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Abstract

The determination of toxicokinetic parameters is an essential component in the risk
assessment of potential harmful chemicals. It's a first step to analyse the processes
which are involved in the development of DNA adducts and might therefore lead to
the development of cancer.

The complete research depends on investigations with animals in vivo and in
vitro, so that a critical step is the extrapolation from experimental animals to the
human organism. Besides the investigation of the interspecific differences, the
intraspecific and the interoccasion variability have to be analysed to avoid serious
errors in the determination of the human risk.

The aim of extrapolation from one species to an other requires a characterisation
of the interesting processes which is valid for the whole species, i.e. population mean
parameters instead of sets of parameters for different individuals, occasions and
concentrations of theinteresting chemical.

The theory of hierarchical models, basically the work of Racine-Poon et al.
(1985, 1986, 1990), provides a procedure, which incorporates both, moddling of the
variability structure and reduction of complexity in terms of estimates of population
mean parameter vectors.

This paper presents part of a strategy to determinate the processes of uptake,
eimination, and metabolism of the gas ethylene, which is a natural body constituent
and an important industrial chemical.
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1. Introduction

The determination of toxicokinetic parameters is an essential component in the risk assessment
of potential harmful chemicals. Most chemical carcinogens are transformed into a chemical
active form, its metabolite, that is able to interact with many of the cellular macromolecules
such as DNA, RNA, and protein, and might therefore lead to the development of cancer. It
seems that the relationship between applied dose and tumor response is usually nonlinear. This

nonlinearity is supposed to be due to the kinetic processes involved in the development of



DNA adducts (Hoel et a., 1983). So a first step to assess the risk of a xenobiotic is to
investigate the kinetic processes of uptake, elimination, and metabolism.

As the complete research depends on experiments with animals in vivo and in vitro, a critical
step is the extrapolation from the risk observed in the experimental animals to the risk
associated with the human organism. Besides the examination of the interspecific differences,
the variability structure within the observed species has to be analysed to avoid serious errors
in the assessment of the human risk. Studies of the intraspecific variation of toxicokinetic
parameters require two main sources of variability to be accounted for: the interindividual
variability, and the interoccasion variability, i. e. the variation in the individual parameters at
repeated examinations. The latter appears to be the primary source of toxicokinetic variability.
The aim of extrapolation from one species to an other demands a characterisation of the
interesting processes which is valid for the whole species, i.e. population mean parameters.
Thus, analysing kinetic processes, we have to consider both, the modelling of the variability
structure and the evaluation of a population model.

Such a procedure is provided by the theory of hierarchical models, as given by Racine-Poon et
al. (1985, 1986, 1990). In this paper we present part of a strategy to investigate the processes
of uptake, elimination, and metabolism of the gas ethylene applying a two-compartment model,
and, moreover, incorporating prior information out of preceding experiments, which is often
available in toxicokinetic research. The actua study, performed at the Ingtitut fir
Arbeitsphysiologie an der Universitét Dortmund, combines a repeated measurement design

with the investigation of a larger range of concentrations of ethylene.

2. Project

The aim of this investigation is to determinate the population mean kinetic parameters of
uptake, elimination, and metabolism of the chemical ethylene and to quantify the variability due
to interindividual and interoccasion differences.

Ethylene is an important industrial chemical, which is present in environmental and industrial
atmospheres. Ethylene is also a vegetable hormone involved in the process of ripening and,
moreover, it is a natural body constituent of mammalian organisms. Preceding studies revedl,

that ethylene is metabolised to ethylene oxide, which is a directly alkylating and genotoxic



agent. Ethylene oxide is carcinogenic in experimental animals, its human carcinogenicity is still
debated (Bolt, 1998).

Former inhalation experiments with ethylene indicate that the metabolism can be well
approximated by first order Kkinetics at concentrations below 800 ppm. At higher
concentrations the metabolism becomes more and more saturated (Bolt & Filser, 1987).

Experimental design

Two different groups of experiments were performed, each of which with 10 male Sprague-
Dawley rats. The animals had an average weight of 300 g at the beginning of the investigation.
Both groups of experiments were carried out using the "closed chamber technique' as
reviewed by Filser (1992), which allows investigations of kinetics of volatile chemicals in vivo.
This technique is based on a closed inhalation chamber where during the exposure period the
atmospheric concentrations of the substance, in this case ethylene, are measured.

In the inhalation chamber, the experimental animals are exposed to the gas or vapour of
interest. The exhaled CO, is absorbed by soda lime, and its volume is replaced by pure oxygen.
At the beginning of each experiment, the test materia (here: ethylene) is injected into the
chamber. In the course of time, the change of the atmospheric concentration within the
chamber is measured by gas-chromatographic means. Due to the way of application, the actual
concentration in the inhalation chamber at the beginning of each experiment, i. e. at zero time,

is not exactly known.

