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A DISTRIBUTIONAL LIMIT THEOREM FOR THE REALIZED POWER VARIATION OF LINEAR
FRACTIONAL STABLE MOTIONS

SVEN GLASER*

ABSTRACT. In this article we deduce a distributional theorem for the realized power variation of linear fractional stable
motions. This theorem is proven by choosing the technique of subordination to reduce the proof to a Gaussian limit theorem

based on Malliavin-calculus.

1. INTRODUCTION

Once the link between the mathematical concept of quadratic variation and integrated volatility was established, this
was the starting point for the use of power variation. The realized power variation was introduced by Barndorff-Nielsen
and Shephard [BNS02, BNS03, BNS04a, BNS04b] in the context of stochastic volatility models as an estimator of the
integrated volatility.

In various articles the limit behaviour of the realized power variation is analysed in different models, e.g. for
stochastic volatility models in [Woe05], for functionals of semi-martingales in [JacO8] and for Gaussian processes
with non-stationary increments in [MN14]. There are also limit theorems for the bipower variation e.g. for semi-
martingales in [BNGJT06]. Both concepts are investigated in [BNCP09, BNCPW09] for Gaussian processes with
stationary increments and in [Pod14] for ambit fields.

In this article we derive a limit theorem for the power variation of linear fractional stable motions. These processes
combine the distributional property of a-stable Lévy processes and the dependence structure of fractional Brownian

motions. They possess a representation as fractional Lévy process and can be defined by

XH .= /(t—s)1 —(~s)TdL¥, teR,

—00

where L* is a two-sided a-stable Lévy process, &« € (0,2) and 7y € (—%, 1-— %)

In Gaussian models central and non-central limit theorems are deduced with the help of very powerful results
developed in the context of Wiener/Itd/Malliavin calculus (see e.g. [HNOS]). We use the technique of subordination to
find an elegant way to reduce the proof of a distributional limit theorem for the power variation of linear fractional stable
motions (Theorem 4.1) to a Malliavin based limit theorem (Theorem 3.2). By subordination we get a conditionally
Gaussian process and the deduction of a limit theorem for the power variation for this process is similar to the Gaussian
limit theorem provided by [MN14, Theorem 1] for the power variation of non-stationary Gaussian processes. Because
we use subordination we have to restrict ourselves to the case « € (1,2).

This article is structured as follows: in the first section we define linear fractional stable motions as a special case
of fractional Lévy processes and we state their marginal distributions. The second section contains the Malliavin based
2010 Mathematics Subject Classification. 60F99, 60G22, 62H12.
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2 S. GLASER

limit theorem that we apply in the third section to prove our main result. The proof is divided into three parts: a specific
construction to be able to apply the technique of subordination such that the linear fractional stable motion X can
be represented as a conditionally Gaussian process G, the deduction of a Gaussian limit theorem to the realized power

variation of the process G and finally the proof of the main result.

2. BASICS OF LINEAR FRACTIONAL STABLE MOTIONS

Linear fractional stable motions were introduced by [ST00] as self-similar processes with non-Gaussian marginal
distributions. We consider linear fractional stable motions from the view of fractional Lévy processes which can be

introduced as processes of the form

X = / (s, 1) dLs,
R

where L is a two-sided Lévy process and the integral is defined in the sense of [RR89, Definition 2.5]. Linear fractional
stable motions are one particular case of these processes and for & € (1,2) they can be defined as follows: let L* be a

two-sided symmetric a-stable Lévy process such that its characteristic function possess the following representation:

E [e”‘”ﬁ‘} = exp t/ (ei”x —1-— iux) dv(x) |,
R
where in this case the Lévy measure v is absolutely continuous with respect to the Lebesgue measure with density

g(x) = IX\;: — . Consider the so-called kernel function

fy(ts) = (t—s)T — (=s)T,

where v € (—%,1 — %) and we always exclude the case y = 0. Then, since [ |f,(f,s)|[*ds < oo the integral
R

of fa,(t,s) with respect to L* exists for all + € R in the sense of [RR89, Definition 2.5] and we call the process
XH = (XH);eR defined by

(9]
xH .= /f;*(t,s)dLg‘, tER,

linear fractional stable motion. The parameter H given by H := ¢ + % is the self-similarity index of the process XH,

which means that for all 2 > 0 the finite dimensional distributions of (X{), . are the same as those of (af X[)

teR tER®
Since our construction to prove our main result only works for the case & € (1,2) we restrict ourselves to this case in
the definition. In the other cases one has only to change the characteristic exponent i above as it is described e.g. in
[EW13].

From [RR89, Proposition 2.6] we can deduce the characteristic function of the marginal distributions of general

fractional Lévy processes and in particular for linear fractional stable motions as follows.

Proposition 2.1. The process X' as defined above has stationary increments. Moreover, form € N, t1,...,tm € R

and uq,...,uy € R its finite dimensional distributions exhibit the characteristic function given by

exp{iZqu{j{} = exp /1p <Z ujf;r(t]-,s)> ds 3,
=1 =1

R

E
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where

P (y) = / (ei"y -1- ixy) dv(x), yeR.
R
Additionally, the distribution of XtH is infinitely divisible for all t € R.

Proof. The statement is a consequence of [RR89, Proposition 2.6] and the proof is worked out in detail in [EW13,

Proposition 4] for fractional Lévy processes. (]

For a stochastic process Z = (Z;);>¢ the realized power variation is defined by

Lnt]

Vi = V)(2) = 21
]:

p
Z] —Zj_1

n n
In this article we only consider the case t = 1. In [Glal4, Theorem 2] we have seen that the following limit theorem

for the realized power variation holds: for any 0 < p < « the following convergence is satisfied:

n
n—1+pH
5

Now, we want to go one step further and deduce a distributional limit theorem for the power variation of linear fractional

p
p
E)lEHX{i’ } as 1 — oo,

H _ xH
Xi XJ—l
n

n

stable motions. Therefore, we use the technique of subordination to reduce the proof of the distributional theorem to a

well known limit theorem based on Malliavin-calculus for Gaussian processes which is introduced in the next section.

3. A LIMIT THEOREM BASED ON MALLIAVIN-CALCULUS

In order to deduce a distributional limit theorem for the power variation of linear fractional stable motions we need
a limit theorem based on Malliavin calculus. Hence, we give a short introduction to Malliavin calculus in order to be
able to formulate a central limit theorem for sequences of random variables that admit a Wiener chaos representation.
For a more detailed insight to Malliavin calculus based on Wiener chaos decomposition we refer to [Nua95].

