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Abstract

For many problems of statistical inference in regression modelling, the Fisher informa-
tion matrix depends on certain nuisance parameters which are unknown and which enter
the model nonlinearly. A common strategy to deal with this problem within the con-
text of design is to construct maximin optimal designs as those designs which maximize
the minimum value of a real valued (standardized) function of the Fisher information
matrix, where the minimum is taken over a specified range of the unknown parameters.
The maximin criterion is not differentiable and the construction of the associated optimal
designs is therefore difficult to achieve in practice. In the present paper the relationship
between maximin optimal designs and a class of Bayesian optimal designs for which the
associated criteria are differentiable is explored. In particular, a general methodology for
determining maximin optimal designs is introduced based on the fact that in many cases
these designs can be obtained as weak limits of appropriate Bayesian optimal designs.
The approach is illustrated by means of a broad range of examples for which the Bayesian
optimal and hence the maximin optimal designs can be found explicitly.
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1 Introduction

In many practical problems in regression modelling the Fisher information for the parameters
of interest depends on certain unknown nuisance parameters. Within the context of design
this problem translates into that of maximizing a concave function of the information matrix,
which depends on the unknown parameters and clearly this cannot be achieved directly. Over
the last forty years a number of strategies have been developed to address this design prob-
lem. Specifically, in 1953, Chernoff suggested the simple but elegant expedient of adopting a
best guess for the unknown parameters and termed the resultant designs locally optimal. The
main disadvantage to such an approach is that if the unknown parameters are misspecified
the resulting optimal designs can be highly inefficient within the true model setting. An intu-
itively appealing extension to this notion is therefore to construct designs sequentially, using
a best guess to initiate the process and then updating this guess with parameter estimates
obtained from the observed responses after each step of the procedure [see e.g. Ford and Silvey
(1980), Wu (1985)]. There are unfortunately a number of disadvantages to this idea. Thus
in many experimental situations, particularly in agriculture, observations cannot be taken se-
quentially. Furthermore, statistical inference based on observations from sequentially designed
experiments is not a straightforward matter.

A broad and attractive approach to the problem of design when the Fisher information matrix
involves unknown parameters is to, in some sense, quantify the uncertainty in those parameters
and to incorporate this additional information into the formulation of suitable optimality cri-
teria. This has been achieved in practice through the introduction of the concepts of Bayesian
and of maximin optimality. To be specific, for Bayesian optimality a prior distribution is
placed on the unknown parameters and criteria involving the average of a concave function
of the Fisher information matrix over that distribution are then maximized. The resultant
designs, termed robust or Bayesian optimal designs, have been extensively studied in the lit-
erature and their properties are well-understood [see for example Pronzato and Walter (1985),
Chaloner and Larntz (1989), Chaloner (1993), Chaloner and Verdinelli (1995)]. In particular
Bayesian optimality criteria are based on criteria in classical design theory and many of the
results from that theory, such as those relating to equivalence theorems and numerical pro-
cedures, can immediately be transferred into the Bayesian context. For maximin optimality,
designs which maximize the minimum of a function of the Fisher information matrix over a
range of parameter values are sought [see e.g. Pronzato and Walter (1985), Miiller (1995),
Dette (1997), Miiller and Pdazman (1998)]. The resultant designs, termed maximin optimal
designs, are particularly attractive from a practical point of view in that the experimenter is
only required to specify an appropriate range for the unknown parameters. The major problem
lies in the construction of these designs in the sense that the maximin optimality criterion is
not differentiable and that as a consequence results, both algebraic and numeric, are elusive.
Indeed there have been few reports of maximin optimal designs in the literature and strategies
for their construction are somewhat ad hoc [see e.g. Wong (1992), Haines (1995), Dette and
Sahm (1998), Imhof (2001)].

In the present study a general approach to obtaining maximin optimal designs as the limits of
a particular class of Bayesian optimal designs is introduced and explored. Roughly speaking
the powerful tools for constructing Bayesian optimal designs for which the associated criteria
are differentiable can be used to obtain maximin optimal designs for which the correspond-



ing criteria are not differentiable. Several applications of this methodology are presented and
maximin optimal designs obtained explicitly. Although interest is centered primarily on the
construction of maximin optimal designs for nonlinear regression models the approach is quite
general and can be applied to optimal designs problems with a similar structure such as model
robust design problems.

The paper is organized in the following way. In Section 2 some preliminary definitions are
given and Bayesian optimality criteria analogous to Kiefer’s (1974) ®,-criteria are introduced.
The main results of the study are then presented in Section 3. In particular the relationship
between Bayesian and maximin optimal designs is explored and powerful equivalence theorems
and other associated results are presented. Furthermore, it is shown that under fairly general
conditions the Bayesian optimal designs converge weakly to maximin optimal designs, a result
which mirrors the limiting relationship of the corresponding optimality criteria. A broad range
of applications are considered in Sections 4 and 5. Specifically, examples of models for which
the Bayesian optimal designs are available from the literature are presented in Section 4 and
it is shown that maximin optimal designs can be obtained as the limits of these designs. In
Section 5 two weighted polynomial models for which the Bayesian and maximin optimal de-
signs are not known are considered. Bayesian optimal designs for these models are obtained
in analytic form using a method based on the theory of differential equations and the results
of Section 3 are then invoked in order to find the maximin optimal designs explicitly. Some
broad conclusions and pointers for future research are given in Section 6. For ease of reading
the proofs of all lemmas and theorems in the paper are included in an appendix.

2 Preliminaries

Consider a regression model which depends, possibly nonlinearly, on the parameters # from a
parameter space © C R¥ and on explanatory variables & varying in a compact design space
X C R’ equipped with a o-field, which contains all one point sets. An approximate design &
for this model is a probability measure on the design space X with finite support xy,...,z,
and weights wy, ..., w, representing the relative proportion of total observations taken at the
corresponding design points [see e.g. Kiefer (1974)]. Let = denote the class of all approximate
designs and A C = some subset of that class. Then, very broadly, an optimality criterion can
be specified as
p:AXx0O —[0,00),

where the function (&, #) is continuous in the sense that, if a sequence of designs &, € A
converges weakly to a design £ € A as n — oo, then

Tim (6, 0) = (€,0)

for all € ©. Additionally, for fixed £ € A, the function (&, 0) is assumed to be continuous
in §. Examples of such a criterion include, inter alia, D- and c-optimality [Pukelsheim (1993)].
In the present study attention is focussed on optimality criteria which accommodate uncer-
tainty in the unknown parameters and, specifically, on criteria based on functions of the form
P (€,0). To this end it is first necessary to consider a single, fixed parameter value 6 € © and
to introduce a locally ¢-optimal design over the class of designs A as a design §; € A for which



the condition
(&, 0) > V(€. 0)

holds for all £ € A. A standardized maximin -optimal design in the class A can then be
defined as a design which maximizes the criterion

L vies)
- 6eo 1/)(55, 9)

over all £ € A [see Dette (1997)] and a Bayesian t-optimal design with respect to a prior
distribution 7 on the parameter space © as a design which maximizes

V_s(§) (2.1)

Wy(€) = exp /@ log (£, 0)dr (6) (2.2)

over the set A [see e.g. Pronzato and Walter (1985) or Chaloner and Larntz (1989)]. More gen-
erally, for fixed ¢ such that —oo < ¢ < 0 a Bayesian U -optimal design for a prior distribution
m on O can be defined as a design £ € A maximizing the criterion

over the subclass of designs A [see Dette and Wong (1996)]. Note that the Bayesian -
optimality criterion (2.2) is obtained from (2.3) in the limit as ¢ — 0 and that the standardized
maximin criterion (2.1) is recovered as ¢ — —oo provided the support of the prior 7 coincides
with the parameter space ©, i.e. supp(m) = O.

3 Bayesian and standardized maximin optimal designs

3.1 A general Equivalence Theorem

The results of this subsection relate to a particular form of optimality criterion. Specifically,
suppose that the Fisher information matrix for the parameter # € © of a design £ € A can be
expressed as

M(&,0) = /Xf(xag)fT(ﬂU,@)df(x) c Rl xt

where f(z,0) € R® is a vector-valued function appropriate to the specified regression model
and the dimension [y may depend on 6. Then the criterion of interest has the form

Y(E,0) = pe{Co(§)} (3.1)

where ¢y(-) is an information function in the sense defined by Pukelsheim (1993, page 119)
and

Cole) = Cre (6,0 = {KI M (€055, }

Here Ky € R%** represents a matrix of full column rank sy < £y and M~ (£, §) denotes a gener-
alized inverse of M (€, 0). Here we assume that & € A is feasible, that is, R(Ky) C R(M(£,0))
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for all # € ©. Note that this formulation is in fact very general and encompasses a broad range
of model specifications and optimality criteria. Numerous examples are presented later in the
paper.

