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Abstract

The purpose of this paper is to propose a procedure for testing the equality of several
regression curves f; in nonparametric regression models when the noise is inhomogeneous.
This extends work of Dette and Neumeyer (2001) and it is shown that the new test is
asymptotically uniformly more powerful. The presented approach is very natural because
it transfers the maximum likelihood statistic from a heteroscedastic one way ANOVA
to the context of nonparametric regression. The maximum likelihood estimators will be
replaced by kernel estimators of the regression functions f;. It is shown that the asymptotic
distribution of the obtained test statistic is nuisance parameter free. Finally, for practical
purposes a bootstrap variant is suggested. In a simulation study, level and power of this
test will be briefly investigated. In summary, our theoretical findings are supported by
this study.
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1 Introduction

A classical theme of econometric analysis is the comparison of two (or more) groups, which
were measured under different experimental conditions. As an example consider for instance
the comparison of wage functions in different groups defined by gender or location (see Lavergne,
2001, for more examples). In order to simplify notation we will restrict for the moment to the
case of two groups, the extension to three and more groups will be presented later on. In the
context of regression one observes independent real valued data Y;;, which follow the model

}/ij = fi(tij>+ai(tij)5ij7 j = 1,...,712' (Z: 1,2), (1)
where ¢;; are fixed locations of measurements, f; denotes the unknown regression function,
filtiy) = E[Yj],
and o2 the unknown variance function,
o7 (ti;) = Var(Y)

of the i-th group, respectively (i = 1,2). The errors ¢;; are assumed to be independent identi-
cally distributed random variables with mean 0 and variance 1. Our aim is to test the equality
of the regression functions f; and fs.

Under a parametric assumption on the error ¢;; and the functions f; and o7 this leads to the
Analysis of Covariance (see Scheffé, 1959, or Chow, 1960). Without these assumptions, in
particular when the functional form of f; is not specified, this is denoted as nonparametric
analysis of covariance (Young and Bowman, 1995) and has received much attention during the
last years (see Hall and Hart, 1990; Delgado, 1993; Kulasekera, 1995; Munk and Dette, 1998;
or Yatchew, 1999, among many others). As pointed out by Gergens (2002) many tests in the
literature for

HO . f1 = fg versus H1 . f1 7é f2 (2)

cannot be applied in the general model (1) because often it is assumed that sample sizes
are equal, the regressors follow the same distribution between populations, or that there is a
homoscedastic error, i.e. the variances o? are independent of the regressor ¢. For the general
setting (1) there are only a very few tests available, see Cabus (1998), Dette and Neumeyer
(2001), Lavergne (2001), Gorgens (2002) and Neumeyer and Dette (2003). Whereas Lavergne
(2001) and Gergens (2002) consider a stochastic regressor, Cabus (1998) and Neumeyer and
Dette (2003) use test statistics, which are based on the associated marked empirical process.
The presented method is most similar in spirit to Dette and Neumeyer (2001). These authors
compared theoretically as well as in Monte Carlo study their test with various tests from the
literature and came to the conclusion that their test outperforms their competitors in terms
of power. In this paper we present a test, which will be shown to be superior to Dette and
Neumeyer’s (2001) test with respect to power.

More specifically, our test is based on the idea to compare a weighted “least squares” estimator
under the assumption of equal regression curves with an estimator, which is based on non-
parametric estimators fz for f;, exactly as in a parametric analysis of covariance. To motivate



the procedure assume for the moment the regression functions to be constant f;(t) = p;, the
variance functions to be constant and known o7(t) = o7 and the errors £;; to be normally
distributed. In other words consider testing the equality of the means Hy : puy = po in two
samples

Yy iid. ~ N(pg,0?), j=1,...,n; (i=1,2).

The maximum likelihood method leads to the estimates /22- = ni S f:1 Y;; in the individual
samples (i = 1, 2), respectively, and
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1= apty + (1 —a)py, where a= ,
2 M1 ( ):U2 01_2n1+02_2n2

in the pooled sample (under Hy). The logarithm of the likelihood ratio has the form
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where N = n; + ny denotes the total sample size. Now we transfer this statistic to a non-
parametric set up and consider in the nonparametric regression model (1) the class of pooled
estimators

f(z) = a(2) filx) + (1 - a(2)) fa(2), (4)

where f; denote kernel based estimators of the regression functions f; (1 =1,2). In this class,
minimization of the asymptotic MSE

2 _oi(x) 2 o5(x)
AMISE[f /K Uy T /K TN

where h denotes a smoothing parameter that fulfils conditions (11) stated in the next section,
and K denotes a kernel function, gives the weight

alz) — o; }(x)nr ()
(z) o2 (x)nyr(z) + o5 % (2)ngra () %)

Now we replace 2 and r; by appropriate kernel based estimators 62, 7; (i = 1,2) and denote

by f the resulting pooled estimator f as in (4). As a test statistic for the hypotheses (2) we
consider in analogy of (3),

Z Z i — f(tig) o7 (tiy) — %Z Z(Yz‘j = filt))?67 (ty)- (6)

We will show that under the null hypothesis the standardized test statistic

WA (1= 7)



is asymptotically centered normal with a variance, which only depends on the kernel function
K, as well as C' does. This might be particularly appealing because, hence, asymptotically the
resulting test does not depend on any nuisance parameter, such as f;, o2 or the distribution
of the ¢;;, in contrast to most procedures suggested in the literature (a notable exception is
Gorgens, 2002).

The rest of the paper is organized as follows. In section 2 we present the required theory. The
asymptotic behaviour under fixed and local alternatives is discussed and it is shown that the
test of Dette and Neumeyer (2001) is outperformed in general. Only in special cases asymp-
totically these tests achieve the same power. We show in particular, when the variances are
inhomogeneous, i.e. unequal in both groups, or when they are heteroscedastic, i.e. dependent
of the regressor, the new test gains significantly in power. We mention that from a practical
point of view the case of inhomogeneous variances is very common in applications. For ANOVA
models this is well known as the celebrated Behrens—Fisher problem (see for example Weera-
handi, 1987), in our context of nonparametric analysis of covariance we refer to Gergens (2002)
for an econometric example. Hence our method may be regarded as an approach, which adapts
automatically to inhomogeneous and heteroscedastic variability.

In section 3 the present setting is extended to random regressors and the k-sample case. In
section 4 a wild bootstrap variant of the test is proposed, and a numerical study illustrates the
performance of our method. Section 5 contains some concluding remarks. Proofs are postponed
to an Appendix in order to keep the paper more readable.

