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Abstract

We consider the problem of designing experiments for the comparison of two regres-
sion curves describing the relation between a predictor and a response in two groups,
where the data between and within the group may be dependent. In order to derive
efficient designs we use results from stochastic analysis to identify the best linear
unbiased estimator (BLUE) in a corresponding continuous model. It is demonstrated
that in general simultaneous estimation using the data from both groups yields more
precise results than estimation of the parameters separately in the two groups. Using
the BLUE from simultaneous estimation, we then construct an efficient linear estima-
tor for finite sample size by minimizing the mean squared error between the optimal
solution in the continuous model and its discrete approximation with respect to the
weights (of the linear estimator). Finally, the optimal design points are determined by
minimizing the maximal width of a simultaneous confidence band for the difference
of the two regression functions. The advantages of the new approach are illustrated by
means of a simulation study, where it is shown that the use of the optimal designs yields
substantially narrower confidence bands than the application of uniform designs.
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1 Introduction

The application of optimal or efficient designs can improve the accuracy of statisti-
cal analysis substantially, and meanwhile, there exists a well-established and powerful
theory for the construction of (approximate) optimal designs for independent observa-
tions, see for example the monographs of Pukelsheim [28] or Fedorov and Leonov [15].
In contrast, the determination of optimal designs for efficient statistical analysis from
dependent data is more challenging because the corresponding optimization problems
are in general not convex and therefore the powerful tools of convex analysis are not
applicable. Although design problems for correlated data have been discussed for a
long time (see, for example [2,26,30,31], who use asymptotic arguments to develop
continuous but in general non-convex optimization problems in this context), a large
part of the discussion is restricted to models with a small number of parameters and
we refer to Pazman and Miiller [27], Miiller and Pazman [25], Dette et al. [7], Kiselak
and Stehlik [19], Harman and gtulajter [17], Rodriguez-Diaz [29], Campos-Barreiro
and Loépez-Fidalgo [4] and Attia and Constantinescu [1] among others.

Recently, Dette et al. [9] suggest a more systematic approach to the problem
and determine (asymptotic) optimal designs for least squares estimation, under the
additional assumption that the regression functions are eigenfunctions of an integral
operator associated with the covariance kernel of the error process. For more gen-
eral models Dette et al. [10] propose to construct the optimal design and estimator
simultaneously. More precisely, they construct a class of estimators and corresponding
optimal designs with a variance converging (as the sample size increases) to the opti-
mal variance in the continuous model. Dette et al. [6] propose an alternative strategy
for this purpose. They start with the construction of the best linear unbiased estimator
(BLUE) in the continuous model using stochastic calculus and determine in a sec-
ond step an implementable design, which is “close” to the solution in the continuous
model. By this approach these authors are able to provide an easily implementable
estimator with a corresponding design which is practically non-distinguishable from
the weighted least squares estimate (WLSE) with corresponding optimal design. Their
results are applicable for a broad class of linear regression models with various covari-
ance kernels and have recently been extended to the situation, where also derivatives
of the process can be observed (see [11]).

Dette and Schorning [12] and Dette et al. [13] propose designs for the comparison
of regression curves from two independent samples, where the latter reference also
allows for dependencies within the samples. Their work is motivated by applications in
drug development, where a comparison between two regression models that describe
the relation between a common response and the same covariates for two groups is
used to establish the non-superiority of one model to the other or to check whether the
difference between two regression models can be neglected. For example, if the sim-
ilarity between two regression functions describing the dose-response relationships
in the groups individually has been established, subsequent inference in drug devel-
opment could be based on the combined samples such that a more efficient statistical
analysis is possible on the basis of the larger population. Because of its importance,
several procedures for the comparison of curves have been investigated in linear and
nonlinear models (see [3,8,16,20,21,23,24], among others). Designs minimizing the
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maximal width of a (simultaneous) confidence band for the difference between the
regression curves calculated from two independent groups are determined by Dette
and Schorning [12] and Dette et al. [13], who also demonstrate that the use of these
designs yields to substantially narrower confidence bands.

While these results refer to independent groups, it is the purpose of the present paper
to investigate designs for the comparison of regression curves corresponding to two
groups, where the data within the groups and between the groups may be dependent.
It will be demonstrated that in most cases simultaneous estimation of the parameters
in the regression models using the data from both groups yields to more efficient
inference than estimating the parameters in the models corresponding to the different
groups separately. Moreover, the simultaneous estimation procedure can never be
worse. While this property holds independently of the design under consideration, we
subsequently construct efficient designs for the comparison of curves corresponding
to not necessarily independent groups and demonstrate its superiority by means of a
simulation study.

The remaining part of this paper is organized as follows. In Sect. 2 we introduce
the basics and the design problem. Section 3 is devoted to a continuous model, which
could be interpreted as a limiting experiment of the discrete model if the sample size
converges to infinity. In this model we derive an explicit representation of the BLUE
if estimation is performed simultaneously in both groups. In Sect. 4 we develop a
discrete approximation of the continuous BLUE by determining the optimal weights
for the linear estimator. Finally, the optimal design points are determined such that
the maximum width of the confidence band for the difference of the two regression
functions is minimal. Section 5 is devoted to a small numerical comparison of the per-
formance of the optimal designs with uniform designs. In particular, it is demonstrated
that optimal designs yield substantially narrower confidence bands. In many cases the
maximal width of a confidence band from the uniform design is by a factor between
2 and 10 larger than the width of a confidence band from the optimal design.

2 Simultaneous Estimation of Two Regression Models

Throughout this paper we consider the situation of two groups of observations
Yii,....,Y1pand Y21, ..., Y2, atthe points #1, ..., t, (i = 1,2) where there may
exist dependencies within and between the groups. We assume the relation between
the response and the covariate ¢ in each group is described by a linear regression model
given by

Yij=Yit) = f;' )0 +mity), j=1,...,ni=1,2. 2.1

Thus in each group n observations are taken at the same points ¢1, ..., t, which can
be chosen in a compact interval, say [a, b], and observations at different points and
in different groups might be dependent. The vectors of the unknown parameters 6!
and 0@ are assumed to be p;- and p,-dimensional, respectively, and the correspond-
ing vectors of regression functions f; (1) = (fi1(t), ..., fi.p: )T, i = 1,2, have
continuously differentiable linearly independent components.
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To address the situation of correlation between the groups, we start with a very sim-
ple covariance structure for each group, but we emphasize that all results presented in
this paper are correct for more general covariance structures corresponding to Markov
processes, see Remark 3.3 for more details. To be precise, let {¢1(¢)| t € [a, b]} and
{e2(t)| t € [a, b]} denote two independent Brownian motions, such that

Ele;i (tj))] =0, K;(tj, 1) = Ele;(¢))e; ()] = min(z;, #) (2.2)

denotes the mean value and the covariance of the individual process ¢; at the points ¢;
and 1, respectively. Let o1, 00 > 0, 0 € (—1, 1), denote by ¥1/2 the square root of
the covariance matrix

2
Y= ( 7 "1"229> , 2.3)

01020 05

and define for ¢ € [a, b] the two-dimensional process {5(¢)| ¢ € [a, b]} by

n(t) = (Z;g;) = 312e(), (2.4)

where () = (g1 (1), £2(¢)) T. Note that o € (—1, 1) denotes the correlation between
the observations Y1(¢;) and Y2(¢;) (j = 1, ..., n), and that in general the correlation
between Y (¢;) and Y>(#) is given by

. 1 Ik
Corr(Y1(tj), Y2(t)) = omin /=, |— (2.5)
17 t;

if tj,t4 € [a,b], for a > 0. If the interval is given by [a = 0, b] instead, the
correlation between Y1(¢;) and Y>2(#) is given by (2.5) if ¢;, % € (0, b], whereas
Corr(Y1(0), Y2(t;)) = Corr(Y1(t;), Y2(0)) = O for ¢; € [0, b].

