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Abstract: The wave equation with stochastic coefficients can
be classically homogenized on bounded time intervals; solutions
converge in the homogenization limit to solutions of a wave
equation with constant coefficients. This is no longer true on large
time scales: Even in the periodic case with periodicity ¢, classical
homogenization fails for times of the order e72. We consider the
one-dimensional wave equation and are interested in the critical
time scale e? from where on classical homogenization fails. In
the general setting, we derive upper and lower bounds for £ in
terms of the growth rate of correctors. In the specific setting
of i.i.d. coefficients with matched impedance, we show that the

critical time scale is e~ 1.

MSC: 35B27, 74J05

1. INTRODUCTION

We are interested in homogenization limits for the wave equation with two x-
dependent coefficients, density p and stiffness a. We focus on the case that these
coefficients are random and consider, for a length scale parameter € > 0, the scaled
functions p.(z) := p(x/e) and a.(x) := a(x/e). The wave equation with unknown
u® then reads

(1'1) paa? e_v_(asvue) :fea

where f. is given and the equation is completed with initial conditions for u* and
Ouf. The fundamental question of classical homogenization theory is to determine
effective coefficients p and a such that solutions u° of (1.1) converge, in some appro-
priate sense, to a solution u of the wave equation with the effective z-independent
coefficients p and a.

In the setting of periodic homogenization, one assumes that p and a are periodic
functions. Classical homogenization on bounded time intervals [0, 7y] was investi-
gated in [8]. It is worth mentioning that the homogenization of the wave equation
is more involved than the homogenization of the corresponding parabolic problem;
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2 Bounds for the time horizon in stochastic homogenization

the difference is that the energy of high frequency contributions of solutions is not
dissipated and may contribute error terms for the entire time of interest.

The seminal work [17] treated the question of larger time spans in periodic media.
It was shown that a dispersive version of the wave equation must be considered in
order to treat longer time spans. The effect was also clearly demonstrated in [12].
The first rigorous convergence result was given in [15] for one space dimension and
in [9, 10] for arbitrary space dimension. All these approaches show that dispersive
effects are relevant on time intervals [0,Tpe™?], for additional analysis see also
[1, 4], and, for the same effect in lattice equations, [19]. In particular, classical
homogenization cannot hold on this time scale. In [3], the authors show that,
in the periodic case, e72 is indeed the critical scale and classical homogenization
holds on every scale e~ 2*9 for § > 0. Regarding methods we would like to mention
that Bloch Analysis was used in [9, 10, 17], while more direct energy methods are
the basis of [1, 3, 15], and the later stochastic contributions. For general results
regarding the two methods we mention [2].

Let us now turn to stochastic models, given by maps

(1.2) PRI Qp = [ATLA] and  a:RYx Qp — [ATLA]

for some probability space (2p, A, P) and some A > 0. We emphasize that positive
upper and lower bounds for the coefficients are used. Suppressing, as usual, the
stochastic parameter w € p, we write rescaled coefficients as

(1.3) pe(z) :=p(x/e) = p(x/e,w) and a.(z):=a(x/e) =a(zr/e,w).

For the wave equation (1.1) with stochastic coefficients, there are several positive
homogenization results available. In [7], convergence to the solution of a dispersive
limit equation is shown in dimension d > 4. It is even shown that arbitrary orders of
convergence can be achieved by introducing a cascade of corrections in the equation
in sufficiently large dimensions. This was recently put in a new perspective in [11].
For a quite general approach see [16]. For a detailed analysis of one-dimensional
wave equations with stochastic coefficients on fixed time intervals we refer to [13].

An important difference between random and periodic homogenization is the
growth of correctors. In the periodic case, there exist bounded correctors to all
orders, which is not true in a general random setting. Even under the best possible
mixing assumptions, in general, there are only bounded correctors of order d/2 (see,
e.g., [7, Appendix C]). In particular, in the one-dimensional case, even the first order
corrector is not bounded. The long-time homogenization results mentioned above
rely either on periodic Bloch wave analysis or on expansions involving bounded
higher order correctors. The fact that these correctors are only bounded if the
dimension is sufficiently large leads to the dimensional restriction mentioned earlier.
In particular, we are not aware of a stochastic homogenization result valid until
the dispersive time-scale in dimension d < 3.

In this contribution, we consider the one-dimensional case (where even first order
correctors are unbounded). We are not concerned with possible dispersive limit
equations, but rather with critical time scale for classical homogenization (non-
dispersive constant coefficients limit model). We are interested in the following
question for stochastic media:

For which parameters § € [0,2] is the constant coefficient wave
equation a good replacement for (1.1) on time intervals [0, Toe =] ?
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The critical number S will depend on the properties of the stochastic medium. In
this contribution, we obtain two results related to this question: In the first result,
we consider very general random media. These are characterised by a parameter
~v > 0, which is essentially the growth rate of correctors. We provide a lower crit-
ical value f_ = _(v) > 0 and an upper critical value 8y = f,(y) > 0 with the
following properties: For parameters 0 < S < [_, homogenization with classical
limits works on [0, Tpe "] for all models of class 7. For parameters 3 > 3., sto-
chastic homogenization with classical limits is not valid for all models of class v on
time intervals [0, Toe~”]. The precise formulation of this result and the formulas for
B_(vy) and B4 () are given in Theorem 2.6. Unfortunately, the two critical values
do not coincide. The most standard stochastic medium (using i.i.d. coefficients)
has the model parameter v = 1/2, the two critical parameters are 5_ = 1/3 and
B+ = 1. In this sense, we have bounds for the critical time scale, but we cannot
determine the exact value of the critical time scale at which stochastic homoge-
nization fails. In our second main result, we consider the case of i.i.d. coefficients
with matched impedance, i.e., pa is a constant function. In this setting, we show
that e~! (corresponding to 8 = 1) is the critical time-scale until which classical
homogenization works, see Theorem 5.1.

To the best of our knowledge, we provide the first negative results on stochas-
tic homogenization for the wave equation. The negative results in Theorem 2.6
and Theorem 5.1 rely on the same mechanism: the speed of wave packages in
the random medium and in the corresponding (constant coefficient) homogenized
equation is different on large time-scales. As mentioned above, we show that in
the case of i.i.d. coefficients with matched impedance, homogenization works until
that time-scale. This result relies on explicit formulas for solutions of the wave
equations with matched impedance. In the general case, the situation is not clear
and our analysis leaves open the following question: Consider the elementary i.i.d.
stochastic medium with v = 1/2, f_ = 1/3 and ; = 1. What is the “real” critical
value B, € [1/3,1] with the property that homogenization holds for g < f, and
homogenization fails for 5 > 3,7 We tried to find this value at least with numerical
experiments, but we did not succeed to determine f, € [1/3,1].

Our arguments for counter-examples are one-dimensional. We give some remarks
on higher dimension in Subsection 2.4.

2. NOTATION AND MAIN RESULT

2.1. Homogenized coefficients and correctors. In the one-dimensional case,
the homogenized coefficients are given by simple formulas. Essentially, the effective
density p is the arithmetic mean of p and the effective permeability a is the harmonic
mean of a. Since we also consider non-ergodic media, we have a very general
dependence on the spatial variable x € R"™; this requires slightly more involved
definitions. In any case, the stochastic setting allows to take expectations: In the
probability space (Q2p,.A,P) we denote the expected value of a random variable
f+Qp — R with brackets (.) and set (f) := [, f(w)dP(w).

Since we do not impose stationarity or ergodicity of the medium, our definition
of effective coefficients involves several averages. In one space dimension, we use
the following concept.
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Definition 2.1 (Effective coefficients in the sense of averages). For p,a : RxQp —
R, we define the effective coefficients in the sense of averages as

o s (f o). e (f frwosn)”

demanding on the model functions p and a that the two limits of (2.1) exist. Note
that we use a special sign convention for integrals, see (2.2) below.

In (2.1) and similar expressions in the subsequent text, we are interested in
averages of the integrand. This means that, when we write fo s) ds for negative
y, we are indeed interested in the value of f 0] g(s)ds. In other Words we want that
integrals over positive functions are positive, even when the limits of the integrand
are not ordered in the usual way. We therefore set, for y < 0,

22 [T /yog<s>ds md g5y ds = bl /yog<s>ds.

For periodic and, more generally, for stationary media, (2.1) can be replaced
by simpler expressions. For stationary media, expectations are independent of v,
hence p = (p(y,.)) and a = (1/a(y,.))""! for arbitrary y € R. When the stochastic
medium is ergodic, then spatial averages converge to expected values, hence, in
this case, it is not necessary to take expectations in (2.1). For periodic media, the
formula is even simpler: One can omit the expectation and integrate only over one
periodicity cell.

In the one-dimensional setting, we can write the two wave equations of interest
as follows. For coefficients p, a given by (1.2) and rescaled coefficients p., a. given
by (1.3) and a source f : R x R, — R, we consider the sequence of solutions
u® : R x [0,00) — R of the e-problem

(2.3) O := p.0Puf — 0, (a0,uf) = f with  w®(-,0) = du°(-,0) =0,
and the solution @ : R x [0,00) — R of the limit problem
(2.4) Ou := potu — 0, (ad,u) = f with a(-,0) = d,u(-,0) =0.

We use here trivial initial data for notational convenience. This article is about
the question whether or not the homogenized solution # is a good approximation
for the heterogeneous media solution u®. The answer depends on the time span of
interest and on the “quality” of the stochastic media. We will measure the latter
in terms of growth rates of the correctors.