The experiments of the first group (group A) had the following design:

Each of the ten rats was exposed to a concentration of about 100 ppm ethylene for a time
period of about 8 hours. In that time the concentration of ethylene in the atmosphere was
measured at severa time points. This procedure was repeated four times with the same initial
concentration of about 100 ppm ethylene, so that we finally received five short time series per

animal observed under the same conditions (cf. Fig. 1).
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Figurel. Observations of one

sngle Sorague-Dawey rat at five occasions (initial

concentrations about 100 ppm); time in hours since application of ethylene.

The experiments of the second group (group B) were realised with 10 other rats in a similar

way. For each animal we aso observed five concentration-time curves but at five different

initial concentrations of 20 ppm, 50 ppm, 100 ppm, 200 ppm and 500 ppm ethylene (cf.

Fig. 2).

Conoantration of ethylenein theinhaation chamber

g8 8 8 8

8

CONCENTRATION (PPM)

8

o

00:25 |
00:50 |
01:15

Figure2. Observations of one single Sprague-Dawley rat at five initial concentrations of

about 20, 50, 100, 200, and 500 ppm; time in hours since application of ethylene.

The applied doses of ethylene were below the point of saturation of ethylene of about 800

ppm.



3. Statistical models and methods

3.1 Two-compartment model

The two-compartment model used by Filser (1992) for the characterisation of exposure to
volatile xenobiotics describes uptake, endogenous production, excretion, and the metabolic
elimination of the substance. The model is depicted as follows: a xenobiotic gas, in this case
ethylene, enters the body and is exhaled. This process is represented by two compartments, the
first C, being the environment outside the body, here the inhalation chamber of the exposition
system, and the second compartment C, the body itself. The volatile xenobiotic transits from
one compartment to the other through a theoretical interface. During this process, a portion of
the xenobiotic within the organism at any stage is eliminated by metabolic processes, and
another portion is exhaled (cf. Fig. 3).
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Figure 3. Two-compartment block model in the case of metabolic turnover

In the case of ethylene this substance is eliminated by the production of its reactive metabolite
ethylene oxide which leads to the alkylation of DNA. Special interest is given to the kinetics
governing these processes.

This paper concentrates on overall first order kinetic processes. Preceding investigations
indicated that the range of initial concentrations that we used here was below the point of
saturation of ethylene at about 800 ppm, so that the processes may be approximated well by
first order kinetics (Bolt & Filser, 1987).



Moreover Becka (1998) showed that first order kinetics can be used as good approximations
for nonlinear kinetic processes, MichaelisMenten kinetics, for instance, if the observed

maximum concentrations don't exceed the point of saturation.

Let yi(t) denote the concentration of a xenobiotic in compartment | at time t and let V, describe
the volume of the compartment. A preliminary assumption is that the compound, in this case
ethylene, is metabolised within the body, and that there is no metabolism back to the parent
ethylene, the latter being very likely on toxicological grounds.

In the case of overal first order kinetics, each partial process can be characterised by one rate
or velocity constant k, that is ky, for the uptake, k,; for the exhalation, and ky for the metabolic
elimination (cf. Fig. 3). Thus the two-compartment model can be described by a system of
linear differential equations (Becka et al., 1993):
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where A, = %{— (kep +Kyy + kg )24k + Ky + Ky F —4k12kd} are the eigenvalues of the

matrix A(@) in (1.4) (Urfer & Becka, 1996).

3.2 Population model for interindividual and interoccasion variability

We fit two different nonlinear hierarchical models, each to one group of experiments

incorporating the results of the first into the model of the second.
Notation

The observed concentrations of ethylene in the atmosphere of the expostion system
(compartment 1) are denoted by yi, withi =1, . . ., 20 the number of the individual rat
(i=1,...,10fortheanimasingroup A, i =11, .. ., 20 for group B),

j =1, ..., Jtheobservations at time pointst; and

k=1, ..., 5the number of the experiments.

For group B the numbersk =1, . . ., 5 of the experiments correspond to the five different initial
concentrations of about 20 ppm, 50 ppm, 100 ppm, 200 ppm and 500 ppm. For the
experiments of group A the index k serves to distinguish the five concentration-time curves per
individual with similar initial concentrations of about 100 ppm. Due to the different

experimental designs, the assumptions vary for both models:

Group A: = F(Bioty) +&y, 1=1,...,10,j=1,..,3,k=1,...,5

where f (5,,t;) is anonlinear function of the individual parameter vector Bx and the time t.
The function f (5,,t;) denotes the expected concentration-time curve of the ith individual at
the kth occasion. The parameter vector By = (Kaaik, Kok, Keike Yi(0))" = (&, yi(0))", where

Bi = (Kazi, Kozt Kait) " represents the vector of the kinetic parameters, differs from individual to
individual and is of dimension p = 4.
The initial concentration in compartment 1 for the ith rat in the kth experiment, yi(0), is

approximately 100 ppm ethylene.



