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Abstract

In this paper we study the problem of statistical inference for a continuous-
time moving average Lévy process of the form
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with a deterministic kernel C and a Lévy process L. Especially the estimation
of the Lévy measure v of L from low-frequency observations of the process
Z is considered. We construct a consistent estimator, derive its convergence
rates and illustrate its performance by a numerical example. On the technical
level, the main challenge is to establish a kind of exponential mixing for
continuous-time moving average Lévy processes.
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1. Introduction

Continuous-time Lévy-driven moving average processes of the form:

Z = / K(s,t) dL,

—00

with a deterministic kernel I and a Lévy process (L;)cr build a large class of
stochastic processes including semimartingales and non-semimartingales, cf.
Basse and Pedersen [1], Basse-O’Connor and Rosinsky [2]|, Bender, Lindner
and Schicks [3], as well as long-memory processes. Starting point was the pa-
per by Rajput and Rosinski [4] providing conditions on the interplay between
K and L such that Z is well defined. Continuous-time Lévy-driven moving
average processes provide a unifying approach to many popular stochastic
models like Lévy driven Ornstein-Uhlenbeck processes, fractional Lévy pro-
cesses and CARMA processes. Furthermore, they are the building blocks of
more involved models such as Lévy semistationary processes and ambit pro-
cesses, which are popular in turbulence and finance, cf. Barndorff-Nielsen,
Benth and Veraart [5].

Statistical inference for Ornstein-Uhlenbeck processes and CARMA pro-
cesses is already well-established due to the special structure of the pro-
cesses, for an overview see Brockwell and Lindner [6], whereas for general
continuous-time Lévy driven moving average processes so far only partial re-
sults are known in the literature mainly concerning parameters which enter
the kernel function, cf. Cohen and Lindner 7] for an approach via empirical
moments or Zhang, Lin and Zhang 8| for a least squares approach. Further
results concern limit theorems for the power variation, cf. Glaser [9], Basse-
O’Connor, Lachieze-Rey and Podolskij [10], which may be used for statistical
inference based on high-frequency data.

In this paper we consider a special case of stationary continuous-time
Lévy-driven moving average processes of the form Z; = ffooo K(s —t)dLs
and aim to infer the unknown parameters of the driving Lévy process from
its low-frequency observations. Our setting especially includes the case of
Gamma-kernels of the form KC(¢) = t*e 1 o) (t) with A > 0 and o > —1/2,
which serve as a popular kernel for applications in finance and turbulence,
cf. Barndorff-Nielsen and Schmiegel [11]. The special symmetric case of the
well-balanced Ornstein-Uhlenbeck process has been discussed in Schnurr and
Woerner [12].



In fact, the resulting statistical problem is rather challenging for several
reasons. On the one hand, the set of parameters, i.e., the so-called Lévy-
triplet of the driving Lévy process contains, in general, an infinite dimen-
sional object, a Lévy measure making the statistical problem nonparametric.
On the other hand, the relation between the parameters of the underlying
Lévy process (L;) and those of the resulting moving average process (Z;) is
rather nonlinear and implicit, pointing out to a nonlinear ill-posed statistical
problem. It turns out that in Fourier domain this relation becomes exponen-
tially linear and has a form of multiplicative convolution. This observation
underlies our estimation procedure, which basically consists of three steps.
First, we estimate the marginal characteristic function of the Lévy-driven
moving average process (Z;). Then we estimate the Mellin transform of the
second derivative of the log-transform of the characteristic function. Finally,
an inverse Mellin transform technique is used to reconstruct the Lévy density
of the underlying Lévy process.

The paper is organized as follows. In the next session, we explain our
setup and discuss the correctness of our model. In Section 3, we present the
estimation procedure. Our main theoretical results related to the rates of
convergence of the estimates are given in Section 4. Next, in Section 5, we
provide a numerical example, which shows the performance of our procedure.
All proofs are collected in the appendix.

2. Setup

In this paper we study a stationary continuous-time moving average (MA)
Lévy process (Z;),cp of the form:

a:/ K(t—s)dL, teR (1)

o0

where K : R — R, is a measurable function and (L;),. is a two-sided Lévy
process with the triplet 7 = (7,02, v). As shown in [4], under the conditions

/ / (]IC(S)Q:|2 A1) v(dz)ds < oo, (2)
R JR\{0}

ﬁém@@<w (3)

K(s) (7 + /Rflf (Lercsyi<y = Lygei<1y) V(dl’)> ’ ds < 00 (4)

J
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the stochastic integral in (1) exists. In what follows, we assume that K €
L*(R) N L*(R) and the Lévy measure v satisfies

(/ﬁmmg<m, (5)

that is, the Lévy process L has finite second moment. In fact, (3) is trivial
in this case; condition (2) directly follows from the inequality

//R\{O} e’ A1) w(de)ds < //R\{O} v(dz) ds

_ /R (K(s))” ds - /R vl ds

As to the condition (4), we have

I

ds

/C(S) (’y—/Rl’l{le}V(d:L‘)) +/IR$/C(S)1{|I/C(S)<1}I/(CZ$)
K(S)E L] - /xﬂ)hmwmwwﬂds

).
<[EIL| [ Kyds+ [ [ o () vida) ds.

