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LOCALLY ADAPTIVE CONFIDENCE BANDS*

By TiM PATSCHKOWSKI AND ANGELIKA ROHDE

Ruhr-Universitat Bochum and Albert-Ludwigs- Universitat Freiburg

We develop honest and locally adaptive confidence bands for probabil-
ity densities. They provide substantially improved confidence statements in
case of inhomogeneous smoothness, and are easily implemented and visual-
ized. The article contributes conceptual work on locally adaptive inference
as a straightforward modification of the global setting imposes severe obsta-
cles for statistical purposes. Among others, we introduce a statistical notion
of local Holder regularity and prove a correspondingly strong version of lo-
cal adaptivity. We substantially relax the straightforward localization of
the self-similarity condition in order not to rule out prototypical densities.
The set of densities permanently excluded from the consideration is shown
to be pathological in a mathematically rigorous sense. On a technical level,
the crucial component for the verification of honesty is the identification
of an asymptotically least favorable stationary case by means of Slepian’s
comparison inequality.

1. Introduction. Let Xy,...,X,, be independent real-valued random vari-
ables which are identically distributed according to some unknown probability mea-
sure P, with Lebesgue density p. Assume that p belongs to a nonparametric function
class P. For any interval [a,b] and any significance level o € (0,1), a confidence
band for p, described by a family of random intervals C, (¢, @), t € [a, b], is said to
be (asymptotically) honest with respect to P if the coverage inequality

. . ®n >1_
llrnnlnf;g?f3 P, (p(t) € Cp(t,o) for all t e [a,b]) >1—«

is satisfied. The aim of this article is to develop honest confidence bands C,, (¢, ), t €
[a,b], with smallest possible width |C,,(t,«)| for every t € [a,b]. Adaptive confi-
dence sets maintain specific coverage probabilities over a large union of models
while shrinking at the fastest possible nonparametric rate simultaneously over all
submodels. If P is some class of densities within a union of Hoélder balls H(3, L)
with fixed radius L > 0, the confidence band is called globally adaptive, cf. Cai and
Low (2004), if for every 8 > 0 and for every £ > 0 there exists some constant ¢ > 0,
such that

limsup  sup PP | sup |Cn(t,a)| >c-r(B) | <e.
n pEH(B,L)NP t€la,b]
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Here, 7,(8) denotes the minimax-optimal rate of convergence for estimation under
supremum norm loss over H(3, L) N P, possibly inflated by additional logarithmic
factors. However, if P equals the set of all densities contained in

U #.1),

0<B<p*

honest and adaptive confidence bands provably do not exist although adaptive
estimation is possible. Indeed, Low (1997) shows that honest random-length inter-
vals for a probability density at a fixed point cannot have smaller expected width
than fixed-length confidence intervals with the size corresponding to the lowest
regularity under consideration. Consequently, it is not even possible to construct
a family of random intervals C,, (¢, «),t € [a,b], whose expected length shrinks at
the fastest possible rate simultaneously over two distinct nested Holder balls with
fixed radius, and which is at the same time asymptotically honest for the union P
of these Holder balls. Numerous attempts have been made to tackle this adapta-
tion problem in alternative formulations. Whereas Genovese and Wasserman (2008)
relax the coverage property and do not require the confidence band to cover the
function itself but a simpler surrogate function capturing the original function’s
significant features, most of the approaches are based on a restriction of the pa-
rameter space. Under qualitative shape constraints, Hengartner and Stark (1995),
Diimbgen (1998, 2003), and Davies, Kovac and Meise (2009) achieve adaptive in-
ference. Within the models of nonparametric regression and Gaussian white noise,
Picard and Tribouley (2000) succeeded to construct pointwise adaptive confidence
intervals under a self-similarity condition on the parameter space, see also Kueh
(2012) for thresholded needlet estimators. Under a similar condition, Giné and
Nickl (2010) even develop asymptotically honest confidence bands for probability
densities whose width is adaptive to the global Hélder exponent. Bull (2012) proved
that a slightly weakened version of the self-similarity condition is necessary and suf-
ficient. Kerkyacharian, Nickl and Picard (2012) develop corresponding results in the
context of needlet density estimators on compact homogeneous manifolds. Under
the same type of self-similarity condition, adaptive confidence bands are developed
under a considerably generalized Smirnov-Bickel-Rosenblatt assumption based on
Gaussian multiplier bootstrap, see Chernozhukov, Chetverikov and Kato (2014a).
Hoffmann and Nickl (2011) introduce a nonparametric distinguishability condition,
under which adaptive confidence bands exist for finitely many models under con-
sideration. Their condition is shown to be necessary and sufficient.

Similar important conclusions concerning adaptivity in terms of confidence state-
ments are obtained under Hilbert space geometry with corresponding L2-loss, see
Juditsky and Lambert-Lacroix (2003), Baraud (2004), Genovese and Wasserman
(2005), Cai and Low (2006), Robins and van der Vaart (2006), Bull and Nickl
(2013), and Nickl and Szabé (2016). Concerning LP-loss, we also draw attention to
Carpentier (2013).

In this article, we develop locally adaptive confidence bands. They provide sub-
stantially improved confidence statements in case of inhomogeneous smoothness.
Conceptual work on locally adaptive inference is contributed as a straightforward
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modification of the global setting imposes severe obstacles for statistical purposes.
It is already delicate to specify what a ”locally adaptive confidence band” should
be. Disregarding any measurability issues, one possibility is to require a confidence
band Cy o = (Ch,a(t))ie[o,) to satisfy for every interval U C [a,b] and for every 3
(possibly restricted to a prescribed range)

lim sup sup PE" (|Cn,a(t)| = nrn(B) for some t € U) — 0
n— 00 peEP:
plus €HuUg (B,L™)

as n — 0o, where Uy is the d-enlargement of U. However, this definition reflects a
weaker notion of local adaptivity than the statistician may have in mind. On the
other hand, we prove that, uniformly over the function class PP under consideration,
adaptation to the local or pointwise regularity in the sense of Daoudi, Lévy Véhel
and Meyer (1998), Seuret and Lévy Véhel (2002) or Jaffard (1995, 2006) is impos-
sible. Indeed, not even adaptive estimation with respect to pointwise regularity at
a fixed point is achievable. On this way, we introduce a statistically suitable notion
of local regularity 8, ,(t),t € [a,b], depending in particular on the sample size n.
We prove a corresponding strong version of local adaptivity, while we substantially
relax the straightforward localization of the global self-similarity condition in order
not to rule out prototypical densities. The set of functions which is excluded from
our parameter space diminishes for growing sample size and the set of permanently
excluded functions is shown to be pathological in a mathematically rigorous sense.
Our new confidence band appealingly relies on a discretized evaluation of a modified
Lepski-type density estimator, including an additional supremum in the empirical
bias term in the bandwidth selection criterion. A suitable discretization and a lo-
cally constant approximation allow to piece the pointwise constructions together in
order to obtain a continuum of confidence statements. The complex construction
makes the asymptotic calibration of the confidence band to the level o non-trivial.
Whereas the related globally adaptive procedure of Giné and Nickl (2010) reduces
to the limiting distribution of the supremum of a stationary Gaussian process, our
locally adaptive approach leads to a highly non-stationary situation. A crucial com-
ponent is therefore the identification of a stationary process as a least favorable case
by means of Slepian’s comparison inequality, subsequent to a Gaussian reduction
using recent non-asymptotic techniques of Chernozhukov, Chetverikov and Kato
(2014b). Due to the discretization, the band is computable and feasible from a
practical point of view without losing optimality between the mesh points. Our
results are exemplarily formulated in the density estimation framework but can be
mimicked in other nonparametric models. To keep the representation concise we
restrict the theory to locally adaptive kernel density estimators. The ideas can be
transferred to wavelet estimators to a large extent as has been done for globally
adaptive confidence bands in Giné and Nickl (2010).

The article is organized as follows. Basic notations are introduced in Section 2.
Section 3 presents the main contributions, that is a substantially relaxed local-
ized self-similarity condition in Subsection 3.1, the construction and in particular
the asymptotic calibration of the confidence band in Subsection 3.2 as well as its
strong local adaptivity properties in Subsection 3.3. Important auxiliary results are
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postponed to Section 4, whereas Section 5 presents the proofs of the main results.
Appendix A contains technical tools for the proofs of the main results.

2. Preliminaries and notation. Let Xi,...,X,, n > 4, be independent
random variables identically distributed according to some unknown probability
measure P, on R with continuous Lebesgue density p. Subsequently, we consider
kernel density estimators

1 n
() = = S K (X — -
) = DK (X )
with bandwidth A > 0 and rescaled kernel K,(-) = h™'K(-/h), where K is a
measurable and symmetric kernel with support contained in [—1, 1], integrating to
one, and of bounded variation. Furthermore, K needs to be of order [ € N, that is

/ij(x)dx:O for 1 <j<lI, /J;Z'HK(x)dx:c with ¢ # 0.

For bandwidths of the form h = 277,j € N, we abbreviate the notation writing
Pn(-sh) = pp(-,j) and K;, = K;. The open Euclidean ball of radius r around
some point ¢ € R is referred to as B(t,r). Subsequently, the sample is split into
two subsamples. For simplicity, we divide the sample into two parts of equal size
n = |n/2], leaving possibly out the last observation. Let

x1=1{X1,..., Xa}, xo={Xas1,..., Xon}

be the distinct subsamples and denote by ﬁﬁﬂ) (-,h) and ]5%2)(~, h) the kernel density
estimators with bandwidth h based on x; and x2, respectively. EX', EX?, and EX
denote the expectations with respect to the product measures

Py' = joint distribution of X, ..., Xz,

Px? = joint distribution of X7 11,..., Xoz,
X — p®2n _ px X
Pp - Pp - Ppl ® sz’
respectively.
For some measure @, we denote by || - ||»(@) the LP-norm with respect to Q. Is
@ the Lebesgue measure, we just write || - ||,, whereas || - ||sup denotes the uniform

norm. For any metric space (M,d), we define the covering number N(M,d,¢) as
the minimum number of closed balls with radius at most ¢ (with respect to d)
needed to cover M. As has been shown by Nolan and Pollard (1987) (Section 4 and

Lemma 22), the class
IC{K<ht> :teR,h>O}

with constant envelope || K ||sup satisfies

_A v
@) N Kl ekl < (£) . 0<e<1 =1
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for all probability measures @ and for some finite and positive constants A and v.
For k € N we denote the k-th order Taylor polynomial of the function p at point
y by P;k. Denoting furthermore by |8] = max{n € NU {0} : n < 8}, the Holder
class Hy () to the parameter 8 > 0 on the open interval U C R is defined as the
set of functions p : U — R admitting derivatives up to the order || and having

finite Holder norm

LA (18)) (18))
_ (k) . lp (z)—p (v)]
pllg,u = p U + sup < 00.
ol s, g:o P gy |z — y|P—15]
TFY

The corresponding Holder ball with radius L > 0 is denoted by Hy (8, L). With
this definition of || - ||g,u, the Holder balls are nested, that is

Hu (B2, L) C Hu (B, L).

for 0 < B1 < B2 < o0 and |U| < 1. Finally, Hy (oo, L) = s Hu (B, L) and
Hu (00) = s Hu(B). Subsequently, for any real function f(5), the expression
f(o0) is to be read as limg_,o f(B), provided that this limit exists. Additionally,
the class of probability densities p, such that pjyy is contained in the Holder class
Hu (B, L) is denoted by Py (8, L). The indication of U is omitted when U = R.

3. Main results. In this section we pursue the new approach of locally adap-
tive confidence bands and present the main contribution of this article. A notion of
local Holder regularity tailored to statistical purposes, a corresponding condition of
admissibility of a class of functions over which both asymptotic honesty and adap-
tivity (in a sense to be specified) can be achieved, as well as the construction of the
new confidence band are presented. As compared to globally adaptive confidence
bands, our confidence bands provide improved confidence statements for functions
with inhomogeneous smoothness. Figure 1 illustrates the kind of adaptivity that
the construction should reveal. The shaded area sketches the intended locally adap-
tive confidence band as compared to the globally adaptive band (dashed line) for
the triangular density and for fixed sample size n. This density is not smoother
than Lipschitz at its maximal point but infinitely smooth at both sides. The region
where globally and locally adaptive confidence bands coincide up to logarithmic
factors (light gray regime in Figure 1) should shrink as the sample size increases,
resulting in a substantial benefit of the locally adaptive confidence band outside of
a shrinking neighborhood of the maximal point.

Fic 1. Comparison of locally and globally adaptive confidence bands



3.1. Admissible functions. As already pointed out in the introduction, no
confidence band does exist which is simultaneously honest and adaptive. It is nec-
essary to impose a condition which guarantees the possibility of recovering of the
unknown smoothness parameter from the data. The subsequently introduced no-
tion of admissibility aligns to the self-similarity condition as used in Picard and
Tribouley (2000) and Giné and Nickl (2010) among others. Their self-similarity con-
dition ensures that the data contains enough information to infer on the function’s
regularity. As also emphasized in Nickl (2015), self-similarity conditions turn out to
be compatible with commonly used adaptive procedures and have been shown to
be sufficient and necessary for adaptation to a continuum of smoothing parameters
in Bull (2012) when measuring the performance by the L*>-loss. Giné and Nickl
(2010) consider globally adaptive confidence bands over the set

(3.1)
U {p € P(ﬁvL) :p >0 on [_Eal +€]7 2]% < ||K7 *p_pHsup for all j > ]0}
Bx<B<B*

for some constant ¢ > 0 and 0 < € < 1, where 8* = [ 4+ 1 with [ the order of the
kernel. They work on the scale of Holder-Zygmund rather than Hoélder classes. For
this reason they include the corresponding bias upper bound condition which is not
automatically satisfied for § = 8* in that case.

REMARK 1. As mentioned in Giné and Nickl (2010), if K(-) = 11{- € [-1,1]}
is the rectangular kernel, the set of all twice differentiable densities that are sup-
ported in a fixred compact interval [a,b] satisfies (3.1) with a constant ¢ > 0. The
reason is that due to the constraint of being a probability density, ||p"||sup s bounded
away from zero uniformly over this class, in particular p” cannot vanish everywhere.

A localized version of the self-similarity condition characterizing the above class
reads as follows.

For any nondegenerate interval (u,v) C [0, 1], there exists some 3 € [, 8*] with
Pl(uw) € Puw) (B, L*) and

(3.2) ¢ 270 < sup [(Kj xp)(s) = p(s)|
s€(ut+2-7,v—-2-79)

for all j > jo V1ogy(1/(v — uw)).
REMARK 2. Inequality (3.2) can be satisfied only for
B =Bp(U) =sup{B € (0,00 : py € Hu(B)}-
The converse is not true, however.

(i) There exist functions p: U — R, U C R some interval, which are not Hélder
continuous to their exponent B. The Weierstraf§ function W1 : U — R with

Wi() = Z 27" cos (2" -)
n=0
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is such an example. Indeed, Hardy (1916) proves that
1
Wi(x +h) — Wi(z) =0 <|h| log <|h|>) )

which implies the Holder continuity to any parameter 3 < 1, hence B > 1. Moreowver,
he shows in the same reference that Wi_is nowhere differentiable, meaning that it
cannot be Lipschitz continuous, that is 8 =1 but W1 ¢ Hy(B).

(ii) It can also happen that pjy € Hy(B) but

|p(LBJ)(x) — p(BD (y)]

3.3 limsup sup =~ =0,
(3 60 Ja—yl<s  |v—ylPoLA)
z,yelU

meaning that the left-hand side of (3.2) is violated. In the analysis literature, the
subset of functions in HU(B) satisfying (3.3) is called little Lipschitz (or little
Hélder) space. As a complement of an open and dense set, it forms a nowhere
dense subset of Hy ().

Due to the localization, a condition like (3.2) rules out examples which seem to
be typical to statisticians. Assume that K is a kernel of order [ with [ > 1, and
recall 8* = [+ 1. Then (3.2) excludes for instance the triangular density in Figure 1
because both sides are linear, in particular the second derivative exists and vanishes
when restricted to an interval U which does not contain the maximal point. In
contrast to the observation in Remark 1, ||p”||y may vanish for subintervals U C
[a, b]. For the same reason, densities with a constant piece are excluded. In general,
if p restricted to the 27J0-enlargement of U is a polynomial of order at most [, (3.2)
is violated as the left-hand side is not equal to zero. In view of these deficiencies, a
condition like (3.2) is insufficient for statistical purposes.