We turn to the construction of correctors and harmonic coordinates. The one-
dimensional corrector equation reads d,[a(y)(1 + 9,®(y))] = 0 for y € R. For a
given coefficient field a, one seeks a solution ® : R — R of this equation. In one
space dimension, the solution is given by an integral: Since the argument in the
squared brackets must be independent of y, the squared bracket coincides with
some constant. Below we conclude that the constant value is indeed the effective
coefficient, a(y)(1+ 0,®(y)) = a for every y € R. Dividing by a(y) and integrating
over ¥, this formula can be used to define ®. The procedure for the corrector ¥ for
p is similar.
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Definition 2.2 (Correctors). Let p,a: R x Qp — (0,00) be stochastic coefficients
and let p and a be two positive numbers. We define corresponding correctors as

(2.5)
W@):ﬂwyw):iéy{éfz—l}d8> ¢@):*M%W)?iéy{g%5—l}d&

where we suppressed the argument w also in p and a.

Rescaling. Rescaled coefficients are defined by p.(z) = p(z/¢) and a.(x) = a(x/e).
The correctors are rescaled as ®.(z) := e®(z/ec) and V. (x) := e¥(xz/e). We note
that ®, satisfies, for every z € R,

Oal(ac(2)(1 + 0:P:(x))] =0,
and
(2.6) a-(z)(1 4 0,P.(z)) =a.

Harmonic coordinates. Related to the correctors are harmonic coordinates. Later
on we use the function F(y) := y + ®(y) to perform a change of coordinates that
simplifies the equation. The rescaling for the function F' is given by F.(x) :=
eF(x/e) =x+ O ().

2.2. Model classes and first main result. Let (Qp,.A,P) be a probability

space, let p and a be stochastic coefficients, and let the space dimension be d = 1.

Definition 2.3 (Model class parameter ). For fited A > 1 we consider maps

p,a : Rx Qp — [, Al. Given p and a and two numbers p and @, we denote

the corresponding correctors as W and ®, see Definition 2.2. We define the set of
supercritical parameters ' as

(2.7) rm:{yepm]

(28) (f wwear) + (f woka) < coprrt

The model class parameter ~v is set to be
(2.9) v :=inf ..

With this definition, we associate to a model (given by random fields a and p) a
model class parameter v = (p, a).

dC, p,a e RVreR:

Remarks: 1.) The class is a number v € [0,1]. We recall that we always assume
boundedness of a and p. Under this assumption, the functions ® and ¥ have at
most linear growth, which implies (1,00) C I'y. and hence v < 1. By definition,
there always holds v > 0.

2.) Interpretation and periodic media. With v € [0, 1] defined as above, we say
that (p,a) defines a model of class v. The quantity v quantifies the sublinearity of
the correctors. We recall the periodic coefficients have bounded correctors, hence
the model parameter for periodic coefficients is v = 0.

3.) Effective coefficients in the sense of optimal correctors. The definition can
also be used to define effective coefficients: The numbers p and a for which the
optimal growth rate in (2.7) is obtained are the effective coefficients in the sense of
optimal correctors.
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We emphasize that the two possible definitions of effective coefficients are closely
related. We will show in Lemma 4.4 the following: When the growth of (2.7) holds
for p and @ and for a number 7/ < 1, then p and @ are the effective coefficients in
the sense of averages of Definition 2.1.

Example 2.4 (The simplest stochastic medium). Let (a;);ez and (pj);ez be i.i.d.
random variables, chosen with a uniform distribution in [1,2]. We define a and p
by setting a(x) = a; and p(x) = p; for v € [j,j + 1). This defines a stochastic
model. The model class parameter of this model is v = 1/2.

Let us sketch how to calculate the model parameter . For large y € N, the
quantities ®(y) and Y(y) of (2.5) are sums of y i.i.d. random variables with van-
1shing expected value. This means that the growth of the variance of ® is given by
(|®(y)|?) ~ o2y for some 0. We conclude that the expressions in (2.7) behave like
(we write the formulas for ® and consider a large number r € N):

([ owra) ~—Z<|<I>< ) >~—Za2ywi§rz:%%

Therefore, for every ~' > 1/2, the growth estimate of (2.7) holds; this implies
v < 1/2. The growth of ® is also estimated from below by the above calculation,
and the calculations for U are identical, hence v = 1/2.

For media with growth parameter v € (1/2,1) we refer to Appendix C.

Definition 2.5 (Homogenization time parameter [3). Let p,a : R x Qp — R
be stochastic coefficients and let 5 € [0,00) be a positive number. We say that
classical homogenization works with parameter [ if the following holds: For any
f € C*(R x R,,R) with compact support and any Ty > 0, the solutions u® of (2.3)
and u of (2.4) satisfy
(2.10) lim sup (|G (-,t) — Qyu(-, t)||r2my) = 0.
€20 4c(0,10e 5]

Loosely speaking: 3 > 0 is the parameter such that classical stochastic homog-

enization works on time intervals [0, Tpe 7).

We can now formulate our first main result.

Theorem 2.6 (Critical parameters). Let v € [0,1] be a number such that a model
of that class exists. With the critical parameters

1—7 1—7
(2.11) b 15 By 5
there holds:
(1) For 5 €[0,5-): For all coefficients (p,a) of class vy, classical homogeniza-
tion works with parameter (3.
(2) For B € (fy,00): There exist coefficients (p,a) of class y such that classical
homogenization does not work with parameter 3.

Remark 2.7 (The class of models with i.i.d. coefficients). We described the case of
i.i.d. coefficients in Example 2.4 and noted that it corresponds to v = 1/2 and the
bounds. In this case, we have f_ = (1/2)/(3/2) = 1/3 and B4 = 1. Accordingly,
Theorem 2.6 implies that, for all 5 € [0,1/3), classical homogenization is valid.
We emphasize that part (2) of Theorem 2.6 does not imply that there exists i.i.d.
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coefficients such that for B > 1 homogenization fails. It only ensures that there
exist a model of class v = 1/2 such that homogenization fails.

However, as mentioned above, Theorem 5.1 provides a sharp threshold for i.i.d.
coefficients with matched impedance, a; p; = 1 for all i € Z*. The threshold is

f=py=1

Section 3 is devoted to the first claim of the theorem, the positive homogenization
result. Section 4 is devoted to the second claim of the theorem, the negative result.

2.3. The case of matched impedance. The main novelty of Theorem 2.6 is part
(2), which regards the failure of classical homogenization on sufficiently large time
spans. In the special class of media with matched impedance one can understand
well the mechanism of this failure. It is related to a large likelihood of a wrong
averaged wave speed on a considerable time span. We would like to mention that
we learned the techniques for matched impedance media from [13].

A medium with matched impedance is one for which the product p-a is a constant
function. Here, we assume that p(x,w) - a(x,w) = 1 holds for all z € R and for
P-almost every w € Qp.

In this section, we sketch the idea leading to negative results on homogenization
in the case of matched impedance. For precise statements and rigorous proofs, we
refer to Theorem 5.1 in Section 5. In addition, we provide in Theorem 5.1 a positive
homogenization results which is significantly stronger than part (1) of Theorem 2.6.

A stochastic medium with matched impedance. We consider coefficients a = a(z)
that are piecewise constant in the intervals, a(x) = a; for every z € [j,j+ 1) =: I;.
The numbers a; € [A™!, A] are chosen as i.i.d. random variables. A possible choice
is to pick a; according to a uniform distribution from the interval [1,2]. We set
p; = 1/a; for every j and p(x) := p; for all x € I;. The construction guarantees a
constant impedance, p-a =1 on R.

Solutions of the wave equation. In this setting, there is an explicit formula for
solutions. Let g : R — R of class C? be an arbitrary function with compact
support in R,. We define a function u as follows: For every z > 0, we set

: j—1
— 1
(2.12) u(z,t) =g (x A E —) for x € 1,

aj

using the convention Z;zlo t; := 0. We extend trivially by setting u(z,t) = 0 for
x < 0. We claim that u solves the wave equation.

Before we verify the claim, let us calculate the initial values of u. For x < 0,
there holds u(x,0) = 0. For 0 < z € I;, there holds = j + h for some h € [0, 1)
and u(z,0) = g(h/a; + 37-3(1/a;)). In particular, g does not coincide with the
initial values of u.

Let us now show that, independent of initial data, u solves the wave equation.
In the interior of the interval I;, we can calculate classically

. j—1

_ 1
2u(z,t) — ad?ulz, t) = (p: — a;/a )g" [ 2L —¢ ~]=o0.
p@tu(x,) aaxu(x7) ()0] \CLJ/CLJ/ )g ( a; +;ai ’

=1/a;=p;
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It remains to show continuity of u and of the fluxes ad,u at the interfaces, i.e., in
x = J € Z. Regarding continuity of u we calculate

lim u(z,t) = j_(j_l)—t+§1 = ! —t+§1 = lim u(z, t)
m;n;ux, =g o - =g — o —K‘mux, .

j—1 i=0 v i=0

We now verify the continuity of fluxes at vt = j € Z

j-2
lim a(z)d,u(z,t) = ¢ (L —t+ Z l) = lim a(x)0,u(x,t),
i=0

x /g aj—1 a; TN\J

where we exploited a;_1/a;_1 =1 = a;/a;. We have verified that u is a solution of
the wave equation with coefficients a and p (see Appendix A for a integral repre-
sentation of solutions of the Cauchy-Problem in the case of matched impedance).

Homogenization. Let us now consider the rescaled coefficients a. = a(-/¢) and
p: = p(-/€). A solution u® of the wave equation is given by formula (2.12), which
is modified to

(213) w(at)=g (x i ]Z 3) for z € [ej,2(j + 1)).

(Zj i—0 a;

We note that one can also express j in terms of x as j = |z/e| in order to have a
single formula for all z > 0.

The effective parameter a is the harmonic average of a;, with our choices it is
given by a simple expectation, a~* = (1/a;) for any j € Z. The effective parameter
p is the arithmetic average of p;, in our setting p = (p;) = (1/a;) = a~*. We see
that the impedance of the effective medium is again 1 and that the effective speed
is ¢ = a. The effective wave equation is

1
(2.14) —Pu—adiu=0.
a
A solution to this equation is given, for x > 0, by
(2.15) a(z,t) =g (§ - t) .
a

We claim that stochastic homogenization fails in this setting on time intervals
[0, Toe=P] when we choose 3 > 1. To see this, it suffices to compare u® of (2.13)
and u of (2.15). This is sufficient since, for ¢ in bounded time intervals, there holds
u® ~ u for small ¢ > 0 (and recall that rigorous results are presented in Section 5).

