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Abstract

A method for calculating a consensus of several data matrices on the same samples using a
PCA is based on a mathematical background. We propose a model to describe the data which
might be obtained e. g. by means of a free choice profiling or a fixed vocabulary in a sensory
profiling framework. A regression approach for this model leads to a Principal Component
Analysis on Merged Data sets (PCAMD), which provides a ssimple method to calculate a
consensus from the data. Since we use less restrictions on the variables under investigation,
the model is claimed to be more genera than the model induced by GPA respectively
STATIS, which are widely accepted methods to analyse this kind of data. Furthermore, the
PCAMD provides also additional opportunities to compare and interpret assessor
performances with respect to the variables of the calculated consensus. An example from a
sensory profiling study of cider is provided to illustrate these possibilities.
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Introduction

For caculating a consensus from different data matrices given with respect to the same
samples, two different methods are widely accepted, namely Generalized Procrustes Analysis
(GPA; cf. Gower 1975, ten Berge 1977) and STATIS (which abbreviates the French
expression "Structuration des Tableaux A Trois Indices de la Statistique'; cf. Lavit et al.
1994, Schlich 1996). In particular they are often used within sensory profiling applications,
thus for interpretation purposes we confine ourselves to this framework. However, the
generalisation to other applications is obvious. We assume different assessors which took part
in a sensory profiling sesson of several products. The calculated consensus should
appropriately represent the differences between the products under consideration. Up to now,
the superiority of neither GPA or STATIS has been shown in general, even though the results
of asimulation study as well as some theoretical considerations have been given by Meyners
et al. (2000). The problems arising with theoretical considerations due to the complicated
mathematical background of both methods. Furthermore their algorithms lead to time-
consuming programming with computer software. A simpler aternative to calculate a
consensus from several data sets on the same products has been given by Kunert and Qannari
(1999). They propose to define a supermatrix which includes all individual assessor matrices
and to calculate a PCA of this supermatrix. The estimated consensus of dimensionality k is

then given by itsfirst k principal components.

In this paper we relate this method to a regression model which will be shown to be more
general than the model induced by GPA respectively STATIS. A general relationship between
PCA and Regression Analysis has been given by Jong and Kotz (1999). Anyway, it will be
shown that in the particular case considered here the least squares approach simplifies to a

simple PCA on the Merged Data sets (PCAMD). Thus the method of Kunert and Qannari



(1999) will have a stronger justification. Furthermore, it will be shown how different
behaviour of the assessors is represented in the contribution of a particular assessor to the
different dimensions of the consensus. These values can also be easily calculated within this

method and provide severa possibilities for interpretation.



Modelling sensory profiling data

We rely on the notation of Kunert and Qannari (1999), i. e. we assume a sensory profiling
with m assessors on n products, which gives us the data matrices Xy, ..., Xm. Meyners et al.
(2000) propose a reasonable model for this kind of data implicitly given by GPA respectively
STATIS. Under their model assumption the individual assessor matrices arise from an
underlying true consensus C (which is obviously unknown) by multiplying it with an isotropic
scaling factor ai and an orthonormal rotation matrix R. Furthermore a translation matrix T;
and some independent errors with mean zero, arranged in amatrix F;, say, are added. Thus we
get
Xi= aiCR+Ti+F.

It might be wise to generalise this model to allow for different scaling factors for the different
attributes of one assessor, even though neither GPA nor STATIS respect for these differences.
That is to say that even if there were no random errors at all in this more genera model,

usually none of the methods would lead to the true consensus C.

In afirst step it is necessary to mention that the data of a sensory profiling is usually pre-
treated at least in such away that the matrices are centred column-wise, i. e. the sum over the
products is zero for each attribute within each assessor. This holds for GPA and STATIS as
well as for the approach of Kunert and Qannari. It is clear from the model that the trandation
does not affect the matrices anymore as soon as they are centred. Thus without loss of
generality and for convenience of notation we can neglect the trandation in the following

considerations.

