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Abstract

The problem of constructing a simultaneous confidence band for the mean function of
a locally stationary functional time series {Xj;,(t)}i=1, . is challenging as these bands can
not be built on classical limit theory. On the one hand, for a fixed argument ¢ of the func-
tions X; ,, the maximum absolute deviation between an estimate and the time dependent
regression function exhibits (after appropriate standardization) an extreme value behaviour
with a Gumbel distribution in the limit. On the other hand, for stationary functional data,
simultaneous confidence bands can be built on classical central theorems for Banach space
valued random variables and the limit distribution of the maximum absolute deviation is
given by the sup-norm of a Gaussian process. As both limit theorems have different rates of
convergence, they are not compatible, and a weak convergence result, which could be used
for the construction of a confidence surface in the locally stationary case, does not exist.

In this paper we propose new bootstrap methodology to construct a simultaneous con-
fidence band for the mean function of a locally stationary functional time series, which is
motivated by a Gaussian approximation for the maximum absolute deviation. We prove the
validity of our approach by asymptotic theory, demonstrate good finite sample properties by

means of a simulation study and illustrate its applicability analyzing a data example.

AMS subject classification: 62R10; 62M10; 62M20
Keywords and phrases: locally stationary time series, functional data, confidence bands, Gaussian
approximation



1 Introduction

In the big data era data gathering technologies provide enormous amounts of data with complex
structure. In many applications the observed high-dimensional data exhibits certain degrees of
dependence and smoothness and thus may naturally be regarded as discretized functions. A major
tool for the statistical analysis of such data is functional data analysis (FDA) which has found
considerable attention in the statistical literature (see, for example, the monographs of Bosq,
2000; Ramsay and Silverman, 2005; Ferraty and Vieu, 2010; Horvath and Kokoszka, 2012; Hsing
and Eubank, 2015, among others). In FDA the considered parameters, such as the mean or the
(auto-)covariance (operator) are functions themselves, which makes the development of statistical
methodology challenging. Most of the literature considers Hilbert space-based methodology for
which there exists by now a well developed theory. In particular, this approach allows the appli-
cation of dimension reduction techniques such as (functional) principal components. On the other
hand, in many applications it is reasonable to assume that functions are at least continuous (see
also Ramsay and Silverman, 2005, for a discussion of the integral role of smoothness) and fully
functional methods can prove advantageous. More recently, Aue et al. (2018), Bucchia and Wendler
(2017) and Horvath et al. (2014) discuss fully functional methodology in a Hilbert space framework
and Dette et al. (2020); Dette and Kokot (2020) develop inference methods for functional data in
a Banach space framework.

In this paper we are interested in statistical inference regarding the mean functions of a not nec-
essarily stationary functional time series (X;,)i=1, ., in the space L?[0,1] of square integrable
functions on the interval [0, 1]. More precisely, we consider the model

Xint) =m(Lt) +ent), i=1,...,n, (1.1)

)

where (€;,,)i=1...n is a centred locally stationary process (see Section 2 for a precise definition) and

m : [0,1] x [0,1] — R is a smooth mean function. This means that at each time point “i”

we
observe a function ¢ — X, (¢) with mean function ¢t — m(%,t), and our goal is a simultancous
confidence surface for the (time dependent) mean function (u,t) — m(u,t) of the locally stationary
process {X; . (t) }iz1, n-

Locally stationary functional time series have found considerable interest in the recent literature
(see, for example, van Delft and Eichler, 2018; Aue and van Delft, 2020; Biicher et al., 2020; Kurisu,
2021a,b; van Delft and Dette, 2021). In the context of functional data analysis the “regression”
model (1.1) has been mostly investigated in the stationary case, where m(u,t) = m(t) (see, for
example, Berkes et al., 2009; Horvath et al., 2013; Dette et al., 2020, among many others). In
this case the model reduces to X;(t) = m(t) + ¢; with a stationary error process (&;)i=1.. n, and a
common approach is based on a functional central limit theorem of the form

Vn(m —m)~ G, (1.2)

where m is an appropriate estimate of the mean function and G is a centered Gaussian process in
the space of continuous functions C[0, 1] (here the symbol ~~ denotes weak convergence in C0, 1]).



Several authors have used results of this type to construct (asymptotic) simultaneous confidence
bands under different model assumptions. For example, Degras (2011, 2017) and Cao et al. (2012)
assume that a random sample of functions is observed on a fine grid and define the band by

(700 =R sup (o) - (1) < 22}

te(0,1]

where ¢;_,, is an appropriate quantile (obtained from a weak convergence result of the form (1.2)
or by resampling). On the other hand Dette et al. (2020) assume that the full trajectory can
be observed and use the estimate m = X, and multiplier bootstrap for this purpose. More
recently, alternative simultaneous confidence (asymptotic) bands have been constructed by Liebl
and Reimherr (2019); Telschow and Schwartzman (2022) using (1.2) and the Gaussian Kinematic
formula.

Alternatively, if the data in model (1.1) are no functions and do not depend on the variable ¢
we obtain the classical nonparametric regression model X;, = m(ﬁ) + €in, where the problem
of constructing confidence bands for the regression function u — m(u) has a long history. Most
authors consider the case of independent identically distributed errors (see Konakov and Piterbarg,
1984; Xia, 1998; Proksch, 2014, among others) and a kernel estimate for the regression function.
The simultaneous (asymptotic) confidence band is based on a weak convergence result of the type

aby log(bb 1) sup | m(t) — E[m(t)] | —2log(bb. )=+ G (1.3)
te[0,1]

where the symbol P denotes convergence in distribution, G denotes a Gumbel distribution, b,
is the bandwidth of the nonparametric estimator and a,b are known constants (a depends on
the variance of the errors). Wu and Zhao (2007) develop a simultaneous confidence band for the
regression function in a model with a stationary series errors and Zhou (2010) derives a simultaneous
confidence band in quantile regression model with locally stationary errors. A similar extreme value
type result for the absolute maximum of a normalized deviation is used by Ma et al. (2012) and
Zheng et al. (2014) to develop a confidence band for sparse functional data.

As the limit theorems (1.2) and (1.3) are not compatible, a weak convergence result for the maxi-
mum absolute deviation between the estimate and the regression function in the locally stationary
case does not exist. As a consequence, the construction of simultaneous confidence surfaces for the
regression function (u,t) — m(u,t) in model (1.1) is more challenging. In this paper we propose a
general solution to this problem, which is not based on weak convergence results. As an alterna-
tive to “classical” limit theory (which does not exist in the present situation) we develop Gaussian
approximations for the maximum absolute deviation between the estimate and the regression func-
tion. These results are then used to construct a non-standard multiplier bootstrap procedure for
the construction of simultaneous confidence bands for the mean function of a locally stationary
functional time series. We prove the validity of our approach by asymptotic theory, demonstrate
good finite sample properties by means of a simulation study and illustrate its applicability an-
alyzing a data example. As a by-product of our approach, we also derive new confidence bands



for the functions t — m(u,t) (for fixed u) and u — m(u,t) (for fixed t), which provide efficient
alternatives to the commonly used confidence bands for stationary functional data or real valued
locally stationary data, respectively.

The remaining part of the paper is organized as follows. The statistical model is introduced in
Section 2. In Section 3 and 4 we develop Gaussian approximations, use these results for the con-
struction of simultaneous confidence bands and prove the validity of our approach. The finite
sample properties are illustrated in Section 5 by means of a simulation study and a data example.
Finally, all technical proofs are deferred to Section B and C in the appendix, while Section A there
provides more details on further algorithms.

2 Locally stationary functional time series

Consider the model (1.1) with a smooth regression function m : [0,1]> — R. Note that there
are three types of simultaneous confidence bands/surfaces) which can be considered in the present
context.

(1) Simultaneous confidence bands for fized t, which have the form
Ct)={f:[01] = R| Li(ut) < f(u) < Ur(u,t) ¥Yul0,1]} (2.1)

where L; and U, are appropriate lower and upper bounds calculated from the data. As
t € [0,1] is fixed these bound can be derived using results of the type (1.3). An alternative
approach based on multiplier bootstrap is given in the online supplement to this paper (see
Section A).

(2) Simultaneous confidence bands for fized u, which have the form
Clu)={f:]0,1] = R| Lo(u,t) < f(t) < Us(u,t) Vt€[0,1]}, (2.2)

where L, and U, are appropriate lower and upper bounds calculated from the data. Note that
these bounds can not be directly calculated using results of the type (1.2) as the expectation
of X, varies with 7.

(3) Simultaneous confidence surfaces, which have the form
C={f:[0,1? =R | Ly(u,t) < f(u,t) < Us(u,t) Yu,t € [0,1]} (2.3)

where Ls and Ug are appropriate lower and upper bounds calculated from the data.

In the theoretical part of this paper we develop (asymptotic) simultaneous confidence bands of the
form (2.2) and (2.3). Algorithms for confidence bands of the form (2.1) can be derived similarly,
and are given in Section A of the online supplement for the sake of completeness. Our approach is



based on the maximum deviations

sup |m(u,t) — m(u,t)] (2.4)
te(0,1]

for the simultaneous confidence band of the form (2.2) and

sup |m(u,t) —m(u,t)| (2.5)

t,uel0,1]

for simultaneous confidence surface of the form (2.3), where

(1) = —= Xi7n(t)K<%_ ) (2.6)

= i o K (35) et ()

denotes the common Nadaraya-Watson estimate with bandwidth b,,. Other estimates as local linear
regression could be considered as well without changing our main theoretical results (note that we

consider a uniform design and therefore the local linear and Nadaraya Watson estimator behave very
similarly within the interval [b,,1 —b,]). In order to obtain quantiles for the maximum deviations
estimates (2.4) and (2.5) we will develop a bootstrap procedure for the stochastic expansion

~ 1 " n u
Vb (i, 1) = m(u, 1) ~ == ;ei,nmm( ) (2.7)

at discrete time points ¢y, ..., %, € [0, 1], where p is increasing with the sample size such that the set
t1,...,t, is asymptotically dense in the interval [0, 1]. For this purpose we require several technical
assumptions which will be introduced next.

Assumption 2.1 (mean function). For each fixed ¢ € [0, 1] the function v — m(u,t) is four times

continuously differentiable with bounded fourth order derivative, that is

sup mut)‘gMg

t,u€l0,1] ‘au

for some constant M.

Note that for the consistency of the estimate in (2.7) at a given point w it is not necessary to assume
smoothness of the function m in the second argument. In fact, in Remark 3.1(ii) below we show
that the difference between m(u,t) and m(u,t) can be uniformly approximated by a weighted sum
of the random variables €1 ,(t), ..., &,.,(f). As a consequence, a uniform approximation of the form
(2.7) for an increasing number of points {ti,...,t,} is guaranteed by an appropriate smoothness



condition on the error process {;,(t)}i1,.n, which will be introduced next.

-----

Assumption 2.2 (error process). The error process has the form
5i,n<t) = G(%J;]:z‘) , 1=1,....n

where F; = (..., mi-1,m), (M)iez is a sequence of independent identically distributed random
variables in some measurable space S and G : [0,1] x [0,1] x 8 — R denotes a filter with the

following properties

(1) There exists a constant to > 0 such that

sup E(toexp(G(u,t, Fp))) < oo. (2.8)

u,t€[0,1]

(2) Let (1})ien denote a sequence of independent identically distributed random variables which is
independent of but has the same distribution as (1;);ez. Define F = (..., n_1, 00,71, -,1i)

and consider for some ¢ > 2 the dependence measure

04(G,i) = sup [|G(u,t, Fi) = G(u, b, F7)|lg- (2.9)

u,t€(0,1]

There exists a constant x € (0,1) such that

5,(G,1) = O(x") . (2.10)

(3) For the same constant g as in (2) there exists a positive constant M such that

sup |G(u1,t, F;) — G(uz, t, Fi)llg < Mus — usl.

te[071]7u17u2€[071}

(4) The long run variance

o*(u,t) == Y Cov(G(u,t, Fo),G(u,t, Fy)). (2.11)

k=—o00

of the process (G(u,t,F;))icz satisfies

inf o*(u,t) > 0.
u,t€[0,1]



Assumption 2.2(2) requires that the dependence measure is geometrically decaying. Similar results
as presented in Section 3 and 4 of this paper can be obtained under summability assumptions
with substantially more intensive mathematical arguments and complicated notation, see Remark
3.1(ii) for some details. Assumption 2.2(3) means that the locally stationary functional time series
is smooth in u and is crucial for constructing simultaneous confidence surfaces of the form (2.3).

Assumption 2.3. The filter G in Assumption 2.2 is differentiable with respect to t. If Go(u, t, F;) =
%G(u,t,}}), Go(u,0,F;) = Ga(u, 0+, F;), Gao(u, 1, F;) = Ga(u, 1—, F;), we assume

(1) There exists a constant ¢* > 2 such that for some y € (0, 1)
0q (G, 1) = O(X')-
(2) For the same constant ¢* > 2 as in (1) there exists a constant M such that

sup |Ga(u, t, F;)

t€[0,1],u€(0,1]

o <M.

