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Abstract

We study local regularity properties of linear, non-uniformly parabolic finite-difference
operators in divergence form related to the random conductance model on Z¢. In par-
ticular, we provide an oscillation decay assuming only certain summability properties
of the conductances and their inverse, thus improving recent results in that direction.
As an application, we provide a local limit theorem for the random walk in a random
degenerate and unbounded environment.

Mathematics Subject Classification 60K37 - 60F17 - 35B65 - 35K65

1 Introduction

In this contribution, we continue our research [12,13] on regularity and stochastic
homogenization of non-uniformly elliptic equations. In [12], we studied local regu-
larity properties of weak solutions of elliptic equations in divergence form

V-aVu =0

and proved local boundedness and the validity of Harnack inequality under essen-
tially minimal integrability conditions on the ellipticity of the coefficients a. This
generalizes the seminal theory of De Giorgi, Nash and Moser [23,32,34] and improves
in an optimal way classic results due to Trudinger [36] (see also [33]). In [13], we
adapted the regularity theory from [12] to discrete finite-difference equations in diver-
gence form and used this to obtain a quenched invariance principle for random walks
among random degenerate conductances (see the next section for details).

In the present contribution, we extend our previous results in two ways
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(A) (deterministic part) We establish local regularity properties in the sense of an
oscillation decay (and thus Holder-continuity) for solution to the discrete version
of the parabolic equation

ou—V-aVu =0 @))

under relaxed ellipticity conditions compared to very recent contributions in the
field (see e.g. [3,5,7,21]).

(B) (random part) Based on the regularity result in (A), we establish a local limit
theorem for random walks among degenerate and unbounded random conduc-
tances.

1.1 Setting and main deterministic regularity results

In this paper we study the nearest-neighbor random conductance model on the d-

dimensional Euclidean lattice (Z4, BY), for d > 2. Here B? is given by the set of

nonoriented nearest-neighbor bonds, that is B¢ = {{x, yHix,ye 74, |x — y| =1}
We set

Q = (0, 00)® )

and call w (e) the conductance of the bond e € B¢ for every w = {w(e) | e € B¢} € Q.
To lighten the notation, for any x, y € 74 we set

w(x,y) =0y, x) =o(x,y) VX yeB! o(x,y)=0 Y y}¢B

We study local regularity properties of functions u : Q C R x Z¢ — R satisfying the
parabolic finite-difference equation

3tu - Ewu = 0,
where L is the elliptic operator defined by
(L) (x) = Z (x, y)(u(y) — u(x)). 3
yeZd

We emphasize here that £ is in fact an elliptic finite-difference operator in divergence
form, see (13) below. Our main deterministic regularity result is the following (see
Sect. 1.3 for notation).

Theorem 1 (Parabolic oscillation decay). Fixd > 2, w € Q and p € (1,00], q €
(%, o] satisfying % + é < d%l' Then there exist N = N(d) € N and 0p : (0, 00) x
(0, 00) — (0, 1) which is continuous and monotonically increasing in both variables

such that the following is true: Let u be such that

du—L=0 in Qn):= [ty —n, to] x B(xg,n),
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for some ty € R, xp € 74 andn > N. Then
osc (u, Q(gn)) < Op osc (u, Q(n)),

where 0p = Op(|0llLr(Bxo.n))» 10 L4 (Bxg.ny) and osc(u, Q) = max( xeo
u(t, x) —ming xep u(t, x) denotes the oscillation of u.

Remark 1 The restrictions on the exponents p and ¢ in Theorem 1 are natural in the
sense that they are essentially necessary in order to establish local boundedness for
solutions of 0,u — L%u = 0, see Remarks 4 and 7 below.

In recent works [3,7], the conclusion of Theorem 1 is contained under the more
restrictive relation % + 37 < %. Note that [3] also contains results for time-depending
conductances and [7] allows for more general speed measures. It would be interesting
to see to which extend the method of the present paper can also yield improvements

in these cases.

Obviously, Theorem 1 applies also to £”-harmonic functions. However, it turns
out that in the elliptic case a slightly more precise result can be proven under weaker
assumptions:

Theorem 2 (Elliptic oscillation decay). Let d > 2, and if d > 3 let p,q € (1, 00] be

such that % + é < % Then there exists Og : [1, 00) — (0, 1), which is continuous
and monotonically increasing, such that the following holds: Let w € Q2 and u solves

L%u = 0 in B(xg, 4n) for some xq € 74 . Then,
osc (u, B(xp, n)) < 0g osc (u, B(xo, 4n)),
where

O = GE(”CU”L'(B(XO,;;”))”CU_I”L'(B(xOAn))) ifd=2 )

OE(lollLr (Bexoann |0 L9 (B(xg,4m)) i d = 3
Remark 2 In [12], the corresponding statement of Theorem 1 for d > 3 is proven in
the continuum setting as a consequence of elliptic Harnack inequality. Note that, in
d = 2 we can consider the borderline case p = g = 1 for which we did not prove
Harnack inequality in [12]. Previously, elliptic Harnack inequality and thus oscillation
decay in the form of Theorem 2 was proven in [5] under the more restrictive relation
% + é < % (see also the classic paper [36]).

1.2 Local limit theorem

In what follows we consider random conductances  that are distributed according

to a probability measure P on € equipped with the o-algebra F := 5((0, oo))@Bd
and we write [E for the expectation with respect to P. We introduce the group of space
shifts {z, : @ — Q| x € Z%) defined by
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T,o(-) ;= w(-+x)  where for any e={e, e} € B?, e +x:={e+x,e+x} € BY.
4)

For any fixed realization w, we study the reversible continuous time Markov chain,
X = {X, : t > 0}, on Z¢ with generator £ given in (3). Following [4], we
denote by P¢{ the law of the process starting at the vertex x € Z4 and by E{ the
corresponding expectation. X is called the variable speed random walk (VSRW)
in the literature since it waits at x € Z¢ an exponential time with mean 1/u®(x),
where pu®(x) = Zyezd w(x,y) and chooses its next position y with probability
pU(x,y) = w(x, y)/u®x).

Assumption 1 Assume that IP satisfies the following conditions:

(i) (stationary) PP is stationary with respect to shifts, that is P o 7~ I' = P for all
xeZ4.

(ii) (ergodicity) Pisergodic, thatisP[A] € {0, 1} forany A € F suchthatt,(A) = A
for all x € Z4

Starting with the seminal contribution [38], a considerable effort has been invested
in the derivation of quenched invariance principles under various assumptions on
the conductances, see the surveys [16,27] and the discussion below. The following
quenched invariance principe is the starting point for the probabilistic aspects of our
contribution.

Theorem 3 (Quenched invariance principle, [13,16]). Suppose d > 2 and that
Assumption 1 is satisfied. Moreover, suppose that there exists p,q € [1, o0] satis-
fying % + é < % such that

Elw(e)’] < oo, Elw(e) ] <oo foranye € BY.

Forn € N, set X,(n) = %ant, t > 0. Then, for P-a.e. a)underP‘é’, xX® converges in
law to a Brownian motion on R? with a deterministic and non-degenerate covariance

matrix %2
Proof For d > 3 this is [13, Theorem 2] and for d = 2 this can be found in [16]. O

In this contribution, we provide a refined convergence statement under slightly
stronger moment conditions - namely a local limit theorem. Consider the heat-kernel
p® of X, characterized by

pr(x,y)=p®t;x,y) =P{[X, =y] fort>0andx,ye€ VA 5)

The local limit theorem is essentially a pointwise convergence result of the (suitably
scaled) heat kernel p® of X towards the Gaussian transition density of the limiting

Brownian motion of Theorem 3. Set
x-(H~1x
ke (x) i= kF (x) := —— )

1
- 6
V20 det(T2) exP( 2t ©
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where ¥ as in Theorem 3.

Assumption 2 There exists p € (1,00] and g € (%, oo] satisfying
SR %

such that
Elw(e)?] < oo, Elw(e) ™ ] <oo foranye € BY. ©)

Now we are in position to state our main probabilistic result:

Theorem 4 (Quenched local limit theorem). Suppose that Assumptions 1 and 2 are
satisfied. For given compact sets I C (0, 00) and K C R? it holds

lim max sup |ndp2’21(0, lnx]) —k;(x)| =0, P-a.s.. ©)]
el

n—>o0 xekK t

Remark 3 1In the recent work [25], Deuschel and Fukushima studied in detail random
walks among random layered conductances. Among other things they show that there
exists a stationary and ergodic environment satisfying w(e) > 1 for P-a.e. w (that is
q = o) and E[w(e)?] < oo with p < % such that the quenched local limit theorem
fails provided d > 4, see [25, Proposition 1.5].

Assuming the stronger condition + + 1 < % instead of (7), the conclusion of
Theorem 4 was recently proved by Andres and Taylor [7] (for related results in the
continuum setting see [21]). Previously, Barlow and Hambly [11] gave general crite-
ria for a local limit theorem to hold. These criteria were applied to uniformly elliptic
conductances or supercritical i.i.d. percolation clusters; see [22] for further general-
izations. In [20], Boukhadra, Kumagai, and Mathieu identified sharp conditions on
the tails of i.i.d. conductances at zero under which the parabolic Harnack inequality
and the local limit theorem hold. An inspiring result for the present contribution is [5],
where the local limit theorem for the constant speed random walk (CSRW) is proven
under Assumption 1 and Assumption 2 with (7) replaced by % + 611 < %, where the
latter turns out be optimal in that case.

We conclude this introduction by mentioning other related results: As mentioned
above the quenched invariance principle in the form of Theorem 3, for uniformly ellip-
tic conductances (thatis p = ¢ = 00) or on supercritical i.i.d. percolation clusters, was
proven by Sidoravicius and Sznitman [38]. In the special case of i.i.d. conductances,
that is when IP is the product measure, which includes e.g. percolation models, building
on the previous works [10,15,18,28,29], Andres, Barlow, Deuschel, and Hambly [1]
showed that the quenched invariance principle holds provided that P[w(e) > 0] > p.
with p. = p.(d) being the bond percolation threshold. In particular, due to inde-
pendence of conductances such situation is very different as they do not require any
moment conditions such as (8). In the general ergodic situation, it is known that at least
first moments of w and w~! are necessary for a quenched invariance principle to hold
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(see [9]). Andres, Deuschel, and Slowik [4] obtained the conclusion of Theorem 3
under more restrictive relation + + 1 < %, see also the very recent extension beyond
the nearest-neighbor conductance models [17]. For quenched invariance principles in
dynamic environments, see [2,19], for a recent paper on local limit theorem, see [3],
as well as [30] for related results. A quantitative quenched invariance principle (under
quantified ergodicity assumptions) with degenerate conductances can be found in [6].
Very recently, building on [8], an almost optimal quantitative local limit theorem in
the percolation setting was proven by Dario and Gu [24]. Further results in the station-
ary & ergodic setting under moment conditions include large-scale regularity [14],
homogenization in the sense of I"-convergence [35], or spectral homogenization [26].