Considering the two groups individually results in proper (for example weighted
least squares) estimators of the parameters ) and 6. However, this procedure
ignores the correlation between the two groups and estimating the parameters 61 and
6@ simultaneously from the data of both groups might result in more precise estimates.
In order to define estimators for the parameters 61 and #® using the information
from both groups we now consider a more general two-dimensional regression model,
which on the one hand contains the situation described in the previous paragraph as a
special case, but on the other hand also allows us to consider the case, where some of
the components in 61 and 6, coincide, see Example 2.2 and Sect. 3.3 for details. To
be precise we define the regression model

Y1) = <2EZ§> =F ()0 +9() =F ;)0 +2%e1)), j=1,....26)
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where two-dimensional observations

Y1) = (V1(), o) ', ., Y(t) = (Y1 (1), Ya (1)) T

are available at points #1, . . ., t, € [a, b]. Inmodel (2.6) the vector 6 = (91, ..., ﬂp)T
is a p-dimensional parameter and
F (1) Fia(t) ... Fip(0)
Fl(=|(,! = (" P 2.7
® (FJ 0) =P ... Ry @7

denotes a (2 x p) matrix containing continuously differentiable regression functions,
where the two-dimensional functions (Fy,1(¢), F2 o’,..., (F1,p (), Fz,p(t))T are
assumed to be linearly independent.

Example 2.1 The individual models defined in (2.1) are contained in this two-
dimensional model. More precisely, defining the p = (p; 4+ p2)-dimensional vector
of parameters 6 by 6 = C (9(2))T)T and the regression function FT () in (2.7)
by the rows

Fl ) = (' 0.0,). F ©)=©0).f ),

it follows that model (2.6) coincides with model (2.1). Moreover, this composite
model takes the correlation between the groups into account. In this case the models
describing the relation between the variable ¢ and the responses Y;(¢) and Y>(¢) do
not share any parameters.

Example 2.2 1n this example we consider the situation where some of the parameters
of the individual models in (2.1) coincide. This situation occurs, for example, if Y7 (¢)
and Y>(t) represent clinical parameters (depending on time) before and after treat-
ment, where it can be assumed that the effect at time a coincides before and after the
treatment. In this case a reasonable model for average effect in the two groups is given
by

EY; ()] =09 +@NTfi@r), i=1,2.

More generally, we consider the situation where the vectors of the parameters are
given by

o — (9O GgOHT g — 9O GOT)T
where 0 € RP0 denotes the vector of common parameters in both models and

vectors 0 € RP1=P0 and ) e RP2~P0 contain the different parameters in the two
individual models. The corresponding regression functions are given by

A@O=Uo, /@) . o=@, f ), (2.8)
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where the vector fOT (#) contains the regression functions corresponding to the common
parameters in the two models, and flT (t) and sz (#) denote the vectors of regression
functions corresponding to the different parameters 1 and 6, respectively.
Defining the p = (p1 + p2 — po)-dimensional vector of parameters 6 by 6 =
(CARN oW, 5(2)) and the regression function F'(¢)in (2.7) by the rows

FlL @) = (fg 0. AT ©).0,, 0. F(0)=(f 0.0, _,0. £ ®).

it follows that model (2.6) contains the individual models in (2.1), where the regression
functions are given by (2.8) and the parameters 01 and 6 share the parameter 6.
Moreover, this composite model takes the potential correlation between the groups
into account.

3 Continuous Models

It was demonstrated by Dette et al. [6] that efficient designs for dependent data in
regression problems can be derived by first considering the estimation problem in a
continuous model. In this model there is no optimal design problem as the data can
be observed over the full interval [a, b]. However, efficient designs can be determined
in two steps. First, one derives the best linear unbiased estimator (BLUE) in the
continuous model and, secondly, one determines design points (and an estimator)
such that the resulting estimator from the discrete data provides a good approximation
of the optimal solution in the continuous model. In this paper we will use this strategy
to develop optimal designs for the comparison of regression curves from two (possible)
dependent groups. In the present section we discuss a continuous model corresponding
to discrete model (2.6), while the second step, the determination of an “optimal”
approximation will be postponed to following Sect. 4 .

3.1 Best Linear Unbiased Estimation

To be precise, we consider the continuous version of the linear regression model in
(2.6), that is,

Y() = (28) —F ()0 +2'2et), tcla, bl 3.1)

where we assume 0 < a < b and the full trajectory of the process {Y (¢) | ¢ € [a, b]}
is observed, {e(r) = (1(1), &2(t)) " | t € [a, b]} is a vector of independent Brownian
motions as defined in (2.2), and the matrix X 172 is the square root of the covariance
matrix X defined in (2.3). Note that we restrict ourselves to an interval on the positive
line, because in this case the notation is slightly simpler. But we emphasize that the
theory developed in this section can also be applied for a = 0, see Remark 3.1 for
more details. We further assume that the (p x p)-matrix
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b
M =/ FOX 'R (1) dr + lF(a))f‘FT(a) (3.2)
a a

is non-singular.

Theorem 3.1 Consider continuous linear regression model (3.1) on the interval [a, D],
a > 0, with a continuously differentiable matrix of regression functions ¥, a vector
{e(t) = (e1(2), e() T | t € [a, b]} of independent Brownian motions and a covari-
ance matrix X defined by (2.3). The best linear unbiased estimator of the parameter
0 is given by

b
fpLug = M™! (/ FOX'dY@®) + éF(a)z*‘Y(a)). (3.3)

Moreover, the minimum variance is given by

R b, . | !
Cov(fgLugp) = M~ ! = (/ FOZ'FT(r)dr + —F(a)E_lFT(a)) . (3.4)
a a

Proof Multiplying Y by the matrix X~/

V(= () —12 (V1O _ g-12pT
Y(t)_<Y (t)) > (Yz(t)>_): F 00+ e®), 3.5)

yields a transformed regression model

where X 71/2 is the inverse of £ !/2, the square root of the covariance matrix X defined

in (2.3). Note that the components of the vector ¥ are independent, and consequently,
the joint likelihood function can be obtained as the product of the individual com-
ponents. Next we rewrite the components of continuous model (3.5) in terms of two
stochastic differential equations, that is

