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Abstract

We consider the problem of finding deterministically a large independent set of guaranteed
size in a hypergraph on n vertices and with m edges. With respect to the Turan bound, the
quality of our solutions is for hypergraphs with not too many small cycles by a logarithmic
factor in the input size better. The algorithms are fast; they often have a running time of
O(m) + o(n?). Indeed, the denser the hypergraphs are the more close are the running times
to the linear ones. This gives for the first time for some combinatorial problems algorithmic
solutions with state-of-the-art quality, solutions of which so far only the existence was known.
In some cases, the corresponding upper bounds match the lower bounds up to constant
factors. The involved concepts are uncrowded hypergraphs.

1 Introduction

A fundamental problem in Computer Science and Mathematics is to find a large independent set
in an arbitrary graph [6], [14], [20]. Recall, that for a graph G = (V, E') with vertex set V' and
edgeset E C [V]? asubset I C V of the vertex set is called independent, if the subgraph induced
on I contains no edges e € F, i.e., EN[I]?> = (). The maximum cardinality of an independent set
I is called the independence number a(G) of G. It is well-known, that finding in a graph G an
independent set of size «(G) is an NP-hard problem, even for graphs with bounded maximum
degree.

This suggests to look for approximation algorithms with guaranteed performance ratio which
is the quotient of the sizes of the optimal and the found solution in the worst case. The
results of Arora, Lund, Motwani, Sudan and Szegedy [10] on interactive proof systems show
that, with respect to polynomial time algorithms, there is no constant performance ratio for
the independent set problem for graphs on n vertices, indeed no ratio of nl/* unless P = NP,
cf. the work of Bellare, Goldreich and Sudan [13]. Recently, Hastad [26] showed that there is
no performance ratio of n'/2~¢ unless NP = P, and no such ratio of n'~¢ unless NP = coR.
With respect to polynomial time algorithms, for triangle-free graphs with maximum degree A,
a performance ratio of O(A/InA) was given in [23], [27], and moreover, if they contain no
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complete subgraph Kj, [ > 4, then a performance ratio of O(A/Inln A) is known, cf. [23], [24].
Recently it was shown by Brandt [15] that the independence number of triangle-free graphs with
minimum degree 6 > n/3 can be computed as fast as matrix multiplication in time O(n?37),
while within the class of graphs with minimum degree 6 > (1 — €)n/4 where € > 0, the problem
is NP-hard. Recall that every triangle-free graph on n vertices has at most [n/2] - [n/2] edges.
For hypergraphs, the corresponding problem has been less studied, cf. [28]. Here we consider
this problem of finding a large independent set in a hypergraph. Hypergraphs are important,
as many problems can be formulated in terms of them. A hypergraph G = (V, &) is given by a
set V of vertices and a set £ of edges (hyperedges) where each edge E € £ is a nonempty subset
of V. A hypergraph G = (V,€&) is called (k + 1)-uniform if £ C [V]**1, ie., each edge E € &
contains exactly (k + 1) vertices. If the hypergraph G = (V,€) is (k + 1)-uniform, then

‘ 1/k

is the k’th root of the average degree of G. Similarly to the graph case, the independence number
a(G) of a hypergraph G = (V,&) is defined as the maximum size of a subset I C V which
contains no edges F € &£, i.e., there is no edge E € £ with £ C [.

We give a general approximation strategy which has a performance ratio of O(t/(Int)%/*) for
(k 4 1)-uniform hypergraphs with average degree t* and not too many small cycles. For random
hypergraphs, no algorithm has a better performance ratio. The idea for doing this originates in
a powerful result of Ajtai, Komlds, Pintz, Spencer and Szemerédi [2] on uncrowded hypergraphs.
These have the property that they contain no small cycles. We remark that derandomizing a
probabilistic argument of Spencer [44] yields a performance ratio of O(t) for arbitrary hyper-
graphs. We apply our approximation strategy to some combinatorial and graph problems for
which so far only the existence of solutions of a certain quality was known. Our algorithms match
these qualities and yield for these problems algorithmic solutions of state-of-the-art quality.

2 Uncrowded Hypergraphs

Turan’s Theorem for Hypergraphs G gives a lower bound for the independence number «(G), cf.
Spencer [44]:

Theorem 2.1 [44] Let G = (V,€) be a (k+ 1)-uniform hypergraph, k > 1, with average degree
th > 1 and |V| =n. Then,
n

a(G) > ¢ - 7 (1)

Moreover, an independent set of size at least ¢y, - n/t can be found in time O(|&]).

We remark that for (k + 1)-uniform hypergraphs on n vertices with average degree t* < 1 one
can simply use a Greedy strategy to obtain in time O(|€]) an independent set of size at least
¢}, - n, or more simply, we add in an arbitrary way a few edges to the hypergraph to achieve in
the resulting hypergraph that 1 < t* < (k 4+ 1), and then we apply Theorem 2.1.



For completeness we give the algorithmic proof of (1).

Proof: Let V = {v1,vs,...,v,} be the set of vertices of G. The existence of an independent set
of size as guaranteed in (1) can be shown by picking vertices of V' independently of each other
at random with probability p = 1/¢t. The set of picked vertices will yield the independent set.
For the algorithm we imitate this approach by using the method of conditional probabilities,
cf. [9]. To give a deterministic algorithm, we start by generalizing the probabilistic experiment.
For i =1,2,...,n vertex v; will be assigned a weight (probability) p; € [0,1]. Define a potential
V(p1,p2,---pn) by

n
Vpr,p2e--son) = _pi— >, [ »i -
i=1 EcEv;eE
Note that in the corresponding random experiment, Y ;" p; is the expected number of picked
vertices and > pee [ [, cp pi is the expected number of edges in the induced random hypergraph.
Now, for ¢ = 1,2,...,n in each step ¢ we choose either p; = 0 or p; = 1 in order to maximize the
value of the potential V(p1,p2,...,pn). As V(p1,p2,...,pn) is linear in each p;, i.e., for i =1,

V(p17p27' .- 7pn) =Pp1- V(]-apZa' .- 7pn) + (]- _pl) . V(07p27 N 7pn)

either V/(1,p2,....pn) > V(p1,p2,...,0n) or V(0,p2,...,pn) > V(p1,02,-..,pn). We take vertex
vy for the independent set, if V(1,pa,...,pn) > V(p1,p2,...,pn), else we discard it. Doing this
one after the other for i = 1,2,...,n, finally, each vertex v; is assigned a weight p; € {0,1},
i=1,2,...,n

Choosing in the beginning p; = ps = ... = p, = p, we have

k
k1, Nt

V(p,....p)=p-n—p )

which is maximal (taking the derivative) for p = 1/¢, i.e., with this choice of p we have

k

V(p,...,p)zk—H

13

(2)

By our strategy we obtain finally V(p1,p2,...,pn) > V(p,...,p). Let V' ={v; € V | p; = 1}.
By (2), and using that p; > 0 for i = 1,2,...,n, we infer

n
VI=>pi=Vpi,..c.a)+ > [[ i >Vp,..op)+ > sz_kJrl %
i=1 EcEv,eE EcEv,eE

We claim that V' is an independent set in G. Suppose for contradiction that this is not the case
and let E = {v;,,0iy,...,0i,,, } € EN [V where i1 < iy < ... < ipq1 = s. Consider step s.
As we had chosen in this step ps; = 1, we have

V(plv -y Ps—1, 1,ps+17- .. ,pn) > V(plv v 7pn) . (3)

However, as edge F came in in step s, we infer

V(pla' -y Ps—1, laps-i-la s 7pn) - V(pla' .- 7pn) S (1 _ps) - (1 _ps) =0



which contradicts (3). Thus V' is an independent set in G of size at least kL+1 By ie, a(G) >
k n

E+1
During the algorithm each vertex and each edge is considered only a constant number of times,
hence, with #¥ > 1 the running time is O(|€]). 0

For fixed integers k > 1, there are examples of (k + 1)-uniform hypergraphs whose independence
numbers match the lower bound (1) up to constant factors. Simply take n/x vertex disjoint
copies of complete (k + 1)-uniform hypergraphs on z vertices each where t* ~ (* ;1) However,
quite often the hypergraphs under consideration are in some sense sparse, and for these the
general lower bound (1) can be improved as can be seen in the following.

A cycle of length ¢ in a (k + 1)-uniform hypergraph G = (V,€) is a set of ¢ edges from &
whose union contains at most ¢ - k vertices. An ¢-cycle is a cycle of length ¢ which does not
contain any cycles of length 2,3,...,7 — 1. To specify the notion ‘sparse’ mentioned above,
we define a hypergraph G to be uncrowded if it does not contain any 2-, 3- or 4-cycles. For a
vertex v € V let d(v) denote its degree, i.e., the number of edges F € £ which contain v. Let
A(G) = maxyey {d(v)} be the mazimum degree of G. For a subset V! C V let ' = (V', &)
with & = € N [V']F*! be the on V' induced subhypergraph of G.