We start with the Wiener chaos decomposition and generalised multiple Wiener integrals. To this end we first define

isonormal Gaussian processes on some Hilbert spaces.

Definition 3.1. Let H be a real, separable Hilbert space with inner product (.,.);; and (€, A,IP) be a complete
probability space. A family of random variables W = {W(h)|h € H} is called isonormal Gaussian process on H if
W is a centred Gaussian family of random variables such that for all g, 1 € H it holds E [W(h)W(g)] = (h, &) -

Classically one would start with some given Hilbert space H and construct the Wiener chaos decomposition for
square integrable random variables which are measurable with respect to the filtration given be an isonormal Gaussian
process. Instead of this we start with a given Gaussian process G and construct a Hilbert space where an isonormal
Gaussian process can be defined on. In this way we ensure that the power variation of the given process G satisfies
the measurability condition of the Wiener chaos decomposition (c.f. [Nua95, Theorem 1.1.1]) and as a consequence
it admits a series representation given by a Wiener chaos decomposition. The approach chosen here is based on the
appendix of [MN14].

Let T > 0 and G be a centred, real valued Gaussian process on some complete probability space (), A, IP) and let

(71") e be a sequence of partitions of [0, T|, this means

mhi={t]0<ty <ty <--- <ty <Th
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1
2
We define A?G = G(#!) — G(#_,) and w; , := (IE [A;?Gﬂ) . Then

{N‘G
W .= I

w]-,n

j=1,...,n, nEIN}

is a collection of standard normal random variables. Let H be the closure of all finite linear combinations of elements
of W with respect to the norm of L2 := LZ(Q, A,P). Under this assumptions the space # is a Hilbert space with
inner product being the covariance of its elements. As a consequence the identity map on H is an isonormal Gaussian
process on H.

Let Hy;, be the mth Hermite polynomial defined by Hy(x) = 1 and

S LU
Hy(x) = (—1)"e2 FT 2, m>1.

=

For each m > 1 we define H,, as the closed linear subspace of LZ(Q, A,P) generated by the set of random variables
{Hu(h) [ h e M : [[hlly =1} .

For m = 0 we define H as the set of constants. For m > 0 the space H,, is called mth Wiener chaos.
Let G be the o-algebra generated by the elements of 7; = #. By [Nua95, Theorem 1.1.1] the space L>(Q, G, P)

has a decomposition into the infinite orthogonal sum of the subspaces H,,;, m > 0, this means
L*(Q,G,P) = P Hum.
m=0

We denote by [, the projection of 12 (Q), G,P) onto the mth Wiener chaos H,,.

The abstract multiple Wiener integral is defined as follows: if {ex| k > 1} is a complete orthogonal system of H,
then {e;, @ --- ®e¢j,| ji,...,jm > 1} is an orthonormal basis of the mth tensor product of #, denoted by H“". We
define the symmetrisation of ¢;; @ - - - ®¢;, by

1
symm(ej, @ - Dej, ) 1= m! Z Colj) © " © Co(jy)-
toEGH

Then the set
{symm(e;; @---@e;,)| ji - jm = 1}
is an orthonormal basis of 7™, which is the symmetric mth tensor product of #. The inner product (., .) ;o on the
tensor product H ® H is given by the relationship
(§1®@ N, 82 @h2) gy 09 = (81,82) 9 (M1, h2) 4 -

We equip HO™ with the norm v/m!||.|[yom. To a multiindex d = (d;);~; € NN such that all terms except a finite
quip H )i 0 p

number of them vanish we define the generalised Hermite polynomial Hy(x), x € RN, by

Hq(x) = ﬁHd,(xj).
1

By the above condition on d this is well defined. We also set d! := [] d;, |[d| = }_ d; and ®; := V' TT Hyg, (ej)-
j=1 =1 j=1

Note that for the last definition it is involved that the identity is the isonormal Gaussian process used here. The set
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{®,| |d| = m} is a complete orthonormal system of H,, (c.f. [Nua95, Proposition 1.1.1]). As a consequence the
mapping Ly, : H®" — H,, defined by

o ©d; T
Ly | symm (%ej = Vd\d,
]:

is an isometry. Consequently, for i € H such that ||h||y = 1itis

4)) Lu(h®™) = Hy(h)
and it holds
©) E [In(f)]* = m!||fll3em

forall f € HO™.
We also define contractions of elements taken from tensor products of Hilbert spaces. Let m,n > 2 and suppose
that ¢ € H®™ and h € H®" have the representation

o)

§= Y, a(ji,...,jmej, @---Qej, respectively
Jureejm=1

h= Z b(kl,...,kn)ekl®"'®€kn,
kookn=1

where a(jy,...,jm) and b(kq, ..., k) are real numbers depending on the indices ji, ..., jm respectively ki, ..., ky.
Then for any 1 < k¥ < m A n we can define the contraction of order x of ¢ and & by

[e) [e9)

Q@ h = Z Z ally, ... bz, -+ Zm—x)

21 e Zmn—2c=1 1 oo I =1

: b(lll oo rlK/ Zip—x41r - - IZWH»TZ*ZK)eZl Q- Q ezm+n,2,(-

Note that ¢ @, h € HEmH1=2x,
With these definitions we are able to state the central limit theorem for random variables admitting a Wiener chaos
representation. It can be found in [MN14, Theorem A.1] which is based on [HNOS, Theorem 3 and Remark 1].

Theorem 3.2. Let (F,),eN be a sequence of square integrable, centred random variables with Wiener chaos repre-

sentations given by
[ee]
Fn = Z Im(fm,n)
m=0

with some symmetric functions fy,, € H™. Under the assumptions

o0
(1) foreveryn > 1, m > 1 it holds m!|| funl||yyem < Om, where Y. 8y < 00;
m=1
(2) for every m > 1 there exists lgn || fon || 3gem =: 02
n [ee]

(3) foreverym >2andx =1,...,m — litis nlgrc}o | fre.n ®xc fm,n||3_l®2(m7x) =0

the sequence (F,) e converges in distribution to a centred Gaussian random variable with variance given by o’ =
(o]

o2,
m=1
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4. THE LIMIT THEOREM

In Gaussian models distributional limit theorems for the power variation are proven with the help of Malliavin
calculus (c.f. e.g. [CNWO06, BNCP09, MN14]). The article [CNWO06] develops limit theorems for the power variation
of fractional Brownian motions B, We are only interested in the case H < % Then the result is the following: The
expression

w2 (n 1RV (B, ek [|B]1)P])
converges in law to a Gaussian limit distribution and the variance can be calculated exactly.