GroupB: y, =f(6,,t; )+, 1=11,...,20,j=1,...,3,k=1,...,5
where f (6,,t;,) isanonlinear function of the individual parameter vector & and the time t.
The function f(6,,t, ) denotes the expected concentration-time curve for the ith individua

under different experimental conditions. The parameter vector
8= (9, y1(0), yi20), y:3(0), ¥i4(0), ¥is(0) )", with ¢ = (Kizi, koai, kei)', differs from individual

to individual and is of dimension p = 8. The initial concentrations are about 20 ppm, 50 ppm,
100 ppm, 200 ppm and 500 ppm.

Due to the way of application, the initial concentrations yi(0), are not exactly known and have
to be treated as parameters, although we are merely interested in the kinetic parameters. Note
that, in contrast to group B, for group A these five initial concentrations per animal are of the

same magnitude.

For both groups of experiments we observe individual responses and get information about the
individual parameters @« and ¢, respectively. Our main interest are not the individua
processes with individual parameters but a population mean process with parameters
@ = (K2, ka1, ks)', which underlies the different individual processes. The individual parameter
vectors @i« and ¢, , respectively, may be regarded as to vary at random across a population
mean parameter vector ¢. Additionally we suppose that the variances of the observed
concentration-time curves differ from individual to individual. The experiments of group A

provide information about the individual covariance structure as we have five observation per

time point and animal due to the same experimental conditions.

The idea is now to apply nonlinear hierarchical models to both data sets using a Bayesian
approach as suggested by Racine-Poon (1985). We obtain the information about the
intersubject and interoccasion variability from group A and use the results to estimate the

individual and population mean parameters from group B.



3.2.1 Investigation of intersubject and interoccasion variability (Group A)

A Bayesian approach according to Racine-Poon (1985) and Racine-Poon and Smith (1990) is
applied to the data of group A, which consists of five concentration-time curves per individual
measured under similar experimental conditions. We are interested especialy in the variation of
the individual responses at different dosing occasions, the so called interoccasion variahility,
and the variation between the individuals, the intersubject variability.

We propose a four-stage nonlinear hierarchical model denoted by (0).

We assume that our observations y;y of the concentration of ethylene in the atmosphere of the

exposition system are independent and have the following distribution:

given B, 72: Yk~ N(f(Bwt), 72) i=1,...,10,j=1,...,Jandk=1,...,5

with Bk = (¢.T< , Yi(0) )T, and @i = (Kaaik, Koaik, kelik)T

given 3, Qi Bc~N(B,Q)i=1,...,10 andk=1,...5,
with 5= (47, %(0))", and ¢ = (kuzi, koui, ki)',

given g, =™ B~NQB, =N i=1,...10,
with — B=(¢",y(0))", and ¢ = (kuz, ko, ka)"

p(B 01 0B0R.

For unknown variances 72 and covariance matrices Q; and =* Racine-Poon (1985) presents a
method to estimate the parameter vectors By, B and Baswell as 12, Q; and =* using a vague

prior distribution for 72 . The inverse covariance matrices Q;* and >~ are assumed to follow

Wishart distributions with degrees of freedom o, and 0, and matrices R, and R;, respectively,
so that Ry ™/(o1-p-1) and R Y/(0.-p-1) play the role of prior estimates of Q; and =*. If there is

only little information about Q;* and sAT available, the degrees of freedom p, and o, are set



equal to the dimension p of the parameter vectors B« and 4. Additionally the variances 77,

i=1,...,10,k=1,...,5,Q;,i=1,...,10, " and 8 should be independent.

The estimators for both cases, known and unknown variances and covariance matrices, are
given by Heiser (1997) for observations y; of time series or repeated measures and will be
adapted for the further analysis. In the latter case an EM algorithm as provided by Dempster et
al. (1977) is applied to estimate the parameter vectors as well as the covariance matrices.