In the sequel we assume that K € L'(R) N L*(R) and

/ny(dx) < 00. (6)

Moreover, under the above assumptions, the process (Z;),.p is strictly sta-
tionary with the characteristic function of the form

O(u) :=E [¢"#] = exp (¥(u)), (7)

=A¢WM$MS

Y(u) = iuy — o*u?/2 —|—/ (€™ — 1 — iuzlyz<iy) v(do).
R

Our main goal is the estimation of the parameters of the Lévy process L
from low-frequency observations of the process Z given that the function X
is known.

where

and



3. Mellin transform approach

3.1. Main idea
Let L be a Lévy process with the Lévy triplet (i, 0%, v), where v is an
absolutely continuous w.r.t. to the Lebesgue measure on R, and satisfies
(6). Denote by v(z) the density of v and set 7(x) := x?v(z). For the sake of
clarity we first assume that ¢ is known and v is supported on R, i.e. Lis a
sum of a Brownian motion and subordinator. Set
o?u?
2 Jr

U, (u) = WU(u) K*(x) dx.

It follows then
U (u /w" (uk(x (x)de = — / F7] (uk(z)) - K*(z) du,
R

where F[7] stands for the Fourier transform of 7. Next, let us compute the
Mellin transform of W”:

MU () = — /R + [ /R Fiv] (uk(z)) - K2(x) dx} =
_ /R [ R (ulC(;t))-uz_ldu} K2(x) da

— _MFF(2) - [ /R (K (2))> dw} | (8)

for all z such that [, (K(z))? %) dz < oo and Jo, |F P (V)] R~y < 0.
Since 7 € Li(R ), it holds

MIFFI() = / e [ / e >dx] "
— M) M)

Note that the Mellin transform M [7](1— z) is defined for all z with Re(z) €
(0,1), provided 7 is bounded at 0. Next, using the fact that

MIe'|(z) = ['(2) [cos(mz/2) + isin(rz/2)] = ['(z)e™/2
for all z with Re(z) € (0,1) (see [13], 5.1-5.2), we get
M[¥Z)(2) = Q(z) - M[P](1 - z),  Re(2) € (0,1),
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where

Qz) = T [ (la))* do. (9)

R
Finally, we apply the inverse Mellin transform to get

1 c+ico
v(z) = o~ M[7](z)z""dz
L M-
S i) Qo " ® 1)

for ¢ € (0,1). The formula (10) connects the weighted Levy density 7 to
the characteristic exponent W, of the process Z and forms the basis for our
estimation procedure.

Remark 1. If 02 is supposed to be unknown, one can estimate it by not-
ing that for a properly chosen bounded kernel w with supp(w) C [1,2] and
I w(u) du =1,

[ vy = o [ K@)
/ /R wn(u) F[7] (uk(z)) K*(z) du dz
o /RIC2<ZE)CZ$

//R+ | (U, K(2)) K*(2) du dx

with wy,(u) = U, w(u/U) and some sequence U, — o00. Suppose that
| F7](u)] < C(1 +uw)™® for all w > 0 and some constants o > 0, C' > 0,
then
K2 ()
| (uU, K ICQxdudatgwoo/ dx — 0
[ (1) K*(x) ol | i

asn — oo. For example, in the case of a one-sided exponential kernel K(x) =
e "I (x> 0), we derive

U,“ a<?2
K*() 1 [ no ’

dr = dz < -2 _
/R(1+Un/qx))a v Un—?/o 1tz F~ Un;z log(Up), a=2,
Un ) o > 2,

as n — Q.



Remark 2. Let us remark on the general case where the jump part of L is
not necessary a subordinator. In this case one can show that

MG ()] () + MZ()] (u)
2

—{M[p Q-2+ MP_](1-2)}

w4

- COS <7> I'(z)- /]R (K(z))** dz

and

M ()] (u) = MTG(=)] (u)
2

— M1 —2) - M[p_](1-2)}
sin (%) (2) - /R (K(2))** da,

where U4 (x) = v(z)-1(x > 0) and v_(z) = v(—x)-1(z > 0). Using the above
formulas, one can express M[U_], M[v4] in terms of M [V (—-)], M[p_]
and apply the Mellin inversion formula to reconstruct v_ and v, .

3.2. Estimation procedure

Assume that the process Z is observed on the equidistant time grid
{A,2A, ..., nA}. Our aim is to estimate the Lévy density v of the process
L. First we approximate the Mellin transform of the function

v = o) - () oI
Un ao " (u 2
M, [W)(1 - 2) ::/0 [i:gug—@:((u))) +02||IC||%2] wdu, (1)
where

1 .
D, (u) := - exp{iZrau}



and a sequence U, — oo as n — oo. Second, by regularising the inverse
Mellin transform, we define

oy LT M=)
Up(z) = 2_771/(;—1\/” Q0 -2 x *dz (12)

for some ¢ € (0,1) and some sequence V,, — oo, which will be specified
later. In the next section we study the properties of the estimate 7, (x). In
particular, we show that 7, (z) converges to 7(x) and derive the corresponding
convergence rates.

