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Abstract

The paper deals with a semi-parametric regression problem under de-
terministic and regular design which is observed with errors. We first
linearise the problem using a sieve approach and then apply the total
penalised maximum likelihood estimator to the linearised model. Suf-
ficient conditions for +/n-consistency and efficiency under parametric
assumption are derived and a possible misspecification bias under dif-
ferent smoothness assumptions on the design is analysed. The Monte
Carlo simulations show the performance of the estimator with simulated

data.
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2 REGRESSION WITH ERRORS IN VARIABLES

1 Introduction
Consider a classical regression model
E:f(Xl)_Fg’Ly Z:]-vyna (]‘1)

which describes the relation between the response variable Y and the independent vari-
able X € R Here Y;, i = 1,...,n, are independent observations of Y and ¢;,
i = 1,...,n, stand for the measurement errors, which are assumed to be i.i.d. ran-
dom variables. We consider the situation when the regressors X; are observed with
some errors as well. Measurement error (or errors-in-variables) models have been exten-
sively studied over the last decades, see, e.g., the monographs of Schneeweifl and Mittag
(1986), Fuller (2009), Cheng and Van Ness (1999), Wansbeek and Meijer (2000), and
Carroll et al. (1995). In particular, the last book deals almost exclusively with nonlinear
regression models. According to the usual interpretation of measurement error models,
Y is an observable variable depending on the regressor vector X, here via a nonlinear
regression function f. The variable X , however, is not directly observable. Instead a

perturbed vector Z € R? is observed, which is related to X via

Z; = X;4+ov;, i=1,...,n,

2 gtands for the noise variance in the regressors Z;, and v; are standardised

where o
random errors. The aim is to estimate the regression function f from the observations
(Y;, Z;) . The models (1.1) obviously faces an identification problem: if the distribution of
the errors-in-regressors v; is unknown, the function f cannot be recovered consistently.
Some information about the distribution of the v; can helpful in this context. Indeed,
taking the expectation of (1.1) reveals that the conditional mean of Y; is a convolution
of the regression function f with some kernel corresponding to the distribution of the

E[Y | X] = /f(X+:v)gog(ac)dac

Here ¢(x) is the density of the v;’s and ¢, () = o tp(x/0). To recover f, one has
to make a deconvolution which leads to an ill-posed inverse problem (see, e.g. Fan et al.
(1991)). Note that the classical assumption that (v;) are normally distributed is in some
sense the worst-case and the function f can only be recovered with a logn accuracy
in this case. We refer to Butucea and Taupin (2008) for the detailed discussion and the
overview of the literature on this problem. In this paper we suggest a new approach to
this problem which treats the unobserved regressors (X;) as a high-dimensional nuisance

parameter. Such a model is characterised by an increasing number of nuisance parameters
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and a fixed number of parameters of interest. It is well known that in models with an
increasing number of nuisance parameters usual estimation procedures may fail to be
consistent. The main problem tackled here is the elimination of the nuisance parameters
in such a way that the estimating procedure delivers \/n-consistent estimators. While
in linear models the total least squares approach gives, under some conditions on the
design, consistent and efficient estimators for the parameter of interest, the situation is
much more involved in the case of nonlinear models.

For simplicity we assume below that d = 1 and the function f is univariate. We
apply the linear sieve approach which approximates the target function f as a linear

combination of the fixed basis functions ¥(x) = (¢Y1(z),...,¢¥p(z)) :
P
f@) % f(2,0) = W(2)70 =} Omibm(a).
m=1

The function f(z,0) is described by the vector 8 = (61,...,60,)" and the estimation
problem for the function f is equivalent to estimation of 6. Suppose for a moment that
the errors ¢; are i.i.d. standard normal and the errors v; are i.i.d. zero mean normal
with the variance 2. Then the log-likelihood for the full parameter v = (8, X) with
X = (Xy,...,X,) reads as follows:

1 1
L) = L(6,X) = = |Y —¥(X) ' 0|" - 5 5|12 - X[

Here ¥ (X)) is the p X n-matrix with entries 1,,(X;) for m=1,...,pand i=1,...,n.
Even if d =1, the parameter dimension is p+n and it is larger than the sample size. So
we need to reduce the complexity of estimation of the high-dimensional nuisance vector
X. Let ¢;,...,¢, are n orthonormal vectors in R", i.e., it holds qb;rqu = 05 , then

we can always represent the vector X in the form

X =me+--+mo,

for an unknown vector n € R™. We assume that X can be approximately spanned by

first ¢ < n of @, ie.

X%771¢1+"‘+77q¢q:@777 nEBqa ¢:(¢17"'7¢q)' (12)

This leads to the following quasi-log-likelihood parametrized by v = (6,7n)

def 1 1
Lo(v) = Lo(6,m) & 10, 0n) = [V ~w(@n) 6l — 512~ anl?, (13)

with the total dimension p + ¢ and dimension of the target parameter p. Note, for

example, that the equality X = &n with ¢,,...,¢, being the first ¢ vectors of Haar
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basis means the aggregation of points, which is equivalent to repeated measurements
model Fuller (2009). In general X # &1 and we need some conditions that allow to

control bias caused by dimension reduction.

2 Main results
Let us consider the following auxiliary semiparametric model
Y=f"+e, Z=X"+ov, (2.1)

with f* = (f(X7),..., f(X})T, where X* = (Xi,...,X,) is the true (unknown)
design. Let us approximate f via f(z,0) =" _ 0¥ (x) with 6 € IRP. The model
(2.1) can be viewed as a sieve approximation for the original model (1.1). In the next
sections we study the properties of this sieve maximum likelihood approach.

Note that non-concavity of the log-likelihood (1.3) is a problem from both optimiza-
tion and statistical points of view. In Section 3 we suggest to conduct an iterative

optimization procedure starting from the plug-in estimator:

S — (5<P'>77~7(p|>)

~(pl)

0" = (W)Y, ¥ =w(en®),

ﬁ(P') —®'7Z.

This is typically a good initial estimator of the full parameter v* = (8*,n*). However, in
order to proceed with semiparametric theory, we need to have at least one stationary point

of the likelihood, which is close to the true point with high probability, see Section 4.7.

) is usually already close to v*, we suggest to define the estimator as the closest

(ph) .

Since D™

stationary point of the likelihood to plug-in ©

~ . =~ ~(pl) _ ~
G=arg min_ [¢T(O-0")+072n -7 (2.2)
v=(0,n)ERPTI:
VL@('U):O
and, similarly,
P ; <G
Mor =arg  min [ —n™||.