1.3 Notation

e (Sets and L? spaces) For y € 74, n > 0, we set B(y,n) :==y+ ([—n,n]N 7)4
with the shorthand B(n) = B(0, n). For any bond e € B9, we denote bye,€ € z4
the (unique) vertices satisfying e = {e,e} and e —e € {ey,...,es}. For any
S c 74 we denote by Sz« C B? the set of bonds for which both end-points are
contained in S, i.e. Sge := {e = {e, €} € B |e,e € S}). Forany S C Z4, we set
38 :={x € S| Iy € Z4\S s.t. {x, y} € B?}. Given p € (0, 0), S C Z4, we set
forany f:Z% - R?and F : B¢ - R

1

Ifllres) = (waw’) N,y = Y. IF@P] .

xes e€Spa

and || fllLeo(s) = sup,cg | f(x)|. Moreover, normalized versions of || - [|.» are
defined for any finite subset S  Z< and p € (0, 00) by

1
1 r 1
1 lres) = (mZIf(x)lp) - F s, = | o Y IF@EI ] .

xes e€Sya

where |S| and |Sg«| denote the cardinality of S and Sga, respectively. Throughout
the paper we drop the subscriptin Spy if the contextis clear and we set ||- || Loo(s) 1=
Il - Il Loe(s). Moreover,

VQ:IXSC]RXZd we set m(Q) := |I]||S], (10)

where |I| denotes the Lebesgue measure of I and |S| the cardinality of S.
e (discrete calculus) For f : Z¢ — R, we define its discrete derivative as

VF:B! >R, Vfe):=f@©) — f(e.
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For f, g : Z¢ — R the following discrete product rule is valid

V(fe)e) = f(®Vge) +g(@Vfle)=f(e)Vge)+g@)Vf(e), (1D

where we use for the last equality the convenient identification of a function 4 :
74 — R with the function 4 : BY — R defined by the corresponding arithmetic
mean

1
h(e) := S (h(@®) + h(e)).

The discrete divergence is defined for every F : B¢ — R as

d
VF(x):=) F)— Y Fle)=) (F(lx—e,x})— F({x.x +ei}).
ge_IBd eee:IE_;f i=1

Note that for every f : Z¢ — R that is non-zero only on finitely many vertices
and every F : B — R it holds

Y VI@F@ =Y f)VF(x). (12)

ecBd xezd

Finally, we observe that the generator £L* defined in (3) can be written as a second
order finite-difference operator in divergence form, in particular

Yu: 78 >R L% (x) = —V*(wVu)(x) forall x € Z2. (13)

e (Functions) For a functionu : I x V — Rwith I c Rand V C Z4, we denote
by u, the function u; : V — R given by u; = u(t,-). Wecallu : I x V - R
caloric (subcaloric or supercaloric) in Q = I x V if

0 —LYu=0 (< or >) inQ.

Moreover, we call u : Z¢ — R harmonic (subharmonic or superharmonic) in V
if

—L%u=0 (< or >) inV.
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2 Parabolic regularity
2.1 Auxiliary results

We recall suitable versions of Sobolev inequality, see Proposition 1, and provide an
optimization result, formulated in Lemma 1 below, that is central in our proof of
Theorem 1.

Proposition 1 (Sobolev inequalities) Fix d > 2. For every s € [1, d) set s} := dd%;
(i) For every s € [1,d) there exists c = c(d,s) € [1, 00) such that for every f :
74 — R it holds

lf - (f)B(n)”Ls;;(B(n)) <clVfllLsBmy)- (14)

where (f) B = i1 2ovenm f ().
(ii) For every s € [1,d — 1) there exists c = c(d, s) € [1, 00) such that for every
f:Z% — R it holds

Il <cUIVFls@amy + 1 N fllLs@my))- (15)

L%-1(3B ()

Estimate (15) is the discrete analogue of the classical Sobolev inequality on the
sphere, since the first and the third term measure f on the boundary of the ball/cube
(i.e. sphere) whereas the middle term measures V f within this set. The statements of
Proposition 1 are standard and the proof can be found e.g. in [13, Theorem 3].

Lemmal Fixd > 1, p,oc e Nwithp <o and v : 74 — [0, 00). Consider

J(p,o,v) = inf{ > (Vne)*vie) [ n: Z4 — 10, 1],

ecBd

n=1inB(p)andn=0inZ\B(c — 1)}.

For every 6 > 0 it holds

o—1 s\ L
J(p,o,v) < (o —p)“*t”(Z( > v(e)) ) (16)
k=p “eeS(k)
where for every m € N
S(m) :={e € BY|e € 3B(m), € € IB(m + 1)}. (17)

Proof of Lemma 1 Inequality (16) was already proven in [13, Step 1 of the proof of
Lemma 1]. For convenience for the reader we recall the computations below.
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Restricting the class of admissible cut-off functions to those of the form ¢(x) =
¢(max;—1. . q4{|x - e;|}), we obtain

,,,,,

o—1
J(p, 0, v) sinf{Z(@’(k»z Y v@19:N—[0,00), ¢(p) =1, @(o)=0}

k=p )
=:J1d4, (18)

where ¢'(k) := @(k + 1) — ¢ (k). The minimization problem (18) can be solved
explicitly. Indeed, set f (k) 1= ) .. s(k v(e) for every k € Z and suppose f(k) > 0
forevery k € {p,...,0 — 1}. Then, ¢ : N — [0, 0co) defined by ¢(i) := 1 fori < p,
¢(i) :=0fori > o, and

o—1 i
i)y =1—[>"rd"] D rm!
k=p k=p

fori € p,..., o, is a valid competitor in the minimization problem for Jiq and we
obtain

o—1 =1\ -1
J(p.o.v) < (Z( > v(e)) ) : (19)
ecS(k)

k=p

Inequality (19) combined with an application of Holder inequality yield the claimed
inequality (16). Finally, in the case that f(k) = > .. sy v(©) = 0 for some k €
{p,...,0 — 1}, we easily obtain Jiqg = 0 and (16) is trivially satisfied. O

2.2 Local boundedness

In this subsection, we establish local boundedness for non-negative subcaloric func-
tions u. The results of this section, in particular Lemma 2 below, contain the main
technical improvements compared to previous related results, e.g. [3,7,21]. In prin-
ciple, we follow the classical strategy of Moser to obtain the local boundedness. We
recall that this strategy is based on (i) Caccioppoli inequalities for (powers of) u (see
(26) below), (ii) application of the Sobolev inequality, and (iii) an iteration argument.
As in our previous works [12,13] the improvement is mainly obtained by using cer-
tain optimized cut-off functions in the Caccioppoli inequality that allow (appealing to
Lemma 1) to use Sobolev inequality on “spheres” instead of “balls”. Unfortunately,
the implementation of this strategy is technically much more involved in the parabolic
case compared to the elliptic case treated in [12,13].
Throughout this section, we use the shorthand

2 .

_2 =1
Rkl LU =1BI" 7o~ I IV + VoVl

H'(IxBiw)® L2(IxB) L2(IxB)"
(20)

l[vll
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Lemma2 Fixd > 2, w € 2, p e (l,00)and q € (‘—l,oo) satisfying % +£17 < d%].
Letv e (0,1), y >2and 6 > 1 be given by

1 R p ifd =2,
=1=8(1-=> 0,1), y:=2+—+— with 0:= ,
b 2( 9)6( by +p+9q i 1+ p8y ifd =3
21
where
) 2 P 1 0, 2 1 0 (22)
=——-——-->0, ==-—-->0.
"Ta-1 )y g *Td g

Then there exist c = c(d, p, q) € [1, 00) such that the following is true: Letn,m € N
withn < m < 2nand 0 < s1 < s2 be given and consider I} := [—s1,0] and
I :=[—s2,0]. Letu > 0 be a subcaloric function in Iy x B(m). Then for every o > 1

—1y,, a2 a2
Supsl ”u[ ”LZ(B(VL)) + ”u ”ﬂl(lle(l‘l))
tel;
1—v 2
2 a2 =y —1 el Lr (B m)) m
<ca”(sups, |luflly, ) S, o™ llLan ( +
<zeb 2 Ly )72 B\ -2y T, -
S_2 av 2 .
. 1 W51 Ly By (23)
—1
sup sy 45 17 5y + VOV gy,
tel; - -
2 2
ca” (llollLrBmy) m 52 2
= 2( —ya T - fleg I 2p dr; (24)
m =50 2 =S81/81Jn LP=T(B(m))
2
S1yay2 20—l lellLr B m
sup s, lug 152 < ca’llo” e ))( +
el PIL2(Bm) =B (1_}%)2+;+; 52— 81
$2 a2
;Ilu st (1o x Bmy)* (25)

The main achievement of Lemma 2 is estimate (23), where at the expense of increas-
ing the domain of integration we control #® in terms of u"* with v < 1. The factor
on the right-hand side involving norm of u“ (and not u"%) to a small power will be
dealt with later. The other two estimates (24) and (25) do not include improvement of
integrability, and their proofs are significantly simpler.

Proof of Lemma 2 Throughout the proof we write < if < holds up to a positive constant
that depends only on d, p, and g. We introduce,

A, m) :={n:2Z% - [0,1]|n = lin B(n) andn = 0in Z\B(m — 1)}.
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Step 1 We claim that there exists ¢ = ¢(d) € [1, o0) such that for all n € A(n, m)
and o > 1,

sup ||L2(B(n)) / V@V @I o A

tel

/1 Z ©(©)(Vn(©)* (uf (@) dr + -
2

a2
— s /,2 a5y 4

IB(m)I
(26)

where we recall the notation f(e) = %( f(€)+ f(e)). This is a discrete parabolic ver-
sion of classical Caccioppoli inequality, and is obtained by simply testing the equation
with 722~ with n being a cutoff-function in space, combined with Cauchy-Schwarz
inequality and integration in time.