For uncrowded hypergraphs, the lower bound (1) was improved by the following powerful result
of Ajtai, Komlés, Pintz, Spencer and Szemerédi:

Theorem 2.2 [2] Let k > 2 be a fized integer. Let G be a (k + 1)-uniform hypergraph on n
vertices. Assume that

(i) G is uncrowded, i.e., contains no 2-, 3- or 4-cycles, and
(ii) the mazimum degree A(G) satisfies A(G) < tF where t > to(k), and
(iii) n > no(k,t),

then the independence number «(G) satisfies

a(G) > @ SURLE % ()% (4)
Various applications of Theorem 2.2 have been found including the disproof of Heilbronn’s
conjecture [30], results on Sidon sets [4], Steiner-systems [40], complexity theory [37], Ramsey
numbers [3], geometric selection problems [34], Turdn numbers for random graphs [29] and graph
coloring problems [8], [16] and [33].

Indeed, for a certain range of the involved parameters k,n,t inequality (4) is best possible
up to constant factors as a random hypergraph argument shows. Namely, for a fixed integer
k > 1 consider a random (k + 1)-uniform hypergraph on n vertices, where the edges are chosen
independently at random with probability p = (t/n)k, where n >t > k. Let | = C-n/t-(Int)/*,
where C' > 0 is a large enough constant. For a fixed /-element subset I C V of the vertex set,
the probability that I is an independent set, is equal to

! SR (1 — 0
(]_—p)(k+1) < emp{—p- (kj.]_)} < emp{_p l i 4(_11)! (1))}




where we used the inequality 1 —z < exp{—x} := e *. Using the inequality () < (e- n/l)!, the
expected number of independent sets of size [ in the random hypergraph is at most

n p- 1M (1= o(1)
(z) 'exp{_ (k + 1) }

e-n p-1F(1—o0(1)) :
< (e

et k(1 —o(1) -t )\’
= (5'(1111&)1/%'6@{_ (k+1)! })

e Inlnt  C*¥-(1—o0(1))-Int :
= (E'exp{lnt_ ko (k + 1) })
< 1

for C* > 2. (k+1)! and ¢ large enough. However, the expected number of cycles of length i < 4
in the random hypergraph is at most

nik . pi — tik < t4k

By Markov’s inequality there exists a hypergraph G on n vertices with at most

n tk
3.p- <3.n-
P <k+1>— RNCE

edges which contains no independent set of size C' - n/t - (Int)"/* and with at most 9 - t* cycles
of length at most 4. Note that for each induced subhypergraph G’ of G we have «(G') < a(G).
Now, omitting one vertex from each cycle of length at most 4 gives a (k4 1)-uniform uncrowded
hypergraph on n — 9 - t** = (1 — o(1)) - n vertices, with average degree at most 3/k! - t* and
with independence number at most C' - n/t - (Int)'/*, provided t** = o(n). Hence, for many
hypergraphs inequality (4) is best possible up to constant factors.

Notice, that in (4) we gain a logarithmic factor, if we compare it to Turdn’s lower bound (1).
This additional logarithmic factor is of interest as in several applications one can use Theorem
2.2 to prove lower bounds which, with respect to the corresponding applications, asymptotically
match the upper bounds.

Recently, Fundia [19] gave a polynomial time algorithm, which finds an independent set of size
asymptotically at least as guaranteed by inequality (4).

Theorem 2.3 [19] Let k > 2 be a positive integer. Let G be an uncrowded (k + 1)-uniform
hypergraph on n vertices with average degree t* where k* - t** < n, and k < t. Then, one can
find in time O (n3 -6k lnt) an independent set of size at least €2 (n/t (lnt)l/k>.

Notice, that in uncrowded (k + 1)-uniform hypergraphs G = (V, &) with |V| = n two edges have

at most one vertex in common, hence, |£] < (2)/(*11).



We remark that in Theorem 2.3 the condition k* - #** < n is not that important, cf. [8], if we
ignore for the moment the algorithmic aspects. Namely, if k* - ** > n, then we set

4 44k 4 q
N:{u-‘
n

and we form a new hypergraph H = (V',&’) by taking N vertex disjoint copies of G. Clearly,
|[V/| = N-nand |€'| = N-|€], thus G and H have the same average degree. However, H fulfils the

assumptions of Theorem 2.3, and we obtain in time O ((N -n)® % . 1n t) an independent set of

size (N -n/t- (Int)t/ k) Then, restricting the independent set to one copy of G yields the de-

sired result, i.e., an independent set of size Q(n/t- (Int)'/*). We have in uncrowded hypergraphs
t = O(n'/*), hence, we infer for the running time O ((N -n) - Ok lnt) =0 (tlgk . lnt) =
O (n'® - Inn), i.e., polynomial running time for fixed k.

Contrary to our considerations of blowing up the hypergraph, i.e., taking copies, we will work
on small subhypergraphs of G to keep the running times of the corresponding algorithms small,
cf. Kortsarz and Peleg [31]. Throughout this paper, k£ will always be a fixed positive integer
with & > 2, and t*, the average degree, will always be an increasing function of n, the number
of vertices of the hypergraph, i.e., t = t(n) — oo with n — oo.

Theorem 2.3 does not seem to be applicable to many hypergraphs. In general, the hypergraphs
under consideration are not uncrowded and have quite a lot of 2-; 3- or 4-cycles. However, as we
will see, in several cases, the trick is to choose at random an appropriate small subhypergraph
which turns out to be ‘nearly’ uncrowded, i.e., has only a few small cycles. After deleting these
cycles one can apply Theorem 2.3. Indeed, seemingly against the intuition, one chooses vertices
with a probability p = ¢ 1*¢ for some € > 0 which is a little bigger than that one would usually
take, i.e., p = t~1. But this gives the improvement by a logarithmic factor.

In the following we state our main results. First, we improve Theorem 2.3 as follows.

Theorem 2.4 Let k > 2 be a fized positive integer. Let G be an uncrowded (k + 1)-uniform
hypergraph on n vertices with average degree t* and t — oo with n — oo. Then, for each fized
0 >0, one can find in time

n3
O (n At tg—_6> (5)

an independent set in G of size at least ) (n/t . (lnt)l/k).

The parameter > 0 can be chosen to be small. Thus, the more edges the hypergraph has, the
closer is the running time to the linear one O(n - t*). However, as t = O(n'/*), for k > 3 and
§ > 0, the time bound is always O(|€| + n3~=3/k+0) = O(n3=3/k+9),

The proof of Theorem 2.4 shows that with the factor ¢ in the running time there comes a factor
(6/(6k + 4))'/* in the quality of the solution. Hence, for k > 3, dropping the running time
from O(n®/t3=%) to O(n?/t3=%/2), i.e., by the factor */2, means that we loose in the guaranteed
quality the factor 21/*,



Corollary 2.5 Let k > 2 be a fized positive integer. Let G be an uncrowded (k + 1)-uniform
hypergraph on n vertices with average degree at most t* and t — oo with n — co. Then, for
each fixed 6 > 0, one can find in time

R
an independent set in G of size at least 2 (n/t . (lnt)l/k).

Proof: If the average degree t(G)* of G satisfies t(G)* < t¥/Int, then by Theorem 2.1 we find
in time O(n - t(G)*) = O(n - t*) an independent set of size

Q (%) - Q (% : (lnt)l/k) .

Otherwise, if t* > t(G)* > t*/Int, then we apply Theorem 2.4 with &' = §/2 and we obtain in
time

k n’® k n? (3—=0")/k k n?
O | n-t9) +W =0(n-t —|—W-(lnt) =0ln-t +t3——6

an independent set of size at least (n/t(g) . (lnt(g))l/k) =Q (n/t . (lnt)l/k). Here we used
that the function f(t) = (Int)"/*/t is decreasing for ¢ > 2. 0

It turns out that the 2-cycles are important. For a hypergraph G = (V, &) a 2-cycle { Ey, Ex} with
Ei, By € € is called (2, )-cycle if |Ey N Eo| = j. Let s2;(G) denote the number of (2, j)-cycles
ingG.

The next theorem yields an algorithmic version of the existence result which was proved by
Duke, Lefmann and Ro6dl [16]. The following corollary 2.8 gives an algorithmic solution of a
conjecture of Spencer [45].

Theorem 2.6 Let k > 2 be a fized integer. Let G = (V,E) be a (k + 1)-uniform hypergraph on
n vertices with average degree t* where t — oo with n — co. If the (2, j)-cycles satisfy

52,j(G) < c-m 2T

for 3 =2,3,...,k, and some constants c,~y > 0, then one can find for every fized 5 > 0 in time
O (n -tk 4 29?22 s2.;(G) + n3/t3_5) an independent set of size at least

C(k, 7,6, c) - % ()"

Corollary 2.7 Let k > 2 be a fized integer. Let G = (V,E) be a (k + 1)-uniform hypergraph on
n vertices with average degree at most t* where t — 0o with n — oo. If the (2,4)-cycles satisfy

82,j(g) <c-n- t2k+1_j—'y
for 7 =2,3,...,k, and some constants ¢,y > 0, then one can find for every fived 6 > 0 in time
7 (n o 22?22 s24(0) + n3/t3_6) an independent set of size at least (n/t (lnt)l/k).

7



Proof: If the average degree ¢(G) of G satisfies t* > ¢(G)¥ > t¥/Int, then the (2,j)-cycles
satisfy

s2(G) <ec-n- 2RI < oo t(g)2k+1*j*7/2
for t large. Thus, the assumptions of Theorem 2.6 are fulfilled, and we obtain for every fixed § > 0
in time O (n -tk 4 E?:z s2.;(G) + n3/t3*5) an independent set of size at least Q (n/t . (lnt)l/k).
Otherwise, if t(G)* < t*/Int, we apply Theorem 2.1 and we obtain in time O(n - t*) an indepen-
dent set of size at least (2 (n/t (lnt)l/k). 0

As an immediate consequence of Corollary 2.7 we have the following:

Corollary 2.8 Let k > 2 be a fized integer. Let G = (V,E) be a (k + 1)-uniform hypergraph on
n vertices with average degree at most t* where t — 0o with n — oo. If G does not contain any
2-cycles, then one can find for every fixed § > 0 in time O (n R n3/t3_6) an independent set

of size at least (n/t (lnt)l/k).