2 Asymptotic Theory

2.1 Notation and Main Results

We start with various technical assumptions required throughout this section. We assume
model (1), where the fixed design points ¢;; can be modelled by a so called design density r; on
0, 1] such that

t'LJ .
/ mdt = L =1 n (i=1,2), (1)
0

see Sacks and Ylvisaker (1970). We further assume the densities 7; and the variance functions
o? to be bounded away from zero, i.e.

inf r;(t) >0, inf o?(t)>0 (i=1,2). (8)

te[0,1] te[0,1]

The densities, regression and variance functions are assumed to be d—times continuously differ-
entiable, i.e.

i, fi,00 € C40,1) (i =1,2), (9)

where d > 2. As mentioned in the Introduction our approach is based on kernel estimators
of f; and o?. To this end we require a symmetrical kernel K : IR — IR, which is compactly



supported and of order d (cf. Gasser, Miiller and Mammitzsch, 1985), i.e.

) 1 : 7=0
1) ,
#/K(u)u”du: 0 1<5j<d-1, /K2(u)du<oo. (10)
I ki 40 : j=d
Let h = hy denote a sequence of bandwidths, such that
Nh* — 0 and Nh?> - oo for N — oo, (11)

where N = n; 4+ ng denotes the total sample size. Further we assume that the sample sizes in
each group are of the same order, i.e.

% = mi+0(%) (i=1,2), (12)
where k; € (0,1). In the following we require various estimators for r;, f; and o?. In order to
be concise, the theory will be presented for Nadaraya—Watson type estimators. However, we
mention that local polynomial estimators of higher order will work as well, of course, and due
to their better performance at the boundary of the regressor space even better performance
is to be expected (Fan and Gijbels, 1996). However, because the suggested test statistic is
an integrated quantity of these function estimators, the boundary behaviour will be of minor
importance in the present context. In order to estimate the design densities r; we use

Pi(r) = nth;K(—x_ht”) (13)
p

which yields an estimator for f;,

n 7i(x)

For the test statistic Ty defined in (6) a pooled estimator of f is required (when f; = fo = f),
which is

fw) = LS Ky -1 (14
L

N K ()Y 6, ()
f(.%') - 2 n; T—tii\ ~—2 .
> iz Zj:l K( . )o; ()

Note that f equals f defined in (4) using the weights (5) with estimators (13) and (14), that is

(15)

. . 61 (x)nit ()

f(z) = a(2) fi(x) + (1 = a(2)) fo(w), where a(z) =

Q>

672 (x)ni 71 (z) + 65 % (2)ngiae ()

To this end the variances o? have to be estimated by a nonparametric estimator, which is
similar in spirit to Ruppert, Wand, Holst and Héssler (1997), Fan and Yao (1998) or Hérdle
and Tsybakov (1998). In the present context we define

) = o K (S 0% ) s



The following theorem gives the asymptotic distribution of the test statistic Tl.

Theorem 2.1 Assume model (1), where the €;; are i.i.d. centered random variables with vari-
ance Var(e;;) = 1 and Elej;] < oo. Then under the assumptions (7)-(12) and Hy - fy = fo = f,
for Ty defined in (6) it holds that

NVR(Ty = ) = N0,7),

where N'(0,7%) denotes a centered normal random variable with variance
= 2/(2K — K x K)*(u) du.

The constant C' is defined as C' = 2K (0) — [ K*(u) du.

In order to test the hypotheses stated in (2), one rejects Hy at nominal level «, whenever

NVh (Ty = 57)

T

> Ul—q (17)

where u;_, = ®7!(1 — a) denotes the (1 — a)-quantile of the standard normal distribution.
Note, that C' and 7 are known constants. The consistency of the testing procedure (17) against
any nonparametric alternative follows from the next result.

Theorem 2.2 Assume that f; # fo on a set of positive Lebesque measure. Under the assump-
tions of Theorem 2.1 we have

VN (T = 1) ——N(0,7°).
where
B B 9 . I€1T1($)/€27‘2(x) T
on = /(fl f2) ( )U§($)/€17‘1(x> _}_g%(x)/igrg(x) d (18)
and v* = 4 p.

Theorem 2.2 can be utilized in various ways. First a power approximation can be obtained via

NVh (TN—%) B ,u\/N_ TUi—a C
PH1< pn >U1_a> = @( 5 7\/N—h ry\/ﬁh>+0(1)

— (%\/N) +o(1). (19)




We will use this result in the next section in order to compare the presented test with a proce-
dure of Dette and Neumeyer (2001) in terms of power, see Lemma 2.3.

Second a simple 1 — « confidence interval for the discrepancy measure pu between f; and fo in
(18) is obtained as (0 < a < 1)

2
Ol = [0, Ty + 1/ Te + CZ n g] (20)

where ¢ = 4u%_% /N. To this end observe that p > 0 always and hence for Ty < 0 the inequality

(Tn — )/ /10 > 2u1_%/\/ﬁ has no solution. The confidence interval (20) might be of some
practical appeal because it gives more accurate insight in how much the true regression functions
f1, fo deviate from equality in terms of the discrepancy measure p. In contrast, a simple decision
based on (17) leaves the experimenter in the difficult situation whether rejection of Hy is based
on a significantly relevant difference between f; and f,, or in the case of acceptance, whether
there is really evidence in favour of f; = f5 or just a lack of power, e. g. due to too small sample
sizes. For a careful discussion of these issues cf. Munk and Dette (1998). Similarly, Theorem
2.2 allows testing precise L2-neighbourhoods

Hpy > Ao versus Ka,:pn < Ay

where A is a preassigned discrepance the experimenter is willing to tolerate.

Finally, we mention that the test in (17) can detect local alternatives of the form

Hyy - fl:f2+m7 (21)

where g € C%(0,1), that tend to the null hypothesis at a rate 1/(N+v/h)"2. Under the lo-
cal alternatives H,, the test statistic Nvh(Ty — %) converges in distribution to a normal
distribution N (A, 7%) with mean

- ” K111 (2) Koo ()
A= /9 ( )ag(:ﬂ)m?‘l(ﬂf) + 03 (z) Koo ()

The constants C' and 72 are defined in Theorem 2.1. Under (21) we obtain the following
approximation of the power,

Pr, (JWE (TN - N%) > ml_a) - @ (% - ul_a) +o(1). (22)

dz.

2.2 Comparison with a procedure of Dette and Neumeyer (2001)

The presented test statistic Ty is an enhancement of Dette and Neumeyer’s (2001) test statistic

T = DW= )P - 5 3 Y — filt) (23



where the pooled regression estimator is defined as

Y K(5)Yy
Y L K ()

flz) =

T]S,l ) does not take into account the potentially different variance functions in the two samples.
The combined regression estimator f and the test statistic T](\,1 ) conform the definitions of f
n (15) and Ty in (6) but with replacing the variance estimates 62(-) by the constant value
1 (¢ = 1,2). Under the assumptions of the Theorems 2.1 and 2.2 the statistic T ](\,1) has an

asymptotic normal law, similar to T, but with different constants, i.e.