Bayes estimates of the parametersin the nonlinear model for group A

We get the Bayesian estimators for the population mean and individual parameter vectors S, 3
and Sk by transforming the nonlinear hierarchical model (¢) into a linear one, such as provided
by Lindley and Smith (1972). For that purpose the observations v are replaced by an "amost”
aufficient statistic ik with

GkDN(,Gk, T”z(cik), i:1,...,10,k:1,...,5.
For example, ik can be chosen as the mean of the posterior density of £« . In the case of

uninformative priors for the variances 772, the posterior distribution of B« can be well

approximated by its likelihood, so that the maximum likelihood estimate of S« can be used as a

good approximation for i« (Racine-Poon, 1985)

The resulting linear hierarchical model (¢09) is given by:

given B, 7::  xON(Bk 72Cw), i=1,...,10,k=1,...,5

given 5 ,Q;: BcON(B,Q), i=1,...,10,k=1,...,5

given g, =™ BON(BZH, i=1,...10

p(p O 1, 060 /.

10
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where 7,°C." isthe Fisher Information matrix:

2

dﬁmdﬁT

. O
|k2C|k1 = ED’ |n|—(Y111! -1 Y10 5‘:811! :810,5!T12,1!---!T120,5)[% (2-1-1)

Using the assumptions made for the observations yij (2.1.1) can be calculated as follows:

RixRiriamiais
«-3ER BN R HRUER
Sy cplalgplaly gl S
(2.1.2)

The vectors of parameters Sy in (2.1.2) are substituted by their maximum likelihood estimates
Gwi=1,...,10,k=1,...,5.

First of al, we suppose that our concentration-time curves can be well approximated by first
order kinetic processes adapting the main idea of the approach of Becka (1998).

With the notation of Section 3.1 the transport processes in an open two-compartment model
are characterised by the differential equations (1.1) and (1.2).

Setting yi(t)) equal to f (B, tj) in (1.5) yields

(0) E(k12|k 1ik )exp{/\zlkt } (k21|k + A )exp{/]llkt }D

(/‘:le 2ik ) [

where Ay and Ak are the eigenvalues of the matrix A(@i), corresponding to the matrix A(¢@) in

f Bt ) Vi (2.1.3)

(1.4). The eigenvalues only depend on the kinetic parameters Kii, Kok, and Kai :

1
/‘:Lik,zik = E{_ (k:LZik + Ko * Kai )i \/(k12ik +Kogye K )2 - 4k12ikkelik}

with Asix < A < 0.
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The f (B« , t ) are nonlinear functions that can be divided into the initial concentration y;(0)

and a nonlinear function g(@, tj), which does only depend on the individua kinetic parameters

Kizik, Koaik, aNd Kaik:

F (B, ) = yi0) [G(i 1)) (2.1.4)

with g(¢lk J) k12|k 1.k)eXp{/‘2(|kt } 21|)k + Ay )eXp{/\nkt }

This notation simplifies the calculation of the Fisher Information matrix (2.1.1).
Given the nonlinear hierarchical model (¢) with f (B« , ;) as specified in (2.1.3), the sums over

the index j in (2.1.2), which involve the partial derivatives with respect to the yi(0), can be
simplified to

(Bt P, OB,
¥,.(0) g ZF &, (0) g‘;(g(%’tj))z (2.1.5)

and
|k tj E:Eﬁ ik? j E |k (0)g(¢|k j )E:Edylk (0)g(¢|k j )E
= ¥, (0) dﬂ*ik ¥, (0)

S

where* =12, 21, € denotes the indices of the kinetic parameters.

(2.1.6)

Inserting these sums into (2.1.2) thisyields

= ey R B TN
co-pFlskpbaly sl gl )
i : . : 0
T ) SFE ) - Slba)
(2.1.7)



The sums of first partial derivatives of f(8, t;) are given by Becka (1994) as follows

a[f(/z,k tJ) ] Ay 086t J:

%1 Ko (2.1.8)
A2|k aﬁ/‘zik[ﬂj Allk Alkmj
Y, (0) +4, [ﬂ +4, [
“ : Koz d<12ik O B*lzk < Kz [ [
Wlth Lp (k12|k 2|k)
( 1k 2|k)
aAllk — 1@ (k12|k + Koy — ellk) 1@
Ky 2 E\/ 12|k + Kogi + Kaix )2 4Ky, kg H
Zfz.k _ _%@ (k12|k + k21|k2 elik) +1§ and
12ik @\/ 12|k Kopi + kelik) — 4Ky KKy H