4. Convergence

Assume that the following conditions hold.

(AN) For some A > 0 and o € (0,1),7 > 0,c € (0,1) the Lévy density v

fulfills
[ G 1FE )l dy < (13)
/ M M) + )| du < A, (14)
/]R (x V) v(z)dr < A (15)

Theorem 1. Suppose that (AN) holds, K is a nonnegative kernel with IC €
LY(R) N L2(R). Denote D;(u) = (O (1) — ®W)(u))/®(u), j =0,1,2,... Let
for any real valued function f on R, | fll; = sup,e_v, v, |f(w)]. Fiz some
K > 0 and denote

Let €, U, be two sequences of positive numbers such that €, — 0,U, — oo
as n — oo, and moreover

Ke, (1+ 19, ) <1/2.
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Choosing &, and U, in such a way is always possible, since W, (0) = ¢'(0) [ K(s) ds
is finite. Then on the set A the estimate U, () given by (12) with the same
c € (0,1) as in (14) satisfies

1 Q, A
sup {z° |7 (z) —v(2)|} < / —dv+ —e "V,
{lel<vat 1Q( 2

zERy o 1 —c—w)| T
where @ as in (9), V, is a sequence of positive numbers and

Q= 2K, (24 19, + 1951, + 3191,

" <A+ fa_Ac) /R ()] 1+ UK ()] de

Remark 3. Note that in case of supp(v) € Ry, the sum 2 + ||V ||, +
H\IJ’UHén + 3| W, ||y, can be uniformly bounded. Indeed,

|0 (u) — 02u} = l|ip +/ z'xeml/(a:)da:’ < pu —i—/ zv(z)de < p+ A,
R, Ry

by (15). Analogously,

0" (u) —0?| = /R+ r2e™y(x)dr| < /]R+ 2*v(z)dr < A.
Therefore
19, = | [ uk@) - ks <+ 4) K],
R Un
92, = | [ " (wk@) - e < A
R Un

where the integrals in the right-hand sides are bounded due to the assumption

K e LY(R) N L*(R).
Example 1. Consider a tempered stable Lévy process (L) with

vig)=a " e x>0, ne(0,1), A>0. (16)
Since

M[P](2) = A7* T (z =+ 1), Re(z) >n—1,



we derive that (14) holds for all0 < v < w/2 and o > 0 due to the asymptotic
properties of the Gamma function. Furthermore,

Flo)(u) = (u—A)~"*PT(2 —n)
and hence (13) holds for any 0 < a < 2 — n. Moreover, v satisfies (15).

Let us now estimate the probability of the event Ag. The following result
holds.

Theorem 2. Suppose that the following assumptions are fulfilled.
1. The kernel KC satisfies

Z ‘]—"[IC] (%%)‘ < K* (17)
and
(K% K)(A)) < ko |j|™e b Vjiez (18)

for some positive constants K* kg, k1 and ks, such that the all eigenval-
ues of the matriz (I IC)(A(] — k))kjez are bounded from below and
above by two finite positive constants.

2. The Lévy measure v satisfies

/ e y(dr) < Ag
|z|>1

for some R >0 and Agr > 0.

Then under the choice

ey = @-exp (claZUg / (lC(x))2dx)

with C1 = A/2, it holds for any K >0

C /_Un (1/4)—C3K?
]P)<AK> S = nl 4 )
VK log'*(n)
where the positive constants Cy,Cy may depend on K*, Ag and k;, i = 1, 2.

Hence by an appropriate choice of K we can ensure that P(Ax) — 0 as
n — 0.

10



Example 2. Consider the class of symmetric kernels of the form
K(x) = |z[7e ", (19)

where r is a nonnegative integer and p > 0. Let us check the assumptions of
Theorem 2. We have

FIK)(u) =T(r+1)

)r+1 + )TJrl

(u—p (=i —p

and (17) holds. Assumption (18) is proved in Lemma 2.

Corollary 1. Consider again a class of kernels of the form
K(z) = |z|"e*,

where r is a nonnegative integer and p > 0, and assume that the Lévy measure
v satisfies the set of assumptions (AN). Then

Q, S Ke U+ U n— oo

c+3/2 .
J s o)
(ol<va} Q1 — ¢ — )] verl > 1.

As a result we have on Ay

sup {2¢[7n(2) — 7(2)|} SV (e, UL + U %) + e

x6R+

with ¢ = ¢+ 1+ I{r = 0}/2. By taking V,, = »log(U,,) with 3 > «/v and
~1/2

U, = 0log"?(n) for any 0 < (A [(K(x))*>dz)” "7,

and

sup {z¢ |7, (x) — v(x)|} < log_o‘/2(n), n — oo.
zeR
4.1. Discussion
The proof of Theorem 2 is based on some kind of exponential mixing
for the general Lévy-driven moving average processes of the form (1). In
fact, such mixing properties were established in the literature only for the
processes Z corresponding to the exponential kernel function K, see, e.g. [14].