AV () = 1 (OE; PFT (1)60dt + de; (1), 1 € 10, b] (3.6)
Yi(a) =2’ FT ()6 +¢i(a) , (3.7)

where 1,4 is the indicator function of the set A and Z_l/ 2 denotes the i-th row of
the matrix X ~1/2 (i = 1,2). Since {¢;(t)| t € [a, b]} is a Brownian motion, its
increments are independent. Consequently, the processes {Yi(1)| ¢ € [0, b]} and the
random variable Y;(a) are independent. To obtain the joint density of the processes
defined by (3.6) and (3.7) it is therefore sufficient to derive the individual densities.
Let Pg) and IP’((; ) denote the measures on C ([0, b]) associated with the process f’,- =
{Yi(#)| t € [0,b]} and {€;(¢)| t € [0, b]}, respectively. It follows from Theorem 1 in
Appendix II of Ibragimov and Has minskii [18] that Pg) is absolute continuous with
respect to ]P’g) with Radon-Nikodym density

dp (1)

b
—O (V) = exp{f >R (1)edY (1) — -/ (= I/ZFT(t)G)zdt}
Py a
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Similarly, if Qg denotes the distribution of the random variable Yi(a) ~ N (E_l/ g7
(a)0, a) in (3.7), then the Radon—-Nikodym density of Q(’) with respect to QO is given
by

gy’ o Yi@)s; PFT ()0 1(2‘”2FT(a)9)2
% a 2 a ’

QY

Consequently, because of independence, the joint density of (}P’g), Qg)) with respect
to (PY, Q(()')) is obtained as

ary § b 7@z 2F @6
(,)( ¥;) x Q(,) (Yi (@) —exP{(/ = PR (1)6dY; (1) + M)
aQ{ p -

b . =7 2R @)
-5 (/ = PET (06) e +(‘(a)0)>} .
a a

As the processes Y and Y are independent by construction, the maximum likelihood
estimator in model (3.1) can be determined by solving the equation

9 Py’ dQy’
ﬁlog{ﬂdpg>( ) x Q(l)ma»}

b -12¢
=2 {/ Pz, 2% + w

i=1

b
- (f Foys e PR (1) dz+F(a)):;1/22;”2FT(a))e} —0
a

with respect to 6. The solution coincides with the linear estimate defined in (3.3), and a
straightforward calculation, using Ito’s formula and the fact that the random variables

b g (t)de; and e, are independent, gives
a

b
Cov(fpLuE) = M*‘]Ee[(/ PO dY () + éF(a)z*‘Y(a))

a

b
x(/ FOZ'Y(0) + éF(a)Z_lY(a))T]M_]

b
- M—l(/ PO T (1) dr + C—IZF(a)Z_lFT(a))M_l —M,

a

where the matrix M is defined in (3.2). Since the covariance matrix M~ is the inverse
of the information matrix in the continuous regression model in (3.1) (see [18], p. 81),
linear estimator (3.3) is the BLUE, which completes the proof of Theorem 3.1. O
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Remark 3.1 The proof of Theorem 3.1 can easily be modified to obtain the BLUE for
the continuous model on the interval [a = 0, b]. More precisely, for a = 0 Eq. (3.7)
becomes a deterministic equation equivalent to

Y0)=F' (00, (3.8)

and we have to distinguish three cases.

ey

@

If the regression function F satisfies F(0) = 0,2 (that is rank(F(0)) = 0)), deter-
ministic Eq. (3.8) does not contain any further information about the parameter 6
and the maximum likelihood estimator in model (3.1) is given by

~ b .
fove =My ([ FOZ T aY0),

where the minimum variance is given by

b -1
Cov(fLug) =M, ' = (/0 F(t)):_lFT(t)dt> .

If the rank of the matrix F(0) satisfies rank(F(0)) = 1, deterministic Eq. (3.8)
contains one informative equation about 6. In that case, we assume without loss
of generality that 77 1(0) # 0 and it follows by (3.8) that 8; can be reformulated
by 62, ..., 6, through

O - ¥ 0,F1,0)

1= (3.9
F1,1(0)
Using (3.9) in combination with model (3.1), we obtain a reduced model by
Y1000 (F 1(0)) = 1/2
Z1)=Y() — ' =F®)6+ X 1), 3.10
=Y - 0 <F2’1(0) 0+, (3.10)
where the matrix-valued function f‘(t) is defined by
= Fi.1(0)
T i,
FL ()= (F ;0 - mFLJ(O))i:Lz,j:z,...p G.11)
and the reduced (p — 1)-dimensional parameter 6 is given by 8 = (65, .. ., 0p). 1t

follows by ~mnk(F(O)) = 1 that the matrix-valued function F(¢) defined in (3.11)

satisfies F7 (0) = 0, ,. Consequently, the modified model given by (3.10) satisfies
the condition of the case given in (1) and the best linear unbiased estimator for the
reduced parameter 6 is obtained by

A b .
PBLUE = Mgl(/o F()z~" dz(), (3.12)
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where the process {Z(t); ¢ € [0, b]} is defined by (3.10), the matrix F(r) is given
by (3.11), and the minimum variance is given by

A b . . -1
Cov(fpLuE) = Mal = (/ F(t)E_lFT(t)dt> )
0
The best linear unbiased estimator for the remaining parameter 6; is then obtained
by
5 Y1(0) — Zfzj éBLUE,jFl,j (0)
1 =
F1,1(0)

(3) If the rank of the matrix F(0) satisfies rank(F(0)) = 2, Eq. (3.8) contains two

informative equations about 6.
Let

_(F1a@) Fi20)
A= (Fz,l(t) Fz,z(r)) (3.13)

be the submatrix of F which contains the first two columns of F” (¢). Without loss
of generality, we assume that A(0) is non-singular (as rank(F(0)) = 2).
Then it follows by (3.8) that

p
(Z;) =A"'0 (Y(O) - Ff,j(O)Oj),»zm) : (3.14)
j=3

Using (3.14) in combination with (3.1) we obtain a reduced model given by
Zt) = Y1) — AOA(0)Y(0) = F()d + =2e(t) (3.15)

where the matrix-valued function A(7) is given by (3.13), the matrix-valued func-
tion F” (¢) is of the form

F' (1) = AOA (0)(Fi; (0)) +(Fij )2y 53, (3:16)

i=1,2;j=3,.p
and the reduced (p — 2)-dimensional parameter 0 is given by 6= (s, ..., 0p) .
The matrix-valued function f‘(t) defined in (3.16) satisfies F7 (0) = 05 ,. Con-

sequently, the modified model given by (3.15) satisfies the condition of the case

given in (1) and the best linear unbiased estimator LU for the reduced ( p—2)-
dimensional parameter 6 is obtained by (3.12) using the process {Z(t); ¢ € [0, D]}
defined by (3.15) and the matrix-valued function f‘(t) given by (3.16). The best
linear unbiased estimator for the remaining parameter (61, Gz)T is then obtained
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by
6 .
(é) = A~ O)(YO) = (3 Fij ©fsLue),_ )
j=3
3.2 Model with No Common Parameters

Recall the definition of model (2.1) in Sect. 1. It was demonstrated in Example 2.1
that this case is a special case of model (2.6), where the matrix F is given by

.. (fif® of
F (t)-( 0 5 (2;)> (3.17)

T T S .
and 0 = (0D ,6® )T, Considering both components in the vector Y separately,
we obtain continuous versions of the two models introduced in (2.1),that is,

Yit) = £ @009 + 1), i = 1,2, (3.18)

where the error processes {n(t) | t € [a, b]} are defined by (2.4). An application of
Theorem 3.1 yields the following BLUE.