Calculating the distance. Let us assume that the support of ¢ is contained in [0, 2],
that the maximal value of ¢ is 1 and that this maximum is attained in the point
x = 1. The solution u is a shift of the initial values, in this sense it is a wave that
travels with speed a to the right. For every observation point z > 1, the peak
of the wave arrives at the time T'(z) at which the argument of g in (2.15) is 1,
i.e., T(z) :== —1 + (xz/a). In more mathematical terms: For x > 1, the function
u(z,.) : [0,00) — R has its maximum at ¢ = T'(z), the value in this maximum is 1.

We want to calculate the time instance T.(z) at which the function u®(z,.) :

[0,00) — R is maximal. The maximum of u(z,.) is at the point T.(z) for which
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the argument of ¢ in (2.13) is 1, hence

. j—1
$—j8_1+ E
- Cl@"

=0

(2.16) T.(z) =

@
where j is such that = € [gj,e(j + 1)) holds, that is, j = |z/¢].

We are interested in the mismatch of the arrival times for the e-solution and the
homogenized solution,

::\I&

-1
_ _ r—¢elz/e] 5
(2.17) Ac(z) :=T.(z) — T(z) = Z i
aj i=0
Let us consider a fixed grid point = £j. At this point, the expected value of the
mismatch is

(2.18) (A(z)) = <—§ +]§§§> . (1 <al>) —0.

This agrees with intuition, we expect that the wave arrives at the time that is
suggested by the homogenized equation.

For our analysis, it is not sufficient to calculate the averaged arrival time. Ho-
mogenization fails when, with a positive probability, we observe a wrong arrival
time in the stochastic medium. Let us therefore calculate the typical size of the
random variable A.(z). For the calculation we use the quantity ¢ > 0, defined
by the expectation o2 := (|(1/a;) — (1/d)|2> for any 7. The number ¢ > 0 is the
variance of the single entry in the sum. The independence of the random variables

JZ 1_1
C_l .

a; allows to calculate, again for x = 7,
2 2
> < i=0 @i >

([A:(2)?) =<
>:52j02.

For § > 0 and ¢ € (0, %1], we consider j. = [ 17?] and z. = j.. Clearly, we have
|lz.| < 2678, 5. > %5*1*5, and the arrival times of the pulse u® and the pulse @
typically differ by the order

(2.20) T.(z.) — T(z:)| = |Ac(z2)| = O(\/€2j.02) > O(oVel=h).
For g > 1, this deviation is not small. We therefore expect that, typically, the
two waves arrive at x with an order 1 mismatch, which leads also to an order 1
mismatch between the two solutions of the wave equation. The calculation strongly
suggests that homogenization fails on the time scale e for 5 > 1.

We recall that rigorous result — positive and negative — are given in Section 5.

j—1

ej

X
j—1

_ <Z 11

=0

(2.19)

a a;

2.4. Remarks on higher dimensions. In Theorem 2.6, we provide two critical
parameters, 5_ and ;. The lower critical parameter, 5_ = 8_(y) = (1—7)/(1+7),
is related to positive homogenization results. It is derived in Section 3. The
techniques of that section are well-established and independent of the dimension.
It is possible to define a growth rate of correctors also in higher dimensions and to
derive, with similar methods as in Section 3, positive homogenization results until
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time-scales e #-, where 3_ depends on the growth rate. We mentioned that recent
advances in quantitative stochastic homogenization yield optimal estimates on the
growth of the correctors for large classes of random media, see e.g. [5, 14] and the
references therein.

The upper critical parameter 5, = 5,(v) = (1 — )/~ is based on the construc-
tion of counter-examples. The counter-examples use either media with matched
impedance or media-adapted domain transformations. In any case: If one consid-
ers layered media in dimension d > 1, then the one-dimensional counter-examples
still provide examples where homogenization is not occuring. We mention that a
restriction to initial values with compact support would still require some work,
but we would not expect severe difficulties to the construction of counter-examples.

On the other hand, for stochastic media that exploit the full liberty of media
in higher dimension, we do not have any counter-examples and they cannot be
constructed easily following the ideas that are used in this contribution.

3. THE LOWER CRITICAL PARAMETER

In this section we derive estimates for the homogenization error and prove part
(1) of Theorem 2.6: u® ~ @ when ¢ is not too large.

Following a standard approach, we first compare the solution u® of (2.3) with
the two-scale expansion u + ®.0,u of the solution @ of (2.4). This comparison is
the aim of the subsequent lemma.

Lemma 3.1 (Energy estimate for the error). Let (p, a) be a model of class vy € [0, 1)
with bounds given by A > 0. Then, for every v > v and every M > 1, there exists
C = C(A,,M) > 0 such that the following is true: Let f € C%*(R x R,) be
supported in [—M, M] x [0, M], for e € (0,1] let u® and @ be the unique solutions
to (2.3) and (2.4), respectively, and let z. be defined as

(3.1) ze i =u’ — (u+ D.0,u) .
For every T > 1 holds

(3.2) S, (E=(t)) < O £, )
€0,
where
1
(3.3) E.(t) = §/p€|8tzs(x,t)|2+a€]8mz€(:c,t)\2da:.
R

Proof. The following argument closely follows [18, Lemma 3.3]. Clearly, it suffices
to prove the claim for M = 1. We therefore fix f € C?(R x R, ) with support in
[—1,1] x [0, 1].

Step 1: Equation for z.. We claim that z. of (3.1) satisfies
(3.4) Oz = Psgél) + ar(asgz£2)) ’
where [, is defined in (2.3) and the error functions are

(3.5) W = (&, — (p/p.) V)00, ¢? = 0.0%0— (p/a.)V.0%.
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With the help of (2.3), (2.4) and (2.6) we compute

O 2 f-0O.(a+0.0,qa)
D Oa - O.(a + 0.0,)
= (ﬁ - pa)atzﬂ - paq)aatzaxa - ax((d - aa(l + axq)a))axa - aﬁq)&agﬂ))
(36) = (5 po)0u — p-2.020,u + 0,(a:9.0%0)

The first term on the right-hand side in (3.6) can be expressed with the help of W,
defined in (2.5):

(7 — pe)Ofu = —(p0, V)07t = —p0, (V.07 u) + p¥.0,0;

The claimed identity (3.4) follows.
Step 2: Energy estimate. We claim that

T
sup (E. (1)) < 8TA / (190 ¢, )32y ) + (1992 9) ey ) ds

t€[0,T]

(3.7) +84 s (19260 )

tel0,T

The derivation of (3.7) follows with a standard procedure of the theory of the
linear wave equation: We multiply (3.4) with 0;z. and integrate, for arbitrary
t € [0,7], over R x (0,t). Since z. satisfies homogeneous initial conditions, an
integration by parts allows to write the energy expression of (3.3) in the form

t
:/ /Dgzsatzg.
0o Jr

Equation (3.4) therefore yields, using again z.(-,0) = 0,

t
= / / [pagél) + ax(aagg))} atzs
(3.8) / / {pgg( )0,z + agﬁtga ) zg} / (z,t)0p2:(x, t) dz

Taking expectations and using p. < A, we estimate the first term on the right hand
side, for arbitrary t € [0, T]:

< /0 t /R psgé”atze>
< | t < ( / pe<x>|g§1><x,s>12dx) " ( [ ot s)\de) 1/2> s

< VR [ (I ) (Bl s

1
<2 sup (E.(s) +27A / (N9 1) ey ) ds

s€[0,T
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where we use Youngs inequality in the last inequality. A similar calculation allows
to estimate the expectation of the second term on the right hand side of (3.8):

</ /aeatg( 0 z> <q.5m (Ea(s)>+2TA/ (1092 )2agey ) ds.

Regarding the last term in (3.8), we find, for every t € [0, T,
1
</ \asgg)(x,t)@xzs(x,t)\dw> < = sup (E.(s)) +2A sup <Hg§2)(.,3)H%2(R)> .
R 4 s€[0,T] s€[0,T7]
Combining the last three displayed formulas with (3.8), we obtain (3.7).

Step 3: Estimating ggl) and ¢, The solution @ of (2.4) can be expressed by the

following d’Alembert type representation formula with ¢ = \/a/p:

z+c(t— s)
(3.9) u(z,t) / / s)dyds.
2p z—c(t—s)

This representation of % allows to estimate the error functions. We claim that there
exists C' = C(A) € [1,00) such that, for every t € [0, 7],

Go(t) 1= {0 C-8) ey ) + (1092 )3y ) + (19 1) ey )

B10) < CWffmny [ (9P 410

Ut
where the domain of integration is, with ¢ = /a/p as above,
(3.11) Uy =[-ct—(1+c),—ct+(1+c)Ufct—(1+c),ct+(1+¢)].

