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Abstract tion 2. These results are then used in Section 3 to cal-
culate the takeover time for some non-generational selec-
tion rules for which extinction of the best individual is pre-
cluded. Section 4 is devoted to those selection methods
for which extinction may happen with positive probabil-
ity. In these cases the probability of the event of complete
takeover (called theakeover probability) is determined. A
summary of the results and their implications for practical
use are given in Section 5.

The takeover time is the expected number of it-
erations of some selection method until a popu-
lation consists entirely of copies of the best in-
dividual under the assumption that only one best
individual is contained in the initial population.
This quantity is often used to assess the behav-
ior of selection methods in evolutionary algo-
rithms. Here, takeover times and probabilities are
analytically determined for some popular non-
generational selection rules. Moreover, a novel 2 MATHEMATICAL PRELIMINARIES
classification number that aggregates additional

inforrgation about the selection method is pro- 21 MARKOV CHAINS

posed.

If S'is a finite setand N, : ¢ € Ny} anS-valued random

sequence with the property
1 INTRODUCTION

P{Nt+1:j|Nt:i,Nt_1:it_l,...,NQZio}:

The notion of thetakeover time of selection methods used . .
P{Nit1 =7 |N: =i} =pij

in evolutionary algorithms was introduced by Goldberg and
Deb [1]. Suppose that a finite population of sizeonsists

of a single best individual and — 1 worse ones. The take- for all ¢+ > 0 and for all pairs(i, j) € S x S then{N, :
over time of some selection method is the expected numberc IN, } is called a homogeneous finite Markov chain with
of iterations of the selection method until the entire popu-state space. Sinces is finite the transition probabilities
lation consists of copies of the best individual. Evidently, can be gathered in the transition matfx = (pi;): jes-
this definition of the takeover time becomes meaningless ifrne row vectorr(®) with ﬂ-z(t) — P{N, = i} denotes the
all best individuals may get extinct with positive probabil- jistribution of the Markov chain at step> 0. Since

ity. In this case one could calculate the probability that a -

complete takeover takes place at iteration 0. Since the

determination of a symbolic expression of these probabili- 7 = gli=D p = 70 pt

ties is a complicated task, Chakraborty et al. [2] have calcu-

lated them numerically via a Markovian base model. Smith

. . . finite Markov chain i m-
and Vavak [3] did the same in case of non-generational sef-or all¢ > 1, a homogeneous finite Markov chain is co

lection rules. Here, it is shown that the probabilistic mod- p]gtely spepnﬁed by its initial distribution ™ and its tran

: . ition matrix P.
els of non-generational selection rules are (more or less
simple random walks that are amenable of a theoreticabince the behavior of the Markov chain depends on the
treatment. For this purpose some basic results regardingtructure of matrixP the presentation is now restricted
Markov chains and random walks are presented in Sedo transition matrices that will be encountered here. Let



S={1,2,...,n}and
’)”1 ql 0 PR 0
0 9 qo 0 0
p= : :
0 0 n—2 (4n-2 0
0 0 Tm—1 d4n-1
0 0 1

andagy = 1 — ag,. For some special cases the absorp-
tion probabilities are well known (see e.g. [4], p. 108). If
(ps,ri,q;) = (p,0,q)foralli=1,... ,n— 1then

77 n—~k

. ®)

wherer = ¢/p # 1. If r = 1 thenay, = k/n. Inthe
general case, however, the derivation of a closed form ex-
pression may be tedious. The first step towards such an

Afpn =

with r;,q; > 0O andr; +¢; = 1fori = 1,...,n— 1. expression requires the determinatiore pf,_,. Thus, one
In this case state is termed absorbing whereas all other only needs the value of a single entry@f= (1 — Q)~!
states are called transient. lBt= min{t > 0 : N, = n}.  which may be obtained via the adjugate of mafrix- ().
ThenE[T | Ny = i] is the expected absorption time and This avenue was followed in Rudolph [5] who determined
ain = P{ Ny = n|Ny = i} the absorption probability an expression for each entry of matiix Here, only the
for the Markov chain starting in statec S. Since there Vvalue fore; ,_; is of interest since we need the absorp-
is only one absorbing state one hag = 1 for eachi € tion probabilitya 1,, for the random walk starting at state