Corollary 3.1 Consider continuous linear regression model (2.6) on the interval [a, b],
with continuously differentiable matrix (3.17), a vector {e(t) = (e1(t), 82([))T |t €
[a, b1} of independent Brownian motions and a matrix X defined by (2.3). The best
linear unbiased estimator for the parameter 0 is given by

. 5
OBLUE = é]?z]“)UE

BLUE
_ 1 M-! {/b( o5 f1(t) —UIUZQfl(f)>d<Y1(t)>
o202(1 - 02) o \—o10202(1) o} fo(1) Y2(1)
1( offila) —oi000fi (a)) <Y1 (a))}
T <—0102Qf2(61) op@ )\n@)f (3.19)

The minimum variance is given by M~ where

_ 1 ( osMy —U1UzQM12>
oo} (1 — 02) \—01020My) oMy,

and
b T 1 T ..
M;; :/ fi(l)fj (t)dr + ;fi(a)fj (a) i,j=1,2. (3.20)
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It is of interest to compare estimator (3.19) with the estimator ésep = ((és(elg)—r,
(és(ezg)T)T, which is obtained by estimating the parameter in both models (3.18) sep-

arately. It follows from Theorem 2.1 in Dette et al. [6] that the best linear unbiased
estimators in these models are given by

b
6y =M (/ ﬁ(t)in(t)vLéﬁ(a)Yi(a)), i=12 (32D

where the matrices are defined by
b 1 .
M;; =/ fi() f; (t)dt+2fi(a)f,~ (@), i=12.
a

Moreover, the covariance matrices of the estimators ég(elg and és(ezg are the inverses of
the Fisher information matrices in the individual models, that is

Cov(dDy = o?M;' i=1,2. (3.22)

sep i ii
The following result compares the variance of two estimators (3.19) and (3.21).

Theorem 3.2 [f the assumptions of Corollary 3.1 are satisfied, we have (with respect
to the Loewner ordering)

Cov(05) yp) < Cov(@®)), i=1,2,

sep

forall o € (—1, 1), where the élgiIZUE and és(é])) are the best linear unbiased estimators

of the parameter 0 obtained by simultaneous estimation (see (3.19)) and separate
estimation in the two groups (see (3.21)), respectively.

Proof Without loss of generality we consider the case i = 1, the proof for the index
i = 2isobtained by the same arguments. Let K" = (Ip;, 0y, xp,) bea p1 x (p1+p2)-

matrix, where I, and 0,, ., denote the p;-identity matrix and a (p; X p>)-matrix
filled with zeros. Then,

Cov(A) 1p) = (Ck, (M),
where

1
Ck, (M) = (K[M'K))~! = ) (M11 - Q2M12M521M1r2) (3.23)

ol (1 — o2
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is the Schur complement of the block Mj; of the information matrix M (see p. 74 in
[28]). Observing (3.22) we now compare Cg, (M) and ﬁMll and obtain

| 1 1
Cx, (M) — —M :—(M — oM M—IMT)——M
K, (M) o7 11 21— 11 — o MMy, My, p. 11
@ (M - MMM
_02(1—02) 11 12M5, My, (3.24)
1
2
Q ~
=————7Ck, M),
o?(1—02

where Ck, (1\7[) is the Schur complement of the block My, of the matrix
Y M My
M= .
<M21 Mzz)

Note that the matrix M is non-negative definite. An application of Lemma 3.12 of
Pukelsheim [28] shows that the Schur complement Ck, (M) is also non-negative def-
inite, that is Ck, (M) > 0 with respect to the Loewner ordering. Observing (3.24) we
have

A —1 1 N —1
(CovBrue) ™" = Ci, ) = M1 = (Cov(diy))
1

and the statement of the theorem follows. O

Remark 3.2 If o = 0 we have Cg, (M) = M;, and it follows from (3.23) that sep-
arate estimation in the individual groups does not yield less precise estimates, that
is Cov(és(é%,) = Cov(ééi)UE) (i = 1,2). However, in general we have Cov(és(é%,) >
Cov(ééi)UE). Moreover, the inequality is strict in most cases, which means that simul-
taneous estimation of the parameters () and #® yields more precise estimators. A
necessary condition for strict inequality (i.e., the matrix Cov(és(éz,) — Cov(éélL)UE) is
positive definite) is the condition o # 0. The following result shows that this condition
is not sufficient. It considers the important case where the regression functions f; and
f2in (3.17) are the same and shows that in this case the two estimators éBLUE and ésep
coincide.

Corollary 3.2 [f the assumptions of Corollary 3.1 hold and additionally the regression

functions in model (2.6) satisfy f1 = f, the best linear unbiased estimator for the
parameter 0 is given by

BLUE

R é(D b iy 1 i
o = (35 ) = [ (Ro M A0) Y0 + 2 (heM;! fi@) Yia)
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where I denotes the 2 x 2-identity matrix and the matrix My is defined by (3.27).
Moreover, the minimum variance is given by Cov(fgLug) = X ® Mfll and

Cov(B) = Covfiyp) (=1.2).

3.3 Models with Common Parameters

Recall the definition of model (2.1) in Sect. 1. It was demonstrated in Example 2.2
that this case is a special case of model (2.6), where the matrix of regression functions
is given by

T FT T
FTin — [Jo @ 10,0, 3.25
" (fJ(r»OL-WfJ(r) o

and the vector of parameters is defined by
6 =@0" gn" GOHT
An application of Theorem 3.1 yields the BLUE in model (2.6) with the matrix FT
defined by (3.25).
Corollary 3.3 Consider continuous linear regression model (2.6) on the interval [a, b],

where the matrix of regression functions F' is continuously differentiable. The best
linear unbiased estimator for the parameter 0 is given by

50

. :](31L)UE 1 1

OBLUE = | 6 =S5 —>SM
BLUE 0.120.22(1 _ QZ)

52)
8LUE

, (03 —01020) fo(t) (0} — 01020) fo (1) Yo
/ 03 1) ~o1mefi) |d (Y;(,)> (3.26)
—01020 f2(1) ol o)
(03 — 01020) fo(a) (o} — 1020) fo (@)
1 (2 0 i 0
| 7 i@ —o1020/1(a) (Y ! (“)) .
a x 2% Ya(a)
—01020 f2(a) oi f2(a)

The minimum variance is

Cov(fgLug) =M1,

where
2 2 _ M 2 M 2 M.
1 (o] + 05 —01020)Moo (05 — 01020)Mo1 (0] — 01020)Mp2
" o202(1— %) ("i —01020)Mjo oM —o1020M12
12 ¢ (of —01020)M2o —01020Mp) oM,
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and individual blocks in this matrix are given by
b T 1 T
M;; = / 8i(1)g; (Nt + —gila)g; (a), (3.27)
a

fori, j =0,1,2, where go(t) = fo(t) and gi(t) = f,-(t)f()ri =1,2.