Thematrices R, i = 1,..., m, account for possible confusion of the variables given in C as well

as they might represent the use of different linear combinations of these variables by



assessor i. However, the constraint of them being rotation matrices, i. e. being orthonormal
and hence RR" = | where | is the identity matrix, implies that the sum of squares of each
column of R is equal to 1. Note that the k-th column of R accounts for how much the
variables of C contribute to the k-th attribute of assessor i. Hence from the constraint it is clear
that the overall squared contribution remains the same for all attributes of this assessor, which
usually might not be fulfilled in practice. We drop the orthonormality assumption by allowing
these matrices to be unconstrained and denote them B; to distinguish them from the rotation
matrices. However, on the opposite we constrain the matrix C to have orthonormal columns,
which is much more smaller a constraint than the one we just dropped: We assume the
product differences to be expressed in some unnamed but orthogonal variables, which leads
us to the orthogonality of the columns. This seems sensible, since we are usualy not
interested in correlated variables to describe the differences, and in particular if we draw a
graphical representation we usually take orthogonal axes. Under this assumption the
orthonormality is no additional constraint, since we can simply account for scale differences
within the attributes of C by choosing the entries of the matrices B; appropriate, i = 1,..., m.
Hence it is aso unnecessary to consider different scaling factors for the attributes of an

assessor, since these can also be accounted for by B;.

However, it is well known that some assessors tend to use small ranges of scale, whereas
others use a wide range of scale. Neglecting these differences would be misleading since
within these methods the latter ones would influence the consensus more than the former
ones. Thus we take different isotropic scaling factors a; into account that represent the general

behaviour in using the range of scale. Then the model turns out to be

Xi=CaBi+F. (1)



To avoid different assessor influences due to different behaviour in using the range of scale,
the data matrices should be pre-scaled with the inverse of an estimator of a;. The estimates
proposed by Kunert and Qannari (1999) give a reasonable value since they lead to identical
overall variabilities for each assessor. Anyway, their denominator is just intended to allow for
comparisons with the scaling factors of GPA and might be replaced by any positive scalar
without changing the relative distances of interest between the samples within the consensus.
Since we are not interested in comparing the results with those of a GPA, we propose to
replace their value T by 1. Asit will be shown later on, this leads directly to a straightforward
interpretation of the results while comparing the assessor performances. Thus we propose to

estimate the scaling factors to be

a, :\/trace(xiTxi) (2)

and to pre-scale the respective matrix with the inverse of this value. After this pre-scaling the

sum of sguares of all entries of the data matricesis equal to 1 for all assessors.

From now on for convenience of notation we assume the matrices to be pre-scaled according

to (2), thus denoting the pre-scaled matrices by Y; (1) smplifiesto
Y, =CB +E, ( 3)
where E; contains the random errors after pre-scaling, which obvioudly still have mean zero.

Within (3) the dimensions of the matrices are as follows: Cis of order (n, g), where q is the
number of dimensions in which there are differences between the products and which is

unknown, B; is a(q, pi)-matrix, where p; denotes the number of attributes used by assessor i,

and E;is of order (n, p;). Furthermore we denote p= z p. , the total number of attributes
=1

used.



Modd (3) seems similar to the well-known linear model. However, unlike the usua linear
regression model we have several unknown parameter matrices, namely C and B; for
i=1,...,m. We are rather interested in C, even though the estimation of the different B; can
provide us with useful information upon the individual assessor appearance as it will be
shown later on. It has been pointed out that this model might be more applicable than (1)
since there are no constraints about the individual matrices whereas we have just a more

reasonabl e constraint for the matrix C.

Note that no within the model no dimensionality constraints are given at dl, i. e. in genera
the consensus C might provide more attributes than given by each of the matrices B;. In
particular, C might theoretically also include attributes that none of the assessors perceives,
that is al entries of (the same) particular rows of B; would be zero for each i =1,..., m. In
practice this case may occur if we have chosen non-representative assessors from a
superpopulation, i. e. their are non-negligible differences between the products which have
not been detected by the panel. Of course we can only describe those product differences that
have been perceived and accounted for by the assessors, thus we hope that we found a panel
that accounts for all important differences. Furthermore, from a mathematical point of view it
is clear that the observed number k of dimensions within C is bounded by n — 1 as well as by
p, since we will not need more than n — 1 dimensions do describe all differences between n
products, whereas on the opposite we cannot estimate more than p dimensions from p
attributes. In practical applications we hope to find an estimator for C with a rather small
number of attributes that represent the product differences appropriately, even though our

model includes also these rather unfamiliar and hopefully seldom cases.