S. The expected absorption time can be easily determine@wing to equation (2) and the result in [S] one gets

here. Suppose that the Markov chain starts in state

n—1
n. Then it either stays in stateor moves to state + 1. H m
As soon as staté+ 1 is reached, the Markov chain will Pl

(4)

either stay in staté + 1 or move to: + 2, and so forth ®1n = 77
until staten is reached. Let; ;4 be the random number
of steps until a transition fromto ¢ + 1 happens. Since
T;,i+1 is a geometrically distributed random variable with This equation may be used to prove another useful result.
E[T;;+1] = 1/4: = 1/pi ;41 One obtains

Lemmal Letai, = 1 —aip € (0,1) be the absorp-

n—1 n—1 . ™ .
o B 1 tion probability of the general random walk with absorb-
E[T|No=k]= ; E[Thiv1] = ; Piit1 (1) ing boundaries and transition probabilities ¢;, 7 > 0.

The absorption probabilit§,, of the Markov chain with
transition probabilities

Now consider the general random walk with absorbing

boundaries which is a Markov chain with state space i = L, F7=0, § = gi (5)
{0,1,...,n} and transition matrix pi+ i pi+ i
is A1n = A1p-
Lo 0o - 0 Proof: Simply insert the transition probabilities of equa-
P 1 0 e 0 tion (5) into equation (4) and delete the factor
0 p2 r2 ¢ 0 0 -
pP= Co S : 1/H(pk+%)
0 0 Pn-2 Tho2 Gn-2 0 k=1
0 0 pn-1 Ta-1 oo in numerator and denominator. [
0 0 0 1

Thus, if the transition probabilitie;, §; in equation (5)
are independent from the statethen equation (3) yields
the absorption probability for the random walk with state-
dependent transition probabilities.

with p;,¢; > 0,7 > 0 andp; + r; + ¢; = 1forall i =
1,...,n — 1. In this case the stat@sandn are absorbing.
The expected absorption timeBE$ 7 | Ny = k] with T =
min{t > 0: N; = 0V N; = n} and it can be determined as
follows [4]. Let matrix result from matrixP by deleting
its first and last row as well as column. df is the inverse
of matrix I — @ with unit matrix/, thenE[T'| Ny = k] =
ekl + cko + -+ cpn1 for 1 < k < n. Each entry
¢;; yields the expected number of occurrences of sjate
if the Markov chain has started in state Therefore, the
absorption probabilities are

2.2 SPECIAL FUNCTIONSAND NUMBERS
2.2.1 Gamma Function

In case of positive integer arguments the Gamma function
I'(-) obeys the relationships

nl(n)=T(n+1)=n!

agn =P{Nr=n|No=k}=c¢rn-1-go-1 (2) Forlater purposes the following result is needed:



Lemma?2 Forn € IN,

n-l—k-l—l)
Tk+1)

r@2n+1)
 (n+1)T(n)’

M

Proof: Notice that

n—1 n—1 n—1
(n+k+1)! (n+k)! (n+ k)!
Z il _("+1)Z il +Zk ol
k=0 k=0 k=0
Since
n—1 n—I—k n—1 (n—I—k)'
3 k! = D k0
k=0 k=1
Cntk) R+ k4 1)
(k —1)! a k!
k=1 k=0

the worse of this pair is replaced by the better one. If both
individuals are equally bad or good the number of copies of
the best individualis not changed. Only if a copy of the best
individual and a copy of a worse individual are drawn then
N¢ is incremented. This event happens with probability

AN N 2 . .
1 1 1 1
n n n n

wherei denotes the instantiatioN; = i. Sincep;; =

1 — piit+1, pnn = 1 and all other transition probabilities
are zero, the takeover time of this selection method can be
obtained via equation (1) with = 1. This leads to

P RIS

1
?

n—1

E[T] =

[N

'M LiM]

= nH,4

i=1

insertion into the first equation and rearrangement leads to

the desired result. [ |

2.2.2 BetaFunction

The Beta functiorB(+, -) may be defined by the identity

I'(n) I'(m)
I'(n+m) "’

2.2.3 Harmonic Numbers

The nth harmonic number is defined by

|
H, = -
2
i=1
and may be bracketed as follows:

log(n) < H, < log(n)+1

forn > 2.