To show (3.10), we exploit formula (3.9). In combination with the assumption
supp f C [—1,1] x [0, 1], the formula implies supp @(-,t) C U;. Additionally, for a
constant C' = C'(A) € [1,00), it yields bounds for u:

(3.12) 070 tllc + 107 alloc + (1031l oo + 10 lloe + 10:030l| o0 < CIl flle2@xrs)

where we use the shorthand notation | - [|oc := || - | zoc(mxR,)-
Let us estimate the first term of G.(t). Combining Fubini’s theorem with the
facts that @ is deterministic and p/p. < A%, we obtain

(IO ) = [ (1@~ (plpvr0t0sa(- )

< 2A4/R<|(D8|2 + |0 *) |07 0pti(z, )| da

<N F O sy [ ([0 WP

supp a(-,t)

< Ol o, / (. + 0.,

where C' = C(A) € [1,00). The terms involving g!” and 9,9!” can be estimated
analogously, and the claimed estimate (3.10) follows.
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Step 4: Conclusion. Combining (3.7) and (3.10), we obtain with C' = C'(A)

T
sup (E.(t)) < C|[f|ogrn,T / / (. + 0.

te[0,7)

(3'13> + C||f||CQ(R><R+) S[up} u <|(I)8|2 + |qje|2> :

We begin by estimating the first term on the right-hand side of (3.13). For the set
U C =T — (c+1),cT + ¢ + 1] we use the characteristic function 1y, defined as
1y, (x) = 1if z € U; and 1y,(x) = 0 otherwise. The definition of U, implies, for

every x € R,
1
/ 1y, () dt < 4(1 + _) |
R c
We can therefore calculate

//M’ 4 12el) = T/ /CT+CH (|®-(2)]* + |V(2)]*) Lo, () dx dt

cT'—(c+1)

THet1
ST/ <|(I>E(:v)|2+|\Ifg(x)|2>/R]lUt(x)dtd:E

—cT—(c+1)

. 4(1%)7’/_@“ (0.(2) + [W.(2)?) de

cT'—(c+1)

At this point we exploit the growth conditions (2.7). For every v € (v, 1) there
exists C' = C(¢/,A) € [1,00) such that, for e € (0,1] and T' > 1,

cT'+ec+1 2(c+1)T
[ ) < a0 (e )
—cT—(c+1) —2(c+1)T
2(c+1)T'/e
4(c+1)T252][ (o + 2P
—2(c+1)T/e

(2.7)
(3.14) < CT?*E(T/e)™

To estimate the second term on the right-hand side in (3.13), we use Uy C [—cT —
c— 1, +c+1] forall t € [0, 7] and thus for 7' € (v,1)

cT+etl (3.14) ,

sup [ (e prjuy< [ (ep ) S oree
te[0,1] J Uy —cT—(c+1)

where C'= C(v/,A) € [1,00). Inserting in (3.13) yields the claim (3.2). O

Lemma 3.1 allows to prove part (1) of Theorem 2.6. We repeat the desired
statement in the subsequent lemma.

Lemma 3.2. Let (p,a) be a model of class v € [0,1). Then, for all § € [0, 13)

classical homogenization works with parameter (3 in the sense of Definition 2.5.

Proof. Because of i = 0 for v = 1, it suffices to consider v € [0,1). Let § €
[0, (1 —=~)/(1+7)) be given and let f € C*(R xR, ) be supported in [—1,1] x [0, 1].
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We study the solutions of (2.3) and (2.4), v* and u. We want to show that, for
every Ty > 1, there holds

lim sup (0 (u (1) = @l D) |3agmy ) = 0.

£201c(0,1pe—5)

=7y The triangle inequality

By continuity, we find 7" € (v, 1) such that g € [0, o

together with A=! < p. < A yields

(3.15) (Iu(uc(t) = A0 amy ) < 24 ((Bo()) + A (000,00, 1) [F2(ay) )

where E. is defined in (3.3). We estimate the two terms on the right-hand side
separately. For the first term we use Lemma 3.1 with 7' = T,e~” and find a constant
C =C(v/,A) € [1,00) such that, for every ¢ € (0, 1],
sup  (Ec(t)) < 052(1_7/)(T05_5)2(1+7/)Hf||202(RxR+)
te(0,Toe=A)

— OB TR p12, e

Hence, lim, o sup,¢ (o re-5)(E:(t)) = 0 follows from 1 — 8 — /(1 + ) > 0.
It remains to find bounds for the term (||$.0,0,u(-, t)”%z(ug))- We use computa-
tions that are similar to those of Step 3 and Step 4 in the proof of Lemma 3.1. In

particular, we use that by the explicit expression (3.9) of the homogenized solution
@ in terms of f, which provides

1010t L rxry) < Cll fllo2@xr,) and  suppu(-,t) C Uy,

where C'= C'(A) € [1,00) and the set U, is defined in (3.11). For every t € [0, 7]
we have U; C [T — ¢ —1,c¢T + ¢+ 1] and thus

(I0-00,0(,1) 32z ) = / (0-I2) |01l 1)
2(c+1)T

(9.12) < CIf B, / (. )

—2(c+1)T

< Ol f P /

supp(a(-,t))

3.14) /

< eTeT/ey

where C' = C'(y/,A) € [1,00). Hence, for every ¢ € (0,1] and T = Tpe~*,
sup <||<I>58t8$ﬂ(-,t)||%z(R)> Ségg(l—v’)—6(1+2v’)T01—27’HfHCQ(RX]R”‘

(

tE(O,TQE_ﬁ)
The right-hand side converges to zero as € — 0 provided that 2(1—~")—8(1+27') >
0, which is satisfied by the assumption § < i;—z: U

4. THE UPPER CRITICAL PARAMETER

This section is devoted to counter-examples to stochastic homogenization of the
wave equation. We want to show that a model-independent homogenization result
cannot hold when correctors are growing fastly.

The construction will be based on a coordinate transformation that is given by
a diffeomorphism F': R — R. We compare the wave equation in the original and
in the new coordinates. We show that, when the original model defined a model of
class v, also the coefficients in the new coordinates define a model of class ~.
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In Subsection 4.2 we use a diffeomorphism F' that is given by a corrector. The
growth properties of F' imply that homogenization cannot take place for both
models, the original model and the transformed model. This provides the coun-
terexample.

4.1. The wave equation in new coordinates. In this section, we use a general
diffeomorphism F': R — R to define new coordinates. We always assume that F
is of class C! and strictly monotonically increasing with a positive lower bound for
the derivative.

Given F'| we construct also a rescaled map: We set F.(z) := eF(z/¢) such that
Oy F.(x) = 0,F(x/e). The coordinate transformation z = F.(z) is equivalent to
z/e = F(z/¢) and hence equivalent to z/e = F~!(z/e).

Coeflicients are always scaled without any multiplication with . For coefficients
in new coordinates we have, e.g.,

(po Fh)e(2) == (po F1)(2/2) = p(x/e) = pe() = pe 0 F ().
We next calculate the wave equation in the new coordinates (z,t).

Lemma 4.1 (Transformed wave equation). Let F' : R — R be a diffeomorphism.
We consider new spatial coordinates in the form z = F.(x) := eF(x/e). Let u® be
a solution of the wave equation (2.3) with coefficients p. and a.. In the coordinates
(2,t) we consider the new function v¢ := u® o F='. We can this as

voF.=u" or o(z)=u(x) for z=F.(x).
We use the transformed coefficients
(4.1) p=(p/O,F)oF' a:=(ad,F)oF*,
which provides after e-dilation the formulas p.(2) = p(z/e) = (p. /0. F.)(F71(2))
and a.(z) = a(z/e) = (a:0,F.)(F'(2)). Regarding the right hand side, we define
f-(2) == (f/0.F.)(F-'(2)). Then the equation for v¢ = v®(z,t) reads
(4.2) Pe(2) 070 (2) = 0.(a(2)0:.0°(2)) = [e(2)
where we suppressed the argument t.

Proof. We have to transform the terms of (2.3). In the subsequent calculations,
we always suppress the argument t. The spatial arguments are always related by
z = F.(x). For the first term of (2.3) we find

pe(x) Ot (x) = pe(x) 070" (2) = pe(2) 07 v (2) O FL(F ' (2)) -
The elliptic term of (2.3) reads
Oy (a:0,u%) () =

Qv

(ac 00" 0 F2]) (2)

(ac(z) 0:v°(Fi(2)) Op Fe(2))
(@< (Fz()) 0:0° (Fe()) )

- (6:(2)0:0°(2)) 0o FL(F ' (2)).-

The right hand side of (2.3) is f. When we divide the re-written equation (2.3) by
0. F.(z) = 0, F.(F-'(z)), we obtain (4.2). O

T

Il
&

jS)
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Remark 4.2 (Two problem adapted diffeomorphisms). For two particular choices
of F, the transformation yields a wave equation (4.2) that has one constant coeffi-
cient. We use the correctors ® and ¥ of (2.5).

Harmonic coordinates: Let the transformation be given by F(y) == y+ ®(y). We
observe that OyF =14 0,® = a/a > 0. With this choice of F', we obtain a.0,F. =
a. The transformed system then has the coefficients p.(z) = (p.a./a)(F=(z)) and
a-(z) = a for all z € R.

Coordinates for the density: With the choice F(y) := y + ¥(y) we have 0, F =
14+ 0¥ = p/p > 0. We find pO,F. = p.. The transformed system has the
coefficients p-(z) = p and a.(z) = (a.p-/p)(F=1(2)) for all z € R.

Let us now evaluate the homogenized coefficients in the new coordinates. In-
terestingly, independent of the choice of the transformation F, the homogenized
coefficients remain unchanged.

The subsequent lemma derives this fact, but it contains also an additional result
about the order of the transformed system. We find that, when the original system
has the order v, then the system in the new coordinates has also the order ~.

Lemma 4.3 (Properties of the transformed model). Let (p,a) be a stochastic model
of class v € [0,1]. Let F : R x Qp — R be a random family of diffeomorphisms
F(,w) : R = R. We assume that c¢g < 0,F(y,w) < Cy holds for two constants
0 < cy < Cy, for allw € Qp and all y with |y| > 1. We furthermore assume that,
for every v > =, there exists C' such that

(43 < 17w, yery> <O+ 'Y

for all r € R. We consider the transformed coefficients p := (p/d,F) o F~* and
i := (a0, F) o F~t. Then there holds:

(1) The transformed model (p,a) is again of class .

(2) The effective coefficients in the sense of optimal correctors are identical for
the original and for the transformed model.

(3) In the case v < 1, the effective coefficients in the sense of averages are
unchanged in the sense that

w0 g (] f o)< e (] f oo
(4.5) |l|1_r>noo<][][ 1/a(s dsdy> 1:azrllii)noo<]€]€ 1/a(3)dsdy>1.

