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Abstract

Classical spectral analysis is based on the discrete Fourier transform of the auto-covariances.
In this paper we investigate the asymptotic properties of new frequency domain meth-
ods where the auto-covariances in the spectral density are replaced by alternative depen-
dence measures which can be estimated by U-statistics. An interesting example is given by

Kendall’s 7, for which the limiting variance exhibits a surprising behavior.
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1 Introduction

Over the years spectral analysis has developed into a fundamental important tool kit in the analysis

of data from a stationary time series { X, }+cz. The spectral density, defined as the discrete Fourier
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transform of the auto-covariances, provides a convenient way to characterize the second order
properties of a stationary sequence. Estimation of the spectral density is usually performed by
smoothing the periodogram, that is the discrete Fourier transform of empirical auto-covariances
[see for example Chapters 4 and 10 of |Brockwell and Davis| (1987)].

It is well known that this approach is not able to capture non-linear features of time series dynamics
such as changes in skewness, kurtosis or dependence in the extremes. This motivated numerous
authors to describe serial dependence by considering spectral densities corresponding to a family
of transformations of the original time series [see Hong (1999, 2000), |Li (2008, 2012)), Hagemann
(2013), Dette et al. (2015)), Birr et al.| (2014), Davis et al.| (2013), Kley et al. (2016])]. Roughly
speaking, these authors suggest to define a family of spectral densities, say {f(\, z,vy) | =,y},
where the auto-covariances (at lag k) are replaced by functionals of the lag k-distributions P(X; <
x, Xi1x < y). This approach is attractive as it allows a more complete description of the serial
dependence. The price for this flexibility is the calculation of a family of spectral densities, in
contrast to the classical approach, which uses only one spectral density calculated as the discrete
Fourier transform of the auto-covariances.

In the present paper we investigate a class of alternative spectral densities, which keeps the
simplicity of the classical spectral theory but eliminates some drawbacks arising from the use of
auto-covariances in its definition. More precisely, we consider general spectral densities of the

form

(1.1 @)= 5= 3G ™ (weR)

kEZ

where for each k € Z the quantity & denotes a dependence measure between the random variables
X; and X;, (in the classical case & = 1, =Cov(Xy, Xi1x)) and we implicitly assumed that
> kez |6kl < oo. Spectral densities of the form have been considered by |Ahdesmaki et al.
(2005), |Zhou| (2012) and |Carcea and Serfling (2015), who replaced the lag k auto-covariance
by other measures of dependence such as Kendall’s 7, distance correlation, or L-moments. A
thorough theoretical analysis of this idea for dependence measures that can be represented as
linear functionals of the empirical copula at lag k was conducted in Kley et al| (2016). Their
analysis includes dependence measures such as Spearman’s rank autocorrelation [see Wald and
Wolfowitz (1943)], Blomqvist’s beta [see Blomqvist| (1950))] and Gini’s rank association coefficient
[see |Schechtman and Yitzhaki (1987)]. However, the theory depends crucially on the linearity
of the corresponding functional and cannot be generalized to other dependence measures. A

particularly interesting dependence measure that is not covered by the analysis of Kley et al.



(2016) is Kendall’s tau which can be represented as by

where C}, denotes the copula corresponding to lag k. Note that Kendall’s tau is a non-linear
functional of the lag k copula. A classical approach to the estimation of Kendall’s tau is based on

the representation
Tk = Q]P)[Xl < XQ,}/l < YQ] +2P[X2 < Xl,YQ < }/1] -1

where (X71,Y)), (X2, Ys) are independent copies with the same distribution as (X, X}). Motivated
by this example we are interested in the statistical properties of estimators of spectral densities
of the form ([1.1)) with a measure & of lag k dependence that can be represented as

(1.3) £ = IE[h( <§§;> (;é:;) )]

where (Xél), X,gl))T, o (X((]m), X,gm))T are independent copies of (Xg, X;)? and h is a symmetric
kernel of order m. The representation (1.3)) motivates to estimate &, by a U-statistic, say &, ,

and to form the corresponding U -lag-window estimate

(1.4) Frc@) = o= 3 wa(k)nse ™,

2m |k|<n

where {wn(k)}k:_(n_1)7,,,7n_1 are given weights. In Section [2| we will introduce the necessary no-
tation and illustrate the general approach by several examples. The main results of the paper
can be found in Section [3] where we investigate the asymptotic properties of the new estimates.
In particular we prove consistency of the estimate for a broad class of kernels h and estab-
lish its asymptotic normality for several important cases including Kendalls 7. Interestingly the
asymptotic variance of the U-lag-window estimate based on Kendall’s tau depends on the spectral
density where the quantities & are the lag & Spearman’s rho correlations. The proofs are
very involved and will be deferred to Section [d], while more technical arguments can be found in
Section [Bl



2 Examples of U-lag-window spectral densities and their

estimators

Throughout this paper let {X;}4cz be a real-valued process and denote by F' and Fj, the marginal
distribution function of X; and the distribution function of the pair (X, Xy1x), respectively (k €
Z). Recall the definition of the spectral density f, in , where the measure of dependence (at
lag k) has the representation for a given kernel h of order m. Throughout this paper, we

will maintain the following assumption

(CO) The process {X;}iez is strictly stationary. The functions F' and Fj are continuous (for all
keZ)and ), ,|&k| < oo.

Let Xi,..., X, be the finite stretch of this process representing the observed data and define for
any k € {—(n—1),... n— 1} the set Ty := {t|t,t +k € {1,...,n}}. In the following example we
illustrate how different kernels yield different measures of dependence and as consequence different

spectral densities.
Example 2.1.

(i) If m = 2 and h((z1,12)7, (z2,42)") = 5(z1 — 22)(y1 — y2), then the representation (L.3) gives
the auto-covariance at lag k, that is

1
= B[A = XP)(x = X = Cor(X, X,)

and we obtain the classical spectral density.

(i) If m = 2, I(-) denotes the indicator function and the kernel is defined by
(2.1) h(($1>y2)T7 (Izyyz)T) =2I(z1 < w2, y1 < yo) +20(v2 < 1,92 < 1) — 1,

the representation (1.3)) yields Kendall’s 7 at lag k , that is
1 2 1 2 1 2 1 2
m=P(X" = X5 (0" - X)) > 0] - PO - Xg) (X - ) < 0]

= 2P[x{" < X XV < X +2P[xY < x§V, xP < xM) -1

The corresponding spectral density will be denoted by

(2.2) f(w) = % Z e ke,



As the distribution function F' and Fj, are assumed to be continuous, 75 can also be represented
in the form ([1.3)) using the kernel

1 1
(2.3) h((x1,90)7, (2, 2)") = 4(1 (21 < 22) — 5) (I(yr < y2) — 5)
(iii) If m = 3, T'{4, j, k} denotes the set of all permutations of {3, j, k} and the kernel A is defined by

1
(24) h((xb yl)T7 (33'2, y2)T7 (1"37 ?/3)T) = 6 Z [12[(1‘7(1) < fE'y(Q)y y'y(l) < y'y(3)) - 3]
~ED{1,2,3}

we obtain the (lag k) population version of Spearman’s p, that is
1 2 1 3 1 2 1 3
pie = 3(BIGY — X)X = X07) > 0] - Plxg" — X5 (Y — 7)< o)),

The corresponding spectral density will be denoted by

1 —ikw

(2.5) folw) = o Z pre .
keZ
Given continuity of F' and Fj, p, can also be represented in the form (|1.3]) using the following
kernel
(2.6)
T T T 1 1
h(<x17 yl) s (x27y2) s (%’3,:(/3) ) = Z [2(I(x’y(1) < x'y(Q)) - 5) (I<y’y(1) < y’y(B)) - 5)}

ver{1,2,3}

In the remaining part of the manuscript we estimate the dependence measures & (at lag k) by a

U-statistic of order m, that is

) et T () ()

Estimates of corresponding spectral densities are defined as in ((1.4). The asymptotic properties
of such spectral density estimates are investigated in the following section.
Before proceeding, we recall the Hoeffding decomposition for U-statistics. Recall that h is a

symmetric kernel of order m and let YV, ..., Y™ denote independent identically distributed



copies of (%Z) ~ Fj. We now recursively define kernels A, by
(2.8)  hep(yr, .. ye) = EBRYD L YM) YD =gy YO =g

_Z Z hj7k(yl/1v"'7yuj)_£k

J=1 {v1,...,v;}C{1,....,c}
v <---<vj

/ / (wy,...,u )H(dG( — dFy.(uy)) HdFkuJ,
R2 R2

= j=c+1

where G, denotes the distribution of the Dirac measure at y;. If

=y (5 (455

is the U-statistic based on the kernel h.j we obtain for the statistic in (2.7)) the decomposition
[see, for example |Lee| (1990))]

(2.9) Enk —

IkilZ <Xt+k)+z<> ey (k)

teTk

which will be an important tool in the asymptotic analysis of the following sections.

3 Asymptotic theory for U-lag-window estimates

3.1 Consistency of U-lag-window estimates

Our first main result shows that for a general class of symmetric kernels the statistic fn & consis-
tently estimates the spectral density f, defined in if the following assumptions are satisfied.

(C1) The lag window w,,(-) can be written in the form w, (k) = w(%), where w(-) is a uniformly
continuous function, supported on the interval [—1,1], satisfying ||w]e. < 1, w(0) = 1,

w(—x) = w(x) for all x € R, and r,, = n2" for some v € (0,3)-

(C2) There exist constants §, My > 0 such that for all ¢1,...,¢,,k € Z, 1 < j < 2m,

max{// \h\2+5da,/.../ hPHaG aa® ) < My < oo,
R R R R



1 2 .. .
where G, Gg- ) and Gg- ) denote the joint distributions of (Xt(1)> . ,Xt@m)), (Xt(l), o ’Xt(j>)
and (Xt(ﬁl), s Xt )) respectively, and ¢y < -+ < t(a,, is the order statistic of {t;,?; +
ketots +k oo bt + k).

(C3) The process {X;}iez is f-mixing and for some ¢’ < § with S-mixing coefficients satisfying
B(n) = O(n™"), where vy = 2t

Theorem 3.1. If Assumptions (C0) — (C3) are satisfied, we have for any fized w € R
5 P
fn,f(w) — ff(("))? (TL - OO)

3.2 Asymptotic distribution of U-lag-window estimates

In this section we establish asymptotic normality of the spectral density estimators. Throughout
this section we focus our attention on settings where £ is Kendall’s 7 or Spearman’s p. Recalling
the discussion in Example it follows that 7, und p; can be estimated by the U-statistics

1

a.s. 1 1
= Z 4<I(Xt1 < Xp,) — 5) <I(Xt1+k < Xigtk) — —>7

T -
n,k (n—|k|) 9
2 t1,t2€T
t1<to

and

a.s. 1 1
Pnk = |k|) Z Z ( Xt'v(l) < Xt'v(2)> - 5) <I<th(1)+k < Xt'v(3)+k> - 5)’
2

Yafasrer e
respectively. Note that these U-statistics have bounded kernels, satisfy Assumption (C2) and can
be written as a product or sum of products of two centered functions of random variables. This
special structure is crucial for obtaining the asymptotic distribution results given below. It is not
clear if similar results hold without imposing this kind of structure on the kernel h.
Throughout this section we write & if assumptions or results are the same for both Kendall’s 7
and Spearman’s p. On the other hand we explicitly write 7 or p if the results or arguments are

different. For example, from (2.9)) we obtain for Kendall’s 7 and Spearman’s p the decomposition
£ 1 ©) —ikw
fnyﬁ((")):%k;Jw(r ){ék_’_ |k‘|Z 1k<Xt+k> Z( )U —|k| Ck)} ’

and therefore only & appears in the formula. We will demonstrate that under suitable assumptions

the term corresponding to the linear part converges to a normal distribution and that the term
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corresponding to the degenerate part is asymptotically negligible. In what follows we assume that
(CO) — (C3) hold and impose the following additional conditions.