3 TAKEOVERTIME

which is bounded by
nlog(n —1) <E[T] < n(log(n—1)+1).

3.2 TERNARY TOURNAMENT SELECTION

In case of ternary tournament selection three individuals
are drawn at random and the worst of this sample is re-
placed by the best of the sample. Therefore, the transition
probabilities are

i\? i\? i i
=) ~(8) -5
n n n n

pii = 1—pisp1fori=1 ..., n—1andp,, = 1. Insertion

in equation (1) yields

Z_:l'(nn—i) - TSGJ%I—Z)

E[T]

which is bounded by

%n log(n — 1) < E[T] < %n(log(n—l)—i—l).

Letn < oo be the population size andl; the number of
copies of the best individual at iteratior> 0. SetNy = 1 33 QUATERNARY TOURNAMENT SELECTION

and suppose that the selection method precludes the ex-

tinction of the best individuals. In this case the aSSOC|ateqn case of quaternary tournament selection four individu-
Markov chain has only one absorbing state anddkeover  a|s are drawn at random and the worst of this sample is

time of the selection method is just the expected absorptionteplaced by the best of the sample. The transition probabil-
time of the Markov chain.

ities are
i 4 i 4
3.1 BINARY TOURNAMENT SELECTION piiy1 = 1-— (-) — (1 — —)
’ n n
At each iteration of the non-generational binary tournament _ 1 1 5 i ] i
selection method two individuals are chosen at random and = 2 n 1- n T n T n



pii =1 —piipfori=1,...,n—1andp,, = 1. Asa the takeover time is not meaningful because of two absorb-

consequence, ing states. The absorption tirfieof the associated Markov
chain reflects the following situation: Aft&{ 7] iterations
1 nt on average the event of complete takeover of the best indi-
E[T] = 9 ZZ_; in—0)[2n2—i(n—1i)] vidual has happened with (absorption/takeover) probability

., . ai, = P{ Ny = n|Ny = 1} whereas extinction of the
(1 1 ) 1 Z n? best individual has occurred with (absorption/extinction)
+ - 2—
- 42,:1271 —i(n—1)

3

7T probabilitya o = 1 — ay,,.

1 n—1

e 3

K3

n 1 =l n2 A first comparison of selection methods with, > 0 may
= =5 Hn— - = 5 7 - i i i
7 1+ 7 ; Y07 —i(n—1) (6)  be based on the magnitude of the takeover or extinction

probability, which offers some insight into the reliability of

Since the fraction in the sum of equation (6) is always be_then;e:lec(;uobn mer:]hods.r I:nthte rtakeO\ilﬁrdpLOb?r?mty cantrl?e

tweenl/2 and4/7 one obtains the bounds controfied by some parameter specitied by the user, then
one can compare selection methods with equal takeover

n n—1 n n—1 probability by means of their absorption times. Thus, the
b Hny + 3 <E[T]< 9 Hno1+ 7 first step towards such a comparison requires the determi-
. nation of the takeover probability.

and finally

" N1 " 9 41 NOISY K-ARY TOURNAMENT SELECTION

5 (log(n -1+ Z) -3 <E[T]< 5 (log(n -1+ ?)
Noisy k-ary tournament selection differs from the noise-
free counterpart as follows: Agaik, > 2 individuals are
drawn at random and the best as well as worst member of

34 REPLACE WORST SELECTION this sample is identified. But now the worst member re-

) . . . places the best one with some replacement error probabil-
This selection method differs from binary tournament se-jty , ¢ (0, 1), whereas the the worst one is replaced by

lection as follows: Again, two individuals are drawn at ran- the pest one with probability — . Needless to say, this

dom. But now the better one of the pair replaces the worske|ection method looses all copies of the best individuals in
individual of the entire population. Therefor&,; is incre-  the population with probability 1o > 0. Let

mented if at least one copy of the best individual is drawn.