To circumvent this deficit, we introduce || - ||5,5+,v by
p (x) —p (v)]
(3-4) Ipllg,-0 = p®| + sup -
B8 ];) || HU I’y;EU ‘x—y|ﬂ-[5/\5 ]
Ty

for 8 > 0 and for some bounded open subinterval U C R. As verified in Lemma A .4,
Ipllg.gxv < |- gy, for 0 < B1 < By < oo and |U| < 1. With the help of
|- lg.+,u, we formulate a localized self-similarity type condition in the subsequent
Assumption 3.1, which does not exclude these prototypical densities as mentioned
above. For any bounded open interval U C R, let Hg+ (8, L) be the set of func-
tions p : U — R admitting derivatives up to the order |8 A 8* ] with ||p||g,g«.v < L.
Moreover, Hg« y(B) is the set of functions p : U — R, such that ||p||g g-v is
well-defined and finite. Correspondingly, Hg« (oo, L) = ﬂﬂ>0 Hp«v(B,L) and
Hp=,v(00) = (Ngso Hp=,u(B). Define furthermore

(3.5) Bp(U) = sup {ﬁ € (0,00] : py € ’Hg*,U(B,L*)} .



REMARK 3.  If for some open interval U C [0, 1] the derivative p‘(g*) exists and
pfg ' =0,

then ||p||g,p=u is finite uniformly over all 8 > 0. If
pfg V20,

then 8%, ||pllg,p+.u is finite if and only if B < B* as a consequence of the mean value
theorem. That is, B,(U) € (0, %] U {o0}.

AssUMPTION 3.1.  For sample sizen € N, some 0 < e < 1,0 < 8, <1, and
L* >0, a density p is said to be admissible if p € P(_z 14¢)(B«, L*) and the following
holds true: for any t € [0,1] and for any h € Goo with

Goo = {277 1 j €N, j > jmin = [2V1og,y(2/2)]},

there exists some 8 € [By, B*]U{oo} such that the following conditions are satisfied
foru="h oru=2h:

(3.6) P|B(tw) € Hp= Bt (B, L)
and

o
(3.7) e (g #p)(5) = p(s) = 3

for all g € Goo with g < u/8.
The set of admissible densities is denoted by 224 = Padm ([ B L* ¢).

LEMMA 3.2. Any admissible density p € P20 (K, ., L*,¢) can satisfy (3.6)
and (3.7) for B = B,(B(t,u)) only.

By construction, the collection of admissible densities is increasing with the number
of observations, that is 2224m ¢ g2dm p € N. The logarithmic denominator even
weakens the assumption for growing sample size, permitting smaller and smaller
Lipschitz constants.

REMARK 4. Assumption 3.1 does not require an admissible function to be totally
"unsmooth” everywhere. For instance, if K is the rectangular kernel and L* is
sufficiently large, the triangular density as depicted in Figure 1 is (eventually — for
sufficiently large n) admissible. It is globally not smoother than Lipschitz, and the
bias lower bound condition (3.7) is (eventually) satisfied for § =1 and pairs (t,h)
with |t — 1/2| < (7/8)h. Although the bias lower bound condition to the exponent
B* =2 is not satisfied for any (t,h) with t € [0,1]\ (1/2 — h,1/2+ h), these tuples
(t,h) fulfill (3.6) and (3.7) for B = oo, which is not excluded anymore by the new
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Assumption 3.1. Finally, if the conditions (3.6) and (3.7) are not simultaneously
satisfied for some pair (t,h) with

1T

2 8

then they are fulfilled for the pair (t,2h) and B8 = 1, because |t — 1/2| < (7/8)2h.

1
h<|t|<§+h,

In view of this remark, it is crucial not to require (3.6) and (3.7) to hold for every
pair (t,h). We now denote by

Py = Pn(L", B, M, K, £) = {p € Z2M(K, Bu, L¥ ) : [ian }p(x) 2 M}
xrxe|—e,l14+¢

the set of admissible densities being bounded below by M > 0 on [—¢,1 + €]. We
restrict our considerations to combinations of parameters for which the class &2, is
non-empty.

The remaining results of this subsection are about the massiveness of the function
classes &,,. They are stated for the particular case of the rectangular kernel. Other
kernels may be treated with the same idea; verification of (3.7) however appears
to require a case-by-case analysis for different kernels. The following proposition
demonstrates that the pointwise minimax rate of convergence remains unchanged

when passing from the class H (3, L*) to &, N H (B, L*).

PROPOSITION 3.3 (Lower pointwise risk bound).  For the rectangular kernel Kg
there exists some constant M > 0, such that for any t € [0,1], for any S € [B«, 1],
for any 0 < € < 1, and for any k > ko(B.) there exists some x > 0 and some
L(B) > 0 with

inf sup P (nw‘% |T.(t) — p(t)| > 93) >0
T peyk:
Pi(~e1+e)EH(—c 140 (B,L)

for all L > L(B), for the class Py, = Py(L, B, M, Kg,€), where the infimum is
running over all estimators T,, based on X1,...,X,.

Note that the classical construction for the sequence of hypotheses in order to prove
minimax lower bounds consists of a smooth density distorted by small S-smooth
perturbations, properly scaled with the sample size n. However, there does not exist
a fixed constant ¢ > 0, such that all of its members are contained in the class (3.1).
Thus, the constructed hypotheses in our proof are substantially more complex, for
which reason we restrict attention to 5 < 1.

Although Assumption 3.1 is getting weaker for growing sample size, some densities
are permanently excluded from consideration. The following proposition states that
the exceptional set of permanently excluded densities is pathological.
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PROPOSITION 3.4.  For the rectangular kernel Kg(-) = 11{- € [-1,1]}, let

# = 22 (K, B.,L" ).

neN

Then, for any t € [0,1], for any h € G and for any B € [B«, 1), the set
PB(t,h) (ﬂ7 L*) \%|B(t,h)

is nowhere dense in Pp,n) (8, L*) with respect to || - || g,B(t,n)-

Among more involved approximation steps, the proof reveals the existence of func-
tions with the same regularity in the sense of Assumption 3.1 on every interval for
B € (0,1). This property is closely related to but does not coincide with the con-
cept of mono-Hoélder continuity from the analysis literature, see for instance Barral
et al. (2013). Hardy (1916) shows that the Weierstrafl function is mono-Hélder con-
tinuous for 5 € (0,1). For any 8 € (0,1], the next lemma shows that Weierstrafy’
construction
o0
(3.8) Wp(t) = > 27" cos(2"t)

n=0

satisfies the bias condition (3.7) for the rectangular kernel to the exponent S on
any subinterval B(t, h), t € [0,1], h € Geo.

LEMMA 3.5. For all 5 € (0,1), the Weierstrafl function Wg as defined in (3.8)
satisfies Wiy € Hu (B, Lw) with some Lipschitz constant Ly = Lw (B) for every
open interval U. For the rectangular kernel Kr and f € (0,1], the Weierstrafs
function fulfills the bias lower bound condition

4
sup (K * Wa)(s) — Wials)| > ( - 1) g
sEB(t,h—g) ™

for any t € R and for any g,h € Goo with g < h/2.

The whole scale of parameters 8 € [Bs, 1] in Proposition 3.4 can be covered by
passing over from Hélder classes to Hélder-Zygmund classes in the definition of &2,,.
Although the Weierstral function Wy in (3.8) is not Lipschitz, a classical result, see
Heurteaux (2005) or Mauldin and Williams (1986) and references therein, states
that W7 is indeed contained in the Zygmund class A;. That is, it satisfies

[Wi(z +h) = Wi(z — h) = 2Wi(x)| < C|h|

for some C' > 0 and for all z € R and for all A > 0. Due to the symmetry of the
rectangular kernel K g, it therefore fulfills the bias upper bound

|Kpg* Wy — Wi, <C'¢g° forallge(0,1].

sup

The local adaptivity theory can be likewise developed on the scale of Holder-
Zygmund rather than Holder classes — here, we restrict attention to Holder classes
because they are commonly considered in the theory of kernel density estimation.
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3.2. Construction of the confidence band. The new confidence band is based
on a kernel density estimator with variable bandwidth incorporating a localized but
not the fully pointwise Lepski (1990) bandwidth selection procedure. A suitable
discretization and a locally constant approximation allow to piece the pointwise
constructions together in order to obtain a continuum of confidence statements. The
complex construction makes the asymptotic calibration of the confidence band to
the level o non-trivial. Whereas the related globally adaptive procedure of Giné and
Nickl (2010) reduces to the limiting distribution of the supremum of a stationary
Gaussian process, our locally adaptive approach leads to a highly non-stationary
situation. An essential component is therefore the identification of a stationary
process as a least favorable case by means of Slepian’s comparison inequality.

We now describe the procedure. The interval [0, 1] is discretized into equally spaced
grid points, which serve as evaluation points for the locally adaptive estimator. We
discretize by a mesh of width

—1
. logn\ ~ ™t
5y = Pmm <°§”) (logﬁ)ﬁi—‘
n

with k1 > 1/(25,) and set H,, = {kd,, : k € Z}. Fix now constants

(3.9) c1 > and kg > cplog2+ 4.

B4 log 2

Consider the set of bandwidth exponents

jn:{JeN : jminéjéjmax: \}ng (@)J}

The bound jmin ensures that 277 < e A1 /4 for all j € 7, and therefore avoids
that infinite smoothness in (3.15) and the corresponding local parametric rate is
only attainable in trivial cases as the interval under consideration is [0,1]. The
bound jnax is standard and particularly guarantees consistency of the kernel density
estimator with minimal bandwidth within the dyadic grid of bandwidths

Go={277:j € T},
We define the set of admissible bandwidths for ¢ € [0, 1] as

logn

<c —
=72V ag-m

Aty ={ie g max 5@ (s,m) — 5P (s,m)

s€B(t,3-279)NH,,

(3.10)
for all m,m’ € J, with m >m’ > j + 2},

with constant co = co(A, v, By, L*, K, €) specified in the proof of Proposition 4.1.
Furthermore, let

(3.11) Jn(t) =min A, (t), tel0,1],
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and iLn(t) =277 Note that a slight difference to the classical Lepski procedure
is the additional maximum in (3.10), which reflects the idea of adapting localized
but not completely pointwise for fixed sample size n. The bandwidth (3.11) is
determined for all mesh points kd,,, k € T,, = {1,...,6, 1} in [0, 1], and set piecewise
constant in between. Accordingly, with

illoc (k) _ 273n((k71)5n)7un’ }Allnog(k) — ijn(kén)fun

n,l )

where u,, = c1loglogn is some sequence implementing the undersmoothing, the
estimators are defined as

pige(t) = higs, = min {hlgs (k) hlgg(k) ) and

(3.12)
Pie(t, h) = YD (kdn, )

for t € I, = [(k—1)dn, kd,), k € T, \ {6, '}, I;-1+ = [1 =0y, 1]. Defining furthermore

the width function of the confidence band

1
2

(3.13) 2= (Ak())

the following theorem lays the foundation for the construction of honest and locally
adaptive confidence bands.

THEOREM 3.6 (Least favorable case). For the estimators defined in (3.12) and
normalizing sequences

3
an = cs(—21log 6,2, b, = — {(—210g5n)1/2 -

log(—logdy,) + log 4w
C3 ’

2(—2log 6,,)1/2

with c3 = V2TV (K), it holds

liminf inf PX | a su _
n—oo peP, " tE[OI,)l] Zn(t)

>2P(VI'G<a) -1
for some standard Gumbel distributed random variable G.

The proof of Theorem 3.6 is based on several completely non-asymptotic approxima-
tion techniques. The asymptotic Komlds-Major-Tusnady-approximation technique,
used in Giné and Nickl (2010), has been evaded using non-asymptotic Gaussian
approximation results recently developed in Chernozhukov, Chetverikov and Kato
(2014b). The essential component of the proof of Theorem 3.6 is the application
of Slepian’s comparison inequality to reduce considerations from a non-stationary
Gaussian process to the least favorable case of a maximum of §;,; ! independent and
identical standard normal random variables.
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With ¢, _,/2 denoting the (1 — a/2)-quantile of the standard Gumbel distribution,
we define the confidence band as the family of piecewise constant random intervals
Cn,a = (Cn,a(t))te[o,l] with

(3.14)  Cualt) = |B(t, A (1) = gn(@)2a (1), BY°(E, h°(1)) + (@) 2n(t)

and

VI* - qi_q
:#4_

Qn

qn () by,.

For fixed o > 0, ¢, () = O(v/Iogn) as n goes to infinity.
COROLLARY 3.7 (Honesty). The confidence band as defined in (3.14) satisfies

P X o
lim inf pg%n PX (p(t) € Cpa(t) for every t € [0, 1]) >1-—a.

3.3. Local Hélder regularity and local adaptivity. In the style of global
adaptivity in connection with confidence sets one may call a confidence band
Cn,a = (Cn,a(t))ieio,1) locally adaptive if for every interval U C [0,1],

logn '\ 2A+T
lim sup sup PX2 [ [Cra(t) = n ( ~ ) forsomet €U | — 0

n—=00 pEPn u;NHp* us(B,L%)

as n — oo, for every 8 € [f., *], where Us is the §-enlargement of U. As a conse-
quence of the subsequently formulated Theorem 3.12, our confidence band satisfies
this notion of local adaptivity up to a logarithmic factor. However, in view of the
imagination illustrated in Figure 1 the statistician aims at a stronger notion of
adaptivity, where the asymptotic statement is not formulated for an arbitrary but
fixed interval U only. Precisely, the goal would be to adapt even to some pointwise
or local Holder regularity, two well established notions from analysis.

DEFINITION 3.8 (Pointwise Hélder exponent, Seuret and Lévy Véhel (2002)).
Let p : R = R be a function, 8 > 0, 8 ¢ N, and t € R. Then p € H(B) if and
only if there exists a real R > 0, a polynomial P with degree less than |5], and a
constant ¢ such that

p(z) — Pz —1)] < clw —t|°
for all x € B(t,R). The pointwise Hélder exponent is denoted by

Bp(t) =sup{B : p € H(5)}.
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DEFINITION 3.9 (Local Hélder exponent, Seuret and Lévy Véhel (2002)).
Let p : Q — R be a function and 2 C R an open set. One classically says that
D € Hioe(8,2), where 0 < § < 1, if there exists a constant ¢ such that

p(z) = p(y)| < clz —y|”
forallz,y € Q. If m < B <m+1 for somem €N, then p € Hioe(5,Q) means that
there exists a constant ¢ such that
0™ p(x) — 0™ p(y)| < el —y|Pm
for all x,y € Q. Set now

BP(Q) = sup{ﬁ 1pE Hloc(ﬁ7Q)}-
Finally, the local Hélder exponent in t is defined as

ﬁzl,"c(t) =sup{fp(0;) : 1 € I},

where (O;);er 18 a decreasing family of open sets with N;c1O; = {t}. [By Lemma 2.1
in Seuret and Lévy Véhel (2002), this notion is well defined, that is, it does not
depend on the particular choice of the decreasing sequence of open sets.]

The next proposition however shows that attaining the minimax rates of conver-
gence corresponding to the pointwise or local Holder exponent (possibly inflated by
some logarithmic factor) uniformly over &7, is an unachievable goal.

PropPOSITION 3.10. For the rectangular kernel Kg there exists some constant
M > 0, such that for any t € [0,1], for any B € [Bs, 1], for any 0 < e < 1, and
for any k > ko(B.) there exists some x > 0 and constants L = L(5) > 0 and
cq = c4(B) > 0 with

inf sup PZ” (nﬁ T (t) — p(t)] > x) >0 forall k> ko(B4)
Tn pes(8)
with
yk(ﬁ) :yk(L,ﬁ,ﬁ*,M,KR,E)
- {p € Po(L, B, M, Kp,¢) : 37 > can” T

such that ppg,ry € HB(t,r)(OO7L)} NH(—ea4e)(B, L),

where the infimum is running over all estimators T,, based on X1,...,X,.

The proposition furthermore reveals that if a density p € &) is Holder smooth
to some exponent n > [ on a ball around t with radius at least of the order
n~ 1/ 2B+ then no estimator for p(t) can achieve a better rate than n—B/28+1)
We therefore introduce an n-dependent statistical notion of local regularity for any
point t. Roughly speaking, we intend it to be the maximal 8 such that the density
attains this Hélder exponent within B(¢, hg ), where hg ,, is of the optimal adaptive
bandwidth order (logn/n)'/ (A1) We realize this idea with || - || 5. as defined
in (3.4) and used in Assumption 3.1.
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DEFINITION 3.11 (n-dependent local Holder exponent).  With the classical op-
timal bandwidth within the class H(B)

1
hgn = 2~ Jmin (W) o )

n
define the class Hg~ n(8,L) as the set of functions p : B(t,hgn) — R, such that p
admits derivatives up to the order |BAB*] and ||pllg. g« B(t,hs.,) < L, and Hg nt(B)
the class of functions p : B(t,hgn) — R for which ||pllg s+ B(t,hs.,.) 5 well-defined
and finite. The n-dependent local Holder exponent for the function p at point t is
defined as

(3.15) Bn,p(t) = sup {ﬁ >0:pPB(ths.) € Hp mi(B, L") .
If the supremum is running over the empty set, we set 3, ,(t) = 0.