. A Ny A,
= =) s~ ) S = R - 0

12ik

furthermore
0 0
o"%f (ﬁik!tj) E: aé’ik(o)w(¢ik!tj) E:
Kok Ko (2.1.9)
g 0
yik(o) 1+ Lplk)lj] 2k t— Mlk %}Azm[ﬂj - DM LP|k D] GdA |]31k[ﬂ D
1i Ko [ Ko Ko D O
with i _lé (k:LZik + Ky + kelik) _1%
2 2 E\/(klzik + Kogie + Kaix )2 = 40Ky DK B
Z:‘zik - _%@ (k12ik + Ko 2"' kelik) +1§ and
12ik E\/(kmik + Koy + kelik) = 40Ky DK B

i oA E& 7
X . 1|k 2|k) ﬂ/‘nk 2|k)%% k12|k 2|k) e -2k %
12ik 21|k
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and finaly

dgf(ﬁik’tj) E dé’ik(o)w(¢ik’tj) E

Kt Kt (2.1.10)
i (0) Eﬂh W), aLzlk + Z:'k et - Py, 1 Dﬁ— Aty
K dlik D Dﬁk K D D
with onlik = 1% ( k12|k + k2:|.|k2 + kellk) _1§’
2 Q\/ 12|k 21|k + kelik) - 4Dk12ik Dkelik Q
ZQZlk = %@ ( k:l.2|k + k21|k2 + kellk) +1§’ and
elik E\/ 12|k Kouie + kelik) — 4Ky kg B

M,

' %d)\ _ oA
17,3 == - 2|k) Eﬁ/‘nk 2|k)|:%% Kizi = 2|k) e %
elik dlk

(i) Estimatorsin the case of known covariance matrices

In the case of known variances 72, and covariance matrices Q; and >* the posterior
distribution of B, given i, 72, Q,and % i=1,... 10, k=1, ..., 5is p-variate normal,

p = 4, with mean S and covariance matrix D, where
1 ML
B = & roC, +Q, + Z r:C, +Q +z*)°¢, =Dd, (21.112)

10 5 10 5
with D™= ZZ r2C, +Q, +Z) and d= ZZ r:C, +Q +=2 ) {, is the Bayes

estimator of the population mean parameter vector £.

The Bayes estimate £ is normally distributed (Heiser, 1997)

B ONi(B, D).

The individual kinetic processes are characterised by an individual mean parameter vector 3

and experiment specific parameter vectors S..

15



The posterior distribution of 3, given (i1, . . ., (105 B and X*, are independent p-variate

normals, p = 4, withmeans B”,i =1, .. ., 10, and covariance matrices D;,, where
-1
5 . 0 5 . _ ]
lBiD = ﬁ% (Tizkcik + Qi ) 1E+ ZA 1[D @ (Tizkcik + Qi ) ' |Iik §+ ZA ' EB[D= Didi ! (2112)

5 B B 5 B B
with D" = i (Tizkcik +Q; ) 15"’ =" and d = i (Tizkcik +Q; ) ' e E"‘ = [B.
Hence we obtain the Bayes etimate 3 as givenin (2.1.12), with mean

E(s)=0p EEZ e+ ) E+ v (2113

and covariance matrix
COV(IBiD): b, Eﬁ (Tizkcik +Q, )_1 E:Di -

The posterior distributions for the parameter vectors By, i =1, ..., 10, k=1, ..., 5, given
Gty - Qos B Qi and T are p-variate normal, p = 4, with means B, and covariance

matrices Dix. Thus the Bayes estimate 3, is given by

p.=fic) @ +z*) gl G Durl@+2) (BEEDd, (2114
i=1,...,10,k=1,...5
with D = (2C, J* + (@ +2*)" and d, = (2C, ) 7, + (@ +2°)" .
The estimators are normally distributed with means

e(z, )=, cdr2c, ) B, + (@, +=*)* EBE (2.1.15)
and covariance matrices

0
H

As S will be unknown in the practical application we replace it in (2.1.12) to (2.1.15) by its

Cov iE): Dy riicik)_l D, ..

Bayes estimate [*.
The previous estimators are based on known covariance matrices. But in fact we only have

rather vague knowledge about these covariance matrices and furthermore the aim of our

16



investigation is to gain information about just these covariances, especially with regard to the
interoccasion and interindividual variability. So we need a method to estimate both the
parameter vectors and the covariance matrices. Such a method is presented in the following

section.
(ii) Estimatorsin the case of unknown covariance matrices

In the case of unknown variances 75,i =1, ..., 10, k=1,...,5, Racine-Poon and Smith
(1990) suggest to replace them by suitable estimates 7 . Under the assumptions of our model
(0) and furthermore assuming independent variances 7; with vague prior distribution
p(riﬁ)D 1, the posterior mode of 72 is equivalent to its maximum likelihood estimate 77 .

