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Abstract

In the common trigonometric regression model we investigate the optimal design
problem for the estimation of the individual coefficients, where the explanatory vari-
able varies in the interval [—a,a];0 < a < 7. It is demonstrated that the structure
of the optimal design depends sensitively on the size of the design space. For many
cases optimal designs can be found explicitly, where the complexity of the solution
depends on the value of the parameter a and the order of the term, for which the
corresponding coefficient has to be estimated.

AMS Subject Classification: 62K05
Keywords and Phrases: trigonometric regression, c-optimality, optimal design for estimat-
ing individual coefficients, Chebyshev approximation problem, implicit function theorem

1 Introduction

Trigonometric regession models of the form
m m

(1.1)  y=0+ Zﬂ%,l sin(jt) + Zﬁgj cos(jt) +¢e, z€[—a,a]; 0<a<m
j=1 j=1

are widely used to describe periodic phenomena [see e.g. Mardia (1972), Graybill (1976)
or Kitsos, Titterington and Torsney (1988)] and the problem of designing experiments for
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Fourier regression models has been discussed by several authors [see e.g. Hoel (1965), Karlin
and Studden (1966), page 347, Fedorov (1972), page 94, Hill (1978), Lau and Studden
(1985), Riccomagno, Schwabe and Wynn (1997)]. While most authors concentrate on the
design space [—m, 7] much less attention has been paid to the case of a smaller design
space [see e.g. Hill (1978)]. This situation is of practical importance because in many
applications it is impossible to take observations on the full circle [—m, 7]. We refer for
example to Kitsos, Titterington and Torsney (1988), who investigated a design problem in
rhythmometry involving circadian rhythm exhibited by peak expiratory flow, for which the
design region has to be restricted to a partial cycle of the complete 24-hour period.

It is the purpose of the present paper to study the optimal design problem for the estimation
of the individual coefficients 3 in the trigonometric regression model (1.1) on the interval
[—a, a]. In Section 2 we introduce the general notation and state several preliminary results,
which give some lower bounds on the number of support points of the optimal design.
Section 3 deals with the full circle [—m, 7], for which the solution of the optimal design
problem is already difficult. Here we are able to find the optimal designs for estimating
the individual coefficients f; explicitly, whenever £ > ZT’" In Section 4 we consider the
optimal design problem for the estimation of the coefficients of the cosine terms, which is
intimately related to the c-optimal design problem for the common polynomial regression on
the interval [cos a, 1]. It is demonstrated that the optimal design problem for the estimation
of the parameter  can be solved analytically for any k € {0,2,...,2m}, provided that
the design space [—a, a] is sufficiently small. Section 5 considers the problem of estimating
individual coefficients of the sine terms, for which the situation is completely different. We
use the implicit function theorem to prove that the optimal design depends analytically
on the parameter a and find the limiting design as a — 0. From these results the optimal
designs for estimating the coefficient of the highest sine term can be obtained numerically
by a Taylor expansion with arbitrary precision. For the remaining coefficients of the sine
terms it is shown that on a sufficiently small design space the corresponding optimal designs
have the same support points as the optimal design for the estimation of the coefficient
Bam—1 and an explicit formula for the corresponding weights is derived.

The results of this paper demonstrate that the optimal design problem for the estimation of
the individual parameters in a trigonometric regression is substantially more difficult than
the corresponding problem in the polynomial case, which was recently solved by Sahm
(2000) and Dette, Melas and Pepelysheff (2000). Nevertheless, for many important cases
the optimal designs can be found explicitly by the results and methods given in this paper.

2 Optimal designs for estimating individual coefficients
Consider the trigonometric regression model (1.1), define 3 = (8, B1,. .., fom) and

(2.1) f(t) = (1,sint,cost,...,sin(mt),cos(mt))’ = (fo(t), ..., fam(t))"

as the vector of regression functions. An approximate design is a probability measure
¢ on the design space [—a,a] with finite support [see e.g. Kiefer (1974)]. The support
points of the design £ give the location where observations are taken, while the weights



give the corresponding proportions of total observations to be taken at these points. For
uncorrelated observations (obtained from an approximate design) the covariance matrix of
the least squares estimator for the parameter 3 is approximately proportional to the matrix

22 M©) = [ 50 W) € Romeen

which is called information matrix in the design literature. An optimal design minimizes (or
maximizes) an appropriate convex (or concave) function of the information matrix and there
are numerous criteria proposed in the literature, which can be used for the discrimination
between competing designs [see e.g. Fedorov (1972), Silvey (1980) or Pukelsheim (1993)].

In this paper we are interested in optimal designs for the estimation of the individual
coefficients B in the trigonometric regression model (1.1). To be precise let e, € R¥™+1
denote the (k + 1)th unit vector (k = 0,...,2m) and A~ be a generalized inverse of the
matrix A € R?"H1x2m+1 “then a design € is called ep-optimal or optimal for estimating the
coefficient [, if (B is estimable by the design & [i.e. e, € Range(M(€))] and £ minimizes
the function

(2.3) Op,(n) = ex M~ (n)ex

in the set of all designs n such that [, is estimable by the design 7. eg-optimal designs
have been discussed by several authors, mainly for the case of polynomial regression on
the interval [—1, 1] [see e.g. Studden (1968), Kiefer and Wolfowitz (1965), Hoel and Levine
(1964) and Sahm (2000)], but nothing is known for the trigonometric case. Our first result
is an important tool for the determination of optimal designs and gives a slightly different
formulation of the equivalence theorem for eg-optimal designs as it is usually stated in the
literature [see e.g. Pukelsheim (1993), Section 2, or Studden (1968)]. The result is stated
here for general regression models and a proof can be found in Dette, Melas and Pepelysheff
(2000).

Lemma 2.1 For k = 0,1,....d let fe(t) = (fo(t), ..., fam1(t), for1(t), ..., fa@)T denote
the vector obtained by omitting the component fi(t) in the vector f(t) = (fo(t),- .., fa(t))T.
A design £ is optimal for estimating the parameter (3 in the model

d
y:Zﬁ]f](t)‘f‘S, tETCR
J=0

if and only if there exist a positive number h and a vector ¢ € R? such that the function
p(t) = fiult) — a" fu(t)
satisfies
(1) ho*(t) <1 forallteT

(2) supp(&”) C {t € 7| hg?(t) = 1}



(3) [ o(t)fu(t)dE*(t) =0 € R?

Moreover, in this case h = ®p(E*) and the function ¢ is called extremal polynomial.

It follows by standard arguments [see Pukelsheim (1993), Chapter 4,5] that ® is a convex
function on the set of designs on the interval [—a, a], which is invariant with respect to a
reflection of the design at the origin. Consequently there exists a symmetric eg-optimal
design (which is not necessarily unique) and we will restrict ourselves to the determination
of optimal designs in the set =, of all symmetric designs on the interval [—a, a]. As pointed
out by Dette and Haller (1998) this set can be mapped in a one to one manner onto the
set of designs on the interval [a, 1] where a = cos a. More precisely, define for a symmetric
design & on the interval [—a, a] its projection 7, as the design on the interval [, 1] given by

E(x)+¢&(—x) if0<z<a

(2.4) ne(cosz) = { £(0) £ o,

It is now easy to see that after an appropriate permutation P € R?™+1X2m+1 of the order
of the regression functions the information matrix (2.2) of a symmetric design is block
diagonal, that is

" . . Mc(f) 0
(2.5) M(&) = PM(§)P = ( 0 Ms(£)>

with diagonal blocks given by

(26) 19 = ([ costiostinnaetv))

a 1,7=0

. ( / lTi(x)Tj(fv)d%(“’”O:o

(2.7) M,(€) = (/_ﬂ sin(it) sin(jt)df(t)>m

a ij=1

= 2 ([ 0= i)

m

ij=1
where

T;(x) = cos(iarccos x)
(2.8)

Ui(z) = sin((i 4 1) arccos )

sin(arccos )

denote the Chebyshev polynomials of the first and second kind, respectively [see e.g. Rivlin
(1974)]. Note that this transformation transfers the optimal design problem for the estima-
tion of the individual coefficients in a trigonometric regression model to design problems
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for the estimation of the coefficients in the weighted polynomial regression models

m

(2.9) y = Z(S]T](x) +e 1z €l
(2.10) y=V1—a2. ’""Z S;Uj(x)+¢e; = €lal].

The proof of the following result is now straightforward and therefore omitted.