Finally, the next theorem shows that the confidence band adapts to the n-dependent
local Hélder exponent.

THEOREM 3.12 (Strong local adaptivity). There exists some universal constant
¢ >0 and some v = y(c1), such that for all § > 0 there exists some ng(d) € N with

log n 25’?:?5’(&;)4»1 _
sup PX? | [Cra(t)| > c| — gn(a)(logn)?Y for somet € [0,1] | <6
pegn n

for all n > ng(9).

Note that the case 3, ,(t) = oo is not excluded in the formulation of Theorem 3.12.
That is, if pjy can be represented as a polynomial of degree strictly less than 3%,
the confidence band attains even adaptively the parametric width n='/2, up to
logarithmic factors. In particular, the band can be tighter than n=8"/(28"+1) In

general,
Bnp(t) > Bp(Us) foraltelU

as long as ¢ < 4.

COROLLARY 3.13 (Weak local adaptivity). For every interval U C [0, 1],

log 7\ 2P+T
lim sup sup PX2 [ [Cra(t) = n ( > ) for someteU | =0

N0 pe Py, MHw,ug (B,L%)

as n — oo, for every 8 € [Bx, B*], where Us is the §-enlargement of U.
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4. Auxiliary notation and results. The following auxiliary results are
crucial ingredients in the proofs of Theorem 3.6 and Theorem 3.12. A
Recalling the quantity hg,, in Definition 3.11, Proposition 4.1 shows that 29 ()
lies in a band around

(4.1) ho(-) = hg, ()

uniformly over all admissible densities p € &,,. Proposition 4.1 furthermore reveals
the necessity to undersmooth, which has been already discovered by Bickel and
Rosenblatt (1973), leading to a bandwidth deflated by some logarithmic factor. Set

o= ()

such that the bandwidth 277=() is an approximation of A, (-) by the next smaller
bandwidth on the grid G,, with

%Bn(.) < 9=in (") < ;}n(.),

The next proposition states that the procedure chooses a bandwidth which simul-
taneously in the location ¢ is neither too large nor too small.

PROPOSITION 4.1.  The bandwidth j,(-) defined in (3.11) satisfies

lim sup {1 o (j’n(kSn) e [kn(kan), (ko) + 1] for all k € Tn>} ~0

n—oo pegzn
where ky(-) = jn(-) — My, and m,, = c; loglog .

LEMMA 4.2. Let s,t € [0,1] be two points with s < t, and let z € (s,t). If
1
(42) 5=t < £ P

then

1_ _ _ _
3 hn(2) < min {hp(s), hy (1)} < 3hn(2).

LEMMA 4.3.  There exist positive and finite constants c5 = ¢5(A,v, K) and cg =
ce(A, v, L*, K), and some ng = no(A, v, L*, K) > 0, such that

, nh
sup PX | sup max _
PEPn s, h€Gn || logn

B (s, ) — B (s, )| > 77) ST, Q=12

for sufficiently large n > no(A,v, L*, K) and for all n > np.
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The next lemma states extends the classical upper bound on the bias for the mod-
ified Holder classes Hg« p(t,vy(5, L).

LEMMA 4.4. Lett € R and g,h > 0. Any density p : R — R with p|p( g+n) €
Hp+ B(t,g+h) (B, L) for some 0 < f < oo and some L > 0 satisfies

(4.3) sup |(Kp % p)(s) — p(s)] < boh”
s€B(t,q)

for some positive and finite constant by = ba(L, K).

LEMMA 4.5.  For symmetric kernels K and 8 = 1, the bias bound (4.3) contin-
ues to hold if the Lipschitz balls are replaced by the corresponding Zygmund balls.

5. Proofs. We first prove the results of Section 3 in Subsection 5.1 and af-
terwards proceed with the proofs of the results Section 4 in Subsection 5.2.
For the subsequent proofs we recall the following notion of the theory of empirical
processes.

DEFINITION 5.1. A class of measurable functions 7€ on a measure space (S, %)
is a Vapnik-Cervonenkis class (VC class) of functions with respect to the enve-
lope H if there exists a measurable function H which is everywhere finite with
suppe |h| < H and finite numbers A and v, such that

A v
N(z,|- H <(Z
sup ( - M2 @) el ||L2(Q))—(€>

for all 0 < e < 1, where the supremum is running over all probability measures @
on (S,7) for which ||H| r2q) < oo.

Nolan and Pollard (1987) call a class Euclidean with respect to the envelope H and
with characteristics A and v if the same holds true with L'(Q) instead of L?(Q).
The following auxiliary lemma is a direct consequence of the results in the same
reference.

LEMMA 5.2.  If a class of measurable functions € is Euclidean with respect to
a constant envelope H and with characteristics A and v, then the class

A ={h—Eph:he A}

is a VC class with envelope 2H and characteristics A’ = 4/ AV 2A and v' = 3v for
any probability measure P.

_ PROOF. For any probability measure P and for any functions hi = hy — Ephi,
ho = hgo — Ephy € S with hi,ho € %7 we have

1By = hallr2(q) < 1P — hallre(q) + 71 — hollLi(p).-
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For any 0 < ¢ < 1, we obtain as a direct consequence of Lemma 14 in Nolan and
Pollard (1987)

N (A, 12(Q). 25 |20
(5.1)

<N <%,L2(Q), ellH L2 (q) €||H||L1(p)> .

5 >.N<%,L1(P), 5

Nolan and Pollard (1987), page 789, furthermore state that the Euclidean class 5
is also a VC class with respect to the envelope H and with

2v
N (%,L%Q% €”H”2L2(Q)) < (4*?) ,

whereas

Hl 71 v
N(%,Ll(P),€|| QL (P)> < (QA> .

3

Inequality (5.1) thus implies

€

3v
N (5. 12(@). 26| Bl x(0)) < (W) .

5.1. Proofs of the results in Section 3.

PROOF OF LEMMA 3.2. Let p € £2224m(K 3, L* ¢) be an admissible density.
That is, for any ¢ € [0,1] and for any h € Go, there exists some f € [B, 5*] U {o0},
such that for u = h or u = 2h both

P|B(t.w) € Ha= Bt (B, L")

and
B

sup  |(Ky*p)(s) —p(s)| > J for all g € G with g < u/8

s€B(t,u—g) IOg
hold. By definition of 8,(B(t, u)) in (3.5), we obtain 3,(B(t,u)) > 5. We now prove
by contradiction that also 8,(B(t,u)) < . If 8 = oo, the proof is finished. Assume
now that 8 < oo and that 8,(B(t,u)) > . Then, by Lemma A.4, there exists some
B < B < Bp(B(t,u)) with pp,u) € Ha Btu)(B', L*). By Lemma 4.4, there exists
some constant by = bo(L*, K) with

B
' g
bog” > sup  |(Kgxp)(s) —p(s)| >
sEB(t,ufg)K g *p)(s) —p(s)| g7t
for all g € G with g < u/8, which is a contradiction. O

PRrROOF OF PROPOSITION 3.3. The proof is based on a reduction of the supre-
mum over the class to a maximum over two distinct hypotheses.
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For 8 € [, 1), the construction of the hypotheses is based on the Weier-

strafl function as defined in (3.8) and is depicted in Figure 2. Consider the function
Po - R — R with

0, if |[z—t>1
1 3 : 10
po(it): 1—'_176(%3_{;—"_2)’ if —?<$—t<—2
L2 We(r—t),  if |-t <2
- S@—-t-2), if 2<z—t<i

and the function p;, : R = R with

where

for gg.n

pl,n(az) = pO(IL') + Qt+%,n(x) - Qt,n(w)v S Ra

( ) O’ lf |Jj - a| > gﬂ,n
Gan\T) = _ o8 .
: 122 (Wﬁ(x —a)— Wﬁ(Qﬁ,ﬂ))a if |z—al<gpn

= 1n=1/(5+D and a € R. Note that D1n|B(t,gs.) 1S constant with value

1 1-276
pra(x) = 6 + —3 Wg(ggn) forall x € B(t,gan).
} "/\V\ “"“ "'w I M"‘ A
I S " U "R R
WA\WW»‘/ \Wu,‘w‘ W, W' W \I‘M W Wu’ W MW~J:“%“ W\Ww»« M‘NW'«W

FiG 2. Functions po and p1,, fort =0.5, 8 =0.5 and n =100

We now show that both py and p ,, are contained in the class &7 for sufficiently
large k > ko(Bs) with

Po|(—e,14¢)s P1,n|(—e,14¢) € H(—s,1+€) (ﬂv L*)

(1) We first verify that po integrates to one. Then, it follows directly that also py
integrates to one. We have

t—2 1 3
/po(x)dx:/ (+(zt+2)) dz
t—10 4 16
2 1276
+/t_2 (6+12 Wg(m—t)) dx

HE 103
S S (z—t-2))d
L Gt
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where the last equality is due to

2 o0 2
/ Ws(z)de = Z 2*’“6/ cos(2"rx) dx = 0.
—2 k=0 2

(74) Next, we check the non-negativity of py and p; , to show that they are proba-
bility density functions. We prove non-negativity for pg, whereas non-negativity of
P1,, is an easy implication. Since po(—10/3) = 0 and py is linear on (¢t —10/3,t —2)
with positive derivative, pg is non-negative on (¢ — 10/3,¢ — 2). Analogously, pg is
non-negative on (t + 2,¢+ 10/3). Note furthermore that

(5.2) Wa(z)| < Ws(0) = ;2"” = ﬁ

for all € R. Thus, for any z € R with |z — t| < 2, we have

1 1-275 1 1
= — —t > _—— = — .
po(@) =g+ = Wsle—t) 2o -5 =35>0

—_

(73i) As po and also pi1, are bounded from below by M = 1/12 on B(t,2), we
furthermore conclude that they are bounded from below by M on (—1,2) C B(t,2),
and therefore on any interval [—e,1 4 ¢] with 0 < & < 1.

(iv) We now verify that Do|(—e,1+€)> P1,n|(—e,14¢) € H(fs,lJrs)(BvL(ﬁ)) for some
positive constant L(5). Note again that for any 0 < ¢ < 1 and any ¢ € [0, 1], the
inclusion (—¢,1 4 ¢) C B(t,2) holds. Thus,

wp @ -m)] 12 (W=t~ W — o)
z,y€(—e,14¢) |x - y|ﬁ 12 z,y€(—e,1+¢) |(1' - t) - (y - t)|ﬁ ’

which is bounded by some constant ¢(8) according to Lemma 3.5. Together with
(5.2) and with the triangle inequality, we obtain that

Po|(—e,14¢) € Hi—e142)(B, L)

for some Lipschitz constant L = L(f). The Hélder continuity of p1, is now a
simple consequence. The function p; ,, is constant on B(t, gg,n) and coincides with
po on (—e&,14+¢)\ B(t, gs.n). Hence, it remains to investigate combinations of points
x € (—&,14+¢)\ B(t,gs,n) and y € B(t,gp,n). Without loss of generality assume
that x <t — gg . Then,

P10 (2) = Pl _ [P1a(2) = Prn(t = gsn)| _ [P1n(2) = Pralt —gsn)l _
|z —yl° o —y)? Bl G X0 | L
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which proves that also
P1nl(—e14¢) € H(—e,140) (B, L).

(v) Finally, we address the verification of Assumption 3.1 for the hypotheses py and
P1n. Again, for any ¢ € [0,1] and any h € G the inclusion B(t',2h) C B(t,2)
holds, such that in particular

poB(t',h) € Ha= B n) (B, Lw (8))

for any ¢’ € [0,1] and for any h € G, by Lemma 3.5. Simultaneously, Lemma 3.5
implies

1—27P /4 g
o (g s m)(s) = (o) > g (1) o2 2
SEB(t',h—g) ™

for all g < h/2 and for sufficiently large k > kqo(8.). That is, for any ¢’ € [0, 1], both
(3.6) and (3.7) are satisfies for pg with u = h for any h € G.

Concerning p; , we distinguish between several combinations of pairs (¢',h) with
t'€[0,1] and h € G

(v.1) If B(t',h) N B(t, gp,n) = 0, the function p; ,, coincides with py on B(t', h), for
which Assumption 3.1 has been already verified.

(v.2) If B(t',h) C B(t,gs,n), the function p; , is constant on B(t',h), such that
(3.6) and (3.7) trivially hold for u = h and § = cc.

(v.3) If B(t',h) N B(t,g8,n) # 0 and B(t',h) ¢ B(t,gs,n), we have that ¢ + h >
t+ggnort' —h <t—ggn. Asp1n|B(t,2) is symmetric around ¢ we assume ¢’ 4+ h >
t + g, without loss of generality. In this case,

h
(209~ 1+ g0) >2 (5 - 9).

such that

3. h
B (t’ +ohs _g> C B(t',2h — g) \ B(t, gs.n)-

Consequently, we obtain

sup (KR, *p1,n)(s) — P1,a(s)] > sup |(KR,g * P1,n)(8) — P1,n(8)]
sEB(t',2h—g) sGB(t’Jr%h,%fg)

If 2h > 8¢, we conclude that h/2 > 2g, so that Lemma 3.5 finally proves Assumption
3.1 for u = 2h to the exponent § for sufficiently large k > ko(5.).

Combining (i) — (v), we conclude that py and p;,, are contained in the class 27
With poj(—e,14¢), P1,n|(=e,142) € H(—c,14¢)(B, L*) for sufficiently large k > ko(B.).
The absolute distance of the two hypotheses in ¢ is at least

_1-27F

[Po(t) = pra(t)] = ——5— (Ws(0) = Ws(gs.n))
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1-2 P
D Z 9 k8 (1 —cos(2mgs,n))
k=0
1— 928« . ~
Z T27kﬁ (1 — COS(2k7r957n))
(5.3) > 2¢7 gg}n

where k € N is chosen such that 2=+ < 9gn < 2-% and

1—27F

Cr = 07(/8*) - 24

It remains to bound the distance between the associated product probability mea-
sures sz’" and P%Z. For this purpose, we analyze the Kullback-Leibler divergence
between these probability measures, which can be bounded from above by

KPP, PY™) = n K(P1,,Po)

" = n/Pl,n(x) log (pl,n(‘”)) Honle) = 0y

po(z)

n/]h,n(a?) log (1 + qt+i’nz))<m)%7n(x)> 1{po(z) > 0} dz

@)~ Gen(2))

: ”/ Qo 3.0(@) — Q@) + (10 1{po(x) > 0} dz

po()
2
/ <Qt+%,n($) —Qt,n($)> 1 {po(x) > 0}d
=n x) > iy
o(@) Po
2
< 12n/ (qt+%n(:€) — Qt,n(z)) dz
= 24n/q0,n(m)2 dx
1278\ [ 2
—2n (225 ) [ Wate) = Watgs) o
~9p.n
1— 2—[3 2 gs8,n
< 24L(B)*n ( ) / (gpn — 2)*’ da
12 —95m ’
< Csngzﬁjl
<cg

using the inequality log(1 + z) < z, > —1, Lemma 3.5, and

5 1
po(t+5/2)=§>M:E,
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where

1276\
¢s = cs(B) = 48L(B)24~ (2F+1)920 <12> ‘

Using now Theorem 2.2 in Tsybakov (2009),

inf sup pn (712’5/3ﬁ |Tn(t) — p(t)] = 07)
T PE Py
Dl(—e,14+e) EH(—c,146) (B, L")

1 1-— 2
> max {4 exp(—cs), CS/} > 0.

Part 2. For 8 =1, consider the function pg : R — R with

(2) 0, if |x—t >4
€T) =
bo Lolp_g) i o—t <4
and the function p;, : R = R with
pl,n(x) = p0($> + qt+%’n(x> - qt,n(x)a T e Ra
where
() 0, if |x—al>gin
Gan\T) = .
“r gin—lz—al), if [z—a|<gi,

1

for g1, =n" /3 and a € R. The construction is depicted in Figure 3 below.

Fia 3. Functions po and p1,n fort=0.5, 3 =0.5 and n =10

(i) — (49t1) Easy calculations show that both py and p; , are probability densities,
which are bounded from below by M = 1/8 on B(t,2).

