N? + 31N + 15) | (526)
Py = 105n° — 357°(2N 4+ 1) — 63n (AN? + 8N + 3) + 25(8N? + 36N

+46N +15) , (527)
Py = 192n° — n*(538N + 547) — 6 (76N + 52N — 93) + 75(8N® + 36N>

+46N + 15) | (528)
Py = 960n° + 5n* (22N + 13) + 1 (—3176N? — 2008N + 5478)

+375 (8N? 4 36N? + 46N + 15) | (529)

Ps = 10800n°N (IN? + 16N + 7) + 2257°N (478N? + 945N? + 747N + 280)
—4n (58616 N° + 203774N* + 241285 N + 101167N* — 32760N — 12600)
+16875N? (8N* + 44N? + 82N? + 61N + 15) . (530)

For diagram Dyg, the part that requires regularization reads

o\—3+e  ove/2 ) 1 1 1 1 L
DF'(z) = (m}) () {290(_1 +2) * 450(—1 + 2) + 180(1 — z)G Hl - T} Z}

(=1 +1)v2(=63(—1+ 2) + 25n(—3 + 42))
- 33601(1 — 2)3/2

(1+1)vz(—63(=1+ z) + 25n(—3 + 4z)) 1
" 6720m(1 — 2)3/2 G H;},nDG[{\/l—T\/F},Z}

o peel) Jo[[57)

(1+n)y/2(—63(—1 4+ 2) + 25n(—3 + 42)) 1
N 6720n(1 — 2)3/2 (G H VI=TVT T} Z]

LC Hm\/_%}ZD (<1 )AVE(—63(—1 + 2) + 25(—3 + 42))

26880n(1 — z)3/2
Vv1-— 1 V1-— 1
X G T\/Fa ) 2 +G —T\/Fa_ y % 3 (531)
l—74+nr 1-—-71 l—74nr 7
and the regular contribution is given by
Reg . 2\ —3+¢ 2\€/2 7 o 1 _ 1 _ ﬁ _
D) = (mi) = (m3) { [20250 B 25 10|01
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b e D ot - et
G({1},2)Qs n (4 1 Q2 a({ 1 L 2)

201600(n — 1)n32 ~ 1814400073z * (17 1)n3 201600 1—77"

VI-2(n+1)Qs G{(VT=TV7.+ }z)+G({\/m\/;>%}»Z)]

m»yz 6720
1 (8 — 8z + 26m°z — 250"z + 8n(3z — 2) 4+ n*(152 + 8))
(n—1)n3z 3360

Ly e ,1},2«)]

G({1—7'+177"1—T l—7+n7'7

+\/E(77—1)2Q5[G({\/ﬁﬁ 1 }Z)+ ({\/—\/— 1} )]
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X

3z 26880 l—7+nr'1—-7" 1_T_|_777—;

11 1 1 1 1 1 1
TP [G“F’ et SR bt ‘}’Z)]

T T T
11 1 1 1 1 1 1
+$4_20(77_ Y [G({;’ 1—7+n7 1—7}’2) +G({;7m’;}72)]
1 3 —63n2 —35n —1
¢ Lt DT =7 =30 =10 | 6 (V=77 V=7 1))
(n — 1)*(75n® — 63n* — 35n — 105)

+G({\/ﬁ\/?,x/1—ﬂ/?,l}’2)] —% 6720

X_G({\/—l—r\/_v VT 1 }a) (VIR T UVARERY )]

—1—777 1-— T+nTT

: 1 I 1 V1—2z(n+1)Qs
+_40320(n—1)n n 7210 <{—} ?) - 3\/’ 6720

(8 — 8z + 2613z — 25"z + 81(3z — 2) 4+ n*(152 + 8))
xG({V1—-1V7},2) + 336007 — 1)z

V1—z(n-12Q V9I—1yT
7'+777} ) 3z 26880 G({l T+?7T} )
11 11 1 |
20U T b A gy~ DG

1

ﬁ 0 }’ Z)
1 (n+1)(75n° — 63772 — 35n — 105)

T
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xG({l

Pl -

1680 G({\/I—T\/F,\/l—T\/F},Z)
1)%(75n® — 63n* — 351 — 105)

GV T ) ({2 )

6720773 p—-
V1—2(n— — (3 =3z —Tz) 1 1
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11 11 1 (75n° — 138> +3n — 64)G({1,1}.n)
“mamC TV T 26830
—%8710(77 —1)(75n° — 63n* — 350 — 105)G({V1 — 7v/7,V1 = 7/7},2)
11 1 11 1 (757° — 63n% — 35n — 105)G ({72, L, 1}, n)
RrlAS et S 53760
1 11 (o
~G({=}2) —m}- (532)
Q1 = —75°(32" = 72% 4+ 227 + 3) + 3" (632" — 1972° + 1382% 4 100z + 63)
+1°(3302* — 4942° — 542% — 369z + 305) + 1 (1262* — 3502° + 2102
+3152 — 269) — 35m2(32% — 112° + 122+ 9) — 1052(32" — 52>+ 3) , (533)
Q2 = —375n° (32" — 72° + 22" + 1) + 3% (3152" — 9852" 4 6902” + 500z — 619)

+n° (16502 — 24702 — 2702° — 1845z + 1332) + 51 (1262* — 3502°

+2102% + 3152 + 4) — 175n(32* — 112° + 122° + 92 — 13)

—525(z = 1)*(3z* + 2 — 1) , (534)
Qs = —37m°2 (322 — T2 +2) + 1" (9452° — 29552 + 20702% + 15002° + 672z

—1120) + °(16502° — 2470z* — 270z° — 18452% + 7282 + 1120)

+5n°2(1262* — 3502° + 2102* + 3152 — 376) — 5nz(1052" — 3852° + 4202

+315z — 96) — 5252%(32° — 52% + 3) , (535)
Qs = 16875n"z(122" — 262" + 32% + 2z + 12) — 8°(465752° — 924752" 4 60752°

—6752% 4 357112 + 5040) + 450n* (1682> — 2382 — 3012* + 2382

+198z + 280) — 126001 (152° — 352* + 52° + 252 + 122 — 12)

+236252° (122° — 222" + 2 4 14) | (536)
Qs = 105+ (—75n° + 63n” + 357 + 105)z + 2(75n° — 63n° — 357 — 105)z . (537)

Finally one obtains the N-space representation

oy —34e , oves2 [+ (=1)N N +2
e it

(N+2)S (N)  (4n(2N® + N? = 6N +5) — 25N (N +1))

90(N + 1) 18007 N (N + 1)2

3N (N? + 3N +2) — 3) 2N P,S; (N)
25203 N (N + 1)2 ! 403200m2(N + 1)2

27NNV 27BN Py H_17070(\/ﬁ)+H1,0,0(\/ﬁ)]

1
+-
€
(

N

T1052(N + 192 1052 (N + 12
92N (2V) p, N 221(1 —nq)h [51,1 (1—n,1,i1) — Sy (1 —n, 21)]
+53760(n — (N +1)2 ~ (2;11)
—1\W(p—-1)"N-1p, 9—2N (2N\ p
+1n2(n) ( ) (77 ) 1 (N) 2

T R3T60PN(N F 12 1075200 — (N + 1)?
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y i (_1)i122i1 (_1 + n)*il N 1 N 2—2N—10 (2]</V) P2

= ") 840N (N +1)> ~ 105(n — 1)p?(N + 1)?

P (TN (N?+ 3N +2)n® + 3)

+ — So (N)

9072000m2N2(N + 1)* 25203 N (N + 1)2
+1n(n) |~ - MRy DL

80640n2(N +1)2 ' 10572(N + 1)2

L) P Z (~1)"2 (=14 )81 (1= n.iy) 51 (N)

105(n — 1)n(N + 1)? (%) 420N (N +1)?

DN —1)~ (DY —1)~"'hy
_ PSSy (1—n, N [s 1—n N
26880 NV 7 1 o L= N N v e o2 )
(N +2)
—Sii(1—n,1 N] — (.
Sia(l—=mn,1,N) 20N + 1)@ (538)
Here we used the polynomials
P = 25n'N (4N + 20N” + 31N + 15) — 21> N (88N” + 245N + 157)
+37°N(N + 1) 4+ 64n(N + 1) — 64 , (539)
Py = 257° (8N® 4+ 36N? + 46N + 15) — 631 (4N? + 8N +3) — 35n(2N + 1)
+105 , (540)
Py = 759° (8N? 4+ 36N? + 46N + 15) — 6n° (T6N* + 52N — 93) — (538N + 547)
+192 , (541)
Py = 375n% (8N® 4 36N? + 46N + 15) + n* (—3176N* — 2008N + 5478)
+5n(22N +13) + 960 , (542)

Ps = 168750 N? (8N* + 44N® 4 82N? + 61N + 15) — 4n* (58616 N + 203774N*
+241285N% 4 101167N? — 32760N — 12600) + 225n.N (478N® + 945N?
+747N + 280) + 10800N (9N + 16N +7) . (543)

With the exception of D; and D3 in z-space the scalar Ay, o diagrams are not expressible within
the class of the usual harmonic polylogarithms [180], but generalizations thereof occur. These
are given in terms of iterated integrals over the following letters

{dT dr dry7 T dr e NIZTYT dT\/ﬁﬁ}.(M@

-7 7' 1—71 T—7+1 nr—7+1'nr—n—-7" nr—n-—1

In Mellin-space all scalar A,, o-diagrams are expressible in terms of In(n), the harmonic polylog-
arithms H_y0(y/7),H1,00(y/7), alternating harmonic sums, n-dependant generalized harmonic
sums and 7-dependent finite binomial sums. For fixed values of the Mellin variable N, these
n-dependent sums turn into rational functions in 7. Thus for fixed Mellin moments, all diagrams
are given in terms of the In(n) and the combination H_;(y/7) + Hi0,0(y/n) with rational
coefficients in 7.

The summands of many of these sums diverge for n — 1 due to factors as (1 — 1)/, where
J is a summation index which assumes positive integer values. Furthermore also contributions
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o (1 — 1)~ emerge. Physically the limit n — 1 represents the equal mass case m; = my and
thus the diagrams are expected to be divergent in this limit. Due to the many individually
divergent terms this is highly non-trivial to prove for general values of N. However, evaluating
a series of Mellin moments N = 2...30, yields convergent results for n = 1, which agree with
the results given in Ref. [289] previously. This indicates that these apparent divergences are just
a relic of this specific representation which has been applied. The diagrams (Da,, Dap), (Daa,
D), (Dsa, Dsp), (Dea, D) and (Dsq, Dgp) have all been computed independently. One notes,
that as expected the respective z- and Mellin-space results can be translated into each other by
interchanging the masses m; <> mo, 7 — 1/n. Furthermore the results for the mass-symmetric
diagrams D,, D3 and D; turn are invariant under this interchange, which constitutes further
evidence on the correctness of these results.

For all scalar A;?Q—topologies series expansions up to O(n>In®(n)) for a series of fixed Mellin
moments (N = 2,4,6) have been computed using the code Q2e/Exp [185,186]. All the general
N and general-n results agree with these expansions.
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7 Integration via hyperlogarithms

In this Section we explore the possibilities to apply parametric integration via hyperlogarithmic
functions to massive Feynman parameter integrals with operator insertions. This method is de-
signed for performing convergent Feynman parameter integrals in space-time dimensions D € N.
Most Feynman integrals carry infrared, ultraviolet or collinear divergences which require reg-
ularization. In order to compute divergent diagrams in dimensional regularization [250], the
e-expansion has to be performed before the actual integration. Special methods to achieve this
have been proposed, e.g. sector decomposition [290-292], which, however, is not very well suited
for this application as it usually leads to a very large number of terms and is based on variable
transformations which may easily result in more complicated structures of the integrands. In
Refs. [293,294] a method to extract the e-pole terms prior to the integration via partial integra-
tions has been presented. This method may, however, lead to huge increase in the size of the
expressions for the case of many distinct singularities in the integration domain.

Here we restrict ourselves to diagrams which are convergent in D = 4 dimensions and do there-
fore not require dimensional regularization '°. This applies in particular to very complicated
topologies for which the present method turns out to be very useful [151,296,297]. For some
diagrams the method requires a mapping of the integration variables to obtain linearity of the
denominator functions in the integration variable [270,296].

7.1 The a-parametrization.

We consider massive Feynman diagrams at [ = 3 loops with operator insertions. The Feynman
rules of Appendix B.2 are applied, a Schwinger parameter «; is attached to each propagator and
the momentum integration is performed according to [208].

The Feynman parameter integrals of a graph G are then expressed as integrals over the Schwinger
parameters [298]:

CL—lD/2 H a (ai, )
e = H I' (a)) / D/2 ng/z 0 1_2041 da, (545)

lev

where the a; denote the powers of the different propagators, a =) ..., .. a; and v an arbitrary
subset of the edges F of G according to the Cheng-Wu-theorem [299,300]. While Mg equals
the sum of all Schwinger parameters which are attached to a massive line, Since we consider
massive Feynman diagrams whose external momentum is strictly on-shell in our case the second
Symanzik polynomial F' just into F' = UgMg. the graph polynomial ¥y and the operator
insertion OP; (a;, N) obey nice graph theoretical descriptions.

For a graph with n, vertices and n. edges we define the n. x n, graph incidence matrix

1, if the edge e starts at vertex v
(€)e = 1 —1, ifthe edge e ends at vertex v (546)
0, if the edge e is not connected to vertex v.

We choose ¢ as the n, x (n, —1)-matrix obtained from (546) by removing one arbitrary column.
£¢ is thus not uniquely defined and depends on the direction of the edges and the choice of the

0Note that convergence is in general not a sufficient condition for not requiring any regularization [295].
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Figure 15: The different operators expressed in terms of the graph polynomial W and different
Dodgson polynomials of the graph GG, where the external line of G has been closed.

removed column. The graph matrix Mg is then given by

aq
el

Mg = : (547)

Qn

e

The first Symanzik polynomial ¥ reads
\I/G = — det(M(;) . (548)

Although the matrix Mg is not uniquely defined W is independent of the possible choices M.
The first Symanzik polynomial (or first graph polynomial) is always linear in all a-parameters
and of homogeneous degree d.

If 1,J,K are sets of edges in the graph G with |I| = |J| we define the Dodgson polynomials as

Vg = £det Mg (1, )

ae=0 for all eeK (549)

with Mg (1, J) being the matrix Mg after removing all rows corresponding to the edges in I and
all columns corresponding to the edges in J. If K is empty we omit it and write \I/é‘]. We consider
the graph G where the external line of G has been closed. Figure 15 shows the the functions
OP; (a;, N) expressed in terms of Dodgson polynomials for the different operators studied in
the following. The Dodgson polynomials \IféJK are only defined up to a sign which generally

120



Figure 16: This ladder graph is two-edge reducible concerning the pairs of edges 1,8, 2,5 and 3,4

depends on the orientation of the edges in 45 and also on the columns that were removed to
define M. For the present paper we were able to choose \IIIG‘% = det Mg (I, J)|au=0 for all ecK
when the directions of the edges were chosen according to the Feynman rules in Appendix C.
The first graph polynomial obeys the following symmetry property which we use frequently in
the present computation: If a graph is two-edge-reducible, i.e. the graph can be split into two
non-connected components by removing two lines, the first Symanzik polynomial is a function
of the sum of the two corresponding a-parameters only [187].

Let us consider the graph in Figure 16. It is two-edge-reducible concerning the edges 1,8, 2,5
and 3,4 and its first Symanzik polynomial is given by

Vo = ag(ag + ag)(ag + as) + (a1 + ag)(ag + as)(as + ay) + (a7 + ag)(aq + ag)(ag + ay)
+ agar(ar + ag) + az(ag + as)(ag + ay) + agaz(ag + as) + agar(as + ay) . (550)

. In many cases the mass polynomial Mg shares the same symmetry. For the graph in Figure
16 we have
MG:Oé1+062+063+064+045+a’6. (551)

It is thus advantageous to introduce new variables 1 = a1 + g, T2 = as + a5 and x3 = a3z + ay
and write

Ve = agr129 + 12223 + (7 + ag) 1103 + agarry + apaTs + agiry + agarxy (552)
MG’ =1 +2x9+ 23 . (553)

The integrals then obey the following representation

—1D/2) a Qq, g, g, 7, g, L1, Lo, T3, N
]G_ (a /2) / [ P; (a1, a2, a3, a7, g, T1, T2, T3 )6 1_Zal da, .
HFCL] \I]le, a—lD/2

x27x37a77a8>D/2M lev
(554)

7.2 Linear reduction

The integration method presented in this Section only works as long as all the denominators
factor into linear polynomials in the present integration variable at every integration step. In
order to verify if this condition holds for a given parametric integral a linear reduction algorithm
has been presented in [159,187]. In our case we had to modify this algorithm slightly due to the
Heaviside functions appearing in (554).

We start with the set of denominators of our integrand Sy = {f1,- -, fx}. If all s € Sy are linear

in x; performing one single integration step fab over the variable x; yields the denominators
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S[I} {fl‘x:a; T 7fk|1=a7 f1’$=b7 e 7fk’$=b7 [fla f2]x P [flu fk]x )T [fk7f1]z y T [fku fkfl]} )
(555)
where fi;—o is defined as the leading coefficient of f; in « and [fy, f;], denotes the resultant

[a1 + blx, as + bgl’]x = b1a2 - b1a1 . (556)

If Sy contains one or more non-linear polynomials in x we set S}, = 0.

Following this procedure iteratively for all integration steps one obtains a superset of the possible
denominators appearing at all integration steps. The number of possible denominators is reduced
by using the fact that our integrals are independent of the respective integration order. One may
thus restrict the set of possible denominators at a specific integration step to the intersection of
all denominator sets of all compatible integration orders up to this integration. A compatible
integration order in this sense is one, where at each integration step only linear polynomials in
the respective integration variable are encountered. !

7.3 Parametric integration

Let o be a set of distinct points in C and @ a word where each letter corresponds to an element
in 0. The elements in ¢ may be constants or rational functions of further parameters. Then the
hyperlogarithm [301] L(d, z) : C\ ¢ — C is a function defined by

n times
and otherwise recursively by
Lahs) = [ ———d (55%)
Ay, = = . —a 21
- # 1 -
L({a},z) = L{{ay,d},z2) = / L({d'}, z1)dz . (559)
0 A1 M

The weight w of a hyperlogarithm is defined as the number of letters in @. Being an iterated
integral, the hyperlogarithm satisfies a shuffle product [166-168,172,174,180]

L(ai,z) L(a},2) = L (af a3, 2) . (560)
For example one has

L({a,b},2)L({c,d},z) = L({a,b,c,d},z)+ L({a,c,b,d},z)+ L({a,c,d,b},2)
+L ({c,a,b,d},z) + L ({c,a,d, b}, 2)
+L ({c,d,a,b},z) . (561)

HEurther methods to restrict the number of spurious elements in this superset of denominators are outlined in
Ref. [187].
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Derivatives with respect to the argument z follow from (559)

d . 1
EL({al,a},z) =

Using these properties one may construct primitives over expressions containing rational func-
tions and hyperlogarithms in z if all denominators factor into linear terms in z. A graph G
is called linear reducible if there exists an integration order, for which this condition holds at
every integration step. If and for which integration order a given graph is linear reducible can be
checked a priori applying reduction algorithms presented in [159,187]. Using the shuffle product
and a partial fraction decomposition one obtains expressions of the form

Ibn) = / de(z + )L ({an, @}, 7) . (563)

L({a},z) - (562)

Z — a1

If n = —1 the integral is identified with L ({—b,aq,@},x). Otherwise we apply the integration
by parts relation

(x + )"t
n+1

1
(n+1)(z — ay)

I(b,n) = L({ar,@),0) = [ data+ by L{ahe) ,  (564)
where the last term is simpler as the weight of the hyperlogarithm is reduced by one.

In order to evaluate the primitives at the respective integration limits x — 0, x — oo, we need
the respective series expansions. A hyperlogarithm of weight w satisfies sum representations of

the form

L({ay, -+ ,a,},2) = ZZC In’ (2 (565)

L({ay, -+ ,a,},2) = ZZCEC;O) In?(2)27" . (566)

We follow [159] and define the restricted regularization RReg, (.} as the constant parts of the
generalized series expansion, which are given by

RReg, o L({ar,-+ ,a,},2) = cip=0 (567)
RReg, ... L({a1, - ,a,},2) = C((J,O) . (568)

The restricted regularization with respect to inner variables is defined analogously. Using the
restricted regularization we define the regularized integration as

|ty = F() - RRes, 0F (). (569)
Reg(0)

The series expansions are constructed by first differentiating w.r.t. the argument of the hyperlog-
arithm, performing the (simpler) series expansion of the derivative (which is of a lower weight)
and then undoing the differentiation by finding a primitive and fixing the respective integration
constant. With Ser™ _ the series operator up to O (y‘k In"” (y)) one obtains

Yy—00

Sl L({ana)s) = [ salt)TL({wa)s) + RReg. L ({01,}.2)

RReg(0)
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z 1
- / Serlt) L ({@}, =) + RReg. L ({ar, @}, ) - (570)

RReg(0) c—a

For example:

d 1 2 3 1
Ser®  “L({ar},2) = - - 244 U0 (Z—) , (571)

Y7o dz 2z 22 3 A

2 3
00 aq a a 1
Sl 2) = o Qo))+ 2000} 2) - 2 - 7L - v o (L) 6m)
The same method is applied to construct the series representations for hyperlogarithms of higher
weight. In [178,179] closed form expressions of these expansions are given.

Rewriting the integration constants. One now rewrites the integration constants cg5.
Derivatives with respect to a variable ¢ appearing in the word {a;(t),...,a,(t)} of the hy-
perlogarithm are computed by taking the derivative under the integral

z z1 Zn—1

0 N |
9 L{an(®).asft). - (1)} 2) = /dzl / dz - / dzni]l%zi_—m.@m)

Reg(0) Reg(0) Reg(0)

Note that taking the derivative with respect to the argument or an inner variable of the hyper-
logarithm always yields expressions which contain only hyperlogarithms of lower weight.
To prepare the next integration step, the constants

css) (({ar, -+ van}) = RReg, oL ({ar, -+, an},y) (574)

have to be rewritten in terms of hyperlogarithms, such that the next integration variable does
not appear in the respective alphabet. These constants are rewritten by differentiating, rewriting
the (now weight reduced) expression and then undoing the differentiation again. Consider for
example c[(fg) (—z,—1) = RReg, ,,, L({—z,—1},y). From

RReg, o %L({—%—l},y) — RReg, .. L({x__x}f y) (y(ii)f)((i—j};)y)
L({0}, )

= a1 (575)

follows, that

o0 * 0
Cé,O) (—I’, _1) = /[; RRegy—mo %L ({_J’Ja _1}7 y) + RRegaﬁ—)ORRegy—)oo L ({—fL’, _1}a y)

‘ L({0}, ')
= —L({1,0},2)+ (o . (577)
Special care has to be taken when evaluating constants c((fg) (ay,--- ,a,) which contain letters

of the form x~f(z) with f(z) # 0 as x — 0 or trailing letters of the form z'f(z) with f(z)
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convergent as x — 0. In all other cases RReg, L (a1, - ,an,y) is just obtained by taking the
limit * — 0 under the integral. In the first case the limit x — 0 does not commute with the
limit y — oco. If a hyperlogarithm does not have any trailing zero in its word we may substitute
the integration variables z; — az; in (559) to obtain

L{{ay, - ,an},2) = L{aay, - ,aa,},az) . (578)
In other cases trailing zeros have to be removed by means of the shuffle algebra first, e.g.

L ({@17 0, O}’ Z) = L ({al}’ Z) L ({07 0}’ Z) —L ({0}7 Z) L <{07 al}’ Z)
L ({0,0},a) L ({aa,},az) — L ({0}, a) L ({aay, 0}, az)
+L ({aay,0,0},az) (579)

after using (578), (558) and (560). Applying (578), resp. (579), we obtain

e ({z7 fu(@), - fal(2)}) = RReg, ool ({27 fi(@),- -, ful2)},9)
= RReg, oL ({fl(:v),--- ,xifn(a:)},yxi)

= RReg, [SergzooL ({fl(x)’ .. ,xlfn(z)}, z)] -~

Sefgzoo[/ ({fl(x)a e ’xifn(m)}v Z)] |z=xi . (580)

By definition Ser”, L ({fi(x),--- , 2" fo(x)}, 2) does only depend logarithmically on the variable

K Z—00
z = yx' and the operation RReg,_,., in the second last step is easily performed.