Lemma 2.2 A symmetric design & on the interval [—a,a] is optimal for estimating the
coefficient [y (0 < £ < m) in the trigonometric regression (1.1) if and only if the design
ne- obtained by the transformation (2.4) is optimal for estimating the parameter 6, in the
Chebyshev regression model (2.9).

Similary, a symmetric design £ on the interval [—a,a] is optimal for estimating the co-
efficient Bop 1 (1 < € < m) in the trigonometric regression model (1.1) if and only if the
design ne- obtained by the transformation (2.4) is optimal for estimating the coefficient 6o
in the weighted Chebyshev regression model (2.10).

Note that there is an alternative formulation of Lemma 2.2 in terms of c-optimality in the
ordinary polynomial regression model. A c-optimal design minimizes the variance of the
least squares estimator for the linear combination Z;l:o d;cj, where ¢ = (co, ..., cq)" € R is
a given vector and d € {m — 1, m} corresponding to the cases (2.10) and (2.9), respectively
[see Pukelsheim (1993)]. To be precise let T € R™*1>*™+1 and U € R™*™ denote the matrix
of the coefficients of the Chebyshev polynomials of the first and second kind, respectively,
ie.

(To(z), ..., Tp(x) =T -1,2,...,2™)"
(2.11)
(Uo(2),...,Up ()T =U-(1,2,...,2™HT.

Defining t(¢) =T e, (£ =0,...,m) and u(f) =U te, (¢ =0,...,m — 1), then we obtain
the following auxiliary result.

Lemma 2.3 A symmetric design & on the interval [—a, a] is optimal for estimating the in-
dividual coefficient By (0 < £ < m) in the trigonometric regression (1.1) if and only if the
design ne- obtained by the transformation (2.4) is t(€)-optimal in the ordinary polynomial
regression model of degree m on the interval [a, 1].

Similary, a symmetric design £ on the interval [—a, a] is optimal for estimating the co-
efficient Bop_1 (1 < £ < m) in the trigonometric regression model (1.1) if and only if the
design ne- obtained by the transformation (2.4) is u(¢ —1)-optimal in the ordinary weighted
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polynomial regression model of degree m — 1 with efficiency function \(z) = 1 — z* on the
interval [o, 1].

Proof. We concentrate on the second case. The first assertion follows by exactly the same
arguments. By Lemma 2.2 egyj-optimality of £* in the trigonometric regression (1.1) holds
if and only if the design ne- obtained by the transformation (2.4) minimizes the criterion

T M (©ee = L (U (( / - x?)ziﬂdng(x))m_l)_ Uler s

i.j=0

:u%Z—U<<L%L—ﬁﬂ”w%wg:i)_u@—1)

The assertion now follows because the matrix in the last expression is the information
matrix of a weighted polynomial regression of degree m — 1 with efficiency function A(z) =
1 — 22 [see Fedorov (1972)].

O

It is obvious that Lemma 2.2 and 2.3 are important tools for the identification of optimal
designs for estimating the individual coefficients in the trigonometric regression model
(1.1). In the remaining part of this section we will use these results for the derivation
of bounds on the number of support points of the optimal designs. To this end we note
that the Chebyshev polynomials of the first kind are orthogonal with respect to the arcsine
distribution, i.e.

o o 1ifi=j=0
A . o l. . .

(2.12) - mem@ s = b=z
0ifi#y

while the corresponding orthogonality relation for the Chebyshev polynomials of the second
kind is

2 (1 1ifi=35>0
2.13 - 1 — 22U;(2)U;(2)dx = =
(2.13) W/¥¢ 22Uy (2)U; (z)da {ow¢¢j

[see e.g. Rivlin (1974)].

Theorem 2.4 If { denotes a symmetric optimal design for estimating the parameter (3
in the trigonometric regression model (1.1), then

max{2( +1,m —(+ 1}
max{2{,m — (+ 1}

#Hsupp(&ye) < 2m + 1

<
< #supp(5_1) < 2m

whenever 0 < £ < m.



Proof. We will concentrate on the first case k = 2/ even, the odd case will follow by similar
arguments. Using Lemma 2.2 and the transformation (2.4) the assertion of the theorem in
the even case follows if we establish the bounds

m—/
(2.14) max{l + 1, 5 + 1} < fsupp(ng;,) <m +1

for the support of the e,-optimal design 7;, in the Chebyshev regression model (2.9). This
implication is obvious for the lower bound, while the upper bound requires the additional
argument that the support of the optimal design 7; must either contain the point 1 or
consists of less than m + 1 points. Finally m + 1 points in the interval [a, 1] including the
right boundary correspond to 2m + 1 points in the interval [—a, a] including the center 0
by the transformation (2.4).

Note that the upper bound in (2.14) follows directly from Pukelsheim (1993) p. 190. Let

% r1 o9 ... T
(2.15) ey = ( ! )
Wy Wy ... Wy

denote the ey-optimal design for the Chebyshev regression model (2.9) (0 < ¢ < m). If
n = m + 1 there is nothing to prove and we consider now the remaining case n < m. A
reformulation of condition (3) of Lemma 2.1 shows that ng;, is e;-optimal in the Chebyshev
regression model (2.9) if and only if there exists a constant A > 0 and a polynomial

p(r) = To(w) — Z ¢;T;5(x)

it

such that
(2.16) Vhlp(@) <1 Yz €la,l]
(2.17) Vhlo(z)| =1 i=1,...,n
(2.18) FDw=0eR"
where w = (wy,...,w,)" denotes the vector of the weights of the design Nes,s Fisanmxn
matrix defined by i )
TO (.’L’l) Tg(.’L’n)
T1 (ZCI) . T1 (xn)
(219) F= Tg,l(xl) TN Tgfl(xn) S R™*™




and D is a diagonal matrix with entries ¢(x1), ..., ¢(x,) (note that these quantities are all
equal in absolute value). Note that for £ > n the upper n x n block

(Tz’—l(%‘))?,jﬂ
of the matrix F in (2.19) is non-singular because of the Chebyshev property of the system
{To(x),...,Th_1(x)} [see Karlin and Studden (1966)]. In this case (2.18) would imply
w = 0, which is impossible for the optimal design. Consequently we obtain n > ¢ which
yields one of the lower estimates in (2.14).
In order to establish the second estimate n > (m — £)/2 + 1 we will prove below that the
existence of a nontrivial solution ;4 = Dw € R” of (2.18) implies that the integral equation

(2.20) /_1 Z(x)Q(x)Tg(x)\/% =0

holds for all polynomials ) of degree < m — n, where

O(z) =[x — a2)

i=1

denotes the supporting polynomial of the design n;, . If this equivalence has been established
it follows from the assumption n < m that the polynomial ¢(z)T,(z) of degree ¢ + n
is orthogonal to all polynomials Q(x) of degree less or equal than m — n. Assume that
n < mTjé, then /(z)T;(z) would be of degree £ and m — n would be bounded from below
by mE. Consequently we can use Q(z) = £(2)T;(x) in (2.20) which is impossible proving
that n > ™=t 4 1.
In order to prove the remaining implication

(2.18) = (2.20)

assume that g € R* is a nontrivial solution of F'u = 0, which means that there exist two
linearly independent columns of the matrix F' (note that n < m). Let z, 21, ..., 2, denote
complex numbers and define an (m + 1) x (m + 1) matrix B(z) by adding an additional
row and m — n + 1 additional columns, i.e.

To(zy) ... To(zn) To(z) To(z1) ... To(zn-m)
TI(Il) TI(IL’n) Tl(Z) Tl(Zl) Tl(zn—m)

(2.21) B(z) =

To(z1) - T(zn) Tin(2) Tin(21) - Tin(Znem)
Ifxe,...,20,2, 21,...,2Z¢n—yn are all distinct we have
det B(z) # 0

because this determinant is proportional to a Vandermonde determinant based on these
points. Assume that z,..., z,,_, are distinct and different from the x;, then we obtain by
Laplace’s rule the representation

m

det B(z) = ) b;T;(2)

1=0



where by, = 0 because the corresponding determinant obtained by deleting the (n+1)th col-
umn and (¢4 1)th row contains two linearly dependent columns [note that this determinant
contains the matrix F' defined in (2.19)]. Therefore the orthogonality (2.12) implies

(2.22) /ldet B(2) -Tg(z)\/% =S /lTi(z)Tg(z)\/% —0.

On the other hand the definition (2.21) yields det B(z;) = 0 (¢ = 1,...,m — n) and
det B(xz;) =0 (i =1,...,n) which shows that

n m—n

(2.23) det B(z) = [[(z — ) [[(z = 21) = €(2)Q(2) ,

i=1 i=1

where the last equation defines the polynomial (). Because z1, ..., z,,_, are arbitrary com-
plex numbers the identities (2.22) and (2.23) imply that (2.20) holds for any polynomial of
degree m — n, which completes the proof of Theorem 2.4.