(iv) We now verify that poj(—c,14¢), P1n|(—c,14¢) € H(—e,142)(1, L) for some Lip-
schitz constant L > 0. Note again that for any 0 < ¢ < 1 and any ¢ € [0,1], the
inclusion (—¢,1+ ¢) C B(t,2) holds. Thus,

— 1 —tl—|y—t 1

vy @) 1 ety 1

z,y€(—e,1+€) ‘LL’ - y| 16 z,y€(—e,1+¢) |'T - y| 16
TFY T#Y



24

Since pg has maximal value 1/4, we obtain that

5
Po|(—e,14¢) € H(—c,1+e) (1, 16) :

For the same reasons as before, we also obtain
)
Pin|(—e,1+¢€) € H(—E,1+E) 1, TG .

(v) Finally, we address the verification of Assumption 3.1 for the hypotheses py and
P1,n. Again, for any ¢ € [0,1] and any h € G the inclusion B(t',2h) C B(t,2)
holds, and we distinguish between several combinations of pairs (¢/, h) with ¢’ € [0, 1]
and h € Go.. We start with pg.

(v.1) If t ¢ B(t', h), it holds that |p||g B ,n < 5/16 for all 3 > 0, such that (3.6)
and (3.7) trivially hold for u = h and 5 = oco.

(v.2) In case t € B(t', h), the function pgp(w 21) is not differentiable and

Ipoll1,B(er 2n) < 5/16.

Furthermore, ¢t € B(t',2h — g) for any g € G with g < 2h/16 and thus

1
sup  |(Kr,g *p)(s) = p(s)| = |(Kr,g *p)(t) = p(t)| = 5 9-
seB(t',2h—yg) 32
That is, (3.6) and (3.7) are satisfied for v = 2h and 8 = 1 for sufficiently large
n > ng.

The density pi, can be treated in a similar way. It is constant on the interval
B(t,g9s,n). If B(t',h) does not intersect with {¢t — ggn,t + ggn}, Assumption 3.1
is satisfied for u = h and 8 = oo. If the two sets intersect, ¢ — gg.n or t + ggn is
contained in B(t',2h—g) for any g € G, with g < 2h/16, and we proceed as before.

Again, combining (i) — (v), it follows that py and p;, are contained in the class
Py With poj(—c,14¢)> P1,n|(—e,142) € H(—e,14¢)(1, L) for sufficiently large k > ko and
some universal constant L > 0. The absolute distance of the two hypotheses in ¢
equals

1
Ipo(t) — p1n(t)] = TgILn-

To bound the Kullback-Leibler divergence between the associated product proba-

bility measures P§™ and P, we derive as before

et () — (@)
K(PYR,PE™M) < n/ (q+4 po(z)q ) 1 {po(x) > 0} dx

<160 [ (t043.0(0) = Gunl@)) " da
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= 32n/q07n(:c)2 dz

using po(t + 5/2) > 1/16. Using Theorem 2.2 in Tsybakov (2009) again,

i ®n 1 . > i
LA 4 Pg (w7, (0] = )
Pi(—e1+e)EH(—e,140) (1,L7)
1 1—+/1/24
> max{4exp(—1/12), \2//7} >0

PROOF OF PROPOSITION 3.4. Define
%=\ %
neN
with

R {p € H—ense)(B) VL €[0,1] Vh € Goo 3B € [B., B7] with

g°

piB(t.h) € Hpn (B)and [[(Kr,g *p) = pllptn—g) = an

for all g € Go with g < h/S}
Furthermore, let
2 8
E.(B) =3P € Hi—c,146)(B) : [(KRr,g * p) — Pl B(t,h—g) = @g for all t € [0,1],

for all h € G, and for all g € G, with g < h/S}.

Note that Lemma 3.5 shows that E, (8) is non-empty as soon as

2
logn

<1-

3

Note additionally that E,(8) C X, for any B € [Bx, B*], and

U En(8) c 2.
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With

[Esii i

A,(8) = {f € Hray(B) ¢ I1F — Flloonsey < EBILT

for some f € En(B)} ,
logn

we get for any f € A, () and a corresponding f € E,(3) with

< 4 1
1 fllg,(—e.14+e) < KRl 1@
and f = f — f, the lower bound
Kng+ ) =1
H( rRa*f)=f B(t,h—g)
>||Eng e )= 1] 5, = | = no 1)
> Krg )=, P Eroe D,
2 / . .
_ B
= g’ — sup Kgr(z){f(s+gzx)— f(s)}dx
ogn? " .em® r(z) { f( )= f(s)}
2 f(s) = f(s)
21 gﬁfgﬂ'/|KR(tT)| sup sup ’7,[3|dx
ogn s€B(t,h—g) s'€B(s,g) |S - S ‘
s'#s
> logngﬁ =% IIKRI - 1 ll8 e ve)
1
>y’
ogn

for all g, h € G with g < h/8 and for all ¢ € [0, 1], and therefore

A= ] A.(B) Cc 2.

neN

Clearly, A,,(B) is open in H_. 14)(3). Hence, the same holds true for A. Next, we
verify that A is dense in H(_. 11)(8). Let p € H(_. 14)(6) and let 6 > 0. We now
show that there exists some function ps € A with [|p — ps||g,(—c,14e) < 6. For the
construction of the function ps, set the grid points

tia(k) = (45 + 1275, t;0(k) = (45 +3)27"
for j € {—2F-2 —2k=2 4 1,... 2¥=1 — 1} and k > 2. The function p; shall be
defined as the limit of a recursively constructed sequence. The idea is to recursively

add appropriately rescaled sine waves at those locations where the bias condition
is violated. Let p; s = p, and denote

Jo = {j € =252, 25— 1} s [ (Ko p1.0) (154(R) — P15 (854(0))|

< 14:95 (1 — 2> 2’“5}
2 T
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for k > 2, where

3 1 7\
o=@ = (5 g o)

For any k > 2 set
Pr,6(7) = pr—1,6(x) +cod Z Sk.p,5()
Jj€Jk
with functions
Skp.j(x) =27 sin (28" mz) 1{|(45 +2)27F — 2 < 27F 1}
exemplified in Figure 4. That is,

k
Prs() = pla) + ¢33 S Sy, (),

=2 jeJ

and we define ps as the limit

Bs(x) = p(a) + 90D D Sip,4(x)

=2 jeJ,
oo
=prs(r) +cod D> Sig @)
l=k+1j€J;

The function ps is well-defined as the series on the right-hand side converges: for
fixed [ € N, the indicator functions

1{|(4j +2)27F —a| <2751} je {272 2241, 271~ 1}
have disjoint supports, such that

> Sig

Jj€N

<278,
(—e,1+¢)

Sa0()

Fic 4. Functions Sk,go fork=2,...,5 and 5 =0.5
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It remains to verify that ps € (J,cn En(B) C A and also [|p — Ps|g,(—c,14¢) < 0. As
concerns the inequality ||p — psl|s,(—,14¢) < 6, it remains to show that

> 1
> > Sisa <o

=2 j& By(—e,14¢)

For s,t € (—¢,1+¢) with |s — t| < 1, we obtain

DD Sisale) =D > Sis,(t)

=2 jeJ =2 jeJ

(5.4) i -8

=2

sin(2' " 'ws) > 1{|(45 +2)27 — s <271}
JEN

—sin(2' 7)Y A{|(45 +2)27 — ] <27
JEN

Choose now k' € N maximal, such that both

(45 +2)27F — 27K+l < g < (4j +2)27F 427K H1
and

(45 +2)27% — 27K+l < ¢ < (45 +2)27F 427k +1

for some j € {—2¥~2 .. 2F~1 _ 1} For 2 < < k', we have

sin(27'ms) Y 1{|(45 +2)27 — 5| < 27}
JES

—sin(2' 7 'rt) Y I{|(45 +2)27 — ¢ <271
JEN

<

sin(2! " 7rs) — sin(2' "1 nrt) ’

(5.5)
<min{2""'x|s — ¢[,2}

by the mean value theorem. For [ > k' + 1,

sin(2! " 17s) Z 1{|(4j +2)27" — 5] < 2711}

JjE€J
—sin(2' ') Y 1f|(45 +2)27 — ¢ <271}
< max{

JjE€N
sin(2l_17rt)’}.

sin(2' " 7s)|,
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Furthermore, due to the choice of &/, there exists some z € [s, t] with
sin(2717r2) = 0
for all I > k' 4+ 1. Thus, for any I > k' + 1, by the mean value theorem,

sin(2! " 17s)

sin(2!"7rs) — sin(2' " 1wz)

< min {27 '7|s — 2], 1}
< min {2 '7|s — ¢[,1}.

Analogously, we obtain

Sin(2l_17rt)‘ <min{2""'x|s —¢[,1}.

Consequently, together with inequality (5.4) and (5.5),
Z Z 51737]'(8) — Z Z Sl7ﬁ7j(t) < Z 27! min {21_17T|8 —t, 2} .
1=2 jeJ; 1=2 jeJ, 1=2

Choose now k € NU {0}, such that 2=*+1D < |s —¢| <27k If k < 1,

-2
B o

irlﬂmin{zl*lﬂs—ﬂ 2} <2 2 <2 |s —t|
— =1 9B 128

If kK > 2, we decompose

00 k 00
22715 min {2l717r|5 -, 2} < g|s —t| ZQl(km +2 Z 218
1=2 1=0 l=k+1

T ok(1-p) _ 9B8—1 9—(k+1)B
P L R ST e e

2

s (T L 2
2 1-—26-1 1—-92-8)"

IN

Since furthermore

G 1
DD Sipa|| ST

=2 jeJ; sup

we have
> T 1 2 1 1
=2 jeJ

B,(—e,14¢€)

29
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and finally [|p — p:l|g,(—c,142) < J. In particular ps € H(_c,142)(5)-

We now show that the function ps is contained in (J, .\ En(B) C A. For any

bandwidths ¢g,h € Go, with g < h/8, it holds that h — g > 4g. Thus, for any
g = 27% with k > 2 and for any t € (—&,1 + ¢), there exists some j = j(t,h,g) €
{—2F=2 ... 2k=1—1} such that both ¢; 1 (k) and t; 2 (k) are contained in B(t,h—g),
which implies

(5.6) EBS(?I}DF : |(KR.g % Ds)(s) —ps(s)| 2 max|(Kp,g +ps)(tji (k) — ps(ti(k))]

By linearity of the convolution and the theorem of dominated convergence,

(KR,g* Ds)(t5,:(k)) — ps(t5,i(k))
= (KR,g * pr,s)(t,i (k) — pr,s(ti(k))
o0
(5.7) oo 3 30 (K + S1p) (t54(0) = S (ta(R))).
I=k+1jEd
We analyze the convolution Kgr 4 * .S g,; for [ > k4 1. Here,
sin (2!t (k) =sin (2% ' (45 4+ 1)) =0
and
sin (217wt (k) = sin (27w (45 + 3)) = 0.
Hence,
> Sipitii(k) =0, i=1,2
JE€S
for any [ > k + 1. Furthermore,
1 g
(i S ) 650) = 52 [ Sussltyalh) =) da
—g
1 tj,i(k)+g (@)
= — Sipj(z)de, i=1,2.
29 Jiamy—g
Due to the identities
(45 +2)27F — 27k = ¢, (k) — ¢
(45 +2)27% + 275 =, 5(k) + g,
we have either
(47 +2)27" =278 (45 + 2)27" + 2771 C [t51(k) — g, t52(k) + g]
or

(45 +2)27 " =27 (45 +2)27 + 27 ) N [ty (k) — g, tj2(k) + 9] = 0
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for any | > k + 1. Therefore, for ¢ = 1,2,

D (Krg#Sip ) (ti(k)
JE€S
i 1(k)+g
= Z / “sin (2 T wa) 1{|(4j +2)27  — 2| <27 b da
jGJ t] 'L(k) g
=0

such that equation (5.7) then simplifies to

(Ko * Ps)(t5i(k)) = Ds(t5,i(F)) = (KR,g * Pr.s) (45,6 (K)) = Pr.s(t.:(K)),

Together with (5.6), we obtain

|(KRr.g % Ps)(s) = Ps(s)| = max |(Kr.g * pr,s) (t;:(k)) — pr.s(tsi(k))|

su
D i=1,2

s€B(t,h—g)
for some j € {—2F72 —2k=2 1 1 ... 2F=2 _1}. If j ¢ Jp, then
max [(Kr,g * pr,s)(15,i(k)) = Pr.s(ti(F))]

max |(KR,g * Pk—1,6)(t5,i(k)) — pr—1,5(t;,:(k))]

2
(5(1—)9’3.
0
If j € Jg, then

max |[(Kp,g % pr,s) (15,6 (k) = pies (1,6 (k)]
> co O max |(Kp,g* Sk,5,5) (1,6 (k) — Sk.p.(85:(k))]

Rl = HB

>

— max (K R,y * pr—1,6)(t:(k)) — pr—1,6(t;i(k))]

1 2
> g 0 max [ (K g % Sk,5,0)(5(0) = Skt ()] — 5600 (1 - W) ¢

Similar as above we obtain

(KR,g * Sk,p,5)(t5,1(k)) — Sk,p,(tj1(k))

1 [tia(k)tg

= — 27%B gin (2k*17rx) dx —27k8
29 Ji;1(k)—g
1 g—k+1

= —2_k5/ sin (Zk_lwx) dg — 27FP
29 0
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as well as
2
(Krey * i) (t52(0) = Stk =7 (1= 2).
such that
1 2\ 4
max |(Kr.g *pr,s)(4:(k)) = pr.s(ti (k)| = 500 |1~ — )9

Combining the two cases finally gives

- - 1 2
up (K 50)e) ~ i5(0)] = a8 (1= 2 )
s€B(t,h—g) u

In particular, ps € E,(3) for sufficiently large n > no(8, ), and thus ps € A.

Since A is open and dense in the class H(_. 14.)(3) and A C j’, the complement
Hi—c14¢)(B) \ Z is nowhere dense in H(_c14¢)(B). Thus, because of

Hi—c14¢)(B)1Bt,n) = HBe,n)(B),

and the fact that for any 2 € H(_. 14.)(8) and any 2’ € Hp p)(5) with

l218(,1) = 2l g.B10) <O
there exists an extension z € H(_. 14¢)(3) of 2’ with

& = 2|

By(—e,14e) < O,

the set Hp,n) (B) \QlB(Lh) is nowhere dense in Hp 5)(3). Since the property
”nowhere dense” is stable when passing over to intersections and the corresponding
relative topology, we conclude that

Po(e,n)(Bs L)\ Z|B(1.n)
is nowhere dense in Ppgy p) (8, L*) with respect to || - HB,B(t,h). O

PROOF OF LEMMA 3.5. As it has been proven in Hardy (1916) the Weierstrafl
function Wy is B-Hélder continuous everywhere. For the sake of completeness, we
state the proof here. Because the Weierstrafl function is 2-periodic, it suffices to
consider points s,t € R with |s — ¢| < 1. Note first that

(1,
sin (22 m(s — t)) ‘

sin (;2%(3 +t))‘ -
sin (;2%(5 - t)) ‘ .

Wa(s) — Wa(t) <23 278

n=0

<2 i P
n=0
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Choose k € NU{0} such that 2=+ < |s—¢| < 2%, For all summands with index
n < k, use the inequality |sin(x)| < |z| and for all summands with index n > k use
|sin(x)] < 1, such that

k 0o
Ws(s) — Wa(t)| <2 2—”5‘12%s—t’+2 9~ nh
[Wp(s) — Wg(t)] HZ:; 52" (s —1) n:ZkH
k %)
=mls—t|y 27D 2 Y a7nh
n=0 n=k+1

Note that,

k k+1)(1-8) _ k(1-8) _ oB—1 k(1—p8
Zgn(lfﬁ):% )(1-8) 1:2( ) —9 S2( )’
— 21-6 —1 1—26-1 1—26-1

and, as 277 < 1,
2f(k+1)6

> 2*”5:71_2_6.

n=k+1
Consequently, we have
ok(1-5) o—(k+1)B
+ 2
1—26-1 " 7125

<l|s—t” z 2
sl=t T 1225 )

(W (s) = Wp(t)| < mls —t

Furthermore
= 1
E -nf _
||W,3H5up S 2 - 1_2_5’
n=0
so that for any interval U C R,
™ 3
W < .

We now turn to the proof of bias lower bound condition. For any 0 < 8 < 1, for any
h € Guo, for any g = 27% € G, with g < h/2, and for any ¢ € R, there exists some
s0 € [t—(h—g),t+ (h—g)] with cos (2"7sg) = 1, since the function & — cos(2"rz)
is 2'~*-periodic. Note that in this case also

(5.8) cos (2"msg) =1 for all n > k.