C D -
N\/7< Nh> — N(0,7%) (under H,)
D
VN (T~ i) N(0,7%)  (under Hy),
N — oo

C = [2K(0)— / K2(u) du}( / o3(z) dx + / o2(x) dz — / oi(@)rari(z) + o5(2)kara(2) dx)

K111 () + Koro(T)
7 =2 [ - K K @ [ 12 <x§:£ g; o 7{:3;;;2@” e
ﬁ:/m—ﬁﬂm“mumwm

K171 () + Koro(T)
~2 2 k171 (%) Rora () (05 (2) k171 (2) + 0F (2) Kara (7))
4/(fl — RS @) (k171 () + Kore(z))? de.

The power approximation (19) (which is analogously valid for T](\,1 )) motivates that a large value
of the ratio of the mean to the asymptotic standard deviation under the alternative yields large
power. This gives us the possibility to compare the two competing procedures and leads to the
following result.

Lemma 2.3 Under the assumptions of Theorem 2.2 we obtain for the asymptotic signal to
- - (1)
noise ratio of Ty and Ty’ that

(24)

==
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==



Proof. From Cauchy-Schwarz’s inequality we obtain

= [ g

k111 () + Kare(T)
Vs k171 (2 Kare () (02 (x) k1 () + 03 (2)Kara(T)) . 1/2
< (1 [th- 5w o) T dr)

(i e )

kir1(z) + o2 (2)kare(z)

It follows from the Cauchy—Schwarz inequality that one obtains equality in (24) if and only if
there exists a constant ¢ such that a.e.

2 2
O5K1T1 + O1{Kara

K171 + RoT9

Essentially this holds in the case of homoscedastic and equal variances in the two samples or
in the case of equal design densities and homoscedastic variances.

From Lemma 2.3 we see also, that Dette and Neumeyer’s (2001) statistic becomes inefficient
compared to our approach, when p /v is large compared to fi/5. As an example assume that
K1 = Ko = % (equal sample sizes), r; = 1 (uniform designs) and let f; — fo = 1. Then i = i,

7 = J[(01(@) + o3(2) dz}'?, u = 5 [(0f(x) + 03(w)) ™" da, /7y = 5/ Hence inequality
(24) in Lemma 2.3 becomes equivalent to

([t +odenas) " < ( [0he)+ adw)tan)

For example, if 0%(x) + 03(z) = z, the r. h.s. is infinity, and it is expected that in this case our
test outperforms the test by Dette and Neumeyer (2001) significantly. We will investigate this
more detailed in section 4 where a simulation study is presented.

Under the local alternatives H;, considered in (21) the statistic Tjs,l ) of Dette and Neumeyer
(2001) shows a similar behaviour like Ty but with asymptotic variance 72 and mean

A — /92 . K171 () Koo ()

k111 () + Kare(T)

Due to the power approximation in (22) an inequality of the form

A A
= <
T T

like in Lemma 2.3 for local alternatives would be desirable but is not valid in general.



3 Extensions

3.1 Random Design

In the random design case the design points ¢;; (j = 1,...,n;) are i.i.d. realisations of a random
variable X; with design density r; (i = 1,2). In this setting the asymptotic distribution under
the null hypothesis Hj stated in Theorem 2.1 remains valid; but under the fixed alternative H,;
the asymptotic variance changes to

2 2 K’%—iri%—i(Xi)U;l(Xi) + 213 (X )“3 ir'3— z(Xz)Us z( i)
7 +;“Z‘V&r<(f1 - LX) (1 (X)) 02(X0) + rara (X1 )02 (X)) )

where 72 is defined in Theorem 2.2.

3.2 Bandwidths and additional prior information on the variances

All results can be generalized to the use of different bandwidths in the three regression esti-
mates, i.e. a bandwidth h; in f;(-) defined in (14), i = 1,2, and a bandwidth A in the pooled
estimator f(-) defined in (15), cf. Remark 2.7 in Dette and Neumeyer (2001).

Note that the bandwidth conditions (11) required here are more restrictive than the band-
width conditions used by Dette and Neumeyer (2001). They are due to the appearance of
an additional bias that originates from the variance estimation (16). But the suggested test
statistic can be modified in various ways due to prior knowledge on the variances in order to
weaken these bandwidth conditions.

On the one hand, if homoscedasticity of the two variances can be assumed, respectively, i.e.

2

02(-) = 02, i = 1,2, then for the estimation of the constant variance within the i-th sample

every estimator that satisfies
67 —0f = O,(—=) (i=1,2)

can be used, see for example Rice (1984) or Hall and Marron (1990). The bandwidth conditions
(11) can then be weakened to the conditions used by Dette and Neumeyer (2001),
h=O(N-%U)) and Nh* - o0 for N — o0 (25)

and under these conditions we obtain the following limit distributions. Under the null hypoth-
esis Hy of equal regression functions we have

N\/_( — Bh?* — %)

D

N(0,7%),

N — oo
where the constant B is defined by
Y {Uf2f€1(f17“§d) — (fir) ) (z) + 02_252(]017“31) — (fir2) D) (x)}?
B = kj dz

o1 2k (x) + 05 2Kara ()

10



o / {(hr) @ (@) - <f1r£d>><x>}20fi<x>
— K T (d) xXr) — 1T(d) T 2 ! X
[ 4 Oa@) = (i) @) s d),

kg is defined in (10) and C' and 7% are defined in Theorem 2.1. Under the fixed alternative H,
the same limit distribution as in Theorem 2.2 holds. If additionally equality of the variances
0? = 03 = o2 can be assumed, o2 could be estimated from the pooled sample, of course.
However, in this case weighting by the variances is not necessary at all and our test statistic
essentially reduces to the statistic by Dette and Neumeyer (2001).

On the other hand the less restrictive bandwidth conditions (25) can also be sufficient in the
case where we have extra information about the smoothness of the variance functions. We

consider the following setting. Condition (9) is replaced by the assumption
ri, fi € CU0,1), o7 € C*(0,1) (i=1,2),

where s > d. Moreover, instead of K and h we use a kernel K of order s and a bandwidth
b = by in the definition (16) of the variance estimate. In place of the bandwidth conditions
(11) we assume

Nb* — 0, Nb* — oo, h*/2=0(b) and % =O(1) for N — oo

for the bandwidth b and the conditions (25) for the bandwidth A used for the regression es-
timators. Under these assumptions the same limit distributions for 7% under Hy and H; as
stated above for the homoscedastic case hold.