In the case of trailing letters of the shape z' f(x) with f(x) convergent as x — 0, the limit z — 0
does not commute with the implicit limits contained in the definition of the hyperlogarithm.
Here we apply the identity

RReg, ol ({e" (), -+ 2" fu(@)},y) =RReg, oL ({2" 7 fu(@), -+ 2" fu(@)}, 2)

"X
:SerggooRRegxﬁoL ({z" 1 fi(x), 2™ a(x)}y)  (581)

on the parts containing the respective letters, if necessary repeatedly. The identity (581) is

derived by considering the change of integration variables z; — Z;/ in (559).
As an example we consider

T B Y od=n 1, =
RRegm%OL ({_2’ _5}’y) - R‘Regxﬁ()/o mRRegz%OL <{_2}7 .Z‘)

Y le (0) 1
= L - =
A 21 + 2 Ser21—>00 { 2 }7 21

Y d2’1
= In2+ L ({0
| me },zn]

= L({-2},y)In2+ L ({-2,0},y) . (582)

We repeat the previous steps for all further integration variables until we have rewritten all
constants in a way suitable for the following integration step. These can then be performed
analogously.
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7.4 Treatment of local operator insertions

In all the different operators we encounter polynomials with symbolic integer exponents, which
cannot be treated directly with the method of parametric integration. We thus introduce a
generating function [151], by

OP; (a;,t) =Y t"OP;(a;,n) . (583)
n=0

The function OP; (a;, N) can be re-gained by taking the Nth coefficient of the generating func-
tion. We obtain the following generating functions for the three different operators in Figure
15:

OPy(a;,N) = ———— 584
o) = gt (584
i N . N—m . m
OP, (a;,N) = ZtNL Z <\I/11L+1) <\I,J~,L+1>
N=0 \Ijg m=0 ¢ ¢
- \IjilLJrl) _ ( ]~L+1>
G G
- Z ¢ LT _ il (585)
N=0 G G

1 . m . N—n—2
N ,L+1 i, L+1
OP; (a;, N) = t ~ <\IIJG ) (\I/G )

. n—m—1 . n—m—1
|y (lIlz,L—f—l i \IJZLL+1> + O, <\1ng+1 4 qngH) }

G G
_ 122
N (w6 — 1) (W — twi)
1 1

Cy

U —t \Ili,L+1_’_\Ilk,L+1 ] ’ (586)
G el el

For fixed values of N all massive 3-loop QCD two-point functions with operators insertions
are linear reducible. If we introduce one of the generating functions (584-586) this changes
drastically. Some diagrams remain linear reducible, others could be transformed into linear
reducible diagrams via a variable transformation and in other cases we could not find a way to
restore linear reducibility.

After evaluating all a-parameter integrals we obtain the generating expression

O N)<12 - N)x{ [2L_1(2) = 21 + 20)La (x) — 4Lu ()] 4

—3L—1,0,0,1($) + 2L—1,0,1,1($) — 2$L070,1,1($) + SxLo,LO,l(ﬂ?)
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Figure 17: The 3-loop Benz diagram for I;(N), Eq. (588).

—xLo111(2) + (=34 22)L1g01(z) + 22L101.1(2) — Lig11.1(x)
—(bx — D)Ly 01(z) + 2Lyi111(2) —2L1001.1(2) +3L1o101(x)

+2L11001(2) +2L11011(2) —5Li1101(x) + L1,1,1,1,1($)} (587)

for the Benz—diagram in Figure 17. One applies the package HarmonicSums [175,177-179] to
obtain the Nth coefficient. It is given by

1 Py
LN) = (N +1)(N +2)(N +3) { (1+NP2+N3BB+N)

2(=1+(-)N + N+ (-1)VN) N N 1 1
— — (-8 3 — — S 5t - =8
(1+N) G = (=175 6L+ M) L T2t T g
(7+ 22N + 10N?) 19 , 1+4N+2N?2 . 9 . (=9+4N)
- b — —S3 — S? 4 28,87 — G,
2(1+ N)2(2+ N) 8 2(1+ N)2(2+ N) 4 3(1+ N)
(=14 6N) I
—2(=1)NS g1+~ Soy + S
(=17 52 (1+N) 2" T A+ NPE2+N2@B+ N2
—2+ 7N 13
+4C3S1 - WS@S& —|— 35351 - 75’2’151 - 75’3’1 —|— 1052’171}, (588)
with the polynomials
P, = 648+ 1512N + 1458N? + 744N? + 212N* + 32N° + 2N°® (589)
P, = 54+207N + 246N? 4 130N® 4 32N* + 3N° . (590)

The corresponding z-space representations needed in the analysis of experimental data is ob-
tained by the inverse Mellin transform for the corresponding structure functions represented in
N-space, including their QCD-evolution in analytic form. The transform is obtained by a single
numerical integral around all the singularities of the complex N-space representation [302-305].
The latter is obtained for large values of N by the asymptotic representation. For all other values,
outside the singularities, one uses the algebraic shift relations of the corresponding sums from
N+1 — N. The latter relations are given in Appendix D. In the following we list also the asymp-
totic expansions for the individual diagrams. It will turn out later that their derivation needs the
application of more and more sophisticated techniques corresponding to the growing complexity
of the respective sums. Using the corresponding algorithms in HarmonicSums [175,177-179] one
obtains following asymptotic representation for |[N| — oo

1 1 L 25 15 L 301 161 n 3025 1555 In (V)
— — — — n
24N3  4N#* 24N>  ANS  24N7  4AN®  24N9 4N1O

) = (
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+<_ 1 N 5 421 N 45 18803 . 10313~ 2480627

6N3  4AN*  T2N5  2NG6  240N7  40N®  3024NY

+1288247>1 (W) + ( 3 L 951 2699 n 652013 98339 L 2805553
504N10 ) 2N4 = 48N> 48N6 ~ 2880N7  120N8 = 1008N?

_290543) (W) + ( 11 947 8887 103891 36580757
32N10

TONT T 94NS  ISNS T 14ANT  14400NF

2181959741 11373443593>1 ) 16 N 2713 14114 . 773389

J— n _— — —

259200N9 423360 N 10 N4 " 24N5  27N6 ' 384NT
152225303 . 12096164219 4428508717429

216008 518400 N9 59270400N 10

9 29 4 2 4347 27225 41985 _

( 9 7 5 05 2709 )IHQ ()

G AN oNt TIN5 NG T ANT  2NS T AN® | oNio

N 7 n 111 1063 n 1035 145147 n 239811 2141827
2N3 4N+ 8NS5 = 2NS6 80N7 40N8 112N9

3342261) - 7 2603 12755 340949 92045 9325513]

O (N — _ _
ez | V) = 7t gNE T ene T 3087 2aNs T Ta0Ne

928247675 Lal(- 17 N 34 425 N 510 5117 . 5474 51425
672N10 3 3N3 ' N4 3N ' N6 3NT ' N8 3N9

+5287O In(N) + 26 121 n 9857 1035 L 428011 233281
— n — j— J—
N10 3N3  2N*  36N5 N6 120N7 20N8

05892059 28953679 42 241 723 L 1205 2169 L 72541
1512N9 252N10 21 40N3  20N4 8NS5  4NS  40N7

116403 L 145805 224853
20N8 8N? AN10

‘o (1“;“ >> | (591)

where N = N exp (vg), with 7z the Euler-Mascheroni constant.

Figure 18: The 3-loop Benz diagram for I5(NV), Eq. (592).

The same diagram with the with the operator on a different quark line cannot be represented in
terms of harmonic sums, but requires also generalized harmonic sums, see Appendix D.3

Lo 1 2 (N + 3) 4 (=4 —=3N +22"V(N + 1))
N = RN N 18 | (NP D) N +1 .
1 2 lgs  (F1+9IN+4N?) . 5(N+2)
B N 2 AN EN )T T 2

128



Figure 19: The 3-loop Benz diagram for I3(N), Eq. (594).

BN +2)
2 YTUONT

(5+3N)S B N2 -3
2L (N +1)3(N +2)

1
—25152 —2(N +2)81851 +2(N +2)S3; +24N8, (57 1)

39 —

S1+4(N+2) 5

1
_'_4 (N + 2) 52,1’1 + 23+NSI,1,1 <§, 17 1) } . (592)

Additionally terms of O(2") are observed, which cancel in the asymptotic expansion

as 1 3 25 45 301 483 3025 4665 3, =
LEW) = (‘W*ﬁ‘ﬁ*ﬁ‘ﬁ*ﬁ— N T Nw)“l )
(- 19 n 297 B @ n 72289 B 163837 n 6772187 B 6652459 nQ(N)
4N4 88N> N6 = 80NT7 40N8 336.NV? 56N 10
n ( 2 14 6089 33071 17131999 22857919 1113784177

“Ns T NY T T2nN® T TaNS T 7200NT | 1800N® | 14700N®

In(N) — - _ _
ssosond ) PV~ NE 9Nt T TosNe T 132ne T 1200087
863086111 1575313188000 483184825000

720008 * 16464000V ? 592704 N 10

19063098643) = 4 35 4181 24331 16232209

. 7 . 21 175 . 315 2107 . 3381 21175 . 32655 | )
————t = — ==t — — — n
ON3 " Nt oN5 " N6 9oNT ' N&  9N9 | NIO
. 3 133 . 4819 1945 . 347613 783477 . 490035913 97672721
N3 4AN4 " 24N5  9N6 ' 8ON7 40N 5040 N9 168N10 |2

3 18 75 270 903 2898 9075 27990 27
S E AN R A C A R R TN R S Tiie

5N T 10NT T N5 T 10N6  BNT T Tone N9 T 1onw ¢

+O (mj’v(iv )) , (593)

o 351 108 3267 4914 29511 8856 265707) 9

however, and we obtain a regular representation for |N| — oco. Considering the same diagram
with the operator on the lower fermionic line demonstrates how strongly the complexity of the
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result depends on the location of the local operator insertion. The diagram in Figure 19 yields

1 4 45,
LIN) = v T ap { NTiP(N+2) N+ " 432}’ (594)

with the asymptotic representation

TNTTNS NS TN T NS TN T NW
4 20 181 133 2009 1297 728377
e et - +
N4 T N5 3NS T N7 10N® ' 30N® ' 630N10 i
4 20 68 196 516 1284 3076 7172 In(N)

4 28 124 444 1404 4092 11260 _
BNy = ( - )m(N)

N3 N4 + N5 N6 N8 + N9 NlD Nll
(595)

Figure 20: The 3-loop Benz diagram for I,(V), Eq. (596).

Also diagrams which do not contribute in the direct QCD computation but which are typical
for master integrals after an integration by parts reduction [156,157,306-309] like the diagrams
in Figures 20 and 21 are computable with the method of hyperlogarithms.

Diagram 4 can be expressed completely within the functional class of generalized harmonic sums

1 s
L(N) = <N+1)(N+2){(N+1)(N+2)<3

| (1Y o (D¥B42N) 5D
+N——|-28_3+2(N—{—2)Sl_2(N+1)2(N+2)S2+ 2
(—DN@B+2N) o, (DN, ., 3(=1)¥(4+3N)
NP+ 2 T
9 N 2(-1)M(3+ N)
TSt 2(-1)" G5 (2) + (N +1)(N +2)
(—1)N(5 +7N)

2(N +1)(N +2)
4 ((=1)N22N — 3(=2)N N + 3(—1)N2 TN N) 1
B (N +1)(N +2) 512 (5’1)
2 (= (=1)N22N —13(=2)NV N + 5(—1)V21TVN) 1
(N +1)(N +2) St (_’ L 1)

S3

S +3(—=1)NS,

Saq — 12(=1)V 5S¢

518 + 3(=1)V 5153 + 4(—=1)V S5 15 — 4(—=1)V S5,

- 2

1 1
—2(—=1)N 8110 (2,5,1) — (=) S1111 (2,5, 1, 1) — 5(—1)NS2,1,1}, (596)
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Pyo= 2(1-13(-D)N + (-1)V2""N 4+ N — 7(=1)VN + 3(-1)V2"*VN) . (597)

For |N| — oo I, obeys the expansion

1793 769 321 120 49 17 5 1 _
as, _ N 3
LF(N) = (=1) { [_2N10 T ONT T onNs T oNT  oN6 TaonNs  ont T 2N3] (V)
L[ 3, 21 363 1323 9380 183573 538007 123450851
oN® T ON4 T 8NS5 ' 8N6  16NT | SON®  48NY | 1630N10
() 4 | 7420 6763 662093 3542300 79274089
Nt TSNS T 24N T ARONT  480NS | 1680NY

~ 240N10 a - B * B

89308307 (V) + | |- 1 n 3 7 15 31 63 127
2N2  2N3 2N4  2N5 2N6  2N7 2N8

2N° 2N10

255 511 (W) + 3203 n 247 7457 +20271 3251987
N3 12N*  4N5 40N® = 40N7  2520N8

TI68NY ~ T20N10 NS TSNY T 24N5 T 288NS | 480NT
7293811 14793223 217689527539” ‘o ” 1 3 7 15 31
2

528337 5348629 - 5 285 3887 181091 1151603
In(N) +

T20NS  280N° T G04800N10 VTN TN TN T N

N7 N8 N9 N10

+§_£7+@_£ (V) + |- 3 n 67 99 +1363_2949
2N3  12N*  4AN5  40NS¢  40N7

388153 53027 460691 G |- 12 36 84 L 36 372+756
5 5N2 ' 5N3  5N4 T N5 5N6 | 5NT

9520N% 168N | 7T20N10 B

TENS T Ne T BN

N3 AN® T 216N5 T 144N 27000NT

1524 612 6132]C2+l4 49 181 27119 40222139
2

1251007 10792338497459  18342053050631 In* (N
” O(n( )) (598)

125N%  148176000N° - 29635200N10 N1

Figure 21: The 3-loop Benz diagram for I5(N), Eq. (599).

Although diagrams 4 and 5 are topologically very similar one obtains a more simple sum structure
in the latter case.

I(N) (—1)N {_2(2+(—1)N(2+N)) 3

5 3
(N +1)(N +2) I+ N) <3+(N+1)252+§S22+§S4
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2

A T S T A 2 452,1,1} %)

The asymptotic representation for this diagram reads

9 15 166 445 59153 7987 1185269
IEY(N) = (=) = - — -
5o (N) = (=) { <N3 5N4 T 9N 12N6 T 900N  7T5NS | T350N9

227247) _ ( 3 97 41 105 2449 5397 40158

_ et A N 2 0 _
osonvo | PN —m oy Ve T 0N T T0NS T 358

16686 4 25 2885 883 381781 1312181
+W G+ | — —

N3 9Nt T 10SNS  1SNS T 4500N7  9000NVE

+4756944037 386004953 o n gL 189 . 8L 837
18522000N9  823200N10 1I0N2 ~ 10N3 10N*  2N5 10NS

1701 3429 1377 13797\ , 2 4 6 8 10
Sz

T10NT T T0N® T 29 T ToNT N3 N+ T N NS

TVt T TN T e
12 14 16 18 In(N
by >43+0<n( )>. (600)

N7 NS ' N9 N0 N1

Figure 22: The 3-loop Benz diagram for I5(V), Eq. (601).

As a final Benz-diagram we consider the graph in Figure 22, which is consists of two color
contributions due to the Feynman rule for the operator on the 4—vertex, see Appendix D. The
complete expression is then given by

o P4 ([ 1\N P5
lo(N) = Cl{(N+1)5(N+2)5(N+3) =) (N +1)%(N +2)5(N +3)
Py , P, s 4
TN T IRV + 2PV 3P T AN IRV 4 2RV 43R T N g
Py 5
TV DAY 1 2RV 3t TR Ty

+105_5

Si— S5 — 2844

N 3(=1)NPy N Pro G __ 2 g
(N+12(N +22(N +3)2 7 (N+12(N +22(N +3)2] 7 (N 4372
B N 2P, - _ _ M
8520t D N piv e a3 W% Ty 1)
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2P, N2 Py
N+ — 58, _
TN T N+ 2 (N3 2 (NEIRN 2N g | PO
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2 (17 + 27N + 15N2 + 3N3) 25,

(1+ NP2+ N)PB+N) 3+ N

(—=1)N (23 4+ 28N + 10N? + N3)

(I+N)2(2+ N)2(3+ N)
4(—1)N(3+2N) (3 + 3N + N?)

S2.1

(1+N)*H 2+ N)3(3+N)

(—=1)N (23 + 28N + 10N? + N3)

S ot 2.8 4 — 2838 5 — 2915,

1 —

1
+(_3+N_

3(_1)N (_1)N
5(_1)N 5(_1)N

(I+N)2(2+ N)2(3+ N)

1
+<3+N+(2+N)(3+N)

) Sa1+ 25210 —

2+ N3N

S159

)5271,1} . (601)

Here (7 and (5 represent the group-theoretic color factors. Since we consider only scalar graphs
we leave them unspecified here. The polynomials in (601) read

P, =

T P
[

Iy
TR

sl
[T

—70 — 108N — 18N? + 49N? + 30N* + 5N°
—70 — 104N — 3N? + 70N> + 43N* + 8N®

47 4+ 98N + 81N? 4+ 30N3 + 4N*

61 + 136N + 123N? 4 55N? 4+ 12N* 4 N°

112 + 168N + 89N? + 18N?3 + N*

58 + 84N +43N? + 10N3 + N*

48 + 213N + 274N? + 150N® + 36 N* + 3N°®
—126 — 284N — 259N?% — 116N? — 25N* — 2N?
16 + 60N + 8ON? + 47N> 4+ 12N* 4 N°

51 + 103N + 81N? +29N? 4 4N*

325 + 758N + 669N? + 262N3 + 38 N*

160 + 391N + 396 N? + 204N?3 + 52N* + 5N°
142 + 370N + 388N? + 203N? + 52N* + 5N°
142 + 374N + 403N? + 224N? + 65N* + 8N°.

The asymptotic expansion of I4 is given by

1

19 15 1889 247 38935 3371
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— == === OO OO OO O O O
T W NN = O © 0 ~J O O = W N
N’ N e v e e e e e e e N N N

Igsy(N) = Cl{ 4N2_1

oN® T ONT T GONS T 2N®  SANT T oN®

60

N9 + 2N10

359009 41679]

1 23 223 45229 280379 66622583 23133233

X (N) + SNZ T 12N 12Nt T 400NS  480NS | 23520N7  16SONG
24473271 2931192 _ 1 21 242 1
710087(?N79 - %3720%\;079]1n2(1\7)+ [(_1)N[W_ﬁ+ﬁ_ J?f?? ]

o7 9% 331 69017 . 8462677 7789424551 323933401
8N2 ' 18N3  288N* 2000N5 ' 14400NS  1646400N7 = 9800N®

247879811629 3111216830509] (V) + A 43 129 L 387
1058400N9 1693440 N10 5 10N 10N2 ' 10N3
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_ 1161 n 3483 10449 n 31347 94041 n 282123 846369 2
10N* ~ 10N5 10NS ~ 10N7  10N8 10N? LON10 |2

)Y - 1 n 51 884 14041 1768501 L 657507 262301037
N4 = 4N5  9N6 = 24N7 600N® 50N? 4900N10

(_1)1\,[ 3 27 159 765 3249 12663 46443 163377]_ 3

I Z R VA N N R L U

19 45 1889 741 38935 10113 350009 125037
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+Go

(—1)V | = 5 n 295 605 n 89029 127147 . 31520947 2616665
2N4 12N> 4N6  120N7  40N8® 2520N9 56N10
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SN2 T 36N  12N® ' 400N5  480NS | 10080NT  5040NS
0847032577 13758651023] (L 21 573 40340069
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30240N°  G6720N10 TI6N? T 21683 128N T 180000N©

133 105 13223 1729 38935 23397 2513063 291753] -

542992637 659641453013 7397109902939  962090042920501

- 432000N6 * 86436000N7 148176000N8 N 2667168000N?
~ 330634683598931 }
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e

(V) + (=)™ [i 20 n 581 2879 132043 39521 1617779

N3 N4 T ONS 18NS | 450N7  1SONS  1225N9

+41782189 (V) + | ()N | = 19 n 19 361 n 247 4009 +2527
4410N10 10N2 ~ 2N3 10N*  2N5 10N6  2NT7

39121 N 23959 364249 8 N 24 72 N 216 648 N 1944
10N8 ~ 2N9 10N10 5N  5N2 5N3  5N4 5N5 = 5N

_5832+ 17496 52488+ 157464 &t (1) 5 227 | 3259 395983
5N7 = 5N8 5N9 5N10 [>2

N3 8Nt T 27N 8GANG

1296603 488729 = 64743036461 40570237223 (—1) | = 1 n b}
2N2  2N3

800NT — 90N® N 3704400N° 740880N10
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19 N 65 211 n 665 2059 n 6305 19171 (V) + (—1)¥ 5
J— — —_— —_— n —_— —_——
2N+ 2N5 2N6  2N7 2N8  2N°  2N10 2N3

+

175 695 7763 4759 L 4409821 2570599 n 75289517 In( V)
- - - n
12N*  12N5  40N6  8NT ~ 2520N8 504N? 5040N10

)N L 5 L 122 51913 n 1006891 45683 L 14891573
2N3 8N*  3N® 288N6 = 1440N7 18N8 1680N?

18137689541 16 n 161 106 L 3901 6849 L 976349 538172
604800V 10 N2 N3  6N* N5 10N® 5N7  210N8 35N

ToNS TANT T NG T 40NS . SNT | S40NS

2092661] ; +[( 1)N[ 15 175 695 23280 14277 4409821
49N10 |52 - -

2570599 L 75289517 (=)™ 3 . 15 57 n 195 633 . 1995
168 N? 1680N 10 N2 N3 N* N5 N6 N7

N8 N9 N10 N3 T 3N T 18NS T ASNG | 40N

25991 6987079 . 26436619 0 In*(NV)
A40N8  1260N° = 1260N10 N1

6177 18915 57513 - 1 7 691 3521 13331
- + - ] IH(N)] G — 1

(616)

Again this series is regular as | N| — oc.

Figure 23: The ladder diagram for I7(N), Eq. (618).

One of the diagrams that could first be evaluated using this method is the ladder diagram in
figure 23. Very recent implementations in Sigma [236,237] do now allow to solve the physical
graphs of this kind using integration by parts and differential equation techniques [310].

The generating function is given in terms of hyperlogarithms over the alphabet {1/2,0,1, —2},

R 1+ 2z — 1 3(1 —x) 1 — 2z + 22
17(1‘) = — 73 L_l(l‘) — 3 Ll/g(l’) — TLl(JT) — (1 — .il?)xg LO _1(1')
1— 222 3 — 4z — 3z% + 323 1— 222
+ 3 Lo,1/2(z) — 1—2)2 Loa(7) — Li1/2(x)
1—2)(2+ 32
NEEEIICET M @;)] ‘.
x
1+z 1
+( 923 ) 3L71,0,0,1($) - 2L71,0,1,1(I) - 3L1,0,0,1(l’) + E 6L0,0,1,1($) - 4L0,1,0,1($)
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(—1+ 2x)
213

—L0,1,1,1(l“)] -

3L1/2,0,0,1(~r) - L1/270,171(I) — 3L1/2717071({,C> + L1/2,17171(x)]

3 2 (-1+4=z) 2
_ﬁLLO,I,l (ZE) + ;Ll,l,o,l(l') — TLLLLI(I) + 13

Loi1(z) —Liga (x)]

(=14 2z + 2?)
2(—1+ )23
) 5 3(3+x)
L - — L i e
B T s v
(—1+ 22?)
223
3(1 — 3x? + 32°) () + 8 — 14z + ba? + 323
2(—1+x)a OO0 2(—1+ x)a3
8 — 15z + 32° 3(—3 + 2z) —6 + 3 + Ha?
T F ) 0,1,1,0,1(2) 503 011,11 () +

2(—1+x 4 — 2x + Hx? —4 + 6 + 32°
¥L171,1,0,1($) TL1,0,1,0,1($) - 923

3(—1+z)(4+3x
3L1,1/2,0,0,1(l‘) - L171/2707171($)] — ( )( )

3Lo,—1,00,1(z) — 2Lo,-1,0,171($)]

0,0,1,1,1($)

3L0,1/2,0,0,1<5U> + L071/2’0’1’1<.’L') -+ 3L0,1/271,071(3§) — L0’1/271’171<x)]

L0,1,0,1,1(IB)

3 L1,0,0,1,1($)

+

3 1,0,1,1,1(1')

(=1 + 22?)
S el
213

23 L1,1,0,0,1(9€)

(=1 + 22?) [

_T L1’1/2’170’1($) +L17é7171,1($)] —

(=1 +z)(5+ 3x)
203

Lit01,1(2) - (617)

As in generally observed expressions stemming from generating functions over this alphabet
require harmonic sums, alternating harmonic sums and additional generalized harmonic sums
for their representation. The N space result is given by

I(N) = b + b G

21+ NP2+ NPB+N)P  (1+N)2(2+N)2(3+N)?
(=1)" (65 + 101N + 56N? + 13N + N4)S (—24 — 5N + 2N?) o
2(1+N)2(2+N)2(3—|—N)2 -3+ 12(2+N)2<3+N>2 1

1 ) 1 ,
I NRENGEN T EA MBI N
314 + 631N + 578N? + 288N® + 68N* 4 5N° @3
41+ N)3(2+ N)2(3+ N)2 17595

(399 + 2069N + 2774N? + 1510N? 4 349N+ + 27N?) G 95
6(1 +N)2(2—|— N)2(3—|—N)2 3 —2,—-3
(=1)" (65 4+ 101N + 56N> 4+ 13N® + N*)
(1+N)2(2+ N)%(3+ N)?
(59 + 42N + 6N?) (5+ N)
* i &1 (2)
21+ N)2+N)B+N) — (1+N)3+N)
752 + 2087N + 2490N? + 1580N? + 558 N* + 105N° + 8N°©
N A1+ NP2+ N2B+N)?