(N1) The process {X;}iez is a-mixing with corresponding a-mixing coefficients satisfying a(n) =
O(n™"), where v > 7.

(N2) For the lag window generator w there exists a ’characteristic exponent’ d > 0 being the

largest integer such that
1—
Co(d) i= tim )

um0 Jul?

exists, is finite and non-zero. For this d we have >, , [k|?|&| < oc.

(N3) r, = o(n?) where § = min {?%—:i;;, 1} and 6, 0" are from conditions (C2),(C3).

Remark 3.2. The summability condition Y, _, [k|%|&] < oo in assumption (N2) implies the

existence of the ’generalized d'" derivative’ of f,(w)

@, . 1L de —ikw
fe (w) == %Zlk! &re

kEZ

and can thus be interpreted as a smoothness condition; note that for even d this coincides with
the usual d’th order derivative. The other part of assumption (N2) places mild restrictions on the
lag-window generator for which the rate of the scale parameter is limited by assumption (N3).
Note that (N3) is satisfied for scale parameters leading to optimal asymptotic mean squared error
rates (see Remark [3.5).

We begin by examining the asymptotic distribution of fn,p(w).

Theorem 3.3. Assume that conditions (C0) — (C3) and (N1) — (N3) are satisfied and that w €
(—=m, 7. If f,(w) # 0, then

(3.1) o (Fase) = ) = (e) 2> N(O.520)),

where

1

o2 (w) = (1+ I(w € {0,7})P(w) / w?(z)dz.
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and

b(w) := Efunp(@)] = F,(w) = =Cold)r, T (W) + (1) =2 17, % + 0(r, %)

n Ip

If f,(w) = 0, we have

\/g<fn,p(w) - E[fn,p(w)]) 0.

Interestingly, the limiting distribution has exactly the same form as the limiting distribution for
the usual spectral density where £ corresponds to covariance. This is remarkable, since Spear-
man’s p is based on covariances of ranks. Asymptotic normality of fmp(w) was also obtained
in Kley et al.| (2016) under a different set of assumptions on the serial dependence and using a
completely different set of proof techniques. Specifically, their results require dependence to decay
exponentially. The next result establishes asymptotic normality of fné (w) with £ corresponding to
Kendall’s 7. The asymptotic distribution of fn,T(w) cannot be obtained from the findings in Kley

et al.| (2016) (under any assumptions) since Kendall’s 7 is a non-linear functional of the copula.

Theorem 3.4. Assume that conditions (C0) — (C3) and (N1) — (N3) are satisfied and that w €
(=, 7. If §,(w) # 0, then

(32 = (Farle) = ) = b)) B N (0,020

where
7Hw) = 1+ Tw e O [ o
and

br(w) == E[fn,T(w)] —f,(w) = _Cw(d)T;d Ld} (w) + O(T;d) = T;dbﬁw + O(T;d>-

If f,(w) = 0, we have

\/g (furlw) = Blfr(@)]) 0.

It is remarkable that the asymptotic variance of estimator fm(w) depends on the spectral measure
f,(w) obtained from Spearman’s p (provided that f,(w) # 0). This is in sharp contrast to the
finding in Theorem and spectral density estimation based on covariances. The results in
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Theorem provide an asymptotic analysis of the estimator introduced in Ahdesmaki et al.

(2005)). We conclude this section by commenting on the optimal choice of window length r,,.

Remark 3.5. Both theorems allow to determine the scale parameter r,, such that the asymptotic
mean squared error is minimized. To be precise, define ag,w = Jg(w). Then the asymptotic mean

squared error takes the form
_ Tn
[rnzdbg,w + go—g,le + 0<1))

Assuming that b¢,, # 0, we obtain that this expression is minimized for

2db%,, \ 7
r, = ( _ n) .
O¢w

Note that for d = 2 the asymptotic MSE is of the order n=*/°. In that case the above scale

/5 and satisfies Assumptions (C1) and (N3) if the mixing coefficients

parameter r, is of order n
B(n) decay sufficiently quickly. More precisely, as for Kendall’s 7 and Spearman’s p the kernels of
the U-statistic are bounded, we can choose ¢ in Assumption (C2) arbitrarily large. Assumption
(N3) is satisfied if 1/5 < § = min {?5'(?2—:;3’ 1}, which is equivalent to ¢ < 100/(12 + J). Since ¢ is
arbitrarily large, we can choose any ¢’ < 10 and (N3), (C3) will hold if 5(n) = O(n~7) for some

v >6/5.

4 Proofs

4.1 Proof of Theorem [3.1]

We first illustrate the main steps in the proofs. These rely on several delicate bounds, which
will be shown below. Rearranging sums in (|1.4) and using assumption (C1), the U-lag-window

estimate can be decomposed as follows

Fre(@) = Fe(w) = Sn1 — Sna + 803

where

1 k .
Sp1 = — (w<—> — 1)§k6_1k“’,
2 T



We will show in Section X.1.1] that
(4.1) Sn1 50 and 8,2 =3 0.

For a proof of s,, 3 £ 0 we use the Hoeffding decomposition (2.9)), which gives

(42) 27T8n,3 — Z w(;) (é.n,k - gk)e—ikw = dn,l + dn,Z-

|k|<n "

where

o1 = Z <r )n — |k Z <Xt+k) o

|k|< 7] teTy
m (e) —ikw
S O Co Dol (4 (GO
[k|<[rn] c=2

The assertion of the theorem now follows from the estimates

(4.3) dn2 = Op(ron™?7%) = 0p(1),
(4.4) dn1 = Op(ran~"%) = 0p(1),

which are shown in Section |4.1.2] and [4.1.3] respectively.

4.1.1 Proof of (4.1))

Using the fact that w(0) = 1 and supy, ., (’w( )| +1) <2 Vn € N, we obtain for any fixed
0<K<n

il < Y Jo(5) ~1)lgd < 3 fu(5) - w@)] swp lal+2 Y e
|k|<n k<K |kl<K n> k> K
g(2K+1)“§£{]w(i)—w(0)\:g{|§k|+2 > 14

n>k|>K

11



As the lag window generator w(-) is continuous at 0 we obtain for any fixed K

(4.5) lim [(2[(—1—1) sup ‘w(li) —w(O)‘ sup [&| + 2 Z |£k\] =0+2 Z 1€k

e |k|<K |kI<K n> k> K k> K

As inequality 1} holds for all K, we can conclude that s,; “3 0, as the &’s are absolutely

summable. By the same argument, we also have |s, 5| < 5= 2 jkzn €k = 0 for n — oco.

4.1.2 Proof of (4.3)

The proof is based on an extension to lagged data of a covariance inequality by Yoshihara| (1976).

More precisely, we prove in the technical Appendix, Section [5.3.3] that for fixed 2 < ¢ <m

(4.6) lkls<uLpJIE[<U Ve ))2} — 0.

where 6 = min { 5'(?2 f 5;, 1} Note that the above bound holds uniformly over a growing number of

lags k& while the result in [Yoshihara (1976) only holds for a fized k. Observe that,

E|dn,zrs<2rn+1>z(m) sup )V, (he)] < (20 + 1)Cn sup (E[UY, (hes))?)

c=2 k< |rn] k| <]

where the constant C,, does not depend on m. Consequently, equation (4.6)) yields IE|d, | =
O(r,n~'/?79/2) which establishes (4.3)).

4.1.3 Proof of (4.4)

Introduce the notation Xy, := (X4, X¢1x)”. We only consider positive lags k, negative k can be

treated analogously. Similar arguments as in the proof of (4.3|) yield

B 3w (rn>n—\k\zhlkxtk e

0<k< |7n ] teTr,

<(r,+1) sup | (E[(nnjk :Lz;khhk(xt’k))?]);'

0<k<[rn

Next,

(2 S )
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Ea
3

2 n—-

= Hﬂ@mmmwj zi: E%kXMWMXWW

n —_
t=1 =1 wu=l1

3

As (]E]Z|p)% < (IE|Z|‘1)§ for p < g, we have

IE[hu(Xon)] [ < (Blhn(Xon)]?) %(E\hlk X))
< (B[ (X)) 75 ([ (X007 7% < 075

which gives

m2
(4.7) sup

0<k< Lrnj

n—k m Y
ZIE) [hip(Xek)]” < sup MZ* =0(n™).

2 —
1 0<k§mJ n—k

The following bound will be established in Lemma in the Appendix (see Section [5.2.3])

OMZV B (1 — k), if1>k>0,

E‘hl,k(xu,k)hl,k(XuH,k)‘ < IETR
8MZ7 375 (min{l, k — 1)), if0<1< k.

Thus
2m2 n—k—1n—k—l
‘(n—k)2 E[hlk( uk)hlk( u-l—lk)H
=1 u=1
om?2 k]
= (n — k)2 Z ]E|h1 k(Xu k)hl k(Xqu)}
=1 wu=1
2m2 n—k—1n—k—I
(n— k)’ Y D Blha(Xun) (X )|
I=k+1 u=1
16m2 2 <kt L, mok—lnck—l
< (n—k)2M12+6 Z Z f2H (min{l, k — 1}) + ( Z Z Bz (1 —k
=1 u=l =kl u—1
LEJ n—2k—1
16m° 335 N5 4m? 525 s
< (n — ]{)QM1+ (n — /{3)2 2 B2+3 (U) + liJr (n _ k) ; B+s (’U)
By assumption (C3) 7%, Bﬁ(j) < 00. Therefore, we have
n—k—1n—k—I
(4.8) sup m BE > E [h1 (X o) (X wgir)] = O(n7).
0<k<|rn] ( —1 —1l

13



Equations 1} and 1) yield E|d,.1| = O(rnn_%) and the assertion follows observing that
1

Ty, =mn2"". o

4.2 Proof of Theorem [3.4] and - main arguments

In the following proof we write £ if the results hold for general dependence measures that fulfill
the assumptions (C0) — (C3) and (N1) — (N3). Otherwise we explicitly write 7 or p.
Under Assumption (N3) and with (4.3)),

1 kA — . ik
%(% |k|<ZL; ) w<ﬁ> ; (T) U (e)e™ ) —0 (n> ).

Furthermore, in Section [5.3.4] we will prove that

(1.9) o) = Focte) +on (1) 2),

where f, ¢(w) = = D k< W (%) {Sk + By hik(Xt,k)}e*ik‘“_ Then,

Fuce) = Elfuc@)] = 5= 3 w( ) S B (Kupe™ = D WE (),

T
|k3|STn " t=1

where, by construction, the random variables (ijt)tzl » form a triangular array of [S-mixing

random variables with mixing coefficients 8" (u) < 8X(0 V (u — 2r,,)). To prove the asymptotic
normality, we will apply the blocking technique described in Section [5.1. That is, we choose p,

blocks of length p, and pu,, blocks of length ¢, such that

qn/Pn — 0, Tn/qn — 0, Pn/n — 0, tn3(gn) — 0.