3 Choosing Small Subhypergraphs

For proving our results, we use the idea of choosing small subhypergraphs on which we con-
trol certain parameters like the number of vertices, edges or cycles. The control on the small
subhypergraphs reflects a probabilistic approach.

Lemma 3.1 Let k > 2 be a positive integer. Let G = (V. &) be a (k + 1)-uniform hypergraph
with s2 ;(G) many (2,7)-cycles, j =2,3,...,k. For every p with 0 <p <1, one can find in time
Oo(V]+ €] + 29?22 $2.5(G)) an induced subhypergraph H = (V',&') such that for j =2,3,... .k
it is

V| >p/3-|V| and (&' <3-p" 8] and s2;(H) <3-(k—1)-p*27T .55 4(G) .

Proof: By inspecting each two-element subset which is contained in an edge F € £, we obtain
for each two-element set {z,y} all edges E € £ with {z,y} C E. This can be done in time
O(|€]). Then, the sets C}j, which contain the vertex sets of all (2, j)-cycles in G, j = 2,3,...,k,
can be constructed in time O(|V| + |€] + Z?:z 52,5(G)).

Let V = {v1,v9,...,v,}. Every vertex v; will be assigned a weight p; € [0,1], i = 1,2,...,n.
Define a potential V(p1,p2,...,pn) by

a 2 Speelloceli < >cec; v.copi
_ 3 H . Ecflly,eF Z i
Vipnpe,oop) =30 <1_§'pl) * 3. phtl. g " 3-(16—1)-]p2k+2*j-|0j| '
i1 i—

If pn < 6 any two vertices will do, since they do not yield an edge. Hence, we assume that

pn > 6. With p; = ... =p, =p > 6/n in the beginning, and using e”* > 1 — z, we infer
9 n k+1 e k 2k+2-7 | o.
Vip,...,p) = 3Pn/3‘<1 —-p> i p €] n p SJ(_g)
3. phktl. ] — 3-(k—1) - p2k+2—j . 32,j(g)

J

3
(3)pn/3+2<1
e2 3 '



The potential V(py,p2,...,py) is linear in each p;. As in the algorithmic argument for proving
Theorem 2.1, step by step, we decide which choice of p;, either p; = 0 or p; = 1, minimizes
the current value of V(py1,p2,...,pn). We choose a vertex vy to be in V' iff V(1,po,...,p,) <
V(0,p2,-..,pn). Doing this for all vertices vy, va, . .., v, yields the desired set V! = {v; € V | p; =
1}. We always choose the value of p; to minimize the value of the potential, i.e., finally, we have
V(p1,p2,---,pn) < 1, too. All summands in V(p1,ps,...,p,) are nonnegative. If the chosen
subhypergraph H = (V', &) with & = £ N [V']**! violated one of the desired properties, then
the corresponding summand would be bigger than 1 which is not possible by our strategy.
The computation of V(p, p, ..., p) in the beginning can be done in time O(|V|+|5|+Z§:2 52,i(G)),
and updating all the potentials V' (p1, ..., p,) during the algorithm can be done in the same time.
0

For a hypergraph G let 1;(G), i = 3,4, denote the number of i-cycles in G.

Lemma 3.2 Let k > 2 be a positive integer. Let G = (V,E) be a (k+ 1)-uniform hypergraph on
|V| = n vertices with average degree t*. If G does not contain any 2-cycles, then one can find in
time O(n +n - t*) an induced subhypergraph G' = (V',E") with |V'| > |V|/2 and

1i(G) < ¢i(k) -m - 07F (7)

for i = 3,4. The sets C; of i-cycles, i = 3,4, can be computed in time O(n + n - t(ifl)k) =
O(n +n - t3).

Proof: For each edge F € £ we mark in time O(|€]) all two-element subsets which are
contained in F by ‘E’. Then, in time O(1) we can decide whether a two-element set is contained
in some edge E € £ or not.

First we discard all vertices v € V with degree d(v) > 2(k 4+ 1) - t* = A and all edges incident
with such vertices v. This can be done in time O(n + n - t*). The resulting induced hypergraph
g = (V&) of G has |V'| > n/2 vertices. As G contains no 2-cycles, for each two distinct
vertices x,y € V', there exists at most one edge which contains both z and y. The maximum
degree of G’ is at most A, hence

ps(g') < %-n-<§>-k2§03(k)-n-t2k
pa(G) < i-n-<§>-k-A-k2§04(k)-n-t3k.

To determine the set C3 of all 3-cycles in G’, we consider each vertex v € Vp, and all pairs
{E1, B>} € [E')? of edges with v € Ey and v € F. This can be done in time O(n - A?). Then,
for each two vertices x € F1 \ {v} and y € E2 \ {v} we test in time O(1), whether there exists an
edge E € £ with z,y € E. Thus, determining the set C5 of 3-cycles in G’ can be done in time
O(n +n-t?). Similarly, one can determine the set Cy of 4-cycles in G’ in time O(n+n-t3¥). O



Lemma 3.3 Let G = (V,€) be a (k + 1)-uniform hypergraph on |V| = n vertices with average
degree t* where G contains no 2-cycles. For every p with 0 < p < 1, one can find in time
O(n +n - t3%) an induced subhypergraph H = (V',E') of G such that

V| > p/6-|V|
€' < 3-pMh e (8)
pi(H) < 6-p" - ci(k)-n-tEVE for i=3,4.

Proof: By Lemma 3.2, we find in G in time O(n+n-t*) an induced subhypergraph G’ = (V', ')
with V' = {v1,v2,...,v} and [V'| > [V|/2 which contains at most ¢;(k) -n-t~D¥ j-cycles. The
sets C! of i-cycles in G, i = 3,4, can be computed in time O(n + n - t3¥). Then we apply to G’
the same derandomization technique as in the proof of Lemma 3.1 using the potential

2 T 4 S cecr [y, pi
-2, ‘)+M+Zﬁ ec; HviecPi

— qpn/6

v, EV'! j=3

and we obtain in time O(n + n - t3*) an induced subhypergraph fulfilling all properties (8). O

Similarly, one can show the following:

Lemma 3.4 Let G = (V,E) be a (k+1)-uniform hypergraph with |V | = n and with average degree
th. For every p with 0 < p < 1, one can find in time O(n + n - t*) an induced subhypergraph
H=(V"E" such that

V| >p/2- V]| and |E'| <2 -pk"'1 &) .

Proof: We apply the same derandomization technique as in the proof of Lemma 3.1 by using
the potential

n
; Y peellycrpi
v :2pn/z,H<1_&> 2pee lviepPi
(p17p27 7pTZ) F 9 + 2_pk+1 . |g|

4 Avoiding 2-Cycles

Here we will give the proof of Theorem 2.4.

Proof: Let G be an uncrowded (k + 1)-uniform hypergraph on n vertices with average degree
t*, thus ¢t = O(nl/k). The idea is, to choose a small induced subhypergraph Gy of G to which we
apply Theorem 2.3.

First, we apply Lemma 3.4 to G with p = t~1*€ where € = min {%H’ %}, and we obtain in

time O(n - t*) an induced subhypergraph Gy = (Vp, &) of G with

Vol >p/2-1V] and [&]<2-pFTL-|€|.

10



Notice that if we had chosen the probability to be p = 1/¢, then the resulting subhypergraph
would only have n/t vertices, but our aim is to find an independent set of size at least Q(n/t -
(Int)1/*).

The hypergraph Gy has average degree

HGo)t <t =4-(p-0)F .

If t(Go) < p-t/(In(p-t))/*, then we apply Theorem 2.1 and we obtain in time (p-n + p**+1-|€])
an independent set of size

0 (%) —0 (% (In(p - t))l/k> —0 (% - (lnt)l/k> .

Otherwise, let t(Go) > p-t/(In(p - t))1/*. We have t/(e - Int)/* > k, as k, e are constants and
t — 0o with n — co. With t = O(n'/*) and € < (k — 1)/4k we infer
p/2-n=mn/2-t71TE > gt gthe — A g2k

hence the assumptions of Theorem 2.3 are fulfilled, and we apply it to the hypergraph Gy. By
omitting some more vertices we can assume w.l.o.g. that |Vo| =p/2-n. As e < /(6k +4), we
obtain in time

3 3
3 6k _ n _ n
an independent set of size at least
0 <M . (1nt0)1/k> —-Q (M - (In(p - t))l/k> -0 (ﬁ . (lnte)l/k) -0 <ﬁ . (mt)l/k)
to p-t t t
as € > 0 is a constant. Here, we used that the function f(t) = (Int)'/*/t is decreasing for ¢ > 2.
The algorithm has the desired running time O (n -tk 4 n3/ t3_5). 0
Indeed, provided an algorithm does not require any assumptions on the mutual growth of &, ¢, n,

we have the following Meta-Algorithm:

Let k > 2 be a fized integer. Let G be an uncrowded (k + 1)-uniform hypergraph on n vertices
with average degree t* and t — oo with n — oo. Let § > 0 be any fized real number.