VLo (6%,1m)=0
2.1 Consistency and efficiency

Suppose that 8* € IRP n* € IR? are two vectors and (¢,), (¢n) are two sieves such
that the following conditions hold.
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(i) Suppose that for each i =1,...,n, and each s =0,1,2 it holds

P

[FOX)] = [T (X)) 70" = | 0w (Xi)| < €.
m=1
(ii) Assume that the eigenvalues of the matrix
v (Pn* )P (Pn) "

n

belong to the interval [f,F| for fixed positive constants £ and F;

(iii) For each s =0,1,2, there are some fixed constants p1 s < pos <...pups such that
each function ¥, (x) fulfills for all =

[0 (@) < o - (2.3)

(iv) The orthogonal vectors ¢, fulfil [¢;[| =1 and

V

3 S

i

q
2
2 <
Jmax » ol <
j=1
where v, , as we will see, typically depends on g.

(v) The error of approximating f* via ¥(&n*)"0* is not large, in the sense that

def * * *
O |f*—w(Pn) " 6% < V.

(vi) Errors (g;), (v;) are zero mean mutually independent and satisfy for some 0 < v, <

1,7=1,...,n, and each A

/\2 2 )\2 2
;6, log IE exp(Avi) <

log IE exp(Ae;) < 5

which implies max{Var(e), Var(v)} < v21,.

— 7€

(vii) With £ from (ii) and g, s from (iii), it holds for some wp2 > w,1 > wpo >0,

p
-1 2 2
f E Pom,s < Wp s=0,1,2, peN.
m=1
Moreover,

O-Wp71\/p+q+xg\/ﬁu DSW;% n,

O < (wpavg) 2vn,  O<v 'n,
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where expression “<” means inequality up to a small constant depending on o,
Cfi1, Cfg2, £ and v, only. It is worth to mention, that in typical situations
Wp s < ps+% and the two last inequalities are likely to be fulfilled, while the first

two require n two be large enough relatively to p and ¢q.

Main notations The semiparametric Fisher information matrix reads as follows,

Dgo = Dgg — AonDyp Agy, (2.4)
where
Dgg = ¥(Pn*) ¥ (dn")",
Agy = W(Pn*) diag{¥'(on*)" 6"} &,
D3, = 02, + @' diag{¥'(on*) 0%}’
Set

Ox) <o (Wp,l +vg +Wpavgy/nTHp + g + X)) (p+g+xn?+0. (25)

Theorem 2.1. Under the above assumptions, there exists random vector é € IRP satis-

fying for each x >0,
P (|€] > vp+v2x) < 2¢7%,
such that the following statements hold.
o If &%(x)/p— 0, then @ is root-n consistent and IE|6 — 6*||> < p/n .

o If O(x) — 0, then 0 is root-n asymptotically normal and the Fisher erpansion
holds

Do (6 — 67) = &|| < O(x)

X

on a set with probability at least 1 — 6e™*.
o If pO%(x) — 0, then the Wilks expansion holds
|L6(6,7) — Lo (6", 716-) — [1€]1°/2| < vPO(x)

on a set with probability at least 1 — 6e™*.
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Discussion Note, that the estimator 0 depends on the matrix @ through the linear
subspace {®n :n € IR} . It is reasonable to expect that the condition (iv) is actually a
condition for the span of columns of @. Indeed, if we have another orthonormal matrix

@ , that generates the same subspace, then there is S such that
d=05, S'S=1I

Introduce

def
V@) max |82

=1l,...

where &1,...,®,, are the rows of the matrix @. Then, the rows of matrix @ are ®;S

and we have

V(®)=n max |8:5)|% = V (&), (2.6)

it A

since S is orthogonal. Thus, the value V(@) remains the same for all orthogonal matrices
& representing the same subspace. Now let us analyse the value v, from the condition

(iv). Since @ is orthonormal, we have tr(¢'®) = ¢q. On the other hand,

n
112 12 T
ningx [P > 3 I = (2",
1=

implying

Vg > /4. (2.7)
Below we show two examples with v, < ,/q.

Example 2.1. A possible representation of a “smooth” design X™* can be given by
X =g(i/n), g:[0,1] = IR, i=1,...,n, (2.8)

with smoothness of the function g(¢) corresponding to that of X™*. Suppose we are given
an orthonormal basis {hy,(t)};7—; with (hi, hj)72(01) = d;5. Consider the corresponding

sieve approximation of the function g :

This corresponds to @ in (1.2) defined as follows,

b =/t (hm <1> ,...,hm(1)> L D= (b1 By). (2.9)

n n
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These vectors satisfy condition (iv), but fail to be orthogonal. Nevertheless, due to or-
thogonality of the basis (hy,(t), m = 1,...,¢) under mild conditions we can orthogonalize

¢ without much loss in V(®).

Lemma 2.2. Suppose, that each h,, is twice differentiable and
1o < Asm®,  5=0,1,2.

If A3q/n + (Ao + AD)q’/(6n%)

< 4, then the matriz @ in (2.9) can be transformed
into @, such that &' & = I, and V(®) <2V (D).

Example 2.2. Another example is given by Haar basis, which might be relevant to
image processing, when the function ¢(¢) in (2.8) is piecewise smooth. Suppose that
n = 2% and consider the sequence of partitions $(», 8 ... 8®*) of the set of indices
N ={1,2,...,n}. First, we have 80 = {Ago) =N} — the whole set. Further, $(¢+1
is made by splitting each A;l) e 8U) into two equal parts Ag;ll) and Agjﬂ) . Denoting
O {Agl), ... ,Agl)}, we have

AY = {1, n/2), AP =1, nj4l,

A ={n/241,.. 0}, AP ={n/a+1,...,n/2},
AP = {nj2+1,...,3n/4},
AP = 3n/a+1,... 0},

Continuing the sequence we get for | < k—1 and 1 < < 2! that Ag) = {(r —1)n/2! +
1,...,rn/2'} . Note, that #A,(}) = n27!. Now, denoting by ¢(i) the ith component of

the vector ¢, introduce

: ()
L1 . g | bote A?,’")‘l’
¢1(Z) = ﬁa ¢21—1+T(Z) = T _17 (&S A2,,,,
0, otherwise
where, obviously, each j = 2,...,n, is uniquely representable as j = 2!~ + r with

1<I<kand 1<r<2-t, By the construction, ((:bj)?:l is an orthonormal basis in

IR™ . Moreover, it’s easy to see, that for ¢ = 2! the span of vectors ¢y,..., P, is
{X € R" : X, is constant over each A € 8!},

and that the projector #@' on that subspace, when applied to X € IR"™, averages values
X; over i € A for each A € 8. By (2.6) we can consider any other orthonormal 5,
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generating the same subspace. One of them is

n/2t n/2 n/2!
—— — ——
11...1 00...0 ... 00...0
- l
P = z 00...0 11...1 ... 00...0 [,
n
00...0 00...0 ... 11...1

for which condition (v) is satisfied with v, = V2! = /4, which is exactly the lower bound
(2.7). Note, that when n is not a power of 2, one can make the same sequence of partition
dividing at each step Ag_l) into Aélr)_l and Ag? such that ‘#Ay) — #Aﬁl‘ <1 for
each [ <logyn, j<2'.