An Equivalence Theorem for Bayesian ¥, -optimal and standardized maximin ¢-optimal de-
signs based on criteria of the form (3.1) is now introduced and holds strictly for classes of
designs A which are convex. The formulation adopted here is that of Pukelsheim (1993) and
relies on the definition of the polar function of ¢y(-) given by

tr(C'D)
9o(C)
where C' and D are nonnegative definite matrices. The proof of the next theorem follows

essentially the same arguments as those presented in Pukelsheim (1993), Chapter 11, and is
therefore omitted.

63°(D) = igf{ ‘0 > 0}

THEOREM 3.1. Assume that the criterion ¢¥(&,0) has the form (3.1) and that the class of

designs A is convex. Assume also that a design denoted £ € A satisfies the condition R(Ky) C
R(M(&*,0)) for all 6 € O.

(a) The design £ is Bayesian U -optimal in the class A with respect to a prior m on © if
and only if for each 8 € © there exists a nonnegative definite matriz Dy which solves the
polarity equation

P0{Cr,(£7) 05" (Dy) = tr{Cxk, (£")Dy} =1 (3.2)

and a generalized inverse of M(£*,0), say Gy, such that the inequality

/@{%}qtr{M(n,G)B(E*,Q)}dw(Q) - /@{%}qdw(w <0 (33

holds for all n € A, where
B(£",0) = GoKyCy(€7)DyCy(€7) Ky Gy

(b) Let

1/)(6*,9)} (3.4)

¥(&5,0)

denote the set of all parameter values in ©, for which the minimum in (2.1) is attained.
Then the design £* is standardized maximin -optimal in the class A if and only if there
ezists a prior m, on the set N'(§*), for each 0 € supp(m,) a nonnegative definite matriz
Dy satisfying (3.2) and a generalized inverse of M (&*,0), say Gy, such that the inequality

N ={oeolv () =

/ te{M(n, 0)B(£*,0)} dmo(6) — 1 < 0
N (&%)

holds for all n € A.



Note that in the case of differentiability the left hand side of the inequality (3.3) is the di-
rectional derivative of the optimality criterion at the point £* in the direction of 1 [see Silvey
(1980)]. The more general formulation of Theorem 3.1 is required for non-differentiable crite-
ria. Morover, the second part of this theorem in effect states that the standardized maximin
-optimal design £* coincides with the Bayesian Wy-optimal design for the prior distribution
7y defined on the set N (£*). The prior 7, is usually referred to as the least favourable or
“worst” prior, a term which is borrowed from Bayesian decision theory [see Berger (1985),
page 360]. At this point it is useful to introduce an example in order to fix ideas.

EXAMPLE 3.2. Suppose that Ky = I, for all & € © and that A represents the class of all
approximate designs defined on the space X', namely =. Then Cy(§) = M(&,0) and, for any
optimal design £*, the information matrix M (£*, @) has full rank for all € ©. Suppose further
that the optimality criteria of interest are based on the information function

bo{ M(£,0)} = | M(€,0)|'/*.

Then Gy = M~'(,0) and Dy = -M~"(&,0) for all § € © [see Pukelsheim (1993), page 154]
and it follows immediately from Theorem 3.1 and from a standard argument in design theory
that the design {* is Bayesian W, -optimal, i.e. £* maximizes the criterion

w,(6) = { /@ (7|';‘4”(§’,?)'|)q/ RO

if and only if the inequality

| M(E%,0) [N/t fT(x,0) M 1(£%,0)f(x,0) | M(£*,0) |\ a/to
/(|M(g;,9) |> 7 dr(0) — /(|M(§9, )|) dr(f) < 0 (3.5)

holds for all x € X'. Similarly, a design £* maximizes the criterion

V_oo(§) = rapeiél{ (%)1/49}

and is thus standardized maximin D-optimal if and only if there exists a prior 7, on the set
N (&%) such that the inequality

/ f(x,g)TMfl(g*,g)f(x,g) d7r (9) _ 1 < () (36)
(€) bo ’ -

holds for all z € X. Furthermore equality in the conditions (3.5) and (3.6) is attained at
the support points of the Bayesian W ,-optimal and of the standardized maximin D-optimal
designs respectively. Note that the Equivalence Theorem for Bayesian W, -optimality relating
to inequality (3.5) is given in Dette and Wong (1996) under the additional assumption that
the dimension ¢y is a constant. [

The next result follows immediately from Theorem 3.1 and provides insight into the nature of
the set N (£*) defined in (3.4). The proof is given in the Appendix.

LEMMA 3.3. Suppose that the parameter space © comprises at least two points and that the
class of designs A is convex. Then, for the standardized mazimin -optimal design £ € A,

the cardinality of the set N'(£*) defined in (3.4) is at least 2.
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In summary therefore, suppose that a candidate standardized maximin D-optimal design, say
~, is available. Then the global optimality or otherwise of this design over a class of designs
A which is convex can be confirmed by invoking Theorem 3.1 together with Lemma 3.3. Note
immediately that a necessary condition for this design to be optimal over the class A is that
the cardinality of the set N'(£) is at least 2. Note also that it is not straightforward to invoke
the second part of Theorem 3.1 in practice and specifically that it is not easy to construct the
least favourable prior m,.
The next two results follow directly from Theorem 3.1 and Lemma 3.3. The proofs are straight-

forward and are therefore omitted.

LEMMA 3.4. The Bayesian V,-optimal design & with respect to the prior m is Bayesian W -
optimal with respect to the prior @', where

(M) |
4 (6) = <|M(sa,>|> o

and q and q' are such that —oo < ¢q,q¢ < 0.

THEOREM 3.5. The standardized mazimin 1-optimal design §* is Bayesian ¥ -optimal with
respect to the least favourable prior m, on the set N'(£*) for all ¢ < 0. Conversely, if the design
£ is Bayesian VU -optimal for all ¢ such that —oo < ¢ < 0, then it is standardized mazimin
W-optimal.

Thus the global optimality or otherwise of a candidate standardized maximin y-optimal design
can be examined by checking whether or not the design is Bayesian W, -optimal for a range of
values of ¢ < 0. Moreover, if a prior which is close to the least favourable prior 7, is adopted,
then the Bayesian W,-optimal designs for that prior is not expected to change greatly as the
value of ¢ changes from —oo to 0. This latter observation in turn relates to and explains certain
of the numerical results given in Imhof (2001).

3.2 Convergence of Bayesian to standardized maximin designs

The results presented so far, in particular those relating to Theorems 3.1 and 3.5, indicate
that a close relationship exists between Bayesian W -optimal designs and maximin ¢-optimal
designs. Furthermore, since the criterion ¥,(§) converges to the maximin criterion W_.(§)
as ¢ — —oo, it is tempting to surmise that this convergence is mirrored in the corresponding
designs themselves. In fact the following theorem shows that, under fairly general conditions,
standardized maximin ¢-optimal designs can be obtained as weak limits of Bayesian ¥ ,-optimal
designs as ¢ — —oo. The proof is given in the Appendix, while numerous applications can
be found in the next two sections. Note that the result does not require the special structure
(€, 0) = ¢o{Cy(£)} nor the convexity of the set A C = as was the case for Theorem 3.1.

THEOREM 3.6. Let © be compact and let  denote a prior distribution on © with supp(m) = ©.
Suppose that the optimality criterion ¢ : A x © — (0,00) is continuous in each argument.
Suppose that for every g < 0, (; s a Bayesian ¥ -optimal design in the class of designs A
with respect to the prior m and suppose also that the designs ¢, converge weakly to some design
(* € A as g — —oo. Then the design C* is standardized maximin -optimal.

7



It should be emphasized that no conditions need be placed on the class of designs A in order for
the above theorem to hold, other than that the optimal designs of interest, {{,} and £*, should
all belong to the same class. This is in contrast to Theorem 3.1 for which the requirement that
the class of designs A be convex is imposed.

REMARK 3.7. In practice it may well be possible to use Theorem 3.6 to construct a maximin
-optimal design over a class of designs A which is not necessarily convex such as, for example,
a class of designs based on a fixed number of support points. Then the global optimality or
otherwise of this design over a class of designs which is convex and which contains A, such as
the class of all approximate designs =, can be confirmed by invoking Theorem 3.1 and Lemma
3.3.