The article [GI15] provides a limit theorem for the power variation of stable Lévy processes. Let L be a stable Lévy

process with parameters («, 8,0, c). We define

v
T [[Lq 7] 3<p<a,

n
Cu(a,p) == QE [sin (n7YL1|%)] p=a,
0 p > a.
Then for p > §
V(L) — ntCu(a, p) B L asn— oo,
where L' is an %—stable process which is independent of L and whose Lévy measure is concentrated on (0, o0). In the

case p < 5 the result can be deduced from the standard central limit theorem since |L;|” has finite second moment.

Under this condition it holds:

1.7
n"2YRVI(L) — t/nE [|Li|P] B Var (|Ly|P) By asn — oo,

where B is a Brownian motion and independent of L.
In this chapter we combine the properties of both classes of processes and consider linear fractional stable mo-
tions which have a-stable marginal distributions and whose dependence structure is the same as the one of fractional

Brownian motions. Our goal is to prove the following limit theorem:

Theorem 4.1. Let1 < a <2, 0<p <waand XM be a linear fractional a-stable motion with 7y € (—%, 1- %) If

3
2 fory >0,
H< T T
% for vy <0,
the following limit theorem holds:
3) v (e x)y, e [Ix]) B g,

where E is a non-trivial random variable whose law is obtained as a mixture of Gaussian distributions.

To achieve this goal we choose an elegant way to reduce the proof of the above mentioned theorem to a Malliavin
based limit theorem (c.f. Theorem 3.2) by using the technique of subordination. To apply Theorem 3.2 we follow the
strategy developed in [MN14]. This article is the first one which provides a distributional limit theorem for the power
variation of Gaussian processes relaxing the assumption of stationary increments to processes with locally stationary

increments which is defined later.
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We proceed in the following steps: we first construct a specific probability space to identify a representation of a
linear fractional stable motion X! as a conditionally Gaussian process G. The limit theorem [MN14, Theorem 1] is
provided in thereafter. Unfortunately, this limit theorem cannot be applied to the Gaussian process constructed in the
first section but the statement of [MN14, Theorem 1] still holds true for our conditionally Gaussian process. This will
be shown in the third subsection of this section. We finish this section by proving our main result applying the limit

theorem for the power variation of the process G we deduced in the subsection before.

4.1. Representation of Linear Fractional Stable Motions as Conditionally Gaussian Processes. In the following
we give an explicit construction of how a linear fractional stable motion can be represented as some conditionally
Gaussian process G. Therefore, we proceed as follows: since it is well known that a Brownian motion subordinated by
an %-stable subordinator yields a symmetric a-stable Lévy process (c.f. chapter 1.3) we start with two-sided analogues
of the mentioned processes and observe that also a two-sided Brownian motion subordinated by a two-sided 5-stable
subordinator yields a two-sided symmetric a-stable Lévy process. After that we use this result to see that linear
fractional stable motions are conditionally Gaussian processes.

Let B be a two-sided standard Brownian motion on a filtered probability space (Ql, Ay, gl, ]Pl) , where the filtration
Gl = (g})te]R is generated by B. We also assume that the filtration satisfies the usual hypotheses (i.e. it is complete
and right continuous).

Letl < « < 2and C = (5(1), 6(2)) be a two-dimensional %—stable, spectral negative Lévy process with inde-
pendent components defined on a probability space (()p, Ay, IP). In particular the processes C™ and C? have no
positive jumps. We define the two-sided process M by

sup 55(1) t>0,
r, . ) 0<s<t
M= — su 5(2) t<0
p S < .
0<s<—t~

Let the filtration G2 on (), Ay, P;) be the filtration generated by M. We also assume that it fulfils the usual hypothe-
ses. We define the two-sided process ] by
: ~(1)
~ finf{t=0/ Y > u} u>0,

. —inf{t20| c? > —u‘} u<0

u --—

with the convention that the infimum of the empty set is co. Then by [Sat99, Theorem 46.3] the process 0 is a two-sided
5-stable subordinator.
Let (O, AP) = (O x Oy, A ® Ay, [Py ®Py) be the product space equipped with the filtration F; :=

P
( Ngle g52> . Hence, the filtration F = (F}),.p is complete and right-continuous (i.e. it fulfils the usual hy-
s>t

potheses). For w = (w1, wy) we define the processes B, 8 and M by
Bt(w) = Et(wl), Qt(a)) = 5,5(602) and Mt(w) = Z\7It(w2).

Then B is a two-sided standard F-Brownian motion and 6 is a two-sided 5-stable subordinator independent of B. By
[Sat99, Example 30.6] the process L* defined by

L8 =B(6), teR
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is a two-sided symmetric a-stable Lévy process.
We now apply this technique to linear fractional stable motions. Let X be the linear fractional stable motion driven
by L*. Hence, it can be represented as

t t
X = [ (t=s)L = (=o)L Lt = [ (t=9)1 — (=5)] dB(6y).
This means that the linear fractional stable motion constructed above is a conditionally Gaussian process with
covariance structure given by
sAt
H~H
E[x{xto] = [ (=07 = (=1) (5= = (-n)1) de,
where the integral is a Lebesgue-Stieltjes integral which is well defined since 0 is almost surely increasing. We consider

the process X under the measure IP; so we introduce the following process G which for fixed wy € Q) is defined by
t
) Glt,wy) i= / (t—5)T = (=5)1 dB(Bs(w2)), teR
—0o0

This process G is defined on (01, A1, P1) and IPy-almost surely a Gaussian process with covariance structure
sAL
B GG = [ ((t=n)L = (=n]) (s =)L~ (=)L) de,
o0
where we suppress wy € ().

Observe that it is crucial for the construction made above that the driving Lévy process needs to have a representation
as a subordinated Brownian motion in order to draw back the proof of our main result to a Gaussian limit theorem.
Additionally, we give an example of a driving Lévy process L where this construction cannot be applied even if this
process is closely related to L*. Also the corresponding fractional Lévy process driven by L has the local self-similarity

property. The process L arises from L* by removing all jumps which are bigger than 1.

Example 4.2. Let 1 < a < 2 and consider the Lévy process L defined by L. = L* — X, where X is a stochastic

process with Xy :== Y. L. The fractional Lévy process driven by this process L is obviously a local self-similar
0<s<t
AL§>1

process (since the Lévy measure of L is dv(x) = ‘x‘%l‘x‘q dx) but L cannot be obtained as a subordination of a

Brownian motion by any subordinator Z. This is given because if the subordinator Z has jumps, the process B(Z) has

unbounded jumps. On the other hand if the subordinator is continuous the process B(Z) is continuous as well.