Thus, we approximate the Bayes estimate of 7 by

£2 :%Di(y”k -fl¢t, ) i=1...,10k=1,...,5 (2.1.16)
Z

For unknown covariance matrices Racine-Poon and Smith (1990) suggest an EM-type iterative
algorithm as proposed by Dempster et al. (1977) to estimate the individual and the population
mean parameters as well as the covariance matrices Qi, . . ., Qi0 and =*. We adapt this

algorithm to our four stage model assuming, as already mentioned, that the inverse covariance
matrices Q*,i=1,..., 10, and =% follow Wishart distributions with degrees of freedom p
and p, and matrices R; and R,, respectively. Thus R™*/(o:- p-1) and R;*/(0.- p-1) play the role
of prior estimates of Q; and * and the joint posterior density for B.1, . . ., Bws, B - - - Bio, B

Q7 ..., Qland =", given {uy, . . ., duos, i proportional to

17
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el 25 (8- (8- A0 (2217
10 ~¥(p-p-1) 01 L\
[lal e eRE @D
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= e otrR ETL

Vague knowledge about the inverse covariance matrices Q;*, ..., Q;, and =" can be
expressed by choosing o, and p, as small as possible, i. e. o1 = o, = p = 4. The choice of R; and
R., respectively, seems to have little influence on the estimates (Racine-Poon, 1985).

Substituting 7; for 77, if necessary, we obtain the approximations of the Bayes estimates at

the Ith iteration of the EM-dgorithm, B¢, g», g", Q® and ="V i =1, .. ., 10,
k=1,...,5 by replacing the covariance matrices by their current approximations
QP ..., Q%Y and =M ?in (21.11), (2.1.12), and (2.1.14) (E-Step) and subsequent
calculation of Q, ..., QU, and =*" as the posterior modes using B, g, and BV,

i=1,...,10,k=1,... 5(M-Step).
E-Step

Approximating Qi, . . ., Quo, 2*in (2.2.11) by QV, ..., QY and =*" we obtain

-1
_1) 0 10 5

EZ; 72C, + QI +3AOY e (2.1.18)

Substituting 8, Q;, and = in (2.1.12) by 8, QU™ , and =A™ | respectively, yields

-1

20 > /. — - U

[ [
(2.1.19)
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In the same way we get B’ by replacing the unknown parameters by their current estimatesin
(2.2.14):

g = e, ) + !+ 30! E fiC) i+ (@ + 2 ) BV (2120

M-Step

Conditioning on Bk=8", A= and B= p¥,i=1,...,10, k=1, ..., 5, the conditional

posterior mode of (2.1.17) is given by

S (a0 - a0l -0

Q) = = 07 1 , i=1,..., 10, and (2.1.21)
P~ P~
14 i (,8-(" _ /3(')X,3-(” _ [;m)T
A = (2.1.22)
10+p,-p-1
Both steps are repeated until QY, ..., QY, and =*" converge. Racine-Poon (1985)

suggests as criterion for convergence, that the maximum change in the elements of the

covariance matrices between successive iterations should be less than 0.001.

Reasonable starting values Q7 . . ., Q9 , and =" are given by

o i((ik _(_i.X(ik _(_i.)T
Qi(o): = , i=1,...,10
10+p,-p-2

Ri+y €= 2]

Z A(0) =

10+p,-p-3
1105
S

5 110 _
Z _0.: (i':_o.: ;(ik'

U'III—‘

where .
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3.2.2 Population model for group B

For the experiments of group B, where the animals will be investigated under different initial
conditions, also a Bayesian approach is applied to model the individual responses and their
variation across the population mean response.

We state here a three-stage nonlinear hierarchical model denoted by ().

We assume that our observations y;y of the concentration of ethylene in the atmosphere of the

exposition system are independent and have the following distribution:

given 8, o>:  yx ON(f (8, tk), 07) i=11,...,20j=1,...,J,k=1,...,5

with 8 = (4, yi1(0), ¥i2(0), ¥is(0), ¥ia(0), ¥is(0))", and @ = (K2, keu, ka)",

given 6, =% GON(6,Z% i=11,..., 20,
with 8= (4", y1(0), y2(0), ¥5(0), ¥4(0), ys(0))", and ¢ = (kuzi, ke, Kei),

peO01  OeOR.