The assumption of Theorem 2 may seem to be strong, but as shown above,
are fulfilled for the family of kernels (19).

11



5. Numerical example

5.1. Simulation.
Consider the integral Z; := [, K(t — s) dL, with the kernel K(z) = eI
and the Lévy process

Lo=LOT{t >0} — L9 1{t < 0},

constructed from the independent compound Poisson processes

VL ka,

where NV, is a Poisson process with intensity A, and &, &, ... are independent
r.v.’s with standard exponential distribution. Note that the Lévy density of
the process L{V is v(z) = e ™.

For k = 1,2, denote the jump times of Lgk) by sgk), sék), ... and the corre-
sponding jump sizes by 5@, fék), ... Then

j=0

In practice, we truncate both series in the last representation by finding a
value 0, 1= maxer, {K(z) > a} for a given level . Let

= 3 ki sg - 3 Ko

keK (1 keK(2)
where
KM .= {k :max(0,t — Tpaz) < S](Cl) <t-+ xmm} ,
K® .= {k 0 < sf) < max(0, —t + meax)} .

For simulation study, we take A = 1, a = 0.01 (and therefore 7., = 6.908).
Typical trajectory of the process Z; is presented on Figure 1.
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0 50 100 150 200 250

Figure 1: Typical trajectory of the process Z; constructed from the compound Poisson
process with positive jumps.

5.2. General idea of the estimation procedure.

In practice the estimation procedure described in Section 3.1 can be
slightly simplified under the assumption that the Lévy process L has no
drift. In this case, one can consider the first derivative of the function ¥, (u)
instead of the second, and get that

MT](z) = Q(2) - M[P](1 - 2), Re(z) € (0,1),
where

O(z) = iT(2) explinz/2} /R (K (2))" da.

The estimation scheme mainly follows the original idea: we first estimate the
Mellin transform of the function W/, and then infer on the Lévy measure v
by applying the Mellin transform techniques. Below we describe these steps
in more details.

Estimation of the Mellin transform of ¥'(-). The most natural

estimate is

Un iquA
M1 = 2) g [ ean(Ziac™e) (20)

0 mean (evZka )

13



abs(Mel)

Figure 2: Absolute values of the empirical (black solid) and theoretical (red dashed) Mellin
transforms of the function ¥’(-) depending on the imaginary part of the argument.

In order to improve the numerical rates of convergence of the integral involved
in (20), we slightly modify this estimate:

mean(Zyaci2) — mean(Z)e™ | u"*du

M V)1 - 2) = 1/5”{

mean (e“Zka )
+ 2I\[(1 — 2) exp{in(1 — z)/2}.

Note that M,,[V’](1 — z) is also a consistent estimate of M[W'](1 — z) (since
mean(Z) — 2)), but involves the integral with better convergence properties.
In our case M[7](z) = AI'(1 + 2), and therefore the Mellin transform of the
function ¥’ is equal to

M) - 2) = G(1 - 2) - MFI(2) = 20217 zf“ +2) im(-a)2,

We estimate M[V'](1 — z) for z = ¢ + ivg, where ¢ is fixed and v, k =
1,..., K, are taken on the equidistant grid from (—V},) to V,, with step § =
2V, /K. Typical behavior of the the Mellin transform M[¥’](1 — 2) and its
estimate M,,[V'](1 — 2) is illustrated by Figure 2.

14
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Figure 3: Boxplot of the estimate R() based on 20 simulation runs.

Estimation of v(z). Finally, we estimate the Lévy density v(x) by
K .
alw) = == S Red ML= €7 100 —terion
2 Q1 —c—iv)

k=1
and measure the quality of this estimate by the L?-norm on the interval
[1,3]:

R(D,) = /1 (0 (2) — v(x))” de.

To show the convergence of this estimate, we made simulations with different
values of n. The parameters U,, and V,, are chosen by numerical optimization
of R(7,). The results of this optimization, for different values of n, as well
as the means and variances of the estimate 7, based on 20 simulation runs,
are given in the next table.

n Up | Vo || mean (R(#,)) | Var (R(%,))
1000 | 04| 1.1 0.0109 1.62%107°
5000 | 04 | 1.2 0.0079 9.07 x10°°
10000 | 0.5 | 1.3 0.0063 6.56 x 10~°
20000 | 0.3 | 1.3 0.0023 9.15% 1077

15



The boxplots of this estimate based on 20 simulation runs are presented on
Figure 3.

Appendix A. Proof of Theorem 1

Denote G;(u) = \Il((,],)l(u) — \If((,j)(u), Jj =1,2, where

2,2

U, (u) = log @, (u) + 02u /RICQ(x) d.