Assumption 2.4 (kernel). The kernel K(-) is a symmetric continuous function which vanishes
outside the interval [—1, 1] and satisfies [, K(z)dz =1, [ K(v)v*dv = 0. Additionally, the second
order derivative K" is Lipschitz continuous on the interval (—1,1).

We conclude this section discussing several examples for the error process, which are also used to
illustrate Assumption 2.2.

Example 2.1. Let (B;);>o denote a basis of L?([0,1]%) and let (1;;)i>0,>0 denote an array of
independent identically distributed centred random variables with variance 2. We define the error

process

ei(u,v) = Z ni.;Bj(u, v),
=0

assume that

1 oo
sup / E(e(u,v))dv = o* sup Z/Bz(u,v)dv < 00.
u€[0,1] JO u€l0,1] ;=

Next, consider the locally stationary MA (oo) functional linear model

cont) = Z/O a;(t, )iy (2, 0)do | (2.12)

J=0



where (a;);>0 is a sequence of square integrable functions a; : [0, 1] — R satisfying

sup |a;(u,v)| < oco.
=0 u,ve[0,1]

Define F; = (...,7n;-1,m:), then we obtain from (2.12) the representation of the form ¢;,(t) =
G(%,t,}—i), where

) 1 00
G(u,t, F;) = Z/o a;j(t,v) Zm_j,sBs(u,v)dv.
=0 s=0

Further, assume that [|n; |, < oo for some ¢ > 2, then by Burkholder’s and Cauchy’s inequality

the physical dependence measure defined in (2.9) satisfies

1
0(G,i) = sup Z/ ai(t,v) Bs(u, v)dv(no.s — ) .
0

U,tE[O,l] s=0

~o( s, (5 ([ o))

- O(éﬁ)ﬁ] [/01 ai(t’v)dv} 1/2> '

Similarly, it follows for ¢ > 2 that

00 00 1
Gt Fo)2 < Mg 33 / a;(t, v) By (u, v)do)? [y |

j=0 s=0 70

[e'e) 1 o) 1
<Mqg) / a3 (t,v)dv ) / B2(u,v)dv|[n 1|2 (2.13)
j=0 0 s=0 /0
for some sufficiently large constant M. Consequently, the filter G has finite moment of order ¢, if

© 1
Z/ a3(t,v)dv < oo . (2.14)
j=0 70

Furthermore, if there exists positive constants My and « such that |9 1], < Mog'/?~, Assumption

2.2(1) is also satisfied, because for any fixed t,, the sequence

te1G(u,t, Fo)||4 Catdga—oa 1 Ctoe
0 ' g _ O( vt ) _ O< (=2 )q)
q q: 2mq° ¢



is summable, where

© 1 01
C= sup M MZ/ a?(t,v)de/ B2(u,v)dv.
j=0 "0 s=0 70

tel0,1],u€l0,1]

Moreover, if bs(u,v) = aiBs(u,v) exists for u € (0,1),v € [0, 1], then it follows observing (2.13)

U

that Assumption 2.2(3) holds under (2.14) and

o0

sup Z/bg(u,v)dv < 00.

u€l0,1] .=,

Finally, if |||+ < oo and

s [ [ (Zatn) )" =ow,

it can be shown by similar arguments as given above that Assumption 2.3 is satisfied.

Example 2.2. For a given orthonormal basis (¢ (t))z>1 of L*([0,1]) consider the functional time
series (G(u,t,F;))iez defined by

Glut, Fi) =Y Hi(u, Fi)on(t) , (2.15)

where for each k € N and u € [0, 1] the random coefficients (Hy(u, F;)):cz are stationary time series.
A parsimonious choice of (2.15) is to consider F; = U2, F;, where {F;;}7, are independent

filtrations. In this case we obtain

Gu,t, F) =Y Hylu, Fip)di(t), (2.16)

k=1

and the random coeflicients Hy(u, F; ) are stochastically independent. A sufficient condition for

Assumption 2.2(2) in model (2.16) is

sup » [ (1)|8,(Hy, i) = O(x')

te(0,1] =0

where 0q(Hy, 1) = sup,epq | Hi(u, Fir) — He(u, Fy)|lg- The gth moment of the process G in (2.16)



exists for ¢ > 2, if

[e.e]

A, = sup Zd)i(t)HHk(“’}—O:k)Hg < 0.

t€[0,1],u€(0,1] .=y

If further A, = O(¢*/?>~*) for some a > 0, then similar arguments as given in Example 2.1 show

that Assumption 2.2(1) is satisfied as well. Finally, if the inequality

2
<oo

g‘ﬁ Ha Hi(u, Fox)

holds uniformly with respect to ¢,u € (0,1), Assumption 2.2(3) is also satsified.
On the other hand, in model (2.15) we have Hy(u,F;) fo (u,t, Fi)or(t)dt, and consequently
the magnitude of ||Hy||, and §,(H, ) can be determined by Assumption 2.2. For example, if the
basis of L%([0,1]) is given by ¢x(t) = cos(knt) (k= 0,1,...) and the inequality

2

8—G(U, t, fl)

+ sup BIE

q  uel0,1]

< 00,
q

0
|G, 0, F)l, + || 5:Glw,0.71)

holds for u € [0, 1], it follows by similar arguments as given in Zhou and Dette (2020) that

sup HH;,C u .Fk)H = O(k™?), 6,(Hg,i) = O(min(k™?,dc(i,q))). (2.17)

u€e(0,1]

Similarly, assume that the basis of L?([0,1]) is given by the Legendre polynomials and that

VS Glu, t, F
sup max H/ [5G 0)|da:

uG[Ol]S 1,2,3 ]__xQ

< 0OQ.
q

If additionally for every € > 0, there exists a constant § > 0 such that

S

0° 9
Z Z ” 8tSG (u, g, F;) — %G (u, wp_1, Fi))

s=1,2 k

<€
q

for any finite sequence of pairwise disjoint sub-intervals (xy_1,x)) of the interval (0,1) such that
Yo (@ —xp_q) < 9, it follows from Theorem 2.1 of Wang and Xiang (2012) that (2.17) holds as
well.

Finally, if
sup > ¢4 (1)|0, (Hi, 1) = O(x)

te(0,1] =9

10



and
o0

sup S @ (0)| Helu, Fo)

t€[0,1],u€(0,1] k=0

2. < 00,

it can be shown by similar arguments as given above that Assumption 2.3 is also satisfied.

3 Gaussian approximation and bootstrap

In this section we will develop a resampling procedure to approximate the quantiles of the distri-
bution of the the maximum deviations defined in (2.2) and (2.3). For this purpose we first derive
non-standard Gaussian approximations, which are the basis for the proposed bootstrap procedure.

3.1 Gaussian approximation

To be precise, define for 1 < ¢ < n the p-dimensional vector

Zi(u) = (Zi1(u),. .., Zz-,p(u))T (3.1)

:K(%_u><G(i LF),G(E 2 F), ... G

b n'p? n'p?
n

where K (-) and b,, are the kernel and bandwidth used in the estimate (2.6), respectively. Next we
define the p-dimensional vector

Ziv=Zi(5) = (Zivas - Zirp) " (3.2)

where o
Ziun =G EFIK (=) (1<k<p)

n’p’

(note that all entries in the vector Z;; will be zero if |i —1|/(nb,) > 1). Define
A(u,t) :=m(u,t) — m(u,t)

as the difference between the regression function m and its estimate (2.6), then the following
theorem provides a Gaussian approximation for the maximum deviation of max; |A(u,t)| for fixed
u and is the basic tool for the development of a simultaneous confidence band of the form (2.2)
based on bootstrap. Throughout this paper we use the notation

O(a,b) = ay/1 Vlog((b/a))

for positive constants a, b, and |v| = max;<;<y |v;| denotes the maximum norm of a k-dimensional
vector v = (vy,...,v;)" (the dimension k will always be clear from the context). The notation aV b

11



denotesmax(a, b).

Theorem 3.1. Let Assumptions 2.1 - 2.4 be satisfied and assume that the bandwidth in (2.6)
satisfies that n**b) = o(1), n®'b;* = o(1) for some 0 < a < 4/5. For any fized u € (0,1) there
exists a sequence of centred p-dimensional Gaussian vectors (Y;(u))ieN with the same covariance

structure as the vector Z;(u) in (3.1), such that

P, (u) := sup P(max \/W|Aut|<$>—IP’<‘\/:L_leiY;(U)‘OO§x>‘

zeR

= O (nby) - 1“/8+@<\/n_bn<b§+i>,p> +6(p,p))

nb,

for any sequence p — oo with p = O(exp(n')) for some 0 < < 1/11. In particular,

if p=+/n and the constant ¢* in Assumption 2.3 is sufficiently large.

A Gaussian approximation for the maximum deviation max,; v/nb,|A(u,t)| is more intricate. We
recall the definition of the vector Z;; in (3.2) and consider the (n—2[nb, | +1)p-dimensional vectors
Zi, Z2[nb1 1 defined by

T T T T
Zj = (Zj, [nby]> Zj+1,|'nbn'\+17 T Zn72(nbn'|+j,n7 fnbn'\) : (33)
Note that Zg[nbn] = 0 and that

2[nbn]—1

A ek () = X

1295 ‘ (3.4)

[nby ] <I<n—[nbn|

Heuristically, we have by (2.6)

Y

e, VAl e | e ()

0<t<1 [nbn]< <l<n [nby]

and therefore the right hand side of (3.4) is an approximation of the maximum absolute deviation
max, ; \/nb,|A(u, t)|. The following results makes this intuition rigorous.

Theorem 3.2. Let Assumptions 2.1 - 2.4 be satisfied and assume that n*T?b2 = o(1), n® b, ! =
o(1) for some 0 < a < 4/5, and ™ /q = o(1). There exists a sequence of centred (n —2[nb, |+ 1)p-

dimensional centred Gaussian vectors Yi,..., Yo, 1—1 with the same auto-covariance structure as

12



the vector Z; in (3.3) such that

2[nbn]—1
1 -
o= 300 [P, e VIS S 2) <R[ 3 W <)
= O((?”Lbn)’(l*m)/8 + @(\/nbn(bi + %), np) +O(((np)Ve ((nby) " + 1/p))qfil : np))

for any sequence p — oo with np = O(exp(n')) for some 0 <1 < 1/11. In particular, for the choice
p = +/n we have

if the constant ¢* in Assumption 2.3 is sufficiently large.

Remark 3.1.

(i)

A careful inspection of the proofs in Section B of the online supplement shows that it is
possible to prove similar results under alternative moment assumptions. More precisely,

Theorem 3.1 remains valid if condition (2.8) is replaced by

]E[sup (G(u,t,fo))ﬂ <o . (3.5)

0<t<1

Similarly, Theorem 3.2 holds under the assumption

E[ sup (G(u,t,]—"o))ﬂ <00 . (3.6)

0<u,t<1

The details are omitted for the sake of brevity. Note that the sup in (3.5) and (3.6) appears
inside the expectation, while it appears outside the expectation in (2.8). Thus neither (2.8)

implies (3.5) and (3.6) nor vice versa.

Assumption 2.2(2) requires geometric decay of the dependence measure J,(G, ) and a careful
inspection of the proofs in Section B of the online supplement shows that similar (but weaker)
results can be obtained under less restrictive assumptions. To be precise, define Ay, =

Yok 0g(G 1), Ep =302, 102(G, 1) and consider the following assumptions.

(a) Z;;)io 103(G,1) < 0.
(b1) There exist constants M = M(n) > 0, v = v(n) € (0,1) and C; > 0 such that

(2[nb, )3 /EM Y2158 > € max{l,,, 11/}

13



where [,, = max(log(2[nb,|p/7),1).
(b2) There exist constants M = M(n) > 0, v =~(n) € (0,1) and Cy > 0 such that

(2[nb,)¥EM 121! 758 > Cy max{l,, I'Y/?}

n’mn

where I, = max(log(2[nb, |(n — 2[nb,| + 1)p/v), 1).

Then, if the assumptions of Theorem 3.1 hold, where Assumption 2.2 (ii) is replaced by (a)
and (b1l), we have

P(u) = O(nn + @(M(bfl - nibn)’p> + @(p%,p»

with

T = (nbn)—l/SMl/QlZ/S NN ((nbn)1/8M_1/2l;3/8)q/(1+q) (pA?qu) 1/(1+q)
+237° (1 v log (p/Zar))™°.

Similarly under the conditions of Theorem 3.2 with Assumption 2.2 (ii) replaced by (a) and
(b2), we have

B = O (1 + (Vb8 + —).p) +O(((up) /7 ()™ +1/)) )

with

q/(1+q)
) (npAq )1/(1+q)

77;1 = (nbn)_l/SMl/Ql/;/S Tyt <(nbn)1/8M_1/21’;3/8 "

—1/3

+23, (1 V log (np/Za)**.