The Bayes estimate of * can be used as the corresponding components of the prior estimate
58 =R™*/(p - p—1) and hence as prior information of 3. Another possibility is to use *" as
the corresponding components of the starting value =@ and include further information from

preliminary examinations.
Estimation of the parameters of the nonlinear model for group B

The nonlinear hierarchical model (0) is transformed into a linear one corresponding to the
procedure in Section 3.2.. So the observations yij are replaced by the maximum likelihood
estimates 6, = ¢, with

GON(4, 0?C), i=11,...20.
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Hence we obtain the linear hierarchical model (C1):

givend, o> & ON(E,o0°C), i=11,...,20

given 6, =% GON(6,Z%, i=11,...,20

p(o 01, 060IR,

where the Fisher Information matrix

o?Ct = E%—dg ;HT In L(ym,1 ..... y20,3,5‘611,...,Hzo,afl,...,ago)gis given by
skt > s kgt ) A6 ) R (R {CEM)
E 2.2 z;e E | ZEOT&H ﬁx)ﬂe E ,Zg}'@l )?E’g )%
Lo 0.ty )X 6, .t =< Oty < 6.t 6 i
R i I ML I
it Sqof(ei,tjl):qof(a,t,-k) Jsma,t,l)ﬂm(e. 9 =R :e.t,k) :
o4H 08, 9, H &akb 8, o 98, o 1
5 i35 . gsPe
(2.2.1)

The vectors of parameters 8 in (2.2.1) are substituted by their maximum likelihood estimates
G,i=11,...,20.

Just like in Section 3.2.1 we assume first order kinetic processes and divide the concentration-
time function f (4, t) into the initial concentration yi(0) and the nonlinear function g(#, tj),

which does not further depend on the different experimental conditions.

0) |£(k12| + /‘1| )exp{/‘thJk} k21| + /‘2| )exp{/‘lltjk}lj

f 9 t
)= % s —4) B (222)

= Yi (O)[g(¢| !tjk)

with Ay, = %{_(klzi Ky Ky ) * \/(klzi Ky Ky )2 — 4K Ky } , A <Ay <0,
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Thus, given the nonlinear hierarchical model (O withf (8, ti ) as specified in (2.2.2), the sums

over the index k in (2.2.1), which involve the partia derivatives with respect to the yix(0), can

be smplified to

g%é Ik(c;)yf?o? tlk)é = (o1, ). (2.2.3)

R e e o
:m..(O)g(yﬁ., “)E[g@"t“)

F d(12i

withl =1, ..., 5, and

- de(gi’tik) HI th HdY|k(O)g ¢| t]k) ik(0)9(¢i,t1k)
_ g(¢| t, )[0+ om(p,.t,,)=0

withl,m=1, ..., 5, | # m, respectively.

Inserting these sums into (2.2.1) thisyields

%ﬁ G G, Zg(¢ t,) yl(%m ;E %g(ﬁ o) ys(t%m 3
é* G G Zg(¢ t,) %{ t”ﬁ Zg(¢ ) ys(?kz ’ tjs)]
c e Zg(¢ WG  yda R
Qﬂ:% ) 2[9(¢ o | 0 0 0 0 %
E * JZ[Q(¢ o) | 0 0 0 E
E* ' © Qe | 0 0 :
. ’ " JZ[Q(¢ ) | 0 %
0 * © Sk

(2.2
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with ¢, = i i Edlyik(o;f (.t EEE”[MK((Z(Q 2 ’tik)JE, where indices | and m correspond

to 12, 21, and €l. The partial derivatives are given by (2.1.8) to (2.1.10) substituting @ik by ¢.

mi

(i) Estimatorsin the case of known covariance matrices

In the case of known variances o and covariance matrix =° the posterior distribution of 6,
given &, o, and 2°, i = 11, . . .,20, is p-variate normal, p = 8, with mean & and covariance

matrix D, where

6" = ﬁ(afci Sk El ﬁ(afci ) ¢ E: Dd, (2.2.7)

: 0 L0 2 -1 : :
with D = EZ(U?Q +ZB) 0 and d =Zl(ai2Ci +ZB) {; , is the Bayes estimator of the

population mean parameter vector 6.

Besides the population parameters we also pay attention on the individual kinetic processes.
The posterior distributions of the corresponding parameter vectors &, . . ., 6o given
Gy .. (o, @ and Z° are independently p-variate normals, p = 8, with means 67,

i =11, ..., 20, and covariance matrices D;, where

1
6" = gafci Jt+ zB‘lg [gafci J g+ zB‘leg= Dd, i=11,...,20, (228

-1
with D, = gafci J* +zB‘1E and d, =(0°C )¢, +32576.

The Bayes estimate 8, as given in (2.2.8) is normally distributed with mean

E(”)=D, gafci J'e + zB‘leg (2.2.9)

and covariance matrix

cov(6r)=D,(0?C) " D.