It is again of interest to compare estimate (3.26) with the estimate ésep =
((és(elg)T, (ésgg)T)T, which is obtained by estimating the parameter 9@ = ((9(0))T,
@D T inbothmodelsi = 1, 2 (3.18) separately by using (3.21). The corresponding
covariances of the estimators és(elg and és(ezg are given by (3.22). The following result

compares the variance of two estimators (3.26) and (3.21). Its proof is similar to the
proof of Theorem 3.2 and therefore omitted.

Theorem 3.3 If the assumptions of Corollary 3.3 are satisfied, we have (with respect
to the Loewner ordering)
5(0) 4() P
Cov(Op/ yp) =< Cov(@sep) , 1=1,2,

forall o € (—1, 1), where the égﬁUE and ég(ég, are the best linear unbiased estimators
of the parameter 6 obtained by simultaneous and separate estimation, respectively.

Remark 3.3 The results presented so far have been derived for the case where the
error process {&(t) = (e1(1), sz(t))T| t € [a, b]} in (2.6) consists of two independent
Brownian motions. This assumption has been made to simplify the notation. Similar
results can be obtained for Markov processes, and in this remark, we indicate the
essential arguments.

To be precise, assume that the error processes {e(t) = (e1(¢), &2 )|t €la,bl}in
model (2.6) consist of two independent centered Gaussian processes with continuous
covariance kernel given by

K(s,t) =E[gi(s)ei(t)] = u(s)v(t) min{g(s),q(t)} s,t €la,b], (3.28)

where u(-) and v(-) are functions defined on the interval [a, b] such that the function
q(-) = u(-)/v(-) is positive and strictly increasing. Kernels of form (3.28) are called
triangular kernels, and a famous result in Doob [14] essentially shows that a Gaussian
process is a Markov process if and only if its covariance kernel is triangular (see
also [22]). In this case model (2.6) can be transformed into a model with an error
process consisting of two independent Brownian motions using the arguments given
in Appendix B of Dette et al. [10]. More precisely, define

_ )
qt) = ()

and consider the stochastic process
e(t) =v()e(q®)),
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where {&(7) = (&1(1)7,&2(1)| 7 € [a,b]} consists of two independent Brownian
motions on the interval [a, B] = [g(a), g(b)]. It now follows from Doob [14] that
the process {e(t) = (¢1(2), 82(t))T| t € [a, b]} consists of two independent centered
Gaussian processes on the interval [a, b] with covariance kernel (3.28). Consequently,
if we consider the model

Y (@) = n (’:)) =FT' (o + 228, i elqa),qb)], (3.29)
Yo (1)
and
Fi o Fe @) o @@ g Y@ ®)
v(g=' @) v(g1 (@)’ v(g=' @)’

the results obtained so far are applicable. Thus, a “good” estimator obtained for the
parameter 6 in model (3.29) is also a "good estimator” for the parameter 6 in model
(3.1) with error process consisting of two Gaussian processes with covariance kernel
(3.28). Consequently, we can derive the optimal estimator for the parameter 0 in
continuous model (3.1) with covariance kernel (3.28) from the best linear unbiased
estimator in the model given in (3.29) with Brownian motions by an application of
Theorem 3.1. The resulting best linear unbiased estimator for 6 in model (3.1) with
triangular kernel (3.28) is of the form

R B bRt — F)v(r) Y1) F(@)X 'Y(a)
_ 1 1
Prue =M {/ i(tyo(t) — i) d<v<r>)+ @ )

where the minimum variance is given by

1| b FOv@O—F0)o@0)E (FOv()—F©0)b)) "
M= (fa OO0 —15(0)] d

F@Z'F @)\
RERTEI) ) ‘

4 Optimal Designs for Comparing Curves
In this section we will derive optimal designs for comparing curves. The first part is
devoted to a discretization of the BLUE in the continuous model. In the second part

we develop an optimality criterion to obtain efficient designs for the comparison of
curves based on the discretized estimators.

4.1 From the Continuous to the Discrete Model

To obtain a discrete design for n observations at the points a = 71, ..., t, from the
continuous design derived in Sect. 3, we use a similar approach as in Dette et al. [6] and
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construct a discrete approximation of the stochastic integral in (3.3). For this purpose
we consider the linear estimator

=M Y ik s 0@ - e+ sy

=2
N _ F(a)
=M Y e ) — Y+ — =27 1)
i=2
wherea =t <th <...<t,_1 <t, =b,R,...,R,are px p weight matrices and
o, = SZZF(tl), L0, = SZnF(tn_l) are p x 2 matrices, which have to be chosen in

a reasonable way. The matrix M~ ! is given in (3.4). To determine these weights in an
“optimal” way we first derive a representation of the mean squared error between best
linear estimate (3.3) in the continuous model and its discrete approximation (4.1). The
following result is a direct consequence of Ito’s formula.

Lemma 4.1 Consider continuous model (3.1). If the assumptions of Theorem 3.1 are
satisfied, we have

Eol(@BLUE — 60) OBLUE — 0n) "1 = { Z/ [F(s) — @; |7 [F(s) — q’i]T ds
o .
+ Z [F(s) — —1FT(s)ds99T/ F()Z7'[F(s) —<I>,~]Tds}M_1.
ij=2 ti—1 tj—1
4.2)

In the following we choose optimal p x 2 matrices ®; = Sl,-F(t,-_ 1) and design
points 7, ..., t,—1 (t] = a,t, = b), such that linear estimate (4.1) is unbiased and
the mean squared error matrix in (4.2) “becomes small.” An alternative criterion is to
replace the mean squared error [Ey [(éBLUE — én)(éBLUE — én)T] by the mean squared
error

Eg[(6n — 0)(0n — )]

between the estimate 6, defined in (4.1) and the “true” vector of parameters. The
following result shows that in the class of unbiased estimators both optimization prob-
lems yield the same solution. The proof is similar to the proof of Theorem 3.1 in Dette
et al. [6].

Theorem 4.1 The estimator 6, defined in (4.1) is unbiased if and only if the identity
1

b n
M0=/ F(S)Z_IFT(s)ds=Z©iZ_1/ F'(s)ds

a i=2 ti—1

=Y &3 F@) —F@1)', (4.3)

i=2

@ Springer



88 Page 18 of 27 Journal of Statistical Theory and Practice (2021) 15:88

is satisfied. Moreover, for any linear unbiased estimator of the form 6, = / ab G(s)dY;
we have

Eg[(6n — )0 —0) "1 = Eg[ (6 — OpLUE) (O — OpLuE) "1+ ML

In order to describe a solution in terms of optimal “weights” ®* and design points
t* we recall that the condition of unbiasedness of the estimate én in (4.1) is given by

(4.3) and introduce the notation
B = [F(,;) —F(,;_D)IZ ™"/ /ti =11, (44)
A = q’jZ_l/z,/t,‘ —ti—1.