4 General applications

Several broad applications of the results developed in Sections 2 and 3 are now presented. In
many cases the form of the Bayesian ¥ ,-optimal designs over a particular subclass of designs is
known and the standardized maximin ¢-optimal design can be identified by invoking Theorem
3.6 and introducing some additional algebra.

4.1 Nonlinear models

Consider a nonlinear model for which the response variable y follows a distribution from an
exponential family with

E(y|lx) = n(z,0) and Var(y|z) = o?(z) , (4.1)

where  represents an explanatory variable in the design space X C R and 6 is a vector of
unknown parameters in the space © C R*. If n(z, #) is continuously differentiable with respect
to 6, then the Fisher information matrix for # at a single point x is given by

- {262 (2]

and the information matrix for a design £ belonging to a specified class of designs A can be
expressed as

M€, 0) = /X 1(2,0) dé (2)

[see e.g. Silvey (1980)]. For this model setting it is usual to consider criteria ¢{M (&, 6)}, which
are concave functions of the Fisher information matrix. Then the Bayesian WU -optimality
criterion with respect to a prior 7 on © can be formulated as

oM 0} " g
=gy Y
and, following Dette (1997), the standardized maximin ¢-optimality criterion can be written

o oM 0)}
Voo (€) —%{m} |
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where &) represents the locally ¢-optimal design maximizing the function ¢{M(,0)} [see
Chernoff (1953)] and where all criteria are maximized over the given class of designs A. Note
that these criteria are obtained as a special case from the general theory with Ky = I and
P(€,0) = (M (&,0)). The following example involves a finite parameter space © and helps to
fix ideas.

ExaMpPLE 4.1. Consider the simple exponential model for which the response y is normally
distributed with mean exp(—6z) and variance o2, where # > 0 and = € [0, 00). Suppose that
a parameter space comprising two values #; and 6, with 0 < #; < #, < oo is of interest,
i.e. © = {6;,0,}, and that a single-point standardized maximin D-optimal design over that
parameter space is sought. Now I(z,0) = 22 exp(—26z) and the single-point locally D-optimal
design is given by xj = 1/0 with I(z},0) = 1/(e?6*). Consequently, for a prior on © which
puts weights 3 and 1 — 3 on the values ¢, and 6, respectively, a one-point Bayesian W, -optimal
design with ¢ < 0, say z,, maximizes the criterion

U, (z) = {B [€2672” exp(—20,z)]" + (1 — B) [e*032° exp(—292x)]q}5 :

By differentiating ¥, (z) with respect to z and setting the result to zero, it then follows that
x4 satisfies the transcendental equation

log 5 + log(1 — 6,2)
2q

log(1 — ) + log(f,x — 1)
2q

+ (lOg 91 — 911‘) = + (lOg 92 — 921’)

with 1/6y < x < 1/6,. Thus, as ¢ — —o0, the design point x, approaches

. _ log(6y/0,)
(02 —0,)

which, by Theorem 3.6, is a maximin D-optimal one-point design. This result is in agreement
with that derived by Haines (1995) and, independently, by Imhof (2001).

It now follows from Theorem 3.1 and Lemma 3.3 that the design point z* is globally maximin
D-optimal if and only if there exists a prior on the two parameters 6; and 6, for which that
point is globally Bayesian D-optimal. A candidate least favourable prior can be formulated by
setting #* equal to the one-point Bayesian D-optimal design zo = 1/{36; + (1 — )6} and is
thus specified by

92 — 91 lOg(92/91) )

By examining the directional derivative for Bayesian D-optimality with respect to this prior
[see formula (3.6) with ¢y = 1 and M(&*,0) = I(x*,0)], it can then be shown numerically that
the design point z* is globally standardized maximin D-optimal provided 6,/6; < 3.891, a
result in accord with the findings of Haines (1995). O

8=

The following corollary specifies the fairly general conditions under which Theorem 3.6 holds
for the nonlinear models considered in this section. The proof is outlined in the Appendix.

Note that, in the statement of the theorem, the set of all nonnegative definite matrices of order
k x k is denoted NND(k)



COROLLARY 4.2. Consider the nonlinear model specified by (4.1) and a local optimality cri-
terion of the form ¥(&,0) = ¢p{M(&,0)}, where ¢(-) is a continuous function from NND(k) to
[0,00). Let © be compact and let w represent a prior distribution on © for which supp(r) = ©.
Suppose that (&,0) > 0 on A x O and that I(x,0) is bounded and continuous on X x ©. Then,
as ¢ — —oo, the weak limit of the Bayesian ¥ -optimal designs with respect to the prior m in
the class of designs A is a standardized maximin ¢-optimal design, provided it belongs to A.

The next example illustrates the use of the above corollary in the construction of standardized
maximin D-optimal designs for a nonlinear model with an associated parameter space which
is not finite.

ExaAMPLE 4.3. Consider the one-parameter logistic regression model with probability of suc-
cess 1/{1 +exp(—(z —#))} and = € IR. Note that the information on 6 at an observation x is

given by
exp(—(z — 40
1(z,0) = p(—(z — 1)) :

{1 +exp(—(z—0))}
and is bounded and continuous. Note also that the locally D-optimal one-point design is
located at zj = 6 with I(x},0) = 1/4. Suppose now that a parameter space of the form
© = [—a,a] with @ > 0 is of interest and that single-point standardized maximin D-optimal
designs over that space are to be constructed. For a uniform prior on ©, the one-point Bayesian
V¥ ,-optimal design, say z,, maximizes the criterion

1
1 [ 4exp(—(z —0 1 a
\I!q(x):{—/ [ <P ) 2] dG} for —oco<qg<0

2a J_, [ {1 +exp(—(x—0))}
and it is straightforward to show, either algebraically or by symmetry arguments, that x, = 0
for all such ¢q. Thus, since the conditions specified in Corollary 4.2 are satisfied for this example,
it follows trivially that the one-point standardized maximin D-optimal design is given by
¥ =0.
Consider now invoking Theorem 3.1 in order to determine whether or not taking all observations
at the point z* = 0 is globally maximin D-optimal. On the basis of the results presented in
Theorem 3.5, the uniform prior on [—a, a] is adopted as a candidate least favourable prior. The
directional derivative for Bayesian D-optimality from z* = 0 to a design point z is then given

by . ,
o ] (e ) !

[see formula (3.6) with ¢y = 1 and M (&*,0) = I(z*,0)] and it can be shown numerically that
this derivative is less than or equal to zero for all x € IR provided

3+a—3exp(a) +aexp(a) < 0.

Thus it follows that the single-point design x* = 0 is globally standardized maximin D-optimal
on the parameter space [—a,a] provided a satisfies this inequality and hence provided a <
2.5757.
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4.2 Linear heteroscedastic models

An interesting and widely encountered form of nonlinear design problem relates to linear models
with an heteroscedastic error structure. To be precise, assume that the response y follows a
distribution from an exponential family and that

E(ylz) = Bofo(z) 4 - -+ + Bafa(z) and var(y|z) = o?/\(z, ) (4.2)

where x € X, fo(z),..., fa(x) are continuous linearly independent regression functions on the
design space X and A(z,0) is an efficiency function assumed to be known up to the value of the
parameter 0 € © [see e.g. Fedorov (1972)]. The Fisher information matrix for the parameter
$ in model (4.2) is given by

M(£,0) = /X F(@) 17 (2)A\(x, 0) de (x)

where f(z) = (fo(z),..., fa(z))" denotes the vector of regression functions. Criteria of interest
for this model setting are usually of the form (&, 6) = ¢{M(,0)} where ¢(-) is a concave
function of the information matrix, such as the (d+1)th root of the determinant. The definitions
of Bayesian U -optimal and standardized maximin -optimal designs are essentially the same
as those given for the nonlinear models specified by (4.1) and are not repeated here.

In the present setting the mean of the random variable y defines a linear model and nonlinearity
is introduced through the dependence of the variance function on the parameter 6. In fact,
by including an additional parameter in the variance function of the nonlinear model specified
in (4.1), model (4.2) can be treated as a special case of that nonlinear model [see Atkinson
and Cook (1995)]. The model settings are however fundamentally different and are treated
as such in the present paper. Specifically, for the nonlinear model (4.1) the parameter
is the parameter of interest, while for the linear heteroscedastic model (4.2) the parameter
B = (Bo,---,Pq) is of importance and 6§ appears simply as a nuisance parameter. The following
corollary to Theorem 3.6 provides conditions for that theorem to hold in the present setting.
The proof is given in the Appendix.