Since the transition probabilities are 1 i g (1 i g
N 2 . . o n n
1 1 1
Pigy1 = 1 — (1 - —) = - (2 - —) , be the probability that the samplefof> 2 individuals con-
tains at least one best as well as one worse individual from a
pii = 1 —piigifori =1,....n—1andp,, = 1, one Populationwithi =1,...,n—1 copies of the best individ-
obtains ual. Then the transition probabilities aigy = pn, = 1,
Piit1 = si(l —a), piic1 = s;, @ndp;; = 1 — s, for
, 1 n =l 1 i=1,...,n — 1. According to Lemma 1 the absorption
E[T] = n Z i(2n—1i) Y Z T 9 — probabilities can be determined by introducing a modified
a =1 Markov chain with transition probabilities
= §(Hn—1+H2n—1_Hn) o1 = Diji+1 N
n 1 i Pii—1 T Piit1
= - | Hop1—— e
2 n Gii—1 = L =«
’ Pii—1+ Piit+1

which is bounded by

n 1 n andg;; = 0fori =1,...,n — 1. Since the new transition

5 <log(2n —-1)- —) < E[T] < 5 (log(2n — 1) +1). probabilities are constant, the absorption/takeover proba-
n bility can be obtained via equation (3). This leads to

4 TAKEOVER PROBABILITY gy = o

rm—1

If the extinction probability of the best individual is larger wherer = (1—a)/a # 1. If r = 1 thena,, = 1/n. Here,
than zero for some selection method, then the concept gfarameterr may be used to control the takeover probabil-



ity. If « > 1/2thenr < 1 andaj, — 0 exponentially Thus, the best individual is lost in almdgi % of all runs.
fast asn — oco. Therefore, such a choice af does not This result reveals that the utility of “random replacement
seem reasonable for practical usealk 1/2thenr > 1  selection” for practical use is questionable.
andai, — (1 — 2a)/(1 — ) monotonically decreasing
asn — oc. For example, withw,, = 1/(n + 1) one gets 43 “KILL TOURNAMENT” SELECTION
ay, > 1—1/n.
This selection method proposed in [3] is based on two bi-
42 RANDOM REPLACEMENT SELECTION nary tournaments: In the first tournament the best individ-
ual is identified. This individual replaces the worst indi-
This selection methods is a randomized version of “replaceridual identified in the second tournament (the “kill tour-
worst selection.” Two individuals are drawn at random nament”). The transition probabilities apey = pnn = 1,
and the better one of the pair replaces a randomly cho- . . s
sen individual from the population. As a consequence, the ¢ (2 _ i) [1 _ (l) ]

transition probabilities of the associated Markov chain are Privt =5

P00 = Pnn = L, pis = 1 — ps i1 — pi i1 and ( N2 /N2
. . . T 1__) (_)

) ) ) Pii-1 —
pn = 5 (2=3) (1-3)

andp;; =1 —pj i1 —piit1 fori=1,... . n—1. Again,

SN 2.
Diici = (1 _ i) z the approach via equation (4) must be followed. This yields
T n n
n—1 n—1
fori = 1,...,n — 1. Unfortunately, the previously used w = ] v(2n—v) (”4_ v) (n +v)
method via Lemma 1 does not lead to new transition prob- =", v=n—k n
abilities that are independent from the stat&€herefore the T2n)T(n+k+1)T(k+1)
more tedious approach via equation (4) has to be followed. = ARt Tn—kT(2n—k) (8)
Sincep; = p;i—1, ¢; = pii+1 and N -
n—1 n—1 _ u2 (n_u)2
B v(2n—v)(n—v) H Pu = H i
II b = II n3 u=1 u=1
v=n—k v=n—k B F(n k) ( y
_ F'k+1D)T(n+k+1) @) T AR T (k4 1)2

n?Hi I (n — k) and hence

n—k—1
II Pu ___7;;___ n—1 n—1
u=1 u=1 II qu| X
v=n—~k

n—k—

ﬁ 1%]

