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Abstract

In a recent paper Speckman et al. (2002) introduced a technique for accounting co-
variates when their effects are nonlinear. They proposed a test for a one-sided analysis
of covariance which is based on a rank test for the residuals obtained by smoothing the
dependent variable on the covariate. In this paper we study some of the asymptotic prop-
erties of this test and a modifications of the test which try to take into account different
sizes of the variances in both samples.

1 Introduction

Consider the classical two sample problem

(].].) )/ij :mi(Xij)—l—ai(Xij)sij, ] = ]_,,TLZ,Z: ]_,2

where X;; (j = 1,...,n;) are independent observations with positive density r; (i = 1,2)
on the interval [0,1] and ¢;; are independent identically distributed errors with mean 0 and
variance 1 (j = 1,...,n;4 = 1,2). The comparison of the two regression functions m; and my

is fundamental in applied statistic and much effort has been devoted to this problem. Many
authors propose tests for the two-sided hypotheses

Hy:mi=my vs. Hy:my #my

[see e.g. Delgado (1993), Hall and Hart (1990), King, Hart and Wehrly (1991), Kulasekera
(1995), Kulasekera and Wang (1997), Young and Bowman (1995), Cabus (2000), Munk und



Dette (1998), Dette and Neumeyer (2001)]. In this paper we are interested in the problem of
comparing two curves, where a one-sided analysis is appropriate, i.e.

(1.2) Hy:my =my vs. Hp:my(x) >my(x) V.

Recently this problem has been studied by several authors [see Koul and Schick (1997), Hall,
Huber and Speckman (1997) among others]. A very interesting method was proposed by
Speckman, Chiu, Hewett and Bertelson (2002), which is based on the Wilcoxon-Mann-Whitney
statistic applied to the residuals obtained from a nonparametric fit of the unknown regression
function under the null hypothesis of equality. The corresponding test is simple to implement
and has easily computed level probabilities, provided that the joint sample {(X;;,Y;;) | 7 =
1,...,n;4=1,2} is a sample of i.i.d. observations [see Speckman et al. (2002)]. This situation
obviously occurs under the null hypothesis m; = my and under the additional assumptions of
equal design densities (i.e. 71 = ro) and equal variance functions (i.e. o1 = 03).

It is the purpose of the present paper to study the asymptotic properties of the test proposed
by Speckman et al. (2002) in the case of (local) alternatives and in the case of different design
densities and variance functions. We prove an asymptotic normal law in all cases, where the
variance of the asymptotic distribution depends on several features of the data (design density,
distribution of the error, variance function), which are not known by the experimenter [except
in the case considered by Speckman et al. (2002)]. These results give further insight in the
theoretical properties of the procedure proposed by Speckman et al. (2002) and explain certain
deficiencies of this procedure if the basic assumption of equal design densities and variance
functions is not satisfied. The paper will be organized as follows. In Section 2 we review the
rank test of Speckman et al. (2002) and study some of its robustness properties if the random
variables (Xj;,Y;;) are not identically distributed. We also investigate a modification of the
procedure which tries to deal with the problem of unequal variances in both samples. Section
3 contains our main theoretical results and some proofs are given in an appendix.

2 A rank test based on residuals
Consider the regression model (1.1) and let
S K () v
(2.1) ) =~ X
Zi:l Zj:lK( n )

denote the Nadaraya-Watson estimator obtained from the total sample. If the null hypothesis
of equal regression curves m; = my holds we expect the residuals

(2.2) gij = Yij — m(Xij)

to be approximately centered. On the other hand note that in general the statistic m(z)
estimates the function

k111 (x)my (z) + Kora(x)me ()

(23) in(z) = = ,
where
(2.4) r(z) = kiri(x) + kara(x),
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and we assume that the individual sample sizes satisfy for N =n; + ny — o0

with k; € (0,1);7 = 1,2. Therefore it is easy to see that under the alternative m; > my the
residuals £;; from the first sample tend to larger values than the residuals £5; from the second
sample. Based on these observations Speckman et al. (2002) suggested the following procedure
for testing the hypotheses in (1.2). Let

2 ng
(2.6) Ry =YY I{én <&y}
=1 k=1
denote the rank of the residual &;; among &;1,...,£9,, and
ni
(2.7) Wy =) Ry
7j=1

the corresponding Wilcoxon statistic, then the null hypothesis in (1.2) is rejected for large values
of Wy. A simple argument of exchangeability [see Speckman et al. (2002)] shows that under
the null hypothesis Hy : m; = my and the additional assumption of equal variance functions