Proof. Step 1: L?*-norm in transformed coordinates. The upper and lower bounds
Cy and ¢y on the growth of F imply that L?-norms in transformed coordinates
are equivalent to L2-norms in original coordinates. More precisely, for any L*-
function g : R — R and any integration bounds 0 < r < R, there holds, with the
substitution p = F(s),

CoR

R F(R)
@0) [ lgoFPe)as= [ a0 FE O < [ o)l

r F(r) cor

A similar calculation can be performed for a lower bound and for the inverse trans-
formation.
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Step 2: Assertions 1. and 2. The main point is that the transformed system is of
class v, but the subsequent calculation provides also that the effective coefficients
are not changed. We consider a parameter 7' >  such that, for effective coefficients
p and a, the corresponding correctors of the original model satisfy the growth
estimate with 7. We define the corrector ¥ with the transformed coefficient 5 and
the same number p. We calculate, with the change of coordinates p = F(s) in the
second line,

iwwzfﬁéﬁ— }@:%[ﬂﬁ@ﬂ@”@»@—y

) %/Ow(y) o)ds
_ /OFl(y) {@ _ 1} ds+ (F~'(y) —v)

p
=U(F ' (y)+ (F ') —y) .

We now exploit that, for some C' > 0 and all » > 0, the growth estimate holds for
the original model: Jfo [T (y)2dy) < C(1 + |r|"")?. Evaluating the corresponding

expression for the first term of \I’( ), we get

(f wewpra) <o (f 7 wwra) <o

Regarding the second term we obtain with Jensens inequality

(foo-an) ()
sc<{mw—mww§scu+wﬂ%

where we used (4.3) in the last inequality. We conclude

(4.7) <J@@W@>SQLHWY

and thus the claim for ¥. The same calculation can be performed for ®. Since
~" > ~ was arbitrary, we conclude that the transformed model has an order not
greater than ~.

Since the argument can be also used in the opposite direction, we also know
that the class v of the original problem is less than or equal to the class of the
transformed system. This shows that the two classes actually coincide. Since we
have used the numbers p and a of the original model in the calculation, we have
obtained also the second assertion.

Step 3: Effective coefficients in the sense of averages. The subsequent lemma
provides Assertion 3. Loosely speaking, the lemma shows that, for v < 1, the
effective coefficients in the sense of averages coincide with the effective coefficients
in the sense of optimal correctors. 0

Lemma 4.4 (On the two definitions of effective coefficients). Let (p,a) be a sto-
chastic model of class v € [0,1). Let p,a € R be such that the corresponding
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correctors have the following property: For every ~' > ~ there is C' > 0 such that,
forallr € R,

(148) (f wear) + ([ 1woRar) < capry.

Then the effective coefficients in the sense of averages are well-defined and coincide
with p and a.

Proof. We perform all calculations for p and ¥, the calculations for a and ® are
analogous. Furthermore, we can restrict ourselves to » > 0, the calculations for
negative r are identical. Because of v < 1 we can furthermore assume 7 < 1. Our
goal is to study the expression

poi= i (f f ) =t (f S+ )
=p+ rlggo <]£ 5\1/( )dy> :

The lemma is proven when we show that the limit in the last line exists and that
it vanishes.

With this aim, we use a dyadic decomposition of the integral. For a large number
r, we select the natural number K with r € (2571 2%]. With constants C' that
depends only on the upper bound of p, we calculate for the squared absolute value
with Jensen’s inequality

‘<]€g‘1’(y) dy> 2 < <]€ éxlf(y) 2 dy> < g+ % </12K i\lf(y) : dy>
<C; 2K1 12; 2k1_1 ’ </;: W (y)[? dy> .

Using estimate (4.8) with r = 2¥ we find, with the constant C changing in the last
inequality,

2k ok
</ O (y)[* dy> <2 <][ | (y)|* dy> <2V (1+[2F7)? < k),
2k—1 0

Inserting above we obtain

(f o)

2 K
<C2 K 4ok Z 92k gk(1+27)

<Cc2K4C2® i 2k =1)
k=1
For v/ < 1/2, this tends obviously to zero for K — oco. For v € (1/2,1), the second
expression can be estimated by
K
9K Z k(' =1) < (19~ KoK(Y—1) < (oK (2v=2)
k=1

which tends to zero because of v/ < 1. This shows p, = p and hence the claim. [
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4.2. Failure of stochastic homogenization. We claim that stochastic homog-
enization must fail on large time scales. The principle approch to the proof can
be described as follows. We fix a model class parameter v and fix a parameter
beyond the critical threshold £, . Let us assume that homogenization works with
the parameter 5. We consider a model (p,a) of class . Then, for any v > 7,
a change of coordinates provides a new model (p,a) that satisfies the corrector
estimates with parameter 4/, hence the new model is again of class . Then both
models, the old one, (p, a), and the new one, (p, a), allow homogenization. On the
other hand, the coordinate transformation has a growth that is essentially v, and
this fact yields a contradiction to the fact that the e-solutions of both models are
close to the homogenized solution (and hence close to each other).

Proposition 4.5 (Upper critical parameter). Let v € (0,1) be such that a model
with this model class parameter exists. Then
-

By = ——
~

is an upper critical parameter in the sense of Theorem 2.6: For any [ € (54, 00)
there are coefficients (p,a) of class vy such that classical homogenization does not
work with parameter 3.

Proof. Step 0: Preparation. We perform a proof by contradiction. We assume
that, for some § > [, classical homogenization works with parameter [ for all
coefficients (p,a) of class . From now on we consider v and § > [, as fixed
and wish to derive a contradiction. Because of 5 > B, we can choose a number
0 <4 < v such that (14 3) > 1.

We furthermore choose a model (p,a) of class 7. The contradiction will be
derived from the fact that homogenization cannot work simultaniously for (p,a)
and the transformed model (p, ).

In the proof, we fix some function f, consider rescaled stochastic coefficients
p:(x) = p(x/e) and a.(z) = a(z/e), and study the solution u® of the wave equation
(1.1) for f. = f. Another object is the solution @ of the effective wave equation

(4.9) poiu —ad’u = f.

Since, by assumption, classical homogenization works for the parameter 3, we know
that u* — @ — 0 holds in the sense of (2.10): For every Ty > 0, as € — 0,

(410) sup <||(9tu€(,t) — atﬂ(,t)||L2(R)> — 0.

te(0,Toe ")

Step 1: The limit solution. Let us first make a choice for the right hand side
f. We choose a smooth non-negative function f with support in [—1,1] x [0, 1]
which satisfies f > 0 on [—3/4,3/4] x [1/4,3/4]. The generalized d’Alembert
representation formula in one space dimension allows to write the solution u with
the help of integrals over f. With ¢ = a/p and initial data uy = u; = 0, the limit
solution reads

1 t  pztc(t—s) . )
(4.11) u(z,t) = —/ / f(a',s)dx"ds.
QCp 0 Jz—c(t—s)

The formula implies that, for every time instance ¢ > 0, the function (., ¢) has its
support in [—ct— (1+c¢), —ct+ (1+c¢)|U[ct — (1+¢), ct+ (1+c¢)]. The function (., )
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is positive in the point x = ct, and non-negative everywhere. Loosely speaking, %
is a combination of two wave pulses, both positive, one located at x = ¢t and the
other located at © = —ct.

Step 2: Model class . Since (p,a) is of class 7, the parameter 7 is below
the infimum over admissible growth rates, ¥ < v = inf['y.; this implies that,
considering the constants C, = k € N,

(412)  Jr=r,€R: <]€ ]CID(y)\Zdy> + <]€ \\If(y)\zdy> > Cr(1+ |r7)?.

We can choose a subsequence k& — oo such that either @ is the critical quantity
along the sequence or W is the critical quantity along the sequence. Since the
argument for ® is analogous, we assume from now on that W is the critical quantity
and that, for r = ry,

(4.13) (f wwrar) > e .

For every k, we choose i to be the smallest r with this property. For large k, there
must hold r = r; > 2, so we always assume this lower bound in the following.

We claim that, for every k, there exists a critical point yy € [ry/2,7%] such that
the expectation is large,

(4.14) (U (y) ) > Crl(1 + || ")?.

Indeed, assuming that (4.14) fails to hold and exploiting that  was chosen minimal
in (4.13), we can calculate

r r/2 r
[ wery a= [ vy ae [ Quwr) a
r w2 T 712 712
< 5Ck(l +r/2[7)" + §Ck(1 +1r|")* < r Cp(L+ |r7)7,
in contradiction to (4.13).
We choose the transformation F':=id + V. Inequality (4.14) reads then

(4.15) (|F(yr) — yl*) > Cr(1+ |yi]7)?.

In this sense, the coordinate transformation produces large errors at some points.

Let us now exploit in another way that the model class is 7. For every 7/ >
there exists a constant C' such that

a0 ([1rw - ar) = (f woka) < ca sy

for all » € R. Property (4.16) verifies one of the assumptions on F' in Lemma 4.3.
The other assumption, 0 < ¢o < F'(y,w)/y < Cy, follows from the fact that

M

(417) 0,F () =1+ 0,0(s) = "2 ¢ |2 2]
p plop

and similarly in the case that 0,F(y) = 1+ 0,®(y).

Step 3: Transformation of the equation. We recall that the model (p,a) and the
coordinate change F' are fixed. We use the transformation of Lemma 4.1. The func-
tion v¢ is defined by v*o F. = u?, the new coefficients are p.(z2) := (p./0,F.)(F-'(z))
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and a.(z) = (a.0,F.)(F'(2)), the new sources are f.(z) := (f/0,F.)(F'(2)).
The transformed equation is given by (4.2),
(4.18) P=(2)0}0° (2) = 8.(a-(2)v°(2)) = [(2).