—2@35_2 — 5—2,15_2 +

S_21

Sy — (359
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3 (99 + 225N + 190N? + 65N3 + 7TN4)
902 = 25 T T e TN B V)
P; 5 (11 4 5N)
1+ NE2+NAB+N)E 1+N)2+N)B+N)
(470 + 1075N + 996N + 447N? + 06N +8N%) o o
4(1+ N)2(2+ N)2(3 + N)? 2oL s
(53 + 29N) 5 3(3 4+ 2N)
20+ N)2+N)B+N)""" (1+N)2+N)(3+N)
(=79 — 40N + N?)
AT NI NBEN)
21+N(—28—25N—4N2+N3)S 1 D (=7 +2N?)
(1+N22+N)(B+N)2 (5’ > (L+N)2+N)(3+N)
N (—28 — 25N — 4N? + N?) (1 )
St =,1,1
(1+N)22+N)B3+N)2 7 \2

Sa.1

(351

_l_

S1521

Ss31— 3541+ S_21,-2

So.11

+5Sg7271 + 65371,1 +

(1+N)(3+N) 2 1+ N)3+ N 2
with
P, = —31104 — 159408 N — 353808 N? — 446652N? — 353808 N* — 182604N°> — 61488 N°®
—13044N" — 1584 N® — 84N?, (619)
Py, = —105+65(—=1)" +7 x 2" — 150N + 101(=1)"N + 39 x 2>V N — 73N?
+56(—1)VN? +33 x 2"V N? — 12N3 + 13(-1)VN? 4 22V N3 - (1) N
— N Nt (620)
Py = 5436 + 29004N + 67285N? + 89175N3 + 74616 N* + 41120N° + 15107N® + 3659N "7
+562N® + 50N? + 2N . (621)

In order to show that the 2¥-terms cancel as N — oo, we calculate the asymptotic representation
of [7 .

1115231 74121 n 122951 40677 n 13391 873 + 1391 417 n 101 2
20N10 4N? 20N8 20N7 ' 20N6  4N5 ' 20N*  20N3 ' 20N2] 2

[( 95855 31525 10295 3325 1055 325 95 25 5 ) -

B = |

_ _ _ In(N
oN10 T oN9 T on® T oNT ane T aons ani Tans anz) Y)

23280115 n 2093041 177251 25843 n 2569 155 n 91 n 2 1 ¢
2016N10 " 1008N°  1008N®  336N7 ' 48N6 8NS5 ' 24N% ' 3N3  12N2 |

19171 6305 2059 665 211 65 19 5 1 n2( N
N0~ Ne P Ns TNt T e v v e e ) i)

103016863 3091261 N 2571839 6215 293 n 2071 103 n 67
2520N10 315N 1260N8  21N7 20N6  60N®> 6N%  12N3

1 In(N) 292993001621 4402272031 + 22261739 78507473 n 180961
n —_ p—
302400N10 30240N? 840N8 14112N7 ~ 144N6

111807+ 629 319 7
400N5 = 12N* 72N3  4N?2

G2
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Figure 24: Diagram 8. For this diagram linear reducibility can only be gained through a suitable
variable transformation.

6N 12N9 T3NS 12N7 T 6NS 12N T 3N4  12N8 | 62
193493767 210658237 21541697 243269 30539 2123 59
(10080]\710 T I00S0N®  2520NS | O6NT 48NS | 16N®  3N4
8]?73 + #)IHQ(N)

2207364771673 1390655509 285594061 67234111 8617073 35209
(_ 1933600N10 T 352800N° | 22050N%  14400N7 | T200NS  144N°

249223 145015 10295 11305 1477 715 38 25 1 3,
In’(N)

116 119 1
— In(N
T3NT T unNs N2) n(N)

1314226725047831  165849841805771 | 808151260279 708430537 304474703

889056000 N 10 889056000 N9 27783000N®  120960N7 ' 2160006

606811 1867 1813 1 1
“T7sNG T 2ant  taans T ve O <Nll> ’ (622)
which displays a convergent behavior.
The V-type diagram in Figure 24 has the color structure
Iy = ChIgq + Colgy . (623)

Here we leave the group theoretic factors C; and Cy again unspecified for the scalar case. Because
the two contributions Ig, and [g, are of a very different complexity, we will treat them individually
from now on.

The respective parametric integrals are given by

Zh » ZN+1 ( 2) J1 (TI)NJrlsz (Tl + T3)j2*j171

[8(1 = /0‘ dl‘ldedOéldOCQdagda4da7 LR UN+2M
X0 (x1 — 1) 0 (w2 — o) (624)
* S0 St TP ()Y (10— T
Iy, = /0 drrdzadon dosdagdayda, L= =220t UN+2) [
0(x1—aq)l (2 —ay) , (625)
where
ry = O + Qg
Ty = Q4+ 05 . (626)

The different graph polynomials in Eqs. (624) and (625) read

M = 1+ X9 +
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U = — Q30207 — Qg7 L2 — QX2 X1 — (3L — (30X 1 — Q7XoX1 — (3L — Q37T

T1 = —Q3070q + 030007 — Qiaia(r] — Qlai304 + Qa7 Ty + pXoX] — (aTa(¥] + (3aXo
+O3000T1 + Q7ToT1 — 7LoV] + (A3ToX] — 3T (V] + Q37X

T, = —(arou0n — azaeor + apagan + G0ty — Qo0rrTy — QpTaT) + QT — 30T
— Q30T — Q7ZaT1 + QT — Q3Taly + Q30T — Qi37T1)

T3 = QrTo0] + 3T + 37y — L30V4 T

T, = —oToq + QrouuT + apqo + QT . (627)

The first color contribution yields an expression in hyperlogarithms over the alphabet a; €
{0, —1, 1}, which is thus expressible within the class of harmonic polylogarithms

Isa(z) = m{— [Loi(w) + Lo—1(7)] (3 — 4Lo,—1,-1,0,-1(7)

—2Lg —10,-1.-1(x) +2Lo —1,00-1(z) + 6Lo0—1,-1,-1(x)

—4L071707_17_1(l’) + 2L07170707_1(I)} . (628)

The factors in the denominators of the rational functions correspond to the same alphabet and
are all of the form ﬁ As generally observed this yields a representation within the class of
generalized harmonic sums

12 (2N +3)(N*+3N+3) , 8 (2N? 46N +5)
(N +1)3(N +2)3 V(N +1)2(N +2)2
8 (4N +5)

_ (N n 1)2(N n 2)351 + 85359 + 16527152 + 85_2,18_2 + 855 — 83273 + 245471

I,(N) = (=1)V| - [25152 — Sa1]

4 (10N3 +43N? + 65N + 35
—8S5_ 91,0 — 245591 — 245311 + ( ) 2]

(N 4+ 1)3(N +2)3
8(2N + 3)

TINF RN 27

v [ (2N? +6N +5)

4 {(_D ((N +1)2(N +2)2

[573 — 257271]

(2N +3)
(N + 1)2(N + 2)2

+-55-+‘9_2) _ }cs, (629)

with the asymptotic representation

Igg" (N) o
[(_ 1)N< 16 40 296 240 8632 1360 66536 7280 247672 37008)

TN TNz T3NS TNt 15N T NS 2INT T N® 15N9 | N
16 2 538 721 18996 6514 12902497 954313

In(N) + (- | —— — = - - -
X In(N) + ( )[N NZ T 9N3 T 3NT T 35N5  3N® | 2205N7 | G3N©

6 30 111 360 1079
N
@+HJKm‘m+m‘ﬁ*Na

7190138 19586179
189N? 210N10
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3060 n 8317 21840 n 278631 (V) + 10 20 n 11 n 485 15469
— E— n j—
N7 N8 N? 5N10 N2 N3 6N* 3N5 18NG

6N 1260N° T 7N 105N

In(N) + — +

19465 13226411 216849 9020336 - 1 62 7457 +31339
N2~ 3N3 T2N4 90N>

5369077 n 6553031 3416761097 n 820719223 192478383749
5400N6 ~ 2520N7 529200N8 52920N° 5292000N10

5

of12 30 74 180 2158 1020 16634 5460 61918
B L S R R N A RN\

.
——2]7V71506><3+0 (IHN@ )) . (630)

7.5 Obtaining linear reducibility via transformations of the integra-
tion variables

If a diagram is not linearly reducible this does generally mean that it is not calculable using
hyperlogarithms. In some cases linear reducibility may be obtained by a suitable transformation
of integration variables. For the integral (625) no completely linear reducible integration order
exists a priori. In the last integration step quadratic denominators appear. Since these non-linear
denominators are not of a higher polynomial degree than 2 and appear in the last integration
step only it is, however, possible to remap the tracing variable to gain linear reducibility, e.g:

/”dy LH---by) /”dy L{---}y)
o Y Hy+t)+1 o (y+1+t/24VEF4A)2) (y+1+t/2—VE+4t/2)

(631)
Applying the transformation
4a?
= 2
T (632)
yields
> L{---}y)
du (22 — 1) ’ : 633
/0 y(e*=1) (y(@2 —1) — 1 — 322 + 22) (y(a® — 1) — 1 — 322 — 2z) (633)

As a result, the final expression will consist of hyperlogarithms of argument

t
x:\/m. (634)

In cases that no variable transformation is needed to obtain linear reducibility the generating
function is given in terms of a linear combination of hyperlogarithms with argument ¢. In this case
obtaining the N-space representation is achieved by evaluating the Cauchy-products between the
corresponding sum representations of the rational prefactors and the hyperlogarithms [179]. If
transformations like (631) have been applied the Nthe coefficient is extracted by generating
difference equations which are then solved by using the package Sigma [236,237] . The second
method is more time consuming but has the advantage of working in much more general setups.
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The generating expression in terms of hyperlogarithms is rather lengthy and will not be presented
here. It is however given completely in terms of hyperlogarithms with argument x over the
alphabet

1 11 % 7 1 1
{10143 -3 3 -5 5~ o %)

Due to the more complex dependence on the generating parameter ¢, the N-space results also
contain classes of sums beyond harmonic and alternating sums. This class is given by finite
binomial and inverse binomial sums over harmonic or alternating harmonic sums [311].

The complete Mellin space representation of Ig, is then given by

2(3N +2) 2(4N? + 35N? + 82N + 58)
(N 4+ 1)5(N + 2)? (N +1)3(N +2)3
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+203N +8) |
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() - ()
> = (2;> ) +2(3N + 5) ; J(Q;) (1 +2)
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N NS
N J N = J
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o ()0 - (G)s
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(636)

—4(2N — 1)S_5| +

4(N? =3N+1) 2VP(N?— N +1)
(N—1)N> (N —1)N? G

Here as in all other N-space representations the code Sigma has been used to solve the difference
equations and we obtain a representation in which all occurring sums are transcendental to each
other. Some of the individual sums contributing to (636) diverge o< 8V 4% and 2V for large
values of N. Performing the asymptotic expansion yields that the divergences oc 8 and oc 4V
cancel while this is not the case for the divergences 27V.

The asymptotic expansion in this case takes the following form

Isp(N) o 2V Iy 1 (N) + Isp2(N) | (637)
with
[ 112 7568 27280 2256112 52719920 373195088
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Here the constants A; and A, are

Ay ~ 6.233478110414834, Ay <1071 . (640)

It has, however, been observed, that in the physical case including the numerator structures the
2N_divergences cancel as well, cf. [310].

7.6 Fixed Mellin moments

The strategy to obtain general NV representations via a generating function breaks down in some
cases, e.g. for the diagrams in figure 25, because the respective integrals are not linearly reducible.
If one is not interested in the general N representation but values for fixed integer values of N
the integrals for all diagrams at 3-loop level are linearly reducible, however. In theory it would
thus be possible to compute a large amount of Mellin moments, for all practical purposes one
is, however, constrained by the available computing power and memory sizes. Here the resource
demands rise exponentially in N due to the larger rational expressions and the intensive use of
partial fraction decompositions in the algorithm. As an example we computed a series of Mellin
moments for the most complicated class of diagrams contributing to the 3-loop OMEs. For the
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diagrams in figure 25 the computation of the 9th Mellin moment took about 8 hours of CPU
time and about 35 Gigabyte of memory. In comparison the FORM based code MATAD [272] has

similar resource demands on CPU time and memory storage but allows the computation of a
few higher Mellin moments.

(a) (b) ()

Figure 25: Crossed-box topologies with local operator insertions.

N (a) (b) (c)
0 1 1 1
4 4 4
1 17 3,7
1 8 16 ~ 32 G i6 T 32 G
145 145 445 935
2 1536 ~ 9216 G _4608 3072 Gs ~ 3821 T 1024 C3
3 81 145 ¢ 8519 2813 ¢ 4993 3145 ¢
~To2a 1 614463 55206 12288 53 36864 1 2457653
4 5582479 10489( 369197 18623 ¢ 2379019 719 ¢
82944000 409600 >3 5520600 1 73728063 82944000 4915253
5 1899679 36401 ¢ 18015269 4794311 ¢ 39045971 507679 ¢
33177600 | 1474560 53 99532800 22118400 >3 208508400 | 1423680 3
6 141912342181 695736571 ¢ 278864978351 51751095234 1058933976943 255461723 ¢
2913258700800 30828134400 >3 1248539443200 39636172800 >3 8739776102400 2642411520 >3
7 _ 11526313783 59076777 ¢ 25191975655421 120819716411< _ 7247023939349 370501349 ¢
277453209600 ' 2936012800 >3 74912366592000 369937612800 >3 33294385152000 ' 2013265920 >3
8 266608033463 29536680029 ¢ 47884345670443 _ 1916259725321 ¢ 13258221091439 _ 115670928497 ¢
7491236659200 1664719257600 >3 89894839910400 4756340736000 >3 44947419955200 475634073600 >3
9 _ 255303766759 | 5768976713 ¢ 49979032484264647 75636078173 ¢ _3310067262876383 | 4778989541 ¢
8323596288000 ' 369937612800 >3 | 62926387937280000 108716359680 >3 6991820881920000 ' 12079595520 >3

Table 2: Moments of the finite crossed-box graphs (a—c) shown in Figure 25.
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8 Conclusions

For a precise analysis of the deeply inelastic scattering data recorded at HERA within one per-
cent accuracy, a precise understanding of the heavy quark flavor contributions to the structure
function Fy at three loop level is essential. At O(a?) the basic description of a single heavy quark
to the unpolarized Wilson coefficients C(I:II ?g’)PjS’S in the asymptotic region Q? > m? via massive
operator matrix elements is known. It relies on a factorization theorem [128,139] which allows
to represent the heavy flavor Wilson coefficients at % Z 10m? [128] as a convolution of the light
flavor Wilson coefficients which are known up to NNLO [104, 161] and the process independent
massive operator matrix elements. This kinematic domain thereby covers the most interesting
kinematic region a very important kinematic region of the deep-inelastic scattering experiments
at HERA [129-132]. At O(a?) a series of fixed Mellin moments N = 2,...,10(12,14) for all
relevant OMEs are known [139].The main challenge for a complete understanding of the single
heavy quark contributions is thus to obtain these operator matrix elements for general values of
the Mellin variable N. Generally this thesis aims at extending the present understanding of the
O(a?) heavy flavor contributions to DIS at two fronts:

Firstly, there is no strong hierarchy between the charm- and bottom- quark masses and thus
there exists a kinematic region where a description based on one single heavy and Npg light
fermion flavors does not suffice. We aim to extend the present description to a scenario with two
heavy quark flavors, to work out the respective renormalization prescriptions and to lay out the
groundwork for a complete calculation of the respective contributions.

Secondly, despite recent success [156-158], a general algorithm to evaluate the respective Feyn-
man diagrams remains unknown and one is thus forced to restrict oneself to subclasses and
subtopologies of the complete set of Feynman diagrams. Therefore new gauge-invariant color
contributions to different OMEs are calculated and new algorithms are explored in order to break
the ground for a systematic evaluation of further topologies.

Section 3 presents the computation of the OME A,  o. This completes the O(Cy pT2Np) contri-
butions to operator matrix elements contributing to the structure function F5 [140], which con-
stitutes the first complete color factors of the general N computation. The computation relied
on representations within the functional class of generalized hypergeomtric functions and their
respective sum representations. These allow for a Laurent series expansion in the dimensional
regularization parameter ¢ and were afterwards evaluated using advanced summation algorithms
encoded in the packages Sigma [236,237] , SumProduction and EvaluateMultiSums [238,239] .
Furthermore, the method by representations in terms of special functions encouraged an autom-
atized approach, with which the subtopologies which contain two completely massless bubble
diagrams contributing to all relevant OMEs for the structure function F» and the variable flavor
number scheme (VFNS) where solved.

In the case of a single heavy quark flavor all logarithmic contributions oc In(Q?/m?) to the heavy
flavor Wilson coefficients are a direct consequence of the factorization relation and the renormal-
ization prescription. They have been determined for the massive operator matrix elements AE'SQ,
A AL 0 Aggs Aggqy Agqo and Agg o and the associated heavy flavor Wilson coefficients [220]
in Section 4. The computation of the OME A, o completed the Wilson coefficient Liz which
has been presented together with the completed Wilson coefficient L};g in this Section. Quanti-
tatively the contributions of these two Wilson coefficients, however, turn out to be exceeded by
other contributions to the structure function Fs.

The renormalization prescription for massive operator matrix elements which receive contribu-
tions from two different masses has been worked out in the Section 5. Here we apply an on-shell-
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scheme for the mass renormalization. In order to renormalize the coupling constant we use the
background field mechanism to obtain an intermediary MOM-scheme. Finally, we perform the
transformation into the MS-scheme, where we assume the decoupling of the heavy quark contri-
bution. We present all renormalization formulas for the respective two flavor contributions /Nlij
in the on shell scheme for the masses and the MS-scheme for the coupling constant. Furthermore
we provide the respective two-mass transformations to the MS, respectively MOM-scheme.

In Section 6 we extended the present description of the massive contributions to the VFNS
and the structure function F, to the case of two heavy quark flavors up to O(a?). This
yields five OMEs Aqu(ml,m2, %), AGy(m3,m3, p?), Agg(mi,m3, p?), Agqo(mi, mj, p?) and
Aygo(mi, m3, u?) which receive genuine contributions from Feynman diagrams with two heavy
fermionic lines. We present the computation of a series of fixed Mellin moments N = 2,4,6 up
to O(n*In®(n)), with = m32/m? for all these OMEs. The respective Feynman diagrams were
generated using QGRAF. Projection operators, cf. Ref. [139], were applied to map the diagrams
with operator insertions onto pure tadpole diagrams. These were expanded in the mass ratio
n and evaluated using the codes Q2e, EXP and MATAD. We computed the complete two-flavor
contributions to the OME A5, and the transversity OME ANSC;H"HS The computation was per-
formed using Mellin-Barnes representations and yielded a structure in which the n dependence
completely factors of the N-dependent parts. This property allows to expand the respective
generalized hypergeometric functions using HypExp and to obtain the general N solution. The
same approach is used to evaluate the respective contributions to the single-mass case with
my = my. For this case also the O(CrT3)-contribution to the OME Agﬁ could be evaluated. For
other OMEs a larger entanglement between the Mellin variable N and the mass-ratio occurs.
This demands more sophisticated approaches which have been described in Section 6.5. Here all
scalar topologies contributing to the OME A,, o have been computed. The method is based on
various mappings of the integration variables in order to obtain representations in which only
one single Feynman parameter integral depends on the Mellin variable N and the Mellin Barnes
variable . These integral representations allow for a splitting of the integration domain which
ensures the convergence of the associated associated contour integrals. Collecting the residues
yielded sums which were evaluated using the packages Sigma [236,237] and EvaluateMultiSums.
The remaining integral was remapped to obtain the z—space representations for the respective
scalar diagrams. The Mellin space representations were obtained in a final step using difference
equation methods encoded in HarmonicSums [175,177-179] and Sigma [236,237] to solve these
equations. The method required new iterated integrals and sums in intermediary and final steps.
On the integral side advanced methods to rewrite these integrals in suitable representations were
developed.

In Section 7 the application of parametric integration methods via hyperlogarithms [159,187] to
massive Feynman diagrams with operator insertions, which are convergent in D = 4 space-time
dimensions has been explored. This approach turns out to be relatively efficient to compute
fixed Mellin moments. In order to obtain general N representations for scalar diagrams of more
evolved topologies, generating functions were constructed. These allowed for an evaluation using
the methods of hyperlogarithms and in a final step the general N-results were reconstructed
from these generating functions using methods encoded in Sigma [236,237] and HarmonicSums
[175,177-179] . The method allowed to evaluate various new scalar topologies for the first time.
While some diagrams could be made accessible to this method by a suitable transformation of
the integration variables, it turns out that not all scalar topologies are solvable by this approach.
This is due to the emergence of non-linearity of the denominator polynomials, which occur for
some topologies.
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A Conventions
We use natural units
h=1, ¢c=1, e=1, (A.1)

where h denotes Planck’s constant, ¢ the vacuum speed of light and ¢( the permittivity of vacuum.
The electromagnetic fine-structure constant « is given by [312]
2 2 1

2 € e
™ 137.03599911(46)

B dmeghc T 4n

(A.2)

a=d(p =0

In this convention, energies and momenta are given in the same units, electron volt (eV).
The space-time dimension is taken to be D = 4+¢ and the metric tensor g, in Minkowski-space
is defined as

Einstein’s summation convention is used in form of
D—1
b "
Yt = 5 Yt (A.4)
=0

Minkowski-space vectors are represented by

x = (29, %) . (A.5)
If not stated otherwise, Greek indices refer to the D-component space-time vector and Latin
ones to the D — 1 spatial components only. The Minkowski product of two vectors is defined by

D-1

P-q = podo — Zpi% : (A.6)

i=1

The Dirac-matrices v, are taken to be of dimension D and obey the anti-commutation relation

{7;1/71/} = 29/111 . (A7)
It follows that
YWy = D .
Tr(vmw) = 49w (A.9)
Tr (v Y¥avs) = AGwdop + 9usGva — Guadus) - (A.10)

The Feynman—dagger for a D-momentum p is defined by

pi=p" (A.11)
The conjugate of a bi-spinor u of a particle is given by

7= uly, (A.12)
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where { denote Hermitian and * complex conjugation, respectively. The bi—spinors v and v fulfill
the free Dirac—equation,

(- mulp) = 0, ap)H—m)=0 (A.13)
B+mp) = 0, TE)F+m)=0. (A.14)

Bi-spinors and polarization vectors are normalized to

> ulp,o)ulp,o) = p+m (A.15)
Zv(p,a)@(p,a) = p—m (A.16)
Sk N (kN = —g" (A.17)

where \ and o represent the spin.

The commonly used caret “”” to signify an operator, e.g. O, is omitted if confusion is not to be
expected.