(2.8) o? = o2
and equal design densities
(29) rn =79

the statistic Wy has the classical Wilcoxon rank-sum distribution [see e.g. Randles and Wolfe
(1979)] and consequently the corresponding level probabilities can easily be computed even in
the finite sample case. In the following two tables we give some simulation results of the test
which rejects the null hypothesis, whenever

B WN — (N—|— 1)711/2
~ V/mna(N + 1)/12

(2.10) Zn

l1—a

where u;_, denotes the (1 — «) quantile of the standard normal distribution. We considered
the common regression function

(2.11) my(z) = me(z) = sin(5z)

but used different variances or design densities in our simulation in order to study the robustness
properties of the test (2.10) with respect to violations of the assumptions (2.8) and (2.9) (note
that in the case m; = my,r; = ro, 07 = 02 the random variable Zy is asymptotically standard
normal distributed). Table 2.1 shows the simulated level of the test (2.10) for a uniform design
in both samples (i.e. r; = ry = 1) but different variances, i.e. 02, 05 € {1,2}. For the error
distribution we assumed a (X? — 1)/v/2 distribution and the results are based on 10 000 runs
for each scenario. In order to eliminate boundary effects we used a local linear estimator [see
Fan and Gijbels (1996)] with bandwidth

ny . Ny 1/5
h={(Fot+yot) v}



i = 1,2 [see Neumeyer and Dette (2003)]. For equal variances we observe an excellent approxi-

mation of the nominal level [see also Speckman et al. (2002), who obtained similar results with
a different smoothing procedure]. However, in the case of different variances we observe that
the test does not keep its level with sufficient accuracy. If 07 < o2 the level is substantially
overestimated while in the opposite case the level is drastically underestimated. The situation
with equal variances but different design densities is somehow similar and depicted in Table
2.2, where we investigated the densities

where 67 denotes the estimator of Rice (1984) for the integrated variance function fol o?(x)r;(z)dz,

(2.12) h(z) =1, h(z)= lx’2/3

as possible choices for r; and ry. The reason for these deviations will be given in Section 3,
where it is shown that the statistic Zy is not asymptotically standard normal distributed, if one
of the assumptions (2.8) or (2.9) is violated. More precisely we prove asymptotic normality of
the statistic Z under fairly general conditions, where the mean and variance of the limit distri-
bution is not necessarily equal to 0 and 1, respectively. Additionally, we show that a sufficient
condition for a standard normal distribution as limit distribution of Zy are the assumptions
(2.8) and (2.9).

To understand these observations heuristically consider for a moment the classical situation of
the Wilcoxon-Mann-Whitney test, where there are two samples

Xi,..., X, iid ~F
Yi,....Y,, iid ~G

with continuous distribution functions F, G, and we are interested in the problem of testing the
hypothesis Hy : F' = G. If

ni n2
Ri=> I{X; < X;}+ ) I{Y; < X;}
7=1 7=1
denotes the rank of X; in the total sample, then it follows from the classical result of Chernoff

and Savage (1958)

an R]' — % + nan(% — ’UJ)

7=1
nlng/\/N

where w = P(X; <Y)) and the asymptotic variance is given by

25 N (0,5,

2 = L Var(F() + = Var(G(X))).

K9 K1
A simple calculation now shows that the power of the test which rejects Hy : F' = GG, whenever
SRy — (N 4 Dny /2

Vminz(N +1)/12

l1—a

is approximately given by

(2.13) ® ( g{—ula,/gn—; + (% — w) }) ,
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where ® denotes the distribution function of the standard normal distribution. Note that
under the null hypothesis Hy : F = G we have s* = 1/(12k152) and w = 1/2, which yields the
asymptotic level a.

The test proposed by Speckman et al. (2002) replaces in this statistic the X; and Y; by
the residuals é;; defined in (2.2). In order to understand the problem with this substitution
heuristically we assume for the moment that we could replace the X; and Y; by the “true”
residuals, that is

X; = Yi; —m(Xyy) = 01(Xij)en =: ey
(2.14)
Y; = Yo — m(Xoj) = 09(Xyj)ez; =t €.