3.2 Bootstrap

We will use Theorem 3.1 and 3.2 to construct simultaneous confidence bands and surfaces for the
regression function m. Therefore it is important to generate the Gaussian random vectors Y; with
the same auto-covariance structure as the vector Z;(u) in (3.1) or the vector Z; in (3.3). For this
purpose we consider (for fixed t) the local linear estimator of m with bandwidth d,, > 0, that is

(1 1,1), Zom (1)) —arguin 3 (Xeo(t) = o= A1~ ) H(277) 6D
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where
H(z) = 0.75(1 — 2*)1(|z| < 1) (3.8)
is the Epanechnikov Kernel. We define the residuals

éi,n(t) = Xi,n(t) - mdn(i t) ) (3'9)

n’

and the p-dimensional vector

Zi(u) = (Zia(u), ..., Z;p(u))" (3.10)

Py o
:K( b )(gi,n(%>75i,n(§)a-..75i,n(p—1)7€i7n(1)) .

as an analog of (3.1). Similarly we define the analog of (3.3) by

% 5T 5T 5T T
Zj = (Zj,[nbn] ) Zj+1,(nbn]+17 SRS Zn72[nbn]+j,n7[nbn}) ) (311)

where

~ ~ A A

Zig = Zz(%) = (Ziga,---Zitp) "

(note that we replace Z;; in (3.3) by Zi;). We propose Algorithm 1 and 2 to calculate a simultaneous
confidence band and a simultaneous confidence surface for the regression function m.

15



Algorithm 1:

Result: simultaneous confidence band for fixed u € [b,, 1 — b,] as defined in (2.2)

(a) Calculate the p-dimensional vectors Z;(u) in (3.10)

(b) For window size my, let m, = 2|m, /2], define the vectors S}kmn (u) = Zi:;”"_l Z,(u),
gjm; (u) = A;,Lmn/Zj (u) = g;+Lmn/2J,Lmn/2J (u)

(c) for r=1, .., Bdo

- Generate independent standard normal distributed random variables {RET)}
- Calculate the bootstrap statistic

|nu+nby, |
i=[nu—nby]

[nu+nbn, | —m) +1

W= Y SR

j=[nu—nby] o

end

(d) Define T|(1-a)p)(u) as the empirical (1 — a)-quantile of the sample 7" (u),..., TP (u) and

~ A

Li(u,t) = m(u,t) = (u) ,  Up(u,t) =m(u,t) + 71(u)

where
) (1) = V2T 10y (1)
Vnb,/ml, ([nu + nb,| — [nu —nb,] —m!, + 2)
Output:
Colw) = {F: 0,17 SR | Lo(u,t) < flut) < D t) Ve [0,1]}.  (3.12)
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Algorithm 2:

Result: simultaneous confidence surface of the form (2.3)

(a) Calculate the (n — 2[nb,] + 1)p-dimensional vectors Z: in (3.11)

(b) For window size m,,, let m/, = 2|m,, /2], define the vectors S‘J*mn = fi}”"_l Z,, and
Simty = S lmas2) = St lmn /21, lmns2) (3.13)

For a < b let S’jm/m[a:b] be the (b — a + 1)-dimensional sub-vector of the vector S‘jmzl in (3.13)
containing its ath - bth components.

(c) for r=1, .., Bdo

- Generate independent standard normal distributed random variables {RET)}ie[l,n,m;} i
and define the (2[nb,| — m/,)-dimensional random vectors
T T T T T T T
VO = (v T = (RO, LR, )T (3.14)
- Calculate
2[nby—m.,
Tlir) = Z Sjm;”[(k_l)p_s_l:kp}vk(;) , k= 1, e, — Q[an—l + 1, (315)
j=1
T = max |T,£r)|oo.
1<k<n—2[nb,]+1
L end

(d) Define T}|(1-a)p) as the empirical (1 — a)-quantile of the bootstrap sample TW, ..., T®) and
Lo(u,t) = m(u,t) =y, Us(u,t) = riu(u,t) + i
where
7y = V2T{(1-a)B)
Vnb,/ml (2[nb, ] —m),).

Output:

Co={f:10,1> >R | Lo(u,t) < f(u,t) < Us(u,t) Yu € [by, 1 —b,] vt €[0,1]}. (3.16)
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Remark 3.2. We would like to point out that there is a substantial difference between Algorithm
2 and existing bootstrap methods for inference by simultaneous confidence bands in other con-
texts (see Zhou and Wu, 2010; Wang et al., 2020; Karmakar et al., 2021, among others). Note
that for a given k the random variables Vk(;) in Algortihm 2 are independent standard normally
distributed. However, the Gaussian random vector Vk(r) and Vk(,r) defined by (3.14) are not in-
dependent if the indices k& and k' are close. For example, most of the elements of the vectors
Vi = (Ry, Ry, ..., Riﬂ,,m%)T and Vo = (Ry, Rs, ..., Riyp—m RHp,mHl)T are the same. This is nec-

essary to mimic the structure of the vectors Z;in (3.3), which appear in the Gaussian approximation

provided by Theorem 3.2. For example, we have Z = (ZlT[nbn1 , Z;[nanl, cee ZnT—ﬂnbn]v“l n—[nbn})T’
Ty = (Z;:fanﬂ , Z;(nbn]ﬂ, e s Zn—afnbp]+2m—nba]) |+ and therefore most of the elements of the vec-

tors Zl and Z5 coincide as well.

We have the following theorem regarding the validity of the bootstrap simultaneous confidence
band C,(u) and the surface C, defined in Algorithms 1 and 2, respectively.

Theorem 3.3. Assume that the conditions of Theorem 3.2 hold, and that nd® — oo, ndS = o(1).

Define
2 2
g =08 M [T g g g 108 T i
my, nb, nb, my, nb, nb,

(i) If p — oo such that p = O(exp(n')) for some 0 <1< 1/11 and

({1 viog (37) VP o ((Vimatosp(—a—+ a2)pt) " p) = o),

1
vnd,
then the simultaneous confidence band (3.12) in Algorithm 1 satisfies

lim lim P(m(u,-) € Co(u) | Fn) =1—«

n—o0 B—oo
in probability.

(ii) If p — oo such that np = O(exp(n*)) for some 0 < ¢ < 1/11 and

oy {1 vios (51) VP @((m(ﬁn va2) o))" np) = o),

then the simultaneous confidence band (3.16) in Algorithm 2 satisfies

lim lim P(meC, | F,)=1—«

n—o00 B—oo
in probability.
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Remark 3.3. Several authors consider (stationary) functional data models with noisy observation
(see Cao et al., 2012; Chen and Song, 2015, among others) and we expect that the results presented

in this section can be extended to this scenario. More precisely, consider the model
Yij = Xin(§) + 0(F)zg 1<i<n1<j<N,

where X, is the functional time series defined in (1.1), {z;;}i=1,.. nj=1,.. 5 is an array of centred
independent identically distributed observations and o(-) is a positive function on the interval [0, 1].
This means that one can not observe the full trajectory of {X; ,,(¢) | ¢ € [0, 1]}, but only the function
X, n evaluated at the discrete time points 1/N,2/N, ..., (N —1)/N, 1 subject to some random error.
If N — oo as n — 00, and the regression function m in (1.1) is sufficiently smooth, we expect that
we can construct simultaneous confidence bands and surfaces by applying the procedure described
in this section to smoothed trajectories. A similar comment applies to the confidence regions
developed in the following section.

For example, we can consider the smooth estimate

[nut+y/n] N .,
m(u,-) = argmin Z Z (Y —g9($)", (3.17)
9E€Sp i=|nu—+/n| j=1

where S, denotes the set of splines of order p, which depends on the smoothness of the function
t — m(u,t). We can now construct confidence bands applying the methodology to the data
)N(m() = 7”71(\/#5, ), i = 1,...,4/n due to the asymptotic efficiency of the spline estimate (see
Proposition 3.2-3.4 in Cao et al., 2012).

Alternatively, we can also obtain smooth estimates t — Xm(t) of the trajectory using local polyno-
mials, and we expect that the proposed methodology applied to the data X Lnse-- ,Xn,n will yield
valid simultaneous confidence bands and surfaces, where the range for the variable ¢ is restricted
to the interval [c,, 1 — ¢,] and ¢, denotes the bandwidth of the local polynomial estimator used in

smooth estimator of the trajectory.

4 Confidence bands and surfaces with varying width

The confidence bands and surfaces in Section 3 have a constant width and do not reflect the
variability of the estimate m at the point (u,t). In this section we will construct simultaneous
confidence bands and surfaces adjusted by the long-run variance defined in (2.11) (more precisely
by an appropriate estimator). Among others, this approach has been proposed by Degras (2011)
and Zheng et al. (2014) for repeated measurement data from independent subjects where a variance
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estimator is used for standardization. It has also been considered by Zhou and Wu (2010) who
derived a simultaneous confidence tube for the parameter of a time varying coefficients linear model
with a (real-valued) locally stationary error process. In the situation considered in the present paper
this task is challenging as a uniformly consistent estimator of the long-run variance o2 in (2.11)
is required. For the sake of brevity we will restrict ourselves to the construction of simultaneous
confidence surfaces of the form (2.3), but similar results can be obtained for the bands (2.1) and
(2.2) as well. For these types of confidence bands the corresponding algorithms are given in Section
A of the appendix.

If the long-run variance in (2.11) would be known, Algorithm 2 can easily be modified to obtain a
confidence band of the form

{00,172 R| m(u,t) — o(u,t)éni—a < flu,t) <m(u,t) + o(u,t)éni—a Yu,t€[0,1]},
(4.1)

where ¢, 1_, is the empirical quantile calculated by bootstrap. We will investigate a Gaussian
approximation in this case first and discuss the problem of variance estimation afterwards. For
this purpose we consider the “normalized” maximum deviation of

7 t) — t
AU(U,t) _ m(u7 ) m(ua )
o(u,t)
We define for 1 < i < n the p dimensional vector

Z7(u) = (Zi (W), - Zg,(u)"

2

_ K(ﬁ _“)(fo(f L F),G7(L,2,F),...,G%(

b n’p’
n

. . T
LELF),GU(L L F))

where G7(%,t,F;) = G(%,t,F;)/o(%,t). Similarly as in Section 3 we consider the p-dimensional
vector

Z5 =27 () = (Z3. - Z3y)

i i il,p

where

Le=GTEER)K(S1) L<k<p).

n'p’ bn
Finally, we define the (n — 2[nb,] + 1)p-dimensional vectors Z7, ... Zgwﬂ_lby

o __ o, T o, T o, T T
Zj - (Zj, [nbn]? Zj—&-l,(nbn]—‘rl’ T Zn—2fnbn]+j,n— fnbﬂ) (42)

and obtain the following result.

Theorem 4.1. Let the Assumptions of Theorem 3.2 be satisfied and assume that the partial deriva-

920 (u,t)

tive St

exists and is bounded on (0,1)2. Then there exist (n —2[nb, ] + 1)p-dimensional centred
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Gaussian vectors Y7, ... ,372"[%”]_1 with the same auto-covariance structure as the vector Z¢ in
(4.2) such that

2[nby -1
1 -
o . g < — [ 7 <
P = sup P(bngug?i%f,ogtg Vba| A7 (u, )] < f’“") P(’ /b, ZH N x)‘
1
= O((nbn)_(l_m)/8 + O (\/nby, (b, + 7)7 np)
n n

FO(((np) /7 ((nb,) " +1/p)) 7 mp) + OB mp)

for any sequence p — oo with np = O(exp(n')) for some 0 < ¢ < 1/11. In particular, for the choice
p = v/n we have

if the constant ¢* in Assumption 2.3 is sufficiently large.

In practice, the long-run variance function in (4.1) is unknown and has to be replaced by a uniformly
consistent estimator. For this propose recall the definition of the Epanechnikov kernel H in (3.8),
and define for some bandwidth 7,, € (0,1) the weights

Let S, (-) = >°i_; X; () denote the partial sum of the data Xy ,,(-),..., X, »(-) (note that these
are functions) and define for w > 2

A(t) = Sj—w+1,4(t) ; Sj+g+u(t)

An estimator of the long-run variance in (2.11) is then defined by

" wA?
& (u,t) = ZJ(t)(D(u, ), (4.3)

J=1

if w € [w/n,1 —w/n]. For u € [0,w/n) and u € (1 —w/n,1] we define to be constant, that is
%(u,t) = 6*(w/n,t) and 6*(u,t) = 6%(1 — w/n,t), respectively. Our next result establishes the
uniform consistency of this estimator.

Proposition 4.1. Let the assumptions of Theorem 3.2 be satisfied and assume that the partial

%0 (u,t)

derivative === exists on the square (0,1)?, is bounded and is continuous in u € (0,1). If
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w — 00, w = o(n*?), w = o(n,), 7, — 0 and n1,, — 0o we have that

5/2 , ,
sup |62 (u,t) — 2 (u, V||| = O(—w 7.”—1/11 + w1/2n_1/27'n_1/2_4/q +w 4 7'5),
q n

ue['yn,l—’m}
te(0,1)

sup (6% (u.t) = *(u, ]| = Olgn) .

ue[oﬁn)u(l—%ul} g
te(0,1)

where 5/2
= w 7_n—1/q’ +w1/2n_1/277:1/2_4/q/ fw T, (4.4)
n

Yo = Tn +w/n, ¢ =min(q, ¢*) and q,q* are defined in Assumptions 2.2 and 2.3, respectively.