In the next subsection we state a limit theorem for the power variation of so-called locally stationary Gaussian
processes. From the proof of this theorem the same result for the process G can be deduced. We will show this in the

third subsection.

4.2. Limit Theorem for the Power Variation of Gaussian Processes with Locally Stationary Increments. The
content of this subsection is taken from [MN14].
First we introduce the notation to state the limit theorem [MN14, Theorem 1]. Let G = {G(#)|t € [0,1]} be a

zero mean Gaussian process defined on a probability space (), A, P). The covariance function of G is the function
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Tg: [0,1]> — R defined by
Ig(s,t) :==E[G(s)G(t)], s,te]0,1]

We denote the incremental variance function o : [0,1]* — R4 by
0%(s,t) == [(c(t) - c(s))z} , stelo1].

Let
m={0<tp <t <---<t, <1}

be a partition of [0, 1]. Its mesh size is denoted by
Ay = sup{t}q —t;ﬂl |j= 1,...,71}.
For a function F: [0,1] — R we define by
AJF = F(t]) — F(t]_,)

its increment over the interval [t;{l, t7] For a two-variable function F: [0,1]> — R its double increment over the
rectangle [t;ﬂl, t]”] x [t}_,t}] is denoted by

oppF = F(t, 1) = F(8], 5 _q) = F(f_1, ) + (81, f1)-
In order to define Gaussian processes of locally stationary increments we need the following class of functions: let
R[0,1] be a set of functions p: [0,1] — R4 such that p is continuous at zero, p(0) = 0 and for each § € (0,1), it

holds
0 <inf{p(u)|u € [5,1]} <sup{p(u)| u e [s1]} < co.

Definition 4.3. Let G = {G(t)|t € [0,1]} be a zero-mean Gaussian stochastic process. We say G has locally station-

ary increments if there is a function p € R[0, 1] such that the following holds:

(A1) there is a finite constant ¢c; > 0 such that for all s, t € [0, 1]
o6(s,t) < cip (|t —s[);
(A2) foreache >0

lim sup{ oc(s,s+h)
S\0

p(h)

_1‘

€lel), he (0,5/\(1—5)]} =0.

The interpretation of the limit theorem [MN14, Theorem 1] is the following: the function p approximates the local
standard deviation. The process G is compared to a stationary, centred Gaussian process G whose incremental variance
is given by

02 (s,t) = p(lt — s
If the process G fulfils a convergence condition (c.f. Condition (b) of Theorem 4.4 below), it satisfies a limit theorem
for the power variation . If additionally the difference of the incremental variance of both processes G and G converges
to zero as it is stated in Condition (c) of Theorem 4.4 below, then G satisfies a central limit theorem for the power

variation.



10 S. GLASER

We state [MN14, Theorem 1] after introducing the pth weighted power variation V}, of G, defined as

om (G -GN
V= An]; <P(An) )

and

p ((k+1)Aw)* +p (k= 1)An)* — 20 (kD)
20 (An)z

Theorem 4.4. Let p > 0 and let G = {G(t)|t € [0,1]} be a Gaussian process of locally stationary increments with

5) U(k/ An) =

p € R[0,1]. Let (7"") e be a sequence of partitions such that its mesh size A, converges to zero as n tends to infinity.
Suppose that
(a) there is a constant C1 > 0, such that 0 (s,t) > C1p(|t —s|) forall s, t € [0,1];
(b) for every integer m > 2, there is a real number Y, such that
Yn
(6) lim Y (7(k, An))" =¥

n—o0 =1

for every increasing and unbounded sequence of positive integers (Y )neN with values y, < n —1 for each
n>1;
(c) for every integer m > 2,

Ay 1
lim —
e [P(An)]Z j,kZ::1

where (s, t) :== —p(|t — s|)? fors,t € [0,1].

07,k {FG — %ﬁ} ‘m =0,

Then the central limit theorem

% *Gl\" nGI\ P
™ An“(Vn—lE[vnD:mz[('AfG'> _]E<'AJG'>
=1

p(An) p(An)

holds, where C is a zero mean Gaussian random variable with variance

D
—Casn — o

E¢? = Y ay m! (1+2%5),

m=2

where ¥y, is defined by (6), and the coefficients a, m are given by
apm = (m!) " E [(|Z|P —E|Z|?) Hu(Z)]
with Hy,, m > 2, being the Hermite polynomials and Z being a standard normal random variable.

In order to prove our main result we would like to apply this theorem to the conditionally Gaussian process G we
constructed in the last section. Unfortunately, it cannot be applied as stated above but in the next section we will see
that under some slight modifications the statement of the last theorem still holds true for our process G constructed in

the last section.

4.3. Application of the Gaussian Limit Theorem. In this subsection we use the notations and constructions we
introduced in the first subsection in order to apply a modified version of Theorem 4.4 (c.f. Corollary 4.5) for fixed

wy € () to the process G = (Gy)ter Which is constructed in subsection 1. The process G is defined in Equation (4)
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by t
G = [ (t=n1— (-] dB(@E).

The natural idea to apply Theorem 4.4 to the process G is using the function

NI—=

p(u) := By [G(u)?]

It turns out that under this assumption Condition (c) of Theorem 4.4 and Assumption (A2) are not satisfied in our
model. But we found out that we can proceed analogously to the proof of Theorem 4.4 to deduce the same result (c.f.
Corollary 4.5) for our process G. This is the goal of this subsection. Therefore, we introduce some notations.

The sequence of partitions (71"), . is given by

= {t]" =1 ij,...,n}.
. ] " _ G ) o Eilyyonc]
For1 < j, k < n we define NG := G(tj) — G(tjfl) and r,(j, k) := T where
22
8) Wi = E [(A;?G) }

The choice of the function p in Theorem 4.4 is not unique. As it is described in [MN14, Remark 3] we can replace
0(Ay) in Equation (7) by w;,. By doing this there is no need for introducing the function p, Assumptions (A1) and
(A2) and Condition (a) of Theorem 4.4. The drawback is that we need to find alternatives to Hypotheses (b) and (c) of

Theorem 4.4. Then the result of Theorem 4.4 reduces to

Cp| = Gasn — oo,
Vl].:l

ZU]‘,n
where ¢, = E(|Z|?) and Z is standard normal. This is the statement of [MN14, Remark 3].