COROLLARY 4.4. Suppose that the regression functions fo(z),..., fa(x) and the efficiency
function \(x,0) in the linear heteroscedastic model (4.2) are continuous and that ¥(&,0) =
A{M(&,0)} where ¢(-) is a continuous function from NND(d+ 1) to [0,00). Let the parameter
space © be compact and let w represent a prior on © with supp(m) = ©. Suppose that (£, 0) > 0
on A x © and that at least one of the following conditions is met.

(i) The design space X is compact.
(ii)) X =[a,0), a € R, and

hm{ﬁ@ﬁmx¢ﬁiﬁ}:m j=0,...,d

T—00 0eO

(i1i)) X =R and

MH{ﬁ@ﬁmx Maﬁ}zhm{ﬁ@ﬁmeﬂaﬁ}:Q j=0,...,d.

T——00 0co T—00 PcO
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Then the weak limit of the Bayesian WV ,-optimal designs with respect to the prior m in the class
of designs A as ¢ — —oo s a standardized maximin -optimal design, provided it belongs to
A.

Finally, if the class of designs A is convex, Theorem 3.1 can be invoked to confirm the global
1

optimality or otherwise of a candidate design. Specifically, if ¢(M(&,0)) = |[M(&,0)|77, a

design £* is Bayesian ¥ ,-optimal in the class of all designs if and only if the inequality

|M(§*79)| dL%-l T 1 e |M(€*,9)| dL-i-l
/e(m) A, 0) ()M 1€, 0) f(x) dm(0) < (d+1) /@(m) dr (0)

holds for all z € X and standardized maximin D-optimal if and only if there exists a least
favourable prior 7, on the set N (£*) defined in (3.4) such that

[ @O @M€ 01 6) dn) < @+ )
N(&)

is satisfied, again for all z € X'. The application of the above results to the construction of stan-
dardized maximin D-optimal designs for a particular class of weighted polynomial regression
models is now explored in the following example.

ExAMPLE 4.5. Consider the weighted polynomial model defined by
Y= 0o+ iz + ...+ Bex? +e, z € [0,00), (4.3)

where the regression parameters 5 = ([, ..., 34) are of interest and the error term € is assumed
to be normally distributed with mean 0 and variance 0?/\(z,6). The efficiency function is
taken to be of the form A(z,0) = 2V exp(—6z), with the parameter § deemed to be a nuisance
parameter and the power v either positive or zero and assumed known. Then the Fisher
information matrix for a design £ belonging to a specified class of designs A can be written as

M(E,0) = / " o exp(—02)f(2) /7 (2) de(2)

where f(z) = (1,z,...,2%)7T. Suppose that the criterion of interest is D-optimality and thus
that ¢ (&,0) = |[M(&,0)'/). Suppose also that § belongs to a compact parameter space
© = [Omin, Omax] With 0 < Onin < Omae < 00 and that attention is restricted to prior distributions
7 on © for which supp(m) = ©. Then all the broad assumptions of Corollary 4.4 hold and, in
addition, since = € [0, c0) and

xj+v/2

Tim {fj(x) max A(9679)} = {W} -

condition (ii) of that corollary is satisfied. Thus, in summary, the design problem presented
here is precisely that for a linear heteroscedastic model described above, Corollary 4.4 can be
invoked and standardized maximin D-optimal designs obtained as the limits of the appropriate
Bayesian ¥ -optimal designs.

Consider now optimal designs which are restricted to belong to the class of all (d + 1)-point
designs. Then it follows immediately from the results of Dette and Wong (1996) that designs
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which are Bayesian W, -optimal over this class for —oo < ¢ < 0 put equal masses at the zeros
of the polynomials
a:L((il) {—F,(qz)z} forv=0

and
LE;:II) {—F,(qzg)x} for v > 0.

Here L\ (u) denotes the generalized Laguerre polynomial of degree n orthogonal with respect
to the measure u® exp(—u) du for u > 0 [see Szegd (1975)] and z = z, is the unique solution of
the equation

(d+1)(d +v)

Fq(qz) ’

where
f@ gefeng(d+l)(d+v)q dﬂ.(g)

Fy(qz) = — [y e 0a=0W+ D0 dr(9)

In order to determine the weak limit of these Bayesian W ,-optimal designs, that is to determine
the limit of F,(gz) as ¢ — —oo, the following lemma is introduced. The proof is intricate and
is given in the Appendix.

LEMMA 4.6. Let 7 be a prior distribution with support © = [Omin, Omax| where 0 < Opin < Omax-

Let
[ e (0) 2 dn(0)

Fylz) = [e02g(0)-adm(0)’

where g is a continuous log-convex function on ©. For every q <0, let z, be such that

Zq = h{—Fq(qzq)}, (4.4)

—0<q<0, zeR

where h(-) is a strictly decreasing function on ©. If there exists a parameter value t* € © such

that
_ log{g(Omax)/9g(Omin) }

emax - Hmin

h(t) =

, (4.5)

then lim F,(qz,) = —t".
q——00

In the present case g(6) = (@)@ which is log convex, and h(t) = (d + 1)(d + v)/t, which
is decreasing. Thus Lemma 4.6 holds and

ema.x - gmin

lim F, =t = -
qi{noo l](qzq) log (Hmax/gmin)

provided that O, < t* < Oha. In fact, since logu < uw — 1 for all u > 0, the inequalities
involving ¢* do indeed hold and the following result is thus established.

THEOREM 4.7 The standardized mazimin D-optimal (d + 1)-point design for the weighted
polynomial regression model (4.3) with

Var(y|lz) = = o’z Vexp(—0z) , x>0



and 0 € [Omin, Omax] puts equal masses at the zeros of the polynomials

Omax — Omi
L(l) max min —0
T {log (gmaX/gmin) l"} or v ’

and

(v—1) { emax — Hmin

pr og (gmax/gmin)x} for v > 0.

Note that this theorem extends the results for the case of v = 0 given in Theorem 5.1 of Imhof
(2001).

REMARK 4.8. Consider the generalized exponential model defined by
y = 2" exp(—0z){Bo + iz + ... Ba_ 10T} + z € [0, 00), (4.6)

where the error terms e are normally distributed with mean zero and constant variance o2,
the parameters 5 = {fo,...,04_1} and @ are of interest and the parameter v is assumed
to be known. Then, following Dette and Wong (1996), it can readily be shown that the
problem of constructing Bayesian W,-optimal designs for this model is equivalent to that of
finding such designs for the weighted polynomial regression model with efficiency function
Az, 0) = 22" exp(—20x). Thus it follows immediately that standardized maximin D-optimal
designs for the exponential model (4.6) can be derived from the corresponding optimal designs
given in Example 4.5.

4.3 Model robust and discrimination designs

It is not uncommon for a practitioner to identify a set of plausible models, rather than a single
model, as being appropriate for a particular data set. In order to accommodate such model
uncertainty within the context of optimal design, criteria which are robust to the choice of
model have been developed [see e.g. Lauter (1974)] and certain of these are explored here. To
be specific, consider a class of linear models with means

E(y|x) = g(l‘, 9) = Bﬂfﬂ(xag) +...+ Blgflg (:L‘,H),

where x belongs to some design space X' and the regression functions f;(x,0),i = 0,..., /¢y,
are known, and with constant variances o2, i.e. A(x,0) = 1. Each model is indexed by a
parameter # taken from a finite set of indices ©® and the class of such models is denoted
F ={g(z,0) | 0 € ©}. Note that in many applications the models in the set F are nested but
this is not necessary for the development of the robust design criteria described here.