Then
Gh(u) ='&uﬂ12§8fuw, (A.1)
(W (w) + (W, (u)* + W, (u)G1(u)) Do(u)
GQ(U) - 1+D0(u)
2V (u) + G1(u)) Di(u) Ds(u)
B R T N
We have

x ?dz

L[ M — ) — M - 2)
) -ve) = o [ i
1

271—1 c—iVi,
- M[P)(c + iv) 2~ doy
27T J{jolzva)

and
_ _ 1 Ri(v) + Ra(v)
¢ (U, (x) —7v(x)) = — -~z "V dv
T -T@) = oo e
1 .
—— M[P](c+iv)x " dv, (A.3)
270 J ol =i}
where
Un .
Ry (v) :—/ Go(u)u " du
0
and

Ry(v) == —/ U (u)u™ " du.

16



We have on Ag, under the assumption Ke,(1 + W, ) < 1/2, that the
denominator of the fractions in G; and G5 can be lower bounded as follows:

i 14+ D >1— D >1— Ke, >1/2.
ue[r_nUlgU7L]| + Do(u)| > ue[r_nngn]\ o(u)] > >1/

Therefore,

IGhlly, < 2Ken (1+[[ly,) <1

IGally, < 2820 (14 1900y, + (202,
+ (1 + ||\I/;||Un) ||G1 Un +2 ||\I’;

v.)

U’VL) :

Thus

[Ry(0)] < 2KU e, (24 W5y, + W51, + 3119,

Since

vy~ - [ " Ka) - FIRl(uk(a) de,

o0

it holds for any z € C

/io V(W dy = —/oo K2(z) { Oo]:[p]m;c(x))u—z du} i

[eS) Un

_ / Z K@)+ [ /U ;(x) Fp)(w)o dv} dz.

Next, for any fixed z € R, we can upper bound the inner integral in the
right-hand side of the last formula:

/ T AR do

UnK ()

< (14 UK(x)™ / R (1 4 0)? | Flpl(v)] do.
0
Due to (13) we get that for any z with Re(z) € (0, 1) it holds
)

/OOO v RO+ 0 (P o < s+ A

17



with § = 2% fR+ r?v(z)dr < 2*A due to (15). Finally, we conclude that

/ o (y)y dy‘ < <1——c + A)

« /R ()] (1 + UnKo(a)) ™ da.

|Ra(v)] =

Now an upper bound for the last term in (A.3) follows from the assumption
on the Mellin transform of the function v. Indeed, since (14) is assumed, it
holds

‘/ M([7](c + iu) 27 du
{lul=Vn}

< e / Vo M) (c + )| du < Ae=Vn.
{lul=Va}
This observation completes the proof.

Appendix B. Proof of Corollary 1

For the sake of simplicity we consider the case p = 1. We divide the proof
into several steps. For the sake of simplicity we assume that either the kernel
K is symmetric or is supported on R, so that it suffices to study the integral
over R,.

1. Upper bound for A, = fR+ [K(m)]cH [1+U,K(z)] " dz. Note that the
function K(x) = 2"e~* has two intervals of monotonicity on R,: [0, 7] and
[r,00). Denote the corresponding inverse functions by ¢, : [0,77e™"] — [0, 7]

18



and go : [0,7"e”"] — [r,00). Then

A = ( /0 "y / Oo) (@) 1+ Unk()] ™ da

where G(-) = ¢1(-) — ¢5(-). In what follows, we separately analyze the sum-
mands J; and Js.

1a. Upper bound for J,.. Clearly, the behavior of the function G(-) at
zero is crucial for the analysis of J;. Since K(g,(y)) = y for any y € [0,r"e™"],
we get g1(0) = 0 and moreover as y — 0,

1 1 1

J— ~

a(y) = K'gi(y) [ te=a® (r —gi(y)) ~ rlg(y)] L

Analogously, due to K(g2(y)) = y for any y € [0,7"e~"], we conclude that
lim, 0 g2(y) = 400, and as y — 0

1
[92(y)]""te=920) (r — ga(y))

95(y) =
—1 1 1

~ J— —

T ey)]ree® T Kga(y) oy

For further analysis of the asymptotic behaviour of g;(-) we apply the
asymptotic iteration method. We are interested in the behaviour of the
solution g;(y) of the equation




as y — 0. Note that the distinction between the solutions is in the asymptotic
behaviour as y — 0: ¢1(y) — 0, g2(y) — oo. Let us iteratively apply the
recursion

Ont1 = @ J(n) = Pn® Y n=12
n+l — ¥n — — ¥n 1 5 = 1,4,...
f'(on) rte=n (1 — )

Motivated by the power series expansion of the function e™* at zero,

- 1
e = " — :L,T+1 4 EerrQ +0($r+2),

we take for the initial approximation of ¢;(y), the function ¢y = y*/". Then

e_yl/”' —
1/r Y Y
y(T—l)/re—yl/T (r — yl/T)

7y1/'r _ 1
— yl/f“ 1 — f/T
T =y

= y"+ 0@y,

e1y) =y

Finally, we conclude that as y — 0,

Gy) L 14 o(1) + 2 (14 0(1)) :§<1+o(1)).