According to Assumptions (C1), (C3) and (N3) one possible choice is 7, = O(n'/?7"), 0 < v <
min{0, 1}, ¢, = O(n'/?), p, = O(n'/?*"). Then we decompose

n Hn Hn
(4.10) Z Wit(w) = Z Z Writ(”) + Z Z Wﬁ,t(W) + Z Wﬁ,t(w).
t=1

7j=1 tGF]' 7j=1 tEAj teER

Next, we show that the remaining part and the part corresponding to the “small” blocks are

negligible whereas the “big” blocks satisfy the Lyapunov condition and yield the asymptotic

14



variance. Observe that
(4.11) W (X ex) 2 07 (X g) and By (X ox) 2 0E (X )

for all k,t € Z, and hence, ), , W,it(w) is real and symmetric in w. To prove (4.11]) observe
that by stationarity of {X;}+ez we have that (Xgy) 2 (X k) and (X(()l,)g) 2 (X(()l)_k) and hence,
Tk = Tk, P = p_r. Consequently, we obtain in the case of Kendall’s 7 and Spearmans’s p

ha((w, y)T) = h1,—k((y,l‘)T), which yields
D D
hl,k(Xt,k) = hl,k(Xt—k,k) = hl,—k(Xt,—k>

Moreover, we will show in section 4.3| that for any a, — oo with a,/n = o(1), r,/a, = o(1) and

w € (—m, 7,

(4.12) ’ [Z o (w Z s (W ] a;gnai(w)‘zo(azzn>,

t1=1 to=1

(4.13) B[ 30120, 0) 30 W )] - 02| = o “258).

t1=1 to=1

Next, the last summand in (4.10)) contains at most O(p, + ¢,) summands. Hence, by (4.12)) and
(4.13) we have,

Var(Z Wgt(w)> = O(w> = O(T—n>7

n2

thatis ), » Wf’t(w) = O]p(\ /%) Next, we show that the sum over the small blocks is negligible.
By Lemma [5.1{ with the function §(-) = I(- > €) we obtain

!P\/; 2 \fZXAjcﬁ > ¢)| < (1 — 1BY (),

where Cfm(w) denote the random variables of the independent block sequence corresponding to the

A-blocks. By the assumptions on p, and $* the term on the right hand side in the above expression

converges to 0. Observing that the variables Cﬁvt(w) are centered and 1' or respectively 1)

15



applied to the independent blocks 3,5 Cﬁ’t(w) yields

va (/2 3 ) = im(z @) = 0(") o),

j=1teA; teA;

where we have used the definition of gﬁ,t and the assumption that ¢, /p, = o(1). Hence, it remains
to prove that /.- Z;ﬁl Zterj W,st(w) converges weakly. Note that for any measurable set A, by
Lemma [5.1] with function g(-) = I(- € A) and the assumptions on g, and 4%, we have

\fj [Zzé 4)| = o)

In order to prove the convergence in distribution of /- Z;ﬁl Zterj W,f’t(w), it suffices to show

that the triangular array of independent random variables

(ﬁt;cst 9)

satisfies the Lyapunov condition. To achieve this, we show that together with (4.12)) or (4.13)),

respectively,

(4.14) ZEK;@&M )4} = (Mniz n)
and if §,(w) # 0,

(4.15) (éVar(tgr: Cfut(w»)? = Cﬂiﬁri

for some constant ¢ > 0 and n sufficiently large. Hence, the Lyapunov condition is satisfied as
pn — 00 and we can conclude that the distribution of /- ZteF Qnt( ), where £ is either

Kendall’s 7 or Spearman’s p, converges weakly to a normal dlstrlbutlon ie.

\/%(f”’f - IE[ﬁf]) = N0, 7 (w)).
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If §,(w) = 0, it follows from equations (4.12)) and (4.13)) that

Var<\/g<fn,§ - IE[ﬁ,g])) =o(1)

and hence, by (4.9)),

\/%(fn,é - E[fmﬁ]) E) 0.

Finally, we have, for £ representing either 7 or p,

E[fn,g(W)] = % Z (w (%) — 1>§k€—ikw + % Z fke_ikw

Ik <rn k <rn

= fe(w) — % Z Epe kw4 % Z (w <£> — 1)@6‘”“".

|k|>Tn |k|<rn

Hence, the bias is given by

be(w) = Blug(@)] ~ felw) = 5= 3 (w(Z) = 1)ee ™ — L 3 g

k| <rn

Next, choose some L,, — oo such that L, /r, — 0. Then,

L X (D) e 3 w(He

n n

|k|<rn |k|>rn
41 w(k/ry) —1 » 41 w(k/ry,) —1 »
d d ikw d d ikw
= — — |k — — |k
W A Tl T O T e
|k|<Ln rn>|k|> Ly,
1 rd )
4.1 —rd —n kg e = (T I II1).
(4.16) r %WE; albliee ™ = (1) + (1) + (1)

By Assumption (N2), >, [k|?|&| < oo for ¢ < d and therefore,

((ZID)] < O(ry™) > k"€l = o(r,?).

|k|>rn

For the second term in (4.16)) as by Assumption (N2), >, . [k[?|¢| is finite for ¢ < d we obtain

D] < 0(1)—4 sup P —1
|(11)] L4 sup y
ve0,1] |U|

Do k&l = o(r, ),

Tn2|k|>Ln

17



(v)

where sup,¢(o,1) w|—;1 is bounded since w is bounded and the limit for |v| — 0 exists by Assumption
(N2). Finally,

v

(1) + 17,90, (d)f M (w) = rnd% D (% + Cw(d)) k| Aok
|k|<Ln "

1 ,
—d d_—ikw
+ 77 Cu(d) > Jk|teT g,

|k|>Ln

where the first summand is of order o(r,?) since f—: — 0 and |k|?&;, is absolutely summable. The

second summand is of order o(r, %) as 3", |k|?|&| is finite. Hence,

be(w) = —r; 1 Cu(d)FE (w) + o(ry ).

Conclude applying Slutsky’s theorem. It remains to prove (4.12)), (4.13), (4.14) and (4.15). De-
tailed proofs of these results are given in the remaining part of this section. a
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4.3 Proof of (4.12) — (4.15]

The proofs of Theorem (4.12) — (4.15) rely on two auxiliary results. These will be stated in
this section whereas their detailed proof is deferred to the Appendix. The first Lemma bounds
cumulants through a-mixing coefficients, see Section for a proof.

Lemma 4.1. For q € N, let (Xt(l))tez, e (Xt(q))tez be independent copies of a strictly station-
ary polynomially a-mizing process (X;)iez that are independent. For any t € 7, let V, =
(X4, Xt(l), . ,Xt(Q)). Then, for p € N, t1,...,t, and measurable sets Ay,..., A, C R there
exists a constant C), such that

lcum(1(V,, € Av),...,1(V,, € Ap)| < Cpea™ ( max |t; —t;]).

2 T

The Lemma that follows is a key observation which makes it possible to use theory from classical
spectral density estimation in the case where the kernel h can be written as a sum of a product of
centered functions of random variables. This is a crucial insight for proving asymptotic normality

of the estimators fn@.

Lemma 4.2. Let h denote a U-statistic of order m and assume that (Xt(l’j))tez, cey (Xt(m_l’j))tez,
j = 1,...,q are independent copies of a strictly stationary process (Xi)iez that are mutually
independent. Then, fort; k; € Z, j=1,...,q,

Xt’ th Xt(Jl?] ) Xf;ﬂ-l,]) th
hl,kj X ! =E h( ’ 7 )2 (m—1,5) ) _fkja
tith; Xk, thir]kj Xt]-+kj ! X1y
X X, X,
gk]_:]E[h<<X t; ))( (tij)>,,.,,< t(%—m)))}'
tjtk; th-i-kj th-‘rk:j

In particular, if (Xt(j))tez, j =1,...,5 are independent copies of the strictly stationary process
{Xi}iez that are independent of each other,
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(i) for Kendall’s T

; X r X
COV (hl,k’l <Xt1$k§1> 7h1,k’2 <Xt2fk22>)

_16[]E[Y A AV AL G O AN AV 01) AU A

t1 t1+k1 " t2 t2+k2] to ) T totke

1
=16 [Cum(yt(ll), }/t(ll—gk17}/;g2)7 Y}ilkz) T 1l p(te —t1)p(te + k2 — (t1 + k1))

1
+ m pta + ko — t1)p(ta — (t1 + kl)):|7

where (Y;(j))tez = ([(Xt < Xt(j)) — %)tez, j=12.

(ii) for Spearman’s p

X X
Cov (hikl <Xt1:}k1) ’ hi)’]ﬁ (Xt2fk2))

1 2 1 1
—1 Y | < xp) - 1) (r) < x5

~el{1,2,3} 7€{1,4,5}
Z. ), ~(1 ~(2 ]. ~(1 ~ 3 ].

— Z Z 4 cum (I(Xt(j(l)) < Xt(j@) ), I(Xt1+k1 < Xt1+k:1)

~ver{1,2,3} €T {1,4,5}
y(1 ¥(2
O < X 1) < X))

1 1
(4.18) + §p(t2 —t)p(ta + ke — (t1 + k1)) + §P(t2 + ko — t1)p(t2 — (11 + k1)),

where T'{i, j, k} denotes the set of all permutations of {i,j,k}.

Lemma [4.2]is proved in Section [5.3.2

4.3.1 Proof of (4.12)

Let (Xt(l))tez and (Xt@))tez be independent copies of the strictly stationary A-mixing process
{X}iez that are independent of each other. Define processes (Yt(l))tez and (Y;(Q))tez by

1 1
(V)er = (1% < XM) = 5) and (Ve = (106G < XP) = 2)
2/ tez 2/ tez

20



Note that the processes (Yt(l))tez and (Y;(Q))tez are strictly stationary.

By Lemma (i) we have for Kendall’s T,

ﬂimmimwﬂ

t1=1 to=1

o X T ( )w(f_j> ikt ;LliZ]E[hlkl(thkl)hle(Xm;Q)}

[k1|<rn |k2|<rpn t1=11t2=1

k’g i w an
“mp X T w(i)e () L0 16 om0, ¥,

[k1|<rp |k2|<rn t1=11t2=1

1 1
+iﬁmh—n>m+krwn+h»+iﬁmh+@—nwwrwu+m»]

Next, let Ty.q, = {t|t.t +k € {1,...,a,}} and define for j = 1,2,

) 12 N
Hi(w) = 5-— UJ(T—)e T Ay - BYIY ).
" |k|<rn " t€Tk,an

Then, similar arguments as in the proof of Lemma 4.2 yield

E T T ve (k1+k2)w
‘k1|<7‘n |k2|<7‘ 15167;C an t2€7—k
1
16 [cum(yt(j), vy jkl,Yt(j), v )+ TPt = t)p(ta + ko = (b + k1))
1
(4.19) Pl e = t)plta = (b + F))

and consequently,

2

B[ 30 W7 ) 3 W2, )] — 207 )15 )| < Dol + Dl

t1=1 to=1

where

() ()BEE T 3 )

|k1\<rn |ka|<rn ti=1lta=1  ¢1€Tky ap t2€Tky,an

cum(Y(l) Y(l) Y(2) Y(2) )

tr 0 Ttk Tt2 0 Ttatke /0
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(BBt 2 Y )

t1=11t2=1 t1€7791 an t2€7-k;2 an

1314{p(t2 —t1)p(ta + ko — (t1 + k1)) + plta + k2 — t1)p(te — (81 + kl))}-

|]€1‘<’I"n |k‘2|<7‘

We will now derive upper bounds for |Dy,| and |Dy,| separately. First, as |w(-)] < 1, [e"| =1
and Trq, C {1,...,a,}, we have

1 64 - 2) (2
[ Dyl <2 2 n Z Z ZZ|cum t1 v tllk)l’Y;g)’Y;ilkZ)’

|k:1‘<rn k2| <rn t1=1t2=1

32 M) 1) @ @
S 7T-2n2 Z Z Z Zlcum Y;f1 ) t1+u1aY;51+uz>Y;51+u3)‘

Jug|<an+rn |uz|<an Jui|<ry, t1=1

SIS AR CR T R

lug|<an+rn |uz|<an |ui|<rp

where the latter inequality follows by the strict joint stationarity of the involved processes. Next,
observe that, from Theorem 2.3.1 in Brillinger| (1975), it follows that

2 2 1 1 2 2
cum (Y, ViV v VD) = cum(1(X,, < X, (X0, < X, 1(X, < X2), (X, < X))
= cum(I(th € A1)7 I(‘/;Q € AQ), ](‘/;53 c Ag), I(V;‘l c A4>>,

where V,, = (th,Xt(jl),Xt(f)), Al ={zeR®: 2 <z} =Ayand A3 = {z € R® : 71 < 13} = A,.