To state the bootstrap algorithm for a simultaneous confidence surface of the form (2.3) with
varying width, we introduce the following notation

Z (u) = (Z71(u), ..., Z7,(u)) "
_ K(% — u> ( éz,n(%) £ n(é) sz,n(%) 5177%(1) )T
~r1 1\? 120 Y l p—1 (2
bn o 7;72_)) J(nvp) a(nu P ) U(nvl)
and consider the empirical analog
56 _ (50T 56T 56, T T
Zj - (Zj, [nbn]? Zj+1,[nbn]+1 te Zn—2|'nbn'\+j,n— ]'nbn]) (46)

of the vector Z¢ in (4.2), where 20, = Z7 (L) = (2¢,,,...27,,)" .

L
n 7 3,0,p
Theorem 4.2. Assume that the conditions of Theorem 3.3(ii), Proposition 4.1 and Theorem /.1

hold and that there exists a sequence 1, — oo such that

1 1 —d
O (V/mn log np(gana) (np) 1) np) 4174 = o(1)

where 7, and g, are defined by (4.4) and ¢ and [ are the constants in Proposition 4.1 and Theorem

3.3, respectively. Then the simultaneous confidence surface (4.5) in Algorithm 3 satisfies

lim lim P(meCl | F)=1-a

n—oo B—oo

in probability.

Remark 4.1. The methodology presented so far can be extended to construct a simultaneous

confidence band for the vector of mean functions of a multivariate locally stationary functional
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Algorithm 3:

Result: simultaneous confidence surface of the form (2.3)

(a) Calculate the the estimate of the long-run variance 6% in (4.3)
(b) Calculate the (n — 2[nb,| 4+ 1)p-dimensional vectors Z" in (4.6)
(¢) For window size m,,, let m/, = 2|m,,/2],define the vectors SJU* Zj el Z" and

S;ﬁ' SO’ * So’ *

Jilmn /2] Jt+lmn/2],lmn /2]

For a < b let Sj”m, {ap) D€ the (b — a + 1)-dimensional sub-vector of the vector S'fm,
containing its ath - bth components.

(d) for r=1, .., Bdo

- Generate independent standard normal distributed random variables {RET)}iE[Ln,m% ]

and define the random vectors V") = (Vk(ﬁ), e v,f’;)[n,,ﬂ_m/ L)' by (3.14)

- Calculate

2[nby]—m/,

TI?(T)_ Z SJ Lol(k— 1)p+1kp}vk(,?’ k=1,...,n—2nb] +1

T — max |T 7:(r) | oo-
1<k<n—2[nby]+

L end

(e) Define Tf(ka)BJ as the empirical (1 — a)-quantile of the sample 771 ... T%(5) and

LI(u,t) = m(u,t) — i3(u,t),  US(u,t) = m(u,t) + is(u,t),

where
73(u,t) = o(u, t)\/_T (1 @)
’ \/nbn\/mn by, —m;l)
Output:

={f:0,1* = R| Li(u,t) < f(u,t) <UL (u,t) Yu € [b,,1—b,] ¥t € [0,1]}.
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time series. For simplicity we consider a 2-dimensional series of the form

(X;n@)) _ <m1<g,t>> . (e},n@)) wn
X2(0))  \ma(t) 1))

and define for a = 1,2

_ K(% —U)( En(z) 2. e, (B0 e ) )T
bn 60,(%7 %)7 UCL(%?%)7 Y Ja(%v;l)7 o'a(lv]-) ’

where &7, (t) = X2, (t) — 1iaq,(£,t) and ngq, (£, t) is the local linear estimator of the function
ma(%,t) in (4.7) with bandwidth d, (see equation (3.7) for its definition) and 62(%,t) is the esti-
mator of long-variance of 7 () defined in (4.3). Next we consider the 2(n — 2[nb, | + 1)p vector

6 (56T Sa, T 56, T T
Z7 = (21 275 frb 41> 2] i bn)

56 _ ool _ (ol 52,6 51,6 2,6 \T . .
where Z7) = Z7 () = (Z;)1, Zij1 - Zilp Ziip,)  contains information from both components.

Define for a = 1,2
L5, (u,t) = 1g(u,t) — Ps0(u,t), UZ,(u,t) = 1ha(u,t) + g a(u,t)

where o
oq(u, t)V2T7,
7237a(u,t) _ ( ) [(1-a)B]|

b/l 2[nb] = )
and Tf(l_a) B is generated in the same way as in step (e) of Algorithm 3 with p replaced by 2p,
mq(u,t) is the kernel estimator of m,(u,t) defined in (2.6). Further, define for a = 1,2 the set of

functions
Co,={f (0,1 >R | Ly,(ut) < f(u,t) < Usa(u,t) Yu € [by, 1 —by,] ¥t € 0,1]}.

Suppose that the mean functions and error processes of X}, (t) and X7, (t) satisfy the conditions

of Theorem 4.2, then it can be proved that
lim lim P(m; € CY,,my €C5, | Fp)=1—a
n—oo0 B—oo ’ ’

in probability.
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5 Finite sample properties

In this section we study the finite sample performance of the simultaneous confidence bands and
surfaces proposed in the previous sections. We start giving some more details regarding the general
implementation of the algorithms. A simulation study and a data example are presented in Section
5.2 and 5.3, respectively.

5.1 Implementation
For the estimator of the regression function in (2.6) we use the kernel (of order 4)
K(z) = (45/32 — 15027 /32 + 1052 /32)1(|z| < 1),

and for the bandwidth we choose b, = 1.2d,,. Here, for the confidence band in (2.3), the parameter
d,, is chosen as the minimizer of

(3 3) = Xinl3))
HEVO = s~ @y

(5.1)

p = [v/n] and Q4(b) is an n X n is the matrix defining the local linear estimator in (3.7), that is

(oL, 2),mi(2,5), . (1, 2)) | = Qu(b) (Xim(2), ooy Xn(2))

p

For the simultaneous confidence band (for a fixed u € (0, 1)) in (2.2) d,, is defined similarly, where
the loss function in (5.1) is replaced by

nu-+nbr, | ~ i S s\\2
MGCV (b) = max izt (M 5) — i)

X (1= tr(Qu (b, u))/ (2nD))? (5:2)

and

~ nu—nbn]| s ~ nu+nb,| s\\ T s s\\ T
(mb(%a ;)a e mb(%v 5)) = QS<b> u) (X[nufnbn%n(g)a P XLnqunan,n(;)) )
The criteria (5.1) and (5.2) are motivated by the generalized cross validation criterion introduced
by Craven and Wahba (1978) and will be called Maximal Generalized Cross Validation (MGCV)
method throughout this paper.

1T as recom-

For the estimator of the long-run variance in (4.3) we use w = [n*7| and 7,, = n~
mended in Dette and Wu (2019). The window size in the multiplier bootstrap is then selected
by the minimal volatility method advocated by Politis et al. (1999). For the sake of brevity, we
discuss this method only for Algorithm 3 in detail (the choice for Algorithm 1 and 2, and for the
algorithms in the online supplement is similar). We consider a grid of window sizes m; < ... < 1y

(for some integer M). We first calculate gfm defined in step (c) of Algorithm 3 for each m,. Let
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S‘;j denote the (n — 2[nb, ] + 1)p dimensional vector with ry, entry defined by

2[nbn|—ms

s 1 .
S7° = E S9. )2
et g (2[nby | — M) CL

Jj=1

and consider the standard error of {S2° 2 | that is

VRS
=~ =
N
qu
R
%
|
o] —
>
qu
RS
%
"
o
~—
—
=
S

Se( S%:,r 521372)

Then we choose m], = m; where j is defined as the minimizer of the function

(n—2[nbn]+1)p

o 1 G6,0 k42
MY = o 5] + Up ; el Seica)

5.2 Simulated data

We consider two regression functions

my(u,t) = (1+u)(6(t —0.5)* + 1),
ma(u,t) = (1 +u?)(6(t — 0.5)*(1 + 1(¢t > 0.3)) + 1)

(note that ms is discontinuous at the point ¢ = 0.3). For the definition of the error processes let
{ei}iez be a sequence of independent standard normally distributed random variables and {n; }icz
be a sequence of independent t-distributed random variables with 8 degrees of freedom. Define the
functions

a(t) = 0.5 cos(mt/3), b(t) = 0.4t, c(t) = 0.3t%,
di(t) = 1+ 0.5sin(7t), doq(t) =2t — 1,  dya(t) = 6t — 6t + 1,

and F!' = (...,ei1,&), F£ = (...,mi_1,m;). We consider the following two locally stationary time

series models defined by

Gl(ta‘Fl) = a(t)Gl(ta ‘Fil—l) + iy

2

Ga(t, F?) = b(t)Ga(t, Fy) + ni — c(t)mi—1.

Note that G is a locally stationary AR(1) process (or equivalently a locally stationary MA (co)
process), and that G is a locally stationary ARMA(1, 1) model. With these processes we define
the following functional time series model (for 1 <i <n, 0 <t <1)

(2)  Xin(t) =ma(y, 1) + Gui(s, Fi)di(t)/3.
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Figure 1: 95% simultaneous confidence bands of the form (2.1) (fixzed t = 0.5) for the regression
function in model (a) from n = 800 observations. Left panel: constant width (Algorithm A.4);
Right panel: varying width (Algorithm A.5).

(b)  Xin(t) =mu(5,t) + Gi(, F)d2a (1) /2 + Ga(, FP)daa(t) /2
(€)  Xin(t) =ma(y,t) + Gil, F)di(t)/3 .
() Xinlt) = ma(y,t) + Gil, Fi)don () /2 + Gal, F7)daa(t) /2.

We begin displaying typical 95% simultaneous confidence bands obtained from one simulation run
for model (a) with sample size n = 800. Figure 1 shows the confidence bands of the form (2.1) (for
fixed t) with constant and variable width (calculated by Algorithm A.4 and A.5, see Section A of
the online supplement). In Figure 2 we display the simultaneous confidence bands of the form (2.2)
(for fixed u) with constant width (Algorithm 1) and variable width (Algorithm A.6, see Section
A of the online supplement for details), while Figure 3 shows the simultaneous confidence surface
of the form (2.3) calculated by Algorithm 2 and 3 described in Section 3 and 4, respectively. We
observe that in all cases there exist differences between the bands (surfaces) with constant and
variable width, but they are not substantial.

We next investigate the coverage probabilities of the different confidence bands constructed in this
paper for sample sizes n = 500 and n = 800. All results presented in the following discussion are
based on 1000 simulation runs and B = 1000 bootstrap replications. In all tables the left part
shows the coverage probabilities of the bands with constant width while the results in the right part
correspond to the bands with varying width. In Table 1 we give some results for the confidence
bands of the form (2.1) (for fixed t = 0.5) with constant and variable width (Algorithm A.4 and
Algorithm A.5 in Section A of the online supplement), while we present in Table 2 the simulated
coverage probabilities of the simultaneous confidence bands of the form (2.2), where u = 0.5 is
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Figure 2: 95% simultaneous confidence band of the form (2.1) (fixed u = 0.5) for the regression
function in model (a) from n = 800 observations. Left panel: constant width (Algorithm 1); Right
panel: varying width (Algorithm A.6).

Figure 3: 95% simultaneous confidence surface of the form (2.3) for the regression function in model
(a) from n = 800 observations. Left panel: constant width (Algorithm 2); Right panel: varying
width (Algorithm 3)
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fixed (Algorithm 1 and Algorithm A.6 in the online supplement). Corresponding results for the
simultaneous confidence surfaces of the form (2.3) can be found in Table 3 (Algorithm 2 (constant
width) and 3 (varying width)). We observe that the simulated coverage probabilities are close to
their nominal levels in all cases under consideration, which illustrates the validity of our methods

for finite sample sizes.

constant width varying width
model (a) model (b) model (a) model (b)
level 90% 95% 90% 95% 90% 95% 90% 95%

n=>500 | 90.4 % 94.9% | 89.8 %  95.9% | 90.1.5 % 96.3% | 89.9 %  94.6%
n=2=800189.3% 94.5% | 90.0% 955 % 89.4 % 95.0% |90.3% 95.6 %
model (c) model (d) model (c) model (d)
level 90% 95% 90% 95% 90% 95% 90% 95%
n=>500 || 90.1 % 95.9% | 90.4 %  96.0% 90.4 %  95.3% | 91.0 % 96.4%
n=23800 || 90.6 % 95.6 % | 90.0 % 954 % 889 % 949% |89.3% 95.1%

Table 1: Simulated coverage probabilities of the simultaneous confidence band of the form (2.1) for
fized t = 0.5 calculated by Algorithm A.J (constant width) and A.5 (varying width).

constant width varying width
model (a) model (b) model (a) model (b)
level 90% 95% 90% 95% 90% 95% 90% 95%

n=>500 | 87.8 % 92.3% | 88.5 % 93.6% || 88.5% 93.3% | 8.1 %  92.5%
n=2800 || 88.7% 93.9% | 89.0% 94.4% |190.8% 94.3% [83.2% 93.9%
model (c) model (d) model (c) model (d)
level 90% 95% 90% 95% 90% 95% 90% 95%
n=>500 || 87.4 % 924% | 88.0 % 93.1% || 88.1 % 93.3% [ 89.6 %  94.6%
n=2800 || 88.9% 93.6% | 83.7% 94.5% | 89.6 % 93.8% [89.9% 952 %

Table 2: Simulated coverage probabilities of the simultaneous confidence band of the form (2.2) for
fixzed uw = 0.5 calculated by Algorithms 1 (constant width) and A.6 (varying width,).

