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Summary

In many meta-analysis cases the estimator of the overall effect in independent
trials or experiments leads to unjustified significant results. This paper con-
siders trials with two arms where the summary statistic of interest is either
the mean difference or the risk difference. By using convexity principles of the
relevant composed functions and the moments of the chi-square distribution,
corrections are made on the estimated standard deviation of the estimator of
the overall treatment difference. It is shown, analytically and by simulations,
that by making such corrections on the estimated standard deviation, signifi-

cance levels are attained which are relatively closer to the nominal level.

Key Words: Mean difference; risk difference; convexity; significance levels

To appear in:

BIOMETRICAL LETTERS



1. Introduction and Notations

There are many areas (e.g. medicine, epidemiology and education) where
the combination of results from different trials (studies or experiments) has
become common. For example, a situation may arise where one has to assess
the overall treatment difference when samples from the different trials are
either homoscedastic or heteroscedastic. Recent studies by Li et al. (1994)
and Boeckenhoff/Hartung (1998) attest to the fact that there is a systematic
overestimate in the significance levels when combining studies in fixed effects
models which may be due to the underestimate of the variance of the estimator
of the overall treatment mean. If one considers trials which are comparative in
nature, then measures of the common treatment difference may take different
forms, for instance, mean differences or effect sizes for quantitative data, and
risk differences, (logarithm) relative risks, or (logarithm) odds ratios for binary
data. By considering the mean difference and the risk difference we show both
analytically and by simulations that by making corrections on the estimated
standard deviation of the overall mean difference (or overall risk difference)
significance levels can be obtained which are relatively closer to the nominal

level.

Suppose there are K ”two-armed” (multicenter) trials in a meta-analysis.Let
xjy be the [th observation in arm j of trial ¢; ¢ = 1 ,..., K, j=12, 1 =
1,...,nj; where nj is the total number of observations in arm j of trial 7.
Then the mean of the jth arm of study i is Zj; = 32,2 @jit/nji ~ (i, 02, /1ji),
and we will write o3; = Ufji/nji. Define y; = Z1; — To; = Y11 — Yoi, Where yj; ~
(,ujl-,a]zi), i=1,...,K, j= 1 2, is one of the summary statistics available
from arm j of study ¢ for a meta-analysis.
Further, define

yi=pt+e, i=1,...,K, (1)



where ¢; ~ (0,0?), and it is assumed that j1 = p; — po; is common in all the
studies. In this formulation, y; could be the mean difference for quantitative

data or the risk difference for binary data.

2. Estimation

Normal Data

Let yji ~ N(pji,03), i =1 ,...,K, j= 12 ( g = p; independent of trial
number i); so that y; ~ N (i, 0?), with 02 = 0%, + 02;; and e; ~ N(0,0?), for
i=1,...,K.
The best estimator of p in each trial is the individual sample treatment differ-
ence

fi = fl; — f2i = Y1i — Yai;
Due to variation in sample sizes and precision of the trials, and absence of
treatment-by-centre interaction, the best estimator of the underlying treatment
difference (that is common to all trials) is a weighted estimate, namely

= 1/02 2 Ui, (2)

Zzlo—

with the associated variance ( cf: Whitehead/Whitehead, 1991)

1
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Let 53, = s2. /nji, with s = (1 /m;i — 1) - 32/} (i — 7ji)?, be the estimate of
03, fori=1,..., K, j=1 2. Then the estimate of o7 is 67 = 57 = s7; + 53,

Therefore, the estimate of u is given by

= S g W ()



and

1
A2
o = (5)
o 1 1/Uz‘2

Further, we have that

Var(67) = Var(6},) + Var(é;) = 2 o+ 2 oy (6)
1z 24 ny; — 1 10 Tg; — 1 21

which is estmated by
Var(s?) = Var(o2) + Var(ed) = —— - 2 7
ar(67) = Var(61;) + Var(63;) = o — 1 S1; T —1 S9i (7)

Binomial Data

For binary data, let y; be binomially distributed with parameters n;; and pj;,
1 =1 o ,KJZI,Q Therefore, Y; = ﬂli - /:Lgi = ﬁli - ﬁgi PR N(,U/,O'ZZ),
with p = p1; — p2; = p1 — p2, assumed identical in all the trials, i=1,... ,K and
ﬁji = yji/nji. Here
1
Sx 1 3
: 1/012 i=1 (3' ( )
with
9 .o a2 1 L o 1
Ui—UuJFUQi—Tl'(pu Pri) + o — 1
It is sufficient in our case to approximate Var (%) by the delta-method, thus

A 062 2 1—2p; 1
Var(o7;) ~ (aﬁ]f ﬁjipji> -0g; = <—i> il = pji), (10)
Je

Nji — ji

) (ﬁZz - ﬁ%z) (9)

which is estimated by replacing pj;; with pj;.