If one can find in time f(n,t) an independent set in G of size Q(n/t - (Int)*/*), then one can
find in time O(f(n/t'=0,1%) + n - t*) an independent set in G of size Q(n/t - (Int)'/*).

Now we come to the proof of Theorem 2.6.
Proof:  Let the (2,j)-cycles of G satisfy s2;(G) < c-n - t2RH1==7 for j = 2,3,...,k and
constants ¢,y > 0. Set

p= t71+6 (9)

with

R T
= min —_— .
¢ 2% 3k + 2

11



By Lemma 3.1 we obtain in time
k
O(VI+ €]+ 52,4(G)) (10)
j=2

an induced subhypergraph Gy = (V5,&)) of G such that, possibly after omitting some more
vertices, we have

Vo| = p/3-|V|, and
& < 3-pFL.|€], and
$25(Go) < 3-(k—1)-p? . 5y;(G) forj=2,3,... k.

With (9) for ¢t > 2, i.e., t > tg(€), we have for j =2,3,...,k that

p2k+2*] on - t2k+1*]*’7 > 2 ‘p2k+2*]71 on - t2k+17]7177 7

hence, since € < v/2k and t > to(k,7), i.e., 7 > (36 -c- (k — 1))?*, we have

k k
D s2(Go) < D 3-(k—1)-p?2 T 555(G)
j=2 j=2
< 6-(k—1)-c-p.n.- 2?17
< 6-(k—1)-c-n-t7iTH2ke
< 36-(k—1)-c-t"% -(p-n/6)
< p-n/6,
thus,
k
Vol > 23 52,4(Go) - (11)
j=2

The sets of (2, j)-cycles in Gy can be constructed in time O(p - n + |&| + Z?:z s2.;(Go)). By
loosing at most half of the vertices, cf. (11), we delete in Gy in time

k
43 n n n
o (p 4 ptth €]+ Z $2,j(9) -t ]) =0 (tle + A—(k+1)e + t1+72k6> =oln)

i=2

for e < 1/(k +2) and € < 7/2k one vertex from each 2-cycle. By deleting possibly some more
vertices we obtain an induced subhypergraph G, = (V1, &) of Gy with

Vil=p-n/6 and |&|<3-p"*L. €],
such that G; contains no 2-cycles anymore. Then we have

(k+1)-|&|

a6 =18-(p-t)~. (12)

t(G1)* <

12



Next we apply Lemma, 3.3 to the hypergraph G; with
< 1 )1_61 —e(l—ey)
pr=|— =1 '
p-t
where €; = (k—1)/4k, and we obtain a subhypergraph G = (V3, &) of Gy, which, after possibly
deleting some more vertices, satisfies
|[Va| = pip-n/36
&) < 3Py elE] <9 (mp) 1]
and, by (8), (12), for i = 3,4 also fulfills

1i(G2) < 6-piF - ci(k) - l% (G VR < i (k) - pitpon- (18- ph Ry

This can be done in time O(p-n+p-n- (p-t)*F) = O(n - t~1T¢GF+1)) = o(n). We claim that

Vol >4 (u3(G2) + pa(G2)) - (13)
Namely, by our choice of p and py, ie., p =t~ € and p; = ¢t~ we have
pip-n

36 > 8- ¢i(k) -pik -pn - (18 ke tk)i*1

= 1>288-¢i(k)-pit=t. (18- pF . ¢k)i-t

= 1>288-18" . ¢(k) -t tealik=1)
Thus, for ¢ < (k —1)/(4k — 1) and ¢ large enough, (13) holds, and G» contains at least four
times as many vertices as 3- and 4-cycles. Moreover, the average degree of G, satisfies t(Go)* =
O((p1p - t)¥). We omit in Gy all vertices of degree bigger than 2 - (k + 1) - (G2)¥, hence, loosing
at most pyp - n/72 vertices, and then we determine in the resulting induced subhypergraph G,
of G- the sets of 3- and 4-cycles in time

O(p1p-n+pip-n-t(G2)*) = O(pip - n - (prp - 1)*) = O(n - 711 BEH)) = o(n)

for ee; < 1/(3k + 1). By deleting in time o(n) one vertex from each 3- or 4-cycle from G5 we
obtain a subhypergraph Gs = (V3,&3) of Gy, which does not contain any 2-, 3-, or 4-cycles, i.e.,
Gs is uncrowded and satisfies w.l.o.g.

Vs = |Va|/2 = p1p-n/144 and |E3| <9 - (p1p)FTL- €],
thus,
(k+1)-9- (pip)*+" - €]
pip - n/144
To the hypergraph Gs we apply Corollary 2.5, and for fixed 6 > 0 we obtain in time

.n)3 n3
o) ()

an independent set in Gs, and hence in G, of size at least

0 (222t prp- ) ) = 2 (4 - () )

as desired. The overall running time is given by (10). 0

t(Gs)k < = 1296 - (p1p)F - ¢* .
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5 Applications

In this section, we give applications of our results to some combinatorial problems. Our ar-
guments are guided by the probabilistic existence proofs. However, for computational reasons
additional ideas are required.

Definition 5.1 Let X be a set. A triple system F C [X]? is called a partial Steiner triple
system if for any two vertices x1,x9 € X there is at most one set F' € F with {x1,z2} C F.

Hence, every partial Steiner triple system F is nothing else than a 3-uniform hypergraph which
contains no 2-cycles, i.e., |[F| <1/3- ().
The next result is essentially a reformulation of Corollary 2.8.

Corollary 5.2 Let X be an n-element set, and let F C [X]? be a partial Steiner triple system.
Then, one can find in time O(n?) an independent set I C X with

l[I| >c-Vn-Inn. (14)

We remark that the existence of an independence set of size as in (14) was shown first by Phelps
and Rodl [36].
Proof: Since t> = O(n), by Corollary 2.8 we find such an independent set of size at least

Q(vn-Inn) in time O(n?). 0

In the following we consider a generalization of partial Steiner triple systems.

Definition 5.3 Let h, k be positive integers with h < k. Let X be an n-element set. A family
F C[X]F*Y of (k+1)-element subsets is called (n,k+1,h)-Steiner system, if for any two distinct
sets Fy, Fy € F, it holds |Fy N F3| < h.

In a (n,k + 1, h)-Steiner system F on X, each h-element subset of X is contained in at most
one set F € F, hence, |F| < (Z)/(k;;l) Note that an (n, 3,2)-Steiner system is a partial Steiner
triple system. In every (n,k 4+ 1,1)-Steiner system F distinct sets F, F’ € F are disjoint, hence,
|F| = O(n) and a(F) > kiﬂ -n, and such an independent set can be found easily in time O(n).
For values h > 2 we have the following result.

Theorem 5.4 Let X be an n-element set, and let F C [X]**! be an (n, k+ 1, h)-Steiner system
where h > 2. Then, for every § > 0 one can find in time O(n/'+n3=3-(h=1/k+d L p2h=3—(h—1)/k+7)
an independent set I C X with

k—h+1

I|>c-n % - (lnn)¥ . (15)

Indeed, the lower bound in (15) can be written in terms of |F| as

k) VF Fa 1/k
>c- . =1
|I| > ¢ <|}_|> (ln(n)> ,

however, we will show only (15).
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The existence of an independent set of size at least as given in (15) was proved by Ro6dl and
Sinajova [40]. They also showed by using the Local Lemma of Lovasz, cf. [5], that there
exists an (n,k + 1, h)-Steiner system F with independence number bounded from above by
C - nk=h+1/k . (Inn)'/* for some constant C' > 0. Hence, in general for |F| = ©(n") one cannot
expect, up to constant factors, any better bound than (15).

Concerning the running times in Theorem 5.4 we have O(n2) for h = k = 2, and O(n3~3/k+9)
for h =2 and k > 3. For h > 3 we have the time bound O(n2"—3-(h-1)/k+d),

Proof: Let F be an (n,k + 1, h)-Steiner system on X. The corresponding hypergraph (X, F)
is (k + 1)-uniform with |F| < (})/(*}!) edges and has average degree

E+1)- (%
t(f)’“gt’“:(,mi)h)gcl-nhfl.
(h)'”

First, we consider the (2,7)-cycles in G = (X, F). For each set F' € F, we take a j-element
subset S C F and try to extend it to a set F’ € F. This can be done in at most O(n"~7) ways.
Thus,
. . h—j c.p2h—J
$2,j(G) < ¢j - |F|-n") <cg5-m

for j =2,3,...,h — 1. Moreover, constructing the set of (2, j)-cycles can be done in time

o (1)

Also for every subset X' C X, the induced subsystem G' = (X', ') with F' = F N [X']**! we
have

| X'|
s2,5(G") < - |F']- (h iy

for j = 2,3,...,h—1 and the set of (2, j)-cycles in G’ can be determined in time O(|F'[-| X'|"~7).
Given § > 0, by Lemma 3.4, for p = n~1/*+€ with 0 < € < min {1/k,0/(k + h — 1)}, we select
in time O(n") an induced subsystem (X, Fy) of (X, F) which satisfies, after possibly omitting
some more vertices,

[Xol =p/2-|X| and |Fo| <2-p"1-|F].

Then
t(F)E<th=4-(p-t)*.