2.2 Application to composite function estimation

Consider a regression model of the form
Yi:f(g(i/n))—}-ai, Z; = g(i/n) + v;, i=1,...,n, (2.10)

where f and g are two real valued functions. Here the problem is to estimate the function
f from the observations (Y1, Z1),..., (Y, Z,). This problem is related to the problem of
composite function estimation which recently got much attention in the literature (see,
e.g. Juditsky et al. (2009) and references therein). However our main interest here lies in
estimating the function f and not the whole composite function f(g(-)). Let us apply

finite-dimensional sieve approximations to f and g :

q

f(z) ~ fp(x) = Z OmPm (), g(z) = gq(x) = Z Nm®@m ().
m=1

m=1

Thus, our problem is reduced to a parametric model (2.1) with parameter (0,n) € IRP+Y

and the estimator f;q of f is given by 0 from (2.2) corresponding to @ given in (2.9):

Foa(@) =0(2)"0 =" Optbm(z).

m=1

The performance of the estimator depends on the values p,q and on the accuracy of
corresponding sieve approximation. One can describe the dependence of the bias of f;,q

on the values of p and ¢ through the so-called Sobolev elipsoids

S4(8,Q) = {f(x) - i Omtbm(z) : 0 € L2, i m?P62, < QQ} .
m=1 m=1

We refer to Tsybakov (2009) for the proof of the following result.
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Lemma 2.3. Let f € S,(8,Q), then

1f = foll2 < @p~7°. (2.11)
Moreover, if > s+ 1/2 and each ¥ (x), is s > 0 times continuously differentiable
with H@Dﬁrf)ﬂoo < Am®, m=1,2... for some A >0, then

. AQ
208 —s)—1’

In order to apply Theorem 2.1, we need to check conditions (i) - (vi). Here we

1O — g9 < AL --94h (2.12)

(s)

introduce a list of conditions for the nonparametric problem, which ensure those of the

reduced parametric problem.
(a) The bases (¢,) and (¢,,) satisfy, for some A >0 and each s =0,1,2,

68 oo < Am®, 68|00 < Am’;

(b) fe€8y(8,Q) and g € Sy(Bx,Q);
(c) U(X*)W(X*)T > (fn)I;

(d) for some Cqy and each interval I C IR it holds

ii I{X; € I} < Comax (u(I% 1) )

; n
=1

where p(I) is the length of the interval.

Discussion Let us remark on the assumption (c). One may argue that this condition is
not exactly nonparametric, as it depends on the dimension p. In that case we suggest to
consider another condition, that seems more interpretable. The following lemma states,

that if the the points X are dense enough on the interval [0, 1], then (c) is satisfied.

Lemma 2.4. Let (vy,) satisfy (a). Suppose, that with some constant co > 0 and some
small enough 6 > 0 it holds

1 n
- Z I{X; €I} >co(pu()—bp?)
i=1
for each interval I C [0,1]. Then we have,
n (XWX > (1 — al)) I,

with a(0) -0 as 6§ = 0.
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Let us check other conditions of Theorem 2.1. Condition (v) follows from the following

lemma.

Lemma 2.5. Let (a) and (d) hold, and (b) be satisfied with B,Bx > 3/2. Then,

1/2
CO/ AQ p ATl

VB —3/2 ’

IF* —w(X*)T0%| < ci*Qvnp? +

and

AQ —Bx+1

\/BX—3/2q

lom* — X*|| < Qv/ng™"¥ +

Additionally, if p,q < +/n, then it holds

IF* = w(X) 0% <Q'Vap~?, o — X[ < QVng P, (2.13)
with Q' = C(l]/2Q <1 + mm{ﬁAﬁX}—sﬁ) not depending on p,q and n.

Condition (i) follows from inequality (2.12), and the rest of the conditions can be
checked straightforward. Manipulating with the error term <{(x), given in (2.5), we can

show the following result.

Proposition 2.6. Let 5> 2.5 and fx > 3/2. Then, by choosing

1 B
p = n2B+1, qd:efpﬁ/'gx = n25/3X+ﬁX7

we get the standard non-parametric rate of convergence

~ __B_
If = fpallz Spn 251
This rate is in fact optimal over the class Sy (53, Q).

A stronger assumption, that f is Holder smooth on [0,1], i.e. f € X(B,L) (see,
e.g. Tsybakov (2009)) for some 3 > 0 and t,,(z) = cos(2rmz) , yields f € S(8,L/x%)
and the corresponding inequality (2.11). However, one can get a better bound in the

sup-norm
1£9 = £ )loo < L'p~ P~ Inp,

for some L' not depending on p and > s (compared to f > s+ 1/2 in (2.12)).
Thus, such an assumption helps to “relax” the conditions 5 > 2.5 and Bx > 3/2 in the
Proposition 2.6. Assume that

(a’) both basis are trigonometric: ¥, () = ¢ () = cos(2mmz) ;
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(b) fe2(8,L) and g€ S(5x, L).
and the conditions (c), (d) remain the same. Then we have the following proposition.

Proposition 2.7. Assume (a’), (b’), (¢) and (d). Let B> 2 and fx > 3/2. Then, by

choosing

def 1 def S - —
p < np, q = pP/Px = pAx x|

we get the standard non-parametric rate of convergence

- 5
If = foaglle Spn 251,

This rate is in fact optimal over the class X (B, L).

3 Simulation results

Consider first a semiparametric regression model (2.10) with
P
fz) =65, cos(mma)
k=

1

and

)
g(z) = 2 C(’S’k(;fx) = (—1)ﬂ1(27r)23B;?2(:;§!2), z € [0,1]

for some natural 3,p > 0, where B,,(x) is a Bernoulli polynomial of order m. Note

that g € Scos(28+1/2,Q) for some @ > 0. The aim is to estimate the function f, i.e.,

the vector 8" = (07, ...,0;) based on the sample (Y1,21),...,(Yn, Z,). We assume that

the errors ¢;, v;, i=1,...,n, in (2.10) are normal i.i.d. with zero mean and variance

0.1. We consider the following sieve approximation for g

q
g(z) = gq(x) = Z ny, cos(mmaz)

m=1

with )}, = m~2#. In order to compute the corresponding ML estimates for 8* and
n* = (n,...,m,) we use the following strategy. First we compute a preliminary plug-in

estimate n© for n* by applying the standard least-squares approach to the linear model
Zi=gq(i/n)+v, i=1,...,n.
A preliminary estimate 0 for 6* is then obtained from the model

Y, = f(géo)(i/n)) +e, i=1,...n,
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with g((}()) (x) =31 4 19 $n(2). Then we maximize the ML function
Ly(0,m) = —[|Y — ¥(®n) 0| - || Z — &

iteratively over 6 and n starting at (8®), n(®)). To minimize La(0,n) over n, we use
the Levenberg-Marquardt algorithm (minpack.lm library in R). Such alternation maxi-
mization procedure usually converges rather quickly. In Figure 3.1 we show the boxplots
of the weighted norm (n/p)||@* — 819||2 based on 1000 independent samples each of
length n from an EIV model with parameters 8% = (1,...,1), 8 =2, ¢ =5 as function
of n (left) and p (right). A stable behaviour can be observed for increasing values of n

and p supporting the results of Theorem 2.1. Next we turn to a nonparametric model
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Figure 3.1: Left: the boxplots of the loss (n/p)||@* —81?|? as a function of the sample
size n. Right: the boxplots of the loss (n/p)||6* — 819 |2 as a function of the dimension