In both the normal and binomial populations, to set confidence intervals and

testing hypotheses, we use the corresponding statistic
ﬂ* approx
T="—"~"N(u1l). (11)
O
The estimator ¢, is biased and underestimates ;. This can easily be shown
by using the concavity of 67 in 67 and Jensen’s inequality (cf: Hartung, 1977

and Li, et al.,1994). That is,



Trials where the estimator ¢, which underestimates oy, is used in obtaining
T are often bound to be unjustifiably significant. Tables 1 and 2 below give
some actual simulated significance levels for testing the hypothesis Hy : =0
against a two sided alternative H; : u # 0 at a = 0 .05 for different con-
stellations of (ny;,ng;) and ( ¢, 02 ); i =1,...,K for K=3 for normal and

binomial data.

Table 1: Actual simulated significance levels for K=3 (Normal data).

(n11,m21)  (1n2e) (143 n23) (621%05221) (523705222) (EQIQ{aU?23) a%

(5,6) 6,7) (7,5) (1,4) (3,4) 54)  10.3
(1,5) (3,3) (5,1) 105
(1,10) (3,30) (5,50)  13.1
(10,10)  (10,10)  (10,10) (1,4) (3,4) (54) 83
(1,5) (3,3) 5,1) 8.1
(1,10) (3,30) (5,50) 9.2

Table 2: Actual simulated significance levels for K=3 (Binomial data).

(i1, n21)  (1mne2) (mme3)  (1,p2) A%

(7,13) (10,7)  (15,10) (0.3,0.3) 6.0
(0.4,0.4) 6.8
(0.5,0.5) 7.1
(0.6,0.6) 6.6
(0.7,0.7) 6.2

All of the attained significance levels given in Tables 1 and 2 are larger than
the expected nominal level of 5%. Our concern is in the methods which will

make the attained significance levels closer to the nominal level.



3. Some Theoretical Results

Define on IR the function f(z) = K, 1/z;, then f is convex, and h(z) =
1/f(z) is quasi-concave. Next, define h(0) = 0, then h(Az) = X - h(z), A > 0,
x > 0, implies that A is positively homogeneous; so together with the quasi-
concavity it follows that h is concave (cf: Hartung, 1976, sectionl).

By Jensen’s inequality, if f is convex, then Ef(z) > f(Exz) and the reverse is
true if f is concave.

Now, consider 67 = 6%, + 63, as given early. By Patnaik (1949), the statistic
vi67 | E(67) ~ X2, where

(E(67) + B(63,))°

s e Var(6}) + Var(&%i);
which is estimated by
. 92
b= 2. /\(U%H‘Jgi)/\ :

Var(6%,) + Var(63;)
fori=1,..., K.
This facilitates the definition of the following approximate moments and in-

verse moments of the chi-square distribution(cf: Patel et al., 1976 ):

N Y ['(2;/2)
E(6:) = v oi %i—\/;'m (12)

v+ 2

B (6?) = bo1-05; o= —— (13)
o 1 U;
E(67%) = con- g2 = ~ 5’ (14)

—1
Now, with 62 = (21, 1/62) , we have

—2
1 Ko p 1
_ . 1
Va?“ (Z Vz + 2 O_2> (Z ljz ) O'?) ( 5)

This can be proved as follows:

Var(o?) = E (é%)l)
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—1
by using the convexity of (Zfil 1/63) in 6; 2. Using first (13) and then (14),

we have

-2

Var(6z) < ; ﬁ>2 (2;@#1 1)
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by the concavity of (62) in ¢}; which is seen to be similar to h(x) above.

Q>

Now, let
—2

K ~ —2 K ~
~ V; 1 V; 1
- . (= : 17
¢ (._ D; + 2 6?) ( D — 2 &2> (17)

=1 1

with ¢ = (21, ﬁi/(ﬁi+2)-1/a§)72—( flﬁz/(ﬁi—Q)ﬁ/ag)*Q as in (14).

Define a class of estimators of o by

o6, = (s V). 1s)
with ¢ defined in (17) and the control parameter 7 > 0. It is clear that

Gu(p,7) > G

Further, consider the following results:
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due to the convexity of 6; in 1/672. From (i) and (ii) above, we have the

K 1 1)
< E S —
N <; Cﬁi+1.7§i 3

following

-1

Q>
S0

(20)

4. Simulation Results

To demonstrate how the proposed methods perform, a simulation study is car-
ried out with the number of trials, K=3, 6 and 9 for both the normal and
binomial cases. Different constellations of unbalanced heteroscedastic samples
are considered as shown in Tables 3.a., 3.b., 3.c. for the normal case and Ta-
bles 4.a., 4.b., 4.c. for the binomial case.