For sequences ay,,b,, n = 1,2,..., let a, < by, if a, /b, — 0 with n — oo. To apply Corollary
2.7 we want to have for some constant v > 0 that

. n .

p (,]: ) < prn- (o)1
—j

kE—h+1

PN p*(k*h+1)+7 . n*(jfl)' 3 +7‘% <1

n_(j_g).%_e.(k_h_kl)ﬁ_v.w <1
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and the last inequality holds, since j > 2, for v < (e- (k —h +1))/((h — 2)/k + €). By Corollary
2.7 we obtain an independent set in Fy, hence in F, of size at least

Q (1% - (1nt0)%> ~0 (% (In(p - t))%) = (n* - (lun)

0

It

The time for doing this is for any ¢, 0* > 0 with and §* - % <9,

h—1 3

i, p-n)

O(p-n+pk+1-nh+ E pPonl . (pon)h J+W
=2

O (pk+1 )h—2 + n3—(3—5*)-%)
_ O(n2h 3—tdpe(kth— 1) 4 p3-3(h— 1)/k+6)
@)

( 2h—3— ;1+6+n3 3(h— 1)/k+6) ‘

Thus, the total running time is O(n® 4 n3=3(=1/k+0 4 p2h=3=(h=1)/k+0) for each given § > 0. O

The following problem was considered the first time by Erdés and Guy [18]: Determine the
maximum cardinality of a subset X of the n x n-grid such that all mutual Euclidean distances
between distinct points of X are distinct. By a Greedy-type argument it was shown in [18] that
for every € > 0 such a set X with | X| > ¢; .n2/3¢ exists. By a probabilistic argument, this lower
bound was improved by Thiele [46] to | X| > co-n%/3/(Inn)"/3. Subsequently, in [34] the existence
of such a set X with |X| > ¢3-n%/® was shown. The problem how to achieve this nonconstructive
lower bound remained open. Here we will give such an algorithm. Such problems are somewhat
related to problems arising from measuring distances using sonar signals, cf. [17], [21] and [22].

Theorem 5.5 One can determine in time O(n® -Inn) a subset X of the n x n-grid, such that
the distances between distinct points of X are mutually distinct and

1X| > c-n??. (16)

We remark, that by results from number theory currently one can show only the upper bound
|X| < c-n/(Inn)/4, cf. [18].

Proof: Let G, = {1,2,...,n} x {1,2,...,n} denote the vertex set of the n x n-grid. We
form a (nonuniform) hypergraph ¢ = (V,E3U &) on V = G, with & C [V]® and & C
[V]* as follows. Let d(x,y) denote the Euclidean distance between x and y, i.e., d(z,y) =
V(1 — 22)? + (y1 — y2)? for x = (x1, 22) and y = (y1,y2). For pairwise distinct vertices z,y, 2 €
V we form a three-element edge E = {x,y,z} € & if and only if d(x,y) = d(x, z). Moreover, for
pairwise distinct vertices o1, 22, 23, 2* € V we form a four-element edge E = {x!, 22, 23, 2%} € &
if and only if d(z!, 2?) = d(2®, 2%).

Our strategy will be to find a large independent set I C V in the hypergraph G. Clearly, an
independent set I C V is (in the grid) a set with mutual distinct distances. We will find this
independent set I C V again by picking vertices at random, and using derandomization. The
usual process of choosing a subhypergraph and controlling the number of (2, 2)-cycles right from

the beginning would result in a running time of O (n8+lnlcnn ) Therefore, some additional ideas
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are involved here to get the time bound O(n® - Inn). To achieve this, we will control the (2, 2)-
cycles at a later stage. We remark that |€3 U 4| = O(n® - Inn) as will be seen later. Thus, our
algorithm will be linear in the size of G.

In a preprocessing we compute and store the sets S; of all solutions of the diophantine equation
22 +y?> =dford=1,2,...,2(n — 1) with integers = and y. For a fixed value of d this can be
done in time O(v/d) by simply inserting = = —|vd], —|Vd] + 1,...,[Vd] in 22 + y?> = d, and
solving this for y. This preprocessing can be done in time

0 (Z(nzw \/E) =0(n*) .

For positive integers d let ro(d) denote the number of solutions of the equation z? + y? = d
within the integers. By a result of Wigert, cf. [25], we have

max {ra(d) | d=1,2,...,n} < nkian (17)

for some constant ¢/ > 0, hence,
/

84l = ra(d) < nm

for d =1,2,...,2(n —1)2. We will use the following identity due to Ramanujan [39]

m

23(7"2(d))2 =0O(m-lnm) . (18)

d=1

Given the n x n-grid, we first construct the sets £ and &, of edges. For d = 1,2,...,2(n —1)?
and for each vertex xy € V there are at most |Sy| vertices 2!, 22, ..., 2! € V with d(x¢,27)? = d,
7 =1,2,...,1, and all these vertices can easily be determined by a coordinate transformation
r — x — 20 in time O(ra(d)). Then, {zg, 2,27}, 1 <4 < j <1 yields a three-element edge in &3.
Hence, using (18) the set &3 of three-element edges can be constructed in time

2(n—1)2 ro(d) 2(n—1)2
O | n?- Z ( 22 > =0 |n?- Z (ro(d))? :O(n4-lnn) ,
d=1 d=1
and we also infer
€3] < ¢3-nt-Inn. (19)

In a similar fashion we construct the set &4 of four-element edges. Namely, we pick two distinct
vertices z,y € V and consider the sets A= {z € V | d(z,2)> =d} and B = {w € V | d(y,w)? =
d} for d = 1,2,...,2(n — 1)%2. Then, {z,y,z,w} with 2 € A, w € B and 2z # w yields a
four-element edge E € &4. Using (18), this can be done in time

2(n—1)2
O (n2 n?- Z (T‘Q(d))2) =0 (nG . lnn) ,

d=1
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and, also
€4 < cq-n®-Inn . (20)

We want to find again a small, but large enough, uncrowded induced subhypergraph in G. The
running time will depend essentially on the number of (2, j)-cycles which we have to handle and
which are determined by pairs of distinct edges from £4. Consider only the 4-element edges in G,
ie., G| = (V,&). We show how to construct the sets Cy 5 and Ca 3 of (2,2)- and (2, 3)-cycles
in G|&, 7 = 2,3. Fix an integer d with 1 < d < 2(n — 1)2. We fix a vertex x € V, and we
consider the set S(z;d) of all vertices * € V with d(z,2*)? = d, i.e., |S(2;d)| < ra(d). We
pick two more vertices y,z € V' \ {z,z*} and determine the sets S(y;d) and S(z;d). Any pair
{Hz, 2%, y,y*}, {x, 2%, 2,2* }} with y* € S(y;d) and z* € S(z;d) yields a (2,2)-cycle in G if the
vertices x,x*,y,y*, 2, z* are pairwise distinct. Moreover, for an edge F = {2',2% 2°, 2} € &
with d(2!, 2%) = d(2®, 2*) and two distinct vertices y, z € V' \ E with d(z%, 2*) = d(y, z) or with
d(22,y) = d(z*, 2) the pair {{z!, 22 2, 24}, {22, 2%, y, 2}} also yields a (2,2)-cycle. Hence, using
(17) and (20) the time to construct the set Cz2 of (2,2)-cycles is given by

O (Jeal-n® - maz{ra(d) |1 £ d < 2(n = 1)*}) = O (n*7w -lnn) = O (n*wfir) — (21)
for some constant ¢ > 0. Thus, for some constant co 2 > 0, we have
$2.2(G|E4) < a0 - NS i

To construct the set Cy3 of (2,3)-cycles in G|&4, we pick an edge E € £ and a three-element
subset S C E, which determines a constant number of distances. Then S can be extended in at
most O(max {ro(d) | 1 < d < 2(n —1)?}) ways to an edge E' € & with S C E'. Thus, we can
construct the set Co 3 in G|&4 in time

O(|€4] - max {r2(d) | 1 < d < 2(n —1)2}), (22)

and also for some constant co 3 > 0 we have

!

< _c
32,3(g|€4) S 0,273 . n6 . lnn + N Inin S 02,3 . n6+lnlnn .

However, we do not construct the sets C5; of (2,7)-cycles right from the beginning. We first
determine a small, but big enough induced subhypergraph, where we only control the number
of vertices and edges, and in this we will construct the sets of (2, j)-cycles, j = 2,3.

From (21) we infer that every induced subhypergraph G’ = (V',£’) of the hypergraph G|&4 =
(V,&4), consisting only of the four-element edges, satisfies

522(0") = O(I€']-[V'| - max {ra(d) | 1 <d <2(n—1)%}) = O (|€'] - V'] - i ) . (23)
Similarly, with (22) we infer that
523(G") = O (€| - n7wiam ). (24)

Also, the set of (2,2)-cycles in G' can be determined in time O (|5'| V- nm), and the set
of (2, 3)-cycles can be constructed in time O (|5’| . nﬁ)

18



Lemma 5.6 Let p be a real number, 0 < p < 1. Then, one can construct in time O(|V|+|E3|+
|E4]) a subhypergraph Go = (Vo,ESUEY) of G = (V,E3 U &) with E) C &, i = 3,4, such that
Vol =p/3 - |V] and |EY] < 3-p> - |E3] and |ED] < 3-p* - |&4].