The Fisher information matrix for the regression parameters (fo, . . ., f¢,) in the model specified
by g(x,0) at a design & € A can be expressed as

Ly

M(6.0) = ([ e 015 (o 00de(2)

i,j=0
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for € ©. Thus an optimal design which is robust to choice of model over the class F should
maximize an appropriate real valued function of the matrices {M(&,0) | 0 € O} over the set
of designs A [see e.g. Lauter (1974)]. In particular, suppose that a prior 7 on the index set
© puts probability 7() on the parameter ¢, where () > 0 and ), o 7(¢) = 1. Suppose
also that for each model g(x,0) in the class F, a criterion of the form ¢ (&, 0) = ¢o{M(£,0)},
where ¢y(-) is an information function, is of interest and that &; is the locally ¢y-optimal design
associated with this criterion. Then, following Lauter (1974), a ¥ -optimal robust design with
respect to the prior w for the class of models F maximizes the criterion

¥, (6) = [gw(m {%} ] q (47)

over the set of designs A. Furthermore, following Dette (1997), a standardized maximin optimal
robust design for the class F maximizes the function

. Pe{M(£,0)}
5%13{ ¢>9{M(§;,9)}}

again over the set A. In view of Theorem 3.6, the standardized maximin robust designs can
be found as weak limits of ¥, -optimal robust designs. Furthermore, if the class of designs A is
taken to be convex, Theorem 3.1 can be invoked in order to ascertain whether or not a candidate
design is in fact globally optimal. These ideas are illustrated by means of the following example,
which discusses the problem of identifying the degree of a polynomial regression.

ExXAMPLE 4.9. Consider the class of nested polynomial models with means
9(w,0) = Bo+ Pz + ...+ B2’

where z € X = [—1,1] and § € © = {1,...d}. Note that the regression functions are given by
fi(z,0) = 2%, i =0,...,0, and that the information matrix for the model of degree # can be
expressed as
o 0
w(e0) = ([ adea)
X i,j=0
In order to obtain efficient designs for identifying the appropriate degree of the polynomial
regression, Spruill (1990) proposed that a function of the criteria

(€, 0) = do{M(E,0)} = %

for 8 € {1,...,d} should be maximized. The rational behind this proposal is that the power
of the t-test for the hypothesis that the highest coefficient in the model of degree 6 vanishes,
Hy : By = 0, is an increasing function of (&, ) and consequently that a good discrimination
design should make these quantities as large as possible [for more details see Spruill (1990)].

Suppose now that a uniform prior 7 is placed on the index set ©, i.e. w() = % for @ € {1,...,d}.
Then the W, -optimal (discrimination) design with respect to the prior 7, say &7, maximizes
(4.7) and can be characterized explicitly in terms of its canonical moments [see Dette and

Studden (1997)]. In particular, by using results in Dette (1994) it can be shown that the
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canonical moments (pi,...,paq) of the W-optimal (discrimination) design & are given by
Poa =1, poj_1 = % for j =1,...,d, and by the system of equations

d—1
?WD{IIp;wéﬁm}@—pml”%%y—nﬂq:1, (=1,...,d—1
i=0+1

where ¢9; = 1 — py; and Hj_l is interpreted as unity. As ¢ — —oo this latter system reduces

to the recursion
d—1

pae =1— 272470 H (p2igai) ™"
=041
and consequently £ converges weakly to the design £* with canonical moments pag = 1,paj 1 =
sforj=1,...,d and

o d—Ll+2
P =5d—0+2
for ¢ =1,...,d— 1. It now follows immediately from Theorem 3.6, and more specifically from

the general discussion of this section, that the design £* is standardized maximin optimal.
Moreover, by invoking Corollary 4.3.3 in Dette and Studden (1997), it is readily shown that
the design £* puts equal masses at the zeros of the ultraspherical polynomial 01(127)1 (x) [see Szegd
(1975)] and masses 1.5 times larger at the boundary points +1 and —1.

The ¥, -optimal and the maximin optimal discrimination designs described here are in fact
globally optimal in the sense that they are optimal over the class of all approximate designs,
=Z. Thus there exists a least favorable prior 7, on the index set © for which £* is Wy-optimal.
Furthermore this prior can be obtained explicitly from the canonical moments of the optimal
design £* by invoking Theorem 6.2.3 of Dette and Studden (1997) and puts weights

C2d—0+1)
ml®) = =T

on the parameters § € {1,...,d}. For example, consider the case of d = 4. Then the stan-
dardized maximin optimal discrimination design is given by

\ -1 - M3
£ = { 1 Zf/i 1}
1 6 1

4
and the least favourable prior associates weights 2/5, 3/10, 1/5 and 1/10 with the polynomial
models of degree 1, 2,3 and 4, respectively. [J

"
o= O

4.4 Designs for estimating nonlinear functions

Consider the homoscedastic linear regression model with mean

E(ylz) = Bofo(@) + Bifi(x) + ... + Bafulx) (4.8)

and variance 0. Suppose that the parameters [ belong to a space B and that a nonlinear
function of those parameters, denoted h(f), is of interest. Then the approximate asymptotic
variance of such a function is proportional to

0(8)" M~ (£)0(8),

2
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where 0(3) represents the vector of derivatives of h(3) with respect to 3, M~ (&) is a generalized
inverse of the information matrix and 6(5) € R(M(&)). Optimal designs which in some sense
minimize this variance are now sought. For ease of notation, consider the induced parameter
space © = {[0(8)T0(8)]"20(B) : B € B}. Then an appropriate optimality criterion can be
formulated as

{67M(£)8} " for § € R(M(€))

0 otherwise

»(&,0) = {

and the locally optimal design {; maximizes this criterion. The design problem so described
occurs, for example, when the turning point of a quadratic regression function is of interest [see
e.g. Chaloner (1989)] and also in the context of constructing optimal extrapolation designs for
an interval [see e.g. Spruill (1987)].

The definitions of Bayesian ¥ ,-optimal and of standardized maximin ¢-optimal designs based
on the above criterion follow directly from the general formulations given in Section 2. Further-
more Theorem 3.6 holds under the conditions specified in the following corollary. The proof is
given in the Appendix.

COROLLARY 4.10. Let w denote a prior distribution on © with supp(w) = ©. Suppose that
the functions fo(z),..., fa(x) in model (4.8) are continuous and bounded and that the locally
optimal criterion value (&, 0) is continuous in 0. Then the weak limit of the Bayesian V-
optimal designs in the class of designs A as ¢ — —oo is a standardized maximin -optimal
design, provided the limiting design belongs to A and is non-singular, i.e. its Fisher information
matriz 1s non-singular.

5 New designs for heteroscedastic polynomial models

The potential application and usefulness of the results presented in this paper are now explored
and illustrated for two heteroscedastic polynomial models for which the Bayesian W, -optimal
and standardized maximin ¢-optimal designs are not available in the literature. In particular
the construction of standardized maximin D-optimal designs for these models is considered
[see Example 3.2] and a suite of new and interesting results derived. To be specific, the models
of interest are defined by

y =B+ Bz + Bor®+ ...+ Bzt +e, (5.1)

where € is an error term with mean 0 and variance 0 /\(z,6) and the efficiency functions and
design spaces are of the form

Mz,0)=(1+42%)"? for §>d and z€R

and
Mz,0)=(1+2)" for §>2d and 2z €]0,00).

Attention is restricted to the class of designs based on exactly d + 1 points. Bayesian V-
optimal designs are first constructed and standardized maximin D-optimal designs are then
obtained as weak limits of these designs.

17



5.1 Bayesian ¥ ,-optimal (d+1)-point designs

Dette and Wong (1996) derived Bayesian ¥,-optimal (d + 1)-point designs for weighted poly-
nomial regression models with a wide range of efficiency functions using arguments based on
canonical moments [see Dette and Studden (1997)]. Their approach is not in fact completely
general and specifically does not hold for the models under consideration here. However it is
possible to determine Bayesian W ,-optimal designs based on exactly d + 1 points explicitly for
these models using arguments based on the theory of differential equations. The steps involved
in this approach and the attendant results are now presented.

First observe that any D-optimal (d+ 1)-point design necessarily puts equal masses at its sup-
port points, say xi,...,zq.1 [see Fedorov (1972)]. The determinant of the information matrix
for the regression parameters of model (5.1) can thus be written as

d+1
1

| M(&0) | = W|XR |2H>\(%9),

where Xp is the Vandermonde matrix with ith row {1 x; z7 ... z¢} (i=1,...,d+1). It then
follows immediately that

(@ = [ (& G) 00) = g | X [ T 0100,
where ) dn(0)
40) = (310 T (5.2)

and &, denotes the appropriate locally D-optimal design. The design &, for the efficiency
functions of interest, and certain key properties of that design including the determinant,
|M (&, 0)], are summarized in the following two lemmas. Proofs are given in the Appendix.