3.3 The k—sample case

In this section we indicate how the presented test can be extended to the case of k£ samples,
i.e. we are concerned with the model

}/ij = fi(tij)+0-i(tij>€ij7 j = 1,...,’/%, 1= 1,...,]{3, (26)
and the testing problem is
Hy:fi=---=fr versus H;: f; # f; for some i # j.

Further assume for the sample sizes that

= g+ O(=),
N ki + O( N)

where k; € (0,1), and for the design densities r; we require (7), 7 = 1,..., k. Following the same
idea as in the introduction we end up with a k—sample generalization of the ANOVA—-Welch

statistic (Welch, 1937)

i=1,...k

Ty = %ZE(YU — f(ty)*6; % (1) — %ZZ(YQ = filty)’67 (t),

i=1 j=1 i=1 j=1

11



where now

Zf— Zm ( )3/23‘7_2( ij)
Sy Y K (558, 2 (k)

fi and 62 are defined in (14) and (16), respectively, for i = 1,... k.

fa) =

Y

Theorem 3.1 Assume model (26) where the €;; are i.i.d. centered random variables with vari-
ance Var(sm) =1 and Elef;] < 0o, s.t. the assumptions stated in this section and (7)~(12) for
1=1,...,k are satisfied. Under the null hypothesis Hy we have

Nf(TN—N%L) ﬁj\/(o )

where the constants are defined as

C =2 /K2

= 2(k — /QK K+ K)*(u) du.

Theorem 3.2 Under the assumptions of Theorem 3.1 under the fized alternative Hy we have

VN (Ty — ) N(0,7%)

N — oo

where the constants are defined as

ko k o, 0y @)k ()0 () kg (a)
= i — Ji) & k -2 du
7 ZZ/(f f) ( ) 21:1 o; (J})lel(x)

and v = 4 p.

4 Wild bootstrap and finite sample properties

Although the testing procedure (17) is distribution free and therefore applicable directly without
any estimation of nuisance parameters, our simulations indicated that for small and moderate
sample sizes the performance of the test can be improved by the bootstrap technique. Hence in
this section we present the finite sample behaviour of a wild bootstrap version of the proposed
testing procedure. We confine ourselves to a power comparison with the procedure of Dette
and Neumeyer (2001), because these authors already compared their test to various procedures
and we will show that the new test outperforms the testing procedure of the aforementioned
authors in most cases. For the sake of brevity we do not present level simulations but our

12



simulations show that the new procedure keeps the level just as well as Dette and Neumeyer’s
(2001) test.

We consider the following wild bootstrap approach based on the residuals
éij :Y;—f(tu), ]:1,,7% (Z:1,2),

where f is the pooled regression estimator defined in (15). Let V;; denote i.i.d. random variables,

independent of the sample {Y;;}, with masses ‘f;%l and \25\/—51 at the points %(1 —+/5) and

%(1 + \/5), respectively. We define bootstrap observations

Y= fltg) + Visey, d=1,....m (i=1,2),

and denote by T}, the test statistic defined in (6) but based on the bootstrap sample {Y;5}. A
test of asymptotic level « rejects the null hypothesis whenever the statistic Ty (based on the
original sample {Y;;}) is larger than the (1 — a)—quantile of the distribution of 7% conditioned
on the sample {Y;;}. The consistency of this bootstrap procedure can be shown in the same
spirit as in the proof of Dette and Neumeyer (2001, section 4.4). In each of 1000 simulations
we resampled B = 200 times and estimated the bootstrap quantile by T’ ;\}(L B(1-a)])’ where T ;\‘,(3)
denotes the (-th order statistic of the bootstrap sample T ,,...,Tx g

For all kernel based estimators we used the Epanechnikov kernel. The bandwidths are chosen
according to the “rule of thumb” (cf. Dette and Neumeyer, 2001), h; = (s?/n;)*? in the esti-
mators f; and 62 (i = 1,2) and h = ((k151 4 K252)/N)%3 in the pooled regression estimator f.
Here s; denotes Rice’s estimator (Rice, 1984)

2
> Vi —Y,)°

J=1

S; =

of the integrated variance [ o7 (t)r;(t)dt in the i-th sample (i = 1,2).

The analogous bootstrap procedure was also simulated for Dette and Neumeyer’s (2001) test
statistic T ](\,1 ) defined in (23). We restrict in the following our presentation to normal errors
gij ~ N(0,1) (various other settings have been simulated and yielded similar results) and
present the results for different combinations of sample sizes (ni,n2) and nominal levels a.
First we consider the case of equidistant design points (i.e. r; = 1, i = 1,2) in three settings
corresponding to the cases of equal homoscedastic, equal heteroscedastic and inhomogeneous
heteroscedastic variances. The results for the following regression functions and equal ho-
moscedastic variances,

fi(x) = exp(w), folr) = exp(z) +sin(dnz), o7 =05 (i=1,2), (27)

can be depicted in Table 1 for the new test statistic T and in Table 2 for Dette and Neumeyer’s
(2001) procedure for the sake of comparison. The new procedure turns out to be uniformly

13



more powerful in this case. The results for equal heteroscedastic variances according to the
following setting,

fi(z) = 22, fo(x) = 2% +sin(drw), oi(x)=2x (i=1,2), (28)

are presented in Tables 3 and 4 for the test statistics Ty defined in (6) and T](\,1 ) defined in (23),
respectively. In all cases we observe a better power of the new test. Results for the case of
inhomogeneous and heteroscedastic variances,

fi=1, =0, oi(z)=2* oi(z)=>5zr—2° (29)

are presented in Tables 5 and 6. In this case we observe slightly better power of Dette and
Neumeyer’s (2001) test for equal and nearly equal sample sizes, but the new procedure out-
performs Dette and Neumeyer’s (2001) test, when the sample sizes are rather different, e.g.
when n; = 10, no = 50. This phenomenon presumably originates from the interplay of sam-
ple size and variance in the weight 1 — a = 05 *ny /(07 *n1 + 05 °ny) from (5) that is assigned
to the observations from the second sample in the pooled regression estimate in the defini-
tion of test statistic Txy. In contrast the corresponding weight used in test statistic T](\,1 ) is
1 —a=ny/(ny + ne).

Finally, we present simulations for the setting where both the design densities and the variances
are different in the two samples,

=1, 1) =054z, fi=1l, =0, o°=2,07=3. (30)

The results are shown in tables 7 and 8 and the new test turns out to be uniformly more power-
ful in this case, where for equal sample sizes the gain in power is remarkable. This is perfectly in
accordance with our theoretical findings in Lemma 2.3 and the explanations given in Section 2.2.