Since u > 0 is subcaloric, we obtain by the chain rule and estimate (120)

d
o Z P 0 = 3 0w ) S (0

xeZd
<= > VO o) Vu(e)
ecBd
<= ) 20 Vn@a@u* () Vi (e)
ecBd
2
LS o ©)?
ecBd
and thus .
R Z PR () + 2 > eV (@)
xezd ecBd
<2a ) n(©|Vn@©lw@u;* )|V (e)|
ecBd
(121
<20 ) @IVl @u @) Vuf @)
ecBd
200 — 1
< “2 Y PEeE(Vuf @) + 57— ) 0] ©)*(Vn()?,
ecB? ecBd

where we use in the last estimate Youngs inequality in the form ab < %(sa2 + é%192)
20—

with ¢ = o

L Combining the previous two displays, we obtain

d
3 2 TR + Y @@V ©)? < 40 3 0@ ] )’ (V).
xezd ecBd ecBd

27)
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Multiplying (27) with the piecewise smooth function ¢ given by

0 ift < —s
() = 22 ifr € (=52, —s1)
1 ift > —s1

and integrating in time, we obtain (26) (using n < m < 2n and thus |B(n)| <
|Bm)| < |B))).

Step 2 Proof of estimate (24). This follows directly from (26) with n € A(n, m)
satisfying |Vn| < 2(m — n)~! and Holder inequality. Indeed, for such a choice of 7,
one gets

2 2
sup 7112 gy + /11 IOV 2y I

tel; -
26) 2ca? / ’ ¢ 2
e w(e)@®e)dr + / g I dr
|B(m)|(m — n)2 b eeBZ(m> t §$2 =51 Jp t W L=(B(m))
Holder Ca2||w”Lp(B(m)) 2 c 2
S o [ Il 2 dr + / e 22 oy &1
(m —n) b LP-T(B(m)) 5251 Jn -
2
Jensen [ co ||60||L1’(B( ) ¢
s ( LG P o, dr
(m —n) 2 =51/ Jn L7=1(B(m))

Using o > 1 and taking time averages yields (24).

Step 3 We claim that there exists ¢ = ¢(d, p, q) € [1, 00) such that

min_[B(m)|~! / Y w@)(Vn(e)* uf (e)* di

neA(n,m) b

1—v
2 —1 52 2
SC(SUPIIM“IILz(B(m))) lollLr B my e ”L”(B(m))m””av”ﬂl(th(m))-
m

telr
(28)

As in the elliptic case, see [13, proof of Theorem 4], the idea is to optimize the cutoff
n in (26) via Lemma 1 to get spherical averages of u on the right-hand side. Since we
do not have good control of time derivatives, the cutoff should be time-independent,
hence providing improved integrability for the averages over spheres and in time. To
“move” the time-integral outside we first sacrifice bit of space and time integrability
(see Substep 3.1), but which is then dealt with using L? control of u, uniform in time
(see Substep 3.2) - which then gives rise to the first term on the right-hand side of (28).

@ Springer



Non-uniformly parabolic equations and applications to the... 365

Substep 3.1. We claim that there exists ¢; = c¢;(d, p, q) € [1, 0o) such that

| min /1 | Z @ (€)(Vn(e)* (uf (&) dr

IIwIIy(B(m))(Ilw_lIly(B(m))IB(M)ISzIIu‘)‘”II2 )e
<e H' (I, xB(m)) (29

- 2414 L Hha-1
_n R ( )
(1=3) m*

-1
21 +e) ‘
(/ ” L2(1+s)(3(m)) dt) ’

where 6, v are given in (21) and

)
8:=5=v—1+82>0. (30)

Along the proof we also obtain a simpler version (with & = 1) of this inequality:

min / D 0@ (Vn(e)* (u(e)” dr
neAm.m) Jp, !

_ (31)
ol Lr By lo™ L (B my) | Bm)]s2

<c(d, p, o
=cd,p,q) (1_£)2+%+é flu IIH UIyx B(m))*

Using Lemma 1 with v(e) = w(e) f]z (uf (e))? dr we have for every § € (0, 1]

ne%(inr;,n) -[lz Z w(e)|V;7(e)|2(uf‘(e))2 dr

1

m—1 S\
< (m—n)~+3 >< ( > a)(e)(uf‘(e))zdt) )8, (32)

1) eeS(k)

where S (k) for every k € Nisdefined in (17). Holder inequality yields forevery ¢t € I»
andk € {n,...,m—1}

p=1
3 0w ) s( 3 w(e)P) (Z (ul @) ) '

eeS(k) eeS(k) eeS(k)
1
p
5( > w(e)!’) <||u?’||2 2 + llug))? )
ces(k) LP=T@B®) L’TT(BB(k+1))

Note that the choices for 6 and v (see (21)) yield

0_
0<—Y o P PV _ (33)
0—1 p—1 p—96
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(with the understanding (l) = oo in the case d = 2). The inequalities (33) follow by
elementary computations which we provide for the readers convenience in Substep 3.4
below.

Appealing to (33) we have the following interpolation inequality

2v 0—v
5 2 2
g 117 2, < llufll’,,, 7|
LP=1(3B(k)) L7 (3B (k) L 0=T (3B(k))
(note that pp 0 5 + —QT 1 - l) and thus by Holder inequality in time (with

exponents 0, m), we obtain

/ > )i (e)ds
I

eeS(k)

k+1 5
= ( Z w(e)p> (Z/ Nuf" 1= 2y dt) (34)
eeSk)

LP=7 (3B (i)

k+1 s
2(1+e)
< / 1 200 5 3 iy 9 ) ’

where we use

6—v l—vab, &30,

-1 " 6-1 6 te

We estimate the second factor on the right-hand side in (34) by Sobolev inequality:
Let p. € [1, 2) be defined by

pe d—1" 2p
Then a combination of Sobolev and Holder inequality yield

(15)

112 5, S V@D e oy T 2141 e 0 BG1Y))
L7~ (3B (k)
2-d-D} av —@d-1?
k l”a) ”L%(a B ”fv(u[ )”LZ(BB(k)) k p”u ”Lz(aB(k))
(35)

where we use k41 < [dB(k)| < k¢~!. Combining (32), (34) and (35) with the
observation 5= ** <gq (Wlth equahty if d > 3), the choice § = ( +gst 1)~!and

Holder inequality with exponents (2 513 (2:{1), 0-D) ), we obtain
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(n—m)**7¥%  min /, > 0@ (Vi) Wl @) di

neA(m,n) B!

(32), (34) (35) /m-1 k+1
(Z ||wan(S(k))( / Zz lo™ " s @Ban IVOV @205

k=n

a
+ ||"‘ U||L7 (3B(i)) dt)

k+1 s(1-%)
2(1+¢)

(/ Z”M, ||L2(1+s)(33(,)) ) )

L
Holder p ol ket 17%
2(1+¢)
(Z ”wHL”(S(k))> (Z/ DI 7205 gy & )

k=n i=k
k1
( </ Z ! ”L‘/(BB(z))”\fv("‘?v)”LZ(,,B(l))
k=n
g g¢tl
q+1 q0
I ey o)) (36)

[
where in the first inequality the factor k~“D% from (35) is gone due to averaging in
lwll L7 (s(ky)- To estimate the last factor on the right-hand side in (36), we first split the

sum and then use once more Holder inequality with exponents (qqll, q + 1) to obtain

m—1 k+1
(Z (f > il e @y VOV @25
k=n e

e q+1
av 2 at 4
+||l/l[ HLZ(SB(i))dt) )

m 1
—1.9 . 2 av 2
5(2 lleo ”yf(aBua)) " /12 N T

k=n

1
+(m—n)"/ " L2<B<m>> 7

Combining (36), (37), assumption m < 2n (and thus ) ;" | ”L‘(aB(k) < p=@=D.

||SLS(B(m)) <m| - ”SQ(B(m)) for all s > 1) and definition (20), we obtain

=5 i [ | 2 e@Tne @

1—1
1,1 2(1 ’
mp?p 9 ”w”Lp(B(m)) </ ”ut ”L(Z(:i))(g(m)) dt)

(m lleo™ ”L"(B(m))/ IVeovuy” LZ(B(m))dt+/ ™ LZ(B(m))dt>

1
7
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-1
1yt 21+ ’
m g |B<m>|||w||m3(m>)( / s ||L2<1+i1(3(m))dr>

1

2, —1 2 4
(m o™ Nesom 218 B 1 simy)

and thus (29) follows.
The argument for (31) (i.e. the special case 8 = v = 1 of (29)) is naturally simpler,
since one avoids the L2(*#)_term. By Lemma 1, we have for every § € (0, 1]

in | | L ovnerue) s

1

m—1 1
8
<(m-n)~U" >< ( > e (e))zdz) ) :
b eesi)
where S(m) is defined in (17). By Holder inequality, we have

1
> w(e)(u?(e))zs( > w(e)f’)”(nu?nzzi + g 1% 5 )

eeS(k) eeS(k) LP=1(3B(k)) LP-T(3B(k+1))

Ford > 3let p, > 1 be such that ﬁ = d]Tl + % — # Then a combination of Sobolev
and Holder inequality yield

2 2 -2 2
||u?’|| 2p SJ ||V(u?)||Lﬂ*(aB(k))+k ||“?||Ln*(33(k))
LP=T (3B (k))
2—d-1ni d—1
ST 107 L man V@V 2y + K@V 10 By (38

where the last inequality is valid since é + % < d%l and k471 < 19B(k)| < k4L

Choosing § = (% + ql +1)~!, we obtain as in (36)

(m—n’"7*4  min /1 3 0@ (V) ) dr
2 ceBd

neA(m,n)
m—1 k+1
S (Z ||w||ip(s(k))< / Y Plo s apan VOV @) 2 g0,
k=n 16 i=k

2 ’ %
+ ”ua”LZ(aB(i)) dt) )
m—1 %
p
= (Z ”“’”L/’(S(k)))
k=n
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m—1 k+1
x (Z( / Y Pl r@san VOV U 72050
k=n i=k
g g¢tl
an? q+1 q
161725 5y dt) > . (39)

Combining (39) with Holder inequality in the form (37) (with v replaced by 1), we
obtain (31).
For d = 2, we argue as above but replace (38) by

1—1
12 kTP I e o3ty
LP-T(3B(k))
1_, _
P(”V(ut)”il(ag(k)) +k 2””?”%‘1(33(1()))

- S AT
Sk p ||(,l) ”Lq(aB(k))”\/_v(u )||L2(3B(k)) +k v ”u[ ”LZ(BB(k))'