LEMMA 5.1. Suppose that M(z,0) = (1 + 2?)7% with x € IR and 0 > d. Then the locally
D-optimal design & in the class of all approzimate designs = puts equal weights on the roots

_o_1
of the ultraspherical polynomial C(SH? 2)(\/ —x2),

d+1 d .
d— 20— j5)*
1+22) = (
g( ) g(2d+1—29—2j)2

and
d

d . 0—25+1
Gy (20 =25 + 1)
M(&;, 0 = ” J Il .
| M(&5,0) | j:lj 1 (29—j+1)207]+1

LEMMA 5.2. Suppose that \(x,0) = (1 + )7 with x € [0,00) and § > 2d. Then the locally
D-optimal design & in the class of all approzimate designs = puts equal weights on the roots

of the Jacobi polynomial :vPél’fafl)(Qa: +1),
d+1 d
@—7+1)
1+az;) =
H( ) JHI (0 —d—j)



and
d )9 d—j

2]
697 H] _]+ 0 —j+1

j=1

The derivation of the required Bayesian ¥ ,-optimal (d + 1)-point designs, based on the theory
of differential equations can be found in the Appendix. The results are summarized in the next
two theorems.

THEOREM 5.3 Consider model (5.1) with \(z,0) = (1+22)7%, 2 € IR and § > d. Assume that
the condition/ a~"d7(0) < oo holds for alla > 1. Then the Bayesian W g(d41)-optimal (d+1)-

e
point design with respect to the prior m puts equal weights on the roots of the ultraspherical
polynomial

Con™ 2 (V=27) |
/ Be 0 5 (9)
F(gz) = =75

/ e % dx (0)
©

d
(20 — j +1)20-7+1 \q
(H 95y ) O

j=1

where

the prior T is given by

and z 1s a solution to the equation

d

z:2Zlog( d+2F(qz) —j )

2+ 1+ 2F(qz) — 2j

j=1

THEOREM 5.4 Consider model (5.1) with X\(z,0) = (1+z)7%, x € [0,00) and 0 > 2d. Assume
that the condition / a~d7(0) < oo holds for all a > 1 . The Bayesian W (d+1)-optimal

S}
(d + 1)-point design with respect to the prior m puts equal weights on the roots of the Jacobi
polynomial

rPM I (20 1 1)

where the function F(-) is defined in Theorem 5.3, the prior T is given by

d _ _|_1 0—j+1
(H9 Zl y"dJ)dW(H)’
j=1

and z satisfies the equation

Z—Zlog( :;ti)
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REMARK 5.5. Note that the solutions to the equations involving 2 in the above theorems are
unique, a result which is based on standard arguments. Morover, it follows immediately from
Lemmas 5.1 and 5.2 that the Bayesian W(441)-optimal (d+1)-point designs given in Theorems
5.3 and 5.4 respectively coincide with the locally D-optimal designs for a best guess of the
parameter # = —F'(qz). Furthermore for Bayesian D-optimality with ¢ = 0 this best guess is
the mean of the parameter 6 over the prior 7, i.e. —F(qz) = —F(0) = E.(0).

REMARK 5.6. Bayesian ¥ -optimal (d+1)-point designs for weighted polynomial models with
efficiency functions A(x,0) = exp(—6z) and \(z,0) = exp(—0z?) are presented in Theorem
3.2 and 3.5 of Dette and Wong (1996). These designs can also be derived using the approach
based on differential equation discussed here and the attendant proofs follow closely those for
Theorems 5.3 and 5.4 given in the Appendix.

5.2 Standardized maximin D-optimal designs

Consider the standardized maximin D-optimality criterion for the weighted polynomial model
(5.1) formulated as
(IM(E 0) | )1/<d+1>
| M(&5,0) |

where the parameter @ relates to the efficiency functions (1 + 22)~% and (1 + )~ and is
assumed to belong to a specified parameter space of the form © = [0in, Omax]. Then, following
arguments similar to those used in Example 4.5, the (d + 1)-point designs which maximize
this criterion can be obtained as weak limits of the Bayesian W -optimal (d 4 1)-point designs
derived above. The relevant results are presented formally in the next two theorems and the
attendant proofs are given in the Appendix. Note that for these examples it is straightforward
to show that Corollary 4.4 holds but the derivation of the required limiting designs is more
intricate.

min
0cO

THEOREM 5.7. The standardized mazimin D-optimal (d+ 1)-point design for model (5.1) with
Mz,)=(1+2)? 2 € R, 0 €O = [Ouin, Omax] and Oy > d puts equal weights on the roots
of the ultraspherical polynomial

SR a

where Oy falls in the interior of © and satisfies the equation

- 290 - ] - IOg {m(gmax)/m(gmin)}
2 | =
Z 0g(2d+1—290—2j> O — Oonim
with
(20 —2j + 1) 2t
(20 — j + 1)20—3+1 °

::]g~

Jj=1

20



THEOREM 5.8. The standardized mazimin D-optimal (d+ 1)-point design for model (5.1) with
Mz,0) = (1+2)? v €[0,00), 0 €O = [Oin, Omax) and Opin > 2d puts equal weights on the
roots of the Jacobi polynomial

zP 2z 1)

where Oy falls in the range © and satisfies the equation

b —j—d

gmax - gmin

Z;log<90 -7+ 1) _ - log(m(max) /M (Omin)))

with

REMARK 5.9.

(a) Note that the equations involving 6, in the two theorems presented above have unique
solutions in the range ©. Note also however that these equations must be solved numerically,
at least in general.

(b) The standardized maximin D-optimal (d + 1)-point designs derived in Theorems 5.7 and
5.8 clearly coincide with the corresponding locally D-optimal designs with a best guess of the
parameter # equal to fy and thus, following Remark 5.5, with Bayesian D-optimal designs with
E.(8) = 6y. This observation can be helpful in constructing candidate least favourable priors
Tw on the set N (£*) which can in turn be used together with Theorem 3.1 to explore the global
optimality or otherwise of the standardized maximin D-optimal (d + 1)-point designs.

ExamMpPLE 5.10. Consider the weighted quadratic regression model with efficiency function
Mz,0) = (1 +2)7% and 2 € [0,00). Note that d = 2 and thus that the parameter § must
be strictly greater than 4. Suppose now that # belongs to a specified parameter space © =
[Omin, Omax]- Then the standardized maximin D-optimal design based on exactly 3 points, say

&*, puts equal weights on the zeros of the polynomial xPQ(I’_gm_l)(2x + 1), where 6,, belongs
to the parameter space © and satisfies

On(Orn —1) {nqgmm)]mmmi%m
(9771 - 3) (9771 - 4) m(emax)

=c
with
(9 _ 3)973(9 _ 4)974
696 —1)0-1
In fact it can be shown by a tedious but straightforward calculation that 6,, is unique and is
given explicitly by
Tc—1+V1+3de+ 2
2(c—1) ’

and that the support points of the standardized maximin D-optimal 3-point design £* are
located at 0,

3(0m - 3) B \/3(9m - 1)(9m - 3) d 3(0m - 3) + \/3(9m - l)wm - 3)
(O — 3) (0 — 4) an (O — 3) (0 — 4) ‘
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Suppose now that the efficiency of the standardized maximin D-optimal design relative to the
locally D-optimal design, defined by

Lo [IME N
R“"’)‘{W(sz,en} ’

attains its minimum over the parameter space at the end-points of that space, 0,in and 6.«.
Then N (£*) = {bmin, Omax} and a candidate worst prior based on the two points O, and
Omax can be constructed. Furthermore, following Remark 5.8, the maximin optimal design £*
coincides with the three-point Bayesian D-optimal design associated with a prior distribution
on # for which E(#) = 6,,. Thus the candidate worst prior puts weights o and (1 — «) on the
parameter values 0,;, and 0., where « satisfies

aemin + (1 - a)gmax = Hm

It then follows from Theorem 3.1 that the 3-point maximin D-optimal design, £*, is globally
optimal provided it is Bayesian D-optimal for the candidate worst prior and thus provided the
directional derivative

d(x, &) = atr{ M (2, Omin) M (€%, Omin) } + (1 — @) tr{M (2, Omax) M (€%, Omax) } — 1

is less than or equal 0 for all z € [0,00). For the parameter space © = [5,6], the value of
0, is 5.4665 and the standardized maximin D-optimal 3-point design, £*, puts equal weights
on the points 0,0.4563 and 3.6350. The efficiency R(£*,#) is a minimum at the end points of
O, i.e. at 5 and 6, and the worst prior associates weights 0.5335 and 0.4665 respectively with
those values. A plot of the directional derivative d(z,£*) against = for this setting shows, at
least numerically, that the design £* is globally optimal. For the parameter space © = [5, 10],
the maximin D-optimal 3-point design, £*, has support at the points 0,0.2909 and 1.6893,
the efficiency R(£*,0) is again a minimum at the end-points of © and the candidate worst
prior puts weights of 0.5940 and 0.4060 on the parameter values 5 and 10 respectively. A plot
of d(x,&*) against x indicates that, in contrast to the case with © = [5,6], the standardized
maximin D-optimal 3-point design £* is not globally optimal.