5.3 Real data

In this section we illustrate the proposed methodology analyzing the implied volatility (IV) of the
European call option of SP500. These options are contracts such that their holders have the right
to buy the SP500 at a specified price (strike price) on a specified date (expiration date). The
implied volatility is derived from the observed SP500 option prices, directly observed parameters,
such as risk-free rate and expiration date, and option pricing methods and is widely used in the
studies of quantitative finance. For more details, we refer to Hull (2003).
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constant width varying width

model (c) model (d) model (c) model (d)

level 90% 95% 90% 95% 90% 95% 90% 95%
n=>500|90.1% 951% [ 89.1 % 95.1% | 90.3 %  95.6% | 89.5 %  95.3%
n=2800 | 89.6% 94.8% |90.5% 95.0% |[904% 950 % |89.4% 94.8%
model (c) model (d) model (c) model (d)

level 90% 95% 90% 95% 90% 95% 90% 95%
n=>500 | 889 % 94.8% | 89.7% 954% | 91.0 % 95.7% | 88.3 %  94.3%
n=2800 | 90.1 % 95.1 % |90.8% 955 % |[90.1 % 958 % |89.7% 95.5%

Table 3: Simulated coverage probabilities of the simultaneous confidence band of the form (2.3)
calculated by Algorithm 2 (constant width) and Algorithm 3 (varying width).

We collect the implied volatility and the strike price from the ‘optionmetrics’ database and the
SP500 index from the CRSP database. Both databases can be accessed from Wharton Research
Data Service (WRDS). We calulate the simultaneous confidence band for the implied volatility
surface, which is a two variate function of time (more precisely time to maturity) and moneyness,
where the moneyness is calculated using strike price divided by SP500 indices. The options are
collected from December 21, 2016 to July 19, 2019, and the expiration date is December 20, 2019.
Therefore the length of time series is 647. Within each day we observe the volatility curve, which
is the implied volatility as a function of moneyness.

Recently, Liu et al. (2016) models IV via functional time series. Following their perspective, we
shall study the IV data via model (1.1), where X;,(t) represents the observed volatility curve at
a day 7, with total sample size n = 647. We consider the options with moneyness in the range of
[0.8,1.4], corresponding to options that have been actively traded in this period (note that, our
methodology was developed for functions on the interval [0, 1], but it is obvious how to extend this
to an arbitrary compact interval [a, b]). The number of observations for each day varies from 34 to
56, and we smooth the implied volatility using linear interpolation and constant extrapolation.
To study the well documented volatility smile, we calculate confidence bands of the form (2.2)
for fixed u = 0.5, by Algorithm 1 (constant width) and Algorithm A.6 (varying width). The
parameter selection procedure proposed in Section 5.3 yields b, = 0.216 and m,, = 18, and the
resulting simultaneous confidence bands of the form (2.2) are presented in Figure 4. We observe
that both 95% simultaneous confidence bands indicate that the implied volatility is a quadratic
function of moneyness, which supports the well documented phenomenon of ’volatility smile’. In
Figure 5 We also display 95% simultaneous confidence bands of the form (2.1) for fixed ¢t = 0.5
(which corresponds to Moneyness=1.1). We observe that the volatility changes with time when
moneyness (or equivalently, the strike price and underlying asset price) is specified. We observe
that the differences between the bands with constant and variable width are rather small.

In practice it is important to determine whether the volatility curve changes with time i.e., to
test Hy : m(u,t) = m(t). As pointed out by Daglish et al. (2007), the volatility surface of an asset
would be flat and unchanging if the assumptions of Black—Scholes (Black and Scholes, 1973) hold.
In particular, Daglish et al. (2007) demonstrate that for most assets the volatility surfaces are
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Figure 4: 95% simultaneous confidence bands of the form (2.2) (fixed uw = 0.5) for the IV surface.
Left panel: constant width (Algorithm 1); Right panel: variable width (Algorithm A.6).

not flat and are stochastically changing in practice. We can provide an inference tool for such a
conclusion using the simultaneous confidence bands and surfaces developed in Section 3 and 4. For
example, note, that by the duality between confidence regions and hypotheses tests, an asymptotic
level « test for the hypothesis Hy : m(u,t) = m(t) is obtained by rejecting the null hypothesis,
whenever the surface of the form m(u,t) = m(t) is not contained in an (1 — «) simultaneous
confidence surface of the form (2.3).

Therefore we construct the 95% simultaneous confidence surface for the regression function m with
constant and varying width using Algorithms 2 and Algorithm 3, respectively. The parameter
chosen by procedures in Section 5.3 are b, = 0.12 and m,, = 18. The results are depicted in
Figure 6 (for a better illustration the z-axis shows 100x implied volatility). We observe from both
figures that simultaneous confidence bands do not contain a surface of the form m(u,t) = m(t)
and therefore reject the null hypothesis (at significance level 0.05%).

Online Supplemental Material: the online supplemental material contains further algorithms
of confidence bands of type (2.1), and of type (2.2) with varying width. It also provides all the
detailed technical proofs.
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Figure 6: 95% simultaneous confidence band of the form (2.3) for the IV surface. Left panel:
constant width (Algorithm 2); Right panel: variable width (Algorithm 3).
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Supplemental for ‘Confidence surfaces for the mean of locally
stationary functional time series’

Section A of the supplemental material contains algorithms for the simultaneous confidence bands
of the form (2.1) and for the confidence surface of the form (2.3) with varying width. Section B.1
provides proofs of our theoretical results in Sections 3 and 4 of the main article, while Section C
provides further auxiliary results.

A Further algorithms

In this section we provide the remaining algorithms for the calculation of the simultaneous con-
fidence bands of the form (2.1) (fixed ¢) and for a simultaneous confidence surface of the form
(2.3) with varying width. Recall the definition of the residuals &;,(¢) in (3.9) and of the long run
variance estimator ¢ in (4.3) in the main article.

We begin with the simultaneous confidence bands for a fixed t € [0, 1] defined in (2.1) and define

~ ~

Zi(u,t) = K (322 2unt), Zua(t) = Zi(L, 1),

2wty = K (57 ) 229, 250 = 27 (L),

Next we consider the (n — 2[nb, | 4+ 1)-dimensional vectors

153

; ; 5 T

1) = (Zj b1 (1), Zigr, b1 11 (6, - -+ Znafnby] 4gin—fnba] (1)) (A.3)
S5 56 56 56 T

Z7(t) = (25 tup1 s Z5 1 f1 1 (D) -3 Zg a1 () (A.4)

(1 <j<2[nb,] —1), then a simultaneous confidence band for fixed ¢ € [0, 1] can be generated by
the following algorithms A.4 (constant width) algorithm A.5 (varying width). The proof is omitted
for the sake of brevity.
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Theorem A.1. Assume that the conditions of Theorem 3.2 hold. Define

log” n n
19;: g n_|_m__|_ m_n4/Q_
my, nb, nb,

(i) If 9531 \/log(ﬁ)}z/?’ +O((v/my, log n(\/n#Tn + di)(n)é)q/(qﬂ), n) = o(1) we have that for any
ae(0,1)

lim lim P(m e C,(t) | ) =1—«

n—o00 B—oo
in probability.

(ii) If further the conditions of Theorem 4.1 and Proposition 4.1 hold, then

lim lim P(m €Ci(t) | Fu) =1—a

n—o00 B—oo
in probability.

Next we present a detailed algorithm to estimate simultaneous confidence band for a fixed u (of
the form (2.2)) with varying width. For this purpose we define the p-dimensional vector

204 (u) = (2 (w), ..., 225 (u))T (A.6)
i ~ R N —1
_ K(g —u> (ei,n(? ei,n(? ei,m(p—pl) éiin(l)))—r
oL 2y T p—1 9 G(u,l :
by / \otu) our) o)

We present the following Algorithm A.6 which gives out an asymptotic correct simultaneous con-
fidence band with varying width. The validity of the algorithm can be proved in a similar way to
the proof of Theorem 4.2. The details are omitted for the sake of brevity.

34



Algorithm A.4:

Result: simultaneous confidence band of the form (2.1) with fixed width

(a) Calculate the the (n — 2[nb,] + 1)-dimensional vector éj (t) in (A.3);

A~

(b) For window size m, let m, = 2|m, /2], define vectors S;mn (t) = 1]:;”"_1 Z.(t), and
Sim, (8) = 55 sy (€)= S sy may2) (1) (A-5)

Let S'jm;”k(t) be the kg, component of S‘jm% (1) .
(c) for r=1, .., Bdo

- Generate independent standard normal distributed random variables {RET)}ie[l,n_m% ]
and (2[nb, | — m! )-dimensional random vectors

VO =W V)T = R R )T

“ A omnb,
- Calculate
2[nbn1—m/,
Tlsr)@) = Z Sjmg,k(t)vk(;) ) k= 17 s, Q(an—‘ + 17
j=1

TO(4) = T ().

(t) 1§k§;{lgﬁgbn]+1! ()]

L end

(d) Define T|(1-a)p)(t) as the empirical (1 — a)-quantile of the sample TW(t),..., TP (¢) and

~ A

Lalu,t) = iin(u,t) — #a(t) . Ua(u,t) = i, t) + 7a(t)

where
_ V2T (105 (t)
vnb,, \/mgl(2 [nb,] —m!)

Output:  C,(t) = {f:[0,1]> = R| Li(u,t) < f(u,t) < Us(u,t) Yu € [0,1]}

TA’4(t)
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Algorithm A.5:

Result: simultaneous confidence band of the form (2.1) with varying width

(a) Calculate the estimate of the long-run variance 62 in (4.3)
(b) Calculate the (n — 2[nb, | + 1)-dimensional vectors éj(t) in (A.4)

(c¢) For window size m,,, let m,, = 2|m,, /2], define the vectors S;:n( ) =202 il Z“( ) and

G, (8) = S0 o) () = 877 21 ) ()

Let S¢

7 k(1) be the ky, component of Sj"m, (t) .

(d) for r=1, .., Bdo

- Generate independent standard normal distributed random variables {RET)}iE[Ln_m% ]
and define V") = (Vk( 0 Vk(;)(nbﬂ_m, )" by (3.14)
- Calculate
2[nby—m/,
TP (1) = Z 82, OV k=1,...,n—2[nb,] +1
770 (t) = o™
(t) = 1<k<nm2[nbn1+1| ®)]
L end

(e) Define Tf&(ka)BJ (t) as the empirical (1 — a)-quantile of the sample 7% (¢), ..., T%5)(t) and

~

L?(“? t) = m(ua t) - f5<u> t)a Ug(ua t) = m(ua t) + f5(u> t)

where

0 (u )V2T[ g (1)
Vnby/mi, (2[nby] — m,)

A

75(u,t) =

Output:

Co(t) ={f (0,12 > R | Lg(u,t) < f(u,t) < UZ(u,t) Yu € [0,1]}.
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Algorithm A.6:

Result: simultaneous confidence band of the form (2.2) with varying width.

(a) For given u € [b,,1 — b,], calculate the the estimate of the long-run variance 6%(u,-) in (4.3)
(b) Calculate the vector Z7*(u) in (A.6);

(¢) For window size m,, let m, = 2|m,, /2] and define the p-dimensional random vectors

Sy () = S0 20 (w),

JMmn

S (W) = ST o) (1) = ST ()

Jlmn /2] J+lmn/2],lmn /2]

(d) for r=1, .., Bdo

[nu+nby, |

- Generate independent standard normal distributed random variables {RET)}i:[nu—nbn}

- Calculate the bootstrap statistic

[nu+nby, |

=] S g

0o
j=[nu—nbp]—m/ +1

end

(e) Define TL(l o5 (u) as the empirical (1 — a)-quantile of the sample T W (), ..., T7B)(y)

and
LG (u,t) = mn(u,t) = 7g*(ust) , Ug*(u,t) = rin(u,t) + 7g* (u, 1),
where . )
#e (u, ) = 7 OV -y ()
o Vnbn/ml, (|nu + nb, | — [nu —nb,] —m!, + 2)
Output: CZ(u) = {f:[0,1> > R | L§*(u,t) < fu,t) < UZ*(u,t) Vu € [by, 1 —by]}.
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B Proofs

In the following proofs, for two real sequence a,, and b, we write a,, < b, if there exists a universal
positive constant M such that a,, < Mb,. Let 1(-) be the usual indicator function.

B.1 Proof of Theorem 3.1 and 3.2

B.1.1 Gaussian approximations on a finite grid

The proofs of Theorem 3.1 and 3.2 are based on an auxiliary result providing a Gaussian approxi-
mation for the maximum deviation of the quantity v/nb,|A(u, t,)| over the grid of {1/n,...,n/n} x
{t1,....tp} where t, =2 (v=1,...,p).