If one of the assumptions (2.8) or (2.9) is not satisfied we can neither expect that the corre-
sponding probability w = P(e;; < ey;) is equal 1/2 nor that the asymptotic variance s? is equal
1/(12k1k2) and this explains heuristically the loss of accuracy in the simulations presented in
Table 2.1 and 2.2. We note that for w # 1/2 this loss will be substantial asymptotically, be-
cause the factor w — 1/2 # 0 is multiplied with the factor v/N in (2.13) and dominates the
asymptotic power function. This is already indicated by the simulation results presented in
Table 2.1, which show that in the case 07 # o2 the approximation of the level is not improved
with increasing sample size. It will be demonstrated in Section 3 that the situation is even
more complicated because the Wilcoxon Mann-Whitney test based on the “true” residuals e;;
behaves quite differently than the corresponding test based on the observable residuals &;;.

m\ng 10 20
a%\og 1 2 1 2
5% | 10% | 5% | 10% | 5% | 10% | 5% | 10%

10 1 0.054 | 0.110 | 0.132 | 0.229 | 0.050 | 0.107 | 0.131 | 0.227
2 0.024 | 0.060 | 0.051 | 0.111 | 0.018 | 0.042 | 0.049 | 0.097
20 1 0.050 | 0.100 | 0.162 | 0.260 | 0.052 | 0.097 | 0.190 | 0.295
2 0.013 | 0.029 | 0.050 | 0.097 | 0.011 | 0.026 | 0.053 | 0.101

Table 2.1 Simulated level of the rank test (2.10) of Speckman et al. (2002) for various sample
sizes and different variances in both groups. The common regression function is given by (2.11)
and the designs in both samples are obtained from the uniform distribution.



nl\ng 10 20
m\?“2 1 gz 2? 1 gz
5% 10% 5% 10% 5% 10% 5% 10%
10 1 0.054 | 0.110 | 0.067 | 0.136 | 0.050 | 0.107 | 0.069 | 0.138
%x’2/3 0.027 | 0.063 | 0.053 | 0.110 | 0.026 | 0.058 | 0.048 | 0.099
20 1 0.050 | 0.100 | 0.080 | 0.147 | 0.052 | 0.097 | 0.094 | 0.167
3$_2/3 0.026 | 0.056 | 0.052 | 0.099 | 0.018 | 0.043 | 0.051 | 0.097

Table 2.2. Simulated level of the rank test (2.10) of Speckman et al. (2002) for various sample
sizes, equal variances o2 = o3 = 0.5 in both groups. The common regression function is given
by (2.11), and the design densities are defined by (2.12).

Before we explain this asymptotic behaviour we introduce a modification of the statistic pro-
posed by Speckman et al. (2002), which - on a first glance - seems to be able to deal with
violations of the assumption (2.8). To be precise, we define standardized residuals

Yy — m(Xy)

2.15 ~1j' — ~ )
( ) 6] O-z(Xz])

j=1,...,n;51=1,2,

where

s
~92 h
(2.16) 62 (x) = Z
is an estimator for the variance function of the ith sample (i = 1,2) and

n; Xij—x

n; Xii—x
Zj:l K( ]h )

the corresponding estimator of the regression function. Let

(2.18) j{:j{:l{ea;<Iem}

/=1 k=

(2.17) () =

denote the rank of ;; in the total sample of standardized residuals, Wy = Z?;l le the sum
of the ranks of the first sample, then following Speckman et al. (2002) we propose to reject the
null hypothesis, whenever

- Wy — (N+1)n/2

Tabel 2.3 shows the simulated level of the test (2.19) for the scenario used in Table 2.1 (i.e.
ry =1y 02,02 € {1,2}; &;5 ~ (X2—1)/v/2). Now we observe substantial differences between the
nominal and simulated level in all cases. Even in the case where the variances are equal [which
gives a sequence of exchangeable random variables (X;;, Y;;)] the differences are substantial and
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increase with the sample size. Table 2.4 shows corresponding results with a standard normal
distribution for the errors €;;. Here the nominal level is approximated with sufficient accuracy
in the case of equal variances, but in the case of different variances the test (2.19) is not an
improvement of the test (2.10). Our simulations indicate that the replacement of the true
residuals Y;; — m(X;;) = 0;(Xj;)e;; by their corresponding estimates é;; or &;; has a non-trivial
effect on the performance of the resulting testing procedure. In the following section we study
the asymptotic behaviour of the tests defined in (2.10) and (2.19) in more detail and by this
analysis we are able to explain the observations described in this section.