- ry(r_l)/T Y

Therefore .J; can be upper bounded as follows:
1
Jl S CgUnCI/ yc (1 -+ y)_a (1 —+ O(l)) dy
0

The integral in the right-hand side converges iff fol y°dy < oo. Since ¢ €
(0,1), we get J; S U, L.

1b. Asymptotic behaviour of J;. Analogously, the asymptotic behavior
of Jy crucially depends on the behavior of G(y) at the point y = r"e™". Note
that as y — r"e™",

, 1 1 C

9:(y) = K'(g1(y)) - lgr ()]~ te=9c W) (r — g (y)) - r— gr(y)
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xT

for k = 1, 2. Taking logarithms of both parts of the equation z"e™* = y and
changing the variables u = x —r and 6 = r"e™" — y, we arrive at the equality

u = rlog (1 + ;) — log (1 — wg—r) :

Consider this equality as v — 0 and 6 — 04, we get

u:r(z_lfﬁ) L0 L 0@®) o),

rr-’l"e—’l"

and therefore
u=+V2i-rer V5 + 0 (6) + O(u??)
corresponding to the functions ¢; and g,. Finally, we conclude

CV2 1 .

~ T,
= \/rlfreT \/7"7"6_7” — y7 ) —re ,

|G(y)|

and therefore

r"e”"Up,
J2 ~ Un—c—3/2/ yc+1 (1_‘_y)7o¢.
1

We change the variable in the last integral:

rre U, — 1 re U 4 1—7r"e"U,
2= — =r"e U, + ———,
rre="U, —y’ Y 22

and get with [7n =r"e"U,

~ c+1
oo [ 1—
J2 = Unc3/2/ (Un + 2Un>
1 z

.<1+(7n+ﬂ> e AT,

1

——dy.
Vvrre U, — vy Y

22

Therefore,

Ty = CuU-e=3/27e+1 (ﬁn + 1)7 U,—1, n— oo,

«a

with some constant C'y > 0 and we conclude that J, < CsU,, “ as n — oc.

— mi 1 _
To sum up, A, < Uy, min(a,e+l) _ U, “asn — oo.
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2. Upper bound for H, := f{\v|<Vn} 1Q(1 — ¢ — )| " dv. Recall that
6—7rv/2

H, = / | Civ
wi<viy [D(1 = e =) - | fy (K()) " da
Note that for our choice of the function /C(-), it holds for any z € C

/ (K(2))" do =2 / (a"e ™) *dx = 2 { lim / ume_“du} ),
R Ry R—+o00 vr(2)

where g (2) is the part of the complex line {(z Re(z),zIm(2)), = € [0, R]}.
Note that due to the Cauchy theorem, for any z with positive real part

dv

/ uFe du = lim uFe "du+ lim uFe "du (B.1)
Ry o400 Jyn(2) Rtoo Jop

with cg = {(Rcos(f), Rsin(#)), 0 € (0,arctan(Im(z)/ Re(z))}. Since the
last limit in (B.1) is equal to 0, we conclude that

/ (K(x))chlJriv dr = 9 F(’I"(C + 1) +14 iUT) . 6—(r(c+1)+1+ivr)-log(c+1+iv)‘
R

Next, using the fact that there exists a constant C' > 0 such that |['(a+iB3)| >
C|B|*=1/2e=18I7/2 for any o > —2,|8| > 2 (see Corollary 7.3 from [15]), we
get that

—7v/2

e
<
IT(1—c—iv)| — !

c—1/2
)

and moreover
/ (K(m))cﬂm e ID(r(c+1) + 1+ ivr)|
R

((c+1)2+ Ug)(r(c+1)+1)/2 e—vrarctan(v/(c+1))

The asymptotic behavior of the last expression depends on the value r. More
precisely,

C(U,,.)r(8+1)+1/26—v'r7r/2 -~ U_1/2
((C+1)2+U2)(T<C+1>+1)/26—v7‘arctan(v/(c+1)) ?
c+1+iv .
[ @) ~ tr=12,..
R . '
v, if r=0.

as v — +oo. Finally, we conclude that H, < Vet if r = 1,2,..., and
H, <V i p = 0.
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Appendix C. Mixing properties of the Lévy-based M A processes

Theorem 3. Let (L;) be a Lévy process with Lévy triplet (u, o2, v), where
o > 0 and supp(v) C R,. Consider a Lévy-based moving average process of
the form

ZSI/IC<S—t)st, s>0
with a nonegative kernel K. Fiz some A > 0 and denote
ZS = <ZjA)j€S

for any subset S of {1,...,n}. Fiz two natural numbers m and p such that
m+p < n. For any subsets S C {1,...,m} and " C {p+m,...,n}, let g
and g be two real valued functions on RIS and RIS satisfying

rnax{“e’Rg'g’ Nle B g } < 00
L Lt
for some Rg € R‘f‘and Rg € le,l, and denote C, := Heng'g‘ o G_R;'Ql .
Suppose that the Fourier transform K of K fulfils
K" = j:zoo K (277%)‘ < o0

and

/ Ty (de) < Ap-

lz|>1

for R* = W. Then
|Cov (9(Zs),d'(Zs))| < CrC,max (K %K) (IA) (C.1)

ll|>p

X / lusus: — iRsus||” exp (=0 Asusr (u)) dusus,

where As(u) == > g uru; (KK x K)(A(k — j)) for any u € R" and Cr =
exp(0®Asusi(Rsus))-
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Proof. We have for any S C {1,...,n}

exp( Zuj JA+ZR ZJA>

jeSs jeSs

= eXp(/w< )’C(t—JA)> dt>,

where ug := (u; € R, j € S) and Rg := (R; € Ry, j € 5), provided

E |exp (Z R]-ZjA)
JjeS

Denote for any subsets S C {1,...,m} and S’ C {p+m,...,n},

(I)S(US — IRS)