Proposition B.1. Assume that n't%0) = o(1), n®~'b;' = o(1) for some 0 < a < 4/5, and let
Assumptions 2.1, 2.2 and 2.4 be satisfied.

(i) For a fizred u € (0,1), let Yi(u),...,Y,(u) denote a sequence of centred p-dimensional Gaus-
sian vectors such that Y;(u) has the same auto-covariance structure of the vector Z;(u) defined
n (3.1). If p = O(exp(n')) for some 0 < ¢ < 1/11, then

’Bp,n()—sup]P’<maX\/E|Aut ) (’WZY ‘ gx)‘

z€R 1<v<p

= 0((nb,) - 1“/8+@(¢_(b4+ibn) r))

(ii) Let Yi,...,Yap,1-1 denote independent (n — 2[nb,]| + 1)p-dimensional centred Gaussian
vectors with the same auto-covariance structure as the vector Z; in (3.3). If np = O(exp(n*))
for some 0 < < 1/11, then

2[nbn]—1

(i T %
= 0((nby) “L/8+@(¢n_m(bi+i),np))

nb,

g

By = sup ]P’([ . max Vb AL 8,)] < :L‘) —

z€R n | <I<n—[nb,],1<v<p

Proof of Proposition B.1. Using Assumptions 2.1, 2.4 and a Taylor expansion we obtain

sup
u€[bn,1—by],t€[0,1]

E(i(u, t)) — m(u,t) — b2 / K(v)devaa—;m(u,t) /2‘ < M(nibn + b;ﬁ) (B.1)
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for some constant M. Notice that for u € [b,,1 — b,],

n (]

i(u, t) — B nl N Gt F) (_b_“) (B.2)
n 'L 1 n
| nlakb)

8 el

" i=n(u—bn)]

Therefore, observing the definition of Z;(u) in (3.1) we have (notice that Z;(u) is a vector of zero
if [£ —ul > b,)

[ (utbn)]

R B 1
lrgfgcp v nby|m(u, t,) — E(m(u,t,))| = mi_ Z Zz(u>‘

=[n(u—bn)]

[e.e]

We will now apply Corollary 2.2 of Zhang and Cheng (2018) and check its assumptions first. By
Assumption 2.2(2) and the fact that the kernel is bounded it follows that
(i—3) — J
Imax sup 1 Zii(u) — Z;; 7 (w2 = O(xX7),

where for any (measurable function) g = g(F;), we define for j < i the function gV by gU
g(Fi(j)), where .7-"2-(” = (o smi—1, M, Mjx1s - M) and {n;}iez is an independent copy of {Wi}iez
(recall that F; = (7—oo, ---,7;)). Lemma C.3 in Section C shows that condition (9) in the paper of
Zhang and Cheng (2018) is satisfied. Moreover Assumption 2.2(1) implies condition (13) in this

reference. Observing that for random vector v = (vy,...,v,)" and all z € R

{|V|ee < x} = {lrr<1a<>;(vl, ooy Upy =V, ey —Up) < x}

we can use Corollary 2 of Zhang and Cheng (2018) and obtain

u)‘oo < w)‘ — O((nb,)~(0-119/8)  (B.3)

s [P v, <o) ~#(

Therefore part (i) of the assertion follows from (B.1), (B.3) and Lemma C.1 in Appendix C.
For part (i), note that by the definition of the vector Z; in (3.3) we have that

1
Z ‘:‘nb

=1 n =1

max max (W5, t)| =
1<v<p [nby ] <I<n—[nby] "

ma
[nbn]< <l<n [nbn ]
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where we use the notation

W (u, t) = /nb, (m(u,t) — E(m(u,t))

(L.t F) (_b_nu> (B.4)

=1

for the sake of brevity. Let Z;, denote the sth entry of the vector Z; defined in (3.3) (1 < s <
(n —2[nb,] + 1)p). By Assumption 2.2(2) it follows that

. L 1Zis — Zis 7]l = O(x?)

By Lemma C.3 in Section C we obtain the inequality

< min 0j; < max 0j; < ¢
1<j<(n—2[nbn]+1)p 1<j<(n—2[nbn |+1)p

for the quantities
5-]7] = W Z COV(ZZ], Zl,])

Therefore condition (9) in the paper of Zhang and Cheng (2018) holds, and condition (13) in this
reference follows from Assumption 2.2(1). As a consequence, Corollary 2.2 in Zhang and Cheng
(2018) yields

2[nb,]—1

WZ

su IP’( max W, (kb ) <‘
xeﬂg [nbn ] <l1 <n—[nby] Wi n p)|
1<i><p

< )| = Ol(nb,)~4-117%),
(B.5)

Consequently part (ii) follows by the same arguments given in the proof of part (i) via an application

of Lemma C.1 in Section C. &

B.1.2 Proof of Theorem 3.1

The proof of the first assertion is similar (but simpler) than the proof of Theorem 3.2. Therefore
details are omitted. The second assertion follows from the bandwidth condition such that v/nb, (b2 +

%) = o(n=?).

B.1.3 Proof of Theorem 3.2

For p € N define by ¢, = o (v=0,...,p) an equidistant partition of the interval [0, 1] and let M
be a sufficiently large generic constant which may vary from line to line. Recalling the notation of
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Wy(u,t) in (B.4) we have by triangle inequality

w, t)| — W (a s\ < W,
bnéuglsilli,ogtgl‘ n(% >| (nmg?fgf,[nbnq’ ”<n’p)‘ — N
1<s<p
where
V, = t) — Losy|
Wn = e (W (u, t) — W (2, 2]

L S
fu— 2L |<1/m =5 <1/putel0,1]

By Assumption 2.3, Burkholder’s inequality and similar arguments as given in the proof of Propo-
sition 1.1 of Dette and Wu (2020) we obtain

0 M 0
sup H_Wn(uat) S PR sSup H_Wn(uvt) S Ma
u,t€[0,1] ou q by, u,t€[0,1] ot T
52 v (B.6)
su — W, (u,t < —.
u,te[gl} H ouot ( ) q* bn

Note that we have for 7, > 0, s = 1,2 and z,y € [0,1),

sup |W,(t1 +x,t0 +y) — Wy(x,y)]

0<ti<m

0<ta<T2 q*

</n-2w%x+u) (m+/w QWWx + ) <h+/ﬂ/ﬂ-£iwwx+u +v)| dudv
= 0 au n 7y q* 0 at n 73/ q* 0 0 axat n 7y q* *

Therefore, (B.6) and similar arguments as in the proof of Proposition B.2 of Dette et al. (2019)
show

IWallg- = O((np) 7 ((nby) ™" + 1/p)). (B.7)

Observing (B.5) in the proof of Proposition B.1, Lemma C.1 in Section C and (B.7) it therefore
follows that

B S nbn) O 0 (V0] + ),
1
< (nby) 0 O (Vb (b + ) ) + (6 mp)

+ ((np) V7" ((nbo) ™ + 1/p) /5)" .

! ). np) + ©(6,7p) + (W, > 0)

41



Solving § = ((np)*/7 ((nb,) ™" + 1/p)/6)q* we get § = ((np)"7 ((nb,) ' + l/p))# and the asser-
tion of the theorem follows.

B.2 Proof of Theorem 3.3

We only show part (ii), part (i) follows by similar arguments. Let T} denote the statistic generated
by (3.15) in one bootstrap iteration of Algorithm 2 and define for integers a, b the quantities

2[nbn]-m},
T(jp—&-b Z Sjm/m(afl)erka,j, a = 1, Lno— Q[an—l + 1, 1 S b S p
j=1
-
T° = ((TIO)T7 tt (T&—anbn]—f—l)p)—r)—r = (T1T7 s 7Tn72[nbni+l—r)
T=|Tw = max |Th| o

1<k<n—2[nb,]+1

It suffices to show that the following inequality holds

ilelﬂg P(|T°/\/m. (2[nb,] — m!)|oe < x| F) — ( 22() N Sx)‘

= 0, (V{1 v log(5° >}2/3+@((¢mnTgnp( wra ) (p) 2)"”*” w)). (B8

If this estimate has been established, assertion (ii) of Theorem 3.3 follows from Theorem 3.2, which
shows that the probabilities IP’( MaXp, <y<1-b, 0<t<1 V1bu|Au, t)| < x) can be approximated by the
probabilities P(—z=—| Zﬂnb"i "Yiloo < ) (uniformly with respect to = € R).

vV 2nbn,

For a proof of (B.8) we assume without loss of generality that m, is even so that m] = m,. For
convenience, let Z?:a Z; = 0 if the indices a and b satisfy a > b. Given the data, it follows for the
conditional covariance

m”<(2inb”-| o 1) — My + 1)0&1—1)P+j1,(k2—1)p+j2 = E(T&i—l)p-i-jiT&z—l)p-i-jz|]:”) (B'g)
2[nbn]—mn 2[nbn|—mn

- E( Z Srmn,(klfl)p+j1 ‘/kl,r Z Srmn,(kgfl)erjQsz,r fn)

r=1 r=1

2[nbp]—mp—(k2a—k1)

= E S(T‘-i—kz—kl)mn,(k’l—l)p-i-jlS?”mn,(k‘Q—l)p-i-jg'
r=1

where 1 <k < ky < (n—2[nb,|+1), 1 < j1,Jjo < p, and Srmn] is the  jen entry of the vector Srm
Here, without generality, we assume k; < ko. Define T°, S* _and Sjm in the same way as 7°,

S]*mn and S, in (3.15) and (3.13), respectively, where the re81duals Z:@ defined in (3.11) and used
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in step (a) of Algorithm 2 have been replaced by quantities Z; defined in (3.3).Then we obtain by
similar arguments

7o - ~
mn((2[nbn] = 1) = M + )0 Gy 1ypijn,(ka-1)ptsn = BTG —1)p5 Tka—1)ps 1)
[2nbn | —mp—(ka—Fk1)

= >, S(r+ha—k1 Yman, (k1 —L)p-ti1 O, (ka—L)p-ja - (B.10)

r=1

Recall the definition of the random variable }7; in Proposition B.1 and denote by ZJ i Y the ith
component of the vectors Z; and Y}, respectively (1 <i < (n—2[nb,|+1)p, 1 <j < anb,J 1).

Then we obtain

2[nbn]—1 2[nbn]—1

N 1 B 5
Y —
T (k1 —1)p+3i, (ko —D)p+ja *— E(?[nb—H Z Yir (k1o Z EQ’(kQ_l)p+j2>
i1=1 ip=1

2[nbn, | — 2[nby |

_ E(Zi[:l - Zn (k1—1)p+i1 ZZQ[ 1 le (k’2—1)p+jz)
2[nb,| —

2[nbn]—1 2[nby]—1

B E(Y 21 Zi1+(k1—1),rnbn1+(m—1>,j1 S k1) b o 1).2) B11

where Z; 4 (k,—1),[nb,],5: 18 the jith entry of the p—dimensional random vector Z; i (x,—1,(nb,1,5; and
Zigt(ko—1),[nbn],j» 18 defined similarly. We will show at the end of this section that

|

If (B.12) holds, it follows from Lemma C.3 in the appendix that there exists a constant ny > 0
such that

|O_Y . TO
(k1—=1)p+j1,(k2—1)p+j2 (k1 Dp+j1,(ka—1)p+j2

L, =00) (B.12)

max
k1,k2,51,52

. To 5
P<1<k<(nr—n21[131bn]+1) O (k=1)p+j,(h—L)p+s = 770) > 1 — 0093
T gy

Then, by Theorem 2 of Chernozhukov et al. (2015), we have

2[nby-1

(e )Sx)fn)—ﬂ”b;—bn\ > | =a)
OV Ios (P, (B13)

Since conditional on JF,,, (T° —T°) is a (n — 2[nb,] + 1)p dimensional Gaussian random vector
we obtain by the (conditional) Jensen inequality and conditional inequality for the concentration
of the maximum of a Gaussian process (see Chapter 5 in Appendix A of Chatterjee, 2014, where
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a similar result has been derived in Lemma A.1) that

2[nby|—m/,

(n—2[nby ~ 1/2
E(T° ~ (1| F,) < M|lognp " max " (3 Smr = Sim)?) 1 (B.14)

j=1

for some large constant M almost surely. Observing that

|
max 1Z|! < 1; |Z:]| for any | > 0,n € N (B.15)

and using a similar argument as given in the proof of Proposition 1.1 in Dette and Wu (2020) yields

[2nbyn]—m/),

\/mn(Q[nlbﬁ —my,) (n_2£§§"1}1+1)p ( ]Zl <‘§jm’nW - Sjm’n,r)2> v . = O(\/m_n<\/:b—dn + di) (np)%>,

(recall that d,, is the bandwidth of the local linear estimator (3.7)) and combining this result with
the (conditional version) of Lemma C.1 in Appendix C and (B.14) yields

’TQ’ 1 2[nbn]—1 y
su IP( > >x ‘.7:”>—IP’< Yi‘ >x>‘
xelllg Vma(2[nb,] —m,,) V2nby, ; o0
|TO’ 1 2[nbn|—1 ~
< su IP’( > >a:‘]—"n>—]P’< Y, >:c>‘
vk |\ (2 nb] — 1) Vanb, | &= s

( T° T°|oo
\/mn n)
2[nbn]—1

< (=g W —H”<¢§L—bn > >
+Op(5_q(\/mn log np(

> 6 .7-”n> +0(0(5,np))

2) (np)7)?) + O(6(6, np)), (B.16)

1
vnd,

where we have used the Markov’s inequality. Taking § = (\/mn log np(\/n;T - di)(np)%)q/ @) i
(B.16), and combining this estimate with (B.13) yields (B.8) completes the proof.