The gauge symmetry group of QCD is the Lie-Group SU(3).. We consider the general case of
SU(N,). The non—commutative generators are denoted by ¢%, where a runs from 1 to N2—1. The
generators can be represented by Hermitian, traceless matrices, [201]. The structure constants
f and d*¢ of SU(N,) are defined via the commutation and anti-commutation relations of its
generators, [204,313],

[t 8] = dfetee (A.18)

1
{t* "} = dathC+ﬁ5ab. (A.19)

The indices of the color matrices, in a given representation, are denoted by ¢, 7, k,(, ... The color
invariants most commonly encountered are

5abCA — facdfbcd (AQO)
52']'0]:‘ = t;llt?] (A21)
SaTp = ity . (A.22)
These constants evaluate to
N2 -1 1
— NC — € , T = -, A23
CYA ) CF 2Nc F 2 ( )

in SU(N,). At higher loops, more irreducible color-invariants emerge. At 3-loop order, one
additionally obtains

dd. = (N* — 1)(N? — 4)/N. . (A.24)

In case of SU(3)., Ca =3, Cr=4/3 , d®*du. = 40/3 holds.
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B Feynman Rules

B.1 QCD-Feynman rules

For the QCD Feynman rules, Figure 26, we follow Ref. [139,204], cf. also Refs. [314,315]. D—
dimensional momenta are denoted by p; and Lorentz-indices by Greek letters. Color indices are
a,b, ... and 7, j are indices of the color matrices. Solid directed lines represent fermions, curvy
lines gluons and dashed lines ghosts. Arrows denote the direction of the momenta. A factor
(—1) has to be included for each closed fermion— or ghost loop.

=95 [(p1 = P2)pGu + (P2 — D3)uGup + (D3 — P1)wGp)

—gs fa.bl:pﬂ
b/’/ * P
_l(]? Ze{fabcfcdc [gupgyo‘ - -q/lﬁgl/p}
H.a o,d
+faccfbd‘3 [,(]uugpo - guo'.(]zzp}
+ 1 Y GupGvo — v gpg]}
v, b P, C
' - J
i p J Pp—m+i0
. ) ,
T T i (_
appobu p2+7,0( G + Epupw/ (p” +i0))dap
i
‘;;3 p2+i05‘1b

Figure 26: Feynman rules of QCD.
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The Feynman rules for the quarkonic composite operators are given in Figure 27. Up to O(g?)
they can be found in Ref. [316] and also in [317]. Note that the O(g) term in the former
reference contains a typographical error. In Ref. [139] these rules were checked and agree up to
normalization factors, which may be due to different conventions. There also the new rule with
three external gluons was given. The terms 7. refer to the unpolarized (+) and polarized (—)
case, respectively. Gluon momenta are taken to be incoming.

A\ 4
A\ 4

Dyt 2¥) B
0 v (A -p)NTH N >1

P11t anj ) )
gt AFAYL Z;VZ_OZ(A p)(A-pp)NIT2 L N >2
P2,

P PN ARy NPT (Ap ) (Apy )N 2

[(#27) 5:(Ap + Apa)' =771 + (1) j5(Apy + Aps) =71

D3, @ py, v b N =3

o Pl A A S S (B (Ap)
| 8);u(Apa + Aps + A.pl)l ITH(Aps + Ay )L

P3f, @ pyv,b o D5, piC () ji(Apa + Aups + Apy) T (Apy + Apy )™

+(°1919) i (A.ps + A.ps + Aup)) T (Aps + Apy)m !

+(t711") ji(Aps + Aps + Apr) I (Aps + Apy)" !

+(t9) i (Aps + Aups + Ap)) T Apy + Apy )

+(E 1) ji(Aps + Apa + Ap)) TN (Aps + Apy)™
N >4

v+ =1, ~_=r5. For transversity, one has to replace: Ayy — o A,.

Figure 27: Feynman rules for quarkonic composite operators. A denotes a light-like 4-vector,
A% =0; N is a suitably large positive integer, Ref. [139]
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B.2 Scalar Feynman Rules

Additionally to complete QCD diagrams, in Sections 6.5 and 7 we calculated massive scalar
Feynman integrals with a local operator insertion. The corresponding scalar Feynman rules
read :

1
> _— B.1
P (p? —m?) (B.)
1
“0009 00 — B.2
b pz ( )
p1 P2
9 (B.3)
P3
b1 D2
g (B.4)

N
" " 9> (Ap) (Ap)N (B.6)
§j=0
N N_] . .
1 D2 a) g° > ) (Ap) (Ap)N (A + Apy)
N (B.7)
P P D) *> ) (Ape) (Ap) VT (A + Aps)
7=0 1=0
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C D-dimensional integrals

In the calculation of the D-dimensional loop integrals [250,318,319] with D = 4+ &, we perform
first a Wick-rotation to Euclidean momenta

dk l 1 L de
() M e = 7511 gt (+402)

1

with Va; € N. One obtains the following Euclidean integrals, where, cf. [204],

kL = k2 + k2

/(d% L L

2m)P (k2 — @)™ (2m)P (k% + @)™

_ Z(_l)(rim) F(T + D/2) F(m —r—= D/2> (prfm+D/2

(4m)P2 - T(D/2) I'(m) ’
m,r € N
(C.8)
/de KES f(R?) = 97 d°k K2 f(k?) (C.9)
D T oo o 9 B gala2ga3a4 + g&1a39012014 + gala4ga20£3
/d k kYESESKS f(R°) = D74 2D
x/de: kL f (k) (C.10)
D a1.001.01.001.001.Q 2 _ Q(gaiaj) D 6 2
/d ko ESRSESESKSKS f(KY) = reprisn | 4k kS f(K2), (C.11)
with
Q(gaiaj> — galag [ga3oz4ga5a6 _|_ ga3a5ga4a5 + gagaﬁga4a5]
_l_galaza [gazaz;gocsocs +ga20ésga4066 +gazas 044015}
+ga1a4 [ga2a3ga5a6 + 9&36159062046 + ga30¢69a2045}
+ga1a5 [ga3a4ga2a6 + gazasgawés + gasaﬁgazaﬂ
_l_goélas [ga3044ga20¢5 + gOé3Oéngé2044 + gaza3ga4a5} (0‘12)
and

/de H ke f(R?) = (C.13)
For each loop integral a universal factor

S. = exp [(7E — In(47)) g] (C.14)
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emerges, where vg denotes the Euler-Mascheroni constant
|
v = lim [Z 7= ln(l)] : (C.15)

The factors S, are kept separately and are not expanded in e. In the MS-scheme [88] they are
set to S = 1 at the end of the calculation.
The I'-function obeys the relation

I(1+¢)=exp [— <) gn] , (C.16)
with
=1
:Zﬁ’ neN, n>2, (C.17)
=1

the Riemann (-function at integer arguments, n > 2.
We apply the following Feynman parametrization to combine denominators

1 ! 1

resp.
1 F n 1
% B (NZk:1 ak)/ dry .. / dx,0 Zxk -1
Al ~--A?L” szlr(a ) .
x [
<$1A1 4+ ...+ ann)<ZZ:1 ak)

(C.19)

with Va; € N.

The integral over the d—distribution yields

/dxl <Zxk—1> = /+OO dx; & (Zxk—l) (1—Zxk)nf[lexm

= 9(1— Z :ck) H 0(xm) (C.20)

k=1,k#l m=1,m#l

where 6(z) denotes the Heaviside function

0(z) = {1’ 220 (C.21)
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D Special functions

D.1 The Euler Integrals

The T-function, cf. [320,321], is analytic in the whole complex plane except at the non-positive
integers, where it possesses single poles. Euler’s infinite product defines

(1 + ;) exp (—?)] . (D.22)

The residues of the I'-function at its poles are given by

s = a6 [ ]

Res[['(2)].—_n = (_;!)N , NeNUuo. (D.23)

In case of Re(z) > 0, the I'-function can be expressed by Euler’s integral

I'(z) :/ dt exp(—t) 71, (D.24)
0
from which one infers the well known functional equation of the I'-function
I'(z+1)=2I(2) ,2 # —n,n € NUO. (D.25)

Eq. (D.25) may be used to continue the I'-function analytically. Around z = 1, the following
series expansion is obtained

I'l—¢) = exp(evg) exp{zg%l} el < 1. (D.26)
i=2

Here and in (D.22), g denotes the Euler-Mascheroni constant, cf. (C.15), and (; Riemann’s
(—function for integer arguments k, cf. (C.17). A shorthand notation for rational functions of
['-functions is

ay,...,a; | T(ap)..I'(a;)
F[bl,...,bj] = ST (D.27)

A further useful identity involving the I'-function is given by

['(e)T(1 —¢)

le—-N) = (_1)NF(N+1—5) '

(D.28)
Functions closely related to the I-function are the Euler Beta-function B(A, C) function, the
Y(x)—, and the §(z)-functions.

The Beta-function can be defined by Eq. (D.27)

AC
B(A,C) =T ’ . D.29
(aoy=r| - (D.20)
If Re(A),Re(C') > 0, the following integral representation is valid
1
B(A,C) = / de 271 (1 — 2)°71 . (D.30)
0
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For arbitrary values of A and C, (D.30) can be continued analytically outside of the respective
singularities using Eqs. (D.22, D.29). Its expansion around singularities can be performed
via Egs. (D.23, D.26). The t-function and f(x) are defined as logarithmic derivatives of the
[-function via

(x) = m%ﬂfc% (D.31)

Bx) = %{1#(%—51)—@@(%)] : (D.32)

D.2 Polylogarithms
The polylogarithms [283-285] are defined on the unit disk in the complex plane by

[e.e] 7

Lij(2) = Zj—k . (D.33)

i=1

This definition can be uniquely extended to the whole complex plane by a analytic continuation.
In the special case z = 1 (D.33) becomes the sum representation of the Riemann (—function

Liy(1) = G . k>2. (D.34)

The polylogarithm (D.33) furthermore has the representation

Lig(z) = —

— (D.35)

and

S Lt
Lipi(2) = /dtlkT(),kZO. (D.36)
0

When considering the combination Lix(—z) + Lix(z) all odd powers in definition (D.33) cancel

and one obtains the identity

Lip(—2) + Lip(z) = 27 FLig(2?) . (D.37)

D.2.1 Harmonic polylogarithms

A more general form of the iterated integrals are the harmonic polylogarithms [180]. A harmonic
polylogarithm of weight w is uniquely defined by

H{}(x) = 1, (D 38)
1
Hyp o gy@) = i), (D.39)
n times
and otherwise

1
Huola) = [ do fu(o)Hals) (D.40)

0



Here a € {—1,0,1} and f, is defined by

1 : 1
) fO_;a f_l_l—l—l"

fi= (D.41)

1—2
All these iterated integral structures are associated to specific sum structures in two different
ways:
They emerge in the coefficients c¢,,, d,, of the series expansions around 0 and oo, e.g.

w(v) oo

La(z) = Y. e, (D.42)

k=0 n=0

w(v) oo

L3(2) = ZZCZ 2" (D.43)

k=0 n=0

Furthermore the same sum structures are observed in the Mellin transforms of the same iterated
integrals.

D.3 Sum structures

We distinguish the following classes of sums [286,311]:

Harmonic sums have been observed in physical results for some time by now. Many of their
algebraic [166-168], differential and structural relations [169-171] have been studied. They are
defined by

Saran(N) = ZZ Z (sign(a1))™ (sign(az))"™ m(sign(am))nm’

ni=lny=1  nm=1 |al| n|2a2| n'T?LM
N € N, Vig eZ\O, (D.44)
Sg = 1. (D.45)

A first generalization, the generalized harmonic sums are obtained by allowing for additional
weights in the numerators [174,175]:

Nm—1 n
xm m
Sal ..... am(mla"'axmaN) = ZZ Z "'(na?n ’
ni1=1ngs=1 Nm=1 m
NeN,VlaleN, (D.46)
Sp(0) = 1. (D.47)

Furthermore, in recent calculations finite sums weighted by binomials (2;) in both, numerators
and denominators have been frequently observed [287,296]. They are of a similar form as

S ()2 5 ﬁs (3.-1:4) (D.48)

i=1 :
J

1 N _q p” ) *
= [ T o)~ 2 )

160




' —z)V -1 1 _
+%/o dx( i)—f-l 8+x [HTQ(I>_2HT3(@]+03/O dx(

where in this example

1 1
Wiy = —F/——, w3z = ,
2 2B - o) BT 00 /28 =)

1 1
JiBta) O T 2troveBra)

Here the H} represent integrals over the word w,, on the interval [z, 1].

(D.49)

wi7 =
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E The logarithmic contributions to the heavy flavor Wil-
son coefficients

In this Appendix we present all logarithmic contributions to asymptotic heavy flavor Wilson
coefficients H}5 and H 52 with respect to the single-mass case, see also Ref. [220].

Hy3 = 5[+ (-]

x{az{C’ | AL3, (N2 + N +2)° (457 — 125,) (N? + N +2)°
V(NS D)N2(N + 12(N +2) | (N = 1)N2(N + 1)%(N +2)
4L%(N? + N +2)° 32(—1)N Pys
+ —
(N—DN2(N+ 1)2(N+2)  3(N—1)N2(N + 1)3(N + 2)°
8Prs 8P5751
TSN ONIN + DAN £2° T (N DN3(N + 1)3(N 1 2)?
, 851 (N? + N +2)° 8P
TRl TN S ONE N F 12N +2) (N — )N3(N + 13(N + 2)2
645_2 8(N?+5N +2) (5N +7N? + 4N +4) Ly
TNCONN DIV +2) (N _DN3(N + 13(N +2)?
sf cor [ 1 8(N% 4 N +2)*(3N2 + 3N +2) 32(N2+ N +2)°5,
TN O L TSN DNI(N A 1PN +2) (N — DNZ(N + 1)2(N + 2)
2 (2482 — 248,) (N2 + N +2)* AP
@ (N=1)N2(N+12(N+2) (N—1)N4N +1)4(N +2)2
8P5251 ;| (104818, — P (N2 + N + 2)°
TN )MV F PV 22| Tl T (NS )V (N + 12N + 2)

16(N? + N —22)S5(N? + N +2)  (1285_3 — 2565_51 — 384(3) (N? + N +2)

SN _)NZ(N + 12N +2) (N _DN2(N + 2N 1 2)

4 Pg7S? 64(—1)N Pyg

(N—=1)N3(N+1)3(N+2)2  15(N —2)(N —1)3N3(N +1)>(N + 2)4(N + 3)3
4P1o0 128(—1)N P59,

TN C 1PN F 1PN+ 23 (N + 37 | 3(N — )NZ(N + 1)3(N + 2)°

8Pr9S) 512555, 4Ps5S5
3N DNV F DAV 128 T (N—DNEN 11N 12) (N - DN3(N 1+ 1)3(N 1 2)?

) 16(N2 + N +2)°5, 4(N2+ N +2)*(3N2 43N +2)

T NN (N T 12N £2) | (N NSV L 1PN + 2)

32(N? +5N +2)(5N3 4+ 7TN? + 4N +4) 5,
M (N —1)N3(N + 1)3(N +2)?
8(N?+5N +2)(3N? + 3N +2) (5N? + TN? + 4N + 4)
(N —1)N4(N + 1)*(N + 2)?

32P69S72
(N —2)(N - )N3(N + 1)3(N + 2)(N + 3)

8(3N 4 2)(N?+ N +2)5?

N 3N~ )N3(N + 1)(N £ 2)
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N 4P7yS? (N? 4+ N +2)¢ 4Py

(N DN N+ DIN+28 SN ONM(N+ )N 12) ® (N NSV + 1)B(N 1 27
A(N*+ N +2)2BN2+3N +2)¢ (N2 + N +2)(5N* +4N% + N? — 10N - 8)(
3 NNV 1PN +2) O (N — N3 (N + 1)3(N +2) 51
4Py Sy 4(N% 4+ N +2)*(3N2+ 3N +2)
(N —1)N3(N + 1)5(N + 2)? 3(N — 1)N3(N + 1)3(N + 2)

+ + L3,

16(N? + N +2)%5,
" 3(N —1)N2(N 4+ 1)2(N +2)

8(N?+ N +2)(3N* +9N? + 15N? + 11N — 2) 515,
(N —1)N3(N + 1)3(N +2)

4Py , [ 4(13N2 45N —6)S, (N2 + N +2)*
TN DMIN L DA N 27 M| TT (NS DM (N 1 1)B(N 4 2)
(245, — 852) (N? + N +2)° 4P5 (N? 4+ N +2)
TN DN 12N +2) T (NS D)NAN + AN +2)
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+(N—1)N2(N+1)2(N+2) {351 S957 + [ 3 +3 52,1}51—5- 3C3S1+ 855 Sy
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. 32(N? + N +2)°L%, 64(N? + N +2) (8N® + 13N? + 27N + 16)
RIS N T ONZ(N + 12V + 2) 9(N —1)N2(N +1)3(N +2)

64(N% + N +2)°5
3(N — 1)N2(N + 1)2(N +2)

256(—1)N Py5
9(N —1)N2(N +1)3(N + 2)3

M —

64 Psy N 51259

PN )NV AN+ 278 T B(N—DN(N + 1)(N +2)
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64P5751
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+1864N? + 1248 N + 432

118N 4+ 675N + 1588N® + 1652N7 + 326 N® + 357N° + 876 N*
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The Wilson coefficient H, 52, except for the constant contribution agy, has a similar structure.
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OV NN + 1PN 27 (N + 13(N 127
32P)3553 16(—1)N (3N5 — 6N* — 61N3 — 124N% — 96N — 16)S_5
BN DNVt 12N 12 NN+ 13(N + 273
16P1195_3 32P265_2
3N DNAN 1+ 12N +2)2 3N —2)(N — )N3(N + 1)3(N + 2)3(N + 3)
16(N? + N +2) (31N? 4 31N +6) 521 16P120S_21
B 3N2(N + 1)2(N +2) ~ 3(N —1)N2(N +1)2(N +2)?
oL 16(10N° + 40N* + 121N? + 161N? + 52N + 12) 57 N 4 Pyo5S,
M 3N2(N + 1)2(N +2)? 9(N —1)N3(N 4+ 1)3(N +2)3
C128(=1)V(N® + 4N+ 7N +5)5; N 32(-1)N(3N* + 11N3 + 19N? + 15N + 2)
(N +1)3(N +2)3 N(N 4 1)3(N +2)3
2P)36 16(N?2+ N +2)(4N2 +4N —-1)Sy  _
TN —ONA(N + DA(N 1+ 23 ( N2(N +) (1)2(]\7 +2) )5, oo 35T + 85,51 - 884

(3N® +8N* 4 27TN3 4+ 46N? 4 20N + 8)16(—1)V 5152
N2(N + 1)%(N +2)?

128 5 — 855+ 168_2,1} +

(N2 + N +2)(3N2 + 3N +2) [8(—1)NS_3 + 6(—1)N¢3}
N2(N 4+ 1)2(N +2)
+8(=1)VS_38) — 16852151 + 6(—1) (35 — 853 + 2452, + 85, +40S_4

_|_

+52 [40525% 1 16(—1)N5_52

5 4 3 2 3
25,0105 33 308 [ 0y [V SO SN 20
B 2 Pyp9S? N 32(—=1)V (15N® 4+ 97N* 4 260N + 328N? + 158N — 4) S
9(N —1)N3(N +1)3(N +2)3 N(N +1)3(N +2)4
B 2P55051 N 8P1145251
(N — 1)N4(N + 1D)4(N +2)* ~ 3(N — 1)N2(N + 1)2(N +2)2
N 16(3N? +2N? — 47N — 62)S_251 (3 P10
N(N +1)2(N +2) (N —1)N2(N + 1)2(N +2)?
7 16(—1)" Pygr . 2 P78
5(N —2)(N —1)2N3(N + 1)3(N +2)>(N +3)3 ~ 45(N — 1)2N3(N + 1)>(N + 2)5(N + 3)3
2P51052 (N3 +4N? + 7N +5)(128(—1)NV 5?7 — 128(—1)" Ss)
N )M+ 1PN 127 (N + 13(N 127
16Py2gS3 16(—1)" (3N5 — 6N* — 61N3 — 124N? — 96N — 16)S_
(N —=1)N%(N +1)2(N+2)2 N(N +1)3(N +2)3
16P145_2 16(3N* + 4N —9N? — 14N +8)S_3
" (N —2)N3(N +1)3(N +2)3(N + 3) * N2(N +1)2(N +2)

32(N? + N +2) (10N* + 20N3 + 5N? — 5N + 6) 521
+ 3(N — DN2(N 1 1)5(N 1 2)?
16(3N* 4+ 10N 4 43N? 4 44N — 20)S_5
N2(N +1)?(N +2)
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(NP + 8N* 4 2TN® + 46N2 + 20N + 8) [ ~16(~1)V$15.|
N2(N +1)2(N + 2)2

(V24 N +2) (3N + 3N +2) [-8(-1)VS_ — 6(~1)" s
N2(N +1)2(N +2)

—16(1+ (—1)N) 8582 — 8(1+ (—1)N)S_58 + [3252,1 - 853} S

_l’_

+

+ 738|851 - 329,87

_6(3 + (—1)N)C331 + 853 — 243%2 — 8854 —405_4 — 3233,1 + 16573,1 + 32527171}]]

NS7
+al) + C¥ (Np + 1)}} : (E.109)

with the polynomials

P = N°®—8IN®—264N* — 185N3 — 307N? — 256N — 204 (E.110)
Pz = N°+6N°+7N*+4N>+18N? + 16N — 8 (E.111)
Pigs = N®+7N°—7N*—39N? + 14N? 4 40N + 48 (E.112)
Pios = N®+2IN° +57N" +31N? + 26N? + 20N + 24 (E.113)
Pigs = 2N®—7N°—41IN* - 31N? — 29N? — 22N — 16 (E.114)
Pigg = 2N®—7N°—24N* — 35N° — 44N? — 44N — 16 (E.115)
Py = 3N®+5N°+27N* +35N° + 6N* + 12N + 8 (E.116)
Pios = 3NO4+9N° — N* — 17N3 — 38N? — 28N — 24 (E.117)
Piog = 3NO®+9N°+2N* — 11N? — 23N? — 16N — 12 (E.118)
Pig = 3N°®+430N°+15N* — 64N — 56 N? — 20N — 8 (E.119)
Piyp = ANS4+5N° —10N* — 39N? — 40N? — 24N — 8 (E.120)
Py = 6N®—12N° 4+ 17N* + 106 N® + 127N> + 104N + 84 (E.121)
Py = 6N®+18N° +7N* — 16N? — 31N? — 20N — 12 (E.122)
Py = TN®—93N® - 327N* — 287N® — 316N? — 112N — 24 (E.123)
Pi5 = TN®—20N® —176N* — 335N° — 276N? — 116N — 16 (E.124)
Pig = TN®—19N® — 171IN* — 325N® — 264N? — 108N — 16 (E.125)
Piy7 = TN®+4+21N° 4+ 5N* — 25N° — 204N? — 188N — 192 (E.126)
Piis = 8N®+13N° — 111N* — 193N% — 89N? — 56N — 20 (E.127)
Piig = 9N®+21N°+11N* — 5N® — 104N? — 76N — 144 (E.128)
Py = 9NO+39N° +53N* + 25N? + 94N? + 44N + 312 (E.129)
Py = 10N®+18N° — 111N* — 164N® — 61N? — 16N + 36 (E.130)
Piyy = 10N®+463N° + 105N + 31N? + 17N? + 14N + 48 (E.131)
Piy3 = 11N® —15N° — 327N* — 181N? + 292N? — 20N — 48 (E.132)
Piyy = 11N®+415N® —285N* — 319N? — 254N? — 368N — 240 (E.133)
Piys = 11N®+433N° —189N* — 361N? — 194N? — 92N — 72 (E.134)
Py = 11N®+433N° — 114N* — 247N? — 263N? — 176N — 108 (E.135)
Piy; = 11N®+433N° —87TN* — 85N? + 4N? — 116N — 48 (E.136)
Piog = 11N®+435N° + 59N* + 57N3 — 38N? — 68N + 40 (E.137)
Piyg = 11N®4+47N° + 7N* +9N® + 90N? + 28N + 96 (E.138)
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11NS 4+ 57N% — 39N* — 109N3 — 44N? — 116N — 48