6 Conclusions

This study provides a cohesive approach to the construction of standardized maximin optimal
designs for a broad range of nonlinear model settings. It is demonstrated that under fairly
general conditions Bayesian W, -optimal designs converge to standardized maximin optimal de-
signs. In Section 4 it is shown that these conditions hold for a number of design problems,
including those involving nonlinear models, weighted polynomial models and nonlinear func-
tions of the parameters of a linear model. Before the results can be implemented, Bayesian
¥ -optimal designs for the model, the optimality criterion and the class of designs of interest
must necessarily be constructed and in the study of this paper the emphasis is on obtaining
these designs explicitly. In some cases, as for example those in Section 4, such designs are
available in the literature. In other modelling situations, new methods for the construction of
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Bayesian W, -optimal designs must be devised, as is done for the weighted polynomial models
of Section 5. Finally, in implementing Theorem 3.6, it is necessary to find the requisite stan-
dardized maximin optimal design as the limit of the appropriate Bayesian ¥, -optimal designs
and, as indicated in Sections 4 and 5, the mathematics involved in deriving such a limiting
design analytically can be somewhat intricate.

On the other hand for many nonlinear model settings it is possible that Bayesian W ,-optimal
designs cannot be obtained in an explicit algebraic form. In such cases these Bayesian optimal
designs can usually be calculated numerically for a range of increasingly negative ¢ values and
the limiting and hence the standardized maximin optimal design identified, at least approxi-
mately. This strategy and its dependence on the choice of model, criterion and prior are clearly
of interest and comprise an attractive area for further research.

A secondary but nevertheless important feature of the present study is the suite of results for
convex classes of designs presented in Section 3.1 and based on the Equivalence Theorem, The-
orem 3.1. These results provide considerable insight into the nature of standardized maximin
optimal designs and their relation to the Bayesian W,-optimal designs and in addition provide
tools for confirming the global optimality or otherwise of candidate designs. However it should
immediately be emphasized that, while a standardized maximin optimal design is globally
optimal provided it is Bayesian Wy-optimal for some least favourable prior, the identification
of that prior is not straightforward. The results of the present study provide further inside
in the problem of constructing standardized maximin optimal designs (either analytically or
numerically) and also, in cases where the class of designs is convex, for finding the associated
least favourable priors.
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APPENDIX

PrROOF OF LEMMA 3.3. Let £* denote the standardized maximin optimal design and assume
that V' (£*) = {6y} is a singleton. Then the Equivalence Theorem 3.1 for standardized maximin
optimality shows that £* is locally D-optimal for the parameter 6, in the class A. Therefore

M) (M 0))
L= oy " onga 1091 =1

which implies A/ (£*) = © contradicting the hypothesis that #N (£*) = 1. O

PROOF OF THEOREM 3.6. Note first that the continuity of ¢/ implies that the normalizing
function

V(g) = ¢(§;v9) ) NS @7

is lower semicontinuous. For if # € © and {0;}32, C © is a sequence that converges to ¢, then

liminfv(6;) = liminf (&) , 6;) > lim inf (€5, 6;) = V(€5 0) = (6).
j—o0 J j—o0

j—00
Let € > 0, and let 6y € © be such that
z/}(C*a 90)
— = < U_(C") +e

Then, since v is lower semicontinuous and v is continuous, there is a relatively open neighbor-
hood U C O of , such that

% SU_o(C)+2  forallfel.

As supp(m) = ©, m(U) > 0. Since (, converges weakly to (*,

W(Cnt) B 0)
v(0) u(0)

for every 6 € ©. It therefore follows from Egorov’s theorem [see e.g. Hewitt and Stromberg
(1965), page 158] that there exist a measurable set V' C © with 7(V) > 1 — 17(U) and a
number gy < 0 such that

‘w(éqﬁ) _p(¢,0)
v(0) v(0)

‘ge for all # € V and all — oo < ¢ < gp.

Thus for all —oo < g < gy,

{M}q dr(60) > {W_oo(C) + 3} (U N V).

ey > [ {5

unv

Obviously, 7(U N'V) > 0, and it follows that

lim sup ¥, (¢;) < {V_(¢") + e} limsup {7(U N V)}% =W_(C") + 3e.

q——00 q——00
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As e > 0 was arbitrary, one has

limsup ¥, (¢,) < ¥_(C7).

q——00
Consequently, if £ € A is any competing design, then

U_(§) = lim U (&) <limsup¥,(¢,) < V_(C").

q——0 q——00

This proves that ¢* is indeed a standardized maximin optimal design in the class A. [J

PROOF OF COROLLARY 4.2. The assumption that I(x, ) is continuous and bounded implies
that for every fixed 6, the criterion (&, 0) = ¢{M(£,0)} is continuous in . The assumption
also implies by Lebesgue’s convergence theorem that for every £, ¥(,0) is continuous in 6.
The assertion now follows from Theorem 3.6. [

PROOF OF COROLLARY 4.4. Under any one of the three conditions stated in the theorem,
fi(z) fj(x)A(x,0) is bounded and continuous on X x © for 4,5 = 0,...,d. The assertion now
follows along the lines of the proof of Corollary 4.2. [

PROOF OF LEMMA 4.6. Set
Gy(t) =t + F,{qh(t)}, t€O,

and t, = —Fy(qz,). It follows from (4.4) that G(t,) = 0. As F/(z) > 0 for all x, G is strictly
increasing. Thus ¢, is the only zero of the function G,. It has to be shown that lim,_, ., ¢, = t*.

Assume first that t* < ... Let € > 0 be such that t* + ¢ < 0.«. Setting

¢(0) = exp{0h(t" +2)}g(0),

one has f 9¢ 0 dn ()
™
F{qh(t* =-=2 : Al
Jah(e + )} =~ (A1)
As Oh(t* +¢) +1og g(0) is convex, so is ¢(f). Since h is strlctly decreasing, it follows from (4.5),
¢ (Omax) * 9(Pmax)
= exp emax - Hmin h(t +e
H(Brin) . e

(gmln)
)

< exp {(Omax — Omin) L (t")} g(( 9:;()

Thus ¢(Omax) < ¢(Omin), and so ¢(0) < P¢(Omin) for all > ;.. Consequently, for every
0y € intO,

1.

lim {f[Qo Bmex] ¢(9)_q dﬁ(g)} _ MaXge[hy,0max] ¢(9)
q——00 {f@ ~4 dr (6 )}_3 © maxgeo ¢(f)

Q |~

<1,
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and so

f[eo,emax} ¢(9)_q dr(6) f[emm,eo) ¢(9)_q dr (0)

1o Jo ®(0)~2 dr(0) 0 P fo 0(0)~ dr(0)
In view of (A.1),
A e¢ 1 dn(0)
Go(t* =t
‘I( +€) +e f@ g dﬂ' 9)
S g O f[amin,ao) $(0)71 d7r(9) + Omas [y g 9(0) ¢ dr(6)
>t +e— '
Jo (0)~7 dm(6)

It follows that
liminf G, (t" +¢) > t"+ec -0

q——00

for all #y € int®. Thus
liminf G,(t"+¢) > ¢
q——00

so that G,(t* +¢) > 0 for ¢ < g0 = qo(e), say. Since G, is increasing, this implies that
ty <t" +efor ¢ < qo. As e > 0 was arbitrarily small, lim sup,_, ., t, < ¢*, which is trivially
true if t* = Omax. A similar argument shows that liminf, ,_ . t, > t*, completing the proof of
Lemma 4.6. [

PROOF OF COROLLARY 4.10. Let (, be the ¥ -optimal designs in the class A, so that as
q — —o0, (, converges weakly to a non-singular design ¢*. Then lim, ,_o, M({,) = M(¢*), in
particular M ((,) is non-singular for ¢ < g, say. Hence ¢((,, §) converges to ¢(¢*, #) for each 6.
Thus for ¢ < qo, (g, 0)/¥(&}, 0) is continuous and for ¢ — —oo, converges to (C*, 0) /¥ (&5, 0).
An inspection of the proof of Theorem 3.6 shows that this is sufficient to ensure that (* is a
standardized maximin optimal design. [

PROOF LEMMA 5.1. It was shown in Theorem 3.1 of Dette, Haines and Imhof (1999) that for
0 > d the locally D-optimal design has equal masses at the roots —1 < x; < ... < gy <1 of

the polynomial ,
—6—1/2
Cry P (V=a?).