Furthermore, let ug := 0 and consider the set

Suim ) <71, - =)

i,j=0,...,
whose cardinality is < ¢,(m + 1)P~!. Hence, applying Lemma {4.1| with ¢ = 2 yields

Yoo > leam(Y YLV YD))

lug|<an+rn |uz|<an |ui|<rn

< Cyp Z Z Z I%al}% — u4l)

7' 5]
lug|<an+rn |uz|<an |ui|<rn

<Ci2Y ., > alm) < Cues(l4 ) mPa(m)) = 0(1),

m=0 (u1,u2,u3)ESm m=1
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X

where we used Assumption (N1) for the last estimate and o := a* are the mixing coefficients of

the process {X;}ez. Therefore,

(4.20) Dy, = 0(“-”) - o<ﬁ>.

Next,

Do XX w(B)u(R)em (- ¥ )Y

|k‘1|<7’n ‘k2|<7” t1=1 tle'Tkl an to=1

! {,O(tg —)plta 4y — (k) plta ke — t)plt — (0 + k1)) }

o 2 S o(B)e(B)emet(y- ¥ ) 8

|k1|<r |ka|<rn to=1 12€Tky,an, 11€Tky an

1
m{ﬂ(b —t1)p(ta + ko — (t1 + k1)) + p(ta + ko — t1)p(ta — (1 + kl))}
= DY) + DY)

and observing that (3 /", Ztlen ) contains O(r,,) summands, we obtain by assumption (N2),

DY) < (271r)2ﬁ% 3 (Z— 3 )[i|ﬂ(t2—t1)| S lolts + ks — (b1 + k)|

|k1|<rn t1=1  t1€Tkq ap t2=1 [k2|<rn
+ > lplte = (1 + k)| D> Iplts + ka — t1)|]
to=1 ‘k;2|<7‘n
1 64
<2 (t2) (k) ( )
27’(’2]_44 2nZ|p 2|Z|p 2

|k2|<rn

Analogously, DQL = O(;—%) and hence,

2

(4.21) — O<n2> - 0(2—:>

Then, equations (4.20)) and (4.21]) together yield

(4.22) B[ 30 W) 30 W ()] — ST 5 @] - o ).

a
t1=1 to=1 n

Next, observe that h7(w), j = 1,2, is eight times the classical centered lag-window estimator of
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the spectral density of the stationary process (Yt(j ))teZ based on the observations Yl(j ), e ,Ya(f).

Consequently, if we show that

(4.23)
16

ko —; 1 2 2 Tn
o () () e S S e v vl = o)

\k1|<Tn k2| <rn t1€Tky an t2€Tky an

the same arguments as given in the proof of Theorem 9.3.4 in |Anderson| (1971)) yield

4r, Tn

(4.24)  E[H](W)H ()] = ~ 2w )/1 w(w)du(l + I(w € {O,iw}))—l—o( )

9 (079 -1 Qnp,

Finally, (4.23) can be proved using similar arguments and equation (4.24]) together with equation

(4.22) conclude the proof of (4.12)).

4.3.2 Proof of (4.13)

Let (X ))tez, j =1,...,5 be independent copies of the strictly stationary process {X;}icz that
are independent of each other. Then, by Lemma (ii) for Spearman’s p,

E [ S WL (@) > W)
t1=1 to=1

g Yo Y w ( ) (f—j) —Z<’f1+k2>w3ZZE[hM(thkl)hle(Xtm)}

|k1|<rn |k2|<rn t1=11t2=1
ks &
—i(k1+ke2)w
o) ()l S Y8
|k1\<rn |k2|<rn t1=1t2=1 v¥€r{1,2,3} 5€I'{1,4,5}
2 3 Y(1 (2
cum(I(Xt(l() < X7 1(x) < XEED, 1x M < xJO, 1(xT) < xT6) §

(425) + %p(tz — tl)p<t2 + ]{72 — (tl + k’l)) + %p(tz + k’z — tl)p(tg — (tl + k’l))],

where I'{7, j, k} denotes the set of all permutations of {i, 7, k}.

Next, let Ty.q, = {t|t.,t +k €{1,...,a,}} and define

) =g S () X[ 2

k| <rn t€Than YET{1,2,3}
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1 1

and

) =g S w( )™ 3|2
" k<, " t€Tk,an { }
eI’ 1,4,5
- - 1 - 1
2(1(xX7W < X = ) (1T < XTI = 5) = olh)].

Then, similarly as in the proof of Lemma 4.2}

IE[H"( )H (w)]

()t 3 BT

|k1\<r |k2|<rn n 1€Tkyan t2€Tkg,an v€r{1,2,3} 5€r{1,4,5}

2 3
wmoa; ) < X, HXEW < XE, 1D < X, 1058 < XEON))

(4.26) + p(to — t1)p(ta + k2 — (b1 + k1)) + p(t2 + ko — t1)p(t2 — (81 + k‘l))]

and analogous arguments as for Kendall’s 7 give

(4.27) L [Z o Z L) -2

t1=1 to=1

2 Tn

SIH{ () HE ()| = o)

Qn

Next, similar arguments as were used in order to derive (4.20)) yield

E= DI IR T C LD DD DR DD

|k; [<rp |k2|<Tn t1€Tky an t2€Tky,an, vE€T{1,2,3} ¥€I'{1,4,5}

2 3 (1 ~(2
mm@a#”<Xﬁ%f@ﬁ&<xﬁ$f@$”<X$%Iu&$<X&@M

TTL
= 0| — s
a”ﬂ

and the same arguments as in the proof of Theorem 9.3.4 in |/Anderson| (1971) show

(4.28) E[H? (w) HE (w)] = Z—ng(w) /_ 11 w?(w)du(l + I(w € {O,iw})) + o(’"”)

Qn

Hence, equation (4.28)) together with equation (4.27) conclude the proof of (4.13)).
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4.3.3 Proof of and ([4.15)

By Lemma [4.2] we know that for Kendall’s tau

oI (5%,)] = =I10((25%,)- (35 ) )

Jj=1

where (Y;(j))tez = ([(Xt < Xt(j)) — %) . Therefore, we can write
tez

B(YGu) =B X Wi W@ W, )]

tel'; t1,to,t3,t4€l;

(4.29) —B| Y U @ @), @), )],

t1,t2,t3,64€L;

where 9] = Z|kl|<rn < n) —ikw 2 [4Y(I)thlkl ], [ =1,...,4. Observing that by construc-
tion E[Ztlerj 7 (w)] = 0, we express the fourth moment in terms of a fourth order cumulant and

3 products of second order cumulants, that is

Bl Y @, @)W, @), )] = cum(zﬂml =1....4)

t1,ta,t3,t4€l’; ter;
+Cum(219ntl >cum<219ntl >
el el
—l—cum(Zﬁntl =1 3>cum<2ﬁml >
el el
—l—cum(Zﬁml =1 4)cum(219ntl 3)
tel’; tel’;
Note that by construction for all k, 1 € {1,...,4}, >, o0 U7, = Ztlel“ . Therefore, each of

the second order cumulants is equal to

cum( 3 07 @)l =1,2) = B[ 3 07, @) Y 9, w)]

t; EF t1 GF to GF

B[S )] = (v i)
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where we have used a similar argument as in equation (4.29). Hence, we obtain by Theorem 2.3.1
in Brillinger| (1975)

E[( Y, @)]= 3 eam, @) 07u(0), 0, @) 05, ) +3(Var( W)

t el t1,t2,t3,t4€l’; tel’;

Following the arguments of Rosenblatt| (1984) on pages 1177-1178, we can express the fourth order

cumulant of products in terms of cumulants of the factors, i.e. we obtain

Z Cum(ﬁntl( )719;152( )719;t3( )’19;,154(("}))

t1,ta,t3,ta€l;

—1 —2444 —ikjw )
- (2m)4 nt Z Z <Hw< > : )Cum(Yil Ylgl+kl;l:1,...,4)

|k1|,|k2|,|k3‘,|k4‘§7‘n t1,t2,t3,t4eFj =1

L DD <ﬁw< )e-ie)

k1| kol ks, ka | <rn t1,t2,t3,t4€T;  1=1

4

Zcum s €v)---cum(YY s € 1)

where the latter sum extends over all indecomposable partitions v = vy U --- U v, of the table

131 ty + ky
to to + ko
t3 ts + ks
ty ty + ky.

In order to bound this sum, we need that for 2 <p <8 andt € Z

(4.30) Y. leum(I(Vi € Ay) I (Viguy € Az IV, € 4y))] < 00,

UL .oy Up_1E€EZ

with V; := (X, Xt(l), e ,Xt(4)) and measurable sets Aj, ..., A, C R°. This follows by Lemma
and Assumption (N1):

Z |Cum(1(‘/t S Al)vl(v;f+m S A2>> s 7'[(‘/t+up71 S AP))|

UL,...,Up1€EZL

<Cpa Y, o max  [u; —u)
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<G Y. alm) < Chuca(l+ ) mP%a(m)) < oo,

0ut,,up—1€ESm m=1

where ug := 0 and S, := {(u1,...,u,) € ZP|max; j—o._, |u; — uj| = m} have been introduced in

the proof of (4.12]).

Next, arguments as in [Rosenblatt| (1984)) on page 1177-1178 yield

S feun(0 @), 9, () 7, ), U, ()] = O(P22)

n4
t1,ta,t3,t4€ly

and together with (4.12) we obtain

SE[(Se) ] =o("4%)

j=1 tel’;

Furthermore, as f¢(w) # 0, by (4.12)

(ZVar(ZCnt ) = L

tel’y

for some constant ¢ > 0 and n sufficiently large. This yields (4.14]) and (4.15) in the case where &
is Kendall’s 7.