The Tables 1-8 are positioned at the end of the paper.

5 Conclusion

In this paper we have suggested a new procedure for testing the equality of regression curves
in different nonparametric regression models. The new test generalizes naturally the method
of analysis of covariance to the setting of nonparametric regression. The asymptotic normal
distribution of the proposed test statistic under the null hypothesis of equal regression functions
as well as under fixed and local alternatives is shown. Under the null hypothesis the test turns
out to be asymptotically distribution free. Our procedure is similar in spirit to a test based on a
difference of variance estimators recommended by Dette and Neumeyer (2001). We have shown
that the new test gains in power particularly in the case of inhomogeneous and heteroscedastic
variances and for different sample sizes resp. design densities.

Acknowledgements. The financial support of the Deutsche Forschungsgemeinschaft (SFB
475, “Reduction of complexity in multivariate data structures” and DFG grant MU 1230/8-1)
is gratefully acknowledged.
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A Appendix: Proofs

A.1 Proof of Theorems 2.1 and 2.2

The strategy of the proof is in principle similar to the proof of Theorem 2.1 of Dette and
Neumeyer (2001). However, technical it becomes quite delicate due to the additional variance
estimators involved. By the ease of brevity we will only state the main differences due to the
additional variance estimation. With the definition of weights

(i) K (257

oy K ()

the individual regression estimates defined in (14) have the form

_ Zw](.m (i=1,2).
k=1

An analogous form can be achieved for the combined estimator defined in (15),

2 ng
(¢ ) = Zzwlk,ijylk

=1 k=1
with the weights
K (2t =2, 1t — tis 1
s = S e = N ) s )
sz 1 ke K(H5—2)6,, *(t; i) R(t;)
where
1 2 t t n n
- Ik — 1. . 2 . .
RO = 77 20 L K080 = Fh@ao + et
is an estimator for
R(t) = kiri(t)o3(t) + kara(t)oi(t). (32)

Now with the notations (j = 1,...,n;,i=1,2)

2 ny 2 ny
Ny = filty) — Z Zwlk,ijfl(tlk) = Z Zwlk,ij(fi(tij) — filti)) (33)
=1 k=1 =1 k=1
2

8y = filty) Zw filtu) = DD wi(filtiy) — filta) (34)

=1 k=1

15



we decompose Tl in (6) as
QAZ_] Z Z Wik,ij01 tlk €k + 2523 Z U) Uz ik 5zk

2 n;
= iZZ&ﬁ(tij){
=1 k=1

i=1 j=1

2 ny ) ng
+ Zzwlk,ijo—l(tlk)glk> - <Zw](2)0—z(tzk)5zk> + 2Uz(tz])51j(Az] 5”)
=1 k=1
(35)

2 n;

_201 ij 51] E E Wik,ij01 tlk)glk+20'z ij 51] E w kgz zk’)gzk}
k=1

=1 k=

Lemma A.1 Under the assumptions of Theorem 2.1 we obtain the following expansion of the

expectation of the test statistic under the null hypothesis Hy,
1

_)7

and under the alternative Hy,
ElTy| = p+o
[ N] 2 (\/]_V
where the constants C' and p are defined in the Theorems 2.1 and 2.2

Proof. We use the above definitions and the decomposition (35) of the test statistic Ty. A

Taylor expansion together with (31) and (33) gives
— filtw))

hZK tlk )(filti)

g
<
I
(]
Q>
ww

n Rtm
= 26} )(fi(tsy) — fl(t))"flrl()dt—i-O(Nh)}
= 53, (ty) .
= Z {(ﬁ( 5) = filt)mri{tg) + O(h) + O(<) (36)
(37)

N
I
—

\_/ m>
—~
~
<
~—

9 (1)~ Fo-alti)ms-irs-i(t) + {O) + 05 }0,(1)

For the expectation of the first term

Q>
Bl )
/\

- >

E'i

where the last line only holds under the alternative H;
on the r.h.s. in (35) we obtain under the alternative H; with an application of Proposition A.4

*rig_irsi(tis)

in section A.2
1 2 n Y 1 2 0; tl]
WZZE[% (ti5)A%] = N;;E[]pt } (filty) = fo-ill))



Nh
BRSO W2 2 (D o(——
= ; Rg(t)(fz() fari())2R3_ir5_y(t)mar(t) dt + (\/N>
1 ) 1
= m(fl(t) — fa(t)) kar1 (t)kara(t) dt + O(ﬁ)

Under the null hypothesis Hy we directly obtain from (36)

2

¥ 203 Bl t)ah) = {0t + 0} = o)

i=1 j=1

Similar calculations give

2 n;
1 - 1
= > D EE ()16 = of )
N3 j=1 NVh
and analogously we obtain for the terms
1< 1<
Z Z -2 Z Z Z Z -2( Z
AT o E[ z] Az] Lt L Wik,ij01 tlk’ 5lk:| and N o E|: zg 52] w]ko—z zk: 5zk’:|

the rate of convergence O(1/(Nh)) = o(1/v/N) under Hy and O(1/(Nh))(O(h?) + O(+)) =
O(ﬁ) under Hy, respectively. With (31) and Proposition A.4 we further obtain

%ZiE[a—fw(ziwmw@?

z'ljl =1 k=1

2
tij — ti
= N5h2 Z ZE[W 630ty K (== )U?(tlk)‘g%k]
=1 k=1
ny

> Z [ R_z ((tij)) G35 (tij) 5 (i)

i=1 j=1 I=1 k=1 U=1 *#'=
(LY )

— tlk tz — tl’k’
J K J
h JE( h

B NhQZZ// R2(t § K2( hx)af(x)ffiﬁ(t)ﬁm(t)dtdx

Jou(tik)ow (tl’k:’)glkgl’k/}
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An analogous calculation yields

5 23 el (3wt

=1 j5=1

_ 1 o7 2(t) 2t_x02;1:r4 o (a . 1
N Nth‘Z—l:// r?(t)K( L )z()z(t) z( )dtd + (N\/E)

2 , 1
= —m/K (u)du+0(N\/E).