D(US - iRs, usr — iRS/)
= (I)S',S’ (US - iRs, usr — iRS/) - (I)S(US - iRs)(I)S/(uS/ - iRS/)7

where it is assumed that

exp( Z R;Z >
jesus’

Then using the elementary inequality |e* — e¥| < (|e*| V |eY|) |y — 2|, y, 2z €
C, we derive
]D(us — iRS, usr — iRS/)’
< {|<I>SS/(US - iRS, usr — IRS/)| V |CI)5(US - iRs)(I)S/<uS/ - IRS/)’} X

‘/{ ( —iR;) K(z —J'A)> — (Z (u; —1R;) K(x —JA)>

JeS

- (Z (u; —iR;) K(z —jA))} da|.

jeS’
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Due to Lemma 1 and the Poisson summation formula, we derive

|D(US - iRS, usr — IRS/>|
S {|(I)S,S/(US — iRS,uS/ — IRS/)’ V ’@S(U,S — iRS)q)S/(uS/ — IRS/)|} X

[Z D —iRi) (u; = 1R;)| (K% K) (( = DA)

jES les’
Yl Rl oo K
/ e A w(dy).

We have
Cov (9(Zs),d'(Zs))
/|S /'S’ 'ISI (pS7S/(xS)xS')_ps(xs)ps’/(xs/)) dgjsde,

and the Parseval’s identity implies

1 . .
Cov(9(Zs),9(Zs)) = W/Rls /Rs’ g(iRs — ug)g(iRs — ugr).
XD(US — iRS, usr — iRS/) dUS dU,S/7

g stands for the Fourier transform of g. Hence

|Cov (9(Zs),9'(Zs))|
(@F

1Rc o , , ,

—(271' 1S1+157] /Rls el ’D(’LLS le,uS IRS )’ dug dus .

Furthermore, for any set S € {1,...,n}, we have
/w ( R;)K(s —jA)) ds < —0°Xs(u) + o*As(R).
JES
As a result
|®@s(us — iRs)| < Crexp (—o*As(u))

and
|D(us —iRs, ug — iRs)| < max(KxK)(1A)Y Y " |(u —iRy) (u; — iR;)|

l>
t>p JES les’

Cr exp (—0‘2)\5U5/(u)) :
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Lemma 1. Set

0e) = [ (explea) ~ 1ute)

for any z € C, such that the integral f|l, exp(Re(2)x)v(dx) is finite. Then

[>1

[Y(21 + 22) — (21) — (22)] < 2|21 |22 / e etz Re(z2))y (dg)

provided the integral [ z?e*®eCGUFREDy (dg) s finite.

Proof. We have
Y21+ 22) — P(21) — P(22)

= /Ooo(exp((zl + 29)x) — exp(z1x) — exp(z97) + 1)v(dx)

= /Ooo(exp(zlzr;) — 1) (exp(zox) — 1)v(dx).

Since
lexp(z) — 1] = ‘eRe(z)e“m(z) — 1|
‘eRe(z) (eilm(z) o 1) + eRe(z) . 1|
S ]Im(z)| eRe(z) + |6Re(z) . 1‘
< ([Re(z)| + [Im(2)]) "
S \/i ’Z' eRe(z),
we get

V(21 4 22) = p(21) —d(22)] < / lexp(z12) — 1] lexp(zo2) — 1] v(dx)
0
< 2 |Zl| |22‘ /I2€m(Re(zl)+Re(22))l/(d.T).
0

Lemma 2. Let K(z) = |z|"e Pl*l with some r € NU {0} and p > 0. Then

(KxK)(AK —j))
(K+K)(0)

< ko (j — k)frem2U=R (C.2)
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for all j > k with ke = Ap, k1 =2r + 1, and

_ (2r+3) AGEE o (1 +m)! —m
Rog = 9 max 7, mmoaxr C’r‘ W(QPA)

with C™ = (). Moreover, all eigenvalues of the matriz (K « K)(A(k —
7)))kjez are bounded from below and above by two finite positive numbers,
provided ko (equivalently p) is large enough.