In the case where £ is Spearman’s p we have by Lemma

B( L) =B 3 W @W W, W, )

tel’; t1,to,t3,t4€l;

(4.31) —B| Y U @ @), @), )],

t1,t2,t3,t4€L;

where
1 Ki\ i3 () _ @)y 1
192 = % U)<E)€ ! E|: Z 2<I(Xt;ﬂ < th"/l ) — 5)
|Ki|<rn W ET{1,21,21+1}
1
' <[(Xt(l+(kl)) < Xt(::»(kl))) - 5) - pk?l:|7 l = 17 s 74-
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Observing that by construction IE[}~, . Vy (w)] = 0, we have similarly as for Kendall’s 7

E[( 3 )]

tlEF]‘
2
= Y cumV, (@), V0, ()90 (), 90, @) + 3(Var (Do Ww) ) )
tl,tz,t3,t4€Fj tEFj
where,
> cumy(9h, (w), 94 4, (W), Do, (w), 05, (w))
t1,to,t3,ta€l’;
1 3424 - kl —ikjw
=@t > (TTw()e™ X
|k1|,|k2l, k3|, ka|<rn t1,ta,ts,ta€l;  I=1 n Y €T{1,21,21+1}
1 2 1 3
(4.32) cum, (10X < XTI < X0 = 1, 4).

Following the arguments of [Rosenblatt| (1984) on pages 1177-1178, we express the fourth order
cumulants of products of random variables in terms of cumulants of the factors which, similarly
as in , can be bounded by Lemma for V, := (Xt(l)7 .. 7Xlt(g)) and Ay,..., A, € R%. After
that, arguments as in Rosenblatt| (1984) yield

2,.2

p?’LrTL
ST lewm(@h, (@), 9, (@), 9y (@), 95, (@) = O(F232)

n4
t1,t2,t3,t4 €L

and together with (4.13) we obtain ;L;lIE[(ZteFj Cﬁ,t(w))ﬂ = O(“Z#) Furthermore, as

f&(w) % 07 by 7

Hn
P HypPrTh
(3 V(S ) > 22
]:1 tEFj
for some constant ¢ > 0 and n sufficiently large. This concludes the proof. a
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5 Appendix: technical details

The proofs of Theorems and rely on a blocking technique which will be summarized in
Section [5.1] In Section [5.2] we state and prove the covariance inequalities that are crucial in order
to derive the convergence of the linear and degenerate parts of the U-lag-window estimate. Finally,

in Section we provide the details for the proofs of results and equations given in Section [4]

For simplicity of notation, let X, := (X3, Xyix)”.

5.1 Blocking results for stationary S-mixing processes

In order to transfer classical results from the iid case to sums of S-mixing stationary time series,
we apply a blocking technique with alternate ”large” blocks of size p, and ”small” blocks of size ¢,
from |Arcones and Yul (1994) based on a blocking technique introduced by Yu| (1994) with blocks of
equal size p,,. For each fixed n, we divide the original sequence X := (X7, ..., X,,) into u, blocks of
size p,, alternating with p,, blocks of size g, and a remainder block R of length n —2u,,. The block
size ¢, of the "small” A blocks is chosen depending on the mixing conditions on X and the size
of r,. That is, g, is chosen large enough such that the I' blocks are ”almost” independent of each
other, but small enough such that the sequence composed of these I' blocks behaves similarly to
the original mixing sequence. The block size p,, is chosen analogously. More precisely, we assume
that

(5.1) (tn = 1) (Pn + @) <1 < (P + Gn)

and define for 7 =1,..., u,

D= {i:(G—Dpn+an) +1 <0< (G — 1) (Pn+ ¢n) + 2t
A= {i:(G=D)0n+ ) +pn+1<i<ipn+a)}

Pr = {i:ptn(Pn+qn) +1 <0 <A pin(pr+ o) + Dn}

Ag = {i: (A |ptn(pn + ¢n) +pa|) +1 < i <n}.

R = T'rUAR

We denote the random variables of X belonging to block I';, A;, j =1,..., 1, or R by

X(FJ) = {Xz 11 € Fj}, X(AJ) = {)(Z 11 € Aj}, X(R) = {Xz 11 € R},
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respectively. This yields a sequence of alternating I" and A blocks
X(T1), X(A1), X(T2), X(Ag), ..., X(T,,), X(AL), X(R)

We then construct a one-dependent sequence Y of independent blocks defined as
Y1), Y (A1), Y (I2),Y(Ag), ..., Y(I,), Y (A,), Y(R),

and independent of the original sequence X. Furthermore, the blocks Y (I';) := {Y; : ¢ € I},
Y(A))={Y;:ie A}, j=1,...,u, and Y(R) := {Y; : i € R} are identically distributed as the
corresponding blocks in the sequence X, i.e.

D

XT)EY@,) and X(A)2Y(A;) and X(R)Z2Y(R).

The existence of a proper measurable space that hosts both sequences, X and the independent
block sequence Y, as well as measurability issues on this space are adressed in [Yu (1994). Denote
by Xr and Yr block sequences corresponding to the I' blocks and by XA and YA the block sequences
corresponding to the A blocks, e.g.

Xr = X(T),X([Ty),...,X([T,)

Note that we choose the block size ¢, such that the dependence between the blocks Xt of the
original S-mixing sequence X becomes weaker as ¢, increases. The next lemma is a slightly
adapted version of Lemma 4.1 in [Yu (1994) and is proven analogously. It shows that the I" or,
respectively, A blocks of the original sequence X can be related to the I' or, respectively, A blocks
of the independent block sequence Y in the following way.

Lemma 5.1. Denote by Q and Q be the distributions of Xr and Yy, respectively. Then, for any

measurable function g on RFPr with ||gllec < M < o0,

[Bolg(Xe)] — Bglg(Vo)]| < M(m — 1)8(an).

Similarly, if P and P denote the distributions of Xa and Ya, respectively, and if § is a measurable
function on RFr with |||l < N < 00, then

[Ep(3(Xa)] — Ep(Va))| < N(itn — 1)B(p0).
In order to establish the convergence in probability of the parts of the U-lag-window estimate
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corresponding to the linear and degenerate part in the Hoeffding decomposition we prove several
covariance inequalities for -mixing data. To this end we apply a coupling technique by [Berbee
(1979). The idea is to replace successively dependent variables by variables that have the same
distribution but are independent of the original variables and all other involved variables with the

smallest error possible. Berbee| (1979) found the following in the case of S-mixing data.

Lemma 5.2 (Berbee (1979)). Suppose on a probability space there is defined a pair (X,Y) of
random variables with values in Borel spaces. If the probability space is rich enough, it can be

extended with a random variable Y, independent of X and distributed as Y such that
1
P(Y' #Y) = 5||Pocw) ~Px @By || = B(o(X),0(V).

5.2 Auxiliary technical results

Lemma 5.3. Let Assumption (C2) hold. Then, the kernels h.y defined in (2.8), ¢ =1,...,m
have uniform (2 + 0) moments, i.e. there exist 0, M. > 0 such that for all t,... t.,k € Z,
1<j <2,

max{// |hc7k|2+5dGc,/.../ |hc,k|2+5dG§13dG§23} < My < oo,
R R R R ' '

where G., Gglc) and Gﬁ) denote the joint distributions of (X, Xipy)s (Xigys--os X)) and
(Xt 1y o0 Xtgany)s Tespectively, with (), t), .. tem)), ta) < -+ <t the sorted version of
the vector (t1,t1 + k,to,toa +k ... te,t. + k).

Lemma 5.4. Let X:j,k denote an independent and identically distributed copy of Xy, on a
possibly richer probability space that is independent of Xy k,..., X, k. Then, for 2 < c < m
and arbitrary ty, ..., ts. € 7,

E hc,k(X;,]m th,ka cee 7Xtc,k>hc,k(Xtc+1,ka cee athc,k) = Oa
where the latter equation also holds if any other pair Xy, x is replaced by an iid copy X;,k-

Lemma 5.5. If Assumptions (C1) — (C3) are satisfied, we have for any fired 0 < k < |r,]

(1) For anyt € Z,

_2
2MZ 375 (1 — k), if 1>k,

(5.2) ‘E[hlk (Xt,k:> hik (Xt+l,k:>]‘ < 2
M 73 (min{l, k — 1}), if0<I1<k.
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(2) ]f1§t1 <t2<"'<t20§n—]€ and
m(tl, e ,tzc) = Imax { Hlil’l{tg — tl, (tl + k) — tg}, min{tgc — tQC_l, <t2c—1 + k) — tgc}}
we have for any permutation v of {1,...,2c}

_2
(I[') |E[hc,k‘(Xt,y<1),k7 s 7Xt7(c),k)hc,k(Xt .. 7Xt,y(26),k)]| S MC2+5 .

(ZZ) ’Lf (tg — tl) >k or (tgc — tQC_l) > k,

y(et1) ok -

[E[her (X Xt om) e (Xt oy s Xt k)]

(5.3) <2MZ 215 (max {t2 —(t 4+ k)t — (frer + k:)}).

y(a)ks v(e)

(ZZZ) ’Lf to — 11 < k’, toe — toe1 < k’, t3 —ty > 2k and toe—1 — tg(cfl) > 2]{3, then

2 s
(5.4)  |IE[her(X: ->Xt7(c),k)hc,k(Xt .,Xt%%),k)]\ < 12MZ2° B2 (m).

(1) k- etk -

5.2.1 Proof of Lemma [5.3l
From assumption (C2), we have
E|ERYY, .. Y y® YO —ERYWD, ... Y™ <22\,

and therefore, by the definition of the Hoeffding decomposition,

hi(¥2)

2+6
E < 220 M.

As h., is recursively defined by

her(Ws - ye) = ER(YV Y)Y W =gy YO =gy, ) —BRYD,. .. Y™

_Z Z hj,k(yllu"'?y"j)’

J=1{v1,.. v }C{1, ..}
v <--<Vj

he . also has uniform (2 + J)-moments.
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5.2.2 Proof of Lemma [5.4]

Recall the following property of the conditional expectation [see Theorem 6.4 in Kallenberg) (2010))]

which can easily be adapted to more than one F-measurable random variable:

Let X and Y be random variables and F a o-algebra such that X is F-measurable and Y is
independent of F. Then, for any measurable function f(x,y) with IE|f(X,Y)| < oo,

(5.5) E[f(X,Y)|F] = F(X) a.s.,
where F(z) = E[f(z,Y)].

Thus, by the law of total expectation, we have

]E hc,k‘(X;,ka th,k; L 7Xtc,k)hc,k(XtC+1,k7 e 7Xt2c,/€)i|

- IE IE |:h’c,k3(X;7k;7 th,kn e 7Xtc7k)h'c,k:(Xtc+1,k> e 7thc,k‘)|Xt2,k’7 e 7Xt20,k:|:|

= BB ek (X o X+ Xt Xt o Kao | ek (K3 Ka)|

Obviously, X, k- .-, Xk are 0(X g, .- . ; Xy, k)-measurable and X7 ; is independent of
O( Xiphr s Xipo k). As, additionally, | he i (X7, p, Xty - - X k)| < 00 by Lemmal5.3] we have
that

E[hc,k‘(X;kl,ka th,kH .. 7Xtc,k)|Xt2,k7 . 7Xt26,k‘] = Hc—l,k(XtQ,k‘a ey Xtc,k‘)7

where
HC—Lk(y27 s 7yC) = ]E[hc,k(X;fkl,k? Y2, ... 7yc)]~

We will now show that H. x(y2,...,Yye) = 0. To this end, we consider the integral representation
of hey, i.e. similarly as in the proof of Theorem 2 in [Lee (1990), pg. 28], we obtain by the
symmetry of h,

[

he e Ye) = h(wy, ..., Uy, dGy,. (u;) — dFy( dFy(
k(Y1 Ye) /R2 /R2 (uq u )]1:[1( yg( k(ug) j1:£1 k()

:/ / Wy, s, . ) [[(dGy, (us) — dFy(u;)) H dF(u;)
R2 R2

j=2 j=c+1
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_/ / B, - ) dF (1) [[(dGy, (15) — dFe(uz)) H dF(u;)

Jj=2 j=c+1

R2 R?
:/ / Byr, ua ) [[(AGy, (uy) — dFi(uy) H dF ()
R2 R2

=2 Jj=c+1

— he—16(Y2, -, Ye)-

Integrating both sides with respect to wy ~ Fj yields

/2 hc,k(u17 Y2, .. 7yC)dFk(u1)
R

:/ / (- )P () [ [(@Gy u5) — dFu(us)) T dFi(uy)
R2 RR2

j=2 j=c+1
- hc—l,k(y27 st 7yc)
= hcﬂ,k(yz, . ,yc) - hcfl,k<y27 ce ,yc) =0.