O

For a given support the optimal weights of a c-optimal design can be obtained by standard
formulas [see e.g. Studden (1968) or Pukelsheim and Torsney (1991)]. The following
formulas for the weights of the optimal designs for estimating individual coefficients are
obtained from general results on quadrature formulas [see Stroud and Secrest (1966)] and
provide an alternative and interesting representation for the weights of the ej-optimal
designs in the case of trigonometric regression. For the sake of simplicity we state these
results only for the Chebyshev regression model (2.9), the situation for the model (2.10)
is similar (see Theorem 5.5) and the trigonometric case is obtained by the transformation
(2.4) (see the following sections).

Lemma 2.5 Let n < m+1 and

_ 1 ... Ty
’)7_
wy ... Wy

denote an eg-optimal design in the Chebyshev regression model (2.9) (0 < ¢ < m), then the
weights can be represented by the formula

| Al .
(2.24) w,==r—— 1=1,...,n
23:1 |Aj|
where the quantities A; are given by
(2.25) A /16()T()7d$ =1
. i = i T o 1= g ey n
-1 ¢ V 1-— ZUZ



and

o —
Ei T = J
(@) H T — Zj
Jj=1
i#]
denotes the ith Lagrange interpolation polynomial with nodes x+,. .., x,.

Proof. The proof consists of two steps. At first we will show that for a given (distinct)
support the space of solutions of the equation (2.18) is of dimension 1 and as a consequence
the vector w is uniquely determined by normalization. Secondly, we will demonstrate that
the weights given by (2.24) and (2.25) define such a solution.

For the proof of uniqueness assume that p; = (p11, .. ., ,uln)T and 1o = (a1, - - . ,lj,gn)T are
two linearly independent solutions of the equation F'Dyu = 0 where the matrix F' has been
defined in (2.19). Let F denote the (m + 1) x n matrix obtained from the m x n matrix F
by adding the row (Ty(x1),...,Ty(x,)) between the fth and (£+ 1)th row, then the identity
(2.17) and FDp; =0 (i = 1,2) imply

_ 1 & _
FD/MZEZMM'@E 1=1,2.
(] i—1

Whenever n < m + 1 the first n rows are linearly independent. If Z?Zl i = 0 for some
i € {1,2} this would imply p; = 0 contradicting to the non triviality of these vectors.
Consequently we have Y77, p;; # 0, i = 1,2 which yields (by the same argument) that
these vectors are linarly dependent. For this reason the dimension of the space of solutions
of the equation (2.18) is one and the component of any nontrivial solution must be all of
the same sign (because there exists at least one solution of F'Dy = 0 yielding the weights
of the e,~optimal design).

For the second part we distinguish the cases n = m+1 and n < m. For the latter case note
that by the proof of Theorem 2.4 the existence of a solution of the system (2.18) implies
the identity

dx
/ Q) () Ty () ez = 0
v1i—=x
for all polynomials @) of degreee < m—n. It then follows from standard results on quadrature
formulas [see e.g. Stroud and Secrest (1966), p. 6] that there exists weights «q, ..., a, such
that the identity

(2.26) / P(z)Ty(z) Za] () Ty(x;)

1 1—£C2

holds for all polynomials P of degree m. In other words the quadrature formula (2.26) is
exact for all polynomials of degree m. Because n < m we can use the Lagrange interpolation
polynomials ¢,(z), ..., ¢, (r) with nodes x4, ..., 2, in (2.26), which yields

! dx )
- / TS = alx) i=1.n
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and

1 n
dx
2.27 P(x)Ty(r) —= = A;P(x;
.27 | P 7= = Y
for all polynomials P of degree < m. Note that the A; do not vanish simultaneously, because
otherwise the left hand side of (2.27) would be zero, which is impossible. Moreover, from
the orthogonality relation (2.12) for the Chebyshev polynomials of the first kind we have

0= [ T@n@ s = 3 A7)

whenever i € {0,...,0—1,/+1,...,m}. But this system is equivalent to FA = 0, where
A = (Ay,...,A)T and F is defined in (2.19), which proves that D(A,...,A4,)T is a
solution of (2.18). The assertion of Lemma 2.5 in the case n < m now follows from Lemma
2.1 and the first part of this proof.

For the remaining case n = m + 1 recall the definition of the matrix

F = (Ty(2j41))ij=0,..m € R"TXmH

and define F(z) as the matrix obtained from F by replacing the ith column by the vector
(To(x), ..., Tn(z))T. With these notations the Lagrange interpolation polynomials can be

represented as -
det Fy(x) .
l(z) = — 2 =1, m+1
(x) i m +
[note that F is nonsingular by the Chebyshev property of the polynomials Ty(x), .. ., T;, ()]

and we obtain from the orthogonality (2.12)

1 V1 — 22 Caet F

where ¢g = 7, ¢, = 7/2 if £ > 1 and the matrix Fy, is obtained from F' deleting the ith
column and ({+1)throw (i =1,...,m+1;{=0,...,m). It now follows from Corollary 8.9
in Pukelsheim (1993) that the quantities defined in (2.24) give the weights of the e,~optimal
design.

/1 dx det Fjy

|

3 Optimal designs on the full circle and the quadratic
trigonometric regression model

In this section we will study the case of the full circle as design space in more detail and
indicate that on arbitrary intervals the situation becomes extremely difficult. It turns out

that for many but not for all cases optimal designs for estimating the individual coefficients
in the trigonometric regression model (1.1) with design space [—m, 7] can be found explicitly.
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Theorem 3.1 Consider the trigonometric regression model (1.1) on the design space
[—m, 7).

(a) For any ¢ such that m/3 < £ <m and any (3 € [0, 5] the design

(3.1) 5*_< -7 —7r+%...—7r+#7r7r>
- 20 = | 1 1 1
2_6_/8 Q_Z . e Q_Z /8

is optimal for estimating the parameter (. Moreover, in this case ®9(&5,) = 1.

(b) For any { such that m/3 < € < m the design &, defined by (3.1) is optimal for the
estimation of the intercept (3.

(¢) For any { such that m/3 < ¢ < m the design

— T 3 — 2=3, —m
f* _ 7r+2£ 7r+2£... T+ 50 T 2£+7r
2—1 — 1 1 1 1

20 20 s 20 20

is optimal for estimating the coefficient Bor—1. Moreover, in this case ®p—1(&5,_;) = 1.

Proof. We will only consider the first case (a), the remaining parts are treated similary.
The proof follows essentially by an application of Lemma 2.1 and discrete orthogonality
properties for the Chebyshev polynomials of the first kind. To be precise let t; = —7 + %71’
(1 =0,...,2¢) and consider the trigonometric polynomial ¢(t) = cos(¢t), which obviously
satisfies condition (1) and (2) of Lemma 2.1 with A~ = 1. In order to prove the remaining
condition (3) we have to establish the identities

m 1 20—1 .

(3.2) Soj = / (1) f2;(t)dE5, (1) = i Z cos(jt;) cos(lt;) = 0
- i=0

forall j=0,1,...,0—1,0+1,...,m, and
. 1 2L

(3.3) Soj_1 = /_7r (1) foj—1(£)dE5,(2) =37 Z sin(jt;) cos(lt;) =

for all j =1,...,m. Note that the relation (3.3) is obvious by the symmetry of the design
&5p- For the quantities so; we obtain with the notation z; = cos(t;) = cos(—t;) = cos(ta—;)
i=0,... 0

S25 = 21£ { (:L‘U)Tg(l'o) —+ T; (l‘g)Tg(ZL‘g } + = Z T ZL‘Z Tg(l‘l)

Note that zg,...,x, are the extremal points of the Chebyshev polynomial of the first kind
and that orthogonality properties of these polynomials with respect to discrete measures
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[see Rivlin (1974), Exercise 1.5.28] show that s,; = 0 if and only if for all j € {0,...,¢ —
1}U{f+1,...,m} the quantities

(435 and |¢—j|

are not multiples of 2¢. A simple calculation shows that this is obviously satisfied if £ > m/3,
which completes the proof of the first assertion of Theorem 3.1.

|

Example 3.2 It is interesting to note that in the case ¢ < m/3 there exists an extremal
polynomial for the design &;, such that the inequality (1) of Lemma 2.1 is satisfied (in other
words the usual checking condition of the equivalence theorem is fulfilled), but the design
&5, does not allow the estimability of the parameter 3y, (because the identity (3) in Lemma
2.1 is not satisfied). For example, consider the case m = 4 and ¢ = 1 for which a possible
candidate for es-optimality is the design

. —7 0
§:<%%%W>

In this case the polynomial p(t) = cost + cos(3t) satisfies condition (1) and (2) of Lemma
2.1 with h = 1/4 but does not satisfy (3). This corresponds to the non-estimability of the
parameter (3 by the design & [i.e. es & M(&3)]. A similar observation can be made in the
design problem for the estimation of the parameters corresponding to the sine terms in the
model (1.1).