To get an impression of how these procedures perform for relatively large trials,
we started with K=3 and made independent replications to give K=6, denoted
by 2 X w, and K=9, denoted by 3 x w; see the Tables below. Further, for K=6,
for example, replication was done such that ny; = ni4, no1 = o4, N1z = N5,
Noo = Nas, N3 = N6, Nog = Nog and similarly for variances in the normal case.
For K=9, niy = nuy = nur, no1 = Nag = Nay, Nz = N = N, Nz = Nos = 7,
n13 = N — N19, N23 = Tog — T29.

Used also in the Tables are the following representations:



K K
. 1 1 3 ( 1 1 )
oulc) = E 3| oaley) = E: "5
u( ) (i:l Coi+1 O'i2> “( ) i=1 Co+1 'Vgi O'i2

and 6,(¢, 7) as in (18).

Table 3.a.: Simulated actual significance levels (10 000 runs) at nominal level
a = 5% for K=3 and Hy : = 0 vs Hy : u # 0 with test statistic as in (11)
and different estimators for the standard deviation with a; = ( 1y, n91), as =
(nlg,ngg),agz(ng,ngg) and bl:(O2 O'2 ),b22(02 0'6222),1)3:(02 O'2 )

€117 €21 €127 €137 €23

Test statistic, T' = g*/A

Sample Sizes Variances &%

A
ax a2 a3 b1 ba bs op  Gp da(c) 5';2(4370-5) Faler®)
(6,13)  (10,6)  (15,10) | (1,4) (3,6) (53) | 6.0 7.9 6.0 4.6 5.4
(10,40)  (30,60)  (50,30) | 6.0 8.0 6.0 4.7 5.4
(20,80) (60,120)  (100,60) | 6.1 8.3 6.6 5.0 5.8
(12,26)  (20,12)  (30,20) | (1,4) (3,6) (53) | 57 66 5.7 4.4 5.4
(10,40)  (30,60)  (50,30) | 5.3 6.3 5.3 3.8 4.9
(20,80) (60,120) (100,60) | 5.8 6.6 5.8 4.4 5.5

From Tables 3.a—c and 4.a—c, we see that results with ¢, always overestimate
the nominal significance level. This overestimate is relatively more pronounced
for the normal case (Tables 3.a — c¢).

Using 6 (c) results in significance levels which are in the same order of magni-
tude with the levels of o; notice the large number of levels which are actually
equal for the normal case, Tables 3.a — c. The results of 6;(c) in the binomial
case are in the same order of magnitude with those of 6, Tables 4.a — c.

By using 6[1(@3, 0.5) and 6 (cy®) we obtain further improvements of significance
levels. The advantage with @(é, 0.5) is that we can obtain more improvements
by varying the control parameter, 7.

There does not seem to be any sensitivity of the test statistics to changes in

the number of trials and the error variances.



Table 3.b.: Simulated actual significance levels (10 000 runs) at nominal level

a = 5% for K=6 and Hy : p =0 vs H; :
and different estimators for the standard deviation.

p # 0 with test statistic as in (11)

Test statistic, T' = g* /A

Sample Sizes Variances &%
A
2xa;  2Xay 2Xaz | 2xXby 2xby 2xbs | op G4 6ale)  Gu(4,05)  Ga(cy?)

(6,13)  (10,6)  (15,10) | (1,4) (3,6) (53) |68 90 68 5.3 6.3
(10,40)  (30,60)  (50,30) | 6.7 8.8 6.6 5.1 6.0
(20,80)  (60,120) (100,60) | 6.2 8.0 6.1 4.8 5.5
(12,26)  (20,12)  (30,20) | (1,4) (3,6) (53) |58 6.7 58 4.4 5.5
(10,40)  (30,60)  (50,30) | 5.7 7.1 58 4.4 5.5
(20,80)  (60,120) (100,60) | 5.4 6.5 5.5 4.0 5.2

Table 3.c.: Simulated actual significance levels (10 000 runs) at nominal level

a = 5% for K=9 and Hy : = 0 vs Hy : p # 0 with test statistic as in (11)

and different estimators for the standard deviation.

Test statistic, T' = g* /A

Sample Sizes Variances &%
A
3xa1 3xa2 3xaz | 3xby  3xby 3xbs | op 6ap  Gule) 64(0,0.5)  Galer?)