For a proof of the representation of [[5, (1 + 7) put A = —f — 1/2 and note that

d+1
O (V=a?) = CP)\ (iz) = caur [ [ (= — w0) (A.2)
=1

where c4.1 denotes the leading coefficient of the ultraspherical polynomial, i.e.

. d+ A
Carr = (20)* <d+ 1) (A.3)
[see e.g. Szegd (1975), formula (4.7.9)]. Therefore the identity (A.2) implies

2

d+1 d+1 ) ) c™ (1)
Cr (e (-1

(T (RTINS (210
=1 =1 Cat1 Cat1
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where the last identity follows from the symmetry of ultraspherical polynomials [see Szegd
(1975), formula (4.7.4)]. From formula (4.7.3) in the same reference and (A.3) it therefore
follows that

d+1 d+1

1 ' d+2X+1—j32
E(lﬂg) - {2d+1j21d+1i>\—j' ] ]} (A-4)
Cd—20—j 2
- {H2d—|—1—29—2j}’

Jj=1

which proves the first equation asserted in Lemma 5.1.

For a proof of the second one note that

d+1

M@0l = () o+ T e-np?

=1 1<l<k<d+1

and it is therefore sufficient to calculate the value of the last factor. To this end again put

A= —0—1/2 and define
Céi)l(m)
Py (z) = m

as the ultraspherical polynomial with parameter A\, argument ix and leading coefficient 1. Then
it follows by a straightforward calculation

d+1 d+1
H (20 — xk)z — (_l)d(d-i-l)/? HH(‘TZ —zy) = (_l)d(d+1)/2 Hpé+1($é)-
1<0<k<dt1 (=1 kt =1

From formula (4.7.27) in Szegd (1975) we obtain that for any £ € {1,...,d+ 1}

d 1+22 d
2 _ ) (;
(I+z )ded-i'l(x) v—zy itley dxCdJrl(Zx) N
i(d+2X) o, (d+2X) d+1d+2\
A S——a A > - - P
,L'dcd+1 Cd (Z',L‘l) Cd+1 Cd d(x[) 2 d"—)\ d(l'[),

where the notation (A.3) is used in the last equality. Observing that the recursive relation for
the polynomial P;(z) is given by

(k—1+4+2\)k
4(k+X=1)(k+N)

Pk+1(l‘) = l'Pk(l') + Pk_l(l‘)

(P_1(z) = 0, Py(xz) = 1) it now follows from formula (6.71.2) in Szegd (1975) that [a, = 1,¢, =
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—(n—=1)n—24+2XN)/4(n—2+ A)(n— 1+ )]

d+1 d+1
[fosa) TI o= s T1(55) (5550 Pt
= <k<d+1 /=1

= (=1)Ua+Dr2 (d; 1>d+1 (i;f;)dﬂ H{ 4(](']'—_21—1(]).\)_(17'2_—’_12—)1\—))\) }j_l

d+1 d

_ (20 — j + 1)7+!
- H‘] H 2]_|_1)2]—|—1

Combining this identity with (A.4) yields

d+1 d+1
29 9 + 1)20-2+1
2\—0
H(1+xl) H xl_xk H] H ]+1)29 JF1
=1 1<b<k<d+1 j=1

and the second equation asserted in Lemma 5.1 follows. [

Proor oF LEMMA 5.2. It follows by similar arguments to those given in Dette, Haines and
Imhof (1999) that the locally D-optimal design is supported at d+ 1 points including the point
0,say 0 =2, < 5 < ... < Tqy1, and that the supporting polynomial f(z) = 1] (2 — 2;) is a
solution of the differential equation

z(1+2)y"(z) — Ozy'(z) + (d + 1) (0 — d)y(z) = 0.
The polynomial solution of this equation is given by the hypergeometric series
zF(—-d,d+1-86,2,—x),
which is proportional to the Jacobi polynomial
f(z) = :UPUEI’%*I)(ZQ; +1)

[see formula (4.21.2) in Szeg6 (1975)]. The remaining assertions of Lemma 5.2 now follow by
similar arguments to those given in the proof of Lemma 5.1 but are omitted for the sake of
brevity. [

PROOF OF THEOREM 5.3. The determinant of the information matrix for the parameters 3
of model (5.1) from a (d + 1)-point design & which puts equal masses at the support points
Z1,...,Tqgr1 Can be written as

d+1

MO0 = (7)) 1X P [Ja+a)

=1

where Xp is the Vandermonde matrix with ith row {1 z; 2? ... 29} (i=1,...,d+1). Thus
observing the definition of 7 in (5.2)

d+1

/q
(Vi ()™ = e | X { [0+ qedw(ﬁ)}
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and differentiating log W, q441)(£§) with respect to z; and setting the result to 0 in turn gives

d+1
011+ %ax(0)

| Xr| Ox; _1—|—x§/d+1
©

=0.
H(l + 27) P d7 (0)

=1

It then follows by arguments similar to those used in Dette, Haines and Imhof (1999) that the
required points are the roots of the polynomial jg (x — x;), which satisfies the differential
equation

(1+2%) " (x) + 22F () f () = (d + 1)(d + 2F(gz)) f (x) = 0,

where f(z) is a polynomial of degree d + 1 in x, z = 3 %" log(1 + 2?) and

/ ()
F(gz) = —=5

. /@ e 7 d7 (0)

with —F'(¢z) > d. The support points of the Bayesian W,(41)-optimal design are thus the
roots of the ultraspherical polynomial

(F(e2)-%); /3
Cd+1q 2( _xQ)

and z = "% og(1 + 22) is obtained by invoking expression for [[** (14 22) given in Lemma
5.1. Note that for ¢ = 0 the criterion corresponds to Bayesian D-optimality and that for a one
point prior the locally D-optimal design is recovered. [

PrOOF OF THEOREM 5.4. This follows along the lines given in the proof of Theorem 5.3. [

PROOF OF THEOREM 5.7 AND 5.8. Both theorems can be proved by similar arguments and
attention is restricted to the proof of Theorem 5.7. For j =0,...,d,

, J
lim 2/ max+/A(z,0) = lim SR ——}

z—too 0O z—to0 (1 +x2)%0min

Thus condition (iii) of Corollary 4.4 is satisfied and the maximin design can therefore be
obtained as the limit of ¥, -optimal designs. Suppose d is even; the case where d is odd is
similar. Let m be any prior distribution with support © and write

[0 m(0)~ dn(0)

F,(z) = <0 R
(I(J") fe_‘gxm(g)_q d’ﬂ'(g) ) q y T S )
d
2 20 — 2j + 2 d d—20—j
ho) ;OgQH—d—2j+1 ;Og2d+1—29—2j’ heo
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If z, denotes the solution of the equation z, = h(—F,(qz,)), then, by Theorem 5.3, the Bayesian
Uy a+1)-optimal (d + 1)-point design puts equal weights on the roots of the polynomial

C§f‘i<qzq)_§) (V—x2).

It remains to show that lim, , ., F,(¢z,) = —6y. To see that there indeed exists 6, € int© as
defined in the theorem, set

(21. —d - 2] + 1)207d72j+1

M ola.
—
o

H(z,0) = 2 @r—2j f 2 z,0 € O.
Then .
0H(z,0) > -
Ox _2(d+1)z(2x—d—2j+1)(x—j+1)’

J=1

so that H(-,0max) is strictly increasing and H (-, 6yn) is strictly decreasing on ©. Hence, in
view of Lemma 5.1,

- IOg {m(gmax)/m(gmin)} . H(gmina gmin) - H(gmaxa gma.x)

ema.x - gmin gmax - gmin

B H(Qmin, Hmin) — H(Gmina emaX) — h:(gmin)

Hmax - emin

and, similarly,
— log {m(fmax) /M (Omin) }

emax - Hmin

> h(Bmax)-

This ensures the existence of 6. It is easily verified that h(t) is strictly decreasing and that
log m(6) is convex. It now follows by Lemma 4.6 that lim,, ., F,(gz,) = —0y, which completes
the proof of Theorem 5.7. [
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