The proof of Theorem 4.4 is reduced to exactly this case and is worked out in detail in [MN14]. It is based on
Malliavin calculus, the corresponding limit theorem (Theorem 3.2) and on a decomposition of 7, (j, k) into two parts.
This is

©) (i, k) = (11n (Jk = jI) +zn(j, k),

Ui nOkn
where v; , := %, 1n is given by (5) and the term z,(j, k) is defined by
1~
i [Fo— 39
p(An)* 7

where p(s,t) := —p(|t — s|)? (c.f. Condition (c) of Theorem 4.4). The interpretation is the following: assume that

zn(j, k) =

Condition (b) is true. Then, if it can be shown that the process G is ’almost stationary’ in the sense that the above
mentioned decomposition holds and z,(j, k) satisfies the convergence condition (c) of Theorem 4.4, a central limit
theorem holds for the power variation of G. In our case we do not have an analogous decomposition. Instead we show

that r,, (j, k) directly satisfies an equivalent condition to Condition (b) of Theorem 4.4.
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We now state a corollary of the proof of Theorem 4.4 which provides the central limit theorem for the power
variation of our process G. Note that the process G determines 1 < a < 2,y € (—f 1-— 7> and H =17y + 3 1 n the
remaining part of this subsection we prove this corollary. In the proof we focus on the changes compared to the proof
of Theorem 4.4 presented by [MN14].

Corollary 4.5. Let1 <a <2,0<p <aand

p
_1g G — 6ty
n ]:1 w]-,n
Under the condition
3
(10) H< 7 Jory>0
% fory <0
it holds
1
(11) lim — Y (ra(j, k)" =0
ne M i Tk<n

for any integer m > 2. Additionally, the following convergence holds under the measure IP1 and P-almost surely:

A”G
12) Vi (Vy — By [Vi]) [Z <| |> —Cp]ggasn%oo,

where under the measure 1 the law of the random variable ¢ is centred Gaussian with variance given by

(13) Eq &% = Z ay .
The coefficients a, m are given by
-1
apm := (m!) " E[(|Z|]" = E|Z|") Hn(Z)]

with Hy,, m > 2, being the Hermite polynomials and Z being a standard normal random variable.

Before we are able to prove this corollary we need two lemmas. The second one is a crucial detail for the proof of

the above corollary. It uses a fact about stable random variables which is stated in the first lemma.

Lemma 4.6. Let & < 1 and consider the Lévy measure dv(x) = xllﬁllxzo dx. Let cx,cy > 0and X and Y be two

a-stable random variables on (g, Az, o) with the same Lévy measure v and characteristic functions given by

[ul* [ e*—1dv(x)cx
px(u) =e R ,

respectively
[ul® [ e*—~1dv(x)cy
py(u)=e R
If cx > cy, then for any 6 > 0 it holds
]Pz(X > 5) > Pz(Y > 5)
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RI=

Proof. Leta = (—X> > 1. Then X 2 aY and

]Pz(X>5) :]Pz(IZY>5) Z]Pz(Y>5). U

Lemma 4.7. Let G be defined as in (4) and H = v + %. For1 < j < k < n we define

—2H (kiéﬂ)ZHiz fory >0,

(k_é—H)H_l fory < 0.

W=E (G (1) -6 (5)) (6 (5) -c(5))]

as random variable on (), Ay, Py). Then for any € > 0 it holds Py-almost surely

(14) To(k—j):=n

and consider

(15) n T (k— )Y 50 asn — oo,

Proof. From the definition of G we can conclude that
v =E(e () - G(u))(G(%) G( ))}
[ ) ()
R

where this integral is a Lebesgue-Stieltjes integral. Since v € (—%, 1-— %) it also exists in the sense of [RR&9,

Definition 2.5] and both integrals coincide. Thus Proposition 2.1 can be applied to determine its characteristic function.
To prove the statement of the lemma we calculate the characteristic function of Y,]{k and show that T, (k — j )_1Y,]1’k
can be estimated in the sense of Lemma 4.6 by a (stable) random variable X on (), A, P») which is independent of
j, k and n. The proof then finishes as follows: we define a family of sets (A, )N by
ni= {w € Q] ‘n_€X| > 5}.

Then for all # € IN and any § > 0 it holds A, 1 C A,. Additionally, for any § > 0 it holds 1511 P2 (Ay) = 0 which
n—oo
includes that for any 6 > 0

P () UnX=26|=Pr| () A | = lim Py(A,,)=0.

ng€IN n>ngy ngpeIN

Then the following ensures the convergence in (15):
P, (lim n T, (k—j)~ Lylk = O)
n—oo

=P, (V6> 03ng € NVn > no: n =z (k— )" ¥}" < )

=P () U ) n mlk 1Y]’ <5

6>0ngeNn>ng

=1-1P, U ﬂ Un Ta(k 1Y]k>(5

6>0ngeN n>ng
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>1-1P, U N Unx=s
6€QN(0,00) ng€N n>ng

=1.

To finish the proof we estimate the characteristic function of Y. Note that Proposition 2.1 can be applied to this
random variable and its characteristic function is given by

E, |:eiuY{;’k] ~exp ﬂ!ﬂ[}‘”((is>+<j_"15>+>((55)1(kzlsﬁ)_mv(x)ds

By the substitution

o= ()= (5 ) (97 (2 -9)

and since dv(x) = x_l_%]lng dx it follows that
1A g
R R
(=)= (2= ()= (o)) o frran
R R

Note that only the last integral depends on j, k and n. To handle this term we proceed as follows:

44

[ ) (- (o)
S0 7= (52 =) (5 -9) L ()
= (szjl)mﬂ]k/"((l -l - (i:;;} r)i) ((’;_;J& 701 (1 7’)1) ’z i

where the last equation holds by substituting » = ¢ 37-51-1 The statement of the lemma is already shown if k —j =1
1

NIR

since k_£+ = 1. Then, the integral no longer depends on j, k and n, which means that T, (k — j)le,];’k = n?H Y,é’k

has the same distribution as the stable random variable

J(@=nL==nD) (01 = (-1-n]) dbs.