(6,13)  (10,6)  (15,10) | (1,4) (3,6) (53) | 67 87 6.7 5.1 6.0
(10,40)  (30,60)  (50,30) | 6.7 9.1 6.8 5.2 6.1
(20,80) (60,120) (100,60) | 6.6 8.6 6.5 5.1 6.0
(12,26)  (20,12)  (30,20) | (1,4) (3,6) (53) |58 67 57 4.3 5.4
(10,40) (30,60) (50,30) 5.8 6.7 5.7 4.3 5.4
(20,80)  (60,120) (100,60) | 5.9 6.9 5.9 4.5 5.6

10




Table 4.a.: Simulated actual significance levels (10 000 runs) at nominal level
a = 5% for K=3 and Hy : = 0 vs Hy : p # 0 with test statistic like
(11) and different estimators for the standard deviation with a; = ( By, n91),

Gy = ( 712,7@2), a3 = (743,TL23)-

Test statistic, T' = g* /A

Sample Sizes &%

A
a1 a2 a3 (p1,p2) | op o 6u(c)  6u(,05)  Gu(cr?)
(7,13)  (10,7)  (15,10) | (0.3,0.3) | 5.1 6.0 5.8 5.0 a7
(0.4,04) | 59 68 6.6 6.0 5.7
(0505) | 62 7.1 7.0 6.5 6.4
(0.6,0.6) | 5.7 6.7 6.5 5.9 5.8
(0.7,07) | 5.2 62 6.0 5.1 4.7
(15,25)  (20,15)  (30,20) | (0.3,0.3) | 49 54 53 4.9 48
(0.4,04) | 5.2 56 56 5.5 5.5
(0.5,0.5) | 5.7 6.0 6.0 5.9 5.9
(0.6,0.6) | 5.2 5.6 5.6 5.5 5.5
(0.7,07) | 52 56 55 5.2 5.1

Table 4.b.: Simulated actual significance levels (10 000 runs) at nominal level
a = 5% for K=6 and Hy : =0 vs Hy : pp # 0 .with test statistic like (11) and
different estimators for the standard deviation.

Test statistic, T' = a* /A
Sample Sizes &%
A
2 X a1 2 X a2 2 X a3 (p1,p2) | 05 65 Gu(c) &ﬂ(({),ﬁﬁ) 6u(cy?)

(7,13)  (10,7)  (15,10) | (0.3,0.3) | 6.1 6.6 6.5 5.5 5.2
(0.4,04) | 6.3 69 6.8 6.3 6.2
(0.5,0.5) | 6.7 7.2 7.2 6.8 6.7
(0.6,0.6) | 6.5 7.0 6.9 6.4 6.3
(0.7,0.7) | 57 63 6.1 5.1 4.9
(15,25)  (20,15)  (30,20) | (0.3,0.3) | 52 5.6 5.6 5.2 5.2
(0.4,0.4) | 54 5.6 5.6 5.4 5.4
(0.505) | 55 58 58 5.7 5.7
(0.6,0.6) | 5.8 6.1 6.1 5.9 5.9
(0.7,0.7) | 5.2 57 56 5.2 5.1
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Table 4.c.: Simulated actual significance levels (10 000 runs) at nominal
level @ = 5% for K=9 and Hy: u =0 vs H; : u # 0 with test statistic like

(11) and different estimators for the standard deviation.

Test statistic, T' = g* /A
Sample Sizes &%
A
3xar 3xa2 3Xa3z (p1,p2) | op 6u  Gu(c) &ﬁ(q3,0.5) 64(cy®)

(7,13)  (10,7)  (15,10) | (0.3,0.3) | 6.0 6.6 6.4 5.2 5.0
(0.4,04) | 69 76 7.6 6.8 6.8
(0.5,0.5) | 6.8 7.3 7.3 6.8 6.7
(0.6,06) | 6.6 7.1 7.1 6.5 6.4
(0.7,07) | 57 62 59 5.1 4.9
(15,25)  (20,15)  (30,20) | (0.3,0.3) | 5.5 57 5.7 5.4 5.4
(0.4,04) | 6.0 63 6.3 6.0 6.0
(0505) | 6.3 65 6.5 6.4 6.4
(0.6,06) | 54 56 56 5.4 5.4
(0.7,07) | 54 58 5.7 5.4 5.3

5. Conclusion

In this article we have illustrated analytically and by simulations that attained
significance levels could be improved by using suitable weights for the estimated
standard deviation of the estimator of the overall treatment difference. The
use of the methods developed is recommended especially when the number of
trials is small.

A further investigation in this direction is to find out which methods are suit-
able when the measure of treatment effect is, for example, the effect sizes.
The extension of these procedures to cases when there is treatment-by-center-

interaction is also possible.
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