It follows from Lemma 4.1 and Theorem 4.1 that for an unbiased estimator én of form
(4.1) the mean squared error has the representation

n
Eo[@sLue — 1) " @Lue — 0,)] = —-M'MoM " + ZM_IAiAiTM_l,(4-5)
i=2

which has to be “minimized” subject to the constraint

b n
My = / F)Z'F (s)ds =Y AB]. (4.6)
a =2

The following result shows that a minimization with respect to the weights ®; (or
equivalently A;) can actually be carried out with respect to the Loewner ordering.

Theorem 4.2 Assume that the assumptions of Theorem 3.1 are satisfied and that the
matrix

n

- i) —F(@; “IF@&) = F(_)17
B=) BB =) [F() — F@6-DIX" [F(5) — F@ti-1)] @7
i=2

’

i—2 fi = fiz
is non-singular. Let ®3, ..., ® denote (p x 2)-matrices satisfying the equations
F(;) —F@i-
¢7:MOB*‘M i=2,....n, (4.8)
ti — i1
then ®3, ..., ®) are optimal weight matrices minimizing Eo[(@sLUE — én)(éBLUE -

én)T] with respect to the Loewner ordering among all unbiased estimators of form
(4.1). Moreover, the variance of the resulting estimator 0 is given by

. 1
Cov(@) =M"! {MOB—1M0 + —F(a)Z_lFT(a)} M~!
a
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Proof Let v denote a p-dimensional vector and consider the problem of minimizing
the criterion

v Eg[(BBLUE — 6n) @BLUE — On) ' TV 4.9)

subject to constraint (4.6). Observing (4.5) this yields the Lagrange function

n
Gy(Ar....Ay) == M MM v+ > "M 'AATM 1)

i=2
n
—tr{A(My — ZA,-BI-T)}, (4.10)
i=2
where Ay, ..., A, are (p x 2)-matrices and A = ()Lk,,-),f.l.zl isa (p x p)-matrix of
Lagrange multipliers. The function G, is convex with respect to Ay, ..., A,. There-

fore, taking derivatives with respect to A ; yields as necessary and sufficient for the
extremum (here we use matrix differential calculus)

XM ') TA; @M ') T +vec{ABi} =0,,.  i=2.....n.
Rewriting this system of linear equations in a (p x 2)-matrix form gives
M oo 'MTIA; = —AB;,  i=2,...,n.

Substituting the expression in (4.6) and using the non-singularity of the matrices M
and B yields for the matrix of Lagrangian multipliers

A=-2M"vo' M 'MB!,

which gives

M v ™MTIA, =2M oy TMTIMBTIB;, i =2,....n. (411
Note that one solution of (4.11) is given by

Af=MB'B;, i=2,...,n

which does not depend on the vectors v. Therefore, the tuple of matrices (A%, ..., A¥)
minimizes the convex function G, in (4.10) for all v € R”.
Observing the notations in (4.4) shows that the optimal matrix weights are given
by (4.8). Moreover, these weights in (4.8) do not depend on the vector v either and
provide a simultaneous minimizer of the criterion defined in (4.9) for all v € RP.

Consequently, the weights defined in (4.8) minimize £y [(éBLUE — é”)(éBLUE — én)T]
under unbiasedness constraint (4.6) with respect to the Loewner ordering. O
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Remark 4.1 If the matrix B in Theorem 4.2 is singular, the optimal weights are not
uniquely determined and we propose to replace the inverse B by its Moore—Penrose
inverse.

Note that for fixed design points #1, . .., #, Theorem 4.2 yields universally optimal
weights @3, ..., @ (withrespect to the Loewner ordering) for estimators of form (4.1)
satisfying (4.3). On the other hand, a further optimization with respect to the Loewner
ordering with respect to the choice of the points f, ..., t,—1 (t = a,t, = b) is not
possible, and we have to apply a real-valued optimality criterion for this purpose. In
the following section, we will derive such a criterion which explicitly addresses the
comparison of the regression curves from the two groups introduced in Sect. 2.

4.2 Confidence Bands

We return to the practical scenario of the two groups introduced in (2.1), where we
now focus on the comparison of these groups on the interval [a, b].

More precisely, consider the model introduced in (2.6) and let é,’{ be estimator (4.1)
with optimal weights defined by (4.8) from n observations taken at the points a =
H <th<...<ty_1 <t, =Db.Then this estimator is normally distributed with mean
E[é;f] = 6 and covariance matrix

. 1
Cov(@) =M"! {MOB‘MO + —F(a)z‘FT(a)} M~!
a

where the matrices M, My and B are given by (3.2), (4.6) and (4.7), respectively.
Note that the covariance matrix depends on the points ?1, .. ., f, through the matrix
B~!. Moreover, using the estimator é;f the prediction of the difference of a fixed point
t € [a, b] satisfies

(1, =DF T ()8 — (1, =DF T (1)0 ~ N, (0, h(t; 11, ..., 1)),
where
ht;ty, ... 1) = (1, —HFTM™! {MOB_lMo + lF(a)):—lFT(a)}
a
M~'F@) (1, -7

We now use this result and the results of Gsteiger et al. [16] to obtain a simultaneous
confidence band for the difference of the two curves. More precisely, if the inter-
val [a, b] is the range where the two curves should be compared, the simultaneous
confidence band is defined as follows. Consider the statistic

A (1, =DF ()8 — (1, =DF " (1)
T = sup 7 ,
tela.b] {h(t;t1, ..., 1)}

@ Springer



Journal of Statistical Theory and Practice (2021) 15:88 Page210f27 88

and define D as the (1 — «)-quantile of the corresponding distribution, that is
P(T <D)=1-a.

Note that Gsteiger et al. [16] propose the parametric bootstrap for choosing the critical
value D. Define

w(t;tr, . ty) = (1, =DFT 00 + D - (h(t; 11, ..., )}/,
[(t:t1, ... 1) = (1, =DF ()" — D - {(h(t; 11, ..., 1:)}"/2,

then the confidence band for the difference of the two regression functions is defined
by

Ci_o = {g tla, bl > Rt 1y, ..., ty) <g) <u(t;ty,...,ty) forallz € [a,b]}.
4.12)

Consequently, good points ] = a < tp < ... < ty_1,t, = b should minimize the
width

u(tsty, oo ty) =151, o 1) =2-D - {h(ts 11, . 1)) ?

of this band at each ¢ € [a, b]. As this is only possible in rare circumstances, we
propose to minimize an L ,-norm of the function 4 (:; #; ..., #,) as a design criterion,
that is

b 1/p
Sptti ot = Wit ool = ([ ) M 12 p o0,
a
(4.13)

where the case p = oo corresponds to the maximal deviation

[ACsti.. t)lloo = sup |A(tit1... 1)l
t€la,b)

Finally, the optimal points a = <t} < ... <t = b (minimizing (4.13)) and the
corresponding weights derived in Theorem 4.2 provide the optimal linear unbiased
estimator of form (4.1) (with the corresponding optimal design).

Example 4.1 We now conclude this section by considering the cases of no common
and common parameters, respectively.