Proof of (B.12). To simplify the notation, write

Giiw =G 5 /p, Fivi1), Giipu = G 5/p, F)
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Without loss of generality, we consider the case k; < k. We calculate 0( )t (ka—1)pja observing
the representation
i nby,
Zi1+(k1*1)7fnbn]Jr(kl*l),jl = Gj1,i1,k1K(%n]>
By Lemma C.2 it follows that
E[Zil-&-(/ﬂ—l),fnbn-\+(k1—1),j1Zi2+(k2—1)7!—nbn1+(k2—1),j2] = O(Xlil_iﬁ_kl_kzl)' (B17)

uniformly for 1 < iy,i < 2[nb,| — 1, 1 < j1,50 < p, 1 < ky,ky < n—2[nb,| + 1. We first show
that (B.12) holds whenever ky — k1 > 2[nb,| — m,. On the one hand, observing and (B.9) and
(B.10) that if 2[nb,| — my, — (k2 — k1) < 0 then

o

Moreover, by (B.11) and (B.17), straightforward calculations show that

] 2[nbn]—12[nbp]—1 m
v . li1—io+ki—ka| | __ n
O (k1 —1)p+j1,(ka—1)p+ja — —Q(nbnw — 1O< Zl Zl izt 2> — O(_nbn) (B.19)
1= 2=

Combining (B.18), (B.19) and by applying similar argument to k; > ko, we obtain

max o7 . A -
k1,k2,51,52 (k1 =1)p+j1,(k2a—)p+ja — 9 (k1—1)p-+jr,(k2—1)p+ja

|k27’€1 ‘>2[7’Lbn] —Mn

H v oI

= O(%). (B.20)

Now consider the case that ko — ky < 2[nb,, | —m,,. Without generality we consider k; < ky. Again
by (B.11)

ko—Fk1 2[nby]—1
E( Z Ziy+(ky—1),[nbp+(k1—1), Z Lot (ka—1),[nbp+(k2—1),j )
11=1 10=1
2[nb,]—1 ka—k1 2[nbp]—1
— O( Z Z X\Zz —i1+ka— k1> _ O( Z Z Xiz—n-i-kz—lﬁ) = 0(1),
=1 ix=1 i1=1  is=1
2[nbn]—1 2[nbn]—1
Z Ziy (k1 1), [nbn | +(k1—1),j1 Z Zi2+(k271),[nbn]Jr(kgfl),jg)
i1=1 7,2:2fnbn]—(k2—k1)
2[nbn]—1 2[nbn]—1 2[nbn]—1 2[nbn]—1
_ O( Z Z X|i2*i1+k2*k1|) — O< Z Z Xi2fi1+k2*k1) — 0(1)
11=1 i2:2|—nbn-‘—(k2—k1) i1=1 i2:2’—nbn.|—(k2—k1)

Let a = | M log n| for a sufficiently large constant M. Using (B.11), it follows (considering the lags
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up to a) that

Y

T (k1 —1)p+31, (k2 —1)p-+3
2[nbn]—1 2[nby]—(ka—k1)—1
= 2|—nbi.|—1E( Z Zil'l'(kl_l):l—nbn-l+(k1_1)’j1 Z Zi2+(k2_1)7{nbn‘|+(k2_1)7j2)
i1=ko—k1+1 ia=1

+O((nb,)™ )
2[nbp]— (k2 —k1)—1

11+ko—k1—[nby 19— [nbn —
=B Y GuaeK(EEEREIEN G K (2R 4 O((nh,) )

nbn,
i1,62=1

= A+ B+ O(nb,x" + (nb,) ™), (B.21)

where the terms A and B are defined by

2[nbp]— (k2 —k1)—1

A=gmry X A (B.22)
i=1
A = B(G ik 0G i 0) K (FR2t=nbal ) (=il

a

1
B = Gran 2B+ Bau),

u=1
2[nbn]—(ko—k1)—1—u
By = > B, (B.23)
=1
2[nbn|—(ka—k1)—1—u
By, = > Bowi. (B.24)
i=1

and

Bl?“7i - E(Gjl ,i,k27qu1,i,k2,0)K(i+u+k2_k1_ (2t )[((i_[nbn-| ))

nbn, nbn
Baui =BGy i y.0G i g,) K (FR2E= 000 ] (e fnbn

Therefore, by (B.21), we have that

) 1 2[nbn]—1—(k2a—k1) a 2[nbn]—1—(ka—ki1)—u
Y
O =1 b~V = m( > At > (Buust Bow)
" i=1 u=1 i=1

+O0(nb,x* + (nb,) ™).
(B.25)
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Now for the term in (B.10) we have

7‘+k2_k1+mn/2—1 r+ko—ki+mn
S(T+k2—k1)mn7(k1—1)p+j1STmn7(k2—1)P+j2 = ( E : - E )Zi-i-kl—l,fnbﬂ-i—kl—l,jl
i=r+ko—kq i=r+ko—kq +mn/2
r+mn /2—1 r+mn
E E ) i+ko— 1[nbn1+k2 1,72
i=r+mn/2
r+my/2—1 r+mn
Z-i-k‘g—k:l—[nbn] )
Jlﬂykz nbn
i=r+mp /2
r+mn/2—1 r+mn
z [nby]
Z Z ) ”Zk? nby, )
i=r+mn/2

By Lemma C.2, it follows that uniformly for |ky — ki| < 2[nb,]| — m, and 1 <r < [2nb,| —m,, —
(kQ - kl)v

E Stk k1 Y, (k1= 1)p-+2 S, (ka—1)p-+o
r+mn

= N E(Gyy kG K (2 lnbe] g i [nba]

nbp, nbn

i=r

r+mp—u

i+utko—ki—[nby i—[nby,
-+ Z < Z ]1, o k2+u)G]2,’L,k2)K( L annl [ ]>K< [lbn ])

+ E(sz,i,(k2+u)Gj1,i,k2)K(i+k2_k1_|—nbn-| )K(H—u_ Ly ))) + O(mnxa + a2)a (B26)

nby nbn

where the the term m,x* corresponds to the error of omitting terms in the sum with a large
2 summarizes the error due to ignoring different signs in the product
S(Hkg ke )m, (k1 — 1)p+]15rmm(k2 )p+j» (for each index u, we omit 2u). Furthermore, by Assumption
2.4 and 2.2(3) it follows that uniformaly for |u| < a

index a, and the term a

1 r+mpy

N (G G K (It gl y g g (T

nby, nbn

) (B.27)

i=r
1 r+mny—u

— S E(Gy i ha) Gy K (Rt It g iy Bm+o<—+—>, (B.28)

nbpn nby nb

i=r
1 r+mp—u

i+ko—k1—[nbn i+u—[nby
— Z E(GjQ,i,(kQ—l-u)Gh,i,k2)K( L Tbn [ W)I(< - nbEL 1) BZur + O(W + _))7 (B29)

i=r

where terms A,, By, and By, , are defined in equations (B.22), (B.23) and (B.24), respectively.
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Notice that (B.10) and expressions (B.26), (B.27), (B.28) and (B.29) yield that

2[nbn | —mn—(ka—k1)

- 1 m
7 B n
Ea(kl—l)p+j1,(k2—1)p+j2 - Q(nb "I -m { Z <Ar + O(le ))

n n r=1 "

a 2[nby]—mn—(ka—k1) (12
B JU,T B U, T O — — } O “ ) BBO
+ E E (Biuy + Baur + (nb + )) +O(x" + mn) ( )

Lemma C.2 implies
max Bs,uﬂ’ = O(Xu)a

1<r<2[nby|—(ka—k1)—1,
1<k1<ko<(n—2[nbn|+1),5=1,2

which yields in combination with equations (B.25), (B.30) and a similar argument applied to the
case that k1 > ko,

<>

Y
max Eol, — O v v
1<k1 ko< (n—2[nbn]+1) O (k1 —1)p+i1,(ka—1)p+jo (k1—1)p+j1,(k2—1)p+j2

|k2—Fk1|<2[nbn]—mn,1<j1,j2<p

(e, ey,
my, nb,

(B.31)

Furthermore, using (B.15), the Cauchy-Schwartz inequality, a similar argument as given in the
proof of Lemma 1 of Zhou (2013) and Assumption 2.2(2) yield that

My

e O( —(np)4/q>-

| T° T<>
nb,

B (o, —1)pin (k—1)ptja — O lkr—1)p-tii, (ka—L)p-+js |

-
1<k1<ka<(n—2[nbn]41),
1<j1,j2<p

(B.32)

Combining (B.31) and (B.32), we obtain

Y TO

max | (=1, (ko —Dptje. — T (ka—1 ko—1

H k1,ka,j1 2 (k1—1)p+j1,(k2—1)p+j2 ( 1—1)p+7j1,(k2—1)p+j2
|ko—k1|<2[nbn]—mn

B log®n = my, my, 4/q
=00 o a0

(B.33)

Therefore the estimate (B.12) follows combining (B.20) and (B.33).
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B.3 Proof of the results in Section 4

B.3.1 Proof of Theorem 4.1
Similarly to (B.1) and (B.2) in the proof of Theorem B.1 we obtain

1 1

sup E(m(u,t —mu,t‘SM(—iji) B.34

u€bn,1—bn] O (U 1) (rn(e, ) (1) nby, ( )
tel0,1]

for some constant M, where we have used the fact that, by Assumption 2.4, [ K(v)v*dv = 0.
Moreover, by a similar but simpler argument as given in the proof of equation (B.7) in Lemma B.3
of Dette et al. (2019) we have for the quantity

m(u,t) — E(m(u,t)) () Zn: (Lt ]: (% - u>

o(u,t) bn

the estimate

sup Vb, |97 (u, t) — WO (u,t)||| = O(bL9), (B.35)
u€[bn,1—bn],t€(0,1) q
where
1 = G(% 8, F L—u
7 (u,t) = n_bnzzl 5772%715) )K(”bn )
Following the proof of Theorem 3.2 we find that
2[nb,]—1

sup ]P’( max \/W‘CI)" (u, )| <x> - QW Z

z€ER bn <u<1-b,,0<i<1

<)

= O((nb) 75 1 0(((n >1/q*<<nbn>*1+1/p>)ﬁ,np)).
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Combining this result with Lemma C.1 (with X = max,, <u<i-b, 0<t<1 \/nbn‘(I)"(u, t)|, Y = \/W
X' = maxy, <u<i-b,0<t<1 Vb | U7 (u, t)| with a sufficiently large constant M) and (B.35) gives

<3:)’

= 0((nb,) 01975 4 O(((np) " (mb) " + 1/p) *55,mp)
+]P( sup /by |97 (u, t) — WO (u, )] > 5) + O(9, np)>

u€[bp,1—by],t€(0,1)

- O((nbn)*(lfllb)/?g +O(((np) " ((nby) ™" + 1/p))’157:‘1, np) + O(6, np) + b;:;j). (B.36)

peR |\ bn<u<1—bn,0<t<1

sup ]P( max \/W’\If"ut) <x>— (‘M Z Yo

q—2

Taking 6 = ﬂf we obtain for the last two terms in in (B.36)

q—2

@(5,np)+bgq - (@(b??,nm).

On the other hand, (B.34), (B.36) and Lemma C.1 (with X = max, <u<1-s,,0ct<1 V1bn |¥7 (u, t)],

Y = m ZZ[nbn] ! YO X/ = MaXyp, <u<1-b,,0<t<1 V nbn‘A”(u, t)‘ and § = M\/ nbn(ﬁ + bi) with a
sufficiently large constant M) yield

2[nbn]—1

sup IP( max \/n_bn|AU(u,t)|§m>— <‘\/W Z Y?

weR | \bn<u<i=b, 0<t<1

<x)’

= O((nb,)~ 07195 1 6(((n >1/q*<<nbn>—1+1/p>)m,np))

40Vt + o)) + OB up)).