P.
with

- SRyt B8 gy

J(w) = £ par 2(2a + 1)1’

where o = 3. In Figure 3.2 we show the empirical error |[|[Y — & (#n(19)T910|12/p as
function of p and ¢ for n = 100. Clear minima can be observed in each plot and their
locations are in accordance with the results of Proposition 2.6. As also can be seen, the
dependence of estimation error on the dimension ¢ of the nuisance parameter 1 is much
weaker then on p (at least in the case of large p and ¢). Figure 3.3 graphically shows
500 realisations of the estimate fz;q for n =100 (left) and n = 500 (right) and suitably

chosen p,q.
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Figure 3.2: Left: the boxplots of the empirical loss (1/n)||f — @(dn(19)Te09|2 as a
function of the dimension p. Right: the boxplots of the loss (1/n)||f —w ($n(10))Te1%)|2

as a function of the dimension gq.
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Figure 3.3: Function f(z) (red) together with 500 estimates based on 500 independent
samples each of the length n = 100 (left) and n = 500 (right) with properly chosen p
and gq.

4 Proofs

This section is organized as follows. First, we apply general finite sample theory imposed

in Spokoiny (2012) and Andresen and Spokoiny (2013) to parametric problem (2.1),
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which will lead us to the proof of Theorem 2.1. Then, we present proofs for the rest of

statements, in the order in which they appear above.

4.1 Main objects

We start with describing main objects that will be helpful through the whole paper. The

stochastic term (g(0,m) is easy to describe:
o(0,m) = Lo(6,m) — ELg(0,m) = ¥(Pn) 0+ 0 'v dn.

Below we denote by ¥(*)(X) the matrix with the entries %(5) (X;) which is obtained by
entry-wise differentiation of ¥(X). For a vector a = (a;) € IR", the notation diag(a)
means a n X n diagonal matrix with the diagonal entries a;. Then the score V{s(0,n)

can be written in the block-wise form as

[ VeCa(0,m) \ v (@n)e
Veel0m) = ( VaCa(0,1) ) - ( o0 Ty + 0T diag{W'(Pn) "0 }e ) |

Here diag{¥’(X )"0} means the diagonal matrix with the diagonal entries Y 0,00, (X;) .

The Hessian of the stochastic component reads as

V¥s(0,m) = < 0 ¥'(&n) diag(e) @ )

o' diag(e) W' (Pn)" @7 diag{¥”(dn)' 0} diag(e) &

The lower right block of this matrix is diagonal with the diagonal entries >, 0}, (X;)e;
for i =1,...,n (not taking into account left and right multiplying by @).

Further, the expected log-likelihood reads (up to a constant term) as
—2BLs(0,0) = || £ = w(2n) " 0|* + oo — X

The related matrix D?(0,n) is

D*(v) = —V*ELg(0,n) = ( Dgo(v) Aoy (v) ) ’

Agy(v)  Dpp(v)
where

Djg(v) = W(dn)¥(dn)",

Agn(v) = ¥ (Pn) diag{¥'(Pn) ' 0}& + ¥'(Pn) diag{ f* — ¥ (dn)' 6},

D2 (v) = 0720, + @' diag{W¥'(®n) 0}’ + @ diag{¥" (Pn) ' 6} diag{ f* — ¥(¥n)' 8},
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and define also
Do = W(&n" )0 (dn*) ",
Agy = ¥(Pn*) diag{¥'(on*) ' 6"},
D2, = 07, + &' diag{¥'(on*) 6"},

which are the blocks of the matrix

D2 — ( Dgg AGTI )
T 2 )
Aen D nm

The matrix D? is defined in a that way to be close to D?(v*), but is more convenient
to work with.

Finally, we need to measure distance between wv’s. Motivated by the view of D?

define
12— D3, 0
0 o'r, )’

and the local vicinity for parameter (6,71) among projection (8*,n* = &' X*)

To(x) = {v =(0,n) : [Ho(v — v")|* = || Dog (0 — 0")[* + 0=l — n"||* < *}.

4.2 Auxiliary lemmas

The first lemma describes the variability of the matrix ¥(X).

Lemma 4.1. For any vector ~ € IRP with ||| <1, it holds with wy s from (2.3)

S I TR

Proof. By Cauchy-Schwartz inequality
P P
(i) Dog1I? < 1 DggyI* x D wid (Xi) <271 uid, o
i=1 i=1
O
In addition, we need to bound the value ¥(*)(X)T@ on the neighbourhood of 6*.

Lemma 4.2. For s =0,1,2 and any 0 € IRP satisfying ||Dee(0 — 0%)|| < r and each

X € IR it holds

WpsT
Vi

P(x) 0] <t

) (X)T(6 - 67)] <

Wps T

v
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Proof. Using previous lemma with v = r~1Dgg(0 — %),

S * S — * rw ;S
W)(X)T(0 - 0%)|= |7 (X) Dy x Dog(0 — 6%)| < N
and the second follows by [#(®)(X)T6| < [¢()(X)T0*| + [w)(X)T(0 - 0%)]. O

In particular, if ¥ < v/n/w,s, then [@)(X)TO] <Cpq+1.

Lemma 4.3. If 07 '||X — X*|| <, then it holds for s =0,1,2

OWpst1T
ﬁ M
[{e@)(X) - v (X)) 0*|| < oCpopr.

[{w®(x) — v (x*)} Dggl|| <

Proof. We have with some X’ on the line connecting X , X*
{w(X) — (X))} Dggy = (X — X*) " diag{w""(X')" Dggv},

and the first inequality by Lemma 4.1.
By analogy, the second inequality follows from |QP(S+1)(X )76*| < Csei1 and

(PE(X) - v (X))o = (X — X*)" diag{¥(X")"6"}.
O]

The next lemma checks identifiability condition (Z) of Andresen and Spokoiny (2013).

Lemma 4.4. Define

Then,
|Dgg AonDpp|| < p,  D*>(1-p)Hi,  D*<(1-p) 'Hy.
Proof. Define, lN)fm = D%,7 — o_QIq. Then,
- ( D2, Aey ) _ < W ()W (dn*) T U (Pn*) diag{¥'(#n*) 76" }& )

D? = _
Agy D2, &7 diag{W' (on*)T0*}0(dn*) &7 diag{W(on*)T6*} 0

_ v(@n) w(on”)
&7 diag{¥'(dn*)T 0"} o7 diag{W'(dn*)70*} )
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meaning that D? is nonnegative and \\D;;Agnﬁ;%]] <1. Thus,

156 Aon Doyl < 1Dy Doy | < || diag{®'(81") 76"} (0* + diag{®'(®n*) "6 }*)"||'/?,
which is less than p since the function z/(c~2+z) is non decreasing and |¥/(X)"6*| <

C¢1 by the condition (i). So, by this inequality we have

D3, 0

D? > (1-p) (
= 2
0 Dy,

> > (1-p)Hg.