We also mention the two cases not covered by Theorem 3.1 in this example. The optimal
design for estimating the coefficient of cos(2t) in in the trigonometric regression model of
degree 4 on the interval [—m, 7| is given by

_2r _7m m 27
5*: 3 3 3 3
2 1 1 1 1
4 4 4

4
with extremal polynomial ¢(t) = sint+1/6sin(3t), while the optimal design for estimating
the coefficient of sint is given by

_bSm _@m m 57
5*: 6 6 6 6
1 1 1 1 1
4 4 4 4

with extremal polynomial ¢(t) = cost — 1/6 cos(3t). The optimality of these designs can
verified by an direct application of Lemma 2.1.

Example 3.3 Consider the case m = 2 and the trigonometric regression model (1.1) on
the design space [—m, 7]. By part (a) of Theorem 3.1 the design

P
3.4 * 2 2
. " @—ﬂiiiﬂ)



is optimal for estimating the coefficient of the term cos(2¢) in (1.1) whenever § € [0,1/4].
Note that formally this design is not symmetric (except if § = §) but this non symmetry is
artifical, because the boundary points —7 and 7 can be identified due to the 27-periodicity
of the regression functions. Similary, the design

. —-m 07
(3.5) 52—<__ﬁ%ﬁ>

is optimal for estimating the parameter of the term cost whenever 3 € [0,1/2] and the
designs & and & are optimal for estimating the intercept in the trigonometric regression
model (1.1). We also note that there are more optimal designs for estimating the intercept,

e.g.

i _2r (g 2
(3.6) o=( R
3 3 3

The fy-optimality of the design &; can be shown by a direct application of Lemma 2.1
observing that the corresponding blocks in (2.5) are given by M,(£) = 0 € R?*? and

200

. 1
Mc(fo)zﬁ- 011
011

Finally, by part (c) of Theorem 3.1 we obtain that the designs

_3m _@m 7m 31w
(3.7) = 1
4 4 4 1
and
(3.8) &= ( % i)
2 2

are optimal for estimating the coefficients of the terms sin(2¢) and sin(¢) in the quadratic
regression model on the interval [—7, 7], respectively.

Example 3.4 The final example of this section will investigate the optimal designs for
the quadratic trigonometric regression model (1.1) on the partial circle [—a, a] indicating
the particular difficulties caused by this restriction. We give a complete solution of this
problem, where the results are obtained from the following sections. At this point the
optimality of the particular designs can be directly verified through Lemma 2.1 (which is
left to the reader) and the examples should serve as a motivation for the more technical
considerations in the following sections.

It is easy to see that for a > 2/37 the design given in (3.6) is optimal for estimating the
intercept in the trigonometric regression of degree 2 on the interval [—a, a]. If a < 27 the

14



situation changes and the design

. —a t* 0 t' a

(39) 50,04 = < * * * * * )
Wy Wy Wy Wy Wy
with
(3.10) t* = t*(a) = arccos(cos(a)/2 + 1/2)
and 142 1 + (cosa)/2
+ 2cosa + (cosa

( ) wi = wi(a) 2 54 6cosa+ cos?a

" 5+ 6cosa+cosa’
is eg-optimal on the interval [—a, a] (see Theorem 4.1 below).

The optimal design for the estimation of the coefficient of cost on the interval [—a,a] is
obtained as

N —a —T+am—aa
(3.12) 20 = ( | 1 )

1 1
4 4 4 4

if arccos(—1/3) < a < 7 (see Example 4.5 below) and as

. —a —t* 0 t* a
(3'13) 52,(1 = < 1 1 )

wy; 7 wy 7 W
in the case 0 < a < arccos(—1/3), where t* is defined by (3.10) and the weights w; and wj}

are given by

1 cosa+ 3 1
3.14 i L VT ) V75
( ) 2 16(:0S0L+1’w0 2 2

(see Theorem 4.1 below). Finally, the design for estimating the coefficient of cos(2t) on the
interval[—a, a] is given by

. —a —t* 0 t*

(3'15) 64,(1 = ( 1 111

8 4 114
where the point ¢* is defined by (3.10) (see Example 4.4 below). We also note that the
points 1 = cos0, x* = cost* and a = cosa are the extremal points of the Chebyshev
polynomial of the first kind
<2x —-1- a)
| ———
1l -«

on the interval [o, 1] and demonstrate in the following section that this is a general property
of egp-optimal designs for sufficiently small design spaces (see Theorem 4.1 below).

The description of the optimal designs for the estimation of the coefficients corresponding
to the sine-terms is more complicated. Define e as the unique positive solution of the
equation

o=

et +2e3 - cosa+e? -sina—2e-cosa—1=0

and
(3.16) t* = t*(a) = arccose.

15



If § < a < 7 the optimal design for estimating the coefficient of sin# on the interval [—a, a]
is given by

(3.17) {la= ( _f g )
2 2

—a =ttt a
3.18 o=
(19 (l—wf wj wi‘l—wi‘>

with ¢* defined by (3.16) and

cos(a)(cos(a) — 1)(cos(a) + 1)(cos(a)e — 2¢* + 1)

wi = wi(a) =

(3.19)
is ej-optimal on the interval [—a, a] (see Theorem 5.3 below).
Similary, if 27 < a < 7 the design

i )

1

1

4

is optimal for estimating the coefficient of sin(2¢) in the quadratic trigonometric regression
on the interval [—a, a] (see Corollary 5.1 below), while for 0 < a < 3 the es-optimal design
is of the form (3.18) with ¢* given by (3.16) and weight w] defined by

1
2 (cos(a) — €)(cos(a)e? + (3 — 2cos(a)?)e® — 2cos(a)e + cos(a)Pe + cos(a)? — 2)

_3r _ =@
(3.20) fé,‘,a:( G

NP

(cos(a) — 1)(cos(a) + 1)(ecos(a) + 1 — 2¢?)
(cos(a) — e)(cos(a) + e cos(a)? — e cos(a) — e3)

* * 1
(3.21) wi = wj(a) = 3

(see Theorem 5.5 below).

4 Optimal designs for estimating individual coefficients
of cosine terms on a partial circle

In this section we investigate egp-optimal design for (0 < ¢ < m) for the trigonometric
regression model (1.1) with design space [—a, a] in more detail. It is demonstrated that
there exists a point, say a; € (0,7], such that for all @ < aj the optimal design for
estimating the parameter 35 in the trigonometric regression on the interval [—a, a| can be
found explicitly. Our second result gives a lower bound for a;, while it is indicated at the
end of this section that an explicit solution of the egp-optimal design problem for any value
of a satisfying a; < a < 7 can only be expected in particular cases.

16



Theorem 4.1 Consider the trigonometric regression model (1.1) on the interval [—a,al
and let

(4.1) ti =ti(a) = arccos{

11—« w1+« .
} 1=0,...,m,

cos —
m + 2
x; =cost; (i =0,...,m) denote the extremal points of the mth Chebyshev polynomial

20— 1 —
Tm(u)

11—«

of the first kind on the interval [o, 1] = [cos a, 1], define weights

(4.2) wngio; wi:# i=1,...,m
Zj:l Aj 2 Zj:l Aj

where | ) "

(4.3) A = (—1)mt /lfi(x)Tg(x)ﬁ i=0,....m

and l;(x) denotes the ith Lagrange interpolation polynomial with nodes x; = cost; (i =
0,...,m). For any ¢ € {0,...,m} the quantity

(4.4) a; = a;,, =sup{a € (0,7] | A; >0 forall i=0,...,m}

15 always positive and the design

. b . =ty ot ...ty
(45) g%,a = < >

Wy ... W1 Wy Wy ... Wy

is optimal for estimating the parameter B9y in the trigonometric model (1.1) on the interval
[—a, a], whenever a < aj.