11NS + 81N® + 9N* — 133N3 — 92N2 — 116N — 48

13N® + 36 N5 + 39N* + 8N3 — 21N? — 29N — 10

16NS 4+ 78N® — 23N* — 228 N3 — 503N? — 408N — 228

17N® + 111N° 4 234N* + 203N3 — 89N? — 296N — 36

22N% 4+ 69N° 4+ 7TIN* 4 23N3 — 57N? — 68N + 84

23N — 7TN° — 237N* — 593N3 — 678 N? — 548N — 200

23N® + 9N® — 7IN* — 53N3 — 184N? — 92N — 16

25N6 4+ 35N° — 55N* — 243N3 — 286 N2 — 204N — 72

20N6 + 91N> 4+ 235N* 4+ 405N3 + 272N? + 288N + 120

29N + 176 N® + 777TN* 4 1820N3 + 1878 N? + T76N + 232

35N% — 15N° — 183N+ — 133N3 — 356 N2 — 164N — 48

35N — 15N° — 101N* + 31N3 + 54N2 + 164N + 120

44N° + 96 N® 4+ 369N* + 200N3 — 695N? — 428N — 108

55N + 141N° — 195N* — 401N3 — 772N? — 748N — 384

55N + 165N° — 420N* — 899 N3 — 1561 N2 — 1336 N — 1188

57N® + 161N° — 25 N* — 193N3 — 172N? — 36N + 48

65N + 199N + 197N* — 143N3 — 330N?2 — 316N — 120

7TTNS +339N° — 105N* — 487N3 — 356 N? — 668N — 240

80NS 4+ 60N° 4+ 9N* + 230N3 4+ 901N? + 988N + 1188

8INS 4+ 211N° — 23N* — 355 N3 — 334N? — 4N — 344

83NC + 249N° — 111N* — 637N3 — 956 N? — 596 N — 624

130N + 865N° + 2316 N* + 3811N3 + 4434N? + 2884N + 536

133N + 699N 4 1395 N* 4 217N3 — 880N2 + 164N + 288

155N + 369N° 4+ 211N* — 65N3 — 1002N? — 556N — 1416

215N% + 429N° + 891 N* + 491 N3 — 2486 N? — 1436N — 408

3N7 4 28N + 66N° + 9ON* + 107N3 + 78N? + 36N + 8

N7 + 7TINS + 214N° + 320N* + 275N3 + 215N? 4 160N + 32

2IN7 4+ 120N% — 128N — 1038 N* — 89N3 + 2382N2 + 1636 N — 600
SINT + 247N + 291N + 277N* + 108N3 — 56 N2 + 20N + 24

N8 +5N7 + 10NS + 27N° + 65N + 112N3 + 124N2 + 80N + 32

N8 +5N7 +14N6 + 23N° + 25N* + 52N3 4+ 56 N2 + 48N + 16

N8 + 8N7 —2N% — 60N® — 23N* + 108 N3 4+ 96 N2 4+ 16N + 48

N8 +8NT —2N® — 60N® + N* 4+ 156 N3 4+ 24N? — 80N — 240

N& 4 22N7 4+ 111N6 4+ 211N° + 42N* — 281N3 — 406 N? — 204N — 72
2N® + N7 — 6N6 + 26 N° + 64N* + 51N + 5AN? + 28N + 8

N8 + 22NT + 117NS 4 386 N® + 759N* + 810N3 + 396 N2 + 72N + 32
ON® + 44N7 + 211NC + 485N° + 654N* 4 581 N3 + 391 N2 + 192N + 32
3N® + 41NT + 136 NC 4 233N° + 331N* + 360N3 + 208 N2 + 80N + 16
3N® + 54N7 + 118N® — 44N° — 353N* — 314N?3 — 272N? — 200N — 144
5N8 — 8N7 — 137N® — 436 N° — 713N* — 672N3 — 407TN? — 192N — 32

183



Poo1

P2

Pso3

TN® + 40N7 + 110N° + 193N° + 261N* 4 313N3 + 260N? + 96N + 16

9N® + 54NT + 80NS — 110N° — 645N* — 1168 N3 — 1132N? — 672N — 160
10N® + 46N7 + 87NS + 85N° — 75N+ — 251 N3 — 274N? — 132N — 72

11IN® 4+ 7ANT + 213N6 4+ 281N° — 30N* — 427N3 — 446N? — 180N — 72

15N8 + 36 N7 + 50N° — 252N° — 357N 4+ 152N3 — 68 N2 + 88N + 48

18N8 + 101N + 128N6 4+ 208 N® + 190N+ — 769N3 — 1200N? — 212N — 48
19N® + 7T0N7 + 63N% — 41N° — 192N* — 221 N3 — 142N?% — 60N — 72

21N® 4+ 42N7 — 38N% — 360N° — 631N* — 730N3 — 472N?% — 216N — 48

23N8 + 2NT — 135N + 20N° 4+ 210N* — 151N3 — 350N? — 132N — 72

27TN® — 36 N7 — 956 N® — 1724N° + 187N* + 1288N> + T0N? — 224N — 72
38N® + 146 N7 + 177N® + 35N° — 249N* — 373N — 218 N? — 60N — 72

41N® + 5N7 — 195N6 — 97N® 4 326 N* + 424 N> 4 208 N? + 72N + 16

56 N8 + 194N7 + 213N6 4+ 83N? — 231N* — 469N3 — 290N? — 60N — 72

TON® + 196 N7 + 132N6 4+ 274N° + 465N* + 82N3 + 332N? + 456N + 288
105N8 + 978 N” 4 1688 N6 — 1330N° — 5245N* — 4672N3 — 2212N? — 544N — 288
113N® 4+ 348N" + 109N°® — 289 N> — 272N* — 859 N3 — 778 N? — 172N + 72
17T0N® + 369N" — 521 N® — 1393N° — 761 N* — 952N3 — 544N? + 32N + 144
264N8 + 1407N" + 2246 N 4+ 1746 N° + 804N* — 1069N? — 674N? — 92N — 24
283N® 4+ 838N + 1482N° + 628 N° — 1497N* — 1130N3 — 772N? + 456N + 288
633N® 4+ 2532N7 + 5036 N® 4+ 6142N° + 4275N* + 1118 N3 — 176 N? — 184N — 48
N? + 21N® 4 85 N7 4+ 105N + 42N° + 290N* + 600N> + 456 N2 + 256N + 64
AN® + 53N8 + 193N7 + 233N6 + 87N> 4 554N+ 4+ 1172N3 + 904N? + 512N + 128
6N? + 93N8 + 576 N7 4+ 1296 N® + 586N° + 359N* + 2000N3 + 1996 N2
+1488N + 384

IN? + 54N8 + 56 N7 — 110N° — 381N° — 568 N* — 364N3 — 72N? + 128N + 96
IN? 4+ 54N8 + 167TN7 + 397N + 780N® + 1241 N* + 1448N3 + 1200N? + 608N
+144

11N? 4+ 78N® + 214N + 335N + 383N° + 571N* + 916 N3 + 876 N2 + 480N + 96
35N? + 150N® + 232N7 + 137N° 4+ 119N° + 661N* + 1174N> + 876 N2

+480N + 96

37N? 4+ 210N8 — 52N7 — 2738N6 — 7249N° — 9368 N* — 8216N3 — 5888 N2
—2448N — 576

45N + 270N® + 820N7 + 1478 NS + 1683N° + 1996 N* + 2356 N3 4 2328 N2
+1408N + 288

57N + 624N + 1756 N7 + 1092N° — 1803N® — 1512N* + 966 N3 + 1116 N2
+920N + 528

69N? + 366 N8 + 1124N7 + 1966 N® + 2523 N> + 5228 N* + 7340N3 + 5352N2
+3008N + 672

94N? + 597N® + 1616 N7 + 2410N° + 1841 N® + 1165N* + 2191 N3 + 3802N>
+2916N + 648

121NY + 696 N® + 1535N7 + 1585N° + 416 N° — 749N* — 836 N3 + 16 N>
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(E.204)
(E.205)

(E.206)
(E.207)
(E.208)
(E.209)
(E.210)

(E.211)



Psor

Psog

Psog

Ps1o

Py

P12

Psig

Psao

Pooy

P9

Psa3

+528N + 144 (E.212)
197N 4+ 1242N8 + 2938 N7 + 3524 N6 + 2713N® 4 2234N* + 3680N3 + 6176 N>

+4080N + 864 (E.213)
439N + 2634N® 4 6008 N7 + 6694N° + 3545N° + 736 N* + 2008 N3 + 6208 N2

+5136NN + 1152 (E.214)
538N? 4 3333N® + 7802N7 4 7630N5 + 458 N° — 1415N* + 7786 N> + 12340N?

+5592N + 864 (E.215)
664N + 3861 N8 + 9038N7 + 11830N6 + 9344N° + 3793N* + 3874N3 + 11044N?

+9624N + 2592 (E.216)
891N + 4455N8 + 16078 N" + 28774N® 4 37047N® + 45835N* + 42192 N3 4 28888 N2
+10640N + 1776 (E.217)
923N + 5208 N8 + 11824 N7 + 12854 N + 2185N° — 7030N* + 1436 N3 + 15032N?
+12864N + 3456 (E.218)
965N + 4884 N8 + 10816N" + 20810N° + 36895N° + 40442N* + 27692N3 + 22712N?
+14496 N + 3456 (E.219)
N — 46N — 98N® 4 282N + 1063N6 + 1569N° 4 1275N* + 403N3 — 94N

—108N — 24 (E.220)
N0 4 12N 4 24N8 + 11IN7 — 48NS — 151N° — 282N* — 480N3 — 664N>

—57T6N — 288 (E.221)
1IN0 4+ 44N° + 7TAN® + 196 N7 + 31N6 — 1426 N° — 3044N* — 2762N3 — 1476 N2

—480N — 96 (E.222)
1IN + 76 N° + 138 N8 — 204N7 — 1041 N6 — 988N + 752N+ + 1896 N3 + 944 N>

—384N — 576 (E.223)
37N'0 4+ 392N° + 2106 N® + 6514N7 + 9211N6 + 1258 N° — 9218 N* — 6116 N3 — 72N?
—752N — 192 (E.224)
85N10 + 425 N° + 902N® + 932N7 — 521 N6 — 685N° + 2022N* + 2028 N3 + 968 N2
—1296N — 576 (E.225)
103N10 + 575N + 1124N® — 334N" — 1505N° + 3755N° + 4926 N* + 36 N — 472N
—2160N — 864 (E.226)
118N + 425N + 197N® 4+ 86 N7 4 1240N® + 2489 N° + 4401 N* + 3480N3 + 524 N>
—1728N — 864 (E.227)
118N10 + 557N + 461N8 — 94N” + 1300N° + 3521 N° + 4509N* + 1920N3

—1132N2% — 2376 N — 1008 (E.228)
127N10 + 536 N2 + 611N + 602N + 1474NS + 2099 N> + 798 N* — 2301 N3

—4486N? — 3708N — 936 (E.229)
170N'0 + 883NY + 2041 N8 + 2998 N7 — 448N6 — 5465N° + 129N* + 6624 N3

+1132N? — 2016 N — 864 (E.230)
170N10 + 1213N° + 3235 N® + 2794N7 — 2692N° — 3767N° — 1293N*

—1632N3 — 5324N? — 6240N — 2016 (E.231)
226 N0 + 317NY — 811N + 662N " + 4552N° 4 3857N° + 3933N* + 2364N3

+236N? — 1656N — 720 (E.232)
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Py

Psas

Psag

Pz

Psag

Pyag

Ps3p

Po3y

Ps32

Ps33

Py

Psyo

Posy

Poys

Poy3

Poyy

489N10 + 2934 N9 + 9364 N8 + 18830N7 + 18627N6 + 124N° — 19856 N* — 19296 N>

—10640N? — 2880N — 1152 (E.233)
3N 4+ 42N 4 144N + 7TAN® — 459N7 — 1060N® — 1152N° — 1424N* — 1688 N*
—1232N?% — 736N — 192 (E.234)
1IN 4 37N —27N? — 118N® + 21N7 — 249N — 1097N> — 1138N* + 552N3

+3448N? + 3456 N + 2016 (E.235)
21N 4 231N 4+ 1334N? 4+ 4086 N® + 6277N 7 + 1775N° — 9488 N> — 18076 N*

—18208N3 — 11344N? — 5568N — 1728 (E.236)
33N 4+ 231N + 698N + 1200N® + 1513N7 + 1463N° + 2236 N° + 5096 N*

+7328N3 + 5456 N? 4 3456 N + 1152 (E.237)
45N 1+ 383N 4+ 958 NY + 526 N® — 763N" + 1375N6 4 7808 N® + 13028 N*

+12976 N3 + 8016 N2 + 4608N + 1728 (E.238)
51N 4+ 269N + 46 N° — 1934N® — 3973N7 — 875N® + 7364N° + 14972N*

+16768N3 4 10896 N2 + 5376 N + 1728 (E.239)
51N 4+ 357N 4+ 1238 N9 4+ 2586 N® + 2755 N7 — 1435N% — 9212N° — 15028 N

—15280N3 — 9808 N2 — 5184 N — 1728 (E.240)
SIN'! 4 483N + 1142N° + 1086 N® — 767N” — 4645N® — 8936 N° — 11980 N*

—12352N3 — 8272N?% — 4800N — 1728 (E.241)
120N +1017N10 + 2737N9 4+ 1292N® — 8086 N™ — 20743N° — 24563 N° — 16702N*
—6840N3 + 120N? + 2432N + 960 (E.242)
243N +1701N'° + 5378 N? + 10350N8 + 11479N7 + 1193N6 — 14684 N> — 20572N*
—16288N3 — 8944N? — 4992N — 1728 (E.243)
333N +2331N10 + 6556 N2 4+ 9270N® + 5081N7 — 6701 NS — 17554 N5 — 20036 N*
—15680N2 — 9200N? — 5664N — 1728 (E.244)
753N 4+ 4809N10 4+ 13174N? + 20466N® + 17717N7 + 6829 N° + 3908 N°

+15304N* 4 25408 N3 + 20272N? + 8448 N + 1152 (E.245)
837N + 7757N0 + 30120N? + 68575 N 4+ 119176 N7 + 191350N6 + 262979 N°
4258308 N1 + 163106 N> + 63360N? + 14848N + 1536 (E.246)
1017N + 6195 N0 4+ 14050N° 4 12738N® — 2023 N7 — 5093N° + 27548 NP

+69760N* 4 80752N3 + 54064N2 + 20928 N + 3456 (E.247)
SN2 4 21N 417N — 202NY — 842N8 — 1924N7 — 3378 N6 — 5059 N°

—6008N* — 4860N3 — 2536 N2 — 960N — 192 (E.248)
IN'2 + 63N + 38N — 414N? — 1035N® — 1341N7 — 1511N6 — 29725

—6011N* — 8038N3 — 6892N? — 3432N — 864 (E.249)
IN'2 4 63N + 71N0 — 381NY — 1536 N® — 2529N7 — 1946 N® — 1331.N°

—2096N* — 4036 N3 — 4144N? — 2304N — 576 (E.250)
39N'2 4+ 585N + 2938 N!0 1 7136 NP + 9083N® + 7745N7 + 14668 NS + 38246N°
+59856 N* + 55560N 4 32144N? + 12480N + 2304 (E.251)
48N12 4 459N 4 2322 N1 1 8290N? 4 20159N8 + 30862N " + 28247N° + 16109N°
+9312N* 4 7488 N3 + 4064N? + 1328 N + 192 (E.252)

61N + 302N + 531 N0 + 348 N° — 349N8 — 786 N” + 457NS + 2524 N®
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Poys

Psye

Poyr

Poyg

Psyg

Psso

Posy

Pss2

Pys3

Poe1

Psga

Pygy

+2012N* + 204N3 — 360N2 — 240N — 96 (E.253)
92N12 + 796 N1 + 3089 N0 + 7550 N9 + 10547N8 + 1029N7 — 19496 N6

—24199N° — 8960N* + 736 N3 + 1744N? + 816N + 192 (E.254)
201N + 1845 N ™ + 6910N ' + 12854 N9 + 8915N8 — 7741N7 — 17126 N©

—4294N° 4 16260N* + 22080N? 4 12416 N? + 4128N + 576 (E.255)
239N12 4 1338 N + 3137N' + 3164N? — 983N® — 6640N" — 8123N6

—4526N° — 342N* 4 1232N3 + 848N? + 256N + 32 (E.256)
255N12 + 2169N M + 6496 N0 + 7694N? — 127TN® — 6973N7 + 4132N©

+25502N° + 31956 N* + 22656 N + 9632N? + 864N — 576 (E.257)
581N'2 + 7035 N + 37826 N0 + 112904 N9 + 190293 N8 + 174327N7 + 92032N°
+69438N° + 78364N* + 44464N> + 11520N? — 3168 N — 1728 (E.258)
825N12 + 7363N' 4 25396 N0 + 40686 N + 26213N® — 12749N7 — 55498 N6

—89796 N> — 110552N* — 134960N3 — 127584 N? — 64704N — 12672 (E.259)
6ON'3 + 420N12 + 794N — 1357N10 — 10401N? — 15678 N® + 532N7 + 239 N©

—40018N° — 69432N* — 69152N3 — 43792N?% — 18336 N — 3456 (E.260)
T6N' 4+ 922N12 4 4479N + 9107N0 — 3747N° — 52973N® — 76133N7 + 42261N°
+199307N° + 123839N* — 77470N3 — 84132N?% — 2160N — 432 (E.261)
205N13 4- 238712 + 8005 N + 13687N'0 + 10883 N9 + 389N® — 2641N7 4 6029N°®
+11034N° + 6644N* 4 1384N> + 80N? + 128N + 64 (E.262)
206 N'3 + 2368 N'2 + 10916 N'! + 27006 N0 + 23644 N° — 19764N® — 61931N7

—63733N5 — 52001 N° — 56865N* — 38104 N3 4 2664N? + 7344 N + 432 (E.263)
37TTN' + 4649N'? + 21813N ! + 38539 N0 — 39339 N° — 272611 N® — 332971N7
+220377N% + 801934 N5 + 384958 N* — 362030N? — 297864N? — 1080N — 864 (E.264)
859N'3 4+ 7376 N2 + 25204 N 1! 4 47088 N0 + 63868 N + 80876 N® + 63648 N

—35856 N0 — 146697 N° — 157168 N* — 91320N3 — 34800N?2 — 8640N — 1152 (E.265)
1211N'3 + 5680N 12 + 3338 N1 — 17355 N10 — 31517N?Y — 48486 N® — 139667 N
—278026N® — 340745N° — 269457N* — 138568 N — 34632N2 + 9072N + 3888 (E.266)
70N 4+ 555 N1 + 1599 N 12 + 1192 N — 4430N10 — 13305N° — 11835N® + 8440N”
435816 N® 4 57126 N° 4 60340N?* + 44464 N3 + 27808N?2 + 12768N + 2880 (E.267)

76N 4+ 802N + 2979N12 1+ 1847N' — 19377N 10 — 58253 N — 26543 N8 + 170601 N
+362177N° 4 225119N° — 103240N* — 193092N3 — 137160N? — 117072N — 25920 (E.268)
7T6N™ + 1042N13 + 5979N'2 + 16367N ' + 11883 N0 — 47693N° — 125723 N8 — 86079N”

+36437NS + 22559 N° — 51700N? + 24828 N3 + 132840N? + 116208 N + 25920 (E.269)
AN 4 50N + 267N + 765 N2 4 1183N!! + 682N10 — 826 N? — 1858 N® — 1116N 7
+457N 4+ 1500N° + 2268 N* + 2400N? + 1392N? + 448N + 64 (E.270)

26N 4+ 314N + 1503N '3 + 3222N'2 + 2510N " + 1996 N0 + 15041 N° + 40728 N'®
+54008 N7 + 44956 N + 31936 N° + 30416 N* + 29568 N> + 16704N? + 5376 N + 768(E.271)
101N + 1234N" + 6867N'3 + 21904N'2 + 40098 N + 32226 N0 — 22057 N?

—86972N8 — 114557N" — 111416 N® — 89204 N5 — 37312N* + 13392N3 + 23040N?

+9792N + 1536 (E.272)
390N + 5121N™ + 30556 N13 + 114173N 12 + 321958 N 4 771597 N 10
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Pses

Pogr

Poes

Psegy

Pyrg

Pory

Pory

P77

+1583594N? 4 2637549 N® + 3381542N7 + 3199120N° + 2183360N° + 1123200N4
+489952N3 + 178176 N2 + 48384 N + 6912 (E.273)
75N 4 1245 N1 + 8291 N™ + 27609N 13 + 43437N12 4 14221 N — 5995 N10

+182937N? + 488696 N® + 296818N" — 452292N°% — 730430N° — 186180N*

1259728 N3 + 241056 N2 + 116640N + 25920 (E.274)
115N 1+ 1838 N5 + 11829N ™ + 36114 N3 + 30900N 2 — 133946 N — 454068 N 10
—457420N? + 249211N® + 864716 N7 + 312979N° — 634466 N° — 587862 N4

—19556 N3 + 104832N?2 + 9504 N + 1728 (E.275)
185N16 1+ 2988 N'15 + 19694 N + 62954 N3 + 64470N'2 — 207876 N — 792388 N 10
—861230N? + 437231 N8 + 1750616 N” + 869954 N5 — 1016136 N5 — 1130122N*

—96596 N 4- 199872N? + 31104N + 1728 (E.276)
939N16 1+ 10527 N + 37207N ™ + 18679N '3 — 202006 N2 — 617170N — 93002510
—882917NY — 157123 N® 4 1388549N7 + 2739376 N® + 2837500N° + 2088640N*
+1259696 N + 622464N? + 211392N + 34560 (E.277)
1155N16 + 12417N1 4 37693 N 14 — 12293 N13 — 285754 N2 — 613900N ! — 571735 N 10
—134309N? + 778901 N® 4 2698745N 7 + 4995724N° + 5915740N° + 4978144 N*
+3161840N3 4 1498752N? + 479808 N + 76032 (E.278)
1665N 6 + 33005N'° + 287646 N + 1402624 N3 + 4031902N'2 + 6199846 N !
+1054640N 10 — 16668628 N? — 37272559 N® — 38892027 N" — 17387942N° + 3962700N°
+15625800N* + 26960688 N3 + 27379296 N2 4 12985920N + 2332800 (E.279)
8TN'T + 1099N16 + 6055 N1° + 19019N ™ + 37119N 13 + 45159 N 12 4 29583 N — 2639 N 10
—30218N? — 40778 N® — 39994 N7 — 35844 N% — 30808 N> — 30384 N* — 28256 N3

—16064N? — 5248N — 768 (E.280)
829N'7 4+ 13413N16 4+ 83461 N1 + 226391 N + 55508 N'13 — 1239070N 12 — 2862466 N 1!
—1217372N10 + 3372689N? + 2779147N® — 2705687N " + 171733 N°®

+8617302N° + 5817902N* — 3127236 N3 — 3652560N2 — 336096 N — 25920 (E.281)
1407N'Y + 18107N'6 + 103463 N1 + 347083 N + 760095 N1 + 1142715N 12 + 1220067 N
+983393N10 4 702746 NY + 533822N® 4 337702N 7 — 3552N°

—300296N° — 332160N* — 188128 N?® — 63232N? — 13184N — 1536 (E.282)
95N'® + 3940N17 + 4898916 + 308380N 1P + 1166094 N + 2843192N13 + 4428234 N12
+3171928 N — 4692053 N0 — 19875244 N° — 34305831 N8 — 34774388 N7 — 16392680 N°
+11584912N5 + 30493776 N + 29700864N3 + 18783360N2 + 8294400N + 1866240 (E.283)
325 N8 4+ 4980N17 + 17759N 16 — 148801 — 412326 N — 1696848 N13 — 3216546 N 12
—1169232N + 8956857N 10 4 23914216 N° + 31536899N® + 25361392N7 + 9982840 N6
—10154128 N5 — 26098704N* — 26761536 N> — 17642880N? — 8087040N — 1866240 (E.284)
500N '8 + 8215N'7 + 56287N 16 + 201810N'° + 361782N ' + 98826 N2 — 759348 N 12
—495786 N1 4 3942186 N0 + 11896133 N + 16709737 N® + 13315736 N7 4 3779660N°
—7306454N° — 14232852N* — 13254768 N3 — 8367840N? — 3771360N — 855360 (E.285)
150N + 2815N '8 + 24285 N7 + 131358 N0 4+ 511310N"® + 1515954 N 14

+3372978N'13 + 5213980N 12 + 4715522 N + 980739 N 10 — 2709391 N? — 3741506 N'®
—4630558N7 — 5623132N° — 2333736 N° + 3419632N* + 5238496 N3 + 3231936 N2
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Pyrg

+1123200N + 172800 (E.286)
5410N" + 98215N '8 + 764965N 7 + 3280996 N 16 + 8031920 N '® 4 8939378 N 1
—7608074N'3 — 44964380 N2 — 74768226 N*! — 57879177 N0 — 5243187N? + 13745888 N'®
—928158216N 7 — 49672024 N° + 14757808 N> 4 94650144 N* + 100507392 N3

+53764992N2 + 15655680.N + 1866240 (E.287)
7060N%0 4 123495 N1 4 898682 N8 + 3394183 N7 + 6222824 N 16 + 376386 N 1°
—22032204N — 39912378 N3 — 13976964 N2 + 31985011 N 4 4994394 N10
—91499501 N — 97243208 N® + 54501988 N7 + 183103272N° + 127073120 N°

—20272608N* — 88410816 N — 62225280N? — 21772800N — 3110400 . (E.288)

The logarithmic contributions to all heavy flavor Wilson coefficients at 3-loop level are expressible
within the class of alternating harmonic sums only.
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F Fixed Mellin moments for m; # my

In this Section we present the Mellin moments N = 4and6 to the constant parts of the contribu-
tions with two massive lines of unequal mass to the OMEs AN AP> . Agy, Agq o and Agg . We

2

present expansions in the mass ratio n = ”mi% up to O(x*In*(x)). In order to obtain a compact
1

notation we furthermore use the abbreviations

m% m2
Li=1n (F) , Ly=In (ﬁ) . Ly=1In(n). (F.289)

-~ Nsv(3) .
Q4q,Q

10048 1869287216 7330016
~NS,(3) N =4 - C 2 . LQ . . L 3
40,0 ( ) F F{ ( 425251 4219543125 13395375 "

n 70417954 628L2 332212L 2 118064 5024L
5788125 525 " 55125 1) 3375 225 1|

53084 1256 (Lot Ly )¢ 388370299+5024 3509323
2025 45 VT EVS2 T Toress0 T 405 2 30375

520841 53084 2512 0024 . 53084

— — Lol — — "L [2— — 13- "——([2+1L?
10125 72 2025 *7M 135 M2 405 2 2025 (5 + i)
1256 1256

— L3 — L’L 43 F.2
81 17 135 2}+O(" ) (F-290)

~NS,(3) 9 90752 9 16883116384 66203584 3
N = = CpT — L° — _ L
90, ( ) F F{ ( 297675 " 29536801875 93767625 " "

636004196 5672 3000488 1066336 45376

40516875 3675 7 385875 23625 1575

| 3424952 11344 (Lot L) | Go - 202733427313 | 45376 ¢
99225 315 2T Y5 093955625 2835 >
520819486 700881658 3424952 22688
e — Ly — Lol — 222,12
3472875 1 10418625 2 99225 *TM T Tgq5 T2
45376 , 3424952 ., . 11344 , 11344
i - U I24 12— /203 22y
2835 2 99225 (L5 + Li) 567 1 945 1P
+0 (n'L?) (F.291)
~PS,(3) .
a/Qq .