Similarly we obtain

__X;X;E[ _2 Z] UZ ij 52 z_l: ~ Wik,ij01 tlkz)glk]
24, 02 2 K(0) 5 1
— __;;E[ ti)o2(ty)e2 05 Z(t“)R( ”)}
N2 ;;; Z [z tij) Uz(tw)ffzﬂl(tm)ﬁlkff(t htlk>a3—l(tij)#ﬁ>
(w)#(l k)
_ _2@(}3) /GQ(t)mm(t)RE;fl(tW”( ) dt+Nih(O(hd)+0( ~7i)
_2K(0) 1

Nh

and

, . oo 4K (0) 1
NZZE[% (tz‘j)Uz‘(tz‘j)gijZwa('k)ai(tik)gik} ~ Nk +O(Nﬁ)‘

i=1 j=1 k=1
Analogous to the previous calculations we obtain that
1 2 ez
N YD E [C}f2(tij)0i(tij)5ij(Aij - 5@']’)]
i=1 j=1

is of order O(1/(Nh)) = o(1/v/N) under Hy and of order O(1/(Nh))(O(h")+O(g3)) = o(5i7)
under Hy. From the decomposition (35) of Ty and the above calculation the assertion follows.
[

A.1.1 Proof of Theorem 2.2

Analogous to the proof of Theorem 2.1, Dette and Neumeyer (2001), the following expansion
of the test statistic holds under the alternative Hj:

1
Ty — E[Ty] = T + TS + Op(\/—ﬁ)
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and the coefficients are defined by

Ckij = 2AZ]0'Z(tZ])/0A'12(tU), j = 1, e ,ni,i = 1, 2

Lemma A.2 Under the assumptions of Theorem 2.1 under the alternative Hy it holds that

Niri(x)’fg—irg—i(x)gg(x)

(k11 (7)o3 () + Kora(w)of(z))

Var(1) = 3 [ (h = f2°(@) pdrto(y) (i=12)

Proof. We only consider the case i = 1. With A;; from (37) we obtain

ni

m_ 2 P PN LGT) I L
Ty = N;(fl(tlj) fo(tij)) ko Q(tlj)}?(tlj) 1+ p(\/ﬁ)-

Now for calculating the variance Vaur(T](\,1 )) we can substitute R(t) by R(t) defined in (32). The
remainder of the expansion

is equal to
Rt)—R(t) 1 s .
R(t)R t) - RQ(t) (R(t) R(t))(l + p(l))
- R21(t) 2:: {fi%—i(t)(&z?(t) — a}(t) + o7 (1) (Fa—i(t) — 7”3—2'(15))}(1 +0,(1)).

=1

This yields remainder terms T](\,1 2 (1 =1,2) in the expansion
Ty = TY + T3V + T8 + o,

where

Ty = %Z(fl(tlj) - f2(t1j))ﬁ2r2(t1j)(;((tlj)

j=1
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and the remainders are of the form

D1 .
Ty = N > A(tlj)élj{ (ra—i(try) + 0(1)) (67 (t1;) — o (tr;)) + 0(1)}
j=1
1
= Op(\/—ﬁ)-
The last equality can be obtained by inserting the decomposition of the variance estimator
62(t) from Proposition A.4 (see section A.2) and a tedious calculation of the variance
1

Var(TU) = ol) (i=12).

From the negligibility of the remainder terms we obtain for the variance

~ 1
Var(T](Vl)) = Var( ]S,l))%—o(—)

2

(= g )

1
B (Lemma A.2)

From the proof of the last lemma we additionally obtain under the alternative Hj:
VN(Ty — E[Tx)) = VNI +T9) + 0,(1)
oi(ti;)

= % Z Zz:gij(fi(tij> — fa—i(tij))ks—ira—i(ti;) Rt:))

i=1 j=1 ij

+0,(1)

with the asymptotic variance

[ P 4y [ (g, g eI,

= 4 fh - P e,

o3(x)k1r(x) + o3 (x)Kara(T)

An application of the central limit theorem using Lyapunov’s condition yields the asymptotic
normality and completes the proof of Theorem 2.2. [ |

A.1.2 Proof of Theorem 2.1

Under the hypothesis Hj of equal regression functions in the two models we obtain similar to
the proof of Theorem 2.1 of Dette and Neumeyer (2001) the decomposition

)

5
(4) 1
Tv — ElTy| = g Ty +o
N [N] g N P(N\/E
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where

1 Nk Nk
24k k
T = NZZ@S)%% (k=1,2)
o
» _ I\
TN = NZZ’)/”51252]
i—1 j=1
and the coefficients are defined by
n1 (1), (1) 1)
wlz lkwlg o 2wy Wy, Wy 2wy,
@(D:{ - . + }Utiat-
’ ;; Htw)  63(t) kz_; 6t (i) oi(t) he)on(ty)
2 9w 2, (2 (2)
Woi 1k W21k 2W2j 2 Wy Wy 2w;;
ﬁi@) — { - — = — + - }02(t2i)02(t2'>
’ Py k; o7 (tu) &3 (t2i) ; 3 (tar) 03 (ti) ’
2 &L g 2w 2w
16,1k W23, 1k 2j,1i 16,2
Yii = {2 = — = — = }O’l(th‘)Ug(tQ').
’ ;k:l of(tu)  oitu)  03(ty) !

Lemma A.3 Under the assumptions of Theorem 2.1 under the null hypothesis Hy it holds

Var(Ty 2+k”)) = N22h /(2K — K % K)*(u) du
<[1 +/0 ﬁkrkgﬁg;’“(m) da — 2/0 ﬁkrk(fz)(j;"f(x) dx +o(N12h) (k=1,2),

! /(2K — K % K)(u) du/o oi@oy(@)mn(@rarsle) ) Ly

Gy _
Var(Ty') = N (1)

Proof. For simplicity we only consider T](\,5 ), the other two terms are treated similarly. By the
definition of the weights in (31) the coefficients 7;; can be rewritten as

1

2 ny
Yij =
=1 k=1
2 to; — t1; 1 2
- —K( J )= —_
Nh h R(t1 ) Nh
= Yij + Vij

21

K(2)

2 t1; — tik to; — tik .9
—_— K K ~ s (T
{N2h2 Z Z ( h ) ( h )RQ(tlkz) US—I( lk)

t1s 1
R(ts;)

}01 (tis)oa(ta;)



where

_— tzk: toj — tik 1 9
Vij = {N2h2 ZZK (= )Rg(tlk)%—z(tzk)

2 t tlz 1 2 t2'_tli 1
- 2 K& - - —K(= - t1; to;
(P >R( e e s GUCHL LY
- tlkz toj —ty, 1
Vij = Ngh 5> VK (= ; )R2(t )Ul(tlz‘)@(tzg‘) (03-1(tw) — o3 (tw)) -
=1 k=1 Ik

First, we consider the term
ni no

71]51152]
=1 j5=1

Using the same argument as in the proof of Lemma A.2, we find that asymptotlcally the
estimator R(t) can be replaced by the true R(t) in order to calculate the variance of T . We
then obtain

ni n2

Var(T](\,E’)) = —ZZE Veie1:€5;]
=1 j=1
SR 2 _tlk’ toj — ey 1
- ZZ{ Z K VK (= ) o5 (tw)

i=1 j=1 N2h? =1 k=1 h RQ(tlk)
2 to; — ty; 1 2 to; — t1; 1 2

N Ry v )R(tQj)} 71 (i) ()
1

+0(N2h)

Yy—z 1 5 )
R / [ {7 [ *E R g (an @) + (el 0) ¢
A e LV S od )i («)maraly) e dy

h h ' R(z) h >R(y)
1
ol 5y,
4 ) Y o?(z)o2(x)kyry (x)Kare ()
— NQh/(QK—K*K) (u)du/o @) dx
+ O(NQh).