Because of (4.16) with arbitrary 4/ > ~, Lemma 4.3 yields that p and a define
again a model of class v and that the homogenized system is again given by p and
a. By our assumption, classical homogenization works with parameter § also for
the coefficients (p, a). This implies that the solutions v of

P00 — 0,(a.0°) = f
with zero initial conditions satisfy, as ¢ — 0,

(419> sup <Hatﬁ€(> t) - 8{(1(-, t)HLQ(R)> — O’

te(0,Toe—")
just as u® in (4.10).

Step 4: Only a small error is introduced by changing from f. to f. This step is
slightly technical. We have to show that it is not relevant if we consider the solution
v® of (4.18) or the solution ©° of (4.2). To show this, we study the difference
w® := v° — 0° with the aim to derive

(420) sup <H8thHL2(R)> —0

te(0,Toe—")
as € — 0. Together with (4.19), this implies

(4.21) sup  ([|0p0° (-, t) = Byl 1) || p2wy) — 0.
tE(O,ToE_ﬂ)

To derive (4.20), we start from the equation for we®,
Dawezfe_f:: Ge -

In view of Lemma B.1, it suffices to show for the space integrals G.(z,t,w) =
fox g:(s,t,w) ds the convergence

(4.22) sup/]R (|G-, )*) + (|0:G= (-, t)]*) dz — 0

t>0

as ¢ — 0. We compute for z > 0 and suppress the argument ¢ after the first

equality,
z 2
/ fe— fds dx>
0

.o - < /

:</R /OFgl(z)f(s)ds—/owf(s)dszdx>:</R de>
_ < /R F:x) (s) ds o.F dm> .

We consider the case F(y) = y + ¥(y). Equation (4.17) together with F(0) = 0
imply the deterministic lower bound |F.(x)| > %|x| for all z € R and w € Qp.

/ng‘l(x) F(s)ds
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Hence, supp f(-,t) C [—1, 1] implies that

T

f(s)ds

F.(z)

We therefore obtain with R := 1+ %,

R 2
/<IGE<-,t>|2> = </ &nFedfv>
R R |JF.(2)
M R M R/e
s-fwm@<[ﬂwxwﬁm>=7ﬁumwﬁf (o p)

—R/e

2RM, e

A LY
p —R/e

=0 for every x with |z| > 1+ =£.

T

(s)ds

as ¢ — 0. In the convergence of the last line we exploited the sublinear growth
of U (compare, e.g., (4.16), and note that we can choose v < 7' < 1). The time
derivative of G in (4.22) is treated with the same calculation, replacing f by 0, f.

Step 5: Derivation of a contradiction. The remainder of this proof uses the
following observation: By the error estimates (4.10) and (4.21), u® and v° are close
to each other. This is in contradiction with the definition of v* through v*o F, = u°
and the large deviation (4.15) of the transformation at the points y.

Let us turn to the details of the argument. In Step 2 of this proof, we have
constructed a sequence of points y; such that (|F(yx) — vil?) > k(1 + |ye|7)?,
see (4.15). Since F' remains bounded on bounded sets by the upper bound on
|0, F'|, we know that necessarily |y;| — co. Given the sequence y, we choose the
sequence £y, := |yx| "/ +8). The choice is made such that e, |y,| = 1, and hence
exly| = 6;/3 . Upon choosing a subsequence, we can assume that all points y; have
the same sign; without loss of generality we assume that the sign is positive. We
consider the rescaled points xp := cryr = 5,?5 and the time instances t; := xy/c
with ¢ = \/a/p as introduced above.

The overall picture is that the functions u® ~ u = v ~ v® must all have a pulse
at position xy at time . Let us quantify this statement. Writing short € = ¢4, the
triangle inequality and u = v yield

(4.23)
10ra(., 1) — D@ 0 F) )l ey < 10, te) — (1) 2y

100w (s t) = O™ (FL (), ti) |2y + 1000 (Fe(), te) — (00 Fo) (- 1) |2y -

The second term on the right hand was introduced to make the calculation clear;
it vanishes identically. Taking expectations, (4.10) provides convergence to 0 as
k — oo for the first term on the right hand side. In the third term we can exploit
the upper and lower bounds ¢q and C on the growth of F'. Such bounds imply that
the L%-norm in transformed coordinates is equivalent to the original coordinates
in the sense of (4.6). This allows to estimate the third term by C||0;v°(.,tx) —
Oy0(., tx)||L2(r), which vanishes after taking expectations in the limit ¢ — 0 by
(4.21). Altogether, we obtain from (4.23) for the expected value

(4.24) 10v(-, ) — By 0 F2) (., )| 2wy) — 0.
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We want to lead (4.24) to a contradiction with the fact that the function dyuf(., ;)
has non-trivial values in a neighborhood of x;, but vanishing values at positive
points that are more than O(1) away from xy.

The transformation satisfies (|F(yx) — y&|?) > k|yx|* by (4.15). Given this lower
bound for the expected value, there necessarily exists a subset 2, C Qp of events
with positive measure, P(Q) = p; > 0 such that |F(y,w) — yr|? > klyx|*? for all
w e Ql.

We calculate the mismatch in e-rescaled variables, writing again short ¢ instead

of ex. Because of @y := eyy, Fe(wy) = eF(yy), and ¢ = [y, we find, for
w e Ql,
(4.25) | P, w) — ag| = e F(yi,w) — yi| > eV |yil' = VE' 7.

We had chosen 4 in Step 0 such that (1 + ) > 1. Because of this choice, the
exponent in the last expression of (4.25) is negative, which means that the mismatch
|F.(zk,w) — x| is arbitrarily large.

This provides a contradiction with (4.24). For every w € €, the function
Ovu(., ty) has its support (on the positive axis) around the point x;. On the other
hand, 0;(uo F.)(., t;) vanishes around around the point x because of (4.25). Being
a fixed positive quantity on a set with positive measure, and boing non-negative
everywhere, the expectation of the norm in (4.24) cannot vanish in the limit. We
have found the desired contradiction. O

5. SHARP HOMOGENIZATION RESULTS FOR MATCHED IMPEDANCE

Let us introduce a stochastic medium with matched impedance. As in Sec-
tion 2.3, we focus on the situations of i.i.d. coefficients, extensions to correlated
coefficients are possible. Fix A > 1 and let a : Z x Qp — [A™', A] be such that
the random variables (a;);ez with a; := a(j,-) are i.i.d.. We define the random
coefficients p,a : R x Qp — [A71, A] by

1

a(z,w) = aj(w), plr,w):= W

The rescaled coefficients are a. := a(-/¢) and p. := p(-/¢).

forzelj,j+1).

Theorem 5.1 (Critical parameter for media with matched impedance). Let the
stochastic medium (p, a) be as described above. Then e~' is the critical time horizon
for classical homogenization in the following sense:

(1) Let > 1 and Ty > 0 be two numbers. Let f : R x [0,00) — R be supported
on [—1,1] x (0,1) with the property that the corresponding homogenized
solution does not have compact support. Then the solution u® of (2.3) and
the solution u of (2.4) satisfy

(5.1) limsup sup  (||Owu (., t) — Qyul., t) || r2)) > 0.
e—=0  te(0,Tpe—F)

(2) Let 0 < B8 < 1 and Ty > 0 be two numbers. Let f : R x [0,00) — R be
smooth and supported on [—1,1]x(0,1). Then the solutions u® and u satisfy

(5.2) limsup sup <Hatu€(-7t) — at"_ﬁ(wt)HL2(R)> =0.

e—=0  te(0,Toe—F)
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Proof of part (1) of Theorem 5.1. The underlying idea of the proof is to use the
exact solutions to the homogeneous wave equation with piecewise constant coeffi-
cients of (2.13). We recall that a matched impedance is needed in order to have
explicit solution in that form.

We allow here not only a right-going wave (with shape function g), but addi-
tionally a left-going wave (with shape function k). For times ¢ > 1, the function
u® solves a wave equation with vanishing right hand side. This allows to express
u® with g and h. Writing v° instead of u® for times ¢ > 1, and allowing that g and
h depend also on ¢, an adaption of formula (2.13) reads

. 7—1 . j—1

T —€j € T —€j €
5.3 “(2,1) =g —t . t =
(5.3) Ve (, 1) g( — +Zci>+ ( —+ +Zci>

J i=0 i=0

for x € [ej,e(j +1)). On the other hand, a comparable solution ¥ of the homoge-
nized equation with p and ¢ = a reads, compare (2.15):

(5.4) o) =g (S —t) +h(Z+1).

When we include also left-going waves, we do not only have that v* and v are
solutions to the corresponding homogeneous wave equations, but, moreover, every
solution of the one-dimensional wave equation can be written with appropriate ¢¢,
he, g, and h in the above form.

Our proof relies on two observations. (i) For appropriate g- and h-functions,
there holds, for t > 1: u = v° and 4 = v with ¢° ~ g and h® ~ h. (ii) For large
times, solutions v® and v have their main wave pulses at very distant points. This
implies (5.1).

Step 0: Preparation. We fix the right hand side f with support on [—1, 1] x (0, 1)
as in the Theorem and § > 1. We perform a proof with a contradiction argument
and assume that convergence holds in (5.1), i.e., as € — 0,

(55) sup <||8tu€(,t) — at’L_I/(,t)||L2(R)> — 0.

tE(O,T()&‘*B)

Step 1: Representation of u¢ and u. The function u = u(x,t) is a solution of
a homogeneous wave equation with coefficients ¢ for ¢ > 1. We can therefore, for
appropriate functions g and h, write @ in the form of (5.4): @(z,t) = v(z,t) for
t > 1 for v as in (5.4). This defines g and h. Note that g # 0 or h # 0 holds by
assumption on f.

For fixed ¢ > 0, we can also use a representation formula for u*. As a solution
of a homogeneous wave equation with coefficients p. and a. for ¢ > 1, there exist
functions ¢° : R — R and h° : R — R such that «° has the form of (5.3), u®(x,t) =
v¥(z,t) for t > 1 for v° as in (5.3). This defines ¢ and h®.