~PS,(3) N _ 4 _ C T2 _ -
Gy (N =4) 7'F\ \ 1123242379875 © 324168075 93555 31255875

76 89252 5008 32 2936 968
L Ty T I e Ry ————(L
3157 99225 ”)” + ( 945 9 ”)” + ( 2025 225\
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968 5 968 3872 2406319 297941
L ) DOror 4 _ _ L
th )C"’ 405 Li - 675 12 2025C3 151875 1 50625 2
2236 1936 195482623 3872 2236
— Lol — —— L L2 — — 3 L2+ 17
2025 27t 675 Y2 13668750 2025 2 2025( 2+ Li)
+0 (L) (F.292)
FSON—6) = T2 19353315711436064+ 112677158848 385408 .
Qg S6371722800488125 | 1917454163625 " T 42567525 n
| 5015464079432 45616 , 432844912 , (2455328
1363164810625 363825 " 1260653625 " " 1157625
1984 15184 3872 3872 3872
—— B ) . — L3 — L’L
1323 ">”+< 99225 2205( 2+ L1)G 39691 6615 ' ?
154 9 172 15184 44
+5883_5 387796 . 7633556L2_ 58L2L1 77 T4,
19845 8103375 72930375 99225 6615
7819198418 15488 , 15184 - -
_ — _ L2 O (n*L F.293
1531537875 19845 2 99225( )}+ (n'Ly) ( )
_(3) .
an
O(N_ 4 — T 250077164867 156082853 744283 )\
Gy ) ALY | 11232423798750 ~ 3241680750 7 18711007 )"
1634774 1255194149 142 ,\ , (496855133 1877399
— Lyt ————— — — L)+ + .
1488375 468838125 525 14883750 ' 141750
707 5807 17963 47956573 3817
7 o T (L, 4+ L ki) SOl -
3700 ’7)77+<360 * 7900 (L 1>>C2+ 1620000 2 T 324 1
923573 384762007 . 17963 s 532373 ( 2) 4 7500 579 5,
2025 > " 4860000 ' 1350 172 32400 V2 1350 12
+62893 +74657 , 4887988511
4050 2718100 T2 T 48600000
o 23024568781_'_285046646 +879808 )\ 5, (2876423
FEPY | 14929605195 1 324168075 " 467775 )" 595350 "
582667691+27101 2 ) 50657237 184214 +2228 12
75014100 © 9450 )" 4134375 39375 " 11257 )"
1473641 18601 (Lot L) |Gt 76621423 204611 . 130207 :
405000 4500 2T Y52 08100000 2 40500 T 10125 P
37307959 18601 =, 530371, , . 18601 442967
Yy 0 (I2 4+ I2) + = L
1560000 1~ G750 1182+ Tgan00 (L2 1) F zmg ik  qopgmg e
130207 ., 33406758667 irs
_ _ O (n'L F.294
40500 2 2187000OOO}+ (n'Ly) ( )
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~(3)(N

84840004938801319

2287164970759 31340489

cari{ (-

1381947564807810000

15339633309000 " 68108040
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105157957 755537213056 _ 49373 , o 832369820129
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3161811182177
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CprT? L +——1IL%|n
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Loly+ =L L3+ —L3 + LE+ L)+ —L3+ ———
A T e R BT 675( * )+27 1 55625
L0 (L) (F.296)
1047753344 4108544 5632 39469936 352
CrT? ittty 22 P 12
F F{<9845600625 * 312558757 T 99225 ">” T\ 13505625 T 12257

192



186208 66176 2816 17632 704
L |+ | =—= + 221 (L, + L
128625 ”)" + ( 7875 | 525 ”>"+ (33075 + 105 (2t 1)>C2
704 2816 28089976 30801128 17632
2L el LoL
T3 T g G+ 1157625 T 3470875 2 T 330752
281 17632 4 12
1408 o8, o 816 216, | 17632 763 (124 12+ 70 T04 5 7796350
315 945 33075 189 40516875
+0 (n*'L?) (F.297)
_(3) .
agg,Q ’
23
SO (v _ e (311441927 1203167 1681 ., 5 (2051
G990 ) ATE 1687817250 5358150 " T 3202077 | T\ ~ 99225
36414571 61 ) , L (19131223 524233 6943 ,
10418625 189 7 )" 303750 20250 " 2700 )"
28979 1558 1057309 1546 5992
e 2R L - Ly — 3
( 675 45 ( 1)>@ 13500 2 81 ' 405 G
19874881 3116 ., 173999 , , . 1588 86812
_ _ _ o7 Bl o ki) 9 5
121500 % 135 M2 4050 (L5 + i) 135 V7% 9025 *Y
6202, 781640551
405 2 3645000
22991704 64016 2624 988
CpT2! | = _ L2 4+ [ — =2
torF F{( 602791875 ' 1913625 " 6075 ’7>" T\ Trgrst
507478 4 1088008 5456 416
o o —L2 2 - _L2
2480625 9 ’7)” +<253125 5625 7 1125 ’7)”
. 14263+242 (Lot L) | 173327 | 2662 5 G776 +3676019
10125 ' 225 * 2 279202500 2 " 20251 2025 T 607500
484 31969 484 2164 1694
il S > i 12) — =212, + == 773
675 " 2+20250( 2+ L) 675 172 " 2025 27 T 2025 2
314275147 -
I F.208
54675000 }+O (n*Ly) (F.298)
0 v g 2] (843352247 4137452 6431 178615462
G990 6) Ca F{( 1219543125 133953757 425257 7 52093125
11624 1171
1086976 L 424, s 435055073 11624708 L umn7 o, ;
496125 1575 " 5315625 354375 3375 "
. | 5429062 13684 (Lot L) ) Go - 2106313681 = 68252 , 54064 ¢
99225 315 2T V)52 00837250 2 2835 1T 2835 P
145941654 27368 54652 13768 1808152
_ 14594165 7L1— L2 — =3 — 2Ly — ——— LI,
6945750 945 2835 945 33075

193



3604631677201 120697
— — L2+ L7
13127467500 2205 (L5 + i) }

91864096 979936 130048 41008
+CFT§{ ( + L L2> n® + (

5907360375 ' 3750705 " 297675 " 2701125
'%igiég 77_’f§Z;L%> 2 (iiiigif'+ zgig n ffg;;L%>
(A T T
278219830()1347859 L+ égingLg * 2986385 L3 - égfg L3l + %LZ&
1iii§iiiii§’+ 28122? (L§'+"L%)} +0(n'L}) (F.299)

194



References

1]

2]

[7]

8]

[9]

[10]
[11]

[12]
[13]

[14]

[15]

[16]

[17]

R. Frisch and O. Stern. Uber die magnetische Ablenkung von Wasserstoffmolekiilen und
das magnetische Moment des Protons. Z. Phys., 85 (1933) 4.16.

L. W. Alvarez and F. Bloch. A Quantitative Determination of the Neutron Moment in
Absolute Nuclear Magnetons. Phys. Rev., 57 (1940) 111-122.

R. Hofstadter. Electron scattering and nuclear structure. Rev.Mod.Phys., 28 (1956) 214—
254.

R.W. Mecallister and R. Hofstadter. Elastic Scattering of 188-MeV Electrons From the
Proton and the « Particle. Phys.Rev., 102 (1956) 851-856.

R. Hofstadter and R.W. McAllister. Electron Scattering From the Proton. Phys.Rev., 98
(1955) 217-218.

R. Hofstadter. Nuclear and nucleon scattering of high-energy electrons. Ann. Rev. Nucl.
Part. Sci., 7 (1957) 231-316.

Y. Ne’eman. Derivation of strong interactions from a gauge invariance. Nucl. Phys., 26
(1961) 222-229.

M. Gell-Mann. The Eightfold Way: A Theory of strong interaction symmetry. CTSL-20,
(1961).

M. Gell-Mann and Y. Neemam. The eightfold way: a review with a collection of reprints.
(Benjamin Press, New York, 1964), 317 p.

M. Gell-Mann. A Schematic Model of Baryons and Mesons. Phys. Lett., 8 (1964) 214-215.

G. Zweig. An SU(3) model for the strong interaction symmetry and its breaking. CERN-
TH-401, 412 (1964).

W. Pauli. The Connection Between Spin and Statistics. Phys. Rev., 58 (1940) 716-722.

G. Liiders and B. Zumino. Connection between Spin and Statistics. Phys. Rev., 110 (1958)
1450-1453.

I. Duck and G. Sudarshan. Toward an understanding of the spin-statistics theorem. Am.
J. Phys., 66 (1998) 284-303.

O. W. Greenberg. Spin and Unitary Spin Independence in a Paraquark Model of Baryons
and Mesons. Phys. Rev. Lett., 13 (1964) 598-602.

M. Y. Han and Y. Nambu. Three-triplet model with double SU(3) symmetry. Phys. Rev.,
139 (1965) B1006-B1010.

Y. Nambu. A systematics of hadrons in subnuclear physics. (1966) 133—-142. in: Preludes
in Theoretical Physics, eds. A. De-Shalit, H. Fehsbach and L. van Hove (North-Holland,
Amsterdam).

195



[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

[33]

W.A. Bardeen, H. Fritzsch, and M. Gell-Mann. Light cone current algebra, 7° decay, and
ete” annihilation. in: Scale and Conformal Symmetry in Hadron Physics, ed. R. Gatto
(John Wiley & Sons, 1973) pp. 139, hep-ph/0211388.

H. Fritzsch and M. Gell-Mann. Current algebra: Quarks and what else? in: Proceedings
of 16th International Conference on High-Energy Physics, Batavia, Illinois, 6-13 Sep Vol.
2, J.D. Jackson, A. Roberts, R. Donaldson, eds. (1972) 135-165.

L. W. Mo and C. Peck. 8 GeV/c Spectrometer. SLAC-TN-65-029, (1965).

R. E. Taylor. Nucleon form—factors above 6-GeV. in: Proc. of the Int. Symp. on Electron
and Photon Interactions at High Energies, SLAC, September 5-9, 1967, (SLAC, Stanford
CA, 1967), SLAC-PUB-0372, pp. 78.

S. D. Drell and J. D. Walecka. Electrodynamic Processes with Nuclear Targets. Ann.
Phys., 28 (1964) 18-33.

E. Derman. Parity violation in polarized electron-deuteron scattering without the parton
model. Phys. Rev., D19 (1979) 133-143.

J. D. Bjorken. Asymptotic Sum Rules at Infinite Momentum. Phys. Rev., 179 (1969)
1547-1553.

D. H. Coward et al. Electron-proton elastic scattering at high momentum transfers. Phys.
Rev. Lett., 20 (1968) 292-295.

W. K. H. Panofsky. Low ¢? electrodynamics, elastic and inelastic electron (and muon)
scattering. Proc. 14th International Conference on High-Energy Physics, Vienna, 1968,
J. Prentki and J. Steinberger, eds., (CERN, Geneva, 1968), p. 23-29.

E. D. Bloom et al. High-Energy Inelastic ep Scattering at 6 Degrees and 10 Degrees. Phys.
Rev. Lett., 23 (1969) 930-934.

M. Breidenbach et al. Observed Behavior of Highly Inelastic Electron-Proton Scattering.
Phys. Rev. Lett., 23 (1969) 935-939.

H. W. Kendall. Deep inelastic scattering: Experiments on the proton and the observation.
Rev. Mod. Phys., 63 (1991) 597-614.

R. E. Taylor. Deep inelastic scattering: The Early Years. Rev. Mod. Phys., 63 (1991)
573-595.

J. I. Friedman. Deep inelastic scattering: Comparisons with the quark model. Rev. Mod.
Phys., 63 (1991) 615-629.

R. P. Feynman. The behavior of hadron collisions at extreme energies. Proc. of 3rd Inter-
national Conference on High Energy Collisions, Stony Brook, 1969, C.N. Yang, J.A. Cole,
M. Good, R. Hwa, and J. Lee-Franzini, eds., (Gordon and Breach, New York, 1970),
pp. 237.

R. P. Feynman. Very high-energy collisions of hadrons. Phys. Rev. Lett., 23 (1969) 1415—
1417.

196



[34] R. P. Feynman. Photon-hadron interactions. (Benjamin Press, Reading, 1972), 282 p.

[35] C. G. Callan and D. J. Gross. High-energy electroproduction and the constitution of the
electric current. Phys. Rev. Lett., 22 (1969) 156-159.

[36] J. D. Bjorken and E. A. Paschos. Inelastic Electron Proton and Gamma-Proton Scattering
and the Structure of the Nucleon. Phys. Rev., 185 (1969) 1975-1982.

[37] C.-N. Yang and R. L. Mills. Conservation of isotopic spin and isotopic gauge invariance.
Phys. Rev., 96 (1954) 191-195.

[38] G. 't Hooft. Renormalization of Massless Yang-Mills Fields. Nucl. Phys., B33 (1971)
173-199.

[39] H. Fritzsch, M. Gell-Mann, and H. Leutwyler. Advantages of the Color Octet Gluon
Picture. Phys. Lett., B47 (1973) 365-368.

[40] D. J. Gross and F. Wilczek. Ultraviolet behavior of non-abelian gauge theories. Phys. Rev.
Lett., 30 (1973) 1343-1346.

[41] H. D. Politzer. Reliable perturbative results for strong interactions? Phys. Rev. Lett., 30
(1973) 1346-1349.

[42] E598 collaboration, J. J. Aubert et al. Experimental Observation of a Heavy Particle J.
Phys. Rev. Lett., 33 (1974) 1404-1406.

[43] SLAC-SP-017 collaboration, J. E. Augustin et al. Discovery of a Narrow Resonance in
eTe” Annihilation. Phys. Rev. Lett., 33 (1974) 1406-1408.

[44] Z. Maki and M. Nakagawa. An approach to the non-leptonic decays of hyperons. Prog.
Theor. Phys., 31 (1964) 115-125.

[45] Y. Hara. Unitary triplets and the eightfold way. Phys. Rev., 134 (1964) B701-B704.

[46] J. D. Bjorken and S. L. Glashow. Elementary Particles and SU(4). Phys. Lett., 11 (1964)
255-257.

[47] S. L. Glashow, J. Tliopoulos, and L. Maiani. Weak Interactions with Lepton-Hadron Sym-
metry. Phys. Rev., D2 (1970) 1285-1292.

[48] S. W. Herb et al. Observation of a dimuon resonance at 9.5 GeV in 400 GeV proton-nucleus
collisions. Phys. Rev. Lett., 39 (1977) 252-255.

[49] CDF Collaboration, F. Abe et al. Evidence for top quark production in pp collisions at
Vs = 1.8 TeV. Phys.Rev.Lett., 73 (1994) 225-231. (arXiv:hep-ex/9405005 [hep-ex]).

[50] CDF Collaboration, F. Abe et al. Evidence for top quark production in pp collisions at
Vs = 1.8 TeV. Phys.Rev., D50 (1994) 2966-3026.

[51] CDF Collaboration, F. Abe et al. Observation of top quark production in pp collisions.
Phys.Rev. Lett., 74 (1995) 2626-2631. (arXiv:hep-ex/9503002 [hep-ex]).

197



[52]

[53]
[54]
[55]

[56]

[57]

[58]

[59]
[60]

[61]

[64]

[65]

[66]

[67]

[68]

[69]

DO collaboration, S. Abachi et al. Observation of the top quark. Phys. Rev. Lett., 74
(1995) 2632-2637. (arXiv:hep-ex/9503003).

S. L. Glashow. Partial Symmetries of Weak Interactions. Nucl. Phys., 22 (1961) 579-588.
S. Weinberg. A Model of Leptons. Phys. Rev. Lett., 19 (1967) 1264-1266.

A. Salam and J. C. Ward. Electromagnetic and weak interactions. Phys. Lett., 13 (1964)
168-171.

A. Salam. Weak and Electromagnetic Interactions. Proc. of the 8th Nobel Symposium,
Goteborg, Sweden, 19-25 May 1968, ed. N. Svartholm, (Almqvist and Wiskell, Stockholm,
1968), pp. 367.

G. ’t Hooft and M. J. G. Veltman. Combinatorics of gauge fields. Nucl. Phys., B50 (1972)
318-353.

J. C. Taylor. Ward Identities and Charge Renormalization of the Yang-Mills Field. Nucl.
Phys., B33 (1971) 436-444.

A. A. Slavnov. Ward Identities in Gauge Theories. Theor. Math. Phys., 10 (1972) 99-107.

B.W. Lee and J. Zinn-Justin. Spontaneously Broken Gauge Symmetries. 1. Preliminaries.
Phys.Rev., D5 (1972) 3121-3137.

B.W. Lee and J. Zinn-Justin. Spontaneously Broken Gauge Symmetries. 4. General Gauge
Formulation. Phys.Rev., D7 (1973) 1049-1056.

K. G. Wilson. Nonlagrangian models of current algebra. Phys. Rev., 179 (1969) 1499-1512.

W. Zimmermann. Local operator products and renormalization. Lect. on Elementary Par-
ticle Physics and Quantum Field Theory, Brandeis Summer Inst., Vol. 1, (MIT Press, Cam-
bridge, 1970), p. 395-582.

Y. Frishman. Operator products at almost light like distances. Annals Phys., 66 (1971)
373-389.

R. A. Brandt and G. Preparata. Operator product expansions near the light cone. Nucl.
Phys., B27 (1972) 541-567.

D. J. Gross and S. B. Treiman. Light cone structure of current commutators in the gluon
quark model. Phys. Rev., D4 (1971) 1059-1072.

J. C. Collins, D. E. Soper, and G. Sterman. Factorization for Short Distance Hadron-
Hadron Scattering. Nucl. Phys., B261 (1985) 104-168.

J. C. Collins, D. E. Soper, and G. Sterman. Factorization of Hard Processes in QCD.
Adv. Ser. Direct. High Energy Phys. (Perturbative QCD), ed. A.H. Mueller, 5 (1988) 1-91.
(arXiv:hep-ph/0409313).

D. J. Gross and F. Wilczek. Asymptotically Free Gauge Theories. 1; Asymptotically Free
Gauge Theories. 2. Phys. Rev., D8 (1973) 3633-3652; D9 (1974) 980-993.

198



[70]

[71]

[72]

73]

[74]

[75]
[76]

[77]

78]

[79]
[30]

[81]
[82]

[83]

[84]

H. Georgi and H. D. Politzer. Electroproduction scaling in an asymptotically free theory
of strong interactions. Phys. Rev., D9 (1974) 416-420.

S. Ferrara, R. Gatto, and A. F. Grillo. Conformal algebra in space-time and operator product
expansion. Springer Tracts Mod. Phys., 67 (1973) 1-64 and references therein.

C. Chang et al. Observed Deviations from Scale Invariance in High-Energy Muon Scatter-
ing. Phys. Rev. Lett., 35 (1975) 901-910.

Y. Watanabe et al. Test of Scale Invariance in Ratios of Muon Scattering Cross-Sections
at 150-GeV and 56-GeV. Phys. Rev. Lett., 35 (1975) 898-908.

M. Diemoz, F. Ferroni, and E. Longo. Nucleon structure functions from neutrino scattering.
Phys. Rept., 130 (1986) 293-380.

F. Eisele. High-energy neutrino interactions. Rept. Prog. Phys., 49 (1986) 233-339.

T. Sloan, R. Voss, and G. Smadja. The Quark Structure of the Nucleon from the CERN
Muon Experiments. Phys. Rept., 162 (1988) 45-167.

S. R. Mishra and F. Sciulli. Deep inelastic lepton-nucleon scattering. Ann. Rev. Nucl.
Part. Sci., 39 (1989) 259-310.

K. Winter. Neutrino physics. Camb. Monogr. Part. Phys. Nucl. Phys. Cosmol. Vol. 1,
(Cambridge University Press, Cambridge, 1991), 670 p.

N. Schmitz. Neutrinophysik. (Teubner, Stuttgart, 1997), 478 p.

HERA - a proposal for a large electron proton colliding beam facility at DESY. (Hamburg,
DESY, 1981), DESY HERA 81-10, 292 p.

H1 collaboration, I. Abt et al. The H1 detector at HERA. DESY-93-103 (1993), 194 p.

ZEUS collaboration, M. Derrick et al. Initial study of deep inelastic scattering with ZEUS
at HERA. Phys. Lett.,, B303 (1993) 183-197.

HERMES collaboration, K. Ackerstaff et al. HERMES spectrometer. Nucl. Instrum.
Meth., A417 (1998) 230-265. (arXiv:hep-ex/9806008).

H1 and ZEUS Collaboration, F.D. Aaron et al. Combined Measurement and QCD Analysis
of the Inclusive e+- p Scattering Cross Sections at HERA. JHEP, 1001 (2010) 109-170.
(arXiv:arXiv:0911.0884 [hep-ex]).

H1, ZEUS, 1. Abt. Proton structure functions at HERA. Int.J.Mod.Phys.Conf.Ser., 31
(2014) 1460280.

H1 Collaboration, V. Andreev et al. Measurement of inclusive ep cross sections at high )?
at /s = 225 and 252 GeV and of the longitudinal proton structure function Fy at HERA.
Eur.Phys.J., C74 (2014) 2814. (arXiv:1312.4821 [hep-ex]).

A. Zee, F. Wilczek, and S. B. Treiman. Scaling Deviations for Neutrino Reactions in
Asymptotically Free Field Theories. Phys. Rev., D10 (1974) 2881-2891.

199



[33]

[89]

[90]

[91]

[92]

93]

[94]

[95]

[96]

[97]

[98]

[99]

[100]

[101]

[102]

W. A. Bardeen, A. J. Buras, D. W. Duke, and T. Muta. Deep Inelastic Scattering Beyond
the Leading Order in Asymptotically Free Gauge Theories. Phys. Rev., D18 (1978) 3998
4017.