Observing that

/R2 hep(ui, Yz, ..., Ye)dFip(ur) = IE[hcvk(thk, Y2, .- Ye) = He15(Y2, .-, Ye)
we have

E[hc,k(xzhk, X Xooi)| Xigs - ,X%k} = He b (Xigg s Xuos) = 0
and altogether,

E [hc,k(xg,k, Xopore o X her (X ks ,X%k)}

— IE |:]E |:h/c,k(X>tk1,k7 th,k7 . 7Xtc,k)|Xt2,k7 . JXtZC,k:| hc,k(Xtc+1,k7 .. Jthc,k)] — O
which concludes the proof. O

5.2.3 Proof of Lemma [5.5]

(1) If{ > k > 0 replace the pair X, := < Xfik) using Berbee’s coupling technique by an identically
distributed copy X Z‘k that is independent of X, and X4, and such that

N 1
]P)<Xt,k 7é Xt,k) < QH]P)(Xt,kyxt-H,k) - th,k ® IP)XH—l,k TV

= Bl — k).
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Then,

[l (X ) (K1) = Bl (X)X )]

< ‘E[(hl,k(Xt,k) — th(XZk))h1,k(Xt+z,k)I(Xt,k = X:,k;)} ‘

By Holder’s inequality (515 + 515 + wz = 1) We obtain

L (1 (X k) = kX700 ) Kens) (X e # X
2 2
< oM2 <IE[I(Xt7k £ X;;k)]> < oM e (1 — k),
which gives

{1 (X ) (X )] < 2MF7 875 (1 = B) + B fh (X)X )]

Now, hyx(X}) is independent of hy 1 (X;4;) and the result follows by Lemma .

If 0 <1 <k, using Berbee’s coupling technique, first replace X; by an identically distributed
copy X; that is independent of X, X;+; and Xy4 44 and such that

= B(1l).

TV

. 1
P(Xt 7A Xt) < 5HP(Xt7Xt+z7Xt+k,Xt+z+k) - PXt ® P(Xt+l7Xt+k7Xt+l+k)

By Holder’s inequality, we obtain with similar arguments as in the case [ > k£ > 0 that

2 5 X*
oo (45, e () ]| 20550+ el () e (55,

Then, replace X;,; by an independent copy X/, that is independent of X7, X, ;, X;; and
Xiy14k such that

Y

IP’(X:H 7A Xt+l> S

P(X:aXt+luXt+kuXt+l+k) - IEDXt+l ® ]P)(Xt*,XtJrk,XtJer) TV

IN

Px; @ P X X)) — Pxy @ Px, @ Py xii) -

IN

I[D(Xt+l:Xt+k7Xt+l+k) - ]PXt-H & P(Xt+k7Xt+l+k)

(k_l)7

TV

B LN NON IS NGRS
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where we have used Lemma 1 in Eberlein| (1984). Then,

X7 X 5 b X/ Xt
o ) e () | 20— e (3 s (35|

Finally, replace X;,; by an independent copy X;,, that is independent of X, X, X, and
Xiy14k and such that

1
P(X; ik 7 Xivn) < =9 P(Xfﬁngrl’XtJrk:XtJer) —Px,,, ® ]ID(XZ’X:+Z’Xt+l+k) v
1
< 9 Px; ® ]P)Xt*-u O Pix, o Xeien) — Px; ® IPXZ_H OPx,, OPx, v
1
< 9 ]P)(Xt+k’Xt+z+k) - PXt+lc ® IPXt+l+k v
= B(1)

which gives

i (£5) s (50) ]| = 200 3800+ s () s (i51) ]

Altogether,

o (35, o (3550 ] <003 1.4 )

X/ X7 ) ] }
* ‘IE [hl’k (X* ) ]]E [h (Xt—i-k—i-l )
Next, observe that the last summand does not vanish as ( )gi k) does not have distribution F}.
t+

Therefore, using Berbee’s coupling technique, we rereplace X; by an independent copy X, such

[¢]

that the couple ( )‘()gt]) has distribution F}, is independent of ( XXthfl 1) and
t+ t+k+

P(X? # X) HIEDX* ® Px:,, — Pixox:

Hence,

X*
Bfnus (5,) -t () ]| < 207 5
‘ hig | x hy X/ Bz (k).
Observing that min {l k- l} < k and that the S-mixing coefficients are monotone decreasing,
we have

555 (k) < B35 (min {1,k — 1})
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XO

and as IE [hl,k (X*tk) } = 0, we can conclude that
t+

(2) (i)

(ii)

o (45, s (55| <503 i 1.4 ).

By Holder’s inequality (Q—Jlr(S + = = 1) and as %; < 2+ 0 we obtain

‘]E[hc,k(Xty(l),kv s 7Xt'y(c)7k>hc7k<Xt’y(c+l)7k7 T 7Xt7(zc),k)”
1
< (E’hc,k<th(1)7k7 s 7th(c)7k)|2+6) o (IE,hC,k(XtW(cH)vk? s 7Xt'y(2¢)»k)‘m>
1 1
246 2435
= (E’hc’k(th(mk’ e ’thc)vk)'%a) N (E’h67’“(Xtv(c+1>vk’ T szc)»’f)‘z”) o

where we have used that (IE[|Z|])"/? < (IE[|Z|4])"/? for 0 < p < ¢. Hence, by Lemma [5.3|

_2
[y ( X, X hen(X Xl < M

v(1):k ¥(e) Y(et1):ko -

For brevity, we only consider the case v = id. The other cases are treated similarly but
require a more complex notation.

In order to prove inequality , according to the coupling Lemma by Berbee| (1979),
depending on whether (to —t1) > (toc — toc—1) > k or k < (tg — t1) < (to. — tac—1), We can
choose a random variable X7, , or respectively X, ; that has the same distribution as Xy, x

or respectively Xy, y, independent of Xy, x, ..., Xy, 1 and such that
P(X{ p 7# X)) < Blte — (t + k)

First, consider the case where (to — t1) > (t2. — tac—1) > k, that is we replace X x by an
independent identically distributed copy X7, ;. Then, by Lemma ,

|IE[hc,k:(Xt1,k‘7 ... ;Xtc,k)hc,k(Xtc+17ka ceey th.;,k)”
- |IE[(hc,k(Xt1,k7 .. JXtc,k) - hc,k(—X:‘:’k? th,lm ... 7Xtc,k))hc,k:(Xtc+1,k7 L 7Xt25,k)]|

Splitting the probability space, we obtain

’]E[(hc,k<Xt1,k7 cee 7-Xtc,k) - hc,k(X;fkhkv th,kv LI 7Xtc,k))hc,k(Xtc+1,k7 .. JXtQC,k>]|
< IEHULCJ?(XHJC? s >Xtc,k) - hC7k<X:1,k? th,ka <o >Xtc,k))
: hc,k(Xtc+1,ka S aXt2c,k)I(X:1,k 7& th,k)H
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+ ]EH(hCyk(th,k? ttt 7Xt(;7k> - hcyk(X;fl,k7 Xt27k7 AR 7Xtc,k))
’ hC,k<Xtc+1J€7 s >Xt2c,k)I(X:1,k: = Xt1,k)H-

The second summand vanishes and for the first summand Holder’s inequality (Q—Jlr(S + ﬁ +

w15 = 1) yields
o

IE[|(hC,k(Xthk, .. ,Xtc’k) — hc,k(X;,k, Xk, ,Xtc’k))
he (X g Xioo k) X, 1 # Xty 1]
< (Bl Xty ps s X)) = he( X Xt - o> X p) 70755
(B he (Koo X)) T (B(XT, 4 # X)) T
(5.6) < 2MET AT (1 — (4 + k),

where the latter inequality is due to Lemma . In the case where k < (ta—t1) < (toc—t2c-1),

we obtain

|]E[(hc,k<Xt1,k7 o 7Xtc,k) - hc,k(X;Jm th,k7 ... 7Xtc,k))hc,k(Xtc+1,k7 ceey thc,k)H

_2
(5.7) < 2MZP B (tge — (tae 1 + K))

Inequalities ((5.6) and (5.7)) together yield result (ii).

(iii) Asin (ii), we only consider the case v = id. Then, if
min{t2 — tl, (tl + k) - tz} Z min{tQC — tgcfl, (tcfl + ]{?) - tgc}

replace one after another X;,, Xy,, X; +x and X3, according to Lemma by independent
identically distributed copies X, X, Xj ,, and Xj ,, that are independent of the other
involved random variables. Denote by X ; the pair (Xi,, X4, i)Y, where j =1,2. Then, by
Lemma and similarly as in the proof of part (i)

|E[<hc,k(xt1,k7 cee aXtc,k‘) - hc,k(X:thk;) X:£27k7 th,k‘7 s aXtc,k))hc,k(Xtc+1,k7 cee ’XtQC,k)]|

_2
< 8MZP 375 (minf{ts — t1, (t + k) — to, ts — (2 + k) })
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(5.8)
= SMZP 3245 (min{ty — 1, (b + k) — t2}),

where the latter equality is due to the assumption that (¢35 — t3) > 2k. Hence,

Bk (X s -5 X p) e ( X Xt o)l

etk
_2
< 8MZP 7% (min{t, — t1, (t + k) — t2})
+ |IE[hc,k( ;17];;7 t2 k7Xt3 k7~‘-aXtc,k)hc,k(Xtc+1,k7”-athc,k)”

Note that the second summand does not necessarily vanish because, having replaced Xy,

Xt +ky Xt, and Xy, 4 by independent identically distributed copies one after another, the

couple (X{j, {j )" does not have distribution F;. However, it is possible to bound

|]E[hc,k( 217k7 t2 k> th,ka SRR Xtc,k)hc,k(Xthrl,kJ s 7Xt25,k)]|

by applying Lemma again in order to "rereplace” successively X ; and X ; by inde-
pendent pairs X7 , and X7 , with distribution Fy. More precisely, according to Lemma
we can replace X/ by a random variable X7 with the same distribution as X; that is
independent of the other involved variables such that the couple X7 , := (X7, X|, +k) has
distribution Fj. Then, similarly as in the proof of (ii),