Further, using Dfm <1+ 020§71)H3 =(1-p?)"tH2 we get

2 Dgg 0 2\—1 772
D < (1+p) <(I+p)(1=p7) Hg.
0 D3,
O
Lemma 4.5. The vector b= D'V Lg(v*) satisfies ||b]| < ||f* — ¥ (Pn*) "0 .
Proof. The explicit expression for the vector is as follows
(Pn*)(f* — v(Pn*) " 6
o' diag{¥'(Pn*) " 6*}(f* — ¥(Pn*) " 6*)
- T 12 / T p* (‘f _W(@n )Tg )
o' diag{¥'(Pn*) " 6*}
Define A =¥(®n*), B = &' diag{¥'(dn*)"6*}. Then,
T
D?— AAT ABT - A A
ABT o¢721,+BBT )~ \ B B )
Hence,
A
|ID7VELy(v"))] < || D! ( . ) | <l = w@n)Tor < If* — wi@n) o
O

4.3 Local perturbation of D?*(v)

What follows relates to condition (£o) of Andresen and Spokoiny (2013). Our purpose
is to bound ||Hy'(D?(v) — D*)Hy!|| for v € Yo(r). The result will depend on the
smoothness of design basis @. It holds,

V(@)= sup [Py, v 2n'PV(),
YERI, [[v]I=1
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and we only use v, through inequality [|P7| < %H’YH for each v € IR?.
Lemma 4.6. Let r satisfies r < \/n/wp1. Then v € T,(x) yields

|Hy ' (D?(v) = D*)Ho| < 4(x)
Wp 2VgT

Wp 1+ Vg +
def ux P I i {r+ 0O},

NG

where

0= £ —w(@n) 6,
C*=(oV1)x (Cp1VCyra+1),

C** = 8C* Vv 3(Cc*)2
Proof. For a = (B,~) € RP*? with ||a| <1 we have

laTHy ' (D (v) — DY) Hy ‘| < |BT Dyl (D3e(v) — D3g)Dpa B

+2‘7‘IBTD0_91(A0?1(U) — Agy)y| + UQ‘VT(D%W(U) - D?27n)7"
We will proceed with each term separately. First,

B Dga{D3e(v) — Djg} Dyy
= B Dyg {¥(Pn) W(Pn)" — W(Pn*) ¥ (In*)" } Dy
= 27" Dgg {w(@n) — ¥ (o)} w(0n*) Dggy + || {@(@n) — w(@n°)}  Dgay

20W, 1T OWp, 1T 2 30w, 1T
p;1 ( p71> < p;1

= e T\Um Vi

I

Second, we use decomposition

Agy(v) — Agy = ¥(Pn*) diag{(¥'(Pn) — ¥'(dn*)) 6}
+W(Pn*) diag{!’l'(@n*)—r(e -0}
+(W(Pn) — ¥(Pn*)) diag{¥'(¢n) "6}

+0'(¥n) diag{ f* — ¥ (dn) ' 6}.
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Define the following vectors,

a= (V'(dn) —¥'(@n"))" 6%, la]l < Cor,
b=U(Pn*)" Dyy B, [blloc < wpo/vn, bl =1,
c=v'(dn*)" (6 -0, elloo < wpar/v/n,

d = (¥(Pn) — ¥(Pn") DggB,  |ldll < owpax/v/n,
e=w'(on)'o, lellc < Cpa,

g=2oy lgll <1,

h =W (0n)" Dyy B, 1Rlloe < wp,1/v/n,
kE=f"—w(dn'e, k| < c*r+ 0,

where the inequalities follow from Lemmas 4.1, 4.2 and 4.3. Then,
’ﬁTD;;(Agn(v) — Agn)y| = ‘bT diag(a)g + b' diag(c)g +d' diag(e)g +h' diag(k)g|

n
= > biaigi + bicigi + dieigi + hikigi
i=1

< [[bllcllallligll + llollllcllllgll + lidlllellw gl + 1R[]l &gl

< {CWpor +Wp 1T + CTwpr + w1 (Cr +0) /v

SC*Wp’l

G

{r+ 0O},

taking into account that wy,g < wj 1.

Third, we write,

D2, (v) — D2, = &' diag{(¥'(¥n)"6)* — (¥'(&n*) " 6*)*}&

+¢ " diag{W" (dn) "0} diag{f* — ¥ (dn)' 0}.

Define,
a=v(0n)"0+¥(dn)"0*,  |al. <2C*,
b= (V'(&n) - ¥'(en") 0%, |b] <c'r,
c=v'(dn)" (0 -6%), lelloo < wpar/vn,
d=uv"(en)'e, oo < C* 4 wpor/v/n,
e=f*—w(dn)'o, lell < c¢*r+0,

g =7, gl < ve/vn, gl = 1.
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Then,

"yT(Dfm (v) — Dfm)'y’ = ‘gT diag{a} diag{b + c}g + g diag{d} diag{e}g

Z(gz‘zaibi + ggaicz- + gfdiei)
=1

< llallssllgllscllgllBll + llallsollellolgh? + lldls gl llgllell
r+0

< {4CT) vy + 267wy + CT Wy vy [V}

Putting all together gives the required bound. O

4.4 Check of exponential moments of derivatives

The following two lemmas check (€D;) and (€D32) of Andresen and Spokoiny (2013),

respectively.
Lemma 4.7. For v € T,(x) it holds for each v € IRPT1

vi(r)?[v]?

log I exp (" Hy 'Véa(v)) < 2555

with v1(r) = V2v: [1 +0Cp1 + owpir//n] .
Proof. We have for v = (a,3), a € IRP and 3 € IR?
log IE exp (WTH61VC¢(U)> = log IF exp (aTDgellll(@n)s
+8"d"w+ 08 D" diag{@'(@n)T0}€>

vlul® | V2|8
— 2 2 )

with u = o' Dgg¥(dn) + 0B &T diag{®¥'(dn)" 0} . By Lemma 4.3 we get
lee” Dag@(@n)|| < llae" Dgg#(@n)| + " Dgg {&(Pm) — ¥ (Pn")} |
< (1+owpar/vn)|all

Then, we use Lemma 4.2 to get [|3'®" diag(¥'(dn)'0)| < (Cp1 + wpix/yv/n)|B] -

Summing up we get the required statement. O

Lemma 4.8. Suppose v € Yo(x). Then it holds for each ~, 5 € IRPH1

- _ vo(r)? 2 2
log IE exp <71TH0 1V2g¢(U)HO 172) < 2(1) "721” [[72ll

with vo(r)? = V320 (wp1 + 0(Cra + wpar//n)vy] /v/n .
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Proof. Let v; = (a;,8;), a; € RP and B3; € R?, i = 1,2. Define then b; = @3, .
By orthonormality of columns of @ we have ||b;|| = ||3;]| and by condition (v) we have
bl < 251841
So, by generalized Holder’s inequality we have
log IE exp (71TH61V2C¢(U)H6172)
< log IE exp (UalTDgel!Z//(@n) diag(e) ba + aa;Dgellll'(@n) diag(e) by
+0?b] diag{¥"(Pn)' 0} diag(e) b2)
1 _ .
< 3 log IE exp (3 aaIDG;J/'(Qﬁn) diag(e) bg)

+ log IE exp (3 ca] Dyl w! (dn) diag(e) b1>

o

+5 log IE exp (3 o2b] diag{¥" (dn)T 0} diag(e) b2> .