nl\nQ 10 20
a%\ag 1 2 1 2
5% | 10% | 5% | 10% | 5% | 10% | 5% | 10%

10 1 0.110 | 0.178 | 0.146 | 0.219 | 0.085 | 0.149 | 0.116 | 0.183
2 0.115 | 0.173 | 0.131 | 0.200 | 0.100 | 0.156 | 0.103 | 0.163
20 1 0.180 | 0.238 | 0.196 | 0.257 | 0.152 | 0.216 | 0.168 | 0.228
2 0.184 | 0.237 | 0.202 | 0.261 | 0.169 | 0.231 | 0.175 | 0.236

Table 2.3. Simulated level of the rank test (2.19) for various sample sizes and variances. The
design in both groups is uniform, while the error distribution is a (X — 1)/\/5 distribution.

711\”2 10 20
a%\ag 1 2 1 2
5% | 10% | 5% | 10% | 5% | 10% | 5% | 10%

10 1 0.061 | 0.127 | 0.094 | 0.162 | 0.071 | 0.126 | 0.115 | 0.179
2 0.057 | 0.107 | 0.069 | 0.121 | 0.054 | 0.097 | 0.077 | 0.130
20 1 0.058 | 0.106 | 0.077 | 0.139 | 0.057 | 0.112 | 0.099 | 0.170
2 0.055 | 0.098 | 0.056 | 0.107 | 0.044 | 0.085 | 0.055 | 0.108

Table 2.4. Simulated level of the rank test (2.19) for various sample sizes and variances. The
design in both groups is uniform, while the error distribution is standard normal.

3 Asymptotic analysis

In order to explain the properties described in the simulation study from an asymptotic point
of view we require various additional assumptions on the data generating process. For the
bandwidth of the kernel estimators we assume

(3-1) Nh — 00, h — 0, Nh* =0, NR*™(logh™")™" — o0



for some 0 < § < 1/2, while the design densities should satisfy

(3.2) 1,79, € C*([0,1]); 1nof1] ri(x) >0; i=1,2.
Further we assume
(3.3) m, 0,09 € C*([0,1]);  inf of(z) >0; i=1,2,

z€[0,1]

(3.4) K has compact support, is twice continuously differentiable, / uK (u)du = 0.
R

Let

Fi(y | z) = P(Yy; <y | Xy = )
(i = 1,2) denote the conditional distribution function of Y;; given Xj;, then we assume that
F;(y | x) is continuous in (y,z) and has a density, say

iyl 2) = 2Ry | o)

dy
(also continuous in (y, z)) satisfying
3.5 inf inf f;(F! >0; i=1,2
(3.5) nf nf fi(F7 (s [2) | 2) i
(3.6) sup [y fi(y | z)| <oo; i=1,2.
T,y

Finally, we require the following assumptions (i = 1, 2)

0
(3.7) a—fi(y | ) exists, is continuous in (y,z) and satisfies sup |y26—fi(y | z)| < 00
T,y y
0 L : : : 9
(3.8) a—E(y | ) exists, is continuous in (y, ) and satisfies sup |xa—FZ(y | z)| < o0
z,y €T
0? 0?
(3.9) aTF,(y | ) exists, is continuous in (y,z) and satisfies sup |2° Eo Fi(y|z)| < o0.
T

Throughout this paper we denote with F. and F,, the distribution functions of the random
variables ¢;; and e;; = 0;(x;;);j, respectively, while the corresponding densities are denoted by
fe and f., (i = 1,2). Note that F,, and f., are not necessarily equal for both samples and are
related to F. and f. by the equation

(3.10) F.(y) = P(oi(Xij)ei; < y) = /01 FE(L)n(ag)dx

(3.11) fuly ))da:; i=1,2.

In the following let

1 &K ,
Fin(y) = EZI{SU <yl i=12,
(3 ]:1

1 &K ,
Fin(y) = EZI{SU <yl i=12,
(3 ]:1



denote the empirical distribution functions of the residuals £;; and £;; defined by (2.2) and
(2.15), respectively, then it is easy to see that the statistics Wy defined in (2.7) and Wy can
be represented as

n ~ ~ n A ~
Wy = V{5 [ Fun )P+ %2 [ Fons0)dFin ()}
R R
(3.12)
I~ n ~ ~ n ~ ~
Wy = n V{5 [ P @iFin )+ 5 [ Fons0)dFrn )}
R R

Our main results essentially specify the asymptotic distribution of the random variables Wy
and Wy. A proof is complicated and given in the Appendix.