‘E[hc,k(X;hk? X:tsz Xt3,k7 BRI Xtc’k)hcyk(Xtc+17k7 s 7Xt2c,k)H
1 s N
< 2M02+6B2+6 (k) + |IE[hCJ€( t1,k? t2 k> Xta ky- - ’Xtc,k)hC,k(XtcH,kv SR ’Xt2c,k>]|7

where we have used that due to the independence of X; , X; ,, and all other involved vari-
ables, P(X; # °) = (k). Analogously, we can replace X, by a random variable X} such
that the couple X , := (X, X/ )7 has distribution F}, and is independent of X7, ,. Then,

to)
‘E[hc,k(X;hk) X:fzjm th,ka R Xtc,k)hc,k(XtC_;,_Lk’a s 7thc,k)H
A5 o
S 2MCQ+6/62+6 (k) + |E[hc,k( t1,k> t2 k> th,k‘7 s 7Xtc,k)hc,k(Xtc+1,k7 s )thc,k>]|7

Then, X7 , and X7, ; both have distribution F}, and are independent. Similar arguments as
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in the proof of Lemma [5.4] (ii) show that also
E[hc,k(X;)hlm X;’Im th,ka SRR Xtc,k)hc,k:(Xtc+1,ka s 7Xt2C,k>] =0

and hence,

L5
(5.9 Elen( Xt g Xig o Xtgoo -+ Xeop)hen(Xieor s oy Xpoo)]] < 4ME* 5243 (k).
Observing that by the definition of the S-mixing coefficients and since (ty —t;) < k
5255 (k) < B2 (min{ts — 1, (t1 + ) — t21),

equations (5.8) and (j5.9)) yield

Elher( Xt koo Xeog)her (X s X k)] < 12Mcm6%(min{t2 —t1, (t1 + k) — t2}).

c+1’k7 :

Analogously, if min{ts — t1, (t; + k) — to} < min{to. — toc_1, (t2c—1 + k) — t2.}, we obtain

|]E[hc,k(Xt1,k7 v >Xtc,k)hc,k<XtC+1,k7 v 7Xt2C,k)]|

2
< 12Mc2+65$(min{t2c — toe—1, (tae—1 + k) — tac}).

Combining these inequalities yields (iii), which concludes the proof.
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5.3 Proofs of results from Section [4l
5.3.1 Proof of Lemma [4.1]

By Theorem 5.2 of Bradley| (2005), (V};):ez is a-mixing with mixing coefficients

oV (m) < aX(m) + X (m) + -+ X (m) = (¢ + Da¥X(m),

where the latter identity is due to the definition of the processes (Xt(j ))tez, j=1,...,q. Following
the arguments in the proof of Lemma 4.1 in Kley| (2014)), we obtain the result. a

5.3.2 Proof of Lemma [4.2]

For notational convenience, let X, := (X, th+kj)T. Note that,

q q
E[thvkj(xtj,kj)} :E{Hm[h(xtj,kj,xgjg,...,X“” ”) &, | X H
j=1 j=1
Define
. (1,5+1) (1,9) (m—1,5+1) (m—1,q)
G; = O—(th,,ﬂ,...,th,kq,thjhkM,...,Xtm,‘gq,...,th%kjﬂ S < )

By the law of the total expectation we obtain

q
[T (106 00 x5) )

J=1

1,1) m—1,1
X XUt XU) = 6,

ty1,k1?

h(th,kj,Xg;Q,...,X(m “) gk)

il

1,1 m—1,1)
Xt1k17X1(51k37" Xglkl > _gk‘l)‘gl]
- ) (m—1,5)
H h(th,katj:ij? s 7Xt?,zkj 7 > - &%)} ’
where the latter inequality follows as

q
(1’ ) (m_L )
H (h<thvkj’ ‘th,i]'7 et 7th,k]' ’ ) - gk])
Jj=2
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. . (1,1) (m—1,1)y . .
is Gi-measurable. Moreover, X, 1, is Gi-measurable and (X, %7,..., X, , ) is independent of

Gi1. From the property of the conditional expectation stated in the proof of Lemma [5.4] it follows

that

B[ (10 X0 X) ~ 6 ) 0]
=1E [(h <Xt1,k17 ngj 12 ng,lnkll 2 > - gk’l) ‘O(th,kl)] = h17k1 (th,kl)'

Hence, the same arguments as above yield

B\ TT (A (Xem X020 X0) — )|

- j=1

q
=1E hlkl th k1 H( (Xt kj,X??,_..,X}E;?};LJ)) —fk]>i|

j=2
= BB | (X XD, X)) — 6| G2)
i q
g (Xow) [] <h<Xt] Xili),...,XE:?];jl,g)> —fkjﬂ
j=3

q
_E [hl,h(xtm)m,kl(Xthkl) IT (n( X X80, X)) =6, ) |

Jj=3

Repeating these steps ¢ — 1 times yields the result.

(i) Under (C0) we have A7, (§1) = B[ ((§1) . (32) )] with
W (). 3) =a(1w <o) — 5) (T <) — ),
Note that IE[Y;”] = 0 under (C0), we obtain from (4.17) that
Cor (1T (6, 1,) 10 (435,))
Sl () () w05 () )
(a1, < th (1010 < X; L= = m)

.
(50080 <3 3) (1000 < X2 1) )
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= B[4, — m) @2y )]

t1+k1
1 2 1 2
- 16IE[Y( YV )Y( ! J - 4E[Y;(1 )Yt(1+)k1] - 4IE[Ytg )Y(lkz}ﬁm + Thy Thy-

t1 Tti+kr T2 T tadke
(5.10)

The equivalent representation of moments in terms of cumulants yields

1 1 2) 1 2) 2)
E[Y, YL Vi Vi, = cam(V VI VP V)

e (Y Y eV Vi) + cam(v Vi eun(v D V)

t1 0 T ti+k 2 ) " totks
1 1 2
+eum(Y,", v, eum (v, V2

Forall t,k € Z and [ = 1,2, ]E[Yt(l)] = 0 and we have

cum(Y,", v, ) = B[,y ]

Ttk
1 (1)
= / (I(xt < xgz)) - 5) (I($t+k < ng) )dFk (x > dFy, (xﬁk)
R2 xt—l—k
1
= [ PGt R i) - §
]R2
1 1
(5.11) = Cr(u, v)dCy(u,v) — & = 7y
02 44
and
cum(Yt , t+k) [Y(I)YQ(JFZ;]
1 1
= /}1@2 (I Ty < 37t 5) <[($t+k < xﬁ)k) - §)dF( )dF(xtJrk)dFk (It+k>
:(/ F() F(ze)dFe (5,) —
RQ
(5.12) = / wdCi(u,v) — =~ p(k)
. - [0’1}2 k ) 4 12p

where C}, is the copula associated with (X, X¢x) [see e.g. [Schmid et al.| (2010)] and p(k) is

the population version of Spearman’s p at lag k. Hence,

1)y -(1) 2y (2) 7 _ 1) () (2) (2 1
IE[Y Y;f1+k1Y Y;f2+k ] Cum(Y;H ) Y;f1+k1’ }/;2 ? Y;52+l€2> 16Tk17—k2
1 1
+ —p(te —t1)p(ta + ko — (t1 + k1)) + —=p(ta + ko — t1)p(ta — (t1 + k1))

144 144
(5.13)
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and inserting equations (5.11)) and ( - in - 5.10]) yield the result.

(i) Under (C0) we have b, () = E[n*( (§). (ﬁzﬁi) , @Zg;) )] with

(G @) 60) = X 21w <) — 5 ) (o < ) — 5).

vel{1,2,3}

The first order kernel being centered by definition of the Hoeffding decomposition, from

(4.17) we know that
X X
Cov <hl1)’k1 (thf‘:kl) ’hll)’kz (thjflm) )
IR0 X® PRC)
=E [(hp( (X(S ) (X(Qi ) X(% ) - Pk1>
t1+k1 t1+k1 t1+k1

Ce((35)- (5 ) - (5 ))-m)

Thus, as IE[I(Xt(i) < Xt(j)) — 1] = 0 under (CO) for any i, j = 1,...,5; i # j, we obtain from

(ET7) that

X
Cov (h,i k1 (Xt +k:1> Wik, (Xtﬁ@))

1 2 1 3 1
=4 > B < x0O) — 2) (1) < x580) - 5)
€r{1,2,3} 5€0{1,4,5}
(9 1 1
( Xt(; < Xt(;( ))) 2) <I(Xt(;§(—k)2) < Xt(g-i(-k)g) - 5)} = Pky Pks

1 2 3
1Y S e <) 0 < X

~el'{1,2,3} 4€r'{1,4,5}

1" < XS@) ) (X < XT9)

1
+ eam (17X < X7®) - ,I(X < x)-3)

1) @3 1 1
. Cum<I(Xf;/J(rk1) XSJF;C)I)) Y ](Xt(gik)Q) < Xt(zJ(rk)z)) 5)
1 2)) 1 1)) (3 1
+eun (10K < X0 - L 1) < X0 - )
1 3 1 1
5.4 cun (16T < X0 - 5100 < X)) - 5]

where we have used the representation of centered fourth moments in terms of cumulants,
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property (v) of Theorem 2.3.1 in Brillinger| (1975) and (5.12)

1 2 1 1 3 1
cum (1(XW < X0 = 2 1(x 00 < X7 - 5)
(1 ¥(2 1 Y(1 v(3 1 1
'Cum(I(Xt(J( ) < Xt(;/( ))) T I<Xt(;—&(-k)2) < Xt(;‘:(-k)z)) - 5) = 1ag Pk Pre

Furthermore, the only permutations v and 4 for which not all products of second order
cumulants in (5.14)) contain one cumulant with one independent factor and thus equal 0 are
those with v(1) = 4(1) = 1. For each of these 4 combinations we obtain

cum (1(X® < X§) = 51X < X0 - 3)
e (1CHTR) < X)) - 5K < X)) - )
(5.15) = ﬁp(b —t)p(ta + ko — (t1 + k1))
and
cum (1K < X0 - L) < X6 - 1)
e (TS0 < XOW) — 21 < XG9O - 1)
(616) = pltatk— )plta — (1 + k)

144

Plugging ((5.15)) and (5.16]) into ([5.14) concludes the proof.
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5.3.3 Proof of (4.6

We will prove this result only for positive lags k as the proof for negative lags is analogous. More

precisely we consider

Bl(("F)u)]

(5.17) = > > Elher( Xk Xeoi)her(Xiwordes - > Xt k)]

1<t1 < <te<n—k 1<te41<--<t2.<n—k

and prove that

sup IE [((" - k) Uﬁ‘?k>2} = O(n*'7)

0<k<|rn] ¢

Finally, using that info<g<|,,| (”;k) > Kn° for some constant K, establishes |}

For any fixed 0 < k < |r,], decompose (5.17)) into sums according to the following 3 cases:

(1) all 2¢ indices are different,
(2) 2¢— 1 indices are different or

(3) 2(c—1) or less indices are different,

that is
> > E R (X my - X hon (X - Xtootr)]
1<t1 < <te<n—k 1<t 1 < <tac.<n—k
< Z E ek ( Xty ks Xt ek ( Xty -+ Xige)]]
1<t1 < <teSn—k, 1<t 1 < <t2.<n—k
case (1)
+ > B[l Xty s s Xtoddhew( Kipror - s Xgo)|
1<t < <ten—k, 1<t 41 <--<t2.<n—k
case (2)
+ Z |]E[hc,k:<Xt1,k‘7 ] 7Xtc,k)hc,k(Xtc+1,ka ve. )thc,k)”
1<t < <te<n—k, 1<t c 41 < <t2.<n—k
case (3)

In the sequel, denote by ¢(;) the j-th smallest of all distinct indices among ¢, ..., ta.
In case (1) we distinguish the following cases:
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(1.1) (t(g) — t(l)) >k or (t(gc) — t(2c—1)) > k.
(1.2) (t(g) — t(l)) < k and (t(gc) — t(26_1)> < k.
In case (1.1), consider the set

SIV() = {tr, o stae i 1Sty < <t L Sopr <o <oty # o F b
(t2) = tay) >k or (tae) — tae1y) > ksmax{te) — ), t@g — tee1)} = v}

and observe that #S,gl'l)(v) < (v + k)n?=Y where #S denotes the cardinality of the set S.