Proof. In a first step we will prove that if the parameter a approaches 0 the quantities A;
defined in (4.3) are all positive. To this end let s; = cos(“Z) denote the extremal points of
the Chebyshev polynomial of the first kind 7,,(z). Following Sahm (1998) we have

2 L= 50) = 56 = DU 1(0)

i#i )
= (T (@) = oTu(a))| |
= (m + 1)Um(82) — mSiUmfl(Si) _ Tm(Sz) _ (_1)

where v9 = v = 1/(2m) and v = 1/m if 1 < i < m — 1. For the derivation of this
identity we used the well known facts [see Szegd (1959)] T}(z) = kUy_1(x), Un(si) = (—1)°

17



if 1 <i<m—1and Ug(1) = (—1)*Up(—1) = k + 1. This implies for the weights in (4.3)

1 m
_ m—+i T — % dx
Ai N (_1) ./;1]_i0[$i—$jTé(x)ﬁ

! dx
l. 1 — mAz — 22m—1 -1 m—~£ 1,/ -1 mT o
alLI[l]( a) ( ) Y 71(1’. ) é(l‘) m

! dx

— 7.23m—1r(%)r(m +3) PV (-1
Z Fim+1)  prrm=()
_ 7_23m_1F(%)F(m +3) T(m+1)

where P (z) denotes the nth Jacobi polynomial [see e.g. Szegd (1959)], the second
equality follows by the substitution * — —z and T(—z) = (—1)Ty(z), the third equality
is obtained from the identity (4.10.11) in Szegd (1959) and the final equality is a consequence
of the relations P, (1) = T((+a+1)/{T(a+1)T({+1)} and PP (—z) = P (z)(-1)¢
[see formula (4.1.1) and (4.1.3) in the same reference]. Consequently, if @ — 0 all quantities
A; defined in (4.3) are positive and by continuity the supremum a; defined by (4.4) is also
positive.

For the proof of the second assertion of Theorem 4.1 recall that by Lemma 2.2 the eq-
optimality of the design &, , defined by (4.5) in the trigonometric regression model (1.1) is
equivalent to eg-optimality of the design

. o X1 ... Ty
500 = Wy 2Wy ... 2Wy,
in the Chebyshev regression model (2.9) on the interval [cos a, 1]. We will now use Lemma
2.1 to establish this optimality. To this end assume that a; > a and define

(4.6) o) = T2 oy = S 0T (a)

11—«
where the coefficient @, is defined by the condition that the coefficient b, of Ty(x) in the

above expansion of ¢ equals one and a = cosa. This polynomial obviously satisfies the
condition (1) and (2) of Lemma 2.1 with A = 1/¢y. As demonstrated in the proof of

18



Theorem 2.4 the condition (3) of this Lemma is equivalent to the existence of a solution of
the equation

(4.7) FDw =0
with positive coefficients, where D = diag(1, —1,...,(—1)™) and the matrix F' is defined

by (2.19). However, it is demonstrated in the second part of the proof of Lemma 2.5, that
the vector (Ag, —Aj,...(=1)"A,,) is always a solution of Fu = 0. Because A4; > 0(i =

0,...,m) whenever a < a it follows that the vector w = (wy, ..., W,,)" with
. A; :
wlzm, Z:(),...,m

is a solution of (4.7) with positive coefficients. Consequently, by Lemma 2.1 the design

_— <l‘0 Ty ... .fL'm)
e =1\ - - -
Wy Wy ... Wy
is optimal for estimating the parameter J; in the Chebyshev regression model (2.9). The
assertion now follows from the above discussion, which shows that the design &5, , defined
in (4.5) is optimal for estimating the coefficient (5 in the trigonometric regression (1.1)
on the interval [—a,a], whenever a < aj. The remaining assertion for a = a; follows by

continuity.
|

Corollary 4.2 If a — 0 the optimal design &, , for estimating the parameter [y in the
trigonometric regression model (1.1) on the interval [—a, a] converges weakly in the following
sense

lim &, ((~a,af]) = € ((~1,1)) Vi€ [-11]

where the design £ is defined by

5*:<_ym “Ynm—1 -+ ~Y1 Yo Y1 -+ Ym—1 ym)

1 1 11 1 1 1
4m 2m T 2m 2m 2m T 2m 4dm
and the points vy, ..., Ym are given by
(m —1) :
Y; = cos| ——= 1=20,...,m.
2m

Proof. The assertion for the weights follows from the transformation (2.4) and the first part
of the proof of Theorem 4.1, which shows that for a« — 0 the weights in the corresponding
design problem in the Chebyshev regression model (2.9) satisfy

a—0

Loifi=1,...,m—1.

19



m=2 | m=3 | m=4 | m=5

1 27/3 | 0.68817 | 0.74117 | 0.76667

cos(z) | 0.60827 | 0.73237 | 0.73117 | 0.77657

cos(2) | or/3 | 0.75767 | 0.7598

cos(3) T | 0.70487 | 0.77097

cos(4x) T 0.73237
cos(bx) T

Table 4.1. Critical values aj. defined in (4.4) for various values of € and m. The optimal
design for estimating the coeeficient oy in the trigonometric regression model (1.1) on the
interval [—a, a] is of the form (4.5), whenever a < a;.

The proof is completed by showing that the scaled support points #;(a) = t;(a)/a defined
in (4.1) satisfy

W(m—i)) i

N t;
lim¢;(a) = lim ti(a)
a—0 2m

=0,...,m.
a—0 @

=y = cos(
To this end we use the expansion cosz = 1 — x?/2 + o(z?) and obtain from (4.1) for a — 0

1-— @ +o(a®) = costi(a) =1 — %(1 — cos %) + o(a?)

which gives by the identity cos 2z = 2cos?z — 1
- 1 1 mw(m — 1)
t:(a) = 2(1 —cos—) +o(a®) = 2(1 +cos ————=
2
:(cos ) +o(a 1=0,...,m
2m

and proves the assertion.

The critical bound @} can be determined numerically from (4.4) and (4.3) by standard
numerical integration. Table 4.1 gives some of the critical points a; obtained from Theorem
4.1 for various degrees of the trigonometric regression model. Note that Theorem 4.1 covers
a relatively large range of the interval [0, 7]. The following theorem shows that the critical
bound of (4.4) is at least 7/2 independent of the parameter which has to be estimated.

Theorem 4.3 Let x; denote the smallest zero of the polynomial

(4.8) (di) (G DUpa(@)} =1, m—1
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and z, = 0 then for any £ € {1,...,m} the critical value a, defined in (4.4) satisfies

x;+1
ay > a;" = arccos ﬁi
In particular we have aj > a,* > w/2 for all ¢ € {1,...,m} and for any fized { we have
: EE d
lim a," = —.
m—o00 2

Proof. Note that by Lemma 2.3 a design &}, is eg-optimal in the trigonometric regression
if and only if the measure ne;, induced by the transformation (2.4) is ¢(£)-optimal in the
ordinary polynomial regression on the interval [c, 1], where ¢(¢) = T~ 'e; and T denotes the
matrix of coefficients of the Chebyshev polynomial of the first kind defined by (2.12). Let
t;; denote the entries of the matrix 7!, then it follows by Cramer’s rule that

ti; = 0 whenever ¢+ jis odd

ti; = 0 whenever i < j.

Moreover, the nonvanishing coefficients in the Chebyshev-expansions of the monomials

k
xk:an,jTj(x) k=0,...,m
=0

are all positive [see e.g. Rivlin (1974), Exercise 1.5.32] and as a consequence the vector
t(¢) = T 'e, can be written as

175

(4.9) t(0) = Z (€012
j=0

with positive coefficient ay; (j =0, ..., LmT_eJ;é =0,...,m). We will now investigate the
esto;-optimal designs in ordinary polynomial regression using recent results of Sahm (2000).
Note that the design space, which has to be considered, is the interval [« 1], where o — 1
as & — 0. Sahm (2000) showed that the structure of the optimal design for estimating the
ith coefficient in an ordinary polynomial regression on the interval [, 1] is determined by
the symmetry parameter s(a) = (a«+1)/(a—1). In particular he proved that the e;-optimal
design for the ordinary polynomial regression is supported at the transformed Chebyshev

points
l—«a g 1+

(4.10) x; = cos(tj) = 5 COS(E) + j=0,...,m
whenever
(@) otl <}
S = ;
a—1 v
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where z} is the smallest zero of the polynomial

() DU (@)

it 0 <i¢<m—1and z;, =0. Now it is easy to see that the zeros of the polynomials
({4 1)U ()
—){ (= mo1(x
dx '
and

(L (@4 1)U (2)

are interlacing and consequently we have for the smallest roots of these polynomials

whenever ¢ < j. This implies that whenever

*
k% 1‘l+1
a < a;" = arccos —
x; —1
we have
T
a < arccos — i=004+1,...,m

%
z; —1

and consequently it follows from Sahm (2000) that in this case for all i = ¢,£+1,..., m the
e;-optimal designs in the ordinary polynomial regression on the interval [« 1] are supported
at the points in (4.10). We will now prove that the ¢(¢)-optimal design in the ordinary
polynomial regression [which is the e,~optimal design for the Chebyshev regression (2.9)]
is also supported at the full set of Chebyshev points defined in (4.10), whenever a < aj*.
If this assertion has been proved we obtain from Lemma 2.5 that the weights of the design
Ng;, are given by (2.24) and (2.25), which implies that the quantities

_ m—L+1 ! dx
AZ ( 1) /_1 &(ZL’)T[(ZL’)W

defined in (4.3) are positive for all a € (0, a;*). This follows because by the first part of this
proof the quantities A; are positive if ¢ — 0 and they have to be of the same sign, because
we will prove below that for all a € (0,a;*) the design 7, is supported at the full set of
Chebyshev points.