W. Furmanski and R. Petronzio. Lepton - Hadron Processes Beyond Leading Order in
Quantum Chromodynamics. Z. Phys., C11 (1982) 293-352. and references therein.

D. W. Duke, J. D. Kimel, and G. A. Sowell. Fourth order QCD corrections to the longi-
tudinal coefficient function in deep inelastic scattering. Phys. Rev., D25 (1982) 71-116.

A. Devoto, D. W. Duke, J. D. Kimel, and G. A. Sowell. Analytic calculation of the fourth
order quantum chromodynamic contribution to the nonsinglet quark longitudinal structure
function. Phys. Rev., D30 (1984) 541.

D. I. Kazakov and A. V. Kotikov. Total oy correction to deep inelastic scattering cross-
section ratio R = o /or in QCD. Calculation of the longitudinal structure function. Nucl.
Phys., B307 (1988) 721-762. Erratum ibid. B345 (1990) 200-300.

D. I. Kazakov, A. V. Kotikov, G. Parente, O. A. Sampayo, and J. Sanchez Guillen. Com-
plete quartic o correction to the deep inelastic longitudinal structure function Fy, in QCD.
Phys. Rev. Lett., 65 (1990) 1535-1538.

J. Sanchez Guillen, J. Miramontes, M. Miramontes, G. Parente, and O. A. Sampayo.
Next-to-leading order analysis of the deep inelastic R = o /or. Nucl. Phys., B353 (1991)
337-345.

W.L. van Neerven and E.B. Zijlstra. O(a?) contributions to the deep inelastic Wilson
coefficient. Phys.Lett., B272 (1991) 127-133.

E.B. Zijlstra and W.L. van Neerven. Contribution of the second order gluonic Wilson
coefficient to the deep inelastic structure function. Phys.Lett., B273 (1991) 476-482.

E.B. Zijlstra and W.L. van Neerven. O(a?) QCD corrections to the deep inelastic proton
structure functions F» and Fr. Nucl.Phys., B383 (1992) 525-574.

D. I. Kazakov and A. V. Kotikov. On the value of the O(«q;) correction to the Callan-Gross
relation. Phys. Lett., B291 (1992) 171-176.

S. A. Larin and J. A. M. Vermaseren. Two loop QCD corrections to the coefficient functions
of the deep inelastic structure functions Fy and Fy. Z. Phys., C57 (1993) 93-98.

S. Moch and J. A. M. Vermaseren. Deep inelastic structure functions at two loops. Nucl.
Phys., B573 (2000) 853-907. (arXiv:hep-ph/9912355).

S. A. Larin, T. van Ritbergen, and J. A. M. Vermaseren. The Next next-to-leading QCD
approximation for nonsinglet moments of deep inelastic structure functions. Nucl. Phys.,
B427 (1994) 41-52.

S. A. Larin, P. Nogueira, T. van Ritbergen, and J. A. M. Vermaseren. The 3-loop QCD
calculation of the moments of deep inelastic structure functions. Nucl. Phys., B492 (1997)
338-378. (arXiv:hep-ph/9605317).

200



[103] A. Retey and J. A. M. Vermaseren. Some higher moments of deep inelastic structure
functions at next-to-next-to leading order of perturbative QCD. Nucl. Phys., B604 (2001)
281-311. (arXiv:hep-ph/0007294).

[104] S. Moch, J. A. M. Vermaseren, and A. Vogt. The longitudinal structure function at the
third order. Phys. Lett., B606 (2005) 123-129. (arXiv:hep-ph/0411112).

[105] J. Bliimlein and J. A. M. Vermaseren. The 16th moment of the non-singlet structure
functions Fy(z, Q?) and Fi(z, Q%) to O(a?). Phys. Lett., B606 (2005) 130-138. (arXiv:hep-
ph/0411111).

[106] J. A. M. Vermaseren, A. Vogt, and S. Moch. The third-order QCD corrections to deep-
inelastic scattering by photon exchange. Nucl. Phys., B724 (2005) 3-182. (arXiv:hep-
ph/0504242).

[107] P. D. Thompson. Comparison of inclusive charm and beauty cross sections in deep-inelastic
scattering at HERA with theoretical predictions. J. Phys., G34 (2007) N177-N192.
(arXiv:hep-ph/0703103).

[108] H1 and ZEUS collaboration, K. Lipka. Heavy flavour production at HERA. Nucl. Phys.
(Proc. Suppl.), 152 (2006) 128-135.

[109] ZEUS Collaboration, S. Chekanov et al. Measurement of D* and D° production in deep
inelastic scattering using a lifetime tag at HERA. FEur.Phys.J., C63 (2009) 171-188.
(arXiv:0812.3775 [hep-ex]).

[110] J. Blimlein and S. Riemersma. QCD corrections to Fp(z,Q%). (1996). (arXiv:hep-
ph /9609394 [hep-ph]).

[111] S. Alekhin, J. Bliimlein, K. Daum, K. Lipka, and S. Moch. Precise charm-quark mass from
deep-inelastic scattering. Phys.Lett., B720 (2013) 172-176. (arXiv:1212.2355 [hep-ph)).

[112] S. Moch S. Alekhin, J. Bliimlein. In preparation. (2015).

[113] S. Alekhin, J. Bliimlein, and S. Moch. Parton Distribution Functions and Benchmark Cross
Sections at NNLO. Phys. Rev., D86 (2012) 054009. (arXiv:arXiv:1202.2281 [hep-ph]).

[114] J. Gao, M. Guzzi, J. Huston, H.-L. Lai, Z. Li, et al. CT10 next-to-next-to-leading order
global analysis of QCD. Phys. Rev., D89(3) (2014) 033009. (arXiv:arXiv:1302.6246 [hep-

ph)).

[115] P. Jimenez-Delgado and E. Reya. Dynamical NNLO parton distributions. Phys.Rev., D79
(2009) 074023. (arXiv:0810.4274 [hep-ph]).

[116] A.D. Martin, W.J. Stirling, R.S. Thorne, and G. Watt. Parton distributions for the LHC.
Eur.Phys.J., C63 (2009) 189-285. (arXiv:0901.0002 [hep-ph]).

[117] R. D. Ball, V. Bertone, F. Cerutti, L. Del Debbio, S. Forte, et al. Impact of Heavy Quark
Masses on Parton Distributions and LHC Phenomenology. Nucl. Phys., B849 (2011) 296—
363. (arXiv:arXiv:1101.1300 [hep-ph]).

[118] HERAPDF collab. https://www.desy.de/hlzeus/combined results/herapdftable/.

201



[119] E. Witten. Heavy Quark Contributions to Deep Inelastic Scattering. Nucl. Phys., B104
(1976) 445-476.

[120] J. Babcock, D. W. Sivers, and S. Wolfram. QCD Estimates for Heavy Particle Production.
Phys. Rev., D18 (1978) 162-227.

[121] M. A. Shifman, A. I. Vainshtein, and V. I. Zakharov. Remarks on Charm Electroproduction
in QCD. Nucl. Phys., B136 (1978) 157-189.

[122] J. P. Leveille and T. J. Weiler. Characteristics of Heavy Quark Leptoproduction in QCD.
Nucl. Phys., B147 (1979) 147-200.

[123] M. Gliick, E. Hoffmann, and E. Reya. Scaling Violations and the Gluon Distribution of
the Nucleon. Z. Phys., C13 (1982) 119-162.

[124] E. Laenen, S. Riemersma, J. Smith, and W.L. van Neerven. Complete O(as) corrections to
heavy flavor structure functions in electroproduction. Nucl. Phys., B392 (1993) 162-228.

[125] E. Laenen, S. Riemersma, J. Smith, and W.L. van Neerven. O(as) corrections to heavy
flavor inclusive distributions in electroproduction. Nucl. Phys., B392 (1993) 229-250.

[126] S. Riemersma, J. Smith, and W. L. van Neerven. Rates for inclusive deep inelastic elec-
troproduction of charm quarks at HERA. Phys. Lett., B347 (1995) 143-151. (arXiv:hep-
ph/9411431).

[127] S. I. Alekhin and J. Bliimlein. Mellin representation for the heavy flavor contributions
to deep inelastic structure functions. Phys. Lett.,, B594 (2004) 299-307. (arXiv:hep-
ph/0404034).

[128] M. Buza, Y. Matiounine, J. Smith, R. Migneron, and W. L. van Neerven. Heavy quark
coefficient functions at asymptotic values Q* > m?. Nucl. Phys., B472 (1996) 611-658.
(arXiv:hep-ph/9601302).

[129] S. Alekhin. Parton distributions from deep-inelastic scattering data. Phys. Rev., D68
(2003) 014002. (arXiv:hep-ph/0211096).

[130] J. Bliimlein, H. Bottcher, and A. Guffanti. Non-singlet QCD analysis of deep inelastic world
data at O(a?). Nucl.Phys., B774 (2007) 182-207. (arXiv:hep-ph/0607200 [hep-ph]).

[131] J. Blumlein and H. Bottcher. Higher Twist Contributions to the Structure Functions
FP(z,Q?) and F¢(x,Q?) at Large x and Higher Orders. Phys.Lett., B662 (2008) 336-340.
(arXiv:0802.0408 [hep-ph]).

[132] J. Bliimlein and H. Bottcher. Higher Twist contributions to the Structure Functions
Fy(z,Q?%) and go(x, Q?). Proceedings of DIS 2012, (2012) 237-241. (arXiv:1207.3170 [hep-

ph).

[133] J. Bliimlein, A. De Freitas, W. L. van Neerven, and S. Klein. The longitudinal heavy quark
structure function F7(Q?, ) in the region Q% > m? at O(a?). Nucl. Phys., B755 (2006)
272-285. (arXiv:hep-ph/0608024).

202



[134]

[135]

[136]

[137]

138

[139]

[140]

[141]

142]

[143]

144]

[145]

[146]
[147]

[148]

M. Buza, Y. Matiounine, J. Smith, and W. L. van Neerven. Charm electroproduction
viewed in the variable-flavour number scheme versus fixed-order perturbation theory. Fur.
Phys. J., C1 (1998) 301-320. (arXiv:hep-ph/9612398).

I. Bierenbaum, J. Bliimlein, and S. Klein. Two-loop massive operator matrix elements and
unpolarized heavy flavor production at asymptotic values Q? > m?2. Nucl. Phys., B780
(2007) 40-75. (arXiv:hep-ph/0703285).

I. Bierenbaum, J. Bliimlein, and S. Klein. Calculation of massive 2-loop operator matrix
elements with outer gluon lines. Phys. Lett., B648 (2007) 195-200. (arXiv:hep-ph/0702265

[hep-ph]).

[. Bierenbaum, J. Bliimlein, S. Klein, and C. Schneider. Two—-Loop Massive Operator
Matrix Elements for Unpolarized Heavy Flavor Production to O(e). Nucl. Phys., B803
(2008) 1-41. (arXiv:hep-ph/0803.0273 [hep-ph]).

[. Bierenbaum, J. Bliimlein, and S. Klein. The Gluonic Operator Matrix Elements at
O(a?) for DIS Heavy Flavor Production. Phys. Lett., B672 (2009) 401-406. (arXiv:hep-
ph/0901.0669 [hep-ph]).

I. Bierenbaum, J. Bliimlein, and S. Klein. Mellin Moments of the O(a?) Heavy Flavor
Contributions to unpolarized Deep-Inelastic Scattering at Q* > m? and Anomalous Di-
mensions. Nucl. Phys., B820 (2009) 417-482. (arXiv:0904.3563 [hep-ph]).

J. Ablinger, J. Blumlein, S. Klein, C. Schneider, and F. Wilbrock. The O(a?) Massive
Operator Matrix Elements of O(Nr) for the Structure Function Fy(x, Q?) and Transversity.
Nucl. Phys., B844 (2011) 26-54. (arXiv:1008.3347 [hep-ph]).

F. P. WiBbrock. O(a2T#Nr) Contributions to the Heavy Flavor Wilson Coefficients of the
Structure Function Fy(x, Q?) at Q* > m?. (2010). Diploma thesis, (arXiv:arXiv:1010.4251

[hep-ph).

L.J. Slater. Generalized Hypergeometric Functions. Generalized Hypergeometric Functions,
(Cambridge University Press, Cambridge, 1966), 273 p.

W.N. Bailey. Generalized Hypergeometric Series. Generalized Hypergeometric Series, (Cam-
bridge University Press, Cambridge, 1935), 108 p.

P. Appell and J. Kampé de Fériet. Fonctions Hypergéométriques et Hyperspériques, Poly-
nomes D' Hermite. (Gauthier-Villars, Paris, 1926).

P. Appell. Les Fonctions Hypergéométriques de Plusieur Variables. (Gauthier-Villars, Paris,
1925).

J. Kampé de Fériet. La fonction hypergéométrique. (Gauthier-Villars, Paris, 1937).

H. Exton. Multiple Hypergeometric Functions and Applications. (Ellis Horwood, Chichester,
1976).

H. Exton. Handbook of Hypergeometric Integrals. (Ellis Horwood, Chichester, 1978).

203



[149]

[150]

[151]

[152]

[153]

[154]

[155]

[156]

[157]

158

[159]

[160]

[161]

[162]

[163)]

H.M. Srivastava and P.W. Karlsson. Multiple Gaussian Hypergeometric Series. (Ellis Hor-
wood, Chicester, 1985).

J. Bliimlein, A. Hasselhuhn, S. Klein, and C. Schneider. The O(a?NpT2C4 r) Contribu-
tions to the Gluonic Massive Operator Matrix Elements. Nucl. Phys., B866 (2013) 196-211.
(arXiv:1205.4184 [hep-ph]).

J. Ablinger, J. Bliimlein, A. Hasselhuhn, S. Klein, C. Schneider, et al. Massive 3-loop
Ladder Diagrams for Quarkonic Local Operator Matrix Elements. Nucl. Phys., B864 (2012)
52-84. (arXiv:1206.2252 [hep-ph]).

J. Ablinger, J. Blimlein, A. De Freitas, A. Hasselhuhn, A. von Manteuffel, et al. The
O(a2T%2) Contributions to the Gluonic Operator Matrix Element. Nucl. Phys., B885 (2014)
280-317. (arXiv:arXiv:1405.4259 [hep-ph]).

K.G. Chetyrkin, A.L. Kataev, and F.V. Tkachov. Higher Order Corrections to oy(ete™ —
Hadrons) in Quantum Chromodynamics. Phys.Lett., B85 (1979) 277-283.

A.V. Kotikov. Differential equations method: New technique for massive Feynman dia-
grams calculation. Phys. Lett., B254 (1991) 158-164.

E. Remiddi. Differential equations for Feynman graph amplitudes. Nuovo Cim., A110
(1997) 1435-1452. (arXiv:hep-th/9711188 [hep-th]).

J. Ablinger, J. Bliimlein, A. De Freitas, A. Hasselhuhn, A. von Manteuffel, et al. The Tran-
sition Matrix Element A,,(N) of the Variable Flavor Number Scheme at O(a?). Nucl. Phys.,
B882 (2014) 263-288. (arXiv:1402.0359 [hep-ph]).

J. Ablinger, A. Behring, J. Bliimlein, A. De Freitas, A. Hasselhuhn, et al. The 3-Loop
Non-Singlet Heavy Flavor Contributions and Anomalous Dimensions for the Structure
Function Fy(z,Q?) and Transversity. Nucl. Phys., B886 (2014) 733-823. (arXiv:1406.4654

[hep-ph]).

J. Ablinger, A. Behring, J. Bliimlein, A. De Freitas, A. von Manteuffel, et al. The 3-
loop pure singlet heavy flavor contributions to the structure function Fy(x,@?) and the
anomalous dimension. Nucl. Phys., B890 (2015) 48-151. (arXiv:1409.1135 [hep-ph]).

F.C.S. Brown. The massless higher-loop two-point function. Commun. Math. Phys., 287
(2009) 925-958. (arXiv:arxiv: 0804.1660 [math.AG]).

J. Blimlein. Mathematical structure of anomalous dimensions and QCD Wilson coefficients
in higher order. Nucl. Phys. Proc. Suppl., 135 (2004) 225-231. (arXiv:hep-ph/0407044).

S. Moch, J. A. M. Vermaseren, and A. Vogt. The three-loop splitting functions in QCD:
The non-singlet case. Nucl. Phys., B688 (2004) 101-134. (arXiv:hep-ph/0403192).

A. Vogt, S. Moch, and J. A. M. Vermaseren. The three-loop splitting functions in QCD:
The singlet case. Nucl. Phys., B691 (2004) 129-181. (arXiv:hep-ph/0404111).

M. Dittmar et al. Parton distributions: Summary report for the HERA - LHC workshop,
(2005), hep-ph/0511119.

204



[164]

[165]

[166]

[167]

[168]

[169)]

[170]

[171]

[172]

[173]

[174]

[175]

[176]

[177]

[178]

[179)

J. Bliimlein and V. Ravindran. Mellin moments of the next-to-next-to leading order co-
efficient functions for the Drell-Yan process and hadronic Higgs-boson production. Nucl.
Phys., B716 (2005) 128-172. (arXiv:hep-ph/0501178).

J. Bliimlein and V. Ravindran. O(a?) timelike Wilson coefficients for parton- fragmentation
functions in Mellin space. Nucl. Phys., B749 (2006) 1-24. (arXiv:hep-ph/0604019).

J. Bliimlein and S. Kurth. Harmonic sums and Mellin transforms up to two-loop order.
Phys. Rev., D60 (1999) 014018. (arXiv:hep-ph/9810241).

J. A. M. Vermaseren. Harmonic sums, Mellin transforms and integrals. Int. J. Mod. Phys.,
A14 (1999) 2037-2076. (arXiv:hep-ph/9806280).

J. Bliimlein. Algebraic relations between harmonic sums and associated quantities. Com-
put. Phys. Commaun., 159 (2004) 19-54. (arXiv:hep-ph/0311046).

J. Bliimlein and S. Klein. Structural Relations between Harmonic Sums up to w=6. PoS,
ACAT 2007 (2007) 084. (arXiv:hep-ph/0706.2426 [hep-ph]).

J. Bliimlein. Structural Relations of Harmonic Sums and Mellin Transforms up to Weight
w = 5. Comput. Phys. Commun., 180 (2009) 2218-2249. (arXiv:0901.3106 [hep-ph]).

J. Bliimlein. Structural Relations of Harmonic Sums and Mellin Transforms at Weight w = 6, in
Proc. of the Workshop “Motives, Quantum Field Theory, and Pseudodifferential Operators,
June (2008) Eds. A. Carey D. Ellwood, S. Paycha, S. Rosenberg.” (Clay Institute, Boston
University, 2009), in Clay Mathematics Proc. 12 (2010) 167-186, math-ph/0901.0837.

J. M. Borwein, D. M. Bradley, D. J. Broadhurst, and P. Lisonek. Special Values of Multiple
Polylogarithms. Trans. Am. Math. Soc., 353 (2001) 907-941. (arXiv:math/9910045).

J. Bliimlein, D.J. Broadhurst, and J.A.M. Vermaseren. The Multiple Zeta Value Data
Mine. Comput. Phys. Commun., 181 (2010) 582-625. (arXiv:arXiv:0907.2557 [math-ph]).

S. Moch, P. Uwer, and S. Weinzierl. Nested sums, expansion of transcendental functions
and multi-scale multi-loop integrals. J. Math. Phys., 43 (2002) 3363-3386. (arXiv:hep-
ph/0110083).

J. Ablinger, J. Blimlein, and C. Schneider. Analytic and Algorithmic Aspects of
Generalized Harmonic Sums and Polylogarithms.  J.Math.Phys., 54 (2013) 082301.
(arXiv:1302.0378 [math-ph]).

J. Ablinger, J. Bliimlein, and C. Schneider. Harmonic Sums and Polylogarithms Generated
by Cyclotomic Polynomials. J.Math. Phys., 52 (2011) 102301. (arXiv:1105.6063 [math-ph]).

J. Ablinger, J. Blimlein, C.G. Raab, and C. Schneider. Iterated Binomial Sums and their
Associated Iterated Integrals. J.Math. Phys., 55 (2014) 112301. (arXiv:1407.1822 [hep-th]).

J. Ablinger. A Computer Algebra Toolbox for Harmonic Sums Related to Particle Physics.
Diploma Thesis, J. Kepler University, Linz, 2009.

J. Ablinger. Computer Algebra Algorithms for Special Functions in Particle Physics. (2013).
PHD Thesis Johannes Kepler Universitét Linz, (arXiv:1305.0687 [math-ph]).

205



[180]

[181]

[182]

[183]

[184]

[185]

[186]

[187]

[188]
[189)]

[190]

[191]

[192]

193]

194]

E. Remiddi and J. A. M. Vermaseren. Harmonic polylogarithms. Int. J. Mod. Phys., A15
(2000) 725-754. (arXiv:hep-ph/9905237).

E. G. Floratos, D. A. Ross, and C. T. Sachrajda. Higher Order Effects in Asymptotically
Free Gauge Theories. 2. Flavor Singlet Wilson Operators and Coefficient Functions. Nucl.
Phys., B152 (1979) 493.

L. F. Abbott. The Background Field Method Beyond One Loop. Nucl. Phys., B185 (1981)
189-207.

A. Rebhan. Momentum Subtraction Scheme and the Background Field Method in QCD.
Z. Phys., C30 (1986) 309-335.

F. Jegerlehner and O. V. Tarasov. Exact mass dependent two-loop @,(Q?) in the back-
ground MOM renormalization scheme. Nucl. Phys., B549 (1999) 481-498. (arXiv:hep-
ph/9809485).

R. Harlander, T. Seidensticker, and M. Steinhauser. Complete corrections of O(a ay) to the
decay of the Z boson into bottom quarks. Phys. Lett., B426 (1998) 125-132. (arXiv:9712228

[hep-ph).

T. Seidensticker. Automatic application of successive asymptotic expansions of Feynman
diagrams. (1999). (arXiv:hep-ph/9905298 [hep-ph]).

F.C.S. Brown. On the periods of some Feynman integrals. (2009). (arXiv:0910.0114
[math.AGJ).

MapleSoft, Mathematics, Modeling Simulation, http://www.maplesoft.com.

A. Arbuzov, D. Yu. Bardin, J. Bliimlein, L. Kalinovskaya, and T. Riemann. HECTOR
1.00 - A program for the calculation of QED, QCD and electroweak corrections to ep and
[*N deep inelastic neutral and charged current scattering. Comput. Phys. Commun., 94
(1996) 128-184. (arXiv:hep-ph/9511434).

J. Bliimlein. O(a?L?) radiative corrections to deep inelastic ep scattering for different
kinematical variables. Z.Phys., C65 (1995) 293-298. (arXiv:hep-ph/9403342 [hep-ph]).

J. Bliimlein, S. Riemersma, and A. Vogt. On the resummation of the a/In?(z) terms for
QED corrections to deep inelastic ep scattering and eTe™ annihilation. Fur.Phys.J., C1
(1998) 255-259. (arXiv:hep-ph/9611214 [hep-ph]).

J. Bliimlein and H. Kawamura. O(a?L) radiative corrections to deep inelastic ep scattering.
Phys.Lett., B553 (2003) 242-250. (arXiv:hep-ph/0211191 [hep-ph]).

J. Bliimlein and H. Kawamura. Universal higher order QED corrections to polarized lepton
scattering. Nucl. Phys., B708 (2005) 467-510. (arXiv:hep-ph/0409289 [hep-ph]).

J. Bliimlein and H. Kawamura. Universal higher order singlet QED corrections to un-
polarized lepton scattering. FEur.Phys.J., C51 (2007) 317-333. (arXiv:hep-ph/0701019

[hep-ph).

206



[195]

[196]

197]

[198]

[199]

[200]

[201]

[202]

203]

204]

[205]

206]

207]

208]

209

[210]

[211]

J. D. Bjorken. Inelastic Scattering of Polarized Leptons from Polarized Nucleons. Phys.
Rev., D1 (1970) 1376-1379.

J. Bliimlein, M. Klein, T. Naumann, and T. Riemann. Structure functions, quark distri-
butions and Aqcp at HERA. in Proc. of DESY Theory Workshop on Physics at HERA
(ed. R.D. Peccei), Hamburg, F.R. Germany, Oct 12-14, 1987, Vol 1, 67-106.

B. Povh, C. Scholz, K. Rith, and F. Zetsche. Particles and nuclei: An introduction to
the physical conceptions. (In German). Particles and nuclei: An introduction to the physical
conceptions, (Springer, Berlin(1993), 316 p.