(a) If we are in the situation of Example 2.1 (no common parameters), the regression
function F'(¢) is of form in (3.17) and the variance of the prediction of the
difference at a fixed point ¢ € [a, b] reduces to
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hn ) = @~ f )M {MoB™'M

1 _ _
+-F@)z ‘FT(a)}M AGHORV OIS
The corresponding design criterion is given by

Sp(tr 1) = NCAT =M {MoB™'My
1
+5F<a>z—1FT<a>} ML =D T @14
(b) If we are in the situation of Example 2.2 (common parameters), the regression

function F T (¢) is given by (3.25) and the variance of the prediction of the difference
at a fixed point ¢ € [a, b] reduces to

h(ts 11, ) = O, fT (), — fy ()M~ [MOB*IMO

1 ~ -
+5F<a>z—‘FT<a>} MO, [T, =)
The corresponding design criterion is given by

p(trsostn) = 10h, AT, =M™ {MoB™'Mo

1 - -
+5F<a>z—1FT<a>} MO AL =ADT,

5 Numerical Examples

In this section the methodology is illustrated in examples by means of a simulation
study. To be precise, we consider regression model (2.6), where the matrix F(¢) is
given by (3.17) corresponding to the case that the regression function does not share
common parameters, see Sect. 3.2 for more details. In this case the corresponding
bounds for the confidence band are given by (4.12), where

u(t;tr, .o ty) = ONTFO@) = @GN FO) + D - {h(t;n, ..., 1)}V,
1t 11, ty) = GENT D@ — @GN P =D - {h(tin, ..., 1)}V,

and 0% = (O;)T, O @)T)T is estimator (4.1) with optimal weights defined in
(4.8). The design space is given by the interval [a, b] = [1, 10], and we consider three
choices for the functions f and f> in matrix (3.17), that is
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Table 1 Optimal designs points on the interval [1, 10] for the estimator é,’,k in (4.1) minimizing the criterion
Do in (4.14)

Models Correlation

0 =20.20 o0 =0.50 0 =0.70
fi=fa& fr=fp [1,1.59, 3.93, 10] [1, 1.62,3.91, 10] [1,1.74,7.99, 10]
fi=fa& fr=fc [1, 3.46, 9.60, 10] [1,2.86, 8.83, 10] [1,2.61,3.52,10]
fi=fe& fr=fc [1,2.20,6.25, 10] [1,1.62,3.98,10] [1,2.85,6.29, 10]

Different correlations o = 0.2, 0.5, 0.7 and different regression functions defined in (5.1) are considered

fa(t) = (t,sin(r), cos(1)) ",
fe(t) = (tz, cos(t), cos(2t))T, 5.1

1
fe() = (1.1og0). -) .

To model the dependence between the two groups we use the covariance matrix
0.1 0.10
x= <O.IQ 0.1 )

in (2.6), where the correlations are chosen as o = 0.2, 0.5, 0.7. Following the dis-
cussion in Sect. 4.1 we focus on the comparison of the regression curves for the two
groups and derive optimal designs, minimizing the criterion ®, defined in (4.14). As
a result, we obtain simultaneous confidence bands with a smaller maximal width for
the difference of the curves describing the relation in the two groups. We can obtain
similar results for different values p € (0, o0) in (4.14), but for the sake of brevity
we concentrate on the criterion @, which is probably also the easiest to interpret for
practitioners.

We denote by é,’,‘ the linear unbiased estimator derived in Sect. 4. For each of the
combinations of regression functions containing two different functions defined in
(5.1), the optimal weights have been found by Theorem 4.2 and the optimal design
points ¢} are determined minimizing the criterion ®, defined in (4.14). For the numer-
ical optimization the particle swarm optimization (PSO) algorithm is used (see, for
example, [5]) assuming a sample size of four observations in each group, thatis,n = 4.
Furthermore, the uniform design used in the following calculations is the design which
has four equally spaced design points in the interval [1, 10]. The ®,-optimal design
points minimizing the criterion criterion in (4.14) are given in Table 1 for all combi-
nations of models and correlations under consideration. Note that for each model the
corresponding optimal design points change for different values of correlation o.

In order to investigate the impact of the optimal design on the structure of the
confidence bands we have performed a small simulation study simulating confidence
bands for the difference of the regression functions. The vector of parameter values
used for each model is § = (G(I)T, Q(Z)T)T =(,1,1,1,1, 1)T. In Fig. 1 we display
the averages of uniform confidence bands defined in (4.12) under the uniform and
optimal design calculated by 100 simulation runs.
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Fig. 1 Confidence bands for the difference of the regression functions (solid gray line) on the basis of an
optimal (solid lines) and uniform design (dashed lines). Left panel: o = 0.2. Middle panel: ¢ = 0.5. Right
panel: ¢ = 0.7. First row: model with fi = f4 and f» = fp. Second row: model with f; = f4 and
Jf2 = fc. Third row: model with f; = fp and f> = fc

Table 2 Values of the criterion @, for the optimal and uniform design with four observations in each
group in the interval [1, 10]

Models Design Correlation
0=02 0=0.5 0=0.7
N=fa& fr=/fp Optimal 14.79 9.44 6.09
Uniform 141.87 142.59 148.74
f=fa& fr=fc Optimal 16.00 10.00 6.60
Uniform 33.32 29.10 25.66
fi=rfe& fa=fc Optimal 14.71 9.53 5.99
Uniform 147.27 127.19 115.07

The error process is given by two independent Brownian motions with correlation o = 0.2, 0.5, 0.7 between
the groups, respectively

The left, middle and right columns show the results for the correlations o = 0.2,
o = 0.5and ¢ = 0.7, respectively, while the rows correspond to different combinations
for the functions f; and f> (first row: f1 = fa, f» = fp, middle row: f| = f4,
fo = fc and lastrow f1 = fB, f = fc). In each graph, the confidence bands from
the ®,-optimal or the uniform design are plotted separately using the solid and dashed
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lines, respectively, along with the plot for the true difference flT (e — sz (1e®
(solid gray lines).

We observe that in all cases under considerations the use of ®,,-optimal designs
yields a clearly visible improvement compared to the uniform design. The maximal
width of the confidence band is reduced substantially. Moreover, the bands from the
®,-optimal designs are nearly uniformly narrower than the bands based on the uni-
form design (except for the confidence bands displayed in Fig. 1 in the second row
of the first panel). Even more importantly, the confidence bands based on the ® -
optimal design show a similar structure as the true differences, while the confidence
bands from the uniform design oscillate.

A comparison of the left, middle and right columns in Fig. 1 shows that the max-

imum width for the confidence bands based on the optimal design decreases with
increasing (absolute) correlation o. This effect is not visible for the confidence bands
based on the uniform design. For example, for the middle row of Fig. 1, which cor-
responds to the case f1 = fa and f> = fc, the maximum width of the confidence
bands based on the equally spaced design points even seems to increase.
Table 2 presents the values of the criterion ®, in (4.14) for the different scenarios and
confirms the conclusions drawn from the visual inspection of the confidence bands
plots. We observe that the use of the optimal design points reduces the maximum width
of the confidence bands substantially. Moreover, for the optimal design the maximum
width becomes smaller with increasing (absolute) correlation. On the other hand this
monotonicity cannot be observed in all cases for the uniform designs.