Let’s deal with each term separately. For o« € IRP,b = &3 € IR" we have

a' DggW'(X) diag(e)b = u' diag(e)b = ) uibie;,
i=1

where u' =« Dy ¥’ (1) by Lemma 4.1 satisfy |u]oc < wyp1lle|/v/n. Thus,

log IE exp <3 aaTDgelwl(@n) diag(s)b) = ZloglEexp@ ou;big;)
i=1
92o? || w3 |blI?
- 2
- 9V302W§,1Ha||2HﬂH2/n‘

- 2

Further,
b| diag(?"(®n) " 6) diag(e)by = Y _ by ikic;
=1

with k = diag{¥”(®n)"6}b,, which by Lemma 4.2 and condition (v) satisfy [k|lec <
(Cpa+ Wp72r/\/ﬁ)%HBQH. This brings us to

954(C 2C3 2 2
log IEexp (30°bT ding(#” (&) T0) diag(e)b) < 222 Vw2t VI I eI
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Bringing those inequalities together we get

30202 (W2
ST TR (en [P, + et 1182 %)

C2
+02(C g2+ Wy V)22 By 7Bl

_ Bv2o” (w4 0%(C 2 + wpar/ V) vg] Il

N

log IE exp (71TH61V2C¢(U)H5172) <

- 2n

O]

4.5 Large deviation bound

In this section we state large deviation inequality for the full estimator (5, n) . First, we

check concentration of the plug-in estimator.

Lemma 4.9. It holds with probability at least 1 — 4e™*,
o — (’é(pl>7ﬁ(pl)) c To(rl),

where r1 =4(14+0Cy1)ve/P+q+x.

Proof. First of all, we have with probability 1 — 2e™*,

o7 — 07| < ve(y/G + V%),

Then, using Lemma 4.3 with %\/‘%m < % by condition (vii),
vl > D3/2,  ||(@ —w(en) 6| < oCsiva(v/q + V2x).
So,
G0 —0%) = W(@T )T (Y — w(dn) 6 + (W(dn*) — F)T0%),

and, since H(@@T)—lﬂﬁu — 1, we have
H@T(’é(pl) _9*)H < H(@@T)—lﬂjeu "‘UCf,lVa(\/a—l-\/ﬂ),

where conditioned on Z, we have H(L[N/@T)_IM@EH < v.(y/p+ v2x) with probability at
least 1 —2e7*. O

Further we find a stationary point of log-likelihood as a maxima over the set

T, (Ro), def V1

Ro = .
20'Wp71
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Lemma 4.10. It holds with probability at least 1 —e™,

sup Lg(v) — La(v*) <0, (4.1)
V€Yo (Ro)\Yo(r2)

where

ro9 = Co{\/p+q+x\/D},

Co = 961:[2(cCys1 V1) +1](cCys1 +3/2).
Proposition 4.11. Let

20Cowp1{vp+q+xVvO} < Vn.

Then, we have with probability at least 1 — be™™

(57/”7)7 (0*71’70*) € TO(IO)v
where ro = £ 'F(r1 + r2) + 11

Proof. The given inequality means Ry > ry, thus the maximum of Lg(v) over 15(Rg)

X

lies inside 1, (r2) with probability at least 1 —e™* and, therefore, is a stationary point.

So, we have such a point at most r; + re far from the plug-in estimator. Thus, the

closest stationary point to plug-in satisfies w.h.p.

| Ho(T — v*)|| < £7'F(r1 + 12) 4+ 11.
Obviously, the same arguments work for (0*,mg+) . O
Remark 4.1. The inclusion U, Vg~ € 15(xp) implies

Vo = (8.7g- — Dy Agy (0 — 6%)) € T (3r0),

since
1Ho (g — v*)|| < xo + 0 H[itg- — n*|| + | Ho Dyt Agyy (8 — 67
< 220 + || Ho Dkl * | Db A Dgall % |1Dao(8 — 6°)]
< 31'(),
where HD;,%A;?D&;H < p <1 from Lemma (Z). This strange object we need to show

Wilks expansion.
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To proof Lemma 4.10 we are going to straightforwardly use Theorem 2.1 of Andresen
and Spokoiny (2013), which requires two conditions: the first one controls the stochastic
part of Lg(v) — Lg(v*) and the second one controls it’s expectation. Bounding the
stochastic part requires check of the exponential moments of the score V(g(v), which is
done by Lemma 4.7. Now we need to check that —IE[Lg(v) — Lg(v*)] grows quadrati-
cally.

Lemma 4.12. Let A,b > 0 satisfy
[4(0C;1 V1) +2]Vb+ 242 < 1. (4.2)
Then, v € T5(Ro) with r = ||Ho(v — v*)|| > AO implies
—2IF [[@(U) — L@(v*)] > bre.

Proof of Lemma 4.10. First,

2
log IE exp{~ " Hy 'V{s(v)} <Y )H7H , v € 15(Ro),

where vZ(Rg) is given in Lemma 4.7. Since Ry < W;j\/ﬁ/l we can take
def
I/1(R0) < = \@V€(3/2 + O'Cf71).

Further, setting A% = 2b~! = 16[2(cCs1 V 1) + 1]2 in Lemma 4.12, we have by the

theorem mentioned above, that (4.1) holds, when

which finishes the proof. O

Proof of Lemma 4.12. We need to show that for v = (0,n) with ||[Ho(v—v*)|| =r and
A < r <Ry it holds,

1> = (@) 0|° + o 2(ln — " || — || f* — ¥(Pn*) T 6%[* > br’. (4.3)
We have,

fr-w(@n)'6 =w(@n) (0 -0%)+ (¥(Pn) — ¥ (Pn")" (6 - 6°)

(& (Pn) — ¥(Pn*)) 6"
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Denote,
zg = (Pn*) (0 - 607), rg < ||,
Ty =0"(m—n"), ry |,
Y, = (¥(Pn) —¥(dn*)) " (60 — 6%), g1 || < on V2w, 1rery,,
Yo = (U(Pn) —¥(dn")) " 6%, |ys|l < oC 11y,
ys = f*— ¥ (Pn*)' 6%, lysl = 0.