Proof: The proof follows earlier arguments, cf. Lemma 3.4. For V' = {v1,va,..., v}, we use
the potential

2 >+EE€€3 [lo,eepri  >Xpee, v.crpi

o 8 T (12
(plap27 ,pm) g 3 bi 3p3|53| 3p4|g4|

We obtain in time O(|V| + |E3| + |€4]) a subhypergraph Gy = (Vo, EY UEYD) of G = (V,E3 U Ey)
with [Vo| > p/3 - |V] and |€9] < 3-p® - |&| and |EF| < 3 p* - |E4|. By omitting possibly some
more vertices we get [Vo| =p/3-|V|. 0
In time O(|V| + |&3| + |€4]) = O(n® - Inn) we apply Lemma 5.6 to the hypergraph G with

p — n72/3+6 (25)
where 0 < € < 2/3, and we obtain a subhypergraph Gy = (V5, Y U £Y) of G with
Vol =p-n?/3, [E9] <3-p°-|&|, |1 <3-p*-|E4. (26)

Virtually we have no control on the number ss;(Go|EJ) of (2,7)-cycles, j = 2,3, in Go|&J.
However, by (23) we know for e < 4/15 that

522(GolE]) < by |ES] |Vl nialan

< 0372-p4-n6-1nn-p-n

C
8—l_lnlnn

2

—_c
+ Ninlnn

A

5 P’ ‘lnn

. n14/3+5e+ m

IN
o o
% N *

-lnn
= o(n®-1nn). (27)

Moreover, for € < 2/3 we infer from (24) that

52,3(G0.€§) < g |E]] nim
< o pton®t e - lnn
< c3- nlOBHE Fiw  nn
= o(n®-1nn). (28)

The value p is chosen in (25) such that the assumptions of Corollary 2.7 are fulfilled for the
hypergraph Go|€Y, i.e., we choose for p that minimal value, for which the following two conditions
hold for some constants ¢,y > 0:

s2,2(Gol&9)
s2,3(Gol&9)

We proceed similarly as in the proof of Theorem 2.6. Namely, we use the following lemma whose
proof is along the lines of former statements:
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Lemma 5.7 For every p1 with 0 < p; <1, one can construct in time
O (1ol +1€3] + |€9] + 52,5 (GIES) + 52.2(Gol€9))

a subhypergraph Gy = (V1,EX UEL) of Go = (Vo, EY U EY) with EF C &

[

1= 3,4, such that
Vil =p1/5- Vol , 1E31 <5-p3-1E5], [E41 <5 -pi-|€F), s23(GilEL) <5-p-sa3 (go|5£) ;
and s2.2 (G1]€5) < 5-pF - s2.2 (Gol€7)-

Before applying Lemma 5.7 we estimate the corresponding running time, namely using (19),
(20), (25), (26), (27) and (28) we obtain

O (IVl + €5] + 1E9] + 52,5(GIED) + 52,2(G0€8)) = o(n® - lnn) .

()3 1_61_ 1\l =
n=(" ) =)

€

T het+11/3°

By Lemma 5.7 we obtain in time o (n®-Inn) a subhypergraph G = (Vi,E2 U&}) of Gy with
EL C &Y i =3,4, where

Let

where

(29)

€1

V| = P Vo = pip 2 1 12/3+261 [3+eer

5 15 15 ’

and,
€3 <5-p}-1E9] < 15-p} - pP - |&3] < 15 5 - n®1P3  Tun = oA ) .

For the number of (2, 3)-cycles we have using (28) that

52,3 (91|5i) 5-p}-s23 (go|52)

_c
15-¢co3 R nt0AH T nn

—e+10€1 /3+5ee1+ ﬁ

INININA

15'02,3'71 -lnn

o([Vl) -

Finally, using (27) we obtain for the number of (2,2)-cycles

522 (g1|5i) 5-p8 - 522(Gol€Y)

14/3+5¢+ iy m

IN

A

* 6
5-0272-p1-n -lnn

IN

5. 0372 . n2/3—6+461+6661+ﬁ

o([Va]) -

-lnn
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Summarizing, we have |E1| + s2.3 (G1/€4) + s2.2 (G1|€F) = o(]V1]). We delete from Gy one vertex
from each three-element edge E € £3 and from each (2,2)- or (2,3)-cycle in G1|£Y, and, possibly
deleting some more vertices, we obtain a 4-uniform induced subhypergraph G = (V,£3) of Gy
with Wi
1 pip 2
Va| = S =39 "
and
€21 < 15-ca- (pip)* - n®-Inn,

and Go contains no 2-cycles anymore. By Corollary 2.8 we obtain an independent set in Go, and
hence in G, of size

2 2
pip-n . . 1/3 - n . 2e1/34€€1 | 1/3
Q ( o1 (In(p1p - t)) > = Q ( " (ln (n ! ! lnn))
2

— S L — 1/3
= Q<n4/3-(lnn)1/3 (Inn) )

= Q (n2/3> .

as €,e; > 0 are fixed.
The time for doing this is for any given ¢ with 0 < § < 1

. n2)3 n®
0 (o4 P2 0 (G4 1)
= O ((Plp)4 -n8 . Inn+ n2+45/3)

- 0 (n2/3+861/3+4661 2+46/3)

= o(nG-lnn) .

lnn+n

The next result gives a k-dimensional version of Theorem 5.5.

Theorem 5.8 Let k > 3 be a fized integer. For every fixed 0 > 0, one can find in time
O(nSk=22/349) 4 subset X of the k-dimensional n x ... x n-grid, such that the distances between
distinct points of X are mutually distinct and for some constant ¢ = c(k,d) > 0 it is

1X| > c-n??. (Inn)'/3. (30)

The existence of such a set X which satisfies (30) was shown in [34]. We remark that here only
the upper bound |X| < ¢-Vk - n is known, as shown by Erdos and Guy [18].

Proof: Let V = {1,2,...,n}* be the set of vertices of the k-dimensional grid. As in the
proof of Theorem 5.5, we form a nonuniform hypergraph G = (V,& U &) with & C [V]?
and & C [V]* as follows. For vertices x = (x1,22,...,2x) € V and y = (y1,¥2,...,yx) € V

let d(z,y) = Ele(xi —y;)? denote the Euclidean distance between z and y. For pairwise
distinct vertices z,y,z € V let {z,y,2} € & if and only if d(z,y) = d(z, z). Also, for pairwise
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distinct vertices ', 22, 2%, 2% € V let {a', 2% 23 2%} € & if and only if d(z!,2?) = d(23,z*).
Again our strategy will be to find a large independent set in G. In a preprocessing we compute
and store the sets S¥ of all solutions of the diophantine equation 23 + 23 + ... + 22 = d for
d=1,2,...,k(n —1)%. By inserting integers z1,xs,..., 2z with |z;] < v/d and solving for zy,
this can be done in time

k(n—1)2 kn?
O ( Z (2- \/g)k_l) = 0 (/ dex> =0 (nk'H) .
d=1 1

For positive integers d, let 7 (d) denote the number of solutions of 23 + 23 + ...+ z} = d within
the integers. Rewriting this as 27 + 23 = d — Y% 5 22, we infer with (17) that

re(n) < (2-vn)F2. max; <q< /pm r2(d) = O <n%_l+ﬁ) X
Hence, for fixed integers k£ > 3 we have
max{ry(d) | d =1,2,...,k(n —1)?} < nF 2 mam (31)
for some constant ¢ > 0, and, therefore,
K] = ri(d) < =2t

For fixed k£ > 3, we have by results from [34] that

n

> (rk(d)? =0 (nF 1) (32)

d=1
First we construct the sets &3 and £. For d = 1,2,...,k(n — 1)2, and for each vertex zg € V
there are at most |S¥| vertices z!,22,... 2! € V with d(z9,27)? = d, j = 1,2,...,1, and all

these vertices can easily be determined by a coordinate transformation in time O(ry(d)). Then,
{zg, 2", 27}, 1 < i < j <[ yields a three-element edge E € 3. Using (32), the set & of
three-element edges can be constructed in time

k(n—1)2 ro(d)
O | nk. Z ( Ic2 ) -0 (nk . (k_n2)k71) -0 (n3k72) ’
d=1
and, also
IE| < 3 - n3k=2

In a similar fashion we construct the set &4 of four-element edges. We pick two distinct vertices
z,y € V and consider the sets Ag = {z € V | d(x,2)? = d} and By = {w € V | d(y,w)? = d}
for d =1,2,...,k(n — 1) Then, {z,y,z,w} with 2 € A and w € B yields a four-element edge
E € &y if 2.y, z,w are pairwise distinct. Using (32), this can be done in time

k(n—1)2
O (nk .nk. Z (T‘k(d))2) -0 (n4k—2) :

d=1
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and, also
|€4| < cy- nik-2 (33)

As in the proof of Theorem 5.5, and using (31) the set Cy3 of (2,3)-cycles in the 4-uniform
subhypergraph G|€4 = (V,&4) can be constructed in time

O(|&s] - max{ry(d) | 1 < d < k(n — 1)*}) = O (- + i ) |
and, for some constant cz 3 > 0, we have
8273(g|€4) < 2,3 " n5k74+lnlcnn R

This shows that for each induced subhypergraph G' = (V' &}) of G|€s = (V,&4) the set of
(2,3)-cycles can be constructed in time

O (1] - nh=2+rwie )
and,
523(0") = O ([€4] -t~ iten ) (34)

Again, as in the proof of Theorem 5.5, using (31) and (33), the construction of the set Cs > of
(2,2)-cycles in G|€4 can be done in time

0 (115 - 0 o)
and, for some constant cz 2 > 0, we have
52.9(G|E4) < cop - NS winn
Moreover, for every subhypergraph G’ = (V',&,) of G|&4 = (V, &) we have
522(0") = O ([€4] - |V'| - nh 27t ) (35)

By Lemma 5.6 with p = n~=2/3+¢ where 0 < e < 2/3, we obtain in time O(|V| + |E3| 4 |E4]) =
O (n‘lk*z) a subhypergraph Go = (Vo, EY U EY) of G with £ C &3 and &) C &4 such that

Vol =p/3-1VI, (&1 <3-p°-1&|,  [€2] <3-p*-|&4l.