_ T(n—k)T(n)? k=0 u=1
n3(=k=1) (k4 1)2 T'(2n) T(n)? n—1 T(n+k+1)T(n— k)
one obtains 4n-3 _

n—1 n—1 n—k—1 " k=0 F(Qn k)F(k—|—1)
Z l H ] « [ H pu] — Insertion ofk = n — 1 in equation (8) leads to

k=0 v=n—*k u=1 H - (2 n)2

)2 ”Zl n—I—k () T(2n+1) L= 5=

n3n 2 - n_+1)n3n_2
such that

with the help of Lemma 2. Insertion &= n — 1 in equa-

n—1

tion (7) leads to 1 Z_: I ”+k’+1 ) T(n — k)

_ ain r2n-— k+1

H T'(2n) ! k=0 ) I( )

- n3” 2 Unfortunately, the sum in the equation above is compli-

cated and the attempt of finding a closed form expression
such that was unsuccessful. Therefore tight lower and upper bounds
v - L)2n) yL@)L2n+1) have been developed. Notice that
In n3n—2 (n+1)n3n—2 B -
_ (e 1rEn) _ n+tl Ziszk with b, = L= B T(k+1)
T(2n+1) Im P b P Tn+k+1)T(n—k)



andbg > by > ... > b,_1 = 1/by > 0. Asaconsequence, Since the takeover probability of noisk-ary tourna-
ment selection is adjustable by parametethis selection
method is member of two groups. The adjustment is done
bo+b1 < Z b < bo by 4 (n —2)b2. as follows: For eacln > 2 the takeover probability of
k=0 kill tournament selection is calculated exactly as a rational
Since number. Then a rational numberis chosen such that the
difference between the takeover probabilityieéry tour-
by = 1 by = by n—1 and nament selection (for some > 2) and the takeover prob-
n B(n,n)’ 2n—1)(n+1) ability of kill tournament selection is less thdan ~7. Fi-
n—2 nally, the absorption time is determined with infinite pre-
2n—1)(n+1)(n+2) cision (i.e., inQ) via the formula given in [5]. The same
procedure is used in case of random replacement selection.

n—1

bs = by

one immediately obtains ) L
Figures 1, 2 and 3 show the expected absorption times of

bg selection methods contained in group 1, 2 and 3, respec-
A 2 bo + by + (n —2) bs tively. The following observations can be made.

1 2n*—3n+2 Group 1: The takeover time for all members is of order
T n 2024 7Tn—2 n log(n). Itis clear thatk + 1)-ary tournament selection
S 1_ 1 leads to quicker absorption tharary tournament selection
= n for £ > 2 (this also holds for the noisy counterparts if the
replacement errow is fixed). Replace worst selection is
almost as fast as quaternary tournament selection which in

bo turnis about as twice as fast as binary tournament selection.

and

A1n

IA

bo + b1 Group 2: Kill tournament selection is almost as fast as
- 1_ n—1 noisy ternary tournament selection. For large population
2(n2+n-1) sizen the absorption times of noigy-ary tournament se-
1 lection are approximately equal to the takeover times of
5n their unperturbed counterparts (since the replacement error
is of order1/n). Therefore, the absorption times are of
forn > 2. ordern log(n).