Estimation of C and B;

It has been pointed out in the previous section that model (3) contains several unknown data
matrices. For estimation purposes we use the well-known least squares criterion, i. e. with the

obvious notation we want to minimise the value of

m

Rk

m

=3

E[, (4)

2

where

|Al| =/ trace(A" A) (5)

isthe norm of amatrix A. Due to the fact that it isimpossible to estimate those matrices all at
once, an iterative algorithm seems to be appropriate. Thus it might be proposed to estimate C
in afirst step putting in the observed and pre-treated data matrices Y; for B;, then to hold the
estimated C fixed and estimate the matrices B;. This should be repeated iterately until
convergence occurs. Anyway, we show that no iterations are necessary in practice, since
under the assumptions of model (3) the estimate for C is independent of the estimate of B; but

reliesonly on the matrices Y;, i = 1,..., m.

Let us assume a fixed C that fulfils the constraint of orthonormal columns. Minimisation of
(4) is then given as the well-known Gauss-Markov-estimator in a multivariate linear model,

i.e
B =(CT0)*CTY,,
which under the constraint C'C = | simplifiesto

B =CTY, . (6)



Thus we have

and with it
I =" = ~2tacety" ") + wacety " oe™) = <[
Minimisation of (4) isthen equivalent to a maximisation of
m. .2 B m T 2
> V] =3 flec™] (7)

with respect to C. At this stage it should be stated that this is a two-dimensional case of the
three-way factor analysis model given by Tucker (1966) and discussed by Brockhoff et al.
(1996). Anyway, we do not go into details here since this is beyond the scope of this paper.

Using (5), (7) can be written as

i ey = i trace(Y,CCTCCTY)
= itrace(YiTCCTYi)

= Z trace(CTY,Y,'C)

o B

=tracelCTYYC) , (8)



where Y = (Y1 | Y2 | ... | Yi) contains the merged original data matrices. It is one of the
properties of PCA that the maximisation of this value with respect to k dimensions within Cis
obtained from the first k eigenvectors of YY', i. e. the first k principal components of that
matrix. Note that the maximisation does not depend on the values of the matrices B;. Thus we
can estimate C in the first step and after that, if assessor differences are also to be considered,

the matrices B; can be estimated from (6) replacing C by its estimate.

Assessor performance

In practice it seems reasonable to look at the different matrices B; for the assessors only if we
are interested in the contribution of severa variables of C to different attributes with respect
to particular samples. Usually it is of greater interest to get an expression of the contribution

of the assessors to the different principal components, even more if these components have an
useful interpretation. We assume C= (¢, |€,].--1€,) to be the k-dimensional approximation of
C, where ¢, j =1,..., k are the first k principal components of YY'. It is also well-known

from PCA (cf. Jolliffe 1986) that the j-th eigenvalue A of YY" isgiven by

Similar to (8), this value can be splitted into m factors which leads to

m

A=Y W

]

and the contribution of assessor i to the k-th principal component is then given by

10



These values can be arranged in a table and provide, after different transformations, severa
interpretations of the assessor performances. In a first step the absolute values should be
arranged as proposed in table 1. To simplify the interpretations, we assume that k is chosen

equal to m-1, i. e. we consider all dimensions with nonzero eigenvalues.

assessor | PC1 PC2 ~ PCk| X
1 A A A 1
2 A A A 1
m AT A7 Al 1
z A A, A m

Table 1: Contribution of the assessors to the total variation according

to the principal components.

From table 1 it can be seen how much each assessor contributes to the variation with respect
to each single dimension. Since the row-wise sum isequal to 1, i. e. all variation of assessor i
is explained within the principal components given, the entries can be seen as the percentage
of variation of assessor i explained by the j-th principal component. Furthermore the column-
wise sum is equal to the respective eigenvalue as it is well-known from PCA. As a matter of
fact the eigenvalues add up to m when the pre-scaling has been done according to (2). Note
that using the pre-scaling proposed by Kunert and Qannari (1999) all values in table 1 are
divided by T, i. e. to obtain the same table with these interpretations each entry has to be

multiplied by T.

11



assessor | PC1 PC2 = PCk| X
1 | A A A
A4 A
, | £ & X
A A A
v | AA A
A A A

> 1 1 1 Kk

Table 2: Column-wise normalised contribution of the assessors to the

total variation according to the principal components.