Then, we obtain from Lemma (2) (ii), for some constant K,

Z E ek ( Xty ks s Xt ek ( Xty b+ Xige)]]

1<t < <te<n—k, 1<t 1< <t2.<n—Fk
b7 Ftac
(t2y—ty)>k or (t(2c)—t(2c—1))>k
n—k
5
<SKY ) B (max{te) — (ta) + k), teg — (teen) +K)})

v=1 t1,...7t2965£1'1)(v)

B

3

n—k
<K g S (0) < Kn* DY (0 + K8 (v)
v=1

S
Il
—

(518) < O(nl_e)rﬂ(c_l) — O(TLQC—I—Q)7

where we have bounded Y '_, v/ ﬁ(v) from above by an integral and then concluded with As-

sumption (C3).

Next, in case (1.2),

Z |]E[hc,k<Xt1,k7 o 7Xtc,k)hc,k(Xtc+1,k7 ve. 7Xt2c,k)]|

1<t < <te<n—k, 1<t c41 < <t2.<n—k
t1 7 Flac
(t2)—t(1))<k and (f(2c)—t(2c—1))<k

= > B[l Xty s s Xted) e Xt -+ Xigo)|

1<t < rtoSn—k, 1<t oy 1 <--<tze<n—k
t1#-Ftoc
(t2)—t(1))<k and (f(2c)—t(2c—1))<k
and ((t(3)—t(2))<2k or (t(2c—1)—t(2(c=1)))<2kK)

+ Z |]E[hc,/€<Xt1,k7 o 7Xtc,k)hc,k(Xtc+1,k7 R 7Xt2c,k)]|

1<t < <te<n—k, 1<t c1 < <t2.<n—k
L1 Ftac
(t2)—t@))<k and (t(2c)—t(2c—1))<k
and (t(3)7t(2))>2k and (t<2C_1)7t(2(c_1)))>2k
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= (I)+ (I1).

For (I), we apply similar arguments as in the proof of Lemmal5.5](2) (iii). That is, if we replace one
after another all random variables by independent copies and then rereplace them by independent

pairs with cdf Fy. We have for any permutation «y of {1,...,2c},

|E[hc,k(Xt,y(1),k7 .. 7Xt,y(c>,k)hc,k‘<Xt,Y(C+1),k’a e 7Xt,y(2c>,k;)]|
525 o 8 .
< KMo (0 min {|tg) — el [(tg) + k) = tpl})-

sJ=1,..0

i#j

for a constant K. depening only on c. Next, let u(t1,. .., o) := mingj=1__2:.{|t;y — twl, |ty +
]

k) — t|} which is always smaller than k& and consider the set

S,E”(v) = {t, ot 1 TSt < <t L Sty <o <lgests F - F e
(t(g) — t(l)) S k’ and (t(gc) — t(gc,l)> S k‘; (t(g) — t(g)) S 2]6
or (t2e—1) — t2e—2)) < 2k;u(try, ... t2e)) = v}

Then, for some constant K,

<Ky Y pF(ultay, - teo))

v=0 41 t20eSL (v)

k
< K> 575 (0)#8 (v) < O(1)r2n?
v=0

since sup #S,EI)(U) < 2r2n2e=3. Hence, (I) = O(r’n?*=3) = o(n?>*717?%). From Lemma (2)
v=0,...,k
(iii) we know that

2
2 o
(1) < 12MZ7 3 875 (mty, ... ta2)).
1<t1 < <te<n—k, 1<tcy1<--<t2.<n—k
L1 Ftac
(t2)—t))<k and (t(2c)—t(2c—1))<k
and (t(g)—t(2>)>2k and (t(2C71)—t(2(C,1>))>2k

Consider the set

SIE:II)<U) = {t17~';t2c:1§t1 < e <tc;l Stc—i-l < <daes g ?é #tQC;
(te) —tw) <k and (te) —tee-1) < K; (te) —te) > 2k
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and (t(2c—1) — t(gc_g)) > 2k; m(t(l), . ,t(gc)) = U}

with #8" (v) < 2(v + 1)n2°=2. Then, for some constant K,

(ID <K > B75 (m(tay, - - L)) SKZﬁﬁ(v)#«S}gn)(v)

V=04, t2ees D (w) v=0

2(v+ l)ﬂﬁ(v)n%_2 < O(rt n* 2 = O(ri%n22)

]~

IN

K

Il
o

(2

and hence, (I1) = O(r:=%n>2) = O(n>*177),

Therefore, in case (1.2) we have

> E e (Xt ks s KXo hew( Xk, - Xigen)]]
1<t < <ten—k, 1<t 41 <--<t2.<n—k
t1 £ Flac
(t2y—t(1))<k and (t(2c)—t(2c—1))<k
(5.19) = O(n1-9),

Combining equations (5.18) and (5.19) yields

(5.20)
> B ge( Xy os - s Xtog)heso(Xiopror - - » Xigo)]| = O(n*717),
1<t < <ten—k, 1<t 1< <t2.<n—k
case (1)

which concludes the consideration of case (1).

In case (2), we encounter the following situations:
(2.1) the index appearing twice is not ¢(1) or t(s).
(2.2) the index appearing twice is t(1) or ().

Then,

> B[l Xty s s Xtoddhew( Kiopror - Xoo)|

1<t < <ten—k, 1<t c41<--<t2.<n—k
case (2)

- ( > : >

1<t <<te<n—k, 1<t 41 < <t2c<n—k  1<t1 < <te<n—k, 1<t 1< <t2c.<n—k
case (2.1) case (2.2)
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’IE[hC,k(th,ku cee 7Xtc,k)hc7k<Xtc+1,k7 cee 7Xt207k>]|
= Sl + Sg

In case (2.1), consider the following situations:
(a) te) —ta) >k
(b) ty —tay < k and t(g) — t) > 2k
(c) t) —ta) < kand t) —te) <2k

In situation (a), similarly as in the proof of Lemma (ii), we replace the pair with the

smallest index X j by an independent copy in order to bound the summand from above by
2]\/[%6%(15(2) — (t(1y + k)). Hence, by assumption (C3),

> B[l ge( Xt s s X todd e Kiopior - Xoo)|

1<t < <ten—k, 1<t 1< <t2.<n—k
case (2.1) (a)

<n®2MET ST B (e — (t) + k)

t(2> —t(1)>k

< n2c—22MC$ Z 3255 (u) = O(n2eD),
u=1

Next, in situation (b), with similar arguments as in the proof of Lemma (iii), we replace one

after another Xitryr Xtgyr Xegy)+h and X;, +x by independent copies and obtain with assumption

(Cg)’

Z |]E[hc,k‘<Xt1,k‘7 e 7Xtc,k‘)hc,k(-Xtc+1,k; e 7Xt26,k)]|

1<t < <ten—k, 1<t 1< <t2.<n—k
case (2.1) (a)

2
< n2T312M 2 Z Bﬁ(min {t(z) —tay,tay +k— t(Z)})

tey—taysk
IENNLEN
< n*T2M2 Z [+ (min {u, k— u})
u=1
L, Ll S
< 0P P12MIY2) BT (u) = O(n*eTY).
u=0

In situation (c), we use Lemma (i) and the fact that in this case the number of summands
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is of order O(r2n*~3), that is

Z |]E[hc,/€<Xt1,k7 ve. )Xtc,k)hc,k(Xtc+1,ka v 7Xt2c,k>]|

1<t1 < <te<n—k, 1<tcy1<--<t2.<n—k
case (2.1) (c)

_2
< n2c—4 Z MC2+6 _ O(?"ich_g) _ O(n2(c—1))

t2)—t)<k
te)—tys2k
Therefore,
2(c—1
§ |E[hc7/€(xt1,k7"'7Xtc,k)h67k(Xtc+1,kv'"7Xt2mk)]| - O(n ( ))
1< <<te<n—k, 1<tc11 < <t2c<n—k

case (2.1)

Since in case (2.2), the index appearing twice is t(1y or t(9), the indices (52 and t(._1) appear

only once. Thus the case can be handled by the similar arguments as case (2.1), i.e. we obtain

Z |IE[hC,k(Xt1,k7 e aXtc,k)hC,k(XtcﬂJf? s ’Xt2c,k’)]| = O(n2(c_1))'

1<t1 < <te<n—k, 1<t 1< <t2.<n—k
case (2.2)

Cases (2.1) and (2.2) yield

> IEhei (X g o Xiog) ek (Koo s+ » Xaotd)]]
1<t1 < <te<n—k, 1<tc41<---<t2.<n—k
case (2)
(5.21) = O(n*“7 V) = O(n?179)

which concludes the consideration of case (2).

In case (3) observe that the number of summands is of order O(n?~V) such that together with
Lemma [5.5] (2) (i) we can conclude that

Z |E[hc,k(Xt1,k7 s 7Xtc,k)h'c,k:(Xtc+1,k7 s 7thc,k)]|
1<ty < <te<n—k, 1<tep1 <--<tae<n—k
case (3)
(5.22) = O(n* V) = O(n*179)

Finally, combining equations ([5.20)), (5.21]) and (5.22)) yields the result. O
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5.3.4 Proof of (4.9)

We have by (4.3)) that

= 1 3 o) e

.
k| <rn "

Next,

fn,T(w)—fn,T(M) = % Z w(%) (H—LW _ T) Z hik(Xt,k)e—ikw

|k|Srn n teTa
1 k\m 13 n 13 —ikw _1/2-0/2
o S ()2 (S~ K)o 4 0 )
T, T NeT =1

=A,+B,+0Op (rnn’l/%aﬂ)

Similar arguments as in the proof of (4.4) yield

1 1 r?
IE|Au| < 2-(2r +1)| — | sup B Y2 1o (Xen)| = O(355).
[An| (r Y] i i ] 2 Pl X 3/
where we have used that |2 - — | = <2—’5) and supy <, Bl 3, r hfk(th)| = O(n'/?). Next

m 7zw
Bom—gt > w(i)s > K™
0<k<|rn] t=n—k+1

m L |k

O STLOE STRERE

T
—|rn ] <k<O0 "

= Bl,n + BQ,n'

Note that by the stationarity of the process {X; }iez,
m N
D 13 —tkw
By, = o E w(m)ﬁ ;:1 h1,k(Xt,k)€ .
Similarly as for A,, we obtain

E|By .| <

3/2
(27“n+1)1 sup E‘Zhlkth‘:O<m>

N o<k<|rn] —1 n
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and analogously,

|k|
IE| By, | < (27‘n+1) sup E‘Zhlk (X.x) ‘_ (Tn )

_I_"'nJ<k‘<0 =1

Altogether,

fn,f(w) - anﬂ-(UJ) =0Op <rnn_1/2—9/2 + 7"3/2 )

This concludes the proof of (4.9)).
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