To this end recall that for 0 < a < a}* the egypj-optimal design (j = 0,..., [™£]) is
supported at the Chebyshev points defined in (4.10) with extremal polynomial given by
(4.6). Lemma 2.1 for the vector f(z) =(1,z,...,2™)" shows that the corresponding vector

of optimal weights w? = (w}, ..., w’ )7 satisfies

G;Dw’ =0, i=0,....[—],



where the matrix D is given by D = (—1)"¢. diag(1,—1,...,(—1)"™) and the matrix G
is obtained from the matrix

G= (-T;')i,j:(),...,m
by deleting the (¢ + 2j + 1)th row. The condition (2) of the same Lemma implies for some
h; >0

_ . 1 ) m —/
GDw]:ﬁeer?ja ]ZO;aL—J )

j
which yields that for all j € {0,...,[™2]} the (k -+ 1)th component of the vector

~—1
G €025

is nonzero and has sign (—1)¥+“™ (by the pattern of the diagonal elements of the matrix
D). Introducing the notation [see Studden (1968)]

1.1 1 ... 1 ¢
o .. Ty—1 Ty41 .. T (4]
D,(c)=] . V_ V_+ m ] v=0,....,m
o S A T A B o
for a vector ¢ = (g, ..., cn) € R™ we obtain for this component the representation
= _ _ Dk(€g+2') . m —/
(4.11) 0 # el G teggy = (—1)™ kTG] i=0,..., LTJ,k =0,...,m

and consequently Dj(es2;) has sign (—1)¢ for all j = 0,..., % |. Therefore it follows
from the representation (4.9)

|zt |
Dy(t(0)) = Z oy Dy(epy25) # 0

)
=0

for all k = 0,...,m and the results of Studden (1968) show that the ¢(¢)-optimal design in
the ordinary polynomial regression is supported on the full set of Chebyshev points defined
by (4.10), whenever 0 < a < a}*. By the discussion at the beginning of this paragraph the
quantities A; defined in (4.3) are all positive for a € (0,a}*) which implies a;* < a} and
completes the proof of the first part of the theorem.

For the second part we note that all zeros of the polynomial (z + 1)U,,_1(z) are real and
located in the interval [—1, 1] [see e.g. Szegd (1959)] and consequently the roots of the ¢th
derivative have the same property, which implies z; > —1 or equivalently a;* > arccos0 =
7/2. Similary the roots of (z + 1)U,,,—1(x) become dense in the interval [—1, 1] as m — oo
[see Van Assche (1987)] and by of the interlacing property the zeros of the ¢th derivative
have the same property, which implies for any fixed /¢

Ty +1

lim a;* = lim arccos
m—oo m—o0 ;U’E —

T
= arccos (0 = 5
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and completes the proof of the theorem.

Example 4.4 Consider the case of estimating the coefficient of the highest cosine term,
i.e. £ =m in Theorem 4.3. In this case the polynomial defined in (4.8) is constant, which
implies a;’ = a,, = 7, and the ey,,-optimal design in the trigonometric regression model
on the interval [—a,a] is given by (4.5) for any a € (0,7]. Moreover, the weights of the
eam-optimal design can be found explicitly by a careful inspection of the proof of Theorem
4.3, which shows that this design is obtained from the ¢(m)-optimal design in an ordinary
polynomial regression on the interval [a, 1] with o = cos a. The representation (4.9) shows
that the vectors t(m) and e, are linearly dependent and consequently this design is the D;-
optimal design in an ordinary polynomial regression on the interval [a, 1]. The D;-optimal
design for polynomial regression has been determined by many authors on the interval
[—1,1] [see e.g. Studden (1980, 1982) or Spruill (1990)]. Because this problem is invariant
under affine transformations the ¢(m)-optimal design in the ordinary polynomial regression

puts masses Lm, %,...,%, % at the points g, x1,..., 2, where x; = cost; (i =0,...,m)

2
and the nodes t; are defined by (4.1). Observing the transformation (2.4) it follows that
for any a € (0, 7] an optimal design for estimating the coefficient (3, in the trigonometric

regression model on the interval [—a, a] is given by

. —tm —tmo1 ... —t1 to t1 ... tm1 tm
Som = 1 1 1 11 1 1 )

4m 2m """ 2m 2m 2m " 2m 4m

where the support points ¢; are defined in (4.1).

Example 4.5 Consider the case of estimating the coefficient (35, o in the trigonometric
regression model (1.1), that is £ = m —1 in Theorem 4.3. In this case we have by induction

(%)m—l{(x 1)Uy (@)} = (m — 1)1 {1+ ma}

which gives x| = —% and
s 1—m
@, _, = arccos

m+1
Consequently, the es,, o-optimal design is supported at the points defined in (4.1) whenever

1—
0<a< arccos(1 m

)

+m

[see also formula (3.10) in Example 3.4, where the case m = 2 is considered).

In this case we are also able to find the optimal designs for @ > a;*_; using the recent results
of Sahm (2000) and the arguments given in the proof of Theorem 4.3. More precisely, the
€om—z-optimal design for the trigonometric regression on the interval [—a,a] is obtained
from the t(m — 1)-optimal design in the ordinary polynomial regression on [, 1]. Formula
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(4.9) shows that this problem is equivalent to the e,, j-optimal design problem in the same
model. Theorem 3.2b) of Sahm (2000) shows that in the case

a+1 1 1 11— cos(m/m)

el ——+ (1)

a—1 m’ m m’ 1+ cos(m/m)

]

the optimal design is supported at the points
(4.12) T =«

(the formula for the corresponding weights is omitted for the sake of brevity). The trans-

formation (2.4) shows that for a € [arccos L%, arccos @ +11 the €,,_»-optimal design in the

trigonometric regression (1.1) on the interval [—a, a] has only 2m support points

_tm_tmfla-"a_tlatla"'atma
where ¢; = arccosz; (j = 1,...,m) and
1 1.1-—
(4.13) Q= ——+(1— —)M.
m m” 1+ cos(m/m)

Consider as a concrete example the case m = 2 discussed in Section 3, where a* = 0 and
r1 = —a T9 = a. Here a symmetric es-optimal design in the trigonometric regression of
degree m = 2 on the interval [—a, a] is supported at the four points —a, —7 + a, 7 — a, a,
whenever arccos(—1/3) < a < 7, as claimed in formula (3.12) of Example 3.4. In the
general case m > 3 it follows that a* < 0 and a third case appears, for which the solution
of the optimal design problem in the corresponding polynomial regression cannot be found
explicitly [see Sahm (2000)]. In this case the optimal designs for estimating the coefficient
Bom—2 in the trigonometric regression on the interval [—a,a] is supported on 2m points
(including the points —a and @) and can be obtained by the methods introduced in Dette,
Melas and Pepelysheff (2000) and the transformation (2.4).

5 Optimal designs for estimating individual coefficients
of the sine terms on a partial circle

In this section we concentrate on the optimal design problem for the estimation of the
individual coefficients corresponding to the sine terms in the trigonometric regression model
(1.1). Example 3.4 already indicates that the situation for this case is substantially more
difficult. Moreover, it also indicates that the e;- and es-optimal design for the quadratic
trigonometric model have the same support points, whenever a < 7. One of our main
results of this section shows that this property is also true for general degree m > 2. In
other words, if a is reasonable small (which will be made precise later) the support points of
the es,,_1-optimal design in the trigonometric regression model (1.1) on the interval [—a, a]
coincide with the support points of eg j-optimal design for any ¢ € {1,...,m}.
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For this reason we will start our investigations of the sine case with a careful discussion of
the optimal design problem for the estimation of the parameter (,,,_ in the trigonometric
regression model (1.1). In this case we use the implicit function theorem to determine
the optimal design, a technique, which was introduced by Melas (1978) in the context of
optimal design. Our first result is an immediate consequence of Theorem 3.1 and Lemma
2.1.