Substep 3.2. We claim that there exists ¢, = c2(d, p, q) € [1, 00) such that

2(1+£)
/ ” L2(1+s)(3(m)) dr

)
—1 2
<em s2|B<m>|<sup||u, ||L2<B(m))> o™ s o 16 1 g oy

tel

(40)
Let Q > 2 be the Sobolev exponent for — in R? given by

1 1 12 1 221-46
—=s-o(c-o)F 2 (1)
0 2 2d ¢ 2

(recall 8 = 2 — 5 €(0,1)).Recallinge = 2 andv=1-861- 5 =1-8+e
(see (30)), we obtain

vQ—2(1+€)=28( —1) >0 (42)

1—-96;

and the interpolation inequality

Il 2aser < I0ll52 001108

with
1 £ 1-¢ 5~
-ty (and thus € = M) (43)
2(1+6) 2 vQ 170
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implies
2(14¢) 2(1+e)¢ 2(14+e)(1—-£) __ 282
”u‘tx”L2(l+S)(B(m)) S ” (tx”Lz(B(m))” a”LvQ(B(m)) - ” a”LZ(B(m))”u ”LQ(B(m))
(44)
where in the last relation we used
1+¢ I+el— ﬁ e
(1-0= -, (45)
vol=55 v-g
and thus
4
At+e) P 14e—v 0y,
Since é % — %(% - —) a combination of Sobolev and Holder inequality yields
2
™13 S <mIIV(M“")II + llug "l 2 >
LE(Bm) Fsemy L By (46)

= 2 (2™ s oy V@Y W ) + 1 12250 )

Combining (44) and (46), we obtain

2(1+ 26 2 —1 2
135D gy S IBODIE1R2 (2™ Loon) IV OV @2

[oav)
I 122 )
and the claimed estimate (40) follows by integration in time.
Substep 3.3. Proof of (28). A direct consequence of (29) and (40) is

. o 2
| min /I | Z (€)(Vn(e)* (uf (&) dt

I 52(1—*)
<cjic <Sup llul]|%, )
2 e, L LA(BO)
ol L2 By llo™ I La By | B )| 2] |u

(1= g) e

ozv||2
H'(I,xB(m))

bl

which 1mp11es the claimed estimate (28) (using m < 2n, 1 — v (2—1) (1 — 9) and

Yy = 2 + ) + glq )
Substep 3.4. Proof of (33).

@ Springer



Non-uniformly parabolic equations and applications to the... 371

For d = 2 (and thus 6 = p) (33) reads

1 1
p-l+-hHa-4H
p—1 p—1

which is obviously true since p, g > 1.
Let us now verify (33) for d > 3. The last inequality in (33) is trivial, while the
first follows directly from 0 < v < 1 < 8 < p since d > 3. Next, we observe that

p b—vaeh 1 & 6-5&(Ep-D

)

p—1 6-1 p—1 6  (p—10
6—1 6—1 6—1
pv b _ P (0 eh _p — 5
p—6 p—1 p—06 p—1 p—0\p—1 0
p—1)
= ————(0 -&(Ep-1),
(p—0)(p—10

and thus the second and third inequality in (33) are equivalentto 8 — §2(p — 1) > 0.
In the case d > 3, we have

22) 2 2 2 1 1
0 -n(p—1)'= L —B—(———><p—1)————+ 2p( e~ )
-1 ¢ d q 1
2 1
Z___>O9
d ¢

where the last inequality follows from the assumption g > %. Hence, the inequalities
(33) are proven.

Step 4 Proof of estimates (23) and (25). Estimate (25) follows directly from (26) and
(31). To show (23), we combine (26) and (28) to obtain

ay 2
sup 1 172 5 + /1 VBV

tel

2
([ '

1—v
—1 52
<ca (sup [l ||L2(B(m))> loll L By llw ||y(3(m))m| H (I x B(m)
m

tel

#etr=s07" [ IE, 0 (47)

where ¢ = c(d, p,q) € [1, 00). The first term on the right-hand side has already the
desired form, hence we only need to estimate the second term: Let O > 2 be the
Sobolev exponent for 2L q 7 given by (41), which by (42) satisfies vQ > 2(1 +¢) > 2.
Combination of Jensen and Sobolev inequality yield
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/ e ||L2(B(m))dr<<supnu, Ilew(m») / 0 128 i o

tel

— C{\)
- (tsélp ”Mt ||L2(B(m))> / ”LQ(B(m)) dr
) / V@I 5y o (7 dr

< | sup ||u
~> ( p llu; ”LZ(B(m)) LT (B(m)) LT (B(m))

telh

tel
15 152 oy A1
1—v
= | sup lu%]|?, som? [l Nl Loy 11131 : (48)
rel, | LLA(BOm) LIBEDIT N H! (1 xBm)

Recall that the H'-norm consist of the L? norm of the function and its gradient
(see (20)), so to get the full H L_norm on the left-hand side of (47) we need to add

and estimate u{ itself: for that we observe that the assumption 1 < % < 2 and (48),

applied on B(n) instead of B(m), yield

B 0™ 17 ) /1 11172,y
el
av |2
5(15;113”14; ||L2(B(n))> sl e 1y By (49)

1—v
2
< (sup lus "szm») S Ll AP

tel

Estimate (23) follows from (47)—(49) and 1 < |lw||L»B(n)) ™! | L4 (B(m))- O

Next, we combine Lemma 2 with a variation of Moser iteration method to prove
local boundedness of non-negative subcaloric functions. For this, we apply the esti-
mates of Lemma 2 on a sequence of parabolic cylinder. Fix T > 0 and let xo € Z4,
to e R,n>0ando € (0, 1]. Set

Qo (0, x0, T, n) := [tg — o Tn?, 1] X B(x0, o).

Theorem 5 (Local boundedness). Fixd > 2, w € 2, p € (1,00) and q € (4, 00)
satisfying % + é < %. There exists c = c(d, p, q) € [1, 00) such that the following
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is true: Let u > 0 be a subcaloric function in Q1(to, X0, T, n) withty € R, xo € 74,
n>22 andt > 0. Then

p
litll 20, touso.zmy < €C@, BGowm), D7 ull 200, o oemys (5O)
, L

where

1
1 _ T )
C(w, B, 1) == max{l,rz(nw YipawyUlwll ey + 77?2 ) } e[, 00)

(S

andv =v(d, p,q) € (0, 1) is given in (21).

Remark 4 In recent works [3,7] the statement of Theorem 5 is proven under the more
restrictive relation + +1 < %. The restrictions on p and g in Theorem 5 are essentially
optimal: Counterexamples to elliptic regularity in the form [17, Theorem 2.6] show that
local boundedness in the form (50) with (51) fails already for £“-harmonic functions if

% + é > dle’ see [13, Remark 2 and 4] for a more detailed discussion. The additional

restriction on g, namely g > %, is not present in the corresponding elliptic version of
Theorem 5 (see [13, Theorem 2] and Theorem 7 below) and can be related to trapping
phenomena for random walks in random environments. In Remark 7 below we discuss
this in more detail and show that local boundedness in the form of Corollary 1 below
(which is a direct consequence of Theorem 5) is not valid for g < %

Remark 5 The proof of Theorem 5 can be adapted without any difficulties to the
continuum setting to derive local boundedness for solutions to (1) where a and a!
satisfy corresponding integrability conditions. In fact, an analogous result to Theorem 5
is proven in the recent preprint [39], which also contains some interesting applications
to drift-diffusion equations and SPDEs.

Proof of Theorem 5 Without loss of generality we consider #p = 0 and xo = 0, and
we use the shorthand Q. (t,n) = Q4 (0, 0, t, n). Throughout the proof we write <
if < holds up to a positive constant that depends only on d, p and ¢. The proof is
divided in three steps: (i) using Lemma 2 and an iteration argument, we obtain a one-
step improvement; (ii) the one-step improvement and a Moser iteration-type argument
yield local boundedness in the form (50) where the L2%-norm on the right-hand side
is replaced by a slightly stronger norm of u; (iii) finally a well-known interpolation
argument yield the claimed estimate.

Step 1. One-step improvement.
Letu > 0be subcaloric and o > 1. We claim that there exists ¢ = c(d, p, g) € [1, 00)
such that forall £ < p <o < land n(oc — p) = 27 it holds

2y—1 2 2
sup (T ) W2 g pyy 14 W g, oy
te[—pn2,0]
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—1
_loga(G—pm)] -3 _y o™ lLaBony)
< (c|B(n)|<1 i a*(en?)' 7 ——=" (ol e (Bon)

(0 —p)?

1

-1 av 2 !
+77 ) ||H1(QU(T,,,))), (52)

where v € (0, 1) is defined in (21) and
€ [2, ). (53)
For k € N U {0}, set

1 _
on =50 +p) =270 —p),  Bo=Blown), I :=[-ortn’,0].
(54)

In view of Lemma 2, there exists ¢ = c(d, p, gq) € [1, 00) such that for any k € N
satisfying 263 < (o — p)n (which ensures |oyy1n]| — loxn] > 1)

-1 2 2
Squ|Ik| ”ul[x”LZ(Bk) + ”Ma”Hl(IkXBk)
tely - -

1—v

2 (1) a2 INE

< ca?2F ”’( sup Lt | lluef 12, ])> (tn*)' 7"
t€ly1 =k

lollLrpony + 77"

s (55)

H'(Qs(T,n))’

—1
X o™ || La(B(on))

Indeed, (55) follows from estimate (23) (withn = |oxn|, m = |ogy1nl, 51 = Toxn?,
and s = tak+1n2) and y > y > 2 (where y is given as in Lemma 2), together with
the elementary estimates

loxn] \77 n 4 2k+3 Y
(L <
( L0k+1nJ> <2_(k+2)(0 —pn — 1) (o - ,0)

1 2k +2

Ops1Tn? —ogtn?  nlt(o —p)’

Set k := k(n,0 — p) 1= |logy((c — p)n)] — 3, so that k = max{k € N|2K+3 <
(0 — p)n} and IAlence m—n>1.
Using (55) (k — 1)-times, we obtain

2
L*(By)

2

o
T g1 0% Bo)

-1
sup [Zo] ™ luf’
tely
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—1y,e 2 P = T
§<sup I ||u;”||L2(B]€_1)> (2? k=0 v )

l‘€11271

_ k-2
||a)||Lp(B(0n)) +71 1 ” v ”2 )Zko(l")k
u .