The following supremum is now lower bounded by

sup
s€B(t,h—g)

/ Kz — )W(x)dz — Wi(s)

> '/ Kr(x)Ws(so + gx)dz — Wpa(so)|
—1
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As furthermore

sup | K ()27 cos (2"w(s0 -+ 92))| < 1Kl - 27
e

and

- — H](R”su
D WKy 277 = T555 < oo,

the dominated convergence theorem implies

’/_11 Kgr(x)Ws(so + gx) dz — Ws(so)

Z 2_nBIn(507 g)
n=0

with
1
I,(s0,9) = / Kgr(x)cos (2" (sg 4+ gz))da — cos (2"msp) .
~1

Recalling (5.8), it holds for any index n > k

1 sin(2"7w(so +g)) —sin(2"7w(sg — g
L) = § - S +9) s =g) _,
_ sin(2"mg) 1
- 2nqg

(5.9) =1

Furthermore, for any index 0 < n < k — 1 holds
1 sin(2"n(sp + ¢g)) — sin(2"7(so — g))

L.(s0,9) = 3 g — cos (2"msp)
g
(5.10) = cos(2"so) (Sm(”’) - 1) .
2"mg

Using this representation, the inequality sin(z) < x for > 0, and Lemma A.3, we
obtain

ALY ]
(2"mg)*

6
< 2—n[3+2(n—k)+1.

3 n
27" 1 (s0,9) < 2777 (1 _ sin@'mg) 779))

<2 b

Since k—n—1 >0 and § < 1, this is in turn bounded by
2—n[3]n<807g) < 2—(2k—n—2)6 . 22(n—k)+1+2(k—n—1)[3

< 27(2](577’7,72)5 . 22(n7k)+1+2(k7n71)

(5.11) < 2~ (@k—n=2)5
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Taking together (5.9) and (5.11), we arrive at

k—3 2k—2 k—3 2k—2

S 2 (s0,9) + > 2L (s0,9) < 3 2GR n08 L N g8 g,

n=0 n=k+1 n=0 n=k+1

Since by (5.9) also

i 27", (s0, 9 Z 278 <0,
n=2k—1 n=2k—1

it remains to investigate

k

Z nﬁ[ 50, )

n=k—2
For this purpose, we distinguish between the three cases

(i) cos(2"twsg) = cos(2F2msp) = 1

(i3) cos(2Ftmsg) = —1, cos(2¥72

2k—2

7T80) =0
(iii)  cos(2¥1msy) =1, cos( mso) = —1

and subsequently use the representation in (5.10). In case (i), obviously

k
Z 27" I,.(s0,9) < —27% <0.
n=k—2

using sin(z) < z for > 0 again. In case (ii), we obtain for g <1

k
2 4
3 2 (s0,9) = 274027 (1 sin(r/ )> _ghB < o=kB <1 - ) <0.

n=k—2 /2 ™

Finally, in case (¢i), for 8 <1,

k
> 27 L(s0,9)
=k—

2

o (k-1)8 (3“1757/72/2) _ 1) o (k-2)8 (5111757/714) _ 1) _okB

() e =) e
<2708 (727 +1-8 Sln(:/4)> _g-kB

< —97kB
< 0.

n

35
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That is,

sup
SEB(t,h—g)

/thx—ﬂwd)dw—WM>

> ’/1 Kr(x)Ws(so + gx)dz — Wa(so)

= - Z 2_nﬁln(507g)
n=0

k
> — Z 27ﬂﬁ[n(507g)

n=k—2
4

> ( — 1) q°.
™

PROOF OF THEOREM 3.6. The proof is structured as follows. First, we show
that the bias term is negligible. Then, we conduct several reduction steps to non-
stationary Gaussian processes. We pass over to the supremum over a stationary
Gaussian process by means of Slepian’s comparison inequality, and finally, we em-
ploy extreme value theory for its asymptotic distribution.

O

Step 1 (Negligibility of the bias). For any t € [0, 1], there exists some k; € T),
with ¢ € Ij,. Hence,

e aloe(t.htee() — o)
Zn (1)

= b, [Ex B (e, BlS5, ) — p(0)|
< \Jihtes o hios, [p(kedn) = (o)

Assume j’n(k‘én) > ky(kS,) = jn(ké,) — my, for all k € T,,. Since 6,, < %h@ﬂn for
sufficiently large n > ng(Bs, ),

EX 5L (kebn, h125,) — p(Kedy)

hloc  — omn—un  nin {2_3n,((kt_1)6n)_mn72_jﬂ,(kt5n)_mn}

n,k¢
< 2™~ min {hy, (ke — 1)6n), b (ki0y) }
< 3.2MmnTUn L h (1)

by Lemma 4.2. In particular, 6, + ilif?c, < 2-Un(O+1) holds for sufficiently large
n > ng(c1), so that Assumption 3.1, Lemma 3.2, and Lemma 4.4 yield

sup 4/ ﬁhﬁf’%t

PEPn
< sup yfabiy, s [E 50 (6B~ p(6)

PEPn s€Bs,, (t)

EX S (kedn, h05,) — p(Kedn)

n, ke
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- . Bp(B(t,277m (1))
sup bgq/ﬁhifjﬁ (hﬁf%t) !

PEPy
- b\/ﬁﬁ7 jloc Bp(B(t,hn(t)))
p€£ ? noke \ ke

21 [ (1)

IN

IN

< sup by (3-2MnTUn) 2 L Ry (£)Pror ()
peP, 2 ( ) logn *)
(512) < C10 * (log ﬁ)iic1(2ﬁ*+l)10g2
for some constant ci19 = ¢19(B«, L*, K), on the event
{j’n(kén) > ki (kdy) for all k € Tn} .
Furthermore, for t € I}, and for n > ng,
g\ gt
55* < 9 Jmin <10%TL> < 9 Jmin <10%TL> < hn(t)ﬁnm(t)’
n n
such that on the same event
- nhy (t
sup /nhlos p(kid,) — p(t)| < sup V3L*- 23 (Mn—un) L() P
pEP, B pEP, log 71

(5.13) < cqp - (log) ¢ lo8?

for some constant ¢11 = ¢11(Bx, L*). Taking (5.12) and (5.13) together,

[Exepiee(t, hiee (1) = p()|

sup sup an - 1 {jn(kén) > kn(kdp)Vk € Tn} <e1m,
PpEP,, t€[0,1] Zp(t
with

1 1
€1.n = €10 - ap(logn) 10 @AADI02 L0 g (logn)~ 1o 182,

According to the definition of ¢; in (3.9), €1, converges to zero. Observe further-
more that

(5.14) pLoc(t, hloe(t)) — p(t)
. sup —

tc[0,1] Zn(t)
can be written as

Pt Bige(8)) = ()|
max sup

ke€Tn te1y, én(t)

_ > 7 loc A(1) 7locy _ _ (1) 7 loc
e /A e { 10 (k0 B0 — inf 900 sup p(e) — 51k, )
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with the definitions in (3.12) and (3.13). That is, the supremum in (5.14) is mea-
surable. Then, by means of Proposition 4.1, with 21, =2 — €1 5,

P8, B (1)) — p(1)|
sup PX an { sup ~ —b, <z
pE P t€[01] Zn (1)

piee(t, Bee (1)) = p(1)|
> sup PX [ a,< sup

PEPy P tG[O,l] 271 (t)

- bn S €,

Gn(kbn) > kn(ksy,) for all k € T,

Aloc(t hloc( )) EXl Aloc(t hloc( ))
> sup PX Qp sup —b, p < T1n,
PEP, te(0,1] Zn(t)

In(k6n) > kp(kd,) for all k € T,

Aloc(t hloc( )) EXl Aloc(t hloc( ))
> sup PX | a,<{ sup —byp < 2im
pE Py te[0,1] Zn(t)

— sup PX* <§n(k6 ) < kyn(kdy,) for some k € Tn)

PEPn
(5.15)
= sup EX [PX (an{ max ¢/ h!% |BY (6, i) — EX' LY (Ko, hlo5,)
peEP,, keT, ’ ’
- bn} S T1,n X2> + 0(1)
for n — oo.

Step 2 (Reduction to the supremum over a non-stationary Gaussian process).
In order to bound (5.15) from below note first that
- bn} S Ti,n X2>

Py <an{ max \/nhl"C
keT,
T1,n
- bn S ;—7
} L*

ﬁhloc
> pX A(l loc EX1 A(l) loc
> PX <an{ max p(kén) (k:én,h %) — (k:én,h %)

A(l)(kén, hlon) Exl A(l)(k(sm hlon)

keT),
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- bn} <z, X2)

Zl_PLp_P?m

Using the identity |z| = max{x, —x}, we arrive at

PX| a max\/ﬁﬁloc
P\ ke, n.k

P (K6, BLS) — EX I (K6, RIS,

with

nhlos ) )
n, ~(1 loc ~(1 loc
P =i ({ a5 (50 (0, o) — B8 (0, B )

TNLiLlOC
— pX n,k x1.4(1) plocy _ (1) 7loc
PQ:P Pp <an{ ?é%}: p(k5n) (Ep 2 (k(S’VH hn,k) 2 (k(sn’ hnk))

T1,n
—-b > — X2 |-

o2
In order to approximate the maxima in P, and P, , by a supremum over a Gaus-
sian process, we verify the conditions in Corollary 2.2 developed recently in Cher-

nozhukov, Chetverikov and Kato (2014b). For this purpose, consider the empirical
process

ohf = - Z (FxX)-Epf(X)). feF

indexed by
‘Fg:{fn,k : k’eTn}
with
f”hk :R—R
1
oy -3 ké, —x
x> <nhn03C p(kén)) K ( o ) .

Note that Chernozhukov, Chetverikov and Kato (2014b) require the class of func-
tions to be centered. We subsequently show that the class FZ is Euclidean, which
implies by Lemma 5.2 that the corresponding centered class is VC. It therefore
suffices to consider the uncentered class F%. Note furthermore that f,, ; are ran-
dom functions but depend on the second sample x2 only. Conditionally on y2, any
function f, ; € FP is measurable as K is continuous. Due to the choice of k2 and
due to

(logn)*r= < (log 71)R2—c1los2

iLloc > 9~ Un N
n,k = 7 F
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the factor

(5.16) (b5, p(h5.)) ol

(log ﬁ)%(cl log 2—k2)

tends to zero logarithmically. We now show that F2 is Euclidean with envelope

||}i||Sup ~
= ——(logn

$(c1log2—ka2)

Fy,

Note first that

1
FPCF = {fmh,t teER, 0<u< M(logﬁ)%(ﬁbﬂ—@), 0<h< 1}

with

n@wwﬂrx(ﬁ;)

Hence,

N(F2 0 @) eFa) <N («?HHFL(@E)

for all probability measures @ and it therefore suffices to show that .% is Euclidean.
To this aim, note that for any fy p+, fv.g,s € % and for any probability measure @,

| funt = fo.g.sll1(Q)

F,
< | fune = fontll @) N | fo.nt = fo.g.sllLr @)
- E, E,
Ko 1 t— .
<fu—of WKl K( )K(S ) .
Fn K |sup h 9 LY(Q)

Thus, using the estimate of the covering numbers in (2.1) and Lemma 14 in Nolan
and Pollard (1987), there exist constants A’ = A’(4, K) and v/ = v + 1 with

. Al v
ﬁmN(yJ|hwwﬁ)§()
Q Fn g

for all 0 < € < 1. That is, .% is Euclidean with the constant function F;, as envelope,
and in particular

AN
(5.17) limsup sup N (FZ, || - |12 (@).eFn) < <) .
n—00 Q €

Hence, by Lemma 5.2, the P,-centered class FPO corresponding to FP is VC with
envelope 2F,, and

N (FE0 - 2er,) < (A ’
(FR7 0 p2@s 26Fn) < { =
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and VC characteristics A” = A”(A, K) and v = v”"(v). Next, we verify the Bern-
stein condition

sup  sup /If )'p(y)dy < olBL?
pEP,, fEF,

for some B,, > 0, > 0 and B,, > 2F,, and | = 2, 3. First,

max/|fn,k(y)|2p(y) dy

keT,
— max np (kd») / K(z ch + hlee )dx
k€T,
<o}
with
2L*|| K
o2 = I ||sup.
Mn
Also, using (5.16),
3
max / | fr k()" p
—3/2
:max( (k§ hloc / K (z ka + hlee )d:z:
keTy,

IN

—1/2
O-EL”K”SUP ’ ]Igg,}x ( n kp(k57L))

SUQ'Bn

n

with B, = 2F,. Furthermore, it holds that ||2F},|sup = Bn. According to Corol-
lary 2.2 in Chernozhukov, Chetverikov and Kato (2014b), for sufficiently large
n > no(c1, ke, L*, K) such that B,, > o, there exists a random variable

D
Zn,p = )rcrela]'__é) Gprv
and universal constants c12 and ¢33, such that for n = i(lﬂiz —c1log2—4)>0

log 7
sup P (an\/ﬁ > Eg’n‘XQ) < c19 ((log )"+ Oin> ,

pEP,

max Gnf —Znyp

n

where

B, K, VA Bron Ky #Y3(B,o2K2)Y/3
E2n = 0@ ( + e

log ) —1/2 (log n)—1/2 (logn)—n/3

with K,, = c¢13v”(logn V log(A” B, /0y,)), and Gp, is a version of the P,-Brownian
motion. That is, it is centered and has the covariance structure

EX' f(X1)g(Xy)
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for all f, g € FP. As can be seen from an application of the It isometry, it possesses
in particular the distributional representation

(5.18) (Gr, Dgerz 2 ( [ 1011 aw )

fern

where W is a standard Brownian motion independent of y3. An easy calculation
furthermore shows that €3, tends to zero for n — oo logarithmically due to the
choice of n. Finally,

sup P
PEPy
po T =
S bugl; P;( <an (\/ﬁ?é.ai__)g G‘Zf_bn> > \/1[%17 af’n\/ﬁ ;Ié%-‘)f’ G;Zf_ Zn,p S €2.n X2>
peEPy n n
+ SIE; PX (an\/ﬁ ;nzu}g Glf—Znp|l >e2n x2>
peEZn n
< sg Px (an (\/szn’p — bn> > To g XQ) +0o(1)
PESLn

for n — oo, with

T1,n T —E€1,n

€T
X = — —€f2.p = —F7—— — & = —
Y/ RV, R o

The probability P, is bounded in the same way, leading to

sup PX| a maX\/ﬁle"c
p p< n{ paax n,k

pPEP,

+ o(1).

- bn} S T1,n X2>

>2 sup PX (an (\/ﬁZn,p - bn) < Zon Xz) —1+o0(1).
PEDP,,

P (k6 11S) — EX P (S, h1OS,)

Finally we conduct a further approximation

for the right-hand side in (5.18) in order to obtain to a suitable intermediate process
for the next step. With

Vap(k) = VAW (a5 /) = Yo p (k)
2V [ furta) (Vola) - Vol6)) aiw (a),

it remains to show that

lim sup PV (ank max [Vap(k)| > 53,7;) =0

n—0o0 peEL, =1,...,0n
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for some sequence (€3, )nen converging to zero. Note that V, ,(k),k € T, is a
centered Gaussian process and in particular subgaussian with respect to the metric

v, (1) = (B V) = Vi 0?)

Hence, by Dudley’s entropy bound in the form of Koltchinskii (2011), Theorem 3.1,
there exists a numerical constant ¢4 > 0, such that

D(T,
(5.19)  Ew max|Znp(k) — Znp(ko)| < c1s / JIoEN (T dz, ) de
0

keTy
for all kg € T,,, where

D(T,) = D(Ty,dy, ,) = sup dy, (k1)
kleT,

denotes the diameter of the space T;, with respect to dy, . It remains to bound the
entropy integral. Note that by It6’s isometry and by the Minkowski inequality

00 < (i [ sl (Vo) - W) A
(/fnl \/T) )1/2.