R

a
To see this one easily observes that (nZH ) 2 = prH = vl

For the remaining part of the proof let k — j > 2 (this is only needed in Estimation (17)). To estimate the integral

o

o / (a-nt= (") (- -n) -0t ar
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the idea is to apply a Taylor expansion of the function t — (¢t — r)l for both factors of the integrand. This can be done
k—j—1
=1

on the interval (—co, —1). On the interval [—1, - } this can only be applied to the first factor and on the interval

( k=1 oo) the integrand is zero. For the first factor we apply the Taylor expansion as follows: for any r < O there

T k=1
k—j—1
m, ].) such that

exists § € (
A-n1-(E-r) =2 (1-EH) -

Since ¥ — 1 < 0 its absolute value can be estimated from above by || (’H%) (=), With the same arguments
it holds forr < —1

(R =) - -0t < b () [-1-077)

Note that the last term is not integrable at r = —1 iff v < 0. This means that for 7y < 0 the Taylor expansion can only

be applied on the first factor in Equation (16). We split the integral in (16) into the integrals over the intervals

(—o0,~1) and (1, =) .

On the interval (—1, — I]:;%) it holds for any choice of 7:
k—j—1
T k—j+1 o
0% k—=j—1 v k—j—1 7|2
((1 71’)4’ - (k j+1 1’)+> (7kf]+l 7r>+ dr
-1
k—j-1
=1 8
2 -1 k—j—1 2
< J Ao (&=) ) (=) e
-1
k—j—1
a . T k—j+1 a
2 \2 (k=j-1\7" k—j—1 72
<l ()’ (5R) [ e e
-1
17 | 2 N2 1\l o\t 2 \72FIH3
o =1\ A3 Fjl =\ -
Under the assumption 7y > 0 we estimate
—1 %
v k=j—1 ¥ k=j—1 ¥ 7
/ ((1—r)+— (W—r)Jr) ((—W—r)+—(—1—r)+> dr
-1 a
2( 2 \* -1 -1|2 . 2\
< () [t = (Ge)

where the last integral is finite. Since k—]% < 1 we have

L9 &
2 \Y o (2 \T2T2
1) = e

if and only if « < 45 + 1+ 5 which is equivalent to y > 1 — % Since % > 1 and 7y > 0 the condition y > 1 — % is
always satisfied for v > 0.
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If v < O the first factor can be estimated by

’((1 -] - (&= —r)i)

Then we use the Cauchy-Schwarz inequality to calculate

X
2

N|R
~—~
=
—
—
3
_
=
NIR

< ()

1 &
v k—j—1 ¥ k—j—1 ¥ v \|?
/ ’<(1 —r)y - (k—j+1 —r)+) <(_kj+1 —r)+ — (-1 —1’)+> dr
o o 1 Jis 0% z
5 2 2 —1)5 k—j—1 2
<lv|2 (m) /(—r)(v )2 ’<_k7§+1 —r) — (-1 —7)7‘ dr
1
x [ -1 2 /-1 , . 2
2 k—j—1
<h? (Za)* | [0 [-ER-n)" = (1= ar
By the observations made above the last integral is
1 1
-1 y 2 a"r-l,-] 0 2
i 2 o
[(-ER =)= 1= = (&2n) (=T = (-
— 0 — 0
and we can conclude
% k—j—1 v k—j—1
/ ((1—;’)Jr (k]+1_r)+> ((—k]+1—r) (=1-7) )‘ dr
1 1
g_‘rtyy-},—l -1 2 0 2
2 2 -1 o
< () (= ar || [ =0T - (=01
ay+1
. 2 \2t 2
€3\ k=41 ’
o ay+l
where both integrals are finite. Since & + el +1+ % the term ( —2— 2772 dominates the term
g : 2 2 732 2 k=j+1
2 (ases I . .
(m> given in Equation (17).
The characteristic function of 7, (k — j)~ 1Y,]1 can be calculated by
Py (W)
o —1
=gy (T (k= ) )
o~ o . k—i+1 ay+1
—exp ¢ [m(k— )" ul? [ ~1dv(y) (S4)
R
a
2

(== (R -0 (R - - -

R
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o . —aH . ®
We first consider the case ¢y > 0. Then t,(k —j)~ 2 = (k—ij—&-l) (](_]T"_l) and since H = - + 1 it holds

N1 % (k—j1\ T —j+1\* . . .
|t (k — )71 2 (kZJ—nH) = (k]TH) . By the calculations made above we have the following representation:

a .
(PTn(k,j)—ly’l;rk(u) = exp |u| 2 /ely - 1dV(]/)Cl ’

R
-

o () | (a5 -07) (-
ay+1+a

: A= k—j1) 47t k—j+1 2
In the case v < 0 it holds |7, (k — )| 2( 5 ) :( ] )

the above representation for c; changes as follows: instead of & we have

where

14
k—j—1
k—j+1

and the exponent of the term kiéﬂ in

W. We have seen that the following

estimation holds for the above integral:

«
9 k—j—1 v k—j—1 v 7\ |2
/ ((1 —7r)y - (m —r>+> ((_kj+1 —r)+ — (-1 —r)+> dr
R
) _ay+2+a ) —a
& (kféJrl) 2 A kféJrl v >0,
< L art24a U ayrtla
& (k—é—i—l) 2 6 (k—é—i—l) 2 v <0,
- - k—j+1\ 7%
_ (CH-Cz)( £+ 7 >0,
< ] aytl4a
(51 + 53) (ki;rl 2 v < 0.
If we define
C1+¢ >0,
Cy =
1+¢é <O,

it immediately follows ¢ > ¢1. Now, we define a random variable X on (), Ay, IP;) by its characteristic function

E, [eil‘x} = exp |u|% /eiy —1ldv(y)cy
R
Then by Lemma 4.6 it holds
P2(X > 6) > Pt (k — ) 71¥5* > 6)

which finishes the proof. (]
Now, we are able to prove Corollary 4.5.

Proof of Corollary 4.5. We proceed analogously to the proof of [MN14, Theorem 1]. We first determine the Wiener

chaos representation of /7 (V;, — E [V},]). Then we show that Theorem 3.2 can be applied in our model.
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Letcp :=E, [|Z|P], where Z is a standard normal random variable and

Then [Eq [V;)] = cp. Now, we consider the term of interest. This is \/n (V,; — IEq [V;]). By a separation of the first

summand we obtain
AnG p A'G
\/ﬁ(Vn—IEl[Vn]):\/;Ow | ) \fz ‘ ’ —cp | = Ru+ Y.

P
Analogous to the proof of [MN14, Theorem 1] we show that R,, — 0 as follows: by applying Tschebyscheff’s
inequality it holds for any § > 0

2p p
1 ATG A'G
Py (|Ru| >6) <672~ | E | L | —2cpE |816] 4 2
n p 14 P
wln wl,n

Hence, by Slutsky’s lemma it is sufficient to show that for almost any w, € ()
D
(18) Yn—§§ asn — oo,

where ¢ is a centred normally distributed random variable with variance given by (13). Therefore, we use Malliavin
based technique.