Then (4.3) rewrites as

H;c0+y1+y2+y3ﬂ2+r%—ﬂ22b(r3+r,27)-

If r% —O? > b(r} +r,27) then (4.3) is obviously satisfied. Otherwise, defining b def

b+ A~?, we have
ry < 2brg, 0 < v24 1 r.

Further, o~ !|n — n*|| < (20wp1)~t/n and therefore, ||ly,|| < rg/2. So,
1 = _
o~ Iyl = 2] = lsl = (1= 5 - 9€70V25 - VEA™ ) ro

We need to show that the last expression to square is at least brj +0? < {b+2A47?}r3
and the proof is finished by checking that (4.2) ensures

%—UCf,l\/?\—ﬁAil > \/B-l-A_Z.

4.6 Local linear approximation of the score

We start with the linear approximation of gradient of the likelihood. Define for v € 15,(r)

the following process

v def

X(v) = DggVeLa(v) — &+ Deg(v — v*),

where operator Vg = Vg — AgnD,;%VT, €= D,;;W@(v*) and Dgg defined in (2.4).

In what follows we will also exploit function

Zprq(x) = V/2(p + @) + x,

which is involved in the concentration inequalities for suprema of empirical processes.
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Lemma 4.13. On a set C(x,r) C §2 of probability at least 1 — e * it holds

sup H)”(('U)H < O(x,r) + 0,
vEYH(x)

where
(k1) = 21— p) V2 {615(x) 214 x) + 6(x)
and O = ||f* —@(Pn*)"6%|| from the condition (vi).

Proof. Define the process, corresponding to the linear approximation of VLg(v) among

the biased point v*,
x(v) def D YVLg(v) — VLg(v*) + D*(v — v*)}.

We can split this vector into two terms, the expectation and the stochastic part. First,
using IEVLgy = VIELg we get

Ex(v) = D"YVIELg(v) — VIELg(v*) + D*(v — v*)},

which using (£g) and (Z) can be easily bounded, see details in Andresen and Spokoiny
(2013),

IEX(v)|| < 2(1 — p)~?ré(x).

Using Theorem 4.1 of Andresen and Spokoiny (2013) along with Lemma 4.8, the value

| Hy ' {V¢a(v) — Vis(v*)}]| is bounded by 6va(r)y/2(p + ¢) + x uniformly over v €
Yo(r) with porbability at least 1 — e~ *. To sum up, we get on a set C(x,r) C {2

sup Hx(v)H < O(x, 1)
VEYH(x)

def _
= 2(1-p) 1/2{31/2(r)zp+q(x) + (5(r)}r,
where IP(C(x,r)) > 1— e *. Define,

b=D"'VLs(v*),  [bl <|lf*—w(@n) 67,

with the inequality following from Lemma 4.5. Then, for Iy def ( I, —Agy D;g) we

have Vg = I1gV and the proof is finished by
X(v) = Dgg ITg D {x(v) + b},

where we have ||D591ﬁ9D|| =1, since the matrix is orthonormal. O
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4.7 Semiparametric Fisher and square-rootWilks

The goal of the Fisher expansion is approximation Dgg (5 —-0") ~ £, which can be done
as follows. Once we have large deviation bound (8,7) € T»(ro) with high probability,

we can apply Lemma 4.13 with v = v, which using VLg(v) =0 gives
1Doo(6 — %) — €l < O(x,70) + O,
on the set {v € Y5(xo)} N C(x,xp), which is of probability at least 1 —4e™*.

Remark 4.2. We don’t require rg to be exactly as in Proposition 4.11, the global
concentration can be held by any other means and we only require 1, (rp) to contain the

estimator (6,7) with high probability.

Semiparametric square-root Wilks approximates the distribution of {2L¢(1~J, Vg+) }1/ 2 ,
by the the distribution of ||é|| . This might be shown via quadratic approximation of the
likelihood. The Lemma 4.13 helps to ensure it.

Lemma 4.14. Define,
a(8,m) = La(0,m) — Lo (0,1 — D2A44,(6 - 67))
—{Doo(0 — 6°)} &+ || Doa(0 — 67)|]* /2.
Then if (0,m) € T,(x), it holds (pointwise)

|o(0,m)
TR TS sup HX(eaTl)”'
| Doa(8 — 6| ~ (0m)era)

Proof. For a given pair (6,n) define 1) =n— D;ﬁAgne and Lg(0,m) = Ls(0,%), such
that Vg.i(p(e, n) = ¢9L¢(9, 7). Define the approximating process

&(0,m) < Lo(0,m) — La(6",m) — {Dog(6 — 6°)} T& + | Dga(0 — 6%)||>/2.

Note, that ¢(6*,m) =0 for all 5. Thus, by mean value theorem |c(8,n)| < | Dgo (0 —

0%) || X supgec(,6+] Dgngd(Ho, n)||. Calculating the derivative gives

Digy Voi(8.1) = DogVoLa(8.71) — & + Dgo(6 — 67) = x(6.11),
which gives the desired result after noticing, that «(60,1) = a(0,n). O

As we mentioned in Remark 4.1, it holds (6, 7), (6, Mo+ — D;gAgn(é - 0*)) € 75 (3ro)
with probability > 1 — 3e™*. So, define
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Then by Lemmas 4.13, 4.14 we have on the set C(x,3r¢)N{v, Vg € T5(xrp)} the following

chain of inequalities, with @& = Dgg(6 — 6")
Lo(®) ~ Lo(Be-) < Lo(8.7) — Lo (6", — Dy2Ag, (6 - 6"))
<a@'&—al?/2+ o ()l
lall?/2 + @l {1@ - & + o (=)}

< fal?/2 + 2||a) o),

IN

and on the other hand,

Lo(®) — Lo(Bg+) = La(8.7g — Dy Aon(8 — 07)) — La(6". 7p-)

> [[a]?/2 - 2[al|$ (),

which together gives

2La(V, Ve-) — [[ul?|

il

{2Lo(5, Do)} /2 — || < < 10(x),

where we have used that on the same subset of (2 it holds |[& — £|| < {*(x) from the

Fisher expansion. Using this inequality one last time gives
{2La(0,09)}"? — |I€]l| < 50(x).

4.8 Proof of Theorem 2.1

From Proposition 4.11 we have rg < +/p+ ¢+ xV . From Lemma 4.6 and Lemma 4.8

we have,
2 3
o (Wp,1 + vg)T( + OWp,2VgTy
vn n

a(wp1+ve)(p+q+x) n owpave(p + g + x)3/2
Vn n

o(Wp1 + vg) 02 n owp oV,

vn n

5 U(Wp,l + Vg + Wp,2Vyq n_l(p + q + X)) (p + q + X)n_l/z + D)

Ox) = +0,

N

+ 0+

by use of the inequalities given by condition (vii). It remains to check, that

v2||v]?

log Eexp(v'€) < 5

v € IRP.
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Note, that D? corresponds to Var(VCds(v*)), when the errors ¢;, v; are standard
normal. In general, one can easily check, that for & = D™1V(g(v*) and for each ~ €
IRP*4 it holds

vel P

log Eexp(y'§) < =5

Now, the moments for the 5 follow by applying this inequality to D He D~ , since

DOOIH J D 1is an orthonormal matrix.