Furthermore, as p € &,,

/fnk \/T)
p(% / <\/ Ky + o5 x) — W)
1

5.20 < K ()2 oo
(5.20) _p(kén)/ (z) )p(k6n+hnykx) p(kén)| da
LK (5100 \ 7
< Jloc
~ p(kdy) ( ”k)
* 2
< % (log ﬁ)_clﬁ* log 2 ’
we get
D(Tn) < An ﬁ“K“Q ( )7—015* log 2 .
VM
Because of

N(Tnvdvn,p"g) =N (gz’ H ) ||L2(Pp)75)
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with
- _ Koy,
g8 = ) = Vg (1 - [2E0)) e 8
p()
it remains to bound the covering numbers N (GZ, || - |12p,), €). Moreover,
Kby, — -
G CHE =S gnin()=u-K loc ckeT,, |ul <U,
n,k

for any p € &,,, with

, VI i :
L M (10g ﬁ)ng—cl log 2 )

since for k € T}, and |k§,, — x| < illyf%

(s ) ™ <1 . p(/«sn))‘ < (1) ™ () —p(kann)”z

p(x) p(x) p(kén)

As before, for any k,l € T, and for any u,v with |u| < U, and |v| < U, and for
any probability measure (), by Minkowski inequality,

gn.ku = gn.tollz2(Q)
< lgnku — gn,k,vHL2(Q) + [|gn k0 — 9n,l,v||L2(Q)

hn,k hn,l

which together with (2.1) implies that

< lu—o|-[[Kllsup + Un -

L2(Q)

A/Un v+1
N (2 lizane) < (50

for 0 < & < || K||sup, and for some universal constant A’ = A’(A, K), see Nolan and
Pollard (1987), Lemma 14. Consequently,

A/Un v+1
sup N(Ty,dy, ,,¢) < ( > ;
PEPy ' €

and therefore, recalling (5.19),
Ew max [V, , (k) — Vo p (ko)

An 1/2
< eV + 1/0 {log(A') +log(U,) + log(l/s)} / de
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for all kg € T, and for sufficiently large n > ng(Bs«, L*, K, M). Finally, as A,, tends
to zero and U, goes to infinity for n — oo,

Ew ]?é%“}: |Vn,p(k) - Vn,p(ko)l

<cpyvr+1 <2An log(Uy,) + /An v/1og(1/e) ds)
0

for sufficiently large n > ng(8., L*, K, M, A) independent of p. Additionally, with
a change of variable and integration by parts,

/ " ioa(i/e de — Japr

_ 2
At €

1 [ 1
a;t e24/log(e)

1 [ I
< Auv/TogBa) 4+ [ VD
At

= A,/ —log(A,) +

for sufficiently large n > no(8:, L*, K, M) independent of p, and thus

Ay,
/ log(1/e) de < 2A,v/—1log(A,,).
0
Finally,
Ew ]rcré%gi |Vap(k) = Vi p(Ko)|
< 2614\/1/ + 1A, (\/10g + \/ IOg ))

and consequently, recalling (5.20) and using Jensen’s inequality,

Ew max V., , (k)]

<2c14VV + 14,

V10g(Uy) + v/~ 105(A) ) + Ew |V (ko)
(

(
< 2cuVr + 1A, (\/Iog )+ 1/ log(A )) + EW|Vn7p(l<:0)|2) 1

< 2c14VV + 1A, (\/Iog )+ 1/ log(A )) + %
< (2e1VV + 1+ 1/2)A (x/log ) 4+ /—log(A ))

For the sequence

eg.n = (login) 1(1F+108272),

Markov’s inequality gives

sup Py (an max |Vn »(k)] > 63771)
pEP, keT,

(5.21) < (2eVr 11 +1/2 <\/10g )+ /— log(A ))
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where both €3, and the expression in (5.21) converge to 0 due to the choice of ¢;
n (3.9). Following the same steps as before, we obtain

sup Py < <\/ﬁ£é%3< Gp, fnk — bn> < Ton X2>

pe,@"
> sup PV (an (in%x Y, p(k) — bn> < x3,n> +0o(1)
€Ty,

for n — oo, with a3, = T2, — €3.n-

Step 3 (Reduction to the supremum over a stationary Gaussian process).
We now use Slepian’s comparison inequality in order to pass over to the least
favorable case. Since K is symmetric and of bounded variation, it possesses a rep-
resentation

K(x):/zlgdP

for all but at most countably many x € [—1, 1], where P is some symmetric proba-
bility measure on [—1,1] and g is some measurable odd function with |g| < TV (K).
Using this representation, and denoting by

1
Wia(z) = }T{ (k6 + BL2%) — W (k) +zhl“)}

n,k
1 loc loc
- /%{W(za +hLoSY — W (16, + 2B )}
W, = 1 W (kdy,, — zhl%S) — W (ké, + zh!%S
k1(2) = Tloc ( zhyy) — W(kén + 2hy5)
n,k

(5.22)

1 locy o loc
+ Blﬁ{ (16, + 2h1%S) — W (15, — =hls )}

Fubini’s theorem and the Cauchy-Schwarz inequality yield for any k,l € T,

Ew (Y

=Ew (\/;//I Mn ( ) {|x—]€(5 |<hloc} dW(:L‘)
n,k
\/;//m :Jl" ) {|$_l(5 | < hlo(’} dW(,’I}))
n,l
=Ew ( 9(z) {\/;/1 {kén —|—zﬁloC <z <ké, +h100} dW ()
-1 n,k
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2
1 . )
/hloe /11 {lén + 2o < @ <15, + hln"j} dW(x)} dP(z))
n,l
2

—Ew ( / gWi(2) dP<z>)

-1

2

=Ew </01 g(2) (sz(z) - Wk,l(—z)) dP(2)>
=Ew /01 /01 g(z)g(z’)Wk,l(z)Wk,l(z') dP(z)dP(2")

! ! / T 2 T "2 1/2 /
< / / 19(2)9(")| {EwWia(2)Bw Wia(2)? )~ aP(2)aP(2).
0 0
We verify in Lemma A.1 that
EWWk,l(z)Q <4
for z € [0,1], so that
1 2
Ew (Vo) = Yon0 <4 ([ Lo aPe) < TV(RY

for all k,1 € T,,. Consider now the Gaussian process

Cis ké, —x
Y, min(k) = K dw s keT,,
o) = 2 [ 1 (" ) awie
with
S TV (K)
IR
Furthermore,

EW (Yn,min(k) - Yn,min(l))2 = EVVYPn.,min(k)2 + EVVYvn,min(l)2 = TV(K)2
for all k,1 € T,, with k # [, so that
(5-23) EW(Yn,p(k) - Yn,p(l))Z < Ew (Yn,min(k) - Yn,min(l))2

for all k,l € T,,. In order to apply Slepian’s comparison inequality we additionally
need coinciding second moments. For this aim, we analyze the modified Gaussian
processes

Yn7p(k) = Yn,p(k> + 162
Yn,min(k) = Yn,min(k) +c172

with

cir = cr(K) = [|K ||z,



48

and for some standard normally distributed random variable Z independent of
(Yo p(k))ker, and (Y min(k))ker, . For sufficiently large n > no(K), these processes
have the same increments as the processes before but additionally coinciding second
moments. Obviously,

_ _ TV (K)?
B Vo (1) = B Foan ()7 = T 42

for all k € T,,, and

for all k,1 € T, by inequality (5.23). Then,

sup PV (an (max Y, p(k) — bn> < x37n)

PEP, keTn
= pV Yop(k) —c16Z — by | <3,
P o (m ol6) =z =) <22,
1
> sup PV ( ( p(k) —c16Z — bn) <agp, —Z < bn)
pEP, 3c1e
> sup PV max Yy, (k) — gbn <z3,|—-P|—-Z> —bn
T pe, k€T, 3 -7 3cie
> sup PV (a, ( max ¥, ,(k) — gbn <3, | +0(1)
N pegz'n ke, » 3 - ’

for n — oo. Slepian’s inequality in the form of Corollary 3.12 in Ledoux and Tala-
grand (1991) yields

2
g P (o (jgeTon) = o) <00
2
> pW — < .
> P (on (g o) = ) < 230

Step 4 (Limiting distribution theory). Finally, we pass over to an iid sequence
and apply extreme value theory. Together with

2
PW Y I <
(an (;?éa),f min (k) 3bn> < m&n)

2 1
Z PW an | Max Yn min(k) + 017Z - 7bn S T3, Z S 7bn
keT, 3 ’ 3

1 1
> pW Yymin(k) — by | <235, | =P (Z > —0,
22 o o~ 1) <) -0 (4> o)
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1
w
— . _ < 7.
P (an (lrcré%g( Y, min (k) 3bn) < xd’n> +0(1)

as n — 0o, we finally obtain

by, | <z

sup PX [ a sup —
pe?, ¥ " te[0,1] Zn (1)

1
>2P (an (max Y, min (k) — 3bn> < x37n) —1+4+o0(1).

keT,
Theorem 1.5.3 in Leadbetter, Lindgren and Rootzén (1983) yields now
(5.24)
Fo(z) =PY <an <max Y min (k) — ;bn> < x) — F(z) = exp(—exp(—x))

kET,
for any = € R. It remains to show, that F},(x,) — F(z) for some sequence x,, — x as
n — oo. Because F' is continuous in z, for any € > 0 there exists some 6 = d(¢) > 0
such that for all y € R with |y — x| < ¢ holds |F(z) — F(y)| < /2. In particular,
fory=x+4,

(5.25) |F(z) — F(z +6)| < = and |F(z) — F(z —6)| < g

[NCRNO)

Since x,, — x, there exists some N; = Nj(g), such that |z, — x| < § for all n > Ny.
Therefore, employing the monotonicity of F,,,

|[Fn(zn) = F2)| < [Fp(z 4 0) — F(2)| V [Fo(z — 0) — F(z)]
for n > Ny, where
|Fo(x £6) — F(z)| < |Fp(z£9) — Fxa £ 0)|+ |F(x £6) — F(z)| <e

for n > Ny = N3(e) due to (5.24) and (5.25). Consequently,

PEe(t, Bl (1) = p()|
lim inf PX [ a, | sup

— —-b <z
n—o0 pEFn t€[0,1] Zn(t) "

1
> i : — — < —
>2 lim P (an (gé%?: Yn,mm(k) 3bn) = :E3,n> 1+ 0(1)

n—oo
=2P (\/L*G < x) —140(1), n— oo,
for some standard Gumbel distributed random variable G. O

PROOF OF PROPOSITION 3.10. The proof is based on a reduction of the supre-
mum over the class to a maximum over two distinct hypotheses.
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Part 1. For B € [Bs, 1), the construction of the hypotheses is based on the Weier-
strafl function as defined in (3.8). As in the proof of Proposition 3.3 consider the
function pg : R — R with

0, if |[z—t>12
1 3 : 10

po() 4+Tﬁ(x;t+2) if -3 <z-t<-2
L2 We(x —t), if |z—t<2
1-3@-t-2), if 2<az—t<i

and the functions py ,, p2.n, : R = R with

P1n(@) = po(2) + Gy o n (T3 980) — Grn(i98m), @ ER

P2 (@) = po(x) + @y 9 (w518 gpn) — Gm(@ic1s - gom), « €R
for gg., = 2n~ YD and c15 = c15(8) = (2Lw (8))~Y/#, where

0, if |[z—al>g
Gan(T39) =4 41— 2 ﬁ(ng(l‘—a) Wﬂ(g)), if |[z—al<yg

for a € R and g > 0.

\ : uJ""/‘ \ | ' N

\ Y al ¥y

)
Wk A AN TR A N L Y O S S
W ‘W’W Wyl W iy W

Fic 5. Functions p1,n and p2 fort =0.5, 8 =0.5 and n = 50

Following the lines of the proof of Proposition 3.3, both p ,, and ps ,, are contained
in the class Py (L, Bx, M, K, ¢) for sufficiently large k > ko(B.). Moreover, both
p1,n and pa,, are constant on B(t,cis - ggn), so that

pl’n‘B(t’CIS'Q,ﬁ,n)7 p2’7’7f|B(t’018'9[€,n) € HB(t,C1g~g/3m,)(oo7L)

for some constant L = L(B). Using Lemma 3.5 and (5.3), the absolute distance of
the two hypotheses in ¢ is at least

‘pl,n(t) - pZ,n(t)| = |qt n(t 93, n) - qt,n(t§ C18 * gﬁ,n)|

1—28
= 7|Wﬂ(gﬁ n) Wﬁ(clg . g/)’,n)|
1—2 P
Z g (IWa(g8.) = Wa(0)] = [Wiers - ga.n) = Wa(0)])

1—25
T <9§n — Lw(B) (c1s - gﬁ,n)ﬁ)

> 201995771
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where

1—275

c19 = c19(Bs) = PR

Since furthermore
[ 2@ = prafa)) da =0,

and log(1 + z) < z for z > —1, the Kullback-Leibler divergence between the asso-
ciated product probability measures P%Z and P?Z is bounded from above by

_ 2
’ ’ P1in\T

<120 / (pan(2) — prn(a))? do

=24n /(qo,n(x;g,a,n) — qon(z,C18 gpn))? da

~oin () (27 (w1 w5,) s

18°98,n

C18'9B,n 2
[ (Walers gan) = Wilgn)) s

—C18'98,n
L (1—27°\? 9. 25
< 24n Lw(B) 2 (98,n — )% dx
12 C18°9B,n
+2(1 - 018)20189%;1)
= C20
with
- 1-278N\? [(1 = ¢15)28+1
o0 = Coo(B) = 48 Ly (8)24~(2A+D) ( B ) <( 251i)1 + (1 —c18)cis |,

where we used Lemma 3.5 in the last inequality. Theorem 2.2 in Tsybakov (2009)
then yields

inf sup Pff’" (nw‘% [T (t) — p(t)| > 019)

Tn pesi(p)
1 1—+/ 2
> max {4 exp(—cap), 2020/} > 0.
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Part 2. For 8 =1, consider the function pg : R — R with

0, if |x—t>4
po(m):{l 1

and the functions p; ,,,p2 », : R = R with

Pra() = po(@) + @19 n(®391,0) — Qe (@5 91,0)
p2,n(x) = po(ﬂf) =+ qt—s—%,n(x; gl,n/Q) - Qt,n(x; gl,n/Q)

for g1, = in_l/?ﬁ where

0, if |x—al>g
wlo—le—al), if lr—al<yg

Qan(T39) = {

for @ € R and g > 0. Following the lines of the proof of Proposition 3.3, both p ,,
and ps ,, are contained in the class & for sufficiently large k& > ko(8.). Moreover,
both p; ,, and p2 ,, are constant on B(t, g1,,/2), so that

D1n|B(t,g1./2)s P2n|B(tigr.n/2) € HB(t,g1./2)(00,1/4).

The absolute distance of p; ,, and pa, in ¢ is given by

1
n(t) — n(t)| = 55 ny
[PLa(t) = P2 ()] = 5501,

whereas the Kullback-Leibler divergence between the associated product probability

measures P%Z and P%Z is upper bounded by

_ 2
K (P55, PYm) <n / (p2’"(2 (p;)’"(“”)) da

<16n /(an(.’E) —pl,n(m))2 dx

— 321 / (G0 (2 G1m) — Qoo (2, 91.0/2))° da

gi,n 1 2 91,n/2 G1n )2
=32n 2/ ((glm - x)) dx -|-/ ( ) de
( gl.n/2 16 _gl.n/2 32 >
2 1

=332 T3

Together with Theorem 2.2 in Tsybakov (2009) the result follows. O

PrOOF OF THEOREM 3.12. Recall the notation of Subsection 3.2 and set the
exponent v = y(c1) = %(01 log2—1). To show that the confidence band is adaptive,
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note that according to Proposition 4.1 and Lemma 4.2 for any ¢ > 0 there exists

some ng(0), such that

Bn,p(t)
min log i\ 2Pn,»p O+
sup Py 3¢ € 0,113 Coa(0)] 2 VB 24 g, 0) (E7) 7 gy
pEP,
logn 2un
= sup PX2 (3t €[0,1]: 2,(t) > V6
pEP,, logn
1
= sup Py? <3t €[0,1] : hl°(t) < = - hn( Q—un>
PEPy 6
o (t
= sup PX2 sup = ( ) .9~ Un Z 6
PEPy, tef0,1] hioe(t)
o (t
= sup Py? | max sup . (t) . > 6
PEP, KET, ter, min{2fjn((k71)6n)7273‘,1(1@5")}
B (
< sup PY N mln{ } =y
pEP, KET, mm{gﬂn(( ), 2—jn(kén) }
mm{g In((k=1)3.) o~ n(mn}
< sup P> [JkeT,: >1
pe Py min{Q G ((h=1)60), 9= jn (ko >}
min {2—4%((1@—1)6")7 9—Jn(kdy) }
= Sup ]-_P;,CQ VkGTn n - <1
PEPn min {27 ((-13.), 9=, (k) |
< sup {1 — px2 (j'n(kén) < jn(kby) for all k € Tn>}
PEFy
<4

for all n > ng(9).
5.2. Proofs of the results in Section 4.
PROOF OF PROPOSITION 4.1. We prove first that

lim sup Pj*
n—oo pEBZ’

(5.26) (]n(k:5 ) > jn(kd,) + 1 for some k € Tn> =0.