The value of p is chosen such that the assumptions of Corollary 2.7 are fulfilled for some constants
¢,y >0

$2,2(Gol&9)

52,3(Go| 1) .
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Let t3 be the average degree of G4|€4. By (33) we have

4k—2

drosm <4d-cq-nFT, (36)

3 <

i
n
By Lemma 5.7 with p; = (p-t)7!7“t where ¢; = ¢/(5k + 5¢), we obtain a subhypergraph
G1 = (V1,E UE}) of Gy with £} C &P for i = 3,4 such that |Vi| = p1/5 - [Vol, [EX] < 5-p3 - |€Y],
1EH < 5-pi-|ED. s2,3(G1|EF) < B - s2,3(G1|EF), and s22(G1]EF) < 5 - 522(G1|€F). This can be
done in time

O(|[Vol + €3] + €3] + 52,3(Go|&F) + s2,2(GolEY))
= O(p-n" +p- 16l +p" - |&a] +p* - €a] -0 P FwET 4 pt- jEy] - p ot )

-0 (nk—2/3+e 4 pBk—443e | nGk—22/3+56+—lnfnn)

_ O(nak—zz/3+5e+ﬁ) _ (37)

—k+2/3+€1(k—4/3+e)

Since p1p=c-n we have by choice of €; that

&3] < 15- (mp)? - [€a] < Cg - P43 = o(|11)) .

Also, by choice of €; we have
$22(G11E}) = O - 52.2(Gol€]) = O(n?/B-eFba (k43 )t mam) = o(|14))
523(G1IED) = O - 52,3(Go|E]) = O(n™2/BH5E=4/34 ¥ imicm) — o(|W7]) -

(

(
In the resulting subhypergraph G; = (V1,3 UE}) we delete in time O(|V;|) one vertex from each
three-element edge and from all (2,2)- and (2, 3)-cycles in G1|€f. In loosing o(|V1]) vertices, we
obtain a subhypergraph Go = (Va,£2) which contains no 2-cycles anymore, and, possibly after
deleting some more vertices, satisfies

[Va| = |Vi]/2 = 1/30 - p1p - nF

3

and
|542| <15-¢4- (plp)4 k2,

We apply Corollary 2.8 to G and we obtain an independent set in Gs, hence in G of size at least

k k
pip-n s oo s\ o (23 s
Q ( opt (In(p1p - ) ) =0 (nk_z/s (Inn) ) =Q (n (Inn) ) -

The time for doing this is for 0 < §; < 1 and dy = (k —2/3) - 6; given by

k\3
. n (&}
@) <p1p -nk. (p1p - t)® + 4(1(011;1) t)3_)61> 0 ((p1p)4 nk 4 n2+52) =0 (nGk_22/3+56+m) .

Hence, for 5¢ < ¢ by (37) the overall running time is O (nﬁk*zz/g%ﬁﬁ) =0 (n6k_22/3+5).

The next problem which we consider concerns colorings of the edges of a complete graph. The
colorings are such that each color class is a matching, that is, edges of the same color have no
vertex in common.
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Theorem 5.9 Let the edges of the complete graph K, be colored such that every color class is
a matching. Then, one can determine in time O(n3) a complete subgraph K; of K, such that
the edges of K; are totally multicolored (injectively colored), and

[>c-(n-lnn)t/?. (38)

The existence of such a totally multicolored subgraph satisfying (38) was shown in [8]. Moreover,
Babai [11] showed the existence of colorings of the complete graph K, where every color class is a
matching, such that every totally multicolored complete subgraph K; satisfies | < C'- (n-In n)l/ 3
where C' =~ 7.3. The value of the constant C' was improved in [33] to C'= 2.21. Hence, up to a
constant factor we cannot do better in Theorem 5.9 with respect to the size of [.

Proof: Let A:E(K,) — N be a coloring of the edges of the complete graph K, with
n-element vertex set V, where every color class is a matching.

We form a 4-uniform hypergraph G = (V,€) on the same vertex set as K,, by collecting pairs of
edges of the same color. For distinct edges e; = {v1,w1} € E(Ky) and ez = {vs, w2} € E(K,,)
we have E = e; Uey € £ € [V]! if and only if A(e;) = A(es), i.e., Aer) = Alez) implies
e1 Nez = 0, as every color class is a matching. With |[A~1(i)| < n/2 for i € N we infer

ATTON _ (G (3)_ L s
= < 227, -
€] Z( o < (a)<gn (39)
1EN 2
By first sorting the edges in F(K,,) according to their color, the hypergraph G can be constructed
in time O(n?®). The average degree t(G)® of G satisfies
4-1&] _ n?

tG)P = —- < —=1t%.

() Vi — 2
First, we construct the (2,3)-cycles in G. For each edge F € £ and each three-element subset
S C FE, the set S can be extended in at most a constant number of ways to an edge E' € &, i.e.,
S C E', as every color class is a matching. Thus the set of (2,3)-cycles can be constructed in
time O(|€]) = O(n®), and for some constant cz 3 > 0 we have

s93(G) < cog-m®. (40)

We do not construct the set of (2,2)-cycles right now. To do this, observe that for each edge
E € € and each two-element subset e € [E]? there are less than n edges ¢/ € E(K,) with
A(e) = A(e’). Also for distinct vertices v,w € E and z € V \ E, there is at most one edge
¢ € E(K,) with w € ¢ and A({v,2}) = A(€’). Thus the set of (2,2)-cycles can be constructed
in time O(|€] - n) = O(n?*). Similarly, for each subhypergraph G' = (V' &') of G, its set of
(2,2)-cycles can be constructed in time O(|E'| - |[V']), and, also

$22(G") < cho - €] [V]. (41)

By Lemma 5.6, for p = n~1/3+€ with 0 < e < 1/3, using (39) and (40) we find in time O(|V| +
|E] + 52.3(G)) = O(n3) a subhypergraph Gy = (Vp, &) of G = (V, &) with

Vol =p/3 V|, |E] <3-p*|€], and s23(Go) <3-p°-s23(G) . (42)
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Then, t(Go)® <9 (p-t)®. We claim that for v = ¢/(1 + ¢€) the following holds:
s22(Go) <p-n-(p-1)°7.
To see this, observe, using (41), that

el pn<gpon-(pot)T
— p*1+7 . n*1/3+27/3 <1
e petr(er)3) g

and the last inequality holds. Moreover, by (40) and (42) we have

523(Go) <caz-3-p°-523(G) < Ch3 PP <pon-(pt)t.

The assumptions of Corollary 2.7 are fulfilled and we obtain an independent set of size at least

0 (% (In(p - t))1/3) —Q((n-mn)?) .

The time for doing this is by (41) and (42) for 0 < § < 1 and € < 2/15 given by

C\3
[0) (p n+pton®+ s2,2(Go) + s2,3(Go) + %)

3
n
= O(p-n+p4-n3+p5-l5|-n+p5-n3+ts,—5>
= O nT/8tee 4 n?
= n2—20/3

- 0 (n7/3+5e + n1+25/3)

= o(n?).

0

Closely related to the problem just considered, is that of finding large Sidon-sets in Abelian

groups [11].

Definition 5.10 Let (G,+) be an Abelian group. A subset S C G is called a Sidon set if all

pairwise sums s1 + Sz with 1,82 € S and s1 # s are distinct.

In the following we will assume that each addition g + h of elements g, h € G can be done in

constant time.

Corollary 5.11 Let (G,+) be an Abelian group. Let W C G be an n-element subset of G.

Then one can compute in time O(n3) a Sidon-set S C W with

S| > ¢ (n-lnn)t/? .
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Note that if W = G, where |W| = n, each Sidon set S satisfies (|g‘) <n,ie, S| <1+vV2-n.
The existence of a Sidon set with size as in (43) follows from results in [§].

We remark that within the set of integers, finding a Sidon set S C {1,2,...,n} with |S| > c-\/n
can easily be done in time O(n) using Singer sets, cf. [43].

Proof: Given the set W C G with |[IW| = n, we form a complete graph K, with vertex set W.
Then we color the edges {v, w} of K, by color v+w. This can be done in time O(n?). As (G, +)
is Abelian, every color class is a matching. Then, we apply Theorem 5.9 to our colored K,, and
we obtain in time O(n?) a totally multicolored complete subgraph K; with [ > ¢ - (n - Inn)'/3.
As K is totally multicolored, the vertices of K; yield in W a Sidon set. 0

The next problem - Sidon sets within the set of squares of integers - was considered the first by
Alon and Erdés [7], where for any € > 0 the lower bound || > ¢-n?/3=¢ was proved by a Turn
strategy.