) (caZ(trlZ)l_v”w_l Lot @ny (o = p)Y H'(Q, (t.n))

(56)

We will repeatedly use discrete £ — £° inequality for sequences with r > s, which
after taking averages has the following form

1_1
B 1l By = N s Bo)- (57)

We estimate the first factor of the right-hand side in (56) using (57) and (25)

(1—v)-t
<sup |I,;7]|’1||u?||iz(3£ 1)>

te]l?—l

(—wk-1

(1-vf )

v

< (1B 111, 1) (sup IS R
k—=11""k—1 el k—1 t VL*(Bp_))

25) _ _ _
< (Cale(nHl Y@ o™ Le B o)

. (]_v)lé—l
”w”LV(B(rrn)) +7 2 v

oV
w—p7 o,

The previous formula, (56), and the identity Zlg;é( 11—k = M imply (52),

where we also used that Zi;é(k + (1 =k < sz <c(p,q,d).

Step 2. Iteration.

We claim that there exists ¢ = c(d, p, g) € [1, 0o0) such that for all n(o — p) > 29
holds

_ oy Clw, B(on), )
lull o, ey < clBOIP PN =2l 0y ey, (58)

(@ —pyio !

where C is defined in (51), p’ = %, and

B 1= 5o (vEBOT (1 -y dom), (59)
Vv

and for / C R and m € N, we set

) :
02 s = ( f101 2, O
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ForkeNU{O}and% <p<o<l,set
o, —k+1 ._ —k ._ —_ 2
o =V , O :=p+2"(c —p), By:=B(oxn), Iy :=[—orTtn",0].
Using (52) from Step 1 with o} and o;_| playing role of p and o, respectively, we get

sup [ I luf |17

tely

+ |l

L2(By) H' (I x By)

-1
_ylog@ Ke—pmi=3 5, 5, @7 L9 (Bon))
< (c|Bm)|1™V a“(tn Ve = (llwllr
< ( |B(n)| (tn7) o — p))? (loll L7 (B o))

1
v

-1 av 2
+7 )l ||H1(,“XB“),

where ¢ = ¢(d, p, q) € [1, 00) and we required n(oc — p)2’k =n(of—1 —ox) > 23,
Observe that 0/2 < o} < o allowed us to replace the norms of w on By = B(oxn)
with the ones on the larger ball B(on) (while increasing ¢ by a fixed factor).

Using the last relation with a; playing the role of « and afterwards taking both
sides to the power ﬁ, yields

1

1
SUp 11k ™% [t o 5y + 1%
tely

_n\ogr((c—p)n)]—3—k _ _ _
< <C|B(n)|(l p)toga (0 =p)m)] v 2(k 1)(_”12)1 v

H' (I x By)

lw™ ||L‘1(B(crn)) Sk
(0 —p)Y
1

Of—1 || %—1
XN g By (60)

R L=
(IlollLrBony +77)

where we used ayv = 1. Fix k < l%l(n,a —p) = llog,((c — p)n)] =5 =
max{k € N|2k*5 < (¢ — p)n}. Using (60) (k — 1)-times, we obtain

sup [lue |, 20,
rel; Lk

k

_pyylogr((lo—p)m)|=3—k _o(p_ _
< H(c|B<n>|“ IR 2 ()
k=2

lo™ Nl e (Bony) g
(—);’”2”‘<||w||m3<gn)) +77h)

1
207
X |I/2| k ”uuﬂl(th])

o~ ! D ity
1 @™ || LaBon)) 1 ) =
< ton c—————(|l»|lrr +17)
< o — o) lollLr Bony)
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%(1 —yp)lloga((0—p)m)] =5 Z’;;S(ﬁ)k

|B(n)|
1 00 k
o o\ 3 2peok2)v
x (2% 2) lull g1 1, 61)
where we used (1—v) le (2)1)]‘ =(1- v)1 e VS and|1 | 2 < (tn?)Y w2

to deal with the (tn?)-term. To estimate the right-hand side of (61), we use (24),
Jensen’s inequality, and ||a)_1||Lq(31)||a)||y7(31) > 1 to get

@ ol sEn) + 77"
LP(B(on)) 2
||\/_VM||L2(11><Bl) S 2(0 _ )2 ”u”2,2p/,Q0(r,n)

B o™ g o 1122,y S 0200l LB 1413 20 0, ey
and thus there exists ¢ = c¢(d, p, gq) € [1, 00) such that

lollLr By + 712
”u”ﬁ](llel) = (C ;z(go_n ,0)2 ||u||2,2p’,Qg(t,n)~ (62)

Since |||l r sl lpacsy = 1 forany S € BY, 302, (1 +k)v=* < 1 and

|B(n)|%(I_V)Llogz((a—p)n)j—i Zk 0( ) < |B(}’l)| 2(1_V)Llog2((0—ﬂ)n)J—5%(I_U)Z—k ’

which follows from Z’,ﬁ;g(ﬁ)k < ]li;g(1lu) = ((11‘;))# < vl — )2k
we obtain with the choice k = L% log,((0 — p)n)], which thanks to (o — p)n > 29

satisfies the necessary condition k < 121, that

lullLoo,my)

= sup  |lurllLoeoBony
te[—ptn2,0]

587 .

Jar
< 1B sup il ey
’6112

<61)

-1
- logy (@—pm)-3-k 1 [ Nlo™ ILa(B(on))
< By -t wn(—(nwnmg(m)

(o —p)
L\ T
) ||u||§1(11><31)

2) L[ o e
_ 1 L9(B(on))
< |Bm)|P@ f’>">rz((—”<||w||m3(an»

— p))?+2(1—v)

—1y2—v )
) lull2.2p'. 0, (r.m)
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which proves the claim. Since v € (0, 1), the last inequality follows from vk <
prlog@=pm=1 ang (1 — pyloga(@=pIm] =3~k < (1 _ )3 log((@—p)m—4,

Step 3. Conclusion
For k € N U {0}, we set

By := B(oyn), I := [—oxtn?,0]. (63)

Combining the interpolation inequality

1 1

. f
< 4 4
el 2 ey = 1072 10 oo (64)

(where p’ = %) estimate (58) (with 0 = oy and p = 0}_1) and Jensen inequality
in the form [[v[l22p, 7xB < ||v||L2p/(le), we obtain for k < %(log2(3n) —11) (which

ensures (o — ox_1)n > 2%) and y’ := ﬁ + 1 that

’ _3n_
Nl ooy x Byy < A%FDY 1B(n)|P T+ C(w, By, Ol 2 (1, 3y

1

1
1)y BT v v
<4 |B(n)|" 4 M”u”LZ([—%rnZ,O]xB(%n))”ul|L°°(lk><Bk)’

(65)
where
M = cC(w, B(n), ) € [1, o0) (66)

with a suiEable constant ¢ = c(d, p, q) € [1, 00). Iterating estimate (65), we obtain
for every k < %(log2(3n) — 11) that

122l o0 (19 x Bo)

k k— n — _1 k—
< 47 TR0 g 0 DT g0 T

P
L2(Q 3 (t.n)) L®(Ipx By)*
i

To estimate further the last factor on the right-hand side, we use (58) and the discrete

L
estimate (57) in the form ||v||L2,,/ By = |B(n)|2r ”v”LZ(B(n)):

i B BH+35
||”||L°Q(Q%(r,n)) S BT Mllullz2p, 01y < 1B Mlull 20, 2,0
(67)
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and thus we obtain

k-1 3n N, —k ny,—k 1, —k—1 i —k
—_o B( )P B P 5 k
|B(n)|2k_0 =l PP o p ”u”LZ(Ql(T,n))’

(68)

”“”LDO(Q%(Ln)) N

where in this last inequality we used that Zk 0(k+2)p_k < Z,fio(k+2)p_k <c(p),
which together with y’ > 0 gives 47 'Yilok+2p7F < c(d, p,q). Since Y 2, p_lk =

#1, the claimed estimate (50) follows from (68) provided we find k (depending on
n) such that the prefactor on the right-hand side in (68) is uniformly bounded in 7.
Hence, it is left to find a sequence (lén),,eN C N satisfying kn < %(logz(Sn) —11) for
all n sufficiently large such that

—k ny, —kn —kn—1
11msup|B(n)|Zk 0 ’5(4"“)’” BP0 <c(d, p,q) <oo. (69)

n— 00

First observe that,B(z) 2 (vz 3loga@)—1 4. (1- v)%logz(Z)—“) < ¢cz7* for some ¢ =
cd, p,q)and o = a(d, p, q) > 0. Indeed, we have 12 1082() = 23 log20)l0g2) —
z%k’gZ(”) and thus %v%l(’gzm_l < c¢z™% follows from log,(v) < O (recall v =
v(d, p,q) € (0, 1)). The same argument works also for the (1 — v)-part of S, hence
giving the estimate 8(z) < cz~“. This estimate then implies

k-1 PN
4
Zﬁ(4k+l)p_k Zﬂ(4k+l)— « § 4k0[§c(;> .
k=0

The desired estirhate (69) follows with the choice /2,, = L}T log,(3n)], which in
particular yields % < cn_% , and the elementary observation that for all ¢y, ¢2, c3 > 0
and u € (0, 1) we have

¢ log(c3n) c1(c3n)<2 log 1

lim sup n“'* = limsupn
n—oo n—oo

= lim sup exp(cy (c3n)2°€# log(n)) < c(c1, ¢2, €3, 1) < 00.
n—00

Finally observe that the chosen k satisfies k;, %(logz (3n)—11) since log, (3n) >
21 (here we use assumption n > 220y, O

For later applications to the heat kernel (see Proposition 2 below) it is useful to
replace the L?-norm on the right-hand side in (50) by the L'-norm. This can be
achieved by a similar argument as in Step 3 of the proof of Theorem 5 by replacing
in the interpolation inequality (64) the exponents , and 1 — p, with 5 , and 1 — 2; 7
respectively. Since we do not know how to replace the L?-norm on the nght-hand side
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in (67) by the L' norm we keep the L norm of u (to a very small power) on the
right-hand side and obtain the following

Corollary 1 Under the assumptions of Theorem 5, there exists c = c¢(d, p, q) € [1, 00)
such that the following is true: Let u > 0 be a subcaloric function in Q1(ty, X0, T, n)
with ty € R, xo € Z%, n > 2°° and t > 0. Then,

~(Ga+1)F b+ 1)F
”u”Loc(Q] (to,x0,7,n)) = =< CC((,() B()C(), n) f)p ”u”L (Ql(l() X0,T n))”u||L°°(Q1(l‘O X0,7,1))

where k = Lz—l‘ log,(3n)].