Note first that if j, (kd,) > j,(kd, )+ 1 for some k € T},, then j,(kd,)+1 cannot be
an admissible exponent according to the construction of the bandwidth selection
scheme in (3.10), that is, j,(kd,) + 1 ¢ A, (kd,). By definition of A, (kd,) there
exist exponents m,, , m;’k € Jn, with my, , > m;%k > jn(kd,) + 4 such that

[ logn
m;l’k,)| > Co W

—

(s,

) " |13’E7,2) (87 mn,k)

max
seB(kan,g 2= (Gn (kdn)+1)
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Consequently,

P> (jn(k(SH) > jn(kdy) + 1 for some k € Tn)

< PX? (Elk € T, and Imy i, m, 5, € Tp With myp e > ml, ;. > jn(kdy,) + 4 such that

. R logn
max ‘pg)(&mn,k) - Pg)(S, m/n,k)‘ > e\ =5 —
5€B(kdn, §-2-Gn(kom)+1))NH,, n2=mn
< Z Z Py <m >m' > jn(ké,) + 4 and
meJn m'€Jn
max B (s,m) — B (s,m")]

s€B(kép,5-2-Unkon)+D)) 3,

logn

> c —
2 n2-m

for some k € Tn> .

We furthermore use the following decomposition into two stochastic terms and two
bias terms

max

< ﬁg)(sam) _ﬁ'g)(&m/)
$€B(kép, 2= Gnk6n)+D ),

< max

seB(k(;mg.2—<3n<kén>+1>)nyn

P2 (5,m) = EX25P (5. m)|

+ max
$€B(kdp,§-2=0Gnk6n)+D ),

—+ sup ‘E;Qﬁg)(s,m) —p(s)‘
$€B(kép,§-2=Unkén)+D)

B (s,m') = E*p{) (s, m')

+ sup
$€B(kdp,§-2=Un(kén)+D)

E;Qﬁf)(s, m') —p(s)‘ i

In order to bound the two bias terms, note first that for any m > m’ > j,(kd,) +4
both

g . 27(511(]6671)4’1) 27(371(]“6")4’1) — 1 . 27(371(]“5")4’1) < 27(3n(k6n)+1) — 27"”

3 <
and

T 9 Gnk6)+1) _ 9= (Gukon)+1) _ L o Gu(kén)+1) < 9= (Gulkon)+1) _ g-m’
8 8 =

According to Assumption 3.1 and Lemma 3.2,

P‘B(,ﬂ;n72_(3n<kan)+1>) S H,@*7B(/€5n72_(3n(”"5n)+1>) (ﬁp (B <k5n727jn(k6n))) ,L*> 7
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so that Lemma 4.4 yields,

sup EX*p? (s,m) — p(é’)‘
seB(k(sn,ngGn(ksn)ﬂ))

< up B35 (5.m) — o)
s€B(kS,,,2— (n(kdn)+1) _2—m)

< ngimﬁp(B(k5n,2*5n(k5n)))
< b22_m5p(B(k5mﬁn(k5n)))
< bhy2 Bnp(Ron)

with the bandwidth h,,(-) as defined in (4.1), and analogously

P B0 (5,m') = p(s)| < by2 7 e k52),
s€B(koy,, 5 2= 0n(kin)+1))

Thus, the sum of the two bias terms is bounded from above by 2bh, (kén)ﬂw’("’én),
such that

n2-m )

~ sup £ (5,m) — n(s)|
log 7 s€B(kéy,, 52— 0n(kon)+1)))

X2 5(2) N _
+ sup (x5 (5, ") — p(s)
s€B(kdy,, 52— Gnkon)+1)))

i (kS _

< w - 2bg by, (K6, ) Pror (KOn)
ogn

< ca1,

where Co1 = CQl(ﬂ*, L*7€) = 2b2 . 27jmi"(2ﬁ*+1)/2. Thus, it holds

Py (jn(/ffsn) > jn(kdy) + 1 for some k € Tn)

<> > {P;g?(max max

~(2 ~(2
keT, 7.9—(Gn(kén)+1) p; )(s,m) B E;’&p% )(s, m)‘
med, m'ed, n s€B(kon, -2 Gn(kon)+D)NH,,

cg —co1 [ logn
> [ ——
2 n2-m )

P (s,m’) — EX2pP (s,m)

co—co1 | logn

P2 (s.h) = B2 (s, )| > 2 021> :

+ F’;§2 max max
k€Tn se B(kép,§ 2= Un(kon)+D)) K,

nh

2

< 2|J.% - PX2 [ sup max —
< 21| P seqfnhegn log i
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Choose c2 = c2(A, v, B«, L*, K, ¢) sufficiently large such that co > co1 + 219, where
7o is given in Lemma 4.3. Then, Lemma 4.3 and the logarithmic cardinality of 7,
yield (5.26). In addition, we show that

(5.27) lim sup PY’ (j‘n(kén) < kp(kd,) for some k € Tn) —0.

n—o0 peyn

For ¢t € [0, 1], due to the sequential definition of the set of admissible bandwidths
A, (t) in (3.10), if j,(t) < jmax, then both j, (¢) and J,(t)+1 are contained in Ay, (t).
Note furthermore, that k,(t) < jmax for any t € [0, 1]. Thus, if j,(k6,) < kn(kd,)
for some k € T, there exists some index j < k,(kd,) + 1 with j € A,,(kd,) and
satisfying (3.6) and (3.7) for u = 277 and t = ké,,. In particular,

logn

52 (g 4 — 5@ (g7 < _—
max |2 (s, 4 3) = 5D (5. (k60))| < eay) i

s€B(kdn,T-279)NHy

for sufficiently large n > ng(cy1), using that j,(kd,) € J, for any k € T,,. Conse-
quently

P2 (jn(kén) < kyn(kéy,) for some k € Tn)
(5.28)

< Z p]);z (3]@‘ €Ty:j<kn(kd,)+1and D|B(ké,,2-1) € 7‘[5*73(%”72—.7‘)(57[/*)

B
and sup [(Kg *p)(s) —p(s)| > I for all g € Goo with
s€B(kb,,2-7—g) logn
9 <270+ and max PP (5,5 +3) — ﬁ,?)(s,in(kan))(

s€B(kon,L-279)NHy

< logn
=2\ Gtk |

The triangle inequality yields

max [P (s,j+3) — ﬁ;2)<s75n<k6n))\
SEB(k&n,%‘Z—J)ﬂHn

> max
s€B(kdp, %279 ) H,

2A(2 . 2 ~(2 =
EX* P (5,5 + 3) — E*5L2 (s, (k6,))|

- max
s€B(kdn, %279 ) H,,

PP (s, +3) — P (s, +3)

- max
s€B(kdn, 5279 )N Hy

PP (5. (k00)) = E3*52) (5, (K6))
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We further decompose

max EX*BZ) (5, +3) — EXB2) (5, n (K6,)|
s€B(kén,Z-279)NH,,

> max
s€B(kdn,T-279)NHn

Ex*52) (5,5 +3) — p(s)|

— sup
s€B(kdn,5-277)

Ex*92) (5. Ju(k0n)) — p(s)]

As Assumption 3.1 is satisfied for v = 277 and t = kd,,, together with Lemma 3.2
we both have

(5.29) P|B(k6,,2-7) € Hpx B(ks, ,2-7) (510 (B (kdn, 2_j)) 7L*)
and

o(B(E5.27)
5.30 sup K, xp)(s) —p(s)| > ———
(5.30) o)) = ple) 2

for all g € Goo with g < 270U+3) In particular, (5.29) together with Lemma 4.4
gives the upper bias bound

Sp [R5, 5u(k8,) — p(s)| < by - 278 (B(k527)

s€B(kdn,5-277)

for sufficiently large n > ng(c1), whereas (5.30) yields the bias lower bound

sup[ENPP (5,5 +3) — pls)

s€B(kdy,%-277)

= sup X2pP(s,5+3) — p(s)

s€B(kéy,2—7—2-(+3))
9= (+3)Bp(B(kén,277))

(5.31)

logn

To show that the above lower bound even holds for the maximum over the set
B (kén, % 2= 7) N H,, note that for any point kd,, — %Q_j <t <kd,+ %2_3 there
exists some t € H,, with |t — | < §,,, and

ExpP (k.5 +3) — p(0)
‘/K p(t+270+3)g) — p(t)}dx
‘/K (f4+2°0492) = p () pax
/|K plt+270+3)g) — (£+ 2_(j+3)x)’dx

j/mmwmw—p®um
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(5.32)

—2||K ||, L" - |t — £]P~,

> ‘/K(w){p (f—&- 2_(j+3)x> —p(t) }dx

where

|t — {|B* < 55*

1
< 27 dmin (W) i (log )2
n
R, (K6, )Prop (KOn)
- (logn)?
9= (G (k8n)=1)Bn,p(kdn)
=T (g
9—(G+3)Bn,p(kdn)
~ (logn)?

for sufficiently large n > ng(c1). For n > ng(c1) and j € J,, with j < k,,(kd,) + 1,
279 > oma=l . 9=in(kn) 5 | (k5,).

Together with (5.29), this implies

(5.33) By (B (b, 279)) < By (Kb)

since otherwise p would be 3-Holder smooth with 8 > 3, ,(kd,) on a ball B(kd,,r)
with radius r > h,,(t), which would contradict the definition of 3, ,(kd,) together
with Lemma A.4. This implies

9= (5+3)Bp(B(kbn,277))
(log72)?
Together with inequalities (5.31) and (5.32),

max
$€B(kén,L-279)H,

Ex*p2) (5,5 +3) — p(s)|

9= (i+3)Bp(B(ké,,277))
> sup

Exp2) (s, +3) — p(s)| — 21 K[ L”

s€B(kon,§-277) (logn)?

1 2-(+3)8p(B(kén,277))
>

=2 logn
for sufficiently large n > no(L*, K, ¢1). Altogether, we get for j < k,(kd,) + 1,

ﬁ2_3n (kén)
—_— max
logn  seB(kdn,Z-2-7)H.

Ex P2 (s, +3) — BB (5, Ju (K6))|

72— dn (kdn)
A o ™[R5+ 3) ()]
log 72 s€B(kbp,5-279)NHn
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)

~7 _ ) G (k6n)—j—4)Bp(B(kdp,277
hin (K0n) o G, (k6,)~1)B, (B (k.27 <1 20005 (B ) —b22—5*>

- max \Em (8, n(k62)) — p(s)
s€B(kdp,5-279) " Hn

ih Y o (B(kS,,277 ) |
w (; ' 2 (J+3)51 ( E 277)) by 2—jn(k5n)5p(3(k5n,21))>
ogn g7

2logn 2 logn

b (k0n) o G (ks)—1)8y Bk 2=y (27705,
—2 - b2 .
2logn 2 logn

We now show that for j € J,, with j < k,(kd,,) + 1, we have that
(5.34) Bp(B(ké,277)) < B*.

According to (5.33), it remains to show that 3, ,(kd,) < 8*. If 8, ,(kd,) = oo, then
Jn(k6n) = jmin- Since furthermore j € J,, and therefore j > juin, this immediately
contradicts j < k,(kd,) + 1. That is, j < k,(kdy,) + 1 implies that 3, ,(kd,) < oo
which in turn implies 5, ,(kd,) < p* according to Remark 3. Due to (3.9) and
(5.34), the last expression is again lower bounded by

T (K6n) 5
logn

 2Bp(B(kén.279)+1
2

(k5 )ﬁp(B (k6,,27 J))2 min

C2

for sufficiently large n > no(L*, K, B, 8%, c1, c2). Recalling (5.33), we obtain

A2 ) EX 52 (5,5 +3) — E*P2 (5, G (k6n)
logn seB(kén,%'?_J)ﬂHn p Pn ) p Pn y Jn{KOn
S A
= lo
:302.

Thus, by the above consideration and (5.28),
sz(jn(k5)<k(ké)forsomek6T><Z Pj1+ Pjo)
JEITn

for sufficiently large n > no(L*, K, B4, %, 1, c2), with

n2—(+3)
n

(s, +3) — By <2>(s,j+3>|>@>

max
s€B(kdy,L-279)NHy
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N2—dn(kdyn)

Pjo =Py? (Elk & T T < dn(fon) + L and log 7

: max
s€B(kdn,T-279)NHy

PP (5, u(K62)) = EX*P2 (5, n (K6)) | = c2>.
Both P;; and P;» are bounded by

nh

P;; < P;fz (sup max

up max 1o ﬁ?(s,h)—E;fZﬁS)(s,h)]>c2>, i=1,2.

For sufficiently large ¢y > 19, Lemma 4.3 and the logarithmic cardinality of 7,

yield (5.27). O

ProoF oF LEMMA 4.2. We prove both inequalities separately.

Part (i). First, we show that the density p cannot be substantially unsmoother
at z € (s,tl than at the boundary points s and t. Precisely, we shall prove that
min{h,(s), hn(t)} < 2h,(2). In case

Brp(8) = Bnp(t) = oo,
that is hy(s) = h,(t) = 279min | we immediately obtain h,,(z) >

$27Jmin gince

B <z ;w‘min) C B(s, hn(s)) N B(t, hn(2)).

Hence, we subsequently assume that

min{ B, (), Bnp(t)} < co.

Note furthermore that

(5.35) min {7 (), 7 (t)} = Panin{ . (), B, (00

In a first step, we subsequently conclude that

1 _
(5.36) z 4+ §hmin{5n,p(s),ﬁn,p(t)},n < 5+ hn(s)
or

1 _
(5.37) z — 5hmin{ﬁn‘p(S),ﬁn,p(t)},n >t — hn(t)

Note first that |s — ¢| < hg,, for all 8 > S, by condition (4.2). Assume now that
(5.36) does not hold. Then, inequality (5.37) directly follows as

z— %min{}_zn(s), hn(t)} = 2 + %min{}_zn(s), Ry (t)} — min{h,(s), hn(t)}
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> 5+ hy(s) —min{h,(s), b, (t)}
>t—(t—9)

>t — hy(t).

Vice versa, if (5.37) does not hold, then a similar calculation as above shows that
(5.36) is true. Subsequently, we assume without loss of generality that (5.36) holds.
That is,

1
S — hn(S) <z-— 5hmin{ﬁn,p(s),ﬁn,p(t)}’”

1
(5.38) <2 F S mningB,p (), 8n.p (O}in
< 5+ hy(s).

There exists some B > 0 with

(5.39) By = %min{fzn(t),ﬁn(s)}.

N

for sufficiently large n > ng(fB.). Equation (5.39) implies that

(5.40) B < min{Bp(s), Bup(t)} < Bup(s).
Finally, we verify that
(5.41) Brp(2) > B.

Using Lemma A.4 as well as (5.38), (5.39), and (5.40) we obtain

1Pl 5,6+ B2 5.,

615" ]
k
= Z ||p( )HB(z,%min{iLn(t),Hn(S)})
k=0
N sup @(LBAB*J)(I) - prﬁAﬁ*J)(y”
2,y € B(2,% min{hn (£),n ()}) |z — y|F=L5n5"]
z#yY
< L*.

Consequently, we conclude (5.41). With (5.35) and (5.39), this in turn implies
min {Bn(s), ﬁn(t)} = Qth < Qth,p(z),n = QBH(Z)

Part (ii). Now, we show that the density p cannot be substantially smoother
at z € (s,t) than at the boundary points s and ¢. Without loss of generality, let
Br.p(t) < Bnp(s). We prove the result by contradiction: assume that

(5.42) min { h,(s), hn(t)} < % hn(2).
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Since t — z < hg /8 for all § > B, by condition (4.2), so that in particular ¢t — 2z <
hn(t)/8, we obtain together with (5.42) that

(5.43) (2t 4+ hn(2)) > & (—;hn(t) + 187hn(t)> — () > 0.

1
2 2

Because furthermore 3 (z — ¢ + hy(2)) < 1, there exists some ' = §'(n) > 0 with

1 _
hg n = 3 (z—t+hn(2)).