E. Reya. Perturbative Quantum Chromodynamics. Phys. Rept., 69 (1981) 195.

R. Field. Applications of perturbative QCD. Applications of perturbative QCD, (Addison-
Wesley, Redwood City, 1989), 366 p.

R. G. Roberts. The Structure of the proton: Deep inelastic scattering. (Cambridge University
Press, Cambridge, 1990), 182 p.

T. Muta. Foundations of Quantum Chromodynamics. Second edition. World Sci. Lect. Notes
Phys. 57, (World Scientific, Singapore, 1998), 2nd edition.

J. Bliimlein. The Theory of Deeply Inelastic Scattering. Prog.Part. Nucl. Phys., 69 (2013)
28-84. (arXiv:1208.6087 [hep-ph]).

J. Bliimlein, B. Geyer, and D. Robaschik. The virtual Compton amplitude in the general-
ized Bjorken region: Twist-2 contributions. Nucl. Phys., B560 (1999) 283-344. (arXiv:hep-
ph/9903520).

F. J. Yndurain. The theory of quark and gluon interactions. The theory of quark and gluon
interactions, (Springer, Berlin, 2006), 474 p, 4th edition.

J. Bliimlein and A. Tkabladze. Target mass corrections for polarized structure functions
and new sum rules. Nucl. Phys., B553 (1999) 427-464. (arXiv:hep-ph/9812478).

R.D. Tangerman and P.J. Mulders. Intrinsic transverse momentum and the polarized
Drell-Yan process. Phys.Rev., D51 (1995) 3357-3372. (arXiv:hep-ph/9403227 [hep-ph]).

J. Bliimlein and N. Kochelev. On the twist 2 and twist 3 contributions to the spin-
dependent electroweak structure functions. Nucl. Phys., B498 (1997) 285-309. (arXiv:hep-
ph/9612318).

C. Itzykson and J. Zuber. Quantum Field Theory. (McGraw-Hill, New York, 1980), 705 p.

A. J. Buras. Asymptotic Freedom in Deep Inelastic Processes in the Leading Order and
Beyond. Rev. Mod. Phys., 52 (1980) 199-276.

E. C. G. Stiickelberg and A. Petermann. The normalization group in quantum theory.
Helv. Phys. Acta, 24 (1951) 317-319.

M. Gell-Mann and F. E. Low. Quantum electrodynamics at small distances. Phys. Rewv.,
95 (1954) 1300-1312.

207



212]

[213]

214]

[215]

[216]

[217]

[218]

[219]

[220]

[221]

222]

[223]

224]
[225]

N. N. Bogolyubov and D. V. Shirkov. Introduction to the theory of quantized fields. (New
York, Interscience, 1959), 720 p.

C. G. Callan. Broken scale invariance in scalar field theory. Phys. Rev., D2 (1970) 1541—
1547.

K. Symanzik. Small distance behavior in field theory and power counting. Commun. Math.
Phys., 18 (1970) 227-246.

M. Gluck, S. Kretzer, and E. Reya. The Strange sea density and charm production in
deep inelastic charged current processes. Phys.Lett., B380 (1996) 171-176. (arXiv:hep-
ph/9603304 [hep-ph]).

J. Bliimlein, A. Hasselhuhn, P. Kovacikova, and S. Moch. O(«;) Heavy Flavor Corrections
to Charged Current Deep-Inelastic Scattering in Mellin Space. Phys.Lett., BT00 (2011)
294-304. (arXiv:1104.3449 [hep-ph]).

M. Buza and W. L. van Neerven. O(a?) contributions to charm production in charged-
current deep-inelastic lepton hadron scattering. Nucl. Phys., B500 (1997) 301-324.
(arXiv:hep-ph/9702242).

J. Bliimlein, A. Hasselhuhn, and T. Pfoh. The O(a?) heavy quark corrections to charged
current deep-inelastic scattering at large virtualities. Nucl. Phys., B881 (2014) 1-41.
(arXiv:1401.4352 [hep-ph]).

M. Buza, Y. Matiounine, J. Smith, and W. L. van Neerven. O(a?) corrections to polarized
heavy flavour production at Q? > m?. Nucl. Phys., B485 (1997) 420-456. (arXiv:hep-
ph/9608342).

A. Behring, I. Bierenbaum, J. Bliimlein, A. De Freitas, S. Klein, et al. The logarithmic
contributions to the O(a?) asymptotic massive Wilson coefficients and operator matrix
elements in deeply inelastic scattering. Eur.Phys.J., C74(9) (2014) 3033. (arXiv:1403.6356

[hep-ph]).

S. D. Drell and T.-M. Yan. Partons and their applications at high energies. Ann. Phys.,
66 (1971) 578-623.

J. Ablinger, I. Bierenbaum, J. Bliimlein, A. Hasselhuhn, S. Klein, et al. Heavy Flavor
DIS Wilson coefficients in the asymptotic regime. Nucl. Phys. Proc.Suppl., 205-206 (2010)
242-249. (arXiv:1007.0375 [hep-ph]).

A. Behring, J. Bliimlein, A. De Freitas, T. Pfoh, C. Raab, et al. New Results on the 3-Loop
Heavy Flavor Corrections in Deep-Inelastic Scattering. PoS, RADCOR2013 (2013) 058.
(arXiv:1312.0124 [hep-ph]).

J. A. M. Vermaseren. New features of FORM. (2000), math-ph/0010025.

G.E. Andrews, R. Askey, and R. Roy. Special Functions. Special Functions, Encyclopedia
of Mathematics and its Applications 71, (Cambridge University Press, Cambridge, 2001),
663 p.

208



[226] P. Paule. Contiguous relations and creative telescoping, Technical Report, RISC, Austria,
2001.

[227] R. Vidunas. Contiguous Relations of Hypergeometric Series. Journal of Computational
and Applied Mathematics, 153 (2003) 507-519.

[228] M. Yu. Kalmykov, V. Bytev, B. A. Kniehl, B.F.L. Ward, and S. A. Yost. Feynman
Diagrams, Differential Reduction, and Hypergeometric Functions. PoS, ACAT08 (2009)
125. (arXiv:arXiv:0901.4716 [hep-th]).

[229] M. Karr. Summation in finite terms. J. ACM, 28, (1981) 305-350.

[230] C. Schneider. Symbolic Summation in Difference Fields. PhD Thesis, RISC-Linz, J. Ke-
pler University, Linz, 2001.

[231] C.Schneider. A refined difference field theory for symbolic summation. J. Symbolic Com-
put., 43(9) (208) 611-644. (arXiv:0808.2543 [cs.SC]).

[232] C. Schneider. A difference ring theory for symbolic summation. J. Symbol. Comput. in
press, (arXiv:1408.2776 [cs.SC]).

[233] C. Schneider. Parameterized Telescoping Proves Algebraic Independence of Sums. (2008).
(arXiv:0808.2596 [cs.SC]).

[234] C. Schneider. Solving parameterized linear difference equations in terms of indefinite nested
sums and products. J. Difference Equ. Appl., 11 (9) (2005) 799-821.

[235] C. Schneider. Simplifying sums in II¥-extensions. J. Algebra Appl., 6(3) (2007) 415-441.

[236] C. Schneider. Symbolic Summation Assists Combinatorics. Sém. Lothar. Combin., 56
(2006) Article B56b.

[237] C. Schneider. in: Computer Algebra in Quantum Field Theory: Integration, Summation
and Special Functions Texts and Monographs in Symbolic Computation eds. C. Schneider
and J. Bliimlein (Springer, Wien, 2013) 325, (arXiv:1304.4134 [cs.SC]).

[238] J. Ablinger, J. Bliimlein, S. Klein, and C. Schneider. Modern Summation Methods and the
Computation of 2- and 3-loop Feynman Diagrams. Nucl. Phys. (Proc. Suppl.), 205—206
(2010) 110-115. (arXiv:arXiv:1006.4797 [math-ph]).

[239] J. Bliimlein, A. Hasselhuhn, and C. Schneider. Evaluation of Multi-Sums for Large Scale
Problems. PoS, RADCOR2011 (2011) 032. (arXiv:1202.4303 [math-ph]).

[240] J. Ablinger, J. Bliimlein, M. Round, and C. Schneider. Advanced Computer Algebra Algo-
rithms for the Expansion of Feynman Integrals. PoS, LL2012 (2012) 050. (arXiv:1210.1685
[cs.SC]).

[241] C. Schneider. A new sigma approach to multi-summation. Advances in Applied Mathe-
matics, 34(4) (2005) 740-767.

[242] J. Ablinger, J. Bliimlein, A. De Freitas, A. Hasselhuhn, A. von Manteuffel, et al. 3-
Loop Heavy Flavor Corrections in Deep-Inelastic Scattering with Two Heavy Quark Lines.
(2014). (arXiv:1407.2821 |[hep-ph]).

209



[243]

[244]

[245]

[246]

[247]

248

[249]

[250]

[251]

[252]

[253]

[254]

[255]

[256]

257]

[258]

259

J. Ablinger, J. Bliimlein, S. Klein, C. Schneider, and F. Wilbrock. 3-Loop Heavy Flavor
Corrections to DIS with two Massive Fermion Lines. (2011). (arXiv:1106.5937 [hep-ph]).

J. Ablinger, A. Behring, J. Bliimlein, A. De Freitas, A. Hasselhuhn, et al. 3-loop heavy
flavor Wilson coefficients in deep-inelastic scattering. (2014). (arXiv:1409.1804 [hep-ph]).

A. Ablinger, A. Behring, J. Bliimlein, A. De Freitas, A. Hasselhuhn, et al. Recent progress
on the calculation of three-loop heavy flavor Wilson coefficients in deep-inelastic scattering.
PoS, LL2014 (2014) 041. (arXiv:1407.3638 [hep-ph]).

S. Klein. Mellin Moments of Heavy Flavor Contributions to Fy(x, Q?) at NNLO. PhD thesis,
TU Dortmund University, 2009. (arXiv:0910.3101 [hep-ph]).

W.L. van Neerven and A. Vogt. NNLO evolution of deep inelastic structure functions:
The Singlet case. Nucl. Phys., B588 (2000) 345-373. (arXiv:hep-ph/0006154 [hep-ph]).

J. Blumlein, M. Kauers, S. Klein, and C. Schneider. Determining the closed forms of
the O(a?) anomalous dimensions and Wilson coefficients from Mellin moments by means
of computer algebra. Comput. Phys.Commun., 180 (2009) 2143-2165. (arXiv:0902.4091

[hep-ph).

S. Alekhin, J. Bliimlein, and S. Moch. The ABM parton distributions tuned to LHC data.
Phys.Rev., D89(5) (2014) 054028. (arXiv:1310.3059 [hep-ph]).

G. 't Hooft and M. J. G. Veltman. Regularization and Renormalization of Gauge Fields.
Nucl. Phys., B44 (1972) 189-213.

R. Tarrach. The Pole Mass in Perturbative QCD. Nucl. Phys., B183 (1981) 384.

O. Nachtmann and W. Wetzel. The Beta Function for Effective Quark Masses to Two
Loops in QCD. Nucl. Phys., B187 (1981) 333.

N. Gray, D. J. Broadhurst, W. Grafe, and K. Schilcher. Three loop relation of quark
(modified) MS and pole masses. Z. Phys., C48 (1990) 673-680.

J. Fleischer, F. Jegerlehner, O. V. Tarasov, and O. L. Veretin. Two-loop QCD correc-
tions of the massive fermion propagator. Nucl. Phys., B539 (1999) 671-690. (arXiv:hep-
ph/9803493).

G. t’Hooft. (1972), unpublished.

I. B. Khriplovich. Green’s functions in theories with non-abelian gauge group. Yad. Fiz.,
10 (1969) 409-424.

W. E. Caswell. Asymptotic Behavior of Nonabelian Gauge Theories to Two Loop Order.
Phys. Rev. Lett., 33 (1974) 244-254.

D. R. T. Jones. Two Loop Diagrams in Yang-Mills Theory. Nucl. Phys., B75 (1974)
531-543.

B. S. DeWitt. Quantum Theory of Gravity. 2. The Manifestly Covariant Theory. Phys. Reuv.,
162 (1967) 1195-1239.

210



[260] Y. Matiounine, J. Smith, and W. L. van Neerven. Two-loop operator matrix elements
calculated up to finite terms. Phys. Rev., D57 (1998) 6701-6722. (arXiv:hep-ph/9801224).

[261] K.G. Chetyrkin and M. Steinhauser. Short distance mass of a heavy quark at O(a?).
Phys.Rev. Lett., 83 (1999) 4001-4004. (arXiv:9907509 [hep-ph]).

[262] K.G. Chetyrkin and M. Steinhauser. The Relation between the MS-bar and the on-shell
quark mass at O(a?). Nucl. Phys., B573 (2000) 617-651. (arXiv:hep-ph/9911434 [hep-ph]).

[263] K. G. Chetyrkin, B. A. Kniehl, and M. Steinhauser. Strong-Coupling Constant at Three
Loops in Momentum Subtraction Scheme. Nucl. Phys., B814 (2009) 231-245. (arXiv:hep-
ph/0812.1337 [hep-phl).

[264] D. J. Broadhurst. Three loop on-shell charge renormalization without integration: A%D
to four loops. Z. Phys., C54 (1992) 599-606.

[265] L. Avdeev, J. Fleischer, S. Mikhailov, and O. Tarasov. O(aa?) correction to the electroweak
rho parameter. Phys. Lett., B336 (1994) 560-566. (arXiv:hep-ph/9406363).

[266] S. Laporta and E. Remiddi. The analytical value of the electron (g —2) at O(a?) in QED.
Phys. Lett., B379 (1996) 283-291. (arXiv:hep-ph/9602417).

[267] D. J. Broadhurst. Massive 3-loop Feynman diagrams reducible to SC* primitives of algebras
of the sixth root of unity. Eur. Phys. J., C8 (1999) 311-333. (arXiv:hep-th/9803091).

[268] R. Boughezal, J. B. Tausk, and J. J. van der Bij. Three-loop electroweak correction to
the rho parameter in the large Higgs mass limit. Nucl. Phys., B713 (2005) 278-290.
(arXiv:hep-ph/0410216).

[269] J. Ablinger, J. Bliimlein, A. Hasselhuhn, S. Klein, C. Schneider, et al. New Heavy Flavor
Contributions to the DIS Structure Function Fy(z,Q?) at O(a?). PoS, RADCOR2011
(2011) 031. (arXiv:1202.2700 [hep-ph]).

[270] J. Bliimlein, A. De Freitas, C. Raab, F. Wiflbrock, J. Ablinger, et al. Recent Results on
the 3-Loop Heavy Flavor Wilson Coefficients in Deep-Inelastic Scattering. PoS, DIS2013
(2013) 301. (arXiv:1307.7548 [hep-ph]).

[271] M. Kauers. Fast solvers for dense linear systems. Nucl. Phys. Proc. Suppl., 183 (2008)
245-250.

[272] M. Steinhauser. MATAD: A program package for the computation of massive tadpoles.
Comput. Phys. Commun., 134 (2001) 335-364. (arXiv:hep-ph/0009029).

[273] K.G. Chetyrkin. Operator Expansions in the Minimal Subtraction Scheme. 1: The Gluing
Method. Theor.Math.Phys., 75 (1988) 346-356.

[274] K.G. Chetyrkin. Operator Expansions in the Minimal Subtraction Scheme. 2: Explicit
Formulas for Coefficient Functions. Theor.Math.Phys., 76 (1988) 809-817.

[275] F. V. Tkachov. Theory of asymptotic operation. a summary of basic principles.
Sov.J.Part.Nucl., 25 (1994) 649-681. (arXiv:hep-ph/9701272 [hep-ph]).

211



276]

277]

278]

279]

[280]

[281]

282

[283]

[284]
[285]

[286]

[287]

[288]

[289)]

290]

291]

[292]

293]

S.G. Gorishnii and S.A. Larin. Coefficient Functions of Asymptotic Operator Expansions
in Minimal Subtraction Scheme. Nucl. Phys., B283 (1987) 452-470.

P. Nogueira. Automatic Feynman graph generation. J. Comput. Phys., 105 (1993) 279
289.

E.W. Barnes. A new development of the theory of the hypergeometric functions. Proc.
Lond. Math. Soc. (2) 6, (1908) 141-177.

E.W. Barnes. A transformation of generalised hypergeometric series. Quarterly Journal
of Mathematics 41 (1910) 136, (1910) 136-140.

H. Mellin. Abrif} einer einheitlichen theorie der gamma- und der hypergeometrischen funk-
tionen. Math. Ann. 68, no. 3, (1910) 305337.

E.T. Whittaker and G.N. Watson. A Course of Modern Analysis. (Cambridge University
Press, Cambridge, 1927; reprinted 1996) 616 p.

T. Huber and D. Maitre. HypExp 2, Expanding Hypergeometric Functions about Half-
Integer Parameters. Comput. Phys. Commun., 178 (2008) 755-776. (arXiv:0708.2443 [hep-

ph]).
L. Lewin. Dilogarithms and associated functions. (Macdonald, London, 1958).
L. Lewin. Polylogarithms and associated functions. (North Holland, New York, 1981).

A. Devoto and D.W. Duke. Table of Integrals and Formulae for Feynman Diagram Calcu-
lations. Riv.Nuovo Cim., TN6 (1984) 1-39.

J. Ablinger and J. Bliimlein. Harmonic Sums, Polylogarithms, Special Numbers, and their
Generalizations. (2013). (arXiv:1304.7071 [math-ph]).

J. Ablinger, J. Bliimlein, A. De Freitas, A. Hasselhuhn, A. von Manteuffel, et al. 3-
loop Massive O(T%) Contributions to the DIS Operator Matrix Element A,,. (2014).
(arXiv:1409.1435 [hep-ph]).

E.C. Titchmarsh. Introduction to the Theory of Fourier Integrals. Introduction to the
Theory of Fourier Integrals, (Calendron Press, Ozford, 1957; 2nd Edition 1948).

Alexander Hasselhuhn. 3-Loop Contributions to Heavy Flavor Wilson Coefficients of Neu-
tral and Charged Current DIS. PhD thesis, TU Dortmund University, 2009.

K. Hepp. Proof of the Bogolyubov-Parasiuk theorem on renormalization. Com-
mun. Math. Phys., 2 (1966) 301-326.

M. Roth and A. Denner. High-energy approximation of one loop Feynman integrals.
Nucl. Phys., B479 (1996) 495-514. (arXiv:hep-ph/9605420 [hep-ph]).

T. Binoth and G. Heinrich. An automatized algorithm to compute infrared divergent
multiloop integrals. Nucl. Phys., B585 (2000) 741-759. (arXiv:hep-ph/0004013 [hep-ph]).

E. Panzer. On the analytic computation of massless propagators in dimensional regular-
ization. Nucl.Phys., B874 (2013) 567-593. (arXiv:1305.2161 [hep-th]).

212



[204]

[295]

296]

297]

298]

299]
[300]

301]

302]

303]

304]

305]

306]

[307]

308]

309]

310]

E. Panzer. On hyperlogarithms and Feynman integrals with divergences and many scales.
JHEP, 1403 (2014) 071. (arXiv:1401.4361 [hep-th]).

S. Weinzierl. Tutorial on loop integrals which need regularisation but yield finite results.
(2014). (arXiv:1402.4407 [hep-ph]).

J. Ablinger, J. Bliimlein, C. Raab, C. Schneider, and F. Wilbrock. Calculating Massive 3-
loop Graphs for Operator Matrix Elements by the Method of Hyperlogarithms. Nucl. Phys.,
B885 (2014) 409-447. (arXiv:1403.1137 [hep-ph]).

J. Ablinger, J. Bliimlein, A. De Freitas, Al. Hasselhuhn, S. Klein, et al. New Results on the
3-Loop Heavy Flavor Wilson Coefcients in Deep-Inelastic Scattering. PoS, ICHEP2012
(2013) 270. (arXiv:1212.5950 [hep-ph]).

C. Bogner and S. Weinzierl. Feynman graph polynomials. Int.J.Mod.Phys., A25 (2010)
2585-2618. (arXiv:1002.3458 [hep-ph]).

N. Nakanishi. Graph Theory and Feynman Integrals. (Gordon and Breach, New York, 1970).

H. Cheng and T.T. Wu. Expanding Protons: Scattering at High Energies. (MIT Press,
Cambridge, MA, 1987).

J. A. Lappo-Danilevsky. Mémoires sur la théorie des systemes des équations différentielles
linéaires. (Chelsea Pub. Co., New York, 1953).

J. Bliimlein and A. Vogt. The Evolution of unpolarized singlet structure functions at small
X. Phys.Rev., D58 (1998) 014020. (arXiv:hep-ph/9712546 [hep-ph]).

J. Bliimlein. Analytic continuation of Mellin transforms up to two-loop order. Comput.
Phys. Commun., 133 (2000) 76-104. (arXiv:hep-ph/0003100).

J. Bliimlein and S.-O. Moch. Analytic continuation of the harmonic sums for the 3-loop
anomalous dimensions. Phys. Lett., B614 (2005) 53-61. (arXiv:hep-ph/0503188).

A.V. Kotikov and V.N. Velizhanin. Analytic continuation of the Mellin moments of deep
inelastic structure functions. (2005). (arXiv:hep-ph/0501274 [hep-ph]).

F.V. Tkachov. A Theorem on Analytical Calculability of Four Loop Renormalization
Group Functions. Phys.Lett., B100 (1981) 65-68.

K. G. Chetyrkin and F. V. Tkachov. Integration by Parts: The Algorithm to Calculate
beta Functions in 4 Loops. Nucl. Phys., B192 (1981) 159-204.

S. G. Gorishnii, S. A. Larin, L. R. Surguladze, and F. V. Tkachov. MINCER: Program for
multiloop calculations in quantum field theory for the schoonschip system. Comput. Phys.
Commun., 55 (1989) 381-408.

S. Laporta. High precision calculation of multiloop Feynman integrals by difference equa-
tions. Int.J.Mod.Phys., A15 (2000) 5087-5159. (arXiv:hep-ph/0102033 [hep-ph]).

C. Schneider, A. De Freitas, and J. Bliimlein. Recent Symbolic Summation Methods to
Solve Coupled Systems of Differential and Difference Equations. PoS, LL2014 (2014) 017.
(arXiv:1407.2537 [cs.SC]).

213



[311]

[312]

313

[314]

[315]

316]

[317]

[318]

319

[320]

[321]

J. Ablinger, J. Bliimlein, and C. Schneider. Generalized Harmonic, Cyclotomic, and Bi-
nomial Sums, their Polylogarithms and Special Numbers. J.Phys.Conf.Ser., 523 (2014)
012060. (arXiv:1310.5645 [math-ph]).

Particle Data Group, J. Beringer et al. Review of Particle Physics (RPP). Phys. Rev. D,
86 (2012) 010001.

T. van Ritbergen, A. N. Schellekens, and J. A. M. Vermaseren. Group theory factors for
Feynman diagrams. Int. J. Mod. Phys., A14 (1999) 41-96. (arXiv:hep-ph/9802376).

M. J. G. Veltman. Diagrammatica: The Path to Feynman rules. (Cambridge University
Press, Cambridge, 1994).

G. 't Hooft and M. J. G. Veltman. Diagrammar. CERN Yellow Report 73-9 (1973).

E. G. Floratos, D. A. Ross, and C.T. Sachrajda. Higher Order Effects in Asymptotically
Free Gauge Theories: The Anomalous Dimensions of Wilson Operators. Nucl. Phys. B129,
(1977) 66-98; [Erratum-ibid.] B139, (1978) 545-546.

R. Mertig and W. L. van Neerven. The Calculation of the two loop spin splitting functions
P (x). Z. Phys., C70 (1996) 637-654. (arXiv:hep-ph/9506451).

C. G. Bollini and J. J. Giambiagi. Dimensional Renormalization: The Number of Dimen-
sions as a Regularizing Parameter. Nuovo Cim., B12 (1972) 20-25.

E. R. Speer. Renormalization and Ward identities using complex space- time dimension.
J. Math. Phys., 15 (1974) 1-6.

M. Abramowitz and I. A. Stegun. Handbook of Mathematical Functions. Handbook of
Mathematical Functions, (Dover Publications Inc., New York, 1972), 1046 p.

N. Nielsen. Handbuch der Theorie der Gammafunktion. (Chelsea Publishing Company, New
York, 1965), 328 p; first published: (Teubner, Leipzig, 1906), 326 p.

214