By finite speed of propagation, all functions g and A have support in some interval
[—M, M|, where M depends on the support of f and the bounds for the coefficients
in the equations.

The convergence (5.5) implies, for fixed t > 1,

(5.6) 0 t) = Br(., 1) | p2gey) — 0.

Suppressing the arguments of the functions, which are as in (5.3) and (5.4), this is
a convergence

([10eg® — Och® — Oeg + Oeh|| r2ry) — 0.
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For a sufficiently large time instance ¢, the functions g° and g are non-vanishing
only for x > 0, and the functions h* and h are non-vanishing only for z < 0. We
therefore conclude the convergence

(5.7) (109" — OcgllLay) + (10ch — Oehll12@)) — 0.

Step 2: The two solutions to inhomogeneous problems. From now on, we consider
only large times t > Ty > 1, where the lower bound T, is determined by M.
Additionally, we consider only positive positions z > 0. Choosing T, large enough,
in the representation formulas, only the contributions of ¢ and g appear.

We introduce a new function, w®. The function is defined as in the rule (5.3),
but with the shape function g:

. j—1

[z —¢j 5
5.8 (x,t) = —1 — 1.
59 viens (52 5

The subsequent calculation uses first a triangle inequality and then the conver-
gence (5.7) for the first term and the convergence (5.5) for the second term:

(59) sup <H(9twa(,t) — at'l_](.,t)HLQ(]R_‘_)>
tE(TM,Toefﬂ)

< sup <H(9tw5(.,t) —8tva(.,t)\\Lz(R+)>
te(Tar,Toe=P)

boswp (10050 — (D) — 0.
te(Tar,Toe=?)

Step 3: Deviation of w® and v. We will now verify that (5.9) leads to a con-
tradiction. We can assume that g # 0 is satisfied, otherwise we switch to z < 0
and consider h instead of g. Since g has support in £ € [—M, M|, the functions
u(.,t) =v(.,t) and Ouu(.,t) = 0v(.,t) have support in x € [¢t — M,ct + M]|.

Fix an arbitrary T} € (0,7p) and consider the sequence of time instances ¢t :=
t. := Tie ?. We claim that there exists an event Q; C Qp with P(£2;) > 0, such
that

(5.10) supp (Qyw®(.,t;w)) N [ct — M,ét+ M] =

for every w € 2;. Loosely speaking: With a positive probability, the pulse of w* is
not approximately moving with speed ¢.

Using the claim, we can conclude the proof: Since the ||0,0(.,t)||L2r,) is a pos-
itive quantity for every ¢ > 1, (5.10) yields a contradiction to (5.9). This contra-
diction implies that (5.1) is true.

Step 4: Verification of the claim. The corresponding calculation was performed
before, see (2.19) with the resulting mismatch of arrival times (2.20). When the
mismatch exceeds C'M for sufficiently large C' > 0, then (5.10) holds. O

Proof of part (2) of Theorem 5.1. Let f be as in the statement and let u® and «
be corresponding solutions. It suffices to show the statement (5.2) with J;u® and
oyu replaced by u® and w. Indeed, since f is smooth and p.,a. are independent
of time, the time derivatives d,u® and 0,u are again solutions for a wave equation
with trivial initial data and the result for values can be applied to derivatives.
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Step 1: Homogenization for finite time. For every fixed Ty > 0, we find C' =
C(Tpy, A, f) < oo with

(5.11) sup <||u€(-,t) - ﬂ(-,t)H%z(R) + ||t (-, t) — 0tﬂ(-,t)H%2(R)> < Ce.

te(0,To]

The statement is classical and we display a proof relying on Lemma 3.2 for com-
pleteness. Setting @ := (ag')~' and p := (ay'), we deduce from a = p~!, the
definitions of ® and ¥ of (2.5), and the scaled correctors V.(x) = e¥(z/e) and
O () = e®(x/e) that

U(y) =P(y) = /Oy % —1ds and V. (z)=o.(z)= /Ox

We claim that there exists C' = C'(A) such that
(5.12) ([2(2)*) = (|Pe(2)]*) < Ce(lz] + ).

a

ac(§)

— 1d¢.

In order to show the claim, we consider in the following, without loss of generality,
only points # > 0. We can estimate expected values with the function |p| :=

sup{z € Z|z < p} as
e/l & 2
/ —1ds >+5<‘/ ———ds>
0 () Lo/} A(8

|z/e]— d 2
2 4 272
< > - >+e

1=0

< ((x/&) <(aio _ 1)2> +A2> |

where we use in the last inequality the fact that the (a;);cz are i.i.d., in particular,

)G = (GG ) =0 s

This shows the claim, estimate (5.12) for ®. and, hence, also for ..
Inserting (5.12) into (3.13), we obtain

sup (E.(t)) < Ce,

t€[0,T]

(12(2)]*)

IN

IN

where C' = C(A, f,T) and E. is given in (3.3). Inserting the above estimate and
(5.12) into (3.15), we deduce

sup <||3tu5(,t) — 8tﬁ(,t)||%2(R)> S Ce

te(0,To]
for some C' = C(A, Ty, f). The remaining estimate for u®(-,t) — (-, t) follows by
integrating in time, exploiting that u® and @ have trivial initial conditions.

Step 2: The two solutions of the inhomogeneous problem. We use the function
fo a.(s)~1 ds, which defines harmonic coordinates (note that we use our
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particular sign convention for integrals when x is negative). Lemma A.1 allows, for
t > 2, to represent the solutions:

] | [E@+-2)
) = 3 ()~ (=2 g R =2 g [ )y,

2
o) = 303~ (=2 G+ -2 +5 [k,

where ¢°, h* and g, h are given by the relations

u(z,2) = g°(Fz(x)), O (x,2) = h*(F(x))

a(z,2) = 9(9 Oyii(z,2) = h(%) .

We will later use several properties of the functions u®, @ and the representing
functions ¢°, g and h%, h. The smoothness of f implies that there exists L = L(A, f)
such that

(5.13) 1025, 2) | + 110206, 2) oo + 15[l + 17 ]loc < L
Moreover, there exists M = M(A) such that

(5.14) VYV eR\(=M,M): |0 (x,2)|+ |0wu(z,2)| + |0u(aF.(z))] =0,
where we use for the last term on the right-hand side A~'z < F.(z) < Ax.

Step 3: FEstimate for the error term I.. We will work with several triangle
inequalities to estimate u® — u. One of the differences that appears is

L) =g (R - (-2) ~g(% - ¢-2)

We claim that, for all g < 1, there holds

and

(5.15) lim  sup </ |1 (z, 1) |2d93> =0.
0 4el2,1pe 5]
We use the triangle inequality to split /. into two other terms and write
(5.16) |Le(a, )] < |1 (2, )] + [ 1P (1)
with
IO(x,t) =

[(2)( T, t) :

&€

g (Fe(w) = (t = 2)) = g(Fe(z) = (t = 2)),
(Fe(z) = (t=2)) = g(F = (t=2)).

We begin with the term I Using that g has support in (—M, M), the estimates
19" || Loo(ray < L < 00 and A~ 1|x| < |F.(z)| < Alz|, we obtain

t—2+AM 2
</ |I€(2)(a:,t)|2dm> < LQ/ < >dm
R t—2—AM

LZ t—24+AM
— |D.(2))? Ydx < Ce(t+ 1),
a Ji—2—AM

where we used (5.12) in the last step and a constant C' = C(A, f) < oo

i
B

F.(z) — g
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We now estimate the term involving MooA change of variables with y =
F-YF.(z) — (t — 2)) and, accordingly, dy = (Ffl)’(FE( ) — (t — 2))F!(x) dz with

£

pre-factor (FZ 1) (F.(x) — (t — 2))F!(x) > A~? allows to calculate

([0 opar) < x| i) - el d)
(5.17) < on? (</ (. 2) — iy, 2 |2dy> </|I 2,2) |2dx>> ,

where we use triangle inequality and the definition of ¢ and g in the second in-
equality.

We can now combine (5.17) and (5.11) (with 7o = 2). We obtain, for some
C = C(f,A) < oo and arbitrary ¢t > 2:

</R]I€(x,t)\2dx> < Ce(1+14).

With this estimate, we have shown the claim of (5.15).
Step 4: FEstimate for the error term J.. We now consider the term

Fu(s)+(t—2) 4(t-2)
(5.18) Lt = [ wwdy- [ b dy.
Fe(x)—(t-2) L _(t—2)

We claim that this term satisfies

(5.19) VI >0,0<1: lim sup </ |J5(x,t)|2dx> =
R

€20 4c[2,10e5)

We start the proof by writing

with

(1) Fg(w)-f—(t 2) .
IO (1) = / W) — Bl F (y), 2) dy.
Fs(x)f(t72)

Fe(z)+(t—2)
T (3.4) = / 0\ (y), 2) — Oy, 2) dy

Fe(x)—(t—2)
Fu(a)+(t-2) Ly(t-2)
IO (2, 1) = / dyii(ay, 2) dy — / Ry) dy.
Fe(z)—(t—2) L (t-2)

Recalling he(y) = Ous(z,2) for z = F-'(y), we obtain, using the corresponding
substitution in the first equality,

([l opa)
e (Fe(2)+(t-2)
/F (Opu®(z,2) — Qyu(z,2))F.(z) dz

< /R o (Fe(2)—(t-2))
(5.14) M
< A2</ dm>,
(1)

2
dx>

2

|0yut(2,2) — Ou(z,2)| dz

-M



M. Schéffner and B. Schweizer 29

where the outer domain of integration is

Us(t) = {z € R| (F7 ' (Fu(z) — (t = 2)), FT (Fe(2) + (t = 2))) N (=M, M) # 0}
and where we used || F.|lo < A.

Because of F.(0) = 0 and ||F!| e, ||(F7Y) ||z~ < A, we obtain U.(t) C U(t)
for some deterministic U(t) satisfying |U (¢ )| =C(1+ ) for some C' = C(A). We
therefore find C' = C(A, f) such that, changing the constant from one line to the

next,
</R|J§1)(93,t)]2 d$> <c(1 +t)</ 10,uf (2,2) — 0,1i(2,2)|? dz>
(5.20) 2ot ve.