For table 2 the assessor-contributions have been normalised column-wise such that the
columns sum up to 1, i. e. the values account for the percentage the respective principal
component is influenced by assessor i. Since these values become quite small as m increases,
it might also be useful to multiply all entries with m so that they have mean 1. Furthermore
this might simplify the interpretation when we are interested rather in the performance of each
assessor than in the percentage of his/ her influence on the respective dimension: an assessor
with a value larger than 1 for PC j contributes more than the average assessors to this
component, whereas an assessor with a value smaller than 1 contributes less. In particular if a
principal component is dominated by one assessor, this results in a very large value for the
respective assessor. As far as we can see it in this representation the row-wise sums have no

useful meaning and are therefore omitted.

The idea to estimate a consensus from sensory profiling data by means of a PCA has been

called a"simple aternative' by Kunert and Qannari (1999). Thus it should be mentioned here

12



that our considerations according to the assessor performance respect for this simplicity, since
the calculations are easily carried out. It demands only simple programming in any software

that provides the possibility to calculate a PCA aswell as covariances.

Examples

We consider a sensory profiling of 10 samples of cider that have been assessed by 7 judges
according to 10 variables within a fixed vocabulary profiling. We caculated a PCAMD on
these data and confine ourselves on the assessor performances, since the interpretation of a

product consensus is well-known and in the scope of this paper of minor interest. Table 3

gives the values A‘j fori=1,...,7andj=1,..., 9. Asit has been mentioned in the previous

section the rows sum up to one whereas the columns sum up to the respective eigenvalues.

Due to the rounding used the normalised e genval ues cumul ate not exactly to one.

PC1 PC2 PC3 PC4 PC5 PC6 PC7 PC8 PC9
045 008 013 015 004 004 006 002 002
051 014 007 005 005 007 006 003 0.02
038 023 012 005 006 008 003 004 002
052 022 007 001 004 003 005 004 002
039 015 013 007 005 007 002 006 0.06
046 017 010 008 002 005 003 005 0.04
044 015 008 005 013 002 007 002 0.04
315 114 070 046 039 036 032 026 022
(0.45) (0.16) (0.10) (0.07) (0.06) (0.05) (0.05) (0.04) (0.03)|(1.01)

M\ICDOW-POOI\JI—‘%

NP RRPRRPRRRM

Table 3: Explained variation within the PC’ s for the different assessors.

It can be seen that about half of the variation of each assessor is explained by the first
principal component, except for assessor 3 an 5 for whom this PC accounts for less than 40%.

Assessor 3 has therefore alarge value in PC 2, while the remaining variation of assessor 5 is

13



explained by PC 2 and 3. The cumulative variation within the first two components is
maximised by assessor 4, i. e. his sample space can be approximated pretty good with the

two-dimensional representation from the principa components, whereas assessors 1 and 5 are

fairly represented.

assessor [ PC1 PC2 PC3 PC4 PC5 PC6 PC7 PC8 PC9| %
1 101 050 132 225 080 08 125 046 0.71
2 113 084 072 076 092 141 123 082 075
3 084 142 122 077 103 153 062 102 057
4 115 136 068 021 078 058 117 101 052
5 086 092 132 104 088 129 042 172 203
6 1.03 106 098 124 034 093 071 137 114
7 099 090 0.77 072 227 042 161 059 1.29
b3 7 7 7 7 7 7 7 7 7 63

Table 4;: Column-wise normalised variation within the PC’ s for the different assessors.

From table 4 it can bee seen that there are only minor differences in the contribution of the
assessors within the first PC, even though assessors 2 and 4 contribute more and 3 and 5 less
than the average. Greater differences appear in PC 2 , where assessor 3 (and also 4)
contributes quite large, whereas assessor 1 contributes less than the average. Even larger
differences can be found in PC 4, 5 and 9, while the smaller eigenvalues and with it the
smaller meaning of these components have to be taken into account, i. e. we should avoid any

overinterpretation of the values.

To conclude, we might assume assessor 4 to be represented quite well in the first dimensions
of the overall consensus and thus to agree well with this consensus, while the assessors 1 and

5 seem to agree less with it, which leads to a small representation within the first two PC’s.
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Discussion

The simple dternative to GPA proposed by Kunert and Qannari (1999) has been
mathematically justified by finding an appropriate model for sensory profiling data
Estimating the unknown parameters within this model leads directly to a very smple method
for calculating an overall consensus from several data matrices. Furthermore it gives also a
simple opportunity to compare the assessor performances in the panel by calculating the
contribution of each assessor to the dimensions of the consensus. The example shows that this

might lead to useful conclusions among the assessor behaviour.
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