Theorem 3.1. Assume that (2.5), (3.1) - (3.9) are satisfied, then under the null hypothesis of
equal regression curves we have

Ux =V [ (5 Fun )+ 52 Fams) ) B0 = [ (1P 0) + maPoa(0)dFa )} 25 (0, ),

R
where the asymptotic variance is given by
Fﬁz
52 — . Zm/ ea (WAV) = Fo, (u)F,, ,(v))dF,,(u)dF,,(v)

+ /‘izlﬁ/ (,ﬁgl(t) (t)—i—lizUZ(t)Tz(t))rQi(t)

" // z01 x ) ri(@)ra(t) fg(zag(x)> rl(tzrg(x)] " dFE(z))2dt

oo(t) ag(t) o1(t) o1(t)
- / (/ / . (F ) ) — g (2 ) RO )

X

)
al n / / [e1{e01(t) < you(x)}]rs(z) dx dF.(y)
_ T:)Zé/o Elel{coy(t) < yor(x)}ri(z) dxdFE(y))dt}.

Moreover, under local alternatives my(z) = my(x) + A(x)/V'N we have

Uv = N (p, %),

where the asymptotic mean is given by

pm g [ SRR [ (B Yar, )+ [ (Y dm)} i

Theorem 3.2. Assume that (2.5), (3.1) - (3.9) are satisfied, then under the null hypothesis of
equal regression curves we have

UN:\/N{/

R



where the asymptotic variance is given by 52 £2 (12 +0?) and
v = [ {roreme [ (28 “;Zzij)) () e
bz f ) B [(S2) ] + s B[ - it < ]

! (o) (z) i () () o (e
sy [ O @)aa) = 11 ) ()

xfg(y)<zf5( VE[£%] + 2E[eT{e < z})}dF VdF.(2).

Moreover, under local alternatives my(x) = my(z) + A(z)/vV' N we have

Uy — N (i, 5°),

where the asymptotic mean is given by
/f JAF.(y /A yian(@)ra(a )( S 22
) r(z) oo(x)  ou(x)/

Remark 3.3. Note that for a symmetric error distribution the asymptotic variance of Theorem
3.2 reduces to

5 = = [12 + K1K2 /f )dy /0 (Ul(x)?(x) 2_U2(x)r1(x))2(/ﬁﬁ(x)(f%(?ﬁ)+H2T2($)U§(x))dx

ot (w)oz(x)r?(z)

21y 4{ ElI{e < 2}e]dF.(2) /R £2(y)dy
« /0 N@)ralw) = o2 (@) (@) ) o () ().

r(z)o (z)oz(v)

Moreover, studentizing the residuals as proposed in (2.15) does not simplify the asymptotitic
variances substantially, because the estimation of the variance function yields some additional
terms in the asymptotic variance of the corresponding rank statistic. In general the asymptotic
null distribution of Uy and Uy depend on certain features of the data generating process.

Remark 3.4. In the case of equal variances oy = 0, the variance estimators defined in (2.16)
can be replaced by a combined estimator

ZZ K (557) (0 = u(X5))?
i=1 j=1 Zz 12 (Xl x)
A careful inspection of the proof given in the Appendix shows that under the additional as-

sumption of equal design densities r; = r5 the bandwidth conditions stated in (3.1) can be

relaxed to
(3.13) Nh — 00, h — 0, Nh® = O(logh™ '), Nh**(logh ') ! — oo
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and the optimal bandwidths for estimation of the regression and variance functions can be
used. In this case the asymptotic variance of the test statistic Uy defined in Theorem 3.1 and

3.2 reduces to
K2

2 _ A2 _
=5 126,
Remark 3.5. Theorem 3.1 and 3.2 can now easily be used for analyzing the asymptotic
properties of the corresponding rank tests proposed in (2.10) and (2.19). We begin with the
test (2.10) proposed by Speckman et al. (2002). A straightforward calculation gives under local
alternatives my(x) = my(x) + A(z)/v/N for the probability of rejection