Finally, we indicate the asymptotic negligibility of the second term

ny n2

Z Z 723511523

Z_ljl

22



In a first step we replace the estimate R(¢) in the denominator by R(¢) without changing the
asymptotic order. Then we insert the asymptotically dominating part of the expansion of the
variance estimator from Proposition A.4 and obtain Var(T ]§,5 )) = o(5%;) with some tedious
calculations. B (Lemma A.3)

With similar calculations as in the proof of Lemma A.3 we can rewrite T ]§,5 ) as

ny n2

-z, 1
T](V5 N3 ;;81152]0'1 tlz 09 t2] h2 /K h )R(Z) dz
1 te;—ty,. 1 1 te;—ty. 1 1
_CK( — K (2 +o(——=).
h ( h >R(t1i) h ( h )R(tQj)} <N\/E>

Applying the same arguments to the terms Tl&f’ ) and T](\;l ) we obtain
NVR(Ty — E[Ty]) = NVh (TJS”) L T}V‘"))) +o0,(1),
which can be written as a quadratic form
Wy = ajTVANe N

of the random variable ey = (€11, .,E1n;, 21, - -+, E2m,). With a symmetric matrix Ay with
vanishing diagonal elements. From Lemma A.3 we obtain for the asymptotic variance

Var(Wy) = NQh{Var(T( ) + Var(T®) + Var(1) )} +o(1)

= 2/(2K—K*K)2(u)du[2+/Ol%g(@dx—Q/ol%g%@dx
" rgr3()oi(x) " Rara(2)0f (@) "o} ()03 (@) ki (2)Kora(2)
+/0 R () dr — 2/0 R(z) dz + 2/0 () dz

+o(1)
= 2/(2K—K*K)2(u)du = 72

Asymptotic normality of Wy can be proved by an application of Theorem 5.2 of de Jong (1987)
and this gives the conclusion of Theorem 2.1. ]

A.2 Auxiliary result

Proposition A.4 Assume model (1) where the €;; are i.i. d. centered random variables with
variance 1, such that assumptions (7)-(12) hold. For the heteroscedastic variance estimators
defined in (16) we obtain the expansion (i =1,2)

6

oi(t) —oi(t) = Y SP(1)

k=1
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where the dominating part is

1 1 &K t—t
M () = K Uya2(1)(e2 — 1
Sni (t) nzh 722(15> ZZI: ( h )Uz (tll)(gzl )
1
= Op( )

vV TLZh

with expectation zero. The second term 57(5)( t) is deterministic and satisfies

SO(t) = Z

’L

1)'

= O(h%) +O(n-h

Furthermore we have

S0 = S K il (o 3 Ry L) it
- ni%iff(%“)m(mel(ow +0(-2)
h? 1

with expectation zero,

2 1 &Kt — tip . 0i(tin)Es
(4) _ zl < zk i\Vik zk)
Sni (t> nzh,f,z(w ZK( A z zl 511 ZK z(tzl)
k;tl

1
=0
with expectation zero, and
2 1 s t—ty K(0)
SOG4 = — K i 2(t:)e
n; ( ) (nzh)Q fl(t) 12_1: ( h )fi(til)o—l( l)gzl
1
=0

1
). Finally, we have

with asymptotic expectation  E[SP ()] = O(
K2 /’/Ll

szf)(t) = ZK — fz zl) fi(til))2

nzh 7i(t
1
= Op(—) + O, (h*
(=) + Oy %)
1
with asymptotic expectation E\S,(S) ()] = O( h) + O(h*%).
n;
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‘ (n1,n2)

| (10,10) | (10,20) | (10,30) | (10,40) | (10,50) | (20,20) | (20,30) | (20,40) |

a=25%[ 0020 | 0106 | 0166 | 0201 | 0.295 | 0.109 | 0.197 | 0.344
a=5% [ 0043 | 0158 | 0237 | 0291 | 0373 | 0.165 | 0.285 | 0.427
a=10% || 0.083 | 0.232 | 0.340 | 0.402 | 0510 | 0262 | 0399 | 0.545
(n1,m2) || (20,50) | (30,30) | (30,40) | (30,50) | (40,40) | (40,50) | (50,50) | (100,100) |
a=25%| 0433 | 0272 | 0416 | 0.532 | 0.458 | 0.607 | 0.663 | 0.989
a=5% | 0533 | 0364 | 0.501 | 0.639 | 0.564 | 0.708 | 0.750 | 0.997
a=10% | 0.645 | 0.484 | 0.624 | 0.739 | 0.663 | 0.797 | 0.822 | 0.997

Table 1: Simulated power of the wild bootstrap version of the new test statistic (6) according
to setting (27).

| (n1,m2) [ (10,10) | (10,20) | (10,30) | (10,40) | (10,50) | (20,20) | (20,30) | (20,40) |
a=25%] 0017 | 0.046 | 0.075 | 0.119 | 0.157 | 0.058 | 0.138 | 0.278
a=5% || 0028 | 0.077 | 0.132 | 0.194 | 0.247 | 0.109 | 0.210 | 0.354
a=10% || 0.054 | 0.126 | 0211 | 0.301 | 0.357 | 0.162 | 0.298 | 0.459
(n1,m2) || (20,50) | (30,30) | (30,40) | (30,50) | (40,40) | (40,50) | (50,50) | (100,100) |
a=25%] 0349 | 0.189 | 0.326 | 0.465 | 0.370 | 0525 | 0592 | 0.984
a=5% || 0447 | 0.267 | 0.419 | 0.550 | 0.470 | 0.633 | 0.664 | 0.989
a=10% || 0543 | 0.377 | 0.530 | 0.644 | 0.567 | 0.728 | 0.755 | 0.993