Corollary 5.1 Let m/3 < ¢ < m and 7(1 —1/2¢) < a < w, then the optimal design for
estimating the coefficient (o1 in the trigonometric regression model (1.1) on the interval
[—a,a] is given by the design &,_, defined in part ¢) of Theorem 3.1.

In the following we consider the optimal problem for the estimation of the parameter (35, 1
and study the case 0 < a < 7(1 — 1/2m) for which the es,,—1-optimal design problem is
equivalent to the e,,-optimal design problem in the Chebyshev regression model (2.10) on
the interval [, 1]. In this case the function ¢ in Lemma 2.1 is of the form

(51) gOm(l‘) = V11— I2(Um_1(l') + bm_QUm_Q(l‘) + ... blUl(.'L') + bg)

and it follows from Threom 2.4 that the e,,-optimal design Mg has m support points,
including the boundary point a. Morover, the point x = 1 cannot be a support point of
the design Mg 1 because this point is a root of the extremal polynomial ¢. Therefore,
by the transformation (2.4), the optimal design for estimating the parameter (5, 1 in the
trigonometric model is of the form

—a aty ... at,, —at, ... —atys a
(52) g(’r,w) = 1

1 1 1 1
2’(1)1 wo ... 2’U)m 2’U)m 2’[1)2 2’(1)1

N [—

where

weV = {w:(wla"'awm)T|wi>O;ij:l}
j=1

reT = {t:(tQ,...,tm)T| —1<t2<...<tm<0}.

For w € V and 7 € T define o = 21 < 29 < ... < &, < 1 by x; = z;(1) = cos(at;)
(1=2,...,m) and

a Ty ... Ty
(5.3) n(r,w) =

wy Wy ... Wy

as the design obtained from the measure (7, w) by the transformation (2.4), then a straight-
forward calculation and an application of the Cauchy—Binet formula show

T _det M, (&(m,w))._
AN )en = SR

m

1
(5.4) - Z (1= 22) T — w0)*w;

i=1 i
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where 7, = o, A_ € R™™~1 denotes the matrix obtained from A € R™*™ by deleting
the mth row and column. Consequently for given points xq,...,x,, the optimal weights
are obtained as

R R e | P G )}
Zk:l_ )™ H{V/1 _kaj;ék Ty — )} ’

while the value of the criterion (5.4) for the optimal weights w* = (w7, ...

(5.5) w! =w;(a) =

,wk)) is given by

ERISTAV Iy | (A ]

1= YE)

(5.6)  p(z,a) = el M1 (E(T,w*))e, =

[see also Pukelsheim (1993), Section 8.9]. A tedious calculation shows that this function is
strictly convex as a function of

z € x(T) = {x =xz(1) = (cosaty, ... ,cosatm)T |7 = (ta,... ,tm)T €T}

(note that the set x(7) consists of vectors with ordered components). This yields on the
one hand that the solution z* = z*(a) of the problem

$(2*(a), a) = inf (a(r), a) = infinf e, M, (E(r,w)) e

TeT

is unique and can be obtained from (5.5) with = 2*(a), where z*(a) is the unique solution
of the equations

(5.7)

0
8xiw(x’a) 0, 7 7}

On the other hand strict convexity also implies that the matrix
0? "

5.8 J i=

(5:5) w.0) = (g vtea))

1,j=2

is positive definite for all # € 2(T), a € (0, 7(1— 5=)) and by the implicit function theorem
[see e.g. Gunning and Rossi (1965)] the mapping

| { (0,7(1 = 5=)) — «(T)

(5.9) z*
— x*(a) e R™!

is real analytic. In other words: at any point ay € (0,7(1 — 5-)) there exists a neighbour-
hood Uj of ag such that xT‘UO can be expanded in a convergent Taylor series. Note that the
mapping z* in (5.9) describes a complete solution of the e,,-optimal design problem in the
Chebyshev regression model (2.10), if the solution for one ay can be identified. For this
purpose we extend z* to the region (—m(1 — 5-), 7(1 — 5))\{0} by the definition

7*(a) = " (lal).
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Observing the obvious relation ¢(x,a) = 1 (z, —a) it follows that the function Z* is also
real analytic on the interval (—7(1 — 5-),7(1 — 5-))\{0}, and the transformation z —
arccos (x)/a yields that the function

o Er=g) w1 = go)\{0} — R
(5.10) : { a s ()

with
(5.11) “(a) (arccos 75 (a) arccos j%(a))
: " (a) =

ooy
a a

is also real analytic. Our next result shows that this property also holds on the complete
interval.

Lemma 5.2 The function 7" defined in (5.10) and (5.11) can be extended to a real analytic
function on the complete interval (—m(1 — 5=),m(1 — 5-)), where the value at the point 0
15 defined by

(5.12) 7(0) ::<cos(7r— T, cos(—8 )).

2m — 1 2m — 1

Proof. The assertion of Lemma 5.2 is established, if we show that the limit
iy @
exists and is equal to the right hand side of (5.12). If @ — 0 we obtain from the expansions
sin(at) = at + o(a)

cos(at) = 1 — (a;)Q + o(a?)

the representation (t; = —1)

(5.13) ()" e vt = fj ol

2 t H];éz( - t2)
and as a — 0 the minimization of ¢ with respect to = € z(T) is approximately equivalent
to the minimization of the right hand side of (5.13) with respect to 7 = (t,...,t,) € T.
For this reason we study the function

m

_ (_l)mfi
i=1 li Hj;éi(tzz - t?)
with 7 € T and t; = —1. The same arguments as given for the derivation of (5.6) show

that this minimization gives the support points of the unique e,,-optimal design in the
polynomial regression

(5.15) Elylt)=tY_ 6t7; te[-1,0]

(5.14) g(T)



It is now easy to see that the measure

™ mm
. [cosm cos(m — 5r) ... cos(577)
= 1 2 2
2m—1 2m—1 o 2(mo)

is optimal for estimating the coefficient of *™~! in the model (5.15) and that the corre-
sponding extremal polynomial is given by () = Tyy,_1(t)/22™ L. Therefore it follows from
(5.13) and (5.14) that

a—0 2m — 1 2m — 1

(5.16) lirn7’*(a)z<cos(7r— T ) cos(=2E ))

which proves the assertion of the Lemma. We finally note that we also obtain a limit for
the corresponding optimal weights in (5.5), i.e.

Lifi=1
(5.17) lim w}(a) =

a=0 ifi=2,...,m.

Lemma 5.2 shows that in a neighborhood of the point 0 the function

7'(a) = (t(a), .. ., 1, (a))

which yields the negative interior support points of the es,, i-optimal design, can be ex-
panded in a convergent Taylor series, that is

(5.18) ™(a) = ZT]- il
=0

where 75 = 77(0) is defined by the right hand side of (5.12). The coefficients in this
expansion can be found recursively as shown in Dette, Melas and Pepelysheff (2000). To
be precise, consider the function

O(r,a) := Y(x(r),a),

where z(7) := (cos(atz),...,cos(at,,)) and the function ¢ is defined in (5.6) with x; =
cos(—a). It then follows that the coefficients in the Taylor expansion (5.18) can be found
recursively from 7* = 7%(0),

d S+1
* o —1 * o
(5.19) Ton =—J (0) (%> g(T(s)(a), a) L, 5= 0,1,
where )
* ’ *a/]
(5.20) T(s)(a) = ZTj F
j=0



i 0 2 4 6 8 10
t5; | -0.8090 | 0.1839 | 0.1490 | 0.0683 | -0.0254 | -0.0825
t5; | -0.3090 | 0.1839 | -0.0412 | - 0.0099 | 0.0148 | -0.0049

Table 5.1 Coefficients in the Taylor expansion (5.23) for the interior negative support
points ti(a), t5(a) of the es-optimal designs in the cubic trigonometric regression model
(1.1) on the interval [—a,a]. The e1- and ez-optimal designs have the same support points,
if a < by, £ =1,2, where b, is defined in (5.25).

is a polynomial of degree s and the functions J and ¢ are defined by

(5.21) J(a) = <%atjq’(7’ a)) R
(5.22) g(T,a) = %@(7, a) o

respectively [for a proof see Dette, Melas and Pepelysheff (2000)]. We summarize these
results in the following Theorem.