WN—nl(N+1)/2 u )
Vnng(N +1)/12 -

u+(a—%)\/ﬁ—u1_a‘/%’2ﬂ

o 5 )

where ;1 and 3? are defined in Theorem 3.1 and the constant a is given by

(3.14) P(Zy > ui_a) = P(

Q

(3.15) 0= / (k1 Foy (1) + K2 Py (4))dF, (1)

Now assume that the null hypothesis is valid, that is A(z) = 0, then we observe that the
probability of falsely rejecting the null hypothesis by the test (2.10) converges to 1 whenever
a > % On the other hand, if a < % this probability converges 0. Consequently the test does
not keep its level for larger sample sizes whenever a # % Recalling the definition (3.15) and
(3.10) we see that in general the quantity a is not equal to 1/2. For example, in the situation
depicted in Table 2.1 we have r; = ry = 1;0% = 1,02 = 2 which gives by (3.10)

)= Ful-%).

Fe,(y) = Fi( NG

Y
V2
Observing that & ~ (X2 — 1)/4/2 we obtain

/ F.,(y)dF,, (y) = P(V2s, < 5) ~ 0.605

and consequently a &~ 0.553,0.535,0.570 corresponding to the cases k; = %, %, %, respectively.

Therefore the test (2.10) rejects the null hypothesis too often, which explains the empirical
results in Table 2.1 in the case 0? < o2. Moreover, the probability of rejection converges to 1
for increasing sample sizes. Similary, if 0? = 2,02 = 1, then we obtain a ~ 0.447,0.429 and
0.464 corresponding to the cases k1 = %, %, %, respectively, and the probability of a type I error
is underestimated and converges to 0 for an increasing sample size. This was also observed in
our simulation study in Section 2 [see Table 2.1]. Finally, if a = 1/2, then the test proposed
by Speckman et al. (2002) keeps its asymptotic level if and only if the asymptotic variance in

Theorem 3.1 satisfies

(3.16) 32

12k
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From Theorem 3.1 it follows that sufficient conditions for this property are given by (2.8) and
(2.9) which explains our empirical findings in Table 2.1 and 2.2. On the other hand we obtain
by a similar calculation for the probability of rejection by the test defined in (2.19)

B

where [ and /32 are defined in Theorem 3.2. Under the null hypothesis m; = ms, we have =0
and as a consequence this probability does not converge to 0 or 1 for an increasing sample size.
However, it is asymptotically equal to « if and only if

(3.17) P(Zn > ui_y) ~ @(ﬁ _ ul“%)

~ Ko
3.18 2 = :
(3.18) 5 Ton

From Theorem 3.2 we see that the conditions (2.8) and (2.9) of equal design densities and
variance functions are not sufficient for this property. In this case we need the additional
assumption of a symmetric error distribution to guarantee (3.18), which explains our empirical
observations in Table 2.3 and 2.4.

Remark 3.6. Note that Theorem 3.1 allows an asymptotic analysis of the statistic Zy under
local (and fixed) alternatives in the situation considered by Speckman et al. (2002). These
authors assumed r| = ;07 = 09 and showed that under the null hypothesis Zy has the same
distribution as the Wilcoxon statistic. In the case of homoscedasticity o%(z) = o3(z) = 0% Vx
and 71 Z ro this is still true asymptotically, because we obtain in this case Fp,(y) = F,(y) =
F.(y/o) which implies a« = % and 3? = £, Under local alternatives it follows in the case

2 12k1
r1 = Tr9; 01 = 09 that

2
(3.19) lim P(Zy > u1_a) = d>(u i —ul,a).

N—0

Observing the definition of x in Theorem 3.1 we obtain for the shift

(3.20) i/ lijl = m/ol %d:p/ﬂ%ﬁ(mg@))dﬂl(y)

(note that A(z) < 0 and that oy = 09,71 = 73).

Some conclusions can be drawn from this representation. For example, it follows from (3.20)
that the best allocation of the observations to the treatment is obtained for n; = ng, i.e.
K1 = Ko = % Similarly, different designs can be compared by its effect on the asymptotic
power with respect to local alternatives. For example, if 0y = 09 = 1 and A = —z, a design
with density r1(x) = 2z = ry(x) should be preferred to a design with density 2(1 — x), while
this design has a worse performance than the uniform design. In Table 3.1 we present some
simulation results for different designs and the regression function m; in (2.11) which indicate
that our asymptotic findings are already applicable for very small sample sizes. The power of
the test of Speckman et al. (2002) can be substantially increased by an appropriate design of
the experiment.