Let 4 = N(0,1), then the Hermite-polynomials Hy, introduced in Chapter 1.5 are an orthogonal basis of the
Hilbert-space L?(IR, y1). We define a function H: R — R by H(x) := |x|P — c,. Then H € L?(IR, ) which means
that H can be expressed by the expansion

[ee]
H= )Y auHy.

m=0
Then the corresponding expansion of Y}, is given by

i () (e (2):

where the second equality holds since for a standard normal random variable Z under the measure P it holds

ag = 1 [Ho(Z)H(Z)] = E1 [|Z|P —¢p] =0,
| =

0 = E; [Hy (2)H(Z)] = E; [Z (127 - ¢;)] = Ey |2 Z] = 0.

Let I,,; be the abstract multiple Wiener integral (c.f. Chapter 1.5). By the linearity of I, and since the L2-norm of

A'G . . .
-— equals one we have the following Wiener-chaos representation of Yy,:
n

[e9)

Yy = Z m(fmn),

m=2
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n (ATG\ "
fmn = ”fM/EZ( ], ) :
j=2 \ Wjn
Let J,, be the projection of H on the mth Wiener chaos H,,. Then
n A'G
JimYn :am\/%ZHm ]‘
j=2 Win
and by (2) it holds forany n > 1 and m > 2

! fon o = Ex [ ¥o)?]

According to Theorem 3.2 the following conditions imply the convergence of Y;, as it is stated in (18):

where

(0]
(1) foreveryn > 1, m > 1itholds I[Eq {(]myn)z} < Oy, where Y O < o0

m=1

(2) for every m > 1, there exists li_r)n Eq [(]mYn)z} =:02;
n [o¢]

(3) foreverym >2andx = 1,...,m — 1 it holds nlgn | fren @k fnnll , =0.

2
H®2(m—x

[ee]
The variance of ¢ is then given by [Eq [@’2] = Y 02. By the orthogonality of the Hermite-polynomials and the
m=2
resulting orthogonality of the Wiener chaoses it holds J1Y;, = 0 for each n > 1, so it suffices to prove Conditions (1)
and (2) for m > 2.
Forn >1and2 < j, k < n we define
A}‘GAZG

Wi nWik,n

n (], k) = ]E1

By the Cauchy-Schwarz inequality it is 7, ( j, k) <1foralln > 1and2 < j,k < n. Then for all m > 2 it holds

Y (i k)"

2<j,k<n

< Z ra(j, k)2,

2<j,k<n

By [Nua95, Lemma 1.1.1] it is

By ()] = @t ¥ ma(i "

2<jk<n
1 .
(19) = aj,m! (1 +2- ) rn(],k)m>
2<j<k<n

(20) < aZm! (1+21 Y rn(j,k)2>.

2<j<k<n
In the proof of [MN14, Theorem 1] Conditions (1) - (3) are shown by using a decomposition of 7, (j, k) into two terms
ra(j, k) = 7 nlvkn (1n (Jk = j|) + zn(j, k)) (c.f. (9)) and the fact that 7, (j, k) behaves essentially as 1, (|k — j|). We
claim that Conditions (1) and (2) are satisfied if for each m > 2 the following limits are zero:

1) lim L Y (k)" =0.

T a<jTk<n
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This equation is referred as [MN14, Equation (3.15)] and we later show that it is satisfied in our model. Combining

this with (19) it follows that ¢, in Condition (2) above is given by

2

!

a

and additionally by (20) it holds that for all m > 2 the term J,, can be bounded by u%nm!. Under the hypothesis that
(21) holds true Conditions (1) and (2) are proven since Y. a2,m! = E [(H (Z))z] < 00, where Z is a standard normal

m=2
random variable.

On the other hand Condition (3) reduces to the following weaker condition:
form > 2, 1 <x <m—1itholds

1 u .. . _ . _
(22) = Z [ (i, D | (6, D |0 G )™ rn (G, D™ — 0 asn — oo,
i jkT=2

To see this we observe that by the calculation made in the proof of [MN14, Theorem 1] fy, n ®x finn is given by

n
@ Y m b (" @ g ™),
jk=2

S|

fm,n Rk fm,n -

n

where h; ,; 1= ?U]]—f Then the square of the H®2(" %) _norm of this term is (again by the calculations done in [MN14])
given by
n
1 fons @ fonnll3geaim o =125 Y ruli ) rn (kD) ra (i, )™ ra (G, 1)
ij,k1=2
Then, (22) implies Condition (3) above.
We later show that there exists 19 € IN such that for each n > ng there is a function 7, : R — IR such that

rn (G )] < 7 (k = f)

forany 1 <j < k < n and #j, satisfies the following condition: let H be as in (10), then for any n > np and m > 2 it
holds

n
: ~ m
(23) nlgrc}ok; iin (k)™ < o0.

This condition can be identified with Condition (b) of [MN14, Theorem 1] and it is sufficient to show that the conver-
gence in (22) is satisfied. For this step we proceed exactly as in [MN14, Pages 335-337] and it is worked out in the
Appendix. Thus Equation (23) implies (22) and then Condition (3) is satisfied in our model.
It remains to prove the convergence in (21). To this end we show that the series % Y. 7a(j, k)™ is absolutely
2<j<k<n
convergent for any m > 2. The denominator of 7, (j, k) can be estimated from below as follows: it is

e [((-) - (5 )
R
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where the integral is defined as Lebesgue-Stieltjes integral. Since 6 is IPp-almost surely non-decreasing and since the
integrand is non-negative it can simply be estimated from below by

=1

Gz [ () - (5)) @
=2
n

The simplest estimation from below is to replace the integrand by its minimum over the interval {%, %} . Since the

=2

integrand is convex, non-negative and increasing on this interval it has its minimal value at ~—= so we have the estimate

2
2 (27 — 1) n g
ZU]‘,” Z TAjile.
By [Sat99, Proposition 47.13] as n — oo, we have the following estimate from below for A}[lg :

2
a

A]’Llé) Zn a« Pp—as.,

which means that for large 7 it holds:

1
wi‘n > 20t%) =y 2H P, g,

which is obviously also satisfied by w% .- After all the denominator of 7, (j, k) can be estimated as follows:

>p2H P, g,

~

(24) Wi nWi,n

For the numerator we apply Lemma 4.7 and conclude that there is some 17g € IN such that for all # > ng and € > 0 it
holds