In order to estimate the term involving J*, we substitute again z = F. ~(y)

with dy = Fl(z)dz = ﬁ(z) dz and obtain
/Fs”(Fs@)Ht—?” Oyti(z,2) — dyu(aF.(z),2

2
</|J€(2)(x,t)|2dx> = </ dx>
R R | JF (Fe(2)—(t-2)) ac(2)
(5.14) 2
< A2</ dx>,
=(t)

where U.(t) C U(t) with |U(t)] < C(1 +t) are as above. The Cauchy-Schwarz
inequality implies

</R|JE(2)(:c,t)|2d:z:> < A2!U(t)|</_z |0,(z,2) — ata<ap5(z),2),zdz>

M
< O+ t)0.0: / (I — aF.(=)]) dz,
-M

)dz

/_ |0yu(z,2) — Qyu(aF.(2),2)|dz

M

where C' = C(A). We use the equality |z — aF.(z)| = |P.(z)| to conclude from
(5.12) and [|0,0:ul|o < C(A, f), that

(5.21) </R|J€(2)(x,t)|2dx> <C(l+1t)e

for some C' = C(A, f). It remains to estimate the term involving J¥ We observe
that dyu(ay,2) = h(y) and thus
Iz,

) (@, )] < (@) = 2| = 2llhlc (@) /a
for all # € R. Furthermore, J<* (x,t) = 0 holds unless
(Fe(x) = (t=2), Fe(x) + (t =2)) N (=M, M) #0  or
(ﬁ—(t—Q),ng(t—Q)) N (=M, M) #£0.

a

Arguing similar to the case of J we deduce with help of (5.12)

(5.22) </R|JE(3)(:U,25)]2dx> <C(1+1t)e

for some C' = C(A, f). Combining (5.20)—(5.22), we obtain (5.19), and have there-
fore shown the claim for J..
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The estimate for I. from Step 3 together with the estimate for J. from Step 4
provide the estimate for u* — @ and hence the theorem. O

APPENDIX A. REPRESENTATION OF MATCHED IMPEDANCE SOLUTIONS

We state and prove a d’Alambert-type representation formula for solutions of the
initial-value problem with matched impedance. We use this formula in the proof
of Theorem 5.1.

Lemma A.1. For A > 1, let a,p: R — [A™1 A] be coeﬂicients such that ap = 1
holds almost everywhere. We use the function F(z) := fo Yds (with the
standard sign convention for integrals). Then, for arbztmry g,h € L>®(R) with
compact support, the unique solution u of the wave equation

pO*u — 0,(adyu) =0  with wu(-,0)=goF, Ou(-,0)=hoF

18 given by

F(x)+t

(A ule ) = 5P 0 +o(F@ )+ [ by,

Proof. Uniqueness of the solution is known, the attainment of the initial values is
easily checked. We only have to show that the expression in (A.1) solves the wave
equation. We compute

OPu(w,t) = %(g”(F(x) —t)+ 4" (F(x)+t)+1(F(x)+t) — M(F(x) — t))

Using F'(z) = 1/a(z), we obtain for the first spatial derivative of u

1
a(x) dyu(x,t) =3 (g’(F(a:) —t)+ ¢ (F(x)+t)+h(F(z)+t)— h(F(z) — t)) .
Taking another spatial derivative, the chain rule yields

0y (a(x)0pu(zx,t)) = Otu(z,t).

b
a(x)

Because of p = 1/a, we have found that u solves the wave equation. U

APPENDIX B. A SMALL RIGHT HAND SIDE IN THE WAVE EQUATION

In this section, we formulate and prove a technical lemma which is used in the
proof of Proposition 4.5.

Lemma B.1. Let L > 1 be a bound for the support of functions. We consider,
for every € > 0, a function g. : R x Ry x Qp — R such that g.(-,w) is supported
n [—L L] 0, L] for every w € Qp. We furthermore assume that the quantity
G (z,t,w) == [y g:-(s,t,w)ds satisfies

lim sup/ (|G-(-.)]*) + (|0:G=(-, 1)) dz = 0.

e—0 >0

Then, for every M € [1,00) and every sequence of coefficients a., p. : R x Qp — R
satisfying ac, p. € [1/M, M] for all € > 0, the sequence of solutions w® of

(B.1) 0w := p.0?w® — 0p(a.0,w°) = g., with w®(-,0) = dw(-,0) = 0
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satisfies

1 g(. 2 =
(B.2) timsup (|00 (1) ) = 0.

€

Proof. Throughout the proof we denote by E.(t) the energy of w®(-,t) that is

1
E.(t) := 5 /Rp5|8tw5(-,t)|2 + ac|0,we (-, t)]?.

The definition of G, imply that w* solves the equation
O.w® = 0,G. .

Now we can apply the same (standard) testing procedure as in Step 2 of the proof
of Lemma 3.1. By multiplying the above equation with d,w® and integrating, we
obtain (with help of integration by parts)

//aG )ow® _/ / (9,G.)dw* —/GE(-,t)ﬁth(-,t).

As in Step 2 of the proof of Lemma 3.1, we deduce from the above identity that
w (g <er [ [gac e s [e.cor,
t€[0,T] t€[0,T] JR

where C' = C'(M) > 0. Recall that g. and thus G, is supported in time in [0, L]
and thus we obtain by sending T" — oo

sup E.(t) < O(L* + sup/<|8t O) + (|G-, 0)]?y dz — 0 ase—0,
>0
which completes the proof. O

ApPENDIX C. MEDIA WITH v € (1/2,1)

Our standard random medium has identically distributed independent values of
p and a, which results in a model parameter v = % (growth of correctors). When
the values of p (or a) are not independent in the different cells, but have a positive
correlation, then every value of v in the interval (%, 1) can occur. This is what we
show in this section with a construction from [6].

For simplicity, we consider media with constant p, say p = 1, and random a.
An extension to more general models, in particular models (a, p) of class v € (3,1)
with matched impedance (pa = 1) is straightforward. Let us emphasize that the
following construction and computations are essentially contained in [6], where
precise 1D elliptic homogenization results in correlated media are proven.

For a given probability space (2p, A, P) let {g(z) | x € R} be a stationary Gauss-
ian process. We suppose that, for every z € R, the random variable g(z,-) : Qp —
R has zero mean and variance one, (g(x)) = 0 and (g(z)?) = 1 for every z. More-
over, we suppose that the autocorrelation function

Ry(t) := (g(x)g(z +1))
satisfies, for some exponent a € (0,1) and some factor x, > 0,

(C.1)  Ry(t) ~Kyt™™ ast— oo, which is defined as: tlim tYRy(t) = Ky .
— 00

Our aim is to define coefficients a : R x 2p — R that satisfy uniform bounds. We
will define them by truncating the Gaussian variable g(z). We fix a nonlinear map
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T:R—-R Satisfying |T(z )| < 1 and T(z) = —T(—x) for all z € R. Possible

choices are T' = —sgn orT == arctan We consider the random field
p(r,w) = T(g(z,w)).
The following properties of ¢ are proven in [6, Proposition 2.2]:

Lemma C.1 (see [6]). Let a € (0,1) be a number and let T, g, and ¢ be as above.
Then ¢ defines a stationary random process with {¢(z)) = 0 and (p(x)?) = Vy for
all x € R. The autocorrelation function of ¢, given by R(T) := (p(z)p(z + 7)),
satisfies

(C.2) R(T) ~ k177 as T — 0.

The two constants are

m:@ﬂﬁéﬂ@mm@%wm'%zmr

[N

j T%(g) exp(—g°/2) dg

We are now in a position to construct, for every v € (%, 1), a model of class 7.

Corollary C.2. Let v be a number in the interval (%, 1). We choose the parameter
a:=2(1—7) € (0,1) and consider g and ¢ as in Lemma C.1. Then (p,a) with
p=1landa:R x Qp — R given by

1

O T e

defines a model of class 7.

Proof. By construction, we have |p| < % and thus % <a<2onRxQp. Moreover,

we have
(o) =L+ (lah =1,

and thus @ = 1, see (2.1). Accordingly, the corrector ® of (2.5) is given by

o) = [{ot-1fas= [(ewas

The choice p = 1 yields p = 1 and ¥ = 0. In order to show that (a, p) defines a
model of class v = 1 — § it suffices to show the following two statements (compare

(2.7)):

T—00

a
(C.3) vy >1-— 5 lim sup — o < |D(y)|? dy> =0

and

7—00

(C4) vy <1 - % : hmmf — < |D(y)|? dy>
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We show (C.3), the computations for (C.4) are similar. As a preparation, we
re-write a double integral with the substitution rule:

// dtds—// dtds+// ) dt ds
// (s +7) drder// ot + 7)p(t) dr dt
_2// (s +7)drds.

Using this formula and the autocorrelation function R(7) := (@(s)¢(s + 7)), we

U o)< ([ o )= ([ [ oo

][// r)dr dtdy

Combining (C.2) and |R(7)| = |(¢(z)¢(z + 7))| < 3 (which follows from |¢| < 1),
we obtain the existence of a constant C' > 0 such that B < C on [0,1] and
|R(7)| < C77% on [1,00). This allows to calculate the expression of (C.3):

L o)dy) = 2 ][r/y/th( ) dr dt d
7’27, 0 y y - 7"27/ 0 0 0 T T y
200 [T y min{y—t,1} y—t
2_][ / (/ dT+/ T—adT) dt dy
7 min{y—t,1}
7027][ / —~————dtdy

2—a

- ][ AR e
< (T Srer= OOTM) |

This implies (C.3) because of 29 > 2 —a > 1.
As noted above, the computations for (C.4) are analogous. This shows that the
model class is indeed . 0

()ds

| N

| /\
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