2.3 Proof of Theorem 1

With the local boundedness statement Theorem 5, the oscillation decay can be proven
by already established methods. The following argument is essentially the parabolic
version (in the form of [37, Section 5.2]) of Moser’s proof, see [31], of the De Giorgi
theorem in the elliptic case. In recent works [3,7] this strategy is already adapted to
the discrete and degenerate situation that we consider here but under more restrictive
summability assumption on @ and w~!. However, in order to keep the presentation
self-contained we provide a detailed proof below.

First, we introduce a suitable regularization of the map z — (—log(z))+, defined
by

—log(z) ifz € (0,cl,
2 . _
g(x) = % ifze(,1], (70)
0 ifz>1

where ¢ € [}‘, %] is the smallest solution of 2¢ log(%) = 1 — c. Notice that g €
CH((0, 00)) is non-negative, convex and non-increasing.

Lemma3 Fixd > 2 and w € Q. Suppose that u > 0 satisfies oyju — Lu > 0 in
Q) = [—n2, 0] x B(n). Fix » € (0, 1) and suppose

m({(x, 1) € Q(n), us(x) = 1}) = am(Q(n)) (71
(see (10) for the definition of m(-)). Then, for any

. 1—A |B(n)| 17 1
o1 € (0, 1) and o € (A, 1) satisfying I m < 7 and n > 1 ,
— 01 oon — 0?2

(72)

there exists h = h(d, A, ||a)||L|(B(n)), o2) € (0, 1) such that

1
|(x € Bloan), ui(x) = h}| = 2|B(oam)| forall — on’><r<0. (73)
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Moreover, there exists ¢ = c¢(d) < oo such that (73) holds with

”wHLl(B(n))
h = —|1+——=) ). 74
exp( C( +(1—02)2)»d>> i

Proof of Lemma 3 The proof follows the argument of [37, Lemma 5.2.3] (and discrete
variants [3,7]).

Step 1. We claim that there exists ¢ € [1, oo0) such that for every 7 : 74 — [0, 1]
with n = 0in Z4\B(n — 1)

_”77 g(“t)”Ll(B(n)) + = Z ¢n(e)w(e)(Vg(Mz)(e))

IB( )|

= C||a)||L1 (B(n)) IIVnII%oc(B(n))OSY(n) s (75)

where osr(n) = max{max{%,lﬂ{x,y} e BY n(x) # 0} and pye) =

min{n?(€), n>(e)} for every e = (¢, ¢) € B<.
Since o;u — L%u > 0, we have

Y )2 () =Y n(x)*g e (x))dus (x)

xezd xezd
< ) @) () LU (x)
xeZd

==Y Vg w))(ew@) Vi (e).

ecBd

Since ¢ € [‘—1‘, %],we have c(1—c¢) > 1(),whlch gives 3 1g/(M? < g¢’(r)and —rg'(r) <
% for almost all » > 0. This combined with Lemma 6 then implies

1
= 2 V@ @) @o@ V() = =2 3 ¢y(@0(©)(V(ur)(e)’

ecBd ecBd

+60sr (n)? Z w(©)(Vn(e))?

ecBd

and thus the claim follows.

Step 2. Conclusion.
Let o1, 0o > 0 be such that (72) is satisfied. For given & € (0, 1) (specified below),
we set wy(x) := g(u;(x) + h) and

x(@) = |{x € B(n), u;(x) > 1}, Ni(h) := {x € B(oan), u;(x) > h}.
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Assumption (71) yields
0 —_—
/ A1) dt = am(Q(n) = an’|B(n),
—n2
and in combination with the obvious inequality
0 —_—
| o <ozl
—oyn?

we obtain

—on?
f U W dr = (= o) B)|.
n2

By the mean value theorem, we find 7 € [—nz, —olnz] such that

— A — 0]
k(r)zl

|B(n)|. (76)
e

For any 1, € [—o1n?, 0], we deduce from (75) (applied to the positive supercaloric
function u + i) and 02 € (A, 1) together with an ’affine cut-off” n satisfying

1
n=1in B(opn), n=0in Zd\B(n -, |V ——m, osr(nz) <2
n(l —o7)
(77)
(n> ﬁ, see (72), ensures existence of such 1) that
__IB@) s
”wlz”Ll(B(azn)) = Cm”wﬂy(g(n)) + ||wr||L1(B(n))- (78)

Since g > 0 is non-increasing, we can estimate the left-hand side in (78) from below
as

ol sem) = Y. wa@) = Blom)\WN,()g@h).  (79)
x€B(oam)\N;,

Combining w; = 0 on {x € B(n), u;(x) > 1} (recall g(z) = 0 for z > 1), the
monotonicity of g and (76), we obtain

_ A —
lwellt sy < (B = A(0)g(h) < (1 - 1_—:)|B<n>|g(h>

_1=2 [B(n)|
~ 1—o01|B(oan)|

| B(o2n)|g(h). (80)

@ Springer



Non-uniformly parabolic equations and applications to the... 383

1—A |B(n)|

Estimates (78)-(80) and assumption ; o5 Bloa)] = 24

! yield

ABIl sy 17 g(h)
Boan)[(1 — 02)2g(2h) 24 g(2h)

|B(U2”)\-/vt2(h)|§( )IB( ml. @8

Using g(s) = —log(s) for s € (0, i) and 57 17 < 4, we can choose & > 0 sufficiently
small such that

3
|B(o2m)\ Ny, ()| < 7B,

which by the arbitrariness of t, € [—o1n?2, 0] yield (73). The lower estimate for 4 can

be easily deduced from (81) and the elementary estimate B?;;’;) < lf((k';)) < )d O

Lemma 3 and Theorem 5 yield the following weak Harnack inequality

Theorem 6 (Weak Harnack inequality). Fixd > 2, w € Q and p € (1,00], ¢ €
(%, oo] satisfying % + % < d%l. Let u > 0 be such that d,u — L%u > 0in Q(n) =
[—n?, 0] x B(n). Suppose there exist ¢ > 0 and » € (0, 1) such that

m({(x, 1) € Q(n), u;(x) = €}) = am(Q(n)). (82)
Suppose that o and o7 satisfy (72) and set o := min{/o 1> 02}. There exists a constant
y =y, & X, p,q, lollLrBnm), ™! L4 B(n))» 01, 02) > 0
such that ifon > 229, then
ui(x) >y forall (t,x) € Q%(Lanj). (83)

Moreover there exists ¢ = c(d, A, p, q, 01, 02) € [1, 00) such that (83) holds with

2p
= —c(1 B ||} 84
14 86@( c( + lloll L1 gy + Clo, Bm) o™ | ‘5<B<n»)>’ (84)

where C(w, B(n)) := C(w, B(n), 1) and C(w, B(n), 1) is defined in (51).

Remark 6 While the weak Harnack inequality of Theorem 6 suffices to establish the
needed oscillation decay (Theorem 1) and thus the local limit theorem, it would be
desirable to establish a strong parabolic Harnack inequality. However, we were not
able to prove a strong parabolic Harnack inequality in the discrete setting of the present
manuscript. The reason for this is quite technical and comes from the failure of the chain
rule for finite differences (in particular for nonconvex functions u* with o € (0, 1)
which appear in proofs of the full Harnack inequality with Mosers method (that we are
aware of)). In a work in preparation, we obtain the strong parabolic Harnack inequality
in a continuum setting under analogous integrability conditions as in Theorem 6.
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Proof of Theorem 6 Without loss of generality, we assume ¢ = 1.
Consider the function (¢, x) — W;(x) := G(u;(x)), where G(s) := g(H};”) with
s € R and suitable constants 0 < y < h which are specified later.

Step 1. W is a subcaloric function, i.e. % W, (x) — LW, (x) < Oforall (t, x) € Q(n).
Indeed, this is a consequence of the convexity of G in the form

LOWr(x) = Zw(x, WG i (y) = Gui(x)))

y~x
> G'(us (x)) Zw(x, V) (y) = ur(x) = G (uy () LUy (x),
y~x
combined with the fact that u is supercaloric and G’ < 0, and thus

Wi (x) = LOW,(x) < G (ug (x)) (Bur (x) — L (x)) < 0.

Step 2. Leto; € (0, A) andor € (A, 1) be such that 11:;‘] ‘g%';)ll)‘ < % withoy < 1—%

and let h = h(d, A, ”w”Ll(B(n))’ o2) € (0, 1) be as in Lemma 3. We claim that there
exists ¢ = ¢(d) € [1, 0o) such that

0 ; lloll 1
’[ %2 - L' (B(n)
o IWell 22 g gymyy 4 = s lw “L%(B(Gzn)) T—o? +g(5) ). 85

Computation analogous to the one leading to (75) in Step 1 of the proof of Lemma 3,
leads to the following: for any n : Z¢ — [0, 1] with p = 0 in Zd\B(n -1

d
S Wil iy + 1BOIT D oy@o (@ (VWi (e)?

ecBd
< clloll L1 gy I V1117 (05 1) (86)
Choosing a suitable cut-off function satisfying n = 1 in B(o,n) (hence ¢, (e) = 1 in

B(oan)), |Vnllre < (n(1 — 02))~! and (osr(n)) < 2, we deduce from (86) and the
monotonicity of g that

fo
2
fto IVOVWiI2 50y

—on?
2
|B(n)| ain ”w”LI(B(n)) W
= B\ oz T Wo—anlLism
1Bm)| [ l@lpiBwm) y
— ") 87
= B\ a—ap "W (87)

Assumption (82) (recall that we suppose ¢ = 1) together with Lemma 3 implies
1
l{x € B(o2n), us(x) = h}| = 7|Bloan)l forallto —oyn® <t <19,  (88)
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with h satisfying (74). Estimate (85) follows from (87) and (88) together with the
following Poincaré-type inequality: There exists ¢ = c(d) € [1, co) such that for all
##N CB:=B(m)and v : B — Ritholds

1B] .
v — @l 20 < <1+W|)|B|d|| 1|% INoVull 2. (89)

2
L2(B)

where we recall (f)n = IIWI > v f (x). Before recalling the argument for (89)
we discuss how it is used to deduce (85). By definition, we have W;(x) = 0 for all
x € N; :={x € B(oan), u,(x) > h} and thus for all ¢ € [ty — o1n?, 1]

||Wt||L2(B(g‘2n)) =W, — (Wt)./\/', ”LZ(B(azn))

1
2

VoV W, 2 '
L% (B(o2n)) LI L (B(02n)))

< 5¢|B(oam)|4 oo™
Squaring the above expression and integrating in time from —on? to 0, we obtain
(85) using (87).
Finally, we recall the computations that yield (89): For every s € [1, d), we have
(with the notation of Proposition 1)

+(w)p — (V)N

lv— (NI < llv—= (sl

LY (B)

1+ﬂ lv = sl s
V] R

4 | B] 1
< c(d,s) 1+W |B|4||VvllLs(B)- (90)

L'4(B)

Estimate (89) follows from (90) with s = dz—fz (and thus s = 2) and Holder inequality
in the form

-1
IVl g, < ™)

oVl ;2. p.
3 (B) 4 ||\/_ ”L (B)

(B)

[~ o=

Step 3. Conclusion.