Table 2: Simulated power of the wild bootstrap version of Dette and Neumeyer’s (2001) test
statistic (23) according to setting (27).
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‘ (n1,n2)

| (10,10) | (10,20) | (10,30) | (10,40) | (10,50) | (20,20) | (20,30) | (20,40) |

a=25%[ 0030 | 0102 | 0175 | 0.248 | 0.296 | 0.099 | 0.197 | 0.292
a=5% [ 0054 | 0149 | 0234 | 0328 | 0379 | 0.152 | 0.267 | 0.401
a=10% || 0.084 | 0214 | 0.322 | 0430 | 0493 | 0225 | 0366 | 0.518
(n1,m2) || (20,50) | (30,30) | (30,40) | (30,50) | (40,40) | (40,50) | (50,50) | (100,100) |
a=25%[ 0355 | 0252 | 0373 | 0.461 | 0401 | 0521 | 0.651 | 0.991
a=5% | 0449 | 0328 | 0473 | 0.590 | 0.513 | 0.648 | 0.734 | 0.995
a=10% | 0573 | 0430 | 0579 | 0.717 | 0.620 | 0.754 | 0.832 | 1.000

Table 3: Simulated power of the wild bootstrap version of the new test statistic (6) according
to setting (28).

| (n1,m2) [ (10,10) | (10,20) | (10,30) | (10,40) | (10,50) | (20,20) | (20,30) | (20,40) |
a=25%] 0019 | 0033 | 0071 | 0.112 | 0.162 | 0.061 | 0.130 | 0.214
a=5% || 0.033 | 0059 | 0.132 | 0.183 | 0.239 | 0.089 | 0.181 | 0.301
a=10% || 0.059 | 0.100 | 0.198 | 0.282 | 0.341 | 0.131 | 0279 | 0.383
(n1,m2) || (20,50) | (30,30) | (30,40) | (30,50) | (40,40) | (40,50) | (50,50) | (100,100) |
a=25%] 0288 | 0.190 | 0.313 | 0418 | 0.336 | 0.475 | 0567 | 0.984
a=5% || 0.376 | 0.257 | 0.407 | 0.522 | 0.416 | 0.563 | 0.662 | 0.990
a=10% || 0476 | 0.340 | 0.503 | 0.626 | 0.528 | 0.673 | 0.751 | 0.996

Table 4: Simulated power of the wild bootstrap version of Dette and Neumeyer’s (2001) test
statistic (23) according to setting (28).
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‘ (n1,n2)

| (10,10) | (10,20) | (10,30) | (10,40) | (10,50) | (20,20) | (20,30) | (20,40) |

a=25%[ 0254 | 0381 | 0501 | 0.585 | 0.660 | 0.402 | 0.522 | 0.684
a=5% | 0314 | 0483 | 0603 | 0.692 | 0.764 | 0.511 | 0.664 | 0.784
a=10% [ 0.396 | 0.604 | 0.724 | 0.801 | 0.849 | 0.637 | 0.780 | 0.873
(n1,m2) || (20,50) | (30,30) | (30,40) | (30,50) | (40,40) | (40,50) | (50,50) | (100,100) |
a=25%| 0741 | 0614 | 0.704 | 0.826 | 0.762 | 0.873 | 0.867 | 0.998
a=5% | 0837 | 0.727 | 0.803 | 0.892 | 0.848 | 0.922 | 0.923 | 0.999
a=10% | 0921 | 0.845 | 0.899 | 0.956 | 0.913 | 0.966 | 0.962 | 1.000

Table 5: Simulated power of the wild bootstrap version of the new test statistic (6) according
to setting (29).

| (n1,m2) [ (10,10) | (10,20) | (10,30) | (10,40) | (10,50) | (20,20) | (20,30) | (20,40) |
a=25%] 0302 | 0313 | 0.325 | 0.350 | 0.354 | 0524 | 0.628 | 0.707
a=5% || 0.366 | 0.427 | 0.446 | 0.482 | 0501 | 0611 | 0.722 | 0.795
a=10% || 0457 | 0.543 | 0.576 | 0.613 | 0.635 | 0.704 | 0.810 | 0.872
(n1,m2) || (20,50) | (30,30) | (30,40) | (30,50) | (40,40) | (40,50) | (50,50) | (100,100) |
a=25%] 0724 | 0.761 | 0.784 | 0.866 | 0.852 | 0.892 | 0.929 | 0.998
a=5% || 0.807 | 0.829 | 0.858 | 0.918 | 0.909 | 0.935 | 0.955 | 0.999
a=10% || 0.868 | 0.890 | 0.904 | 0.948 | 0.938 | 0.963 | 0.981 | 0.999

Table 6: Simulated power of the wild bootstrap version of Dette and Neumeyer’s (2001) test
statistic (23) according to setting (29).
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‘ (n1,n2)

| (10,10) | (10,20) | (10,30) | (10,40) | (10,50) | (20,20) | (20,30) | (20,40) |

a=25%] 0071 | 0.175 | 0217 | 0281 | 0259 | 0.082 | 0.244 | 0.315
a=5% [ 0109 | 0.234 | 0287 | 0.355 | 0.346 | 0.139 | 0.311 | 0.421
a=10% | 0175 | 0.347 | 0410 | 0.466 | 0.452 | 0.220 | 0.398 | 0.532
(n1,m2) || (20,50) | (30,30) | (30,40) | (30,50) | (40,40) | (40,50) | (50,50) | (100,100) |
a=25%[ 0391 | 0103 | 0278 | 0.393 | 0.125 | 0.28 | 0.131 | 0.162
a=5% | 0496 | 0.157 | 0.366 | 0.500 | 0.195 | 0.378 | 0.193 | 0.243
a=10% | 0.615 | 0.246 | 0472 | 0.611 | 0.288 | 0.476 | 0.287 | 0.348

Table 7: Simulated power of the wild bootstrap version of the new test statistic (6) according
to setting (30).

| (n1,m2) [ (10,10) | (10,20) | (10,30) | (10,40) | (10,50) | (20,20) | (20,30) | (20,40) |
a=25%] 0005 | 0.134 | 0205 | 0244 | 0226 | 0.010 | 0.182 | 0.302
a=5% || 0008 | 0225 | 0.282 | 0.341 | 0.323 | 0.021 | 0.239 | 0.386
a=10% || 0029 | 0.310 | 0.371 | 0.446 | 0.451 | 0.056 | 0.314 | 0.494
(n1,m2) || (20,50) | (30,30) | (30,40) | (30,50) | (40,40) | (40,50) | (50,50) | (100,100) |
a=25%] 0384 | 0.026 | 0.191 | 0.337 | 0.030 | 0.188 | 0.035 | 0.062
a=5% || 0477 | 0.051 | 0.257 | 0.432 | 0.050 | 0.266 | 0.067 | 0.111
a=10% || 0.584 | 0.083 | 0.346 | 0.540 | 0.099 | 0.352 | 0.113 | 0.173

Table 8: Simulated power of the wild bootstrap version of Dette and Neumeyer’s (2001) test
statistic (23) according to setting (30).
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