Theorem 5.3 For any a € (0,7(1 — 5) the esn_y-optimal design for the trigonometric
regression model (1.1) on the interval [—a, a| is unique and of the form
aty(a) ... ati (a) —att (a) .

e ( .. —ats(a) a )
2m—1,a — ® * * ® * *

Lui(a) Yus(a) .. dun(o) Supa) .. us(a) buila)
where the weights are obtained by formula (5.5) with xy = cosa, x; = cos(at}(a)). The
vector of support points 7*(a) = (t3(a), ..., t5,(a)) is a real analytic function on the interval
(0,7(1 — =) satisfying (5.16) and can be obtained (locally) by the Taylor expansion (5.18)
with coefficients 7}, which are calculated recursively by formula (5.19).

—a

Example 5.4 In the case m = 3 the optimal design for the estimation of the coefficient
sin(3z) in the cubic trigonometric regression model (1.1) on the interval [—a, a] for 0 < a <
57 /6 is given by

=
¥\ Lwi(a)

where the weights are obtained from formula (5.5). It is easy to see that ¢} (a) defines an
even function and Table 5.1 shows the first six nonvanishing coefficients of the expansion

aty(a)

ati(a) —ati(a) —ati(a) a )

swi(a) gwila) swi(a) swi(a) jwi(a)

(5.23) t'(a) = Z (2;;' (%)Qj.
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i 0 2 4 6 8

t3; | -0.9010 | 0.0996 | 0.1011 | 0.0873 | 0.0576
t5; | -0.6235 | 0.2239 | 0.0710 | -0.0284 | -0.0356
t5; | -0.2225 | 0.1243 | -0.0301 | 0.0016 | 0.0034

Table 5.2 Coefficients in the Taylor expansion (5.23) for the interior negative support
points t5(a), t5(a), ti(a) of the er-optimal designs in the trigonometric regression model
(1.1) of degree m = 4 on the interval [—a,a]. The e;-, e3- and e5-optimal designs have the
same support points, if a < by, £ =1,2,3, where b, is defined in (5.25).

The corresponding functions and weights are depicted in Figure 5.1 for a € (0,57/6).
Similarly, the e;-optimal design for the model of degree 4 is of the form

—a  ati(a) ati(a)

e ( —at} a )
7,(1 - * * * * k k *
swi(a) zwy(a) swi(a) zwila) gwi(a) zwia) zwila)
where the weights are obtained from (5.5) and the coefficients in the Taylor expansion

(5.23) are listed in Table 5.2 (the odd coefficients are 0 because the supporting points are
even functions of a). These functions are illustrated on Figure 5.2.

at}(a) —at; —al

swi(a)

Theorem 5.5 Let —a = atj(a) < ati(a) < ... < at’,(a) < 0 denote the negative interior
support points of the e _1-optimal design in the trigonometric regression model (1.1) on
the interval [—a,a), where a € (0,7(1 — 5=)), define x; = cos(atf(a)) (i = 2,...,m),

xr1 = cosa,
1
x—ux; [1—a? ,
Bi:Bi(a):/IH%_;_Ml_xQUgl(x)dx, i=1,...,m,
Lyt ¢
and Bl
(5.24) wi=wa) = =mpa—=—r, i=1,...,m.
Z;‘n:1|Bj|
If a — 0 we have
2_if j=2... m
lirr[l]w;‘(a) = { 2mlq
a— O
s if =1

Moreover, if 1 < ¢ <m—1 and

1
(525) a<b; = by, = sup{aE(O,w(l—ﬁ))|wi>0 forallizl,...,m},

31



then the eop_1-optimal design is given by

6= (at’f(a) c.oath (a) —at (a) ... —at’{(a)) |

%w{ %w,’fn %w,’fn %w{
In other words, if a < b}, then the ey_;- and the esy,_1-optimal designs in the trigonometric
regression model (1.1) on the interval [—a,a] have the same support. Moreover for any

te{l,...,m—1} we have b; > 7/2.

Proof. The Proof of Theorem 5.5 is similar to the proof of the corresponding statements
for the cosine case and for the sake of brevity we only sketch the main differences. By
Lemma 2.2 the design &5, , , is eg1-optimal if and only if the design

B zi(a) ...z} (a)
ng;lfl,a o 'LU* w '
1 DI

is eg-optimal in the Chebyshev regression model (2.10), where z} = 27 (a) = cosat! (i =
1,...,m). Consider the Chebyshev expansion of the polynomial in (5.1) and define ¢,(z) =
©m(x)/be. We will now use this polynomial as extremal polynomial in Lemma 2.1 to
establish ey-optimality of the design e300 Note that this design has the same support
points as the e,,-optimal design and for this reason the e,,-optimality of the design Nesm 1w
implies that the polynomial ¢, satisfies the conditions (1) and (2) of Lemma 2.1. Let

F = ((_1)j+1 /1_1‘;2Ui_1(1‘;))i,j1,...,m

then condition (3) is satisfied, if we can find a vector @ = (wy, ...w,;,)", which has nonva-
nishing coefficients of the same sign and satisfies

(5.26) Fw=ce, € R

for some constant ¢, € R (the corresponding weigths are then obtained by normalization).
A similar analysis as given in the proof of Lemma 2.5 shows the solution of (5.26) is of the
form c(By, ..., By,)T, where

1
r—ux; [1—2a? _
Bi:Bi(a):/llIx-—xjjwl—sze_l(I)dI’ i=1,...,m.
g Tt :

Moreover, if a — 0 it follows by similar arguments as given in the proof of Lemma 5.2 that
the weights defined by (5.24) satisfy

A ifi=1
(5.27) lim w}(a) =

a—0 Y
s ifi=2,...,m.
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Consequently, the quantity b; defined by (5.25) is positive and Lemma 2.1 shows that the
design 7¢;, | is e~ optimal, whenever a < by, which proves the first part of the assertion.
For the remaining part assume that a < 7/2 and note that the quantities B; are propor-
tional to

B; = / sin ¢ sin((t) H(cos t;—cost)dt, i=1,....m.
o J#

Observing that for ¢,¢y,...,t, € [—-7/2,7/2] the inequalities cost > 0,

H(cos t; —cost) + H(cos tj 4+ cost) > 2 Hcos t;

J#i J#i J#i
H(cos t; —cost) — H(cos tj+cost) <0
j#i J#

hold, it follows for odd ¢
B, = / sin ¢ sin (4t) H(cos t; —cost)dt
o J#i
= / sin ¢ sin(¢t) [H(cos t; —cost) + H(cos tj + cos t)] dt
0 it i#i
w/2
= 2/ sin ¢ sin(¢t) [H(cos t; —cost) + H(cos tj + cos t)] dt
0 it i#i

™2 cos(f — 1)t — cos(f + 1)t
> 4H(30$tj-/ cos( ) QCOS( + )dt > 0,
j#i 0

which implies that B; = ¢;B; # 0 for alli=1,...,m, whenever a < 7/2. Conseqently the
definition (5.25) implies b, > 7/2, which proves the second part of the assertion in the case
of an odd index ¢. The even case is similar and therefore omitted.

O

For lower degree trigonometric regression the critical bounds are listed in Tabel 5.3. If
a is smaller than the correesponding bound, the eg;;-optimal design in the trigonometric
regression model (1.1) has the same support points as the optimal design for estimating the
coefficient of sin(mx), which can be obtained by a Taylor expansion using the coefficients in
Table 5.1 (for m = 3) and Table 5.2 (for m = 4). The corresponding weights are obtained
by numerical integration using formula (5.24). We have illustrated these calculations in the
cubic trigonometric regression model in Figure 5.3 and 5.4, which show the support points
and corresponding weigths of the optimal designs for estimating the coefficient of sin z and
sin(2x), respectively (the corresponding designs for the highest sine term can be found in
Figure 5.1).
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m=2|m=3|m=4|m=>5
sin(z) | w/2 | 0.597 | 0.667 | 0.667

sin(2x) . 0.537 | 0.657 | 0.697
sin(3z) | - .| 0637 | 0.717
sin(4x) . : . 0.677

Table 5.3 Critical values b; defined in (5.25) for various values of ¢ and m. The optimal
design for estimating the coeeficient (o0 1 in the trigonometric regression model (1.1) on
the interval [—a,a] has the same support points as the ey, _1— optimal design, whenever
a<bj.
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