4.9 Proof of Lemma 2.2

Define N =®'® and ® = ®N~1/2. Since N is symmetric, OTPd=N"12¢pT N-1/2 =
I. Moreover, applying trapezoidal rule for integrating () = hy, (t)hi(t), we get

1
| Nk = Omi| = | p — Omic| = ‘ Zh i/n)hy(i/n) — /Ohm(t)hk(t)dt

I~ . !
nizlvwn)— |
100 =50, |15 2(6= /) £1G)_ [
_ a2 /O Y (t)dt

< Il - 1V"lloo
- n 12n2 °

Using the inequalities |||/ < A3 and
17" lsc = I1hmhi + hihy + 2R b lloo < AgAzm? + 2A3mk + AgAsk? < 2(AgAz + A})g?

we get that the absolute value of each element of the matrix N — I is less or equal to

A2 AgAs+A2)g?
5:704-%. Thus,

L
IN = Il < [N = Iflgob = [[vec(N = D)ll2 < v/g?[lvec(N = I)]loo < 40 <

l\D

with the last inequality following from the conditions of the lemma. Thus, ||[N7!|| <2

and

C(qg) = nmax |[N7V2¢;||> < n|N7!|| max ||;]|> < 2C(®).
i<n i<n

4.10 Proof of Lemma 2.4

For h € C'0,1] and N € N we have,

! 1 11 [|oo
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Take N < 6§ 'p?. By condition of the lemma, each interval [%, %) contains at least

con (% — 5p*2) points. So,

1 . (1 — N(Sp_2)_1 *
— <= 7 § X
Wi " e Nt

which, by summing over j =1,..., N, gives

_on-1 n )
/1 (e < (0= N) S (x4 e
0 :

n

Fix arbitrary unit vector v € IRP and set h(x) = (¥(z)"~)%. By (a) we have
1
/ Wa)de =1, 1]l < 242,
0

and taking N(§) = |(1 — )5~ 1p?|
- 2,2
;z WX = col—a@),  a() = <1 M ) (1 N,

Since N(§) > 6 1p? —p?—1,

a9 < 6+6r%) (1-229).

1-96

It is left to notice, that %Z X)) =~" [n_1W(X*)W(X*)T]*y.
i=1

4.11 Proof of Lemma 2.5

For any h € C1[0,1] it holds

1 n
I3 > =" max  h(x)”
j=17% [ 2]

~ 2[AloolAfloo
; .

The amount of points X lying in [E, %} is bounded by Cgq, so it holds

n

max h(z)? >yt Y h(X))
=1 7
:L"E[ ] XZG[J'71 i]

n ’n
n ’'n

which brings us to

QHhHOOHhIHOO 1 2
hl|2 > — + E h(X)=.
|| ||2 - n COTL ( z)

i<n
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Applying this to h = f — f,, using \/z +y < /z +,/y and Lemma 2.3, gives

1£* = (X760 < > Vallf = fylla + (260) /I = fallooll £ = Floo

IN

s _g  (2€0)Y2AQ _
CO/ Q\/ﬁp 54_(\/2)[37_3;0 5+1.
Further, since |[&n* — X*||? =

> i<n(9q(i/n) — g(i/n))?., we use arguments above
and Lemma 2.3 to show

[Pn* — X*[| < V/nllgg — gll2 + \/2ng — llooll(9g = 9)'lloo

_ \/§AQ _
Bx Bx+1
S QVng™ + T3¢ -

4.12 Proof of Proposition 2.6

First we check the conditions of Theorem 2.1.

(i). Due to (a) and Lemma 2.3, we have for 8 > 2.5 and s =0,1,2

A
Hf;gs)”oo < Cf,s = M—Q«S)—l

(ii). We need to transfer condition (c) from the matrix F = ¥(X*)¥(X*)T to the
matrix D3, = ¥ (dn*)¥($n*)" . By Lemma 4.1 it holds,

HIF,1/2 [W(X*) - W(QST]*)] Hop < n*l/QWp’1|’X* _ @TFH
< Cp?)/Qq—BX7

where the last inequality follows from wy, 1 = £ —1/2 gp3/2

. So, for a unit vector v € IRP,
since ||y F~1/2@(X*)|| =1, it holds

[y B2 (Dge —F)F 2| < 6(2+6),

where § = Cp?/2¢Px . We have then,

D3e > (1 =624 6)F > £(1 —6(2+9))(nl),

which ensures condition (ii), since p?/2¢—8x = n=(6-3/2)/20+1) g gmall.

(iii). By (a) we can take (i, s = Am?®.

(iv). Using Lemma 2.2, we get this condition satisfied with Cz = 2A4,/g. Indeed

q
Co=n|®i|* = ) op(i/m) < A%q.
m=1
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(v). We have by (2.13)

O = ||f* —w(2n)" 6" < Cpalldn* — X*|| + | f* —¥(X*) 6"
< cvn(p™’ +¢77%),
and O < /n for large enough p and gq.
(vii). Taking wps = Aps*‘% the conditions are satisfied, since p3/2\/(p+ q)/n is

small.

Using n_IDge > (1 — p)fI,, which is given by By Lemma 4.4 and condition (ii),

n * b
1861 Sy [2 + g

Theorem 2.1 provides us with

3/2 , 1/2
By =TT e SO ) 4 o372 4 qU2) (P 4 g5x)2 4 g% 4

Since f:,’q(x) = U(2)76 and fo(z) = ¥(z) "0, we have H};,q = fol2 = 160 — 6*].

Further, usin — folla < p~ P, given by Sobolev condition, we arrive at

Hf - J;;’,IIHQ N2 \/g—i-p_ﬁ +q—/3x

o(p3/2 + qM/2)(p + _ _
+{ (p q/'?)(p+q) +U(p3/2—|—q1/2)(p 5+q 6x)2 )

n

The choice of p and ¢ provides

\/Ezp_ﬁzq_ﬁx :n_%%.
n

Next, we deal with the second term from the figure braces,

PP+ P +q P =n

where the inequality holds since 5 > 2 > 3/2 and 28x > 3 > 1. Finally, we let us deal
with the term

P2+ ") p+q) _ P2+ ¢32 +p* g
n n

_ (e v(3+a)—20-1)/0800 gy -6/2041)
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with the inequality equivalent to the union of the following inequalities

é—%—lg—ﬁ, ggﬂ, 522,

30 _a8-1<-8, o 35<phctpn. o (B+10Bx—32) > >
25}( = ) o = X X X = 2a
e R I T B L N VR[S VS

where all of the last one are true, since § > 2 and fBx > 3/2.
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