Using that W is a subcaloric function in [—on2,0] x B(on) with 0 =
min{,/o1, 02}, we obtain from Theorem 5 and (85) (combined with the assumption
on > 220)

50y
sup W0 < Clw, Blom) i1 |W2

2
(t,x)eQ%(LanJ) L=(Q1(lonD)

85 2p d 1 ||U)||L1(3(n))
< C ’B =y - - )4 s
= cC(w, B(n)) o™l 1% B ))( 1= o) +8(h))
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where ¢ = ¢(d, p, q,01,02) € [1,00) and C(w, B(n)) := C(w, B(n), 1) (see (51)).
Choose y € (0, /%) sufficiently small such that

27\ \? T leoll 1 ()
—_ —1 - = 7 Y
(g( Y )) > cC(w, B(n)) P TA" e ||L%(B(n)) 1= o) +8() )

o

Then it holds u > y on Q%(Lanj). Indeed, if there were (7, X) € Q%(Lonj) with

u;(x) < y, by monotonicity of g

(1)) = ((5))

2 ol
< cC(, B2 o™ g ( “oF
L2 (B(n)

(1 —0)?

+g(%))

which contradicts (91). Finally, we notice that (91) is satisfied for any y with

leoll 1
y <h exp(—%A — log(2) — \/(%A +1log(2))2 + A(IL—:%;)) - 10g(2)2).
— 02

(92)
where

2 gy 1
A= cC(w, B(n))»TA o™ | g

L2(Bm)

and ¢ = c(d, p, q, 01, 02) € [1, 00). Combining (92) with (74), we obtain (84). O

Theorem 1 follows from the weak Harnack inequality Theorem 6 using classical
arguments adapted to the discrete setting:

Proof of Theorem 1 Without loss of generality, we consider fo = 0 and xop = 0 and
suppose p, g < oo (the case p = g = oo is classical; if, for instance, p < oo and
1 2

. ~ . . 1
q = oo, we use the statement with p and ¢ € (%, oo) satisfying » T 7 < a1

combined with the trivial inequality [|w ™! ”L‘?(B) < |lo™! lLa(B))- Modifying u by a
constant if necessary, without loss of generality we can assume that

1
M = max u = — min u = —0SC u.
01(n) oimy 2w

Moreover, w.l.o.g., we assume m({(x,?) € Q1(n), u > 0}) > %m(Ql(n)), since
otherwise we consider —u instead. Thus, the functionv = 1+ % satisfies 0,v — L%V =
0 and

1
m({(x,7) € Q1(n), v=1}) = Em(Ql(n))-
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We choose 01 = i L and 0‘2 = g‘?, and observe that this choice satisfies
1
5 B 17
Q) : 2 Bl <— and (i): n> forall n > 50d. (93)
1 — o1 |B(opn)| 24 1—o0»

Before we give the elementary argument for (93) we show that (93) and Theorem 6
imply the desired claim with N := max{221 ,50d}: Forn > N, Theorem 6 with A = 5

and o1, 03 as above (and thus on > %N = 220) yields

vi(x) >y forall (¢, x) € Q%(n), 94)

for some y = y(d, p. q. llollLr B lo~ | Lo(B(n)) > 0. Hence,

M —y)<u(x)<M forall (¢,x) € Q%(n)

which implies osco, u < 2M (1 — %) = fosco,u with 6 := 1 — 4§ € (0, 1), which
concludes the argumgent.
Finally we give the argument for (93): Inequality (ii) in (93) follows from concavity
1
of 1 > 1 inthe form I — oy = 1 — (£)7 > (1 — £)J1771 = 2 and 3} < 50.
Inequality (i) in (93) can be written as 48|B(n)| < 51|B(62n)| Since |B(opn)| =

Q2loan] + 1D? > (20on — D? it suffices to show that (3% )d(za2n —1)>2n+1,

1 l+(T )d

which in turn is equivalentton > 5 o1 Usmg 1 +( ) 14 3L = ! and concavity
(3)d—

of t — td in the form( )d —1> d( w— D= @, we obtain that (i) in (93) is

satisfied for n > 148d(1 + 21) =d%. u]

3 Local limit theorem
3.1 Some properties of the heat kernel

In this section, we use the local boundedness result Theorem 5 to derive a deterministic
on-diagonal upper bounds on the heat kernel (see Proposition 2). This upper bound
combined with Theorem 1 implies large-scale Holder-continuity of the heat kernel (see
Proposition 3) which will be a crucial ingredient in the proof of the local limit theorem.
As a side result, we obtain an on-diagonal heat kernel estimate, see Corollary 2.

Next we apply the local boundedness for subcaloric functions (in the form of Corol-
lary 1) to the heat kernel p® of X. For this, we recall that for fixed x € Z¢ the map
[0, 00) x Z% > (¢, y) — p;(x, y) solves the Cauchy problem

¥ p”(x,) — Lp(x,) =0 on (0,00) x Z and po(x,y) =8:(y), (95)

where 8, (x) = 1 and 6,(z) = 0 for z # x.
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Proposition2 Fixd > 2, w € Q, and p € (1,00), ¢ € (%, 00) satisfying % + % <
d%l' There exists ¢ = c(d, p, q) € [1, 00) such that for every x, y € Z¢

=1 4
pf)(x,y)gcc(w,B(y,ﬁ)> 72 forallt > 1, (96)

where C(w, B) := C(w, B, 1) and C(w, B, 1) is defined in (51).

Remark 7 Well-known examples of trapping of random walks, see e.g. [20], show that

the statement of Proposition 2 fails for g < %’: Fixg < %. For n € N choose w € Q

as

d
n ¢ ifx=0and|y| =1
1 otherwise '

w(x,y) = {

Obviously, we have w < 1 and o™l L9(B(n)) < c(d) < oo. Moreover, an elementary
computation yields

d
pP(0,0) > 1—te(dn ¢« forallt > 0. 97)

Clearly, (97) with g < % (and thus 2 — g < 0) contradicts the validity of an estimate

of the form (96) forx = y = 0 and ¢t = n?, ie. pZ’z 0,0) < cl, p, q)n_d, for n
sufficiently large. Since Proposition 2 follows directly from local boundedness in the
form of Corollary 1 the above argument shows that assumption ¢ > % is essential in
Corollary 1.

Proof of Proposition 2 By translation it suffices to prove the claim for y = 0, and we
use the shorthand p = p{’(x, -).
For n € N specified below, we set
Q1:=10.20%] x B(n), Q1 :=[n*2n°] x B(}). 98)
Without loss of generality, we suppose from now on that

Vt > 2% and choose n := [V/1] (99)

(for ¢ € [1,2%] estimate (96) is valid with ¢ = 220 since p® < 1). We claim that
there exists ¢ = ¢(d, p, q) € [1, 00) such that

2
sup p2(z) < cClw, B) 7 1n~?. (100)
(A‘,Z)EQ%

Indeed, a direct consequence of Corollary 1 (with T = 2) combined with the fact
1P oo zay < PPN p1zay =1 forallz >0,
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is the existence of ¢ = ¢(d, p, q) € [1, 00) such that
2p g1 I
sup p;U(Z) < cC(w, B(n)yz)pfln d(1-51+3) )’
(S,Z)EQ%

where k := L% log,(3n)] and the n-factor comes from averaging of L' over Q. The

claimed estimate (100) follows from C(w, B, 2) < +/2C(w, B, 1) and p > 1, thanks
to which %(1 + %) < 1 and hence

1
. dll 1 Zlogz(Sn)
limsupn G+5)
n— o0

<c(d, p) < o0.

Fromn = Lﬁj < /1 it follows n? < r while the lower bound on ¢ gives t < 2n2,
hence (¢,0) € Q L and (100) yields

2p
—T

2p
p2(0) < cClw. B)71n~ < 27CQw, B(n))7

t )

(ST

which concludes the proof. O

Next, we combine Proposition 2 with Theorem 1 to obtain large-scale (Holder-)
continuity of the heat kernel provided, we control ||w| zr gy and o™l L4(p) in the
limit |B| — oo.

Proposition3 Fixd > 2,5 € (0,1], M € [1,00), w € Qand p € (1,00], q €

(%, oo] satisfying % + % < ﬁ. There exist c = c(d, M, p,q) € [1,00) and p =

o(d, M, p,q) € (0, 1) such that the following is true: Suppose that for every x € R?
lim sup (llwlly(B(LnxJ,n)) + [l ||yI(B(LnxJ,n))) <M. (101)
n—oo

Then fort > 482

[N

) 4
. d _
lim sup max n |pZ)2Sl 0, y1) — pfl’zxz 0, »)| < c($> t~2. (102)

n—o00 Y1,Y26B(lnx],dn)
s1.52€[t—82,1)

Proof of Proposition 3 Without loss of generality we assume p, g < oo. Let x € R?
be fixed. For k € Ng U {—1}, we set §; := %S’k t and consider the sequence of
parabolic cylinders

O :=n’[t — 82, 1] x B(|nx], &n).

Set kg := max{k € N, & > 6}. Since kg is finite and B(|nx],dn) =
B(L(Skng—kj, Skn), using assumption (101) for finitely many points g“—k, k=—-1,..., ko,
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we see that
lollLr B (lnx).semy + 10 I LaB(x) 5oy < 2M, k=—1,... ko, (103)

provided n is sufficiently large. Combining this with Theorem 1 we find 0 =
0, M, p, q) € (0, 1) such that for n sufficiently large it holds

oscg, p” < Boscg, , p® forall 1 <k <k,

where we use the shorthand p® = p®(0, -), and thus (by iteration)
0sCoy, p? < §kooch0p“’. (104)

The claimed estimate (102) is a consequence of (104) combined with the following
three facts

n’[t — 8%,1] x B(lnx],8n) C Qx>

Lo~
_ —_1/{ 26 31 In(®)]
Gko = K <_> '
Jt
96) d
w 12 —d.—4
osco,p” = 2llp ”Loo(nzt[%,l]XB(Lnnygn) = en 7t 2,

where ¢ = c¢(d,M,p,q) € [l,00). In order to apply (96), we used that
C(w, B(y, V1) appearing in (96) is up to a multiplicative constant controlled by

103)
C(w, B(|nx], 4ns/1)) = C(w, B(|nx|,8_1n)) < c(d, M, p,q). O

From Proposition 2, we directly deduce the corresponding heat kernel estimate
for the random conductance model. This extends [30, Proposition 3.6] to the case of
unbounded conductances.