In principle such considerations are also possible in the general situation considered in Theorem
3.1. However, due to the complicated dependency of the term u/f3 on the design densities,
variance functions and ki, ko such calculations definitively have to be done numerically.

12



ri(z) = ray(x) = 2(1 — x) ri(z) =ry(x) =1
ng 10 20 10 20
n| 5% | 10% | 5% | 10% | 5% | 10% | 5% | 10%
10 1 0.294 | 0.439 | 0.354 | 0.499 | 0.455 | 0.606 | 0.569 | 0.709
20 | 0.369 | 0.505 | 0.499 | 0.635 | 0.536 | 0.661 | 0.725 | 0.827
ri(z) =r(x) =€e"/(e —1) ri(z) = ry(x) =22
N 10 20 10 20
nm | 5% | 10% | 5% | 10% | 5% | 10% | 5% | 10%
10 | 0.544 | 0.688 | 0.685 | 0.804 | 0.650 | 0.775 | 0.791 | 0.896
20 | 0.627 | 0.742 | 0.816 | 0.897 | 0.732 | 0.826 | 0.903 | 0.952

Table 3.1. Simulated power of the test of Speckman et al. (2002) for various designs. The
variances are o2 = o2 = 1, the errors are (X? — 1)/\/2 distributed and the alternative is
A(x) = —z. The factor fol —A(z)ri(z) /o1 (x)dx in formula (3.20) is given by 0.133, 0.5, 0.582
and 0.667, respectively.

Remark 3.7. Finally, we discuss the behaviour of a slightly modified test statistic where
we use of a different regression estimator. Instead of 7 (z) defined in (2.1) we consider the
estimator

YL K (N)er @y
m(x) - 2 i Xij—x \ ~—
> it Z?lﬂ K(%)”z’ “(z)

which can be shown to have better efficiency properties than 1. The variance estimators 67 (z)
are defined in (2.16). The residuals are now defined as

. Yu= ()
i 6—7, (Xz ) )
and the test statistic is the sum of the ranks of the residuals from the first sample, that is

ni 2 ny
T _ _ n — — n — _
Wy = E , E , E I{gék < 513'} = nlN{ va / Fl,nl(y)dFl,nl(y) + ]\? /RFQ,nz(y)dFLnl(y)}v

j=1 =1 k=1 R

where (i = 1,2)

A
Fin(y) = ;ZI{% <y}
U

Then under the conditions of Theorem 3.1 and local alternatives mo(x) = my(x) + A(x)/vV N
(where the null hypothesis of equality of the regression functions corresponds to the case A = 0)
it can be shown by similar arguments as given in the Appendix that

UN:\/N{/

R

N

_ _ 1 _
2 o (1) ) AP (4) = 5 b = N (11, 3%,

ny =
(5 Fim +
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where the asymptotic variance is given by

52=1’;;+“2(/yf<> 0) B =11+ 2 [y [ Bl < ) - v)a:

4/‘?}1

+ il /f2 dy /f2 dy{?/REI{5<z}5]dF() /sz(z)dzE[e3]}]

[ nlalon @ - @F
o Firi(@)o7 2(2) + Karalw); (@)

and the asymptotic mean is obtained as

o= /fg JAF.(y /A ik x)”(x)al_l(x)agl(x)x)( oy “2))61;5.

kir1(2)oy 2(x) + kere(z)oy 2 (z) \oi(z) ooz

For a symmetric error distribution the asymptotic variance reduces to

5 = s+ i3[( [ o) +2 [ £oay [ B <22 an)]
[ e ) e @F
o k1ri(z)oy (%) + Kera(x)oy 2 ()
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4 Appendix: proofs

For the sake of brevity we will restrict ourselves to a proof of Theorem 3.2. The proof of
Theorem 3.1 follows in a similar manner. Recall the definition of the statistic Uy in Theorem
3.2, then a straightforward calculation shows that

60 O = VE{ [ (5 0) = )+ 52Fanal) = F0) ) 4Fi s 1)
- [(Fint) - B,

where we have used integration by parts. This expression can be estimated further by

(5.2) Uy = \/N@{/

R

(Fans ) = F-)AP-(5) = [ (Fios () = )P ()} + 0,(0)

where we have used the fact that
(5.3) [P = F-0)d P ) = Poto) = ().
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This estimate follows from the following Lemma, which gives an asymptotic equivalent expres-
sion for the integrands and will be proved at the end of this section.