This equation in particular implies that hg , < %ﬁn(z) and thus 8/ < B,,(2).
Since furthermore ¢ — z < h,(z) by condition (4.2) and therefore also

Z2—hp(2) <t—hgn <t+hg,<z+h,(2),
we immediately obtain
Ipllg 6%, B(t g ) < L7
so that
Bnp(t) = B,
This contradicts inequality (5.43). O

PrOOF OF LEMMA 4.3. Without loss of generality, we prove the inequality for
the estimator ]3511)(-, h) based on xi. Note first, that

nh
sup sup —
s€Hn heG, || 10g7

B (s, h) = XD (s, h)| = sup

with
&, = {fnsh() = (ﬁhlogﬁ)*%K (s) s E€Hp, he gn}.
Observe first that

sup Varp(fn,s,h(Xl)) < sup Epfn,s,h()(l)2
PEPn PEP,

2
1 r— S
= — | K d
pseugg"ﬁhlogﬁ/ ( h )p(m) *
L*||K||3
nlogn
2

=10,

IN
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uniformly over all f,, 55 € &,, and

St 0 |y < i st
s€H,, hEGn ~ he \/nhlogn
o\ l2tl
:||K||Sup(logn) E
1K [|sup

= Tognpz

where the last inequality holds true because by definition of k2 > 2 in (3.9). In
particular o,, < U, for sufficiently large n > no(L*, K). Since (nhlog ﬁ)*l/z <1
for all h € G,, and for all n > ng, the class &, satisfies the VC property

A//
lim sup bupN( s || - HL2(Q)>5||K||sup) < ()
n—oo  Q £
for some VC characteristics A” = A”(A, K) and v/ = v+ 1, by the same arguments
as in (5.17). According to Proposition 2.2 in Giné and Guillou (2001), there exist
constants coo = cao(A”, V") and ¢5 = ¢5(A”, "), such that

ih | )
P (Sel;f maxy [ P (s, h) — EXpl, )(s,h)’ > n)

log | 1+ n

o s (VA + U /IoR AT, /)

< c5exp (— ?] log (1 + 231Uy, log ﬁ))
C5Un

(5.44) <csexp | —

uniformly over all p € &, for all n > ng(A”, K, L*) with co3 = co3(A”, V", L*, K),
whenever

AU, AU
(5.45) n > Ca2 (Un log( . ") + /102 [log (J"> > )

Since the right hand side in (5.45) is bounded from above by some positive constant
no = no(A”, V", L*, K) for sufficiently large n > ng(A”,v", L*, K), inequality (5.44)
holds in particular for all n > ng(A”, v, K, L*) and for all 5y > ng. Finally, using the
inequality log(1 + x) > § for 0 <z < 2 (Lemma A.2), we obtain for all n > g

s€H,, h€Gn lo g

< ¢c5exp <_02477(10g 7)*/? log (1 " 025\/%> )

1 -
< c5exp (2024025n07710g n>

nh | .
Px (sup max P (s, h) — Ex'p pD (s, h)‘ )
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uniformly over all p € &, for all n > no(A”,v"”, K, L*) and positive constants
Coq = cog (A", V", K) and co5 = co5(A”, V", L*, K), which do not depend on n or 7.
O

PRrROOF OF LEMMA 4.4. Let t € R, g,h > 0, and

P|B(t.g+h) € Hp= B(t,g+h) (B, L).

The three cases 5 < 1, 1 < f < 0o, and § = oo are analyzed separately. In case
5 <1, we obtain

sup (K +p)(s) ~ p(5) < [ IK(@)| sup [pls+ ho) — p(o)]da
s€B(t,9g) SEB(t,g)
where
/ —
sup |p(s + hx) —p(s)] < hP- sup M < LKP.
s€EB(t,9) s,s'€B(t,g+h) |'S - S|
s#s’

In case 1 < B < oo, we use the Peano form for the remainder of the Taylor poly-
nomial approximation. Note that §* > 2 because K is symmetric by assumption,
and K is a kernel of order |8*| = 8* — 1 in general, such that

sup |(Kp *p)(s) — p(s)]

s€B(t,9)
= sup /K p(s+ hx) — (s)} da
s€B(t,9)
AT 4 (s)
= sup /K p(s+ hx) — S’)LBAB*J(s—l—hx)—i— Z o - (ha)F b da
s€B(t,g) ’ 1 !

IN

K(x)| sup ’ps+hx - PP X s+hx‘dx
/1 @) s o)~ P2 5+ )

dx

pLBAB™D (") — p(LﬁAB*J)(S)(

1B A B! ha) LA

< / |K(z)| sup sup

s€B(t,g) s’€B(s,h)

_ WP / K@) sip sup |p(LBAB" D) (57) — pLBnE™D) ()] “
N \.B A B*J' SEB(t,g) s'€B(s,h) ‘S - S/|57Lﬁ/\ﬁ*J
s'#s
(5.46)
< LIK[ "

In case 3 = oo, the density p satisfies p|p(t,g+n) € Hp«,B(t,g+h) (B, L*) for all > 0.
That is, the upper bound (5.46) on the bias holds for any 5 > 0, implying that

sup |(Kp *p)(s) —p(s)| = 0.
s€B(t,g)

This completes the proof. O
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PrOOF OF LEMMA 4.5. Note that by symmetry of K
1 1
/ K(z) (p(s + hx) + p(s — hx) — 2p(s)> dz.

(K p)(s) = p(s) = 5
-1
The upper bound can thus be deduced exactly as in the proof of Lemma 4.4. [

APPENDIX A: AUXILIARY RESULTS
LEMMA A.1.  For z € [0,1], the second moments of Wy, 1(2), k,1 € Ty, as defined

in (5.22) are bounded by
EwWii(2)* < 4.

PROOF OF LEMMA A.1. As Wy ;(-) = —Wix(-), we assume k < | without loss

of generality. For any k,l € T,

) 10

EwWii(2)* = B
i=1

with
1
El - 7loc
hn,k

Ew W (kd,, — zhl5)?

k6, — 2Bl
i
By = — B W (kb — 2hI25)W (k) + hl%)
n,k
ko, — zhl%,
S i
2 By W(ké, — ZHO )W (6, + 20%)

By=———
_ 2]@5” — zﬁﬁf%
2 By W(kS, — Zh5)W (16, — 2h5)

By=
/1 loc }loc
hn,khn,l

min{kd,, — zﬁf{’%, 16, — zﬁf{"f}

= —2 = =
\/ e htes
1 ~
Es = ——EwW (ké, + 2h}5)°
hn,k

kb, + 2hles,

7loc
hn,k




66
2

/]A,Lloc illoc
n,k'"n,l

jmin{kd, + 2h2S 16, + 2hloS

n,k?

7 loc jloc
\/ h’n,k:hn,l

Ew W (kdy, + 2hl0S)W (16, — 2hl)

Eg = — Ew W (kdy, + 2hl05)W (16, + zhleS)

2

illoc Bloc
V nkn,l

min{ks, + zhlos 15, — zhl‘”}

n,k’

(16, + zhl"“)

E; =

Eg =

n l
1o + zﬁﬁff
- }Alloc

Ey =—

(16, + 2hl25)W (16, — zhl25)

n l
7loc
16, — 2Bl
ﬁloc

Ey = = EWW(M — 2h!%5)?

nl
7loc
 10n — 2Ry
B 7loc :
hn,l

Altogether,

EWVT/;.CJ(z)2 =4z + zhl"" min {kén — zﬁﬁlo%, 16, — zhl"”}

2
— <k6
N

— min {kén + 25 16, + zhl"c} + min {kén + 2l 15, — zthC} )
We distinguish between the two cases

(i) k6, — 2Rl <16, — zhlS  and (i) kd, — 2RI, > 16, — 2Rl
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In case (i), we obtain

Eyy Wi(2)? = dz + <mm {kdn + 2o 16, — ziﬁ,fj}

2
L

— min {kzén + 2Bl 16, + zi}ig’j} )
< 4.

In case (ii), we remain with

2 N
ﬁ@ ~ahi
hiihd

If in the latter expression ké, + zﬁﬁfi <1, + zﬁiff, then

EWWk,l(Z)2 =4z + — min {k(Sn + Zilifjm 16, + Zﬁifj} ) _

4Z;Lloc
_ Tk < 4,
ploc 7loc
\/hri’jchrf’j

Otherwise, if k6, + zizﬁf?c > 10, + zﬁﬁf?, we arrive at

Eww/@,l(z)Q =4z —

EWVVM(z)Z =4z +

2 . .
o 11 ((kl)6712<hﬁ%+hlnoi)> S4
\/ oy %l
because k <[ and z € [0, 1]. Summarizing,

E{/[/I/T/'k}l(z)2 S 4.

LEMMA A.2. For any x € [0,1], we have

e’ —1 < 2z.

PrOOF. Equality holds for x = 0, while e — 1 < 2. Hence, the result follows by
convexity of the exponential function. O

LEMMA A.3. For any x € R\ {0}, we have

sin(x) < x?

1 .
T 6

PROOF. Since both sides of the inequality are symmetric in zero, we restrict our
considerations to x > 0. For positive x, it is equivalent to

f(x) = sin(x) fach%S > 0.
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As f(0) =0, it suffices to show that

f(z) =cos(z) — 1+ - >0

2
for all > 0. Since furthermore f’(0) = 0 and
/" (z) = —sin(z) +2 >0
for all x > 0, the inequality follows. O

The next lemma shows that the monotonicity of the Holder norms ||-||g,.v < ||||..0
with 0 < 81 < (2 stays valid for the modification || - ||g,g+v-

LEMMA A4, For0< 1 < By <oo andp € Ha- y(B2),

Ipllg1,8+,0 < Ipllg2,%,0

for any open interval U C R with length less or equal than 1.

PRrROOF. If 81 < B3, but |81 A B*| = | B2 A B*], the statement follows directly
with

L5287 (1B2AB"]) (1B2AB"])
=S p® Ip () —p ()]
Pl = k=0 Pl iy |z — y|Bi—[B2/B"] < IPllgz.p0
= Ty

If 31 < B2 and also |1 A B*] < |B2 A B*], we deduce that 8; < 8* and 31| +1 <
| B2 A B*]. Then, the mean value theorem yields

[B1] (1B1]) (1B1])
e P (@) — pllo )
Plig.,B*,U = p U + sup —
Il o0 = 3 15 2, Ty
z#y
[B1]
<SPl + [P g sup fo -yt m @D
=0 z,yeU
TFY
[B1]+1
<3 Pl
k=0
[B2AB" ]
< >0 1M
k=0
< |pllg,,5+,0-



LOCALLY ADAPTIVE CONFIDENCE BANDS 69

References.

BARAUD, Y. (2004). Confidence balls in Gaussian regression. Ann. Stat. 32 528-551.

BARRAL, J., DURAND, S., JAFFARD, S. and SEURET, S. (2013). Local multifractal analysis.
Fractal Geometry and Dynamical Systems in Pure and Applied Mathematics I1: Fractals
in Applied Mathematics, Amer. Math. Soc. 601 31-64.

BICKEL, P. J. and ROSENBLATT, M. (1973). On some global measures of the deviations
of density function estimates. Ann. Statist. 1 1071-1095.

BuLL, A. D. (2012). Honest adaptive confidence bands and self-similar functions. Electron.
J. Stat. 6 1490-1516.

BuLL, A. D. and NIcKL, R. (2013). Adaptive confidence sets in L?. Prob. Theory Relat.
Fields 156 889-919.

Cal1, T. T. and Low, M. G. (2004). An adaptation theory for nonparametric confidence
intervals. Ann. Statist. 32 1805-1840.

Ca1, T. T. and Low, M. G. (2006). Adaptive confidence balls. Ann. Statist. 34 202-228.

CARPENTIER, A. (2013). Adaptive confidence sets in L,. Elect. J. Stat. 7 2875-2923.

CHERNOZHUKOV, V., CHETVERIKOV, D. and Kato, K. (2014a). Anti-concentration and
honest, adaptive confidence bands. Ann. Statist. 42 1787-1818.

CHERNOZHUKOV, V., CHETVERIKOV, D. and KATO, K. (2014b). Gaussian approximation
of suprema of empirical processes. Ann. Statist. 42 1564-1597.

Daoupi, K., LEVY VEHEL, J. and MEYER, Y. (1998). Construction of Continuous Func-
tions with Prescribed Local Regularity. Constr. Approz. 14 349-385.

Davies, L., Kovac, A. and MEISE, M. (2009). Nonparametric regression, confidence
regions and regularization. Ann. Stat. 37 2597-2625.

DUMBGEN, L. (1998). New goodness-of-fit tests and their application to nonparametric
confidence sets. Ann. Statist. 26 288-314.

DUMBGEN, L. (2003). Optimal confidence bands for shape-restricted curves. Bernoulli 9
423-449.

GENOVESE, C. and WASSERMAN, L. (2005). Confidence sets for nonparametric wavelet
regression. Ann. Statist. 33 698-729.

GENOVESE, C. and WASSERMAN, L. (2008). Adaptive confidence bands. Ann. Statist. 36
875-905.

GINE, E. and GuiLLou, A. (2001). On consistency of kernel density estimators for ran-
domly censored data: rates holding uniformly over adaptive intervals. Ann. Inst. H.
Poincaré Probab. Statist. 37 503-522.

GINE, E. and NickL, R. (2010). Confidence bands in density estimation. Ann. Statist. 38
1122-1170.

HARDY, G. H. (1916). Weierstrass’s non-differentiable function. Trans. Amer. Math. Soc.
17 301-325.

HENGARTNER, N. W. and STARK, P. B. (1995). Finite-sample confidence envelopes for
shape-restricted densities. Ann. Statist. 23 525-550.

HEURTEAUX, Y. (2005). Weierstrass functions in Zygmund’s class. Proc. Amer. Math. Soc.
133 2711-2720.

HOFFMANN, M. and NICKL, R. (2011). On adaptive inference and confidence bands. Ann.
Statist. 39 2383-2409.

JAFFARD, S. (1995). Functions with prescribed Holder exponent. Appl. Comput. Harmon.
Anal. 2 400-4001.

JAFFARD, S. (2006). Wavelet techniques for pointwise regularity. Ann. Fac. Sci. Toulouse
15 3-33.

JupITSKY, A. and LAMBERT-LACROIX, S. (2003). Nonparametric confidence set estima-



70

tion. Math. Methods Statist. 12 410-428.

KERKYACHARIAN, G., NICKL, R. and PICARD, D. (2012). Concentration inequalities and
confidence bands for needlet density estimators on compact homogeneous manifolds.
Probab. Theory Relat. Fields 153 363-404.

KoLTCHINSKIL, V. (2011). Oracle Inequalities in Empirical Risk Minimization and Sparse
Recovery Problems. Lecture Notes in Math. Springer, Heidelberg.

KUEH, A. (2012). Locally adaptive density estimation on the unit sphere using needlets.
Constr. Approx. 36 433-458.

LEADBETTER, M., LINDGREN, G. and ROOTZEN, H. (1983). Extremes and Related Prop-
erties of Random Sequences and Processes. Springer, New York.

LEDOUX, M. and TALAGRAND, M. (1991). Probability in Banach spaces. Isoperimetry and
processes. Springer, New York.

LepskI, O. V. (1990). One problem of adaptive estimation in Gaussian white noise. Theory
Probab. Appl. 35 459-470.

Low, M. G. (1997). On nonparametric confidence intervals. Ann. Statist. 25 2547-2554.

MAULDIN, A. D. and WiLLiAMS, S. C. (1986). On the Hausdorff dimension of some graphs.
Trans. Amer. Math. Soc. 298 793-804.

NIcKL, R. (2015). Discussion of ” Frequentist coverage of adaptive nonparametric bayesian
credible sets”. Ann. Statist. 43 1429-1436.

Nickr, R. and SzaBO, B. (2016). A sharp adaptive confidence ball for self-similar func-
tions. Stoch. Proc. Appl. to appear.

NoLAN, D. and PoLLARD, D. (1987). U-processes: rates of convergence. Ann. Statist. 15
780-799.

PicARD, D. and TRIBOULEY, K. (2000). Adaptive confidence interval for pointwise curve
estimation. Ann. Statist. 28 298-335.

ROBINS, J. and VAN DER VAART, A. W. (2006). Adaptive nonparametric confidence sets.
Ann. Statist. 34 229-253.

SEURET, S. and LEVY VEHEL, J. (2002). The local Holder function of a continuous func-
tion. Appl. Comput. Harmon. Anal. 13 263-276.

TsYBAKOV, A. B. (2009). Introduction to Nonparametric Estimation. Springer, New York.

FAKULTAT FUR MATHEMATIK
RUHR-UNIVERSITAT BOCHUM

44780 BocHUM

GERMANY

E-MAIL: tim.patschkowski@ruhr-uni-bochum.de

AND

MATHEMATISCHES INSTITUT

ECKERSTRASSE 1

79104 FREIBURG IM BREISGAU

GERMANY

E-MAIL: angelika.rohde@stochastik.uni-freiburg.de


mailto:tim.patschkowski@ruhr-uni-bochum.de
mailto:angelika.rohde@stochastik.uni-freiburg.de







	Introduction
	Preliminaries and notation
	Main results
	Admissible functions
	Construction of the confidence band
	Local Hölder regularity and local adaptivity

	Auxiliary notation and results
	Proofs
	Proofs of the results in Section 3
	Proofs of the results in Section 4

	Auxiliary results
	References
	Author's addresses