E; [A}?GA,@G] <ntu(k—j) Pp—as.,
where T, (k — j) is defined in (14). This implies

k—j+1)2HE=2 4 >0,
(25) n(j, k) < const - n* ( ] ) i =:7jn(k—j) Pp—as.
(k—j+1DH1 4 <0

for all n > ng and for any € > 0. If v > 0 then for any n > ny, H < % and 0 < e < 3724H it holds

Y, (k)"

2<j<k<n

Z 7'n(jrk)2

2<j<k<n

Y (k—jrn)tt

2<j<k<n
~op2et4H-3

IN

N
[2)

A
Sl= I= I

3

—0

IP,-almost surely as n — oo which implies the convergence in Equation (21).
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In the case 7y < 0 it holds
ra(j, k) < const-nf(k —j+1)H"1 = const - nf(k — j+1)HE"1 Py —as.

for all n > ng and for any ¢ > 0. Under this condition the convergence in Equation (21) holds by the same arguments

with the restriction H < % and 0 < ¢ < %

. Note that this is no contradiction to the Gaussian limit theorems
developed in [CNW06, MN14]. This is given because in the Gaussian model it is « = 2 which means that H = 7y + %
In this case ¢ < 0 implies H < % Hence, Conditions (1) and (2) above (c.f. Theorem 3.2) are satisfied in our model.
By those calculations we also conclude that in the case v > 0 for any H < % forallm > 2and 0 < e < % it
holds ;
lim k; 7in (k)™ < o0

which implies the convergence in Equation (23). If y < 0 the same result holds for H < % andany 0 < ¢ < %

Hence, Condition (3) above (c.f. Theorem 3.2) is satisfied in our model which finishes the proof. O
In the next subsection we apply Corollary 4.5 in our model in order to prove Theorem 4.1.

4.4. Proof of the Main Result. Now, we are able to prove Theorem 4.1.

Proof of Theorem 4.1. Let V" := V! (XH)q. Ttis

14
n
P
=y XX | =) [ax
=11 n n j=1
and we define in analogy to Theorem 4.4
1o (|arxH] !
Vl’l = - Z 7
i3\ Win

where w; ,, is defined by (8).
Now, we have the following for the left hand side of (3):

Vi (v - [[xi)
—/n (n—1+pH i

14
H_ yH
2 X =X
j=1 n

n

e [xf))

1 r r
= rH nyH|" _ nyH
el (TR )
nyH P nyH P
1 n(2H2>g AJ'X‘ AJX‘
= n<tws JLENE SR — E LA
\/E]; Jn Win Wi

2Hw]2’1
IP;. Since forany n € IN and 1 < j < 1 the random variables w; , are independent of w; € )y this also holds under

By the observations made in the proof of Lemma 4.7 forany n € IN and any 1 < j < n it holds n 2 w% 1 under



the measure IP. Additionally, it is

45X
]

A’?XH’
]

E = E,E,

N =y, [|Z|P] =: ¢y,
o o 1Z17) = ¢,

where Z is standard normal under IP;. Then the convergence of /1 (n*HPH vt —E [|X{{ |p D to a mixture of

Gaussian random variables is shown as follows: by Corollary 4.5 the following holds under IP; and IP, almost surely

(note that G and X* are the same processes under the measure IP):
N 1 L A?XH g Dy
(26) n(Vy —E1[Vy]) = — —c gasn — oo.
n n \/ﬁ ]; wj,n P

Then for any continuous, bounded, real valued function f € Cg (R) it holds

[ (i (o ertve = [ ]))

" ’A;?XH ‘
=E w —C
11\/‘2 w],/n P
nyH
Fubini 1 & ’A]X ‘
= E;E; |f wl — e — —c
1,1\/%]; wj,n p

Since Equation (26) holds IP;-almost surely we can apply Lebesgue’s theorem to the term above. Then we have the

following convergence as n — 00:

o 1 g (|
]EZ]El f wy 4 —F=

—cp — By, [f (wflé)} =E [f (wﬁg)} :

w]',n

Note that under IP; the random variable w’f 1(’,‘ is a Gaussian random variable, which means that under P it is a mixture

of Gaussian random variables and in particular it is non-trivial. This finishes the proof of Theorem 4.1. O

Note that the distribution is not determined yet. For this purpose we did a simulation study which will be presented

in the next section.

Appendix
For the proof of Corollary 4.5 it remains to show
1 ! K K m—x m—x
= Z [P (i, DI |1 (K, 1) 7 (i, k)| [ra (7, 1) —0 asn — oo.

ijkl=2

To this end we proceed exactly as it is worked out in [MN14, Pages 335-337]. The term above can be identified with
the term B, of the proof of [MN14, Theorem 1]. We have seen that there exists 179 € IN such that for any n > n there
is some function 7j, such that 7, (j, k) < 7, (|k — j|) for almost every wy € () and the limit of the series

n
R
i, L ()" =5 A

23



exists for any m > 2. Then we have to show

n

Z T (7= 1) i ([ = 1) 7 (i = kD)™ 7 ([ = I)™7° = 0 asn — oo,
1] k,1=2

which is equivalent to

n
Y An(li = ) T () ([ = kD)™ (k)" 0 as 1 — co.
ijk=2

1 2 n 2 %
< <n » <Z (i = k)" <k>'<> )
1 2 n 2 %
(n Z{ <Z{ ﬁn(‘l _j|)K77n(j)m_K) ) = U,W,.
i=1 \j=

Both factors can be treated similarly. Let ¢ > 0 and let 4,b > 1 be two integers. By using again Holder’s inequality

3\»—\

By Holder’s inequality it holds

we have the following three bounds for W,:

1 [ne] n
Wl,n(a,b) ::E Z (Z

j=1 j=1
asn — oo,
1 n [%—l ’
Wzn((l b) E Z Z ﬁﬂ(|z_]|)a77”<])b
i=[ne]+1 \ j=1
Lo TE] %]
Sﬁ Y. an(li = D> ) in(j)*
i=[ne]+1 j=1 =1
n (5]
<2>(n—[ne]) Y (> Y fu(j)* =0,
S Ea

as n — oo, and



as n — oo. Hence

lim sup W2
n—o0

<limsup(W , (x,m — x) +2Wp , (i, m — 1) + 2W3 , (k, m — K))

n—oo

§28A2K/\2(m,,€)

and, since € > 0 is arbitrary it holds W;, — 0 as n — oo. Similarly, U,, — 0 as n — oo which implies the convergence
in Equation (22). This finishes the proof of Corollary 4.5.
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