Lemma 5.1. Under the assumptions of Theorem 3.2 we have uniformly with respect to y

ng

Fon )~ F9) = = S {Hew < v} - E) + L)

) j:1

kiri(Xij)
r(Xij)
na—;

/‘foifs(y) ri(Xs—ig)os—i(Xs—iy)
- n3—; Z (X5 z])UZ(X3 Z]) “an
(

—(-1)i == il /A “;)) ))

€ij + %yfe(y)(gzzj - 1)}

Inserting the expression of Lemma 5.1 in (5.2) yields

(5.4) Uy = @f /Glm )dF.(y /Gm )dF:(y }+op( )

B R R P T

where C;’l, ~ and CNJQ, ~ are independent empirical processes defined by

55 Gunl) = (0 [ {230 <0 - RO + 5000~ )
ri(Xij)  r3-i(Xij)oi(Xi)
-(’I“(X”) T(Xz'j)O'gfi(Xij) >}dFE(y)

Now a standard calculation shows that these processes converge weakly to independent Gaus-
sian processes, i.e.

\/Néi,]\r = Gi, 1 =1,2;

where the covariance kernel of the process G; is given by

ily:2) = Cov(Gily), Gil=)) = —{ Fuly A=) = E()E(2)

7

LG [ (L) N g

r(z)os_i(x) r(z)

e f W) LB~ 1)
+%(yfg(y)E[I{s < 2} = D]+ 2f(2) E[I{e < 2}(e* = 1)])

Lirs_i(z)oi(x)  ri(w)
_/0 (T(l‘)Ug_i(l') B r(z) )Hiri(x)dx

< (R.)EI{e < 2} + L.G)EU: < v}l + LB +9) |
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Now it follows from Proposition 1 in Shorack and Wellner (1986, p. 42) that
Ux = N (i, ),
where

B = 2 / (k1(, 2) + kaly, 2))dF.(y)dF.(2).

The specific form of the variance in Theorem 3.2 now follows by a straightforward but tedious
calculation.
O

Proof of Lemma 5.1. We will only consider the case ¢ = 1; the assertion of the second sample
follows precisely by the same arguments. From Lemma B1 in Akritas and Keilegom (2000) we

have
ni

58 Foul) - F0) = - Yooy < 0h - B0+ A +op( )

uniformly in y, where

(5.7) A, () = fa(y)/o y(01(z) — o1 (x)) + () — ml(fv)rl(x)dx_

o1(z)

Observing the definition of the estimate m in (2.1) we obtain
w(z) — mi(z) = Nm ZZK(
= o bR (K ) AX)
(5:8) B Nhr ZZK( ) oi(Xij)es + Nhr(z) ;K( 0 ) \/NJ
1
+0p(ﬁ> .

Now Proposition 7 in Akritas und Keilegom (2000) gives for the difference 6; — o7 uniformly
with respect to x € [0, 1]

) i(Xij)eij +mi(Xi;) —ma(z)) + Op(

R

59) o) - i) =~ S K (EX) [ <o) - R |0) L,

where the integral can be evaluated as follows :
[ <= Rl [ o) - mi)dy
R
— @) ([ Floa- [ 0= F o))

+/ooy(1—F1(y|x))dy—/z yFi(y [ =)dy
L2 () + o2(x) - 2.

= my(z)[z — mi(z)] + 5
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Inserting this expression into (5.9) yields

ni

(510) 1) —o1(x) = m ZK(I —th> {%(ml(xu) — i (2))?
ey (X1) (ma(X15) — (@) + 503 (X15) (e~ 1)
1 1

+3(0t ) — o) } + ()

uniformly with respect to = € [0, 1], which gives

ni

(5.11) /01 WH@W _ 2%1 > (e -1+ op(JLn_l).

Now the definition of A4,, in (5.7), (5.9) and (5.11) yield

Fun(0) = F:0) = - 30 (1o < 0 = )+ 565 = Do) + 1))

K2 = ™ X2j 02 X2j
WY el
1 Ko 2 A(XQj)TI(XQj) 1
" VN ny ) = r(Xay)on (X)) Op(—)

NG

and the assertion of Lemma 5.1 follows from the strong law of large numbers.
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