Group 3: Random replacement selection is almost as fast
as noisy ternary tournament selection. It is clear that the

] ) ) absorption times obey the asymptoti@$n log(n)), and
A comparison of selection methods that is based on takenmerical investigations lead @(n log(n) log log(n)).

over times and probabilities may give some clues regarding _ _

the dynamics and the reliability of the selection methods.Thus, the takeover resp. absorption times of all non-
Here, the comparison is set up as follows: All selectiongenerational selection methods considered here are about
methods that realize (or are adjustable to realize) a specifit® same order. Since the methods of group 3 loose the
takeover probability are put into one group. Since all mem-best individual with probability at abouy 2 their utility in

bers of a group have the same reliability in preserving thePractice is questionable. In general, any selection method
best solution one may compare the absorption times thahat may loose the best individual with some probability

reflect to some extent the speed of loss of diversity withinS€e€ms questionable. Instead one likes to have a selection
the population. This set-up leads to three groups here. ~ method that preserves the best individual and takes a long

time until complete takeover—this is heuristically justified

by the idea that a slow spread of the best individuals leads
to a slowly decreasing diversity of the population such that
more candidate solutions (different from the best solution

IA
—
|
|

5 COMPARISON

1. Takeover probability,, = 1:
k-ary tournament selection, replace worst selection.

2. Takeover probabilitg,, = 1 — ©(1/n): found so far) can be generated and tested until takeover
Kill tournament selection, noisk-ary tournament se- than in case of a selection method with a shorter takeover
lection. time.

Next it is shown that the takeover time is a poor indicator
for deciding in favor of some selection method under the
scenario above. LeByr = tT:_Ol N, be the total number

3. Takeover probability 1, = (n + 1)/(2n):
Random replacement selection, noiary tourna-
ment selection.
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of copies of the best individual prior to absorption. Then 6 CONCLUSIONS

n=1—E[Br]/(n-E[T]) represents the mean fraction

of non-best individuals that were available for the genera-The takeover times and probabilities of non-generational

tion of candidate solutions prior to absorption. Sifgd" ]
is known one only needs to determiB¢ B~ ]. LetV; be
the number of occurrences of state- 1,...,n — 1 until
takeover timél". Then

T—1 n—1 T—1 n—1
dNoNe=DiV; = E[ZZ\Q]:ZZ’EV
t=0

i=1 t=0 i=1
where E[V;] = ¢1; (see Section 2.1). For all selection
methods of group 1 holds,,, = E[T; ;41 ]. Recall from
equation (1) that
n—1 n—1 1
T)= ) E[Tiin]= :
Here, we are interested in
— n—1 i
T . 9
Z:: +1] ; Pii+1
Suppose that the symmetry property
Piit1 = Pn—ip—itrfori=1,....n—-1  (10)

is valid. In this case one obtains

n—1
n — Z
= =n
Z pz i+1 Z pz i+1 Z pz i+1 Z pz i+1
and hence
n—1
S ten,
i= 1pzz+1 im 1pzz+1
Insertion in equation (9) leads ] By ] = nE[T']/2 and

finally ton = 1/2. Sincek-ary tournament selection with

N N
iipr=1—(—] —{1=-=
rin=1=(5) - (0-3)

fulfills the symmetry condition (10) for every > 2, one
may conclude thaj = 1/2 regardless of the choice 6f

In case of replace worst selection one obtdtfi$r | =
n? (Hsn—1 — Hy,) such that

HZn—l_Hn N 210g(2)
Hopno1—1/n = log(2n)

asn — oo. For example, for population sizes > 25
one getsy > 70 % in lieu of = 50 % in case ofk-

n=1-2

ary tournament selection. One is tempted to conclude that
replace worst selection maintains the diversity in the pop-

selection rules in evolutionary algorithms can be mod-
eled by simple Markov chains (or random walks) that are
amenable to a theoretical analysis. For all selection meth-
ods considered here the expected absorption times are of
the same order, whereas the takeover probabilities may dif-
fer significantly. Especially the practical utility of random
replacement selection with a takeover probability at about
50 % appears to be questionable. Moreover, it is unclear
which decision in favor or against some selection method
may be made after a comparison of the takeover times.
Therefore a novel classification number has been proposed
which aggregates additional information about the dynam-
ics of a selection method. Although this proposal might be
an improvement, a normative decision procedure in favor
or against some selection method is not in sight unless a
commonly agreed catalog of properties is postulated.
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