B.3.2 Proof of Proposition 4.1
Define Sy.(t) = S, G(i,t, F;), and define for u € [w/n, 1 —w/n]

X Si—wi14(t) — ~‘+1j+w -2 - wAJz
Aj(t) _ SJ*er J(t) SJ ) (t) .G (u,t) _ Z (t)

w . 2
Jj=1

w(u, )

as the analogs of A;(t) defined in the main article and the quantities in (4.3), respectively. We
also use the convention 62(u,t) = 6%(w/n,t) and %(u,t) = ¢*(1 — w/n,t) if u € [0,w/n) and
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€ (1 —w/n, 1], respectively. Assumption 2.1 and the mean value theorem yield

J Jjtw

Z m(r/n,t) Z m(r/n,t) ‘ O(w/n).

r=j—w-+1 r=j+1

max sup |A;(t) —A;(t)] = max sup

w<j<n—w gl WSJIN—W 0t <1

(B.37)

On the other hand, Assumption 2.2 and Assumption 2.3 and similar arguments as given in the
proof of Lemma 3 of Zhou and Wu (2010) give

max |4l = O(vw), max |2 4,0 = o) (B.38)

ot

Moreover, Proposition B.1. of Dette et al. (2019) yields

= O0(vw). (B.39)

q/

max H sup |A;(1)]
J t

Now we introduce the notation C;(t) = A;(t) — A;(t) (note that this quantity is not random) and
obtain by (B.37) the representation

2 (u,t) — 62(u, t)

Il
o,
ll
g
\'ﬁ
.

wl; (1) C; (1)@ (u, ) + O(w’ /n?) (B.40)

M-

1

J

uniformly with respect to u,t € (0,1)%. Furthermore, by (B.37) we have

n

wAj(t)C’j(t)w(u,j)‘ < W°(u) == M(w/n) Zw sup |Aj(t)|w(u,j) , (B.41)

te(0,1)

sup
te(0,1) =1

where M is a sufficiently large constant. Notice that W¢(u) is differentiable with respect to the
variable u. Therefore it follows from the triangle inequality, (B.39) and Proposition B.1 of Dette
et al. (2019), that

5/2

=005

sup  [W°(u)|

ue [’Ynyl_'}/n}

T—W’). (B.42)

n
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Combining (B.40) and (B.42), we obtain
5/2

=05

By Burkholder inequality (see for example Wu, 2005) in £7/2 norm, (B.38) and similar arguments
as given in the proof of Lemma 3 in Zhou and Wu (2010) we have

sup  |52(u, t) — 52 (u, )| IR /n2>. (B.43)
UG[’Yn,lf"{n]
te(0,1)

sup  ||6%(u, t) — E(6%(u,t))]
UE['}’n,l*’Yn]
te(0,1)

0 . .
sup |63 (u, 1) — B33, 1))
UE[’Yn,l—’Yn]

tc(0,1)

O(w1/2n_1/27'n_1/2),

7/2 "

_ O(w1/2n_1/27_1/2)
q/2 " ’

82

ouot

(6%(u,t) — E(6%(u,t))) = O(wl/zn’l/QTn’l/Z’l). (B.44)

sup H (2 +
€l 1| OU
te(0,1)

q/2

It can be shown by similar but simpler argument as given in the proof of Proposition B.2 of Dette
et al. (2019) that these estimates imply

sup [|6° (u,t) = E(5%(u, 1)), o = O (w2127 12740, (B.45)
UE[’Y’R?]-_’Y’"«}
te(0,1)

Moreover, it follows from the proof of Theorem 4.4 of Dette and Wu (2019) that

sup B3, 1) — o*(u, )] = O(Vwfn +w™t +72),
]

u€[Yn,1—n
te(0,1)
sup EG?(u,t) — o*(u, t)’ = O(\/w/n—i—w’1 —|—Tn) (B.46)
ue[ovzn)(%(i)_'ynvl]
S b

and the assertion is a consequence of (B.43), (B.45) and (B.46).

B.3.3 Proof of Theorem 4.2

Recall that g, = “JZ/Q T{l/q/ + wl/Qn_l/ZT{l/%ll/q/ +w™! 4+ 7, and let 1, be a sequence of positive
numbers such that 7, — oo and g,n, — 0 (note that g,, is the convergence rate of the estimator
62 in Proposition 4.1). Let T denote the statistic T}, () i step (d) of Algorithm 3 generated by
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one bootstrap iteration and define for integers a, b the quantities

2[nbn]—m/,
T;ib: (21 S"m faepssVigsa=1,..n—2[nb, ] + 1,1 <b < p
T = (T7)7, (T&Qg[nanl) )T = (T{}T» - 7T$—2[nbn1+1T)T
and therefore
T° =|T7°| o = max 1T7 |

1<k<n—2[nb,]+1

We recall the notation (4.2), introduce the (n — 2[nb, | + 1)p-dimensional random vectors g;;:n =

] +;n” ! Z 7 and
Sty = 57 trans2) — S5 2 41 2]
and consider
2[nbp—ml,

Tlg = Z S]('Tm%,[(kfl)erl:kp]Vk,j y k= 1, e, — Q(nbﬂ +1

g a, a, g g T
T7° = ((Tl <>)T’ T (T(niQ(nbﬂ-&-l)p)—l—yr - (Tl T’ e T 2(”(’ﬂ+1T) ’

where 77 is obtained from 7°*° by replacing & by ¢. Similar arguments as given in the proof of
Theorem 3.3 show, that it is sufficient to show the estimate

2[nbn]—1
. 1 -
BT //m (2[nbr] — e < 2| Fy) — P e vel < ‘
sup [BT* /v @b, T =i < alF) ~P( =] 30 ¥r| <o)
1 1
=0 (191/3{1\/10g( )}2/3+9(\/mnlognp(m+di)(np)q)q/(q+l)7np)

+O((v/maTog np(gama)(np) )" np) + 1), (B.47)

where 9,, and d,, are defined in Theorem 3.3. The assertion of Theorem 4.2 then follows from
Theorem 4.1.
Now we prove (B.47). By the first step in the proof of Theorem 3.3 it follows that

2[nby -1
1 .
sup |P(|T7°/+/ml, (2[nb, ] — m/)|e < z|Fp) IP( YZ"‘ §x>‘
SUp (1T /+/mi, (2] )l | NG Z_; N
1

+d2)(np)7 )" np>). (B.48)

=0, (191/3{1\/10g( )}2/3+@<(\/mnlogn (

nd,
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Define the F,, measurable event

A, = { sup  [6%(u, t) — o> (u, )] > gnnn} ,
u€0,1],t€(0,1)

then Proposition 4.1 and Markov’s inequality yield
P(A,) = O(n, 7). (B.49)

By similar arguments as given in the proof of Theorem 3.3 we have

[2nby,]—m
B(T7° — T2, 1(4,)| %) < M|v/lognp ™ max ™ (

1/21q

(S~ S V1A

e son !
]m'nmr Jmn7T

j=1

(B.50)

for some large constant M almost surely, and the triangle inequality, a similar argument as given
in the proof of Proposition 1.1 in Dette and Wu (2020) and (B.15) yield

[2nby—m],

1 (n—2[nby]+1)p N A ) 1/2 i
Sty = S 1(A =0 nYnlin ).
Vma(2[nb,] —my,) T ( ; (St = S, ) 1 )) , (VM gnnin(np)?)

This together with the (conditional version) of Lemma C.1 and (B.50) shows that

6.0 2[nbn]—1
(s ) ] X 7o)

. 2[nbn]—1
el R o DR R
+ ( \/;Tn(;[;b;_'% = > 5‘&) +0(6(5,np))

. 2[nby]—1
<" (= =) Gl % o)

+0,(679(v/mu og np(gumn) (np)+) ") + O(O(6, np) + 1, 7).

where we used Markov’s inequality and (B.49). Taking

5 = (v/mnlog np(gunn) (np) 1)@+

and observing (B.48) yields (B.47) and proves the assertion.
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C Some auxiliary results

This section contains several technical lemmas, which will be used in the proofs of the main results
in Section B.

Lemma C.1. For any random vectors X, X',Y, and 6 € R, we have that

sup [P(|X'] > 2) = P(|Y] > 2)| < sup [P(|X| > 2) — P([Y| > 2)| + P(|X — X[ > 0)
zeR

z€R
+2sup P(|Y — z| < 9). (C.1)

zeR

Furthermore, if Y = (Y1,...,Y,)" is a p-dimensional Gaussian vector and there exist positive
constants ¢y < ¢y such that for all1 < j <p, ¢; < E(YJQ) < ¢y, then

sup [P(|X'| > 2) — P(|Y s > )] < sup|P(|X| > 2) = P(|Y|e > 2)| + P(|X — X'| > 0)
zeR

zeR

+CO(4,p), (C.2)

where C' is a constant only dependent on ¢ and cs.

Proof of Lemma C.1. By triangle inequality, we shall see that

P(|IX'| > 2) — P(|Y] > ) < P(|X' — X| > 6) + P(|X| > z — 6) — P(]Y] > ), (C.3)
P(|IX'| > 2) — P(|Y| > 2) > —P(|X' — X| > 6) + P(|X| > z + 6) — P(|Y| > ). (C.4)

Notice that right-hand side of (C.3) is
PIX —X|>8)+P(|X|>2—0)—P(|Y| >z —0)+P(Y| >z —98) —P(|Y]| > 2).
The absolute value of the above expression is then uniformly bounded by
P X — X|>4)+ Sléﬂ}g P(|X| > z) —P(|Y] > z)| + 282£P(|Y —z| <9). (C.5)

Similarly, the absolute value of right-hand side of (C.4) is also uniformly bounded by (C.5), which
proves (C.1). Finally, (C.2) follows from (C.1) and an application of Corollary 1 in Chernozhukov
et al. (2015). Note that in this result the constant C' is determined by max;<;<, E(Y}?) < ¢; and
min <<, B(Y?) > ci. ¢

The following result is a consequence of of Lemma 5 of Zhou and Wu (2010).
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Lemma C.2. Under the assumption 2.2(2) , we have that
sup  |E(G(ur, t, F)G(ua, ta, Fy))| = O(x" ).
ul,ug,tl,tge[o,l]

1 n
—= > Cov(Zi;(u), Z1;(u))

Lemma C.3. Define
754(u) = —

™ l=1

logn — (1) and

7 nbp

where Z; ; are the components of the vector Z;(u) defined in (3.1). If b, = o(1)
Assumption 2.4 and Assumption 2.2 are satisfied, there exist positive constants c; and co such that

for sufficiently large n
n 0;;(u) < max g;;(u) < ¢y < 0.

0<c < mi
1<5<p 1<5<p
for allu € [b,,1 —b,]. Moreover, we have for
1 2[nby -1
&j,j = 2|,nbn_| 1 ”ZZI COV(ZZ‘J,Z[J), (C6)
the estimates
c < min 0j; < max 0j; < Ca.
1<j<(n—2[nbn]+1)p 1<j<(n=2[nbnT+1)p
Proof of Lemma C.3. By definition,
IR i n I 5 u
735(1) = n—bnil:lE(%,tj,E)K( )Gt FOK ()
X b,))

Observing Assumption 2.2 and Lemma C.2, we have

, l
E(G(l’tﬁﬂ)G(E’tﬁﬂ) - G(uu tjv"t-i)G(uatijl)) = O(min<
by], |4 — u| < b, and |£ — u| < b,. Consequently, observing

(C.7)

uniformly with respect to u € [b,, 1
!
—u
)) + O(—b, logby,)

Assumption 2.4 it follows that
u,ty, F)K (2 - n

_”)G(u,tj,f,)K< "
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On the other hand, if 7, is a sequence such that r, = o(1) and nbyr, — oo, A(u,r,) := {l : [%—| <

1 —ry,u € [by, 1 — b,]} we obtain by (C.7) and Lemma C.2 that

[ l

0) = oSS 1 1] < b (Gl 1, F) K ()Gt R (5 ))

=1 =1
+ O(=by log by, + x"n™)
n L
SR Y B(Clut, )G F

b b
=1 n 1<i<n,

[i=l|<nbnrn

L—u
n <

1<)
+ O(=by log b, + X" +1,)

- LY K5 T E(C FG F

<)

" 1<i<n, 1<i<n,
leA(u,rn) [i—l|<nbnrn
+ O(=b, logb, + o Tn) (C.8)

uniformly for j € {1,...,p}. We obtain by the definition of the long-run variance o%(u,t) in
Assumption 2.2(4) and Lemma C.2 that

K2
n

=O0(x"™™) (C.9)

‘ i E<G(“> ty, Fi)G(u, t, Fz)l(

i=1

b_“( <1,)i—1 < nbnrn>> — o*(u,t;)

L—U
uniformly with respect to [ € A(u,r,) :={l: [5—[ <1—ryu € [by,1—b,]} and j € {1,...,p}.

Combining (C.8) and (C.9) and using Lemma C.2 yields

n

1 Ly
oi5(u) = - > K (”b—)UQ(u, t5) + O(=bylog by, + X" + 1)
=1 n
! 1
71 n

Let r, = a:ﬁi" for some sufficiently large positive constant a, then the assertion of the lemma

follows in view of Assumption 2.2(4)).
For the second assertion, consider the case that j = kip+ ko for some 0 < k; < n—2[nb,| —1 and

1 < ko < p. Therefore by definition (3.3) in the main article,

Zi,k1p+k2 = G(ﬂ L ]:i-&-kl)[((i_Mbn1 )’

n ) p?
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which gives for the quantity in (C.6)

2[nbn]—
- 1 z i—[nby I—[nbn
Okip+kz kiptks = nb -I 1 Z E<G —tlkla k;?‘F+kl) ( n[bn 1)G(ltlkla p ,f+ 1) ( Lbn W))

i,l=1

Consequently, putting ¢ + k; = s; and ¢ + ky = s and using a change of variable, we obtain that

~ - k1+[nbn]
Okip+ka kiptks — O-kz,k2< nb, ) (C'll)

which finishes the proof. O
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