Again we have to substitute the unknown population mean parameter vector in (2.2.8) and

(2.2.9) by its Bayes estimate 6 .
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(i) Estimatorsin the case of unknown covariance matrices

For unknown variances o7, i = 11, . . ., 20, we assume a vague prior distribution and replace
them by a suitable estimate &7, the posterior mode, for instance. Using the previous
assumptions and, furthermore, assuming independently distributed variances o7,
i=11,...,20, we can approximate the Bayes estimate of ¢’ by its maximum likelihood

estimate
2

57 DZZ(V'* -f(¢oty) i=1L..20 (2.2.10)

In the case of unknown covariance matrix =° we suppose that its inverse 5% follows a
Wishart distribution with degrees of freedom p and matrix R. Using the estimated =* as the
corresponding components of the prior estimate 58 =R /(p -p —1) or of the starting value
%9 and incorporating further information from preliminary examinations we estimate the
individual and population parameters and the covariance matrix X® by means of the EM

algorithm given by Dempster et a. (1977). The joint posterior density of 8,3, . . ., 6, 6, and ,

S8, given (i, . . ., ro, is proportiona to

012 1

rllazcl}/ﬁbxp Zl ¢ -8)c(e H)DD
=7 e —tr% Ezle -0)@ 0)T+R‘1%

Applying the EM algorithm as described in Section 3.2.1 the Ith iteration is given by

(2.2.11)

E-Step

Approximating =° in (2.2.7) by 2®'™ we obtain

-1
6% = ﬁ(ﬂ °C o+ )_15 ﬁ(&fg +3HV) E (2.2.12)
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Substituting @and = in (2.2.8) by 6" and =% | respectively, yields

0" =Horc ) + ) gl Hore )'e + ) o5 (22.13)

M-Step

Conditioning on 8 =8 and 8 = ¢, the posterior mode of (2.2.11) is given by

20

R+ Zl(gi(l) _g(l)Xgiu) _0(|))T

(2.2.14)
10+ p-p-1

Both steps are repeated until X®" converges, i. e. the maximum change in the elements of

>80 petween successive iterations is less than 0.001.

Using the estimated >* to determinate R a reasonable starting value X is given by

20

SO 9]

10+p-p-2

ZB(O) =

_ 1 20
where { =— .
{ 102 ¢

4. Discussion

The present approach simplifies the complex biological processes of highly organised living
organisms by the reduction to two compartment models and the approximation of nonlinear
Kinetics by linear ones. Using linear kinetics we have to be aware of the possible errors which
result from the dependence of the parameters on the concentration if the underlying processes
are nonlinear. So before summarising the information provided by experiments within a range
of concentrations, like in group B, it is necessary to verify that a first order approximation of
the processes is valid. In a further paper we will present a procedure to detect such critical

departures from linearity.
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Determining the processes involved in the formation of reactive metabolites is just a first step
to establish a dose-response relationship for the interesting chemical. The metabolites may be
transformed partly into an inactive form. Others form various DNA, RNA and protein adducts.
These processes may also contribute to the nonlinearity of the dose-tumor response curve.
Hodl et al. (1983) presume a linear DNA adduct—tumor relation and conclude that a valid
characterisation of the processes of uptake, elimination, and metabolism is a necessary part of
the risk assessment of potential mutagens and carcinogens.

There exist various attempts to determine toxicokinetic parameters. Hollénder et a. (1998)
compared log-linear regression, a noncompartmental method, unweighted and weighted
nonlinear least squares regression, multicompartmental methods, using different weighting
schemes. They found out that the parameters depend on the model and the weighting scheme
and stressed the importance of correct assumptions with respect to the variability, presenting
an approach to use information about the analytical method in order to estimate the variability
of the observation.

Gilberg and Urfer (1998) discussed an extension of the nonlinear random effects model for the
MichaelisMenten enzyme kinetic by adding a flexible transformation to both sides of the
model. The so called weighted transform-both-sides models are very adaptable with respect to
the error structure. An EM algorithm, which updates the transformation and weighting
parameters every iteration step, is applied to estimate regression and covariance parameters.

Our genotoxicological data reflect profound complexities of the biology of living individuals.
Recent research on Gibbs sampling has great potential for estimating the parameters of
complex models, because it reduces the problem of dealing smultaneously with a large number
of related parameters into a much simpler problem of dealing with one unknown quantity at a
time.

Gilks et a. (1993) reviewed applications of Gibbs sampling in immunology, pharmacology,
cancer screening, industrial and genetic epidemiology.

Wikle et al. (1998) propose the use of hierarchical Bayesian space-time model with five stages
to achieve more flexible models and methods for the analysis of environmental data distributed
in space and time. They implement their models in a Markov chain Monte Carlo framework

using the Gibbs sampler approach.
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Increasing familiarity and experimentation with new Markov chain Monte Carlo methods for
exploring and summarising posterior distributions in Bayesian statistics will lead to new

insights in toxicokinetics.
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