Corollary 2 Suppose that Assumption 1 is satisfied and that there exists p € (1, 00),
q € (%, o) satisfying % +¢17 < d%l such that (8) is valid. Letv = v(d, p, q) € (0, 1)
be as in (21). Then there exists a random variable X > 0 such that

E[X" ] <00 VO <r < I’Tj]a - v)(é + 2%”)—1 (105)
and
sup p@(0,x) <t 2 X(w) forallt > 1. (106)
lx|=V1

Proof of Corollary 2 By Proposition 2 and the definition of C (see (51)) there exists
c=c(d, p,q) €[1, c0) such that for every t > 1

2p d
-2

sup p?(0,y) < cC(w, B(x,24/1)) 7Tt
Iyl=vt

d
< cCrax (W)t~ 2,
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with Cpax given by

1 p
Crnax (@) := max{1, (Mg(@™ ) (1 + Mp(@)* ") 77T} € [1, 00),
where M denotes the maximal operator given by

(M () = 225 Iy gy, forallr > 1and f:Z¢ — R.

Hence, we have (106) with X' = ¢(Cpax (@)) and the claimed moment conditions (105)
easily follow from Hoélder inequality and the L” (1 < r < o0) inequalities for the
maximal operator (see e.g. [30, Corollary A.2]). O

3.2 Proof of Theorem 4

By now it is well-established that quenched invariance principles (see Theorem 3)
combined with additional regularity properties of the heat kernel yield local limit
theorems, see [5,11]. Hence we only provide sketch of the proof.

Proof of Theorem 4 We only show that for every x € R? and t > 0

lim |ndpw2 O, |nx]) —k(x)|] =0 P-as., (107)
n—00 n-t

where the Gaussian heat kernel k; is defined in (6). From the pointwise result (107)
the desired claim (9) follows by a covering argument exactly as in [3, proof of Propo-
sition 3.1].

For given x € R¢ and § > 0, we introduce

O(x, 8) == x +[=48,81%, Ou(x,8) := (Onx, nd)) N 72,
and recall the elementary fact

. nd8)?
hm —_— =

~ = (108)
o0 U (x, 8)|

We write
4
J(t, %) = n?p% (0, nx]) = ki (x) = Y Jinlt, x,8),
i=1
where
nd ® w
Tin(t, x,8) = R > p%,0, [nx]) = p%,(0,2),

zell,(x,8)

@ Springer



392 P. Bella, M. Schéffner

nd
DHalt,x,8) = —— @ 0, — k d
(0. 3. 8) an(x’(m( Y 00 /Dw) ) y)
zeld, (x,8)
nd
Fan(t,x,8) = —( / (e(y) — /q(x))dy)
[ (x, §)] \JDx,8)
d d
Jun(t.x.5) = lq(x)(ﬂ - 1).
D, 9)]

It suffices to show

limsuplimsup |J; ,(t,x,8)| =0 foralli ={I1,2,3,4} P-as.. (109)

§—0 n—oo

A combination of (108) and the local Lipschitz-continuity of the heat kernel k yield
(109) fori =3 and i = 4. For i = 2, the convergence in (109) follows directly form
the quenched invariance principle Theorem 3 and finally for i = 1, we note that by
Proposition 3 and Lemma 4 below

I

S P
lim sup |J1., (¢, x, §) Sc(—) t—2, P-as..
n—>oop| 1,n | \/;

where the right-hand side tends to zero as § — 0. O

In the proof of Theorem 4 we used the following consequence of the spatial ergodic
theorem:

Lemma 4 Suppose that Assumption I and 2 are satisfied. Then, there exists c = c(d) €
[1, 00) such that

: p 139
Sup Bim Sup(leoliz o g + 19 2o apnsn)

<c Z (E[w (0, x)?] + E[w(0, x)"]) < 0o P-as..

xezd

4 Elliptic regularity: Proof of Theorem 2

We adapt the classical strategy of Moser [31] to the non-uniformly elliptic and discrete
setting. As in the parabolic case, a key ingredient is local boundedness for non-negative
subharmonic functions.

Theorem7 Fixd > 2, w € Q and let p, q € (1, o0] be such that % + é < ﬁ

(a) Fixd > 3. For every y € (0, 1], there exists c = c(d, p,q, y) € [1, 00) such that
for every u > 0 satisfying —L%u < 0in B(2n),n € N

841
@ 25 ,
xrenlgl()’(l)u(x) = e G (BCm) > Null 2py oy (110)
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where § 1= d+1 - ﬁ - ﬁ >0 p = % and for every bounded set S C 7.4

A9 (8) = llolres o Las)- (111)

(b) Fixd = 2. There exists ¢ € [1, 00) such that for every u > 0 satisfying —L%u < 0
in B2n),n e N

2
Jmax u(x) < e (””“’ 1L gy V@V 22wy + ”“”Ll(B(Zn))) :
(112)
Proof In [13, Corollary 1, Proposition 4] the corresponding estimates with max u
replaced by max |u| are proven for harmonic functions (i.e. u satisfying L%u = 0)

without any sign condition on u. The proofs apply almost verbatim to non-negative
subharmonic functions and thus are omitted here. O

Theorem 8 (Weak elhptlc Harnack inequality). Fixd > 2, w € @, and p, q € (1, 00]
sansﬁnng +1 < 2 Letu > 0be such that —L®u > 0 in B(4n). Suppose that
there exist 8 > 6 and X e (0, 1) such that

l{x € Q(2n), u(x) = €}) = A|B(2n)|. (113)
There exists a constant ¢ = ¢(d, p, q) € [1, 00) such that
u(x) >y forallx € B(n), (114)
where

exp(—ch 1A (B(4(n)))?) ifd =2,
y=¢ L va Vot el 11y
exp(—ck‘ A‘I‘j’q(B(4(n)))2 5 P2y d) ifd > 3.
Proof of Theorem 8 Without loss of generality, we assume ¢ = 1. Throughout the proof

we write < if < holds up to a positive constant depending on d, p, and g. Consider
the function x — W (x) := g(u(x)), with g being defined in (70).

Step 1. W is subharmonic, i.e. —L®W < 0 in B(4n).
This follows from Step 1 of the proof of Theorem 6.

Step 2. Fix d > 3. We claim that there exists ¢ = ¢(d, g) € [1, o0) such that

lq — 1 . Indeed, as in Proof of Lemma 3, Step 1, we obtain for any

2
n:Z% — [0, 1] wit hn—Oand\B(4n—1)

BT Y 0@)@y () (VW(©)* < clloll i g, I V1ll7o (0st ). (116)

ecBd
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Choosing a suitable cut-off function satisfying n = 1 in B(2n), ||Vl < n~!and
(osr(n)) < 2, we deduce from (86) that

INOVWIT gy <210l L1 (peany)- (117)

Moreover, appealing to Sobolev inequality as in (89), we find ¢ = c(d, q) € [1, 00)
satisfying

WIS 0 g am)y < A2 IVWIP 5, < en’a 720 e @ IVOVWIL g o)

L7+ (B(2n))

and claim (115) follows by (117)

Step 3. Conclusion for d > 3.
Combining (115) with estimate (110) (with y = 2%,) and the fact that W is subhar-
monic, we obtain

max W(x) <A7TA® (B(2n))pl%(l+$_%)||w||
B ~ P.q L2(B(2n))

7 8+1 1 2 1
SATIAY (BT T e, (118)

Estimate (114) (for d > 3) follows from (118) and the definition of W and g.

Step 4. The case d = 2.
Assumption (113) and a suitable version of Sobolev inequality (see (89)) yield

1

—1 -1y, =12
”W”Ll(g(zn)) ,S na ”VW”LI(B(Zn)) <nr o ||£1(B(2n))”\/EVWHLZ(B@"))
and in combination with (117) and (112) (using that W is subharmonic by Step 1)

1
2

—1 ” %
LY(B(2n))’

Lisemlel

-
Wiz Bany) S A llw

The claimed estimate follows by the definition of W. O

Proof of Theorem 2 Appealing to the weak Harnack inequality Theorem 8 the proof
follows by the same argument as in the parabolic case, see Theorem 1. O
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Appendix A: Technical estimates

We recall some estimates, mainly proven in [4, Lemma A.1], that we used in the proof
of Theorem 5.

Lemma5 Fora € R and o € R\{0}, set a, = |a|*signa.
(i) Foralla,b € Randany a, f # 0

|do — ba| < (1 v %D lag — bpl(jal*F + b]*~F) (119)
(ii) Foralla,b > 0 and a > %
2
(aot _ bC()2 S . (a _ b)(aZa—l _ b20t—1) (120)
200 — 1
(iii) Foralla,b > 0and a > 1
@ '+ b2 Yja — b| < |a® — bY|(@* + bY). (121)

Proof Parts (i) and (ii) are contained in [4, Lemma A.1]. We provide the argument
for (121): We start with few reductions. First, by symmetry we can assume a > b and
the case b = 0 being trivial allows us to farther assume » > 0. By homogeneity of
both sides of the inequality, we can farther assume b = 1, in which case the inequality
reads

A - T ra—1=@®* '+ Da-D <@ -D@+1)=a*—1,
which reduces to a(1 — a?>@~ D) = —a?*~1 4+ 4 < 0, which using 2(e — 1) > 0 is
equivalent to @ > 1, thus completing the argument. O

Finally we recall a technical estimate given in [3] that we used in the proof of
Lemma 3.

Lemma 6 ([3,Lemma A.1]). Let g € C1(0, 00) be a convex, non-increasing function.
Assume the g’ is piecewise differentiable and that there exists y € (0, 1] such that
v8' (nN? < g"(r) forae. r € (0,00). Then, forall x,y > 0anda,b > 0

— (%' (y) —a?g )y —x)
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. 2 2 p? . .
— % (min{a®, b*}(g(y) — g(0))* + > max{§7, 7}(b — a)* if minfa, b} > 0,
max{—xg'(x), —yg'(N}(b — a)* if min{a, b} = 0
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