In an additional numerical study we investigated the amount of model robustness of
the optimal designs depicted in Table 1. For the sake of brevity, we only state the main
results here: We observed that the optimal designs based on model combinations, which
involve the strongly oscillating function fp, still produce narrow confidence bands for
the other model combinations. These bands are still thinner than the corresponding
confidence bands based on the uniform design. On the other hand, if the optimal design
based on the model combination f4 and fc is used to construct confidence bands for
the other model combinations, the resulting bands become wider, but still have shapes
similar to the ones based on the uniform design. In general, the usage of the optimal
designs even for miss-specified model combination does not result in wider confidence
bands for all models under consideration.

Summarizing, the use of the proposed ®.,-optimal design improves statistically
inference substantially reducing the maximum variance of the difference of the two
estimated regression curves even if the regression curves are misspecified. Moreover,
simultaneous estimation in combination with a ®,-optimal design yields a further
reduction of the maximum width of the confidence bands, thus providing a more
precise inference for the difference of the curves describing the relation between ¢ and
the responses in the two groups.

Acknowledgements This research was partially supported by the Collaborative Research Center “Statistical
modeling of nonlinear dynamic processes” (Sonderforschungsbereich 823, Teilprojekt C2). The authors
would like to thank the referees for their constructive comments on an earlier version of this paper.

Funding Open Access funding enabled and organized by Projekt DEAL. Funding information was provided
by Deutsche Forschungsgemeinschaft (Grant No. SFB 823, C2).

@ Springer



88 Page 26 of 27 Journal of Statistical Theory and Practice (2021) 15:88

Declarations

Conflict of interest On behalf of all authors, the corresponding author states that there is no conflict of
interest.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Attia A, Constantinescu E (2020) Optimal experimental design for inverse problems in the presence
of observation correlations. arXiv:2007.14476
2. Bickel PJ, Herzberg AM (1979) Robustness of design against autocorrelation in time I: asymptotic
theory, optimality for location and linear regression. Ann Stat 7(1):77-95
3. Bretz F, Mollenhoff K, Dette H, Liu W, Trampisch M (2018) Assessing the similarity of dose response
and target doses in two non-overlapping subgroups. Stat Med 37:722-738
4. Campos-Barreiro S, Lépez-Fidalgo J (2015) D-optimal experimental designs for a growth model
applied to a Holstein-Friesian dairy farm. Stat Methods Appl 24:491-505
5. Clerc M (2006) Particle swarm optimization. Iste Publishing Company, London
6. Dette H, Konstantinou M, Zhigljavsky A (2017a) A new approach to optimal designs for correlated
observations. Ann Stat 45(4):1579-1608
7. Dette H, Kunert J, Pepelyshev A (2008) Exact optimal designs for weighted least squares analysis with
correlated errors. Stat Sin 18(1):135-154
8. Dette H, Mollenhoff K, Volgushev S, Bretz F (2018) Equivalence of regression curves. J Am Stat
Assoc 113:711-729
9. Dette H, Pepelyshev A, Zhigljavsky A (2013) Optimal design for linear models with correlated obser-
vations. Ann Stat 41(1):143-176
10. Dette H, Pepelyshev A, Zhigljavsky A (2016) Optimal designs in regression with correlated errors.
Ann Stat 44(1):113-152
11. Dette H, Pepelyshev A, Zhigljavsky A (2019) The blue in continuous-time regression models with
correlated errors. Ann Stat 47(4):1928-1959
12. Dette H, Schorning K (2016) Optimal designs for comparing curves. Ann Stat 44(3):1103-1130
13. Dette H, Schorning K, Konstantinou M (2017b) Optimal designs for comparing regression models
with correlated observations. Comput Stat Data Anal 113:273-286
14. Doob JL (1949) Heuristic approach to the Kolmogorov-Smirnov theorems. Ann Math Stat 20(3):393—
403
15. Fedorov VV, Leonov SL (2013) Optimal design for nonlinear response models. CRC Press, Boca Raton
16. Gsteiger S, Bretz F, Liu W (2011) Simultaneous confidence bands for non-linear regression models
with application to population pharmacokinetic analyses. J Biopharm Stat 21(4):708-725
17. Harman R, Stulajter F (2010) Optimal prediction designs in finite discrete spectrum linear regression
models. Metrika 72(2):281-294
18. Ibragimov IA, Hasminskii RZ (1981) Statistical estimation. Springer, New York
19. Kiselak J, Stehlik M (2008) Equidistant D-optimal designs for parameters of Ornstein-Uhlenbeck
process. Stat Probab Lett 78:1388-1396
20. Liu W, Bretz F, Hayter AJ, Wynn HP (2009) Assessing non-superiority, non-inferiority or equivalence
when comparing two regression models over a restricted covariate region. Biometrics 65:1279-1287
21. Liu W, Jamshidian M, Zhang Y (2011) Multiple comparison of several linear regression models. J Am
Stat Assoc 99(466):395-403

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/2007.14476

Journal of Statistical Theory and Practice (2021) 15:88 Page 27 of 27 88

22.

23.

24.

25.

26.
27.

28.
29.

30.

31.

Mehr CB, McFadden J (1965) Certain properties of Gaussian processes and their first-passage times.
J R Stat Soc Ser B 27(3):505-522

Mollenhoff K, Bretz F, Dette H (2020) Equivalence of regression curves sharing common parameters.
Biometrics 76:518-529

Mollenhoff K, Dette H, Kotzagiorgis E, Volgushev S, Collignon O (2018) Regulatory assessment of
drug dissolution profiles comparability via maximum deviation. Stat Med 37:2968-2981

Miiller WG, Pdazman A (2003) Measures for designs in experiments with correlated errors. Biometrika
90:423-434

Nither W (1985) Effective observation of random fields. Teubner Verlagsgesellschaft, Leipzig
Pazman A, Miiller WG (2001) Optimal design of experiments subject to correlated errors. Stat Probab
Lett 52(1):29-34

Pukelsheim F (2006) Optimal design of experiments. SIAM, Philadelphia

Rodriguez-Diaz JM (2017) Computation of c-optimal designs for models with correlated observations.
Comput Stat Data Anal 113:287-296

Sacks J, Ylvisaker ND (1966) Designs for regression problems with correlated errors. Ann Math Stat
37:66-89

SacksJ, Ylvisaker ND (1968) Designs for regression problems with correlated errors; many parameters.
Ann Math Stat 39:49-69

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Optimal Designs for Comparing Regression Curves: Dependence Within and Between Groups
	Abstract
	1 Introduction
	2 Simultaneous Estimation of Two Regression Models
	3 Continuous Models
	3.1 Best Linear Unbiased Estimation
	3.2 Model with No Common Parameters
	3.3 Models with Common Parameters 

	4 Optimal Designs for Comparing Curves
	4.1 From the Continuous to the Discrete Model 
	4.2 Confidence Bands

	5 Numerical Examples
	Acknowledgements
	References