Theorem 5.12 For every § > 0, one can find in time O(n?9) a Sidon set S C {12,22,...,n%}
with

S| > ¢5-n?3. (44)

The existence of an independent set of size at least as in (44) was proved in [34]. By a result of
Landau [32], one has the upper bound |S| < ¢-n/(Inn)Y* for every Sidon set S C {12,22,...,n?}.
Proof: We consider a 4-uniform hypergraph G = (V,&) with vertex set V = {12,22,... n?}
and edgeset & C [V]*. Let {i3,43,43,i3} € € if and only if i} + i3 = i3 +43. To construct G, we
consider all pairs (i2,52), 1 < i < j < n, and sort them according to the value of their sums
i2 + 52 in time O(n? - Inn). Then, we collect pairwise the pairs with the same value of the
sum. Recall, that r2(d) denotes the number of representations of d as a sum of two squares, i.e.,
2?2 4+ y? = d for integers z,y. By (17), we have

!

re(n) < N .

Using (18), we infer

2n2 T'Q(d)
|5|§Z< 5 >§C4-n2-lnn (45)
d=1

and € can be constructed in time O(n? - Inn).

Now we consider the 2-cycles in the hypergraph G. To count the number s22(G’) of (2,2)-cycles
in any subhypergraph G’ = (V',&’) consider a fixed edge {i?,i3,1%,i3} € £'. The number of
edges {i3,13,22,y?} € & with i? + i3 = 2% + y? is at most (i3 +13) < niln . Moreover, the
number of edges {i?,i3,22%,y*} € & with i3 + 22 = i2 + y? is given by a constant times the
number of divisors of i7 — 3, hence, is at most nlhw cf. [25], [34]. Thus, we have for constants
C3,C22 > 0 that

! ! c3
82,2(g ) S 0272 . |(€ | +Ninlnn ,

and the set of (2,2)-cycles in G’ can be constructed in time O (|5’| . nlnclin).
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As every three-element subset S C V can be extended only in a constant number of ways to
an edge F € &, i.e., S C E, every subhypergraph G' = (V' &’) of G satisfies for some constant
C2,3 > 0 that

s23(G") < co3-1E'

and the set of (2,3)-cycles in G’ can be constructed in time O (|€']).
Now, for the average degree t(G)3 of G we have by (45) that

HG)® < t* = 4rcs n?-Inn

=c-n-lnn.
n

Then, for 0 < v < 1/3, some constant ¢ > 0 and n large we have

_°3 — —
cao-n?-Inn - nimn < ¥R <con 57

€23 " n?.Inn<n™3 3 <con. 47,

s2,2(G)

<
s23(G) <

hence, the assumptions of Corollary 2.7 are fulfilled, and we obtain for any §' > 0 with §’ < 3¢
in time 5

O <n2 Inn - 4+ t?—‘j'> =0 (n2+5,/3 - (In n)5//3) =0 (n2+5)

an independent set of size at least

Q (m : (lnn)1/3) = (n2/3) .

0

Sidon sets in arbitrary groups were first considered by Babai and Sés [12]. We distinguish two
types:

Definition 5.13 Let (G,-) be a group and let S be a subset of G. The set S is a Sidon set of
the first kind if for oll x,y,z,w € S where at least three are distinct, it is

TyFz-ow.
The set S is a Sidon set of the second kind if
z-y l#£E 2w

Theorem 5.14 Let (G,-) be an arbitrary group. Then for every subset W C G with |W| = n,
one can determine in time O(n3) a subset S C W, which is a Sidon set of both kinds, first and
second, and satisfies

1S| > ¢ (n-Inn)t/3 . (46)
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The existence of a Sidon set with |S| > ¢- n'/? was shown first by Babai and Sés [12]. In [33]
the existence of a Sidon set S satisfying (46) was shown.

Proof: We sketch the arguments for Sidon sets of the second kind. The arguments for Sidon
sets of the first kind are similar (also for Sidon sets of both kinds). By results from [12], a subset
S C G is a Sidon set of the second kind if for pairwise distinct elements z,y,z € S it is

(i) woy tEy- 2t
and, for all pairwise distinct elements z,y, z,w € S it is
(i7) zoy tEzow .

Given a subset W C G, we form a hypergraph G = (W,& U &) by collecting triples and
quadruples of W which violate conditions (7) or (i7). For pairwise distinct elements x,y,z € W
let {x,y,2} € & if and only if - y~! = y - 27!, Moreover, for pairwise distinct elements
2y, z,w €W let {m,y,z,w} € & if and only if -y 1 = z-w L. Constructing the sets &3,&,
can be done in time O(n3). Again, we want to find a large independent set in G.

Let G|&4 = (W, &4). It is easy to see, cf. [33], that

&3] < ez n?, &4 <ca-n®, 523(G|Es) <coz-n®, and s92(G|Es) < c2o -0t

and the sets of (2,3)-cycles can be constructed in time O(s23(G|€4)). Moreover, for every
subhypergraph G’ = (W', £,) of G| we have

s2.2(G") < Clz,z (& -

The situation is similar to that in the proof of Theorem 5.9. We first choose with p = n~1/3%¢,
where 0 < e < 1/3, in time O(n3) a small subhypergraph Gy of G, where we control the number
of vertices, edges, and (2, 3)-cycles in G|&,. In the resulting hypergraph Gy the number of (2, 2)-
cycles is only O(p* - |4 - p-n) = o(n®) for € < 2/15. Then, on this small subhypergraph we
choose in time o(n®) with p = n=1/3+€1 again a small subhypergraph Gi, where we control the
number of vertices, edges, and, among the four-element edges, the (2,3)-cycles and now also
the (2,2)-cycles. In the resulting hypergraph G; we delete in time o(n) one vertex from each
three-element edge, each (2, 2)-cycle and each (2, 3)-cycle, and we obtain a 4-uniform hypergraph
without any 2-cycles, for which we apply in time o(n?®) Corollary 2.8 and we get a desired Sidon
set. 0

Definition 5.15 Let (G,:) be a group. Let C C G be a subset of G with 1 ¢ C where C is
invariant under taking inverses, i.e., with C = C~1 = {¢7! | ¢ € C}. The Cayley graph , (G, C)
has vertex set G and edgeset {{g,h} | g-h™t € C and g,h € G}.

Corollary 5.16 Let (G,-) be a group. There exists a constant ¢ > 0 such that the following
holds. Let H be a graph on n vertices. Then, for every subset W C G with |W| > ¢-n3/Inn
one can construct in time O (n°/(Inn)3) some Cayley subgraph of G, and find in it an induced
subgraph which s isomorphic to H.
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The existence of such a subset W with |W| > ¢-n® was shown first by Babai and Sés [12]. This
was improved to |[W| > ¢-n3/logn in [33].

Proof: The arguments follow [12]. Let H = (V, E) be a graph on n vertices and let W C G
be a subset of G with [W| > ¢-n3/Inn, where ¢ > 0 is a large enough constant. By Theorem

5.14 we obtain in time
n3 K n?
© Inn =0 (Inn)3

a subset S C W with |S| = n, where S is a Sidon set of the second kind. Now, we identify S
with the vertex set V of H. Set C = {s-t71| {s,t} € E}. Then 1 & C and C = C~. Moreover,
the Cayley graph , (S,C) is an induced copy of the graph H. 0

In connection with the study of random Turan numbers the existence of graphs with many edges
and without cycles of small lengths was shown by Kohayakawa, Kreuter and Steger [29]. We
mention without proof that along the lines discussed in this paper the following can be shown:

4k73) a

Theorem 5.17 Let k be a fized positive integer. Then, one can compute in time O(n
graph G on n vertices, which does not contain any cycle Cs,Cy,...,Co,, and the number of
edges in G is at least

Q (nHTl*l . (lnn)rlfl) .

Although there are better constructions known, for example, Ramanujan graphs arising from the
2
work of Lubotzky, Phillips and Sarnak [35], i.e., graphs with at least (n1+3k+3) edges which do

not contain any cycle Cs, Cy, . .., Cy, the method used in [29] is interesting to gain a logarithmic
factor. Namely, seemingly against the intuition they delete edges in a complete graph K, with
MY

1
probability p = n where € > 0 which is above the usual choice py = @(n_1+m).

Then they form a hypergraph with vertices being the edges of the resulting graph, and (hyper-
Jedges consisting of the cycles Cs, Cly, . .., Cyy of the graph K,,. The resulting hypergraph has an

independent set of size Q(nHT{l - (In n)Tlfl), i.e., the corresponding edges in the graph form
no cycle Cs,CYy, ..., Co.

For algorithmic reasons, we consider the complete graph on n vertices. We form a hypergraph
G with vertices being the edges of K. The edges in G are determined by the edges of cycles of
length at most 2k in K. Thus, the hypergraph has (3) vertices and ©(n') edges of cardinality
i, where 1 = 3,4, ...,2k. Then we determine all 2-cycles among the 2k-element edges of G. The
number of (2, j)-cycles, 5 = 2,3,...,2k — 1 among the 2k-element edges of G is O(n**—i~1),
Hence, the assumptions of Corollary 2.7 are fulfilled. We get rid of those edges with cardinality
less than 2k by taking a small subhypergraph of G, i.e., choosing vertices of G with probability

2k—2
p = n" %=1 for some € > 0 and we obtain a 2k-uniform subhypergraph for which we apply

Corollary 2.7. The running time of this algorithm is given by the number of (2, 2)-cycles, i.e., is
O(n4k_3).
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