77777

Proof. We have

(K*K)(0) =2 / r¥ e dr = 2(2p) "0 (2r + 1)
0

and
/R K s (0)C an () do = ( /_ ik+ /A jj+ /A jo) s (0)K g (0) o

= Il +IQ—|—]3,

where ICi(s) := K(s — t), Vs,t € Ry . In the sequel we separately consider
integrals Iy, Is, I3. We have

I, = / (v — AJ) (v — Ak) e 2ot Rel+h) gy
Aj

= / U (u+ A(j — k) e e rAUTR) gy,
R4

= e_pA(j_k)/ u” (Z CMu™ (A5 — k))r_m) e 2y
Ry

m=0

r—m

r A - - -
Z C;n(T + m)'WU — k)T m] e PA(7 :Iﬁ)7
m=0 P

because [, u"""e *Udu = 2= MmN (r 4 4 1) = (2p) D (r 4 m)L.

Aj '

L= / = (v = Aj) (0 — AR e=P2U-Pgy
Ak

A2+

<
— 227“

(] . k>2r+1 e—pA(j—k;)

)
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because maximum of the quadratic function f(v) :== — (v — Aj) (v — Ak) is
attained at the point v = A (k + j) /2 and is equal to (A2/4) (j — k)*.
Ak
o= [ @k oy e -

—00

= / (u+ A(j — k) ue 2= PAUR gy = T,
Ry

Next, the well-known Gershgorin circle theorem implies that the minimal
eigenvalue of the matrix ((IC* IC)(A(k — j)))k, jez is bounded from below by

(K+K)(0) =2 (K+K)(1) = (K*K)( [1—2@2%1—@1].

>0 >0

Note that for any natural number x; > 0

dr e "
lnl —Kal = (=1 K1
Z ‘ (=1) dzrt (1—6_:5)

>1

T=Kg

Hence the minimal eigenvalue of the matrix ((IC x IC)(A(k — 7))k jez is
bounded from below by a positive number, if ko is large enough. Anal-
ogously the maximal eigenvalue of the matrix ((K x IC)(A(k — 7))k jez is
bounded from above by

(K+K)(0) +2) (KxK)(1) = (K+K)(0

>0

L+ 269 » 1% —“zl]

>0

which is finite. O

Appendix D. Proof of Theorem 2

The rest of the proof of Theorem 2 basically follows the same lines as the
proof of Proposition 3.3 from [16]. First note that

max [®n () = $(u)] <exp {0102[]3 /R(IC(x)fdx}- max

u|<Un |D(u)] u|<Up

©,, (u) =P (u)
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for n large enough. Next, we separately consider the real and imaginary parts
of the difference between ®,,(u) and ®(u). Denote

n

Sn(u) :=nRe (P, (u) — P(u)) = Z [cos (uZa) — E [cos (uZa)]]

k=1

Since Sy, (u) is a sum of centred real-valued random variables, bounded by 2
and satisfying (C.1) with (C.2), there exist a positive constant ¢; such that

—c2?

P{]S,(u)] zx}gexp{ }, Vx>0, (D.1)

2n + xlog(n) loglog(n)

see Theorem 1 from [17]. In order to apply now the classical chaining argu-
ment, we divide the interval [-U,,U,] by 2J equidistant points (u;) =: G,
where u; = U,(—=J +7)/J, j=1,...,2J. Applying (D.1), we get for any
z >0,

2
—C1T

P S (u) > 2/2% <27 . (D2

{gjlg}gd () 2 =/ } = /D {8n+ 2z log(n) loglog(n)} (D-2)

Note that for any u € [-U,,U,| there exists a point u* € G such that
|lu —u*| < U,/J and therefore for all k € 1,...,n,

|cos(uZia) — cos(w* Zga)| < | Zgal - |u —u*| < |Zgal - U/ J.

Next, we get

IP’{ max |S,, (u)| > x}

[u|<Un

< P{%% 1S, (uy)| > x/2} +P{§n: (1Zkal + E[| Zgal]) Un/ T > x/2}.

k=1

Applying (D.2) and the Markov inequality, we arrive at

IP’{ max |S,(u)| > a:}
|u|<Un

2
—C1T 4U,

<2J E|Z

= /D {Sn + 2z log(n) log log(n)} iyl 2l
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where E[|Za]] < (E[|Za]?])"/? is finite due to (6). The choice

= floo 1z’
B ' 8n + 2z 1og(n) loglog(n) | |’

where floor(-) stands for the largest integer smaller than the argument, leads
to the estimate

2
IP’{ max |S,(u )\Z:U} < o Unnexp{ ar }

u|<U, x 16n + 4z log(n) log log(n)

U.n —cy?
S Co ; { ’Ii }7

which holds for n large enough with ¢ = 2 (1 +E[|ZAl]),c3 = ¢1/17, pro-
vided < n'~ with some € > 0. Finally,

P{|$3£|S (u)| = x}
Re (W)’ > %exp {C’laQUf/R(IC(x))de}}.

Therefore, the choice

x = Knexp {—0102[]3 /(IC(x))Qd:C} en/2 = Ky/nlog(n)/2
R
with any positive K leads to

o o (55 - )< B ™

-2
Since the same statement holds for the imaginary bound of (®,,(u) — ®(u)) /P (u),
we arrive at the desired result.

ZP{maX

[ul<Un
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