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Abstract

This work presents the main ideas, methods and results of the theory of impulse perturbed
stochastic control as an extension of the classic stochastic control theory. Apart from the in-
troduction and the motivation of the basic concept, two stochastic optimization problems are
the focus of the investigations. On the one hand we consider a differential game as analogue
of the expected utility maximization problem in the situation with impulse perturbation,
and on the other hand we study an appropriate version of a target problem. By dynamic
optimization principles we characterize the associated value functions by systems of partial
differential equations (PDEs). More precisely, we deal with variational inequalities whose
single inequalities comprise constrained optimization problems, where the corresponding ad-
missibility sets again are given by the seeked value functions. Using the concept of viscosity
solutions as weak solutions of PDEs, we avoid strong regularity assumptions on the value
functions. To use this concept as sufficient verification method, we additionally have to prove
the uniqueness of the solutions of the PDEs.

As a second major part of this work we apply the presented theory of impulse perturbed
stochastic control in the field of financial risk management where extreme events have to be
taken into account in order to control risks in a reasonable way. Such extreme scenarios are
modelled by impulse controls and the financial decisions are made with respect to the worst-
case scenario. In a first example we discuss portfolio problems as well as pricing problems on
a capital market with crash risk. In particular, we consider the possibility of trading options
and study their influence on the investor’s performance measured by the expected utility of
terminal wealth. This brings up the question of crash-adjusted option prices and leads to
the introduction of crash insurance. The second application concerns an insurance company
which faces potentially large losses from extreme damages. We propose a dynamic model
where the insurance company controls its risk process by reinsurance in form of proportional
reinsurance and catastrophe reinsurance. Optimal reinsurance strategies are obtained by
maximizing expected utility of the terminal surplus value and by minimizing the required

capital reserves associated to the risk process.
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Chapter 1

Introduction

Extreme events like stock market crashes or large insurance claims can cause exceptionally
large financial losses often resulting in the threat to existence for investors or insurers. To
be prepared for such situations is a desirable goal. However, such rare events are difficult or
actually impossible to predict in advance. In this thesis we present a type of stochastic control
taking into account system crashes without modelling the crashes explicitly in a stochastic
way. Under minimal assumptions concerning possible system crashes this approach aims at

avoiding large losses in any possible situation.

Modelling of stock market crashes in finance or large claim sizes in insurance are actively
researched mathematical topics (see, e.g., the pioneering work of Merton [37], or for a com-
prehensive survey Embrechts, Kliippelberg and Mikosch [14], Cont and Tankov [9] and the
references therein). In the majority of cases those approaches rely on modelling the stock
prices or the total claims as Lévy processes. Unfortunately, their analytical handling is not
easy. Fven more seriously, choosing the right distribution and fitting it to the market data is
a challenging task, in particular because extreme jumps are rare events, so that there is no
sufficient data available for an estimation. Another problem which arises from Lévy process
models is that they neglect worst-case situations if decisions are based on expected value op-
timization. So the obtained optimal solutions do not necessarily provide sufficient protection

in the course of an unlike movement in the system’s state.

In contrast to modelling the extreme events in form of a stochastic jump process, we
use a different control approach. The controlled state process considered in this setup is
the same as if we would not take into account a possible system crash. The central idea is
to amend a finite impulse control expressing system perturbation. An admissible impulse
strategy represents a possible scenario with at most a fixed number of system perturbations
up to the considered finite time horizon. The extent of these crashes is limited by the use of a
compact set of admissible impulses. The impulse control is chosen by a virtual second agent
acting as an opponent of the real decision maker, meaning that decisions are made from a

worst-case point of view.
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In summary, the main characteristics of our model are:

e Decisions are made in respect of the worst-case scenario. This guarantees best perfor-

mance and the reachability of a given target relative to any possible situation.

e We focus on a finite time horizon. This parameter is of crucial importance in crash

modelling because risk positions have to be adjusted to the time to maturity.

e We do not need any distribution assumption, neither for the time nor for the extent of
the crash. Instead we only need the possible number of crashes within the time horizon

and a range for the possible crash sizes.

Such a worst-case approach in the context of stock market crashes was firstly introduced by
Hua and Wilmott [22]. They derived worst-case option prices in discrete time by replicating
the option along the worst-case path by a portfolio consisting of shares of the underlying
risky asset and the secure bond. In the same crash model Wilmott [58] proposed a static
hedge of a portfolio against market crashes by the purchase of a fixed number of options.
Korn and Wilmott [34] took up the crash model and formulated the so-called worst-case
portfolio problem in continuous time. Their work represents the first given example of impulse
perturbed stochastic control. Further studies on the worst-case portfolio problem are [29],
[31], [32] and [33].

The type of control dealt with in this thesis is a combination of stochastic control and im-
pulse control. Nevertheless, it varies from the type of control refered to as combined stochastic
control and impulse control in the literature. In [2] Bensoussan and Lions developed a general
methodology for solving impulse control problems based on the concept of quasi-variational
inequalities (QVIs). A QVI is a non-linear partial differential equation (PDE) consisting of a
differential part combined with an impulse intervention term. Approximating impulse control
by iterated optimal stopping leads to variational inequalities (VIs) in which the intervention
part is given in form of an explicit constraint. If the impulse controller additionally is free
to choose a control process, we are concerned with so-called Hamilton-Jacobi-Bellman (HJB)
(quasi-)variational inequalities, see Pksendal and Sulem [42]. In this case one considers in
the differential part the usual partial differential operator occurring in the HJB equation of
stochastic control. We also refer to Seydel [52] for a deep treatment of the relation between
combined stochastic and impulse control and viscosity solutions of HJBQVIs. In spite of
formal similarities, our situation is not covered by the above results. This is due to the con-
trary objectives of both controllers in our model. Anticipating the worst impulse strategy
for any chosen stochastic control constrains the set of feasible stochastic control processes.
Therefore impulse perturbed stochastic control is related to a VI, reflecting a simultaneous
optimum with respect to both the continuation (without immediate perturbation) and the

perturbation situation.



Via a dynamic programming principle (DPP) we reduce impulse perturbed stochastic con-
trol problems to problems of antagonistic control and stopping. By the choice of a stochastic
control process the controller governs the state process, while the stopper can halt the con-
trolled process at any time involving an additional cost for the controller. In particular, this
cost depends on the current state of the controller’s strategy what differentiates our control
problem from other already studied mixed games of control and stopping. Here most of
the authors emphasize on relating mixed games to backward stochastic differential equations
which are intended to characterize the value of the game (see, e.g., [12], [19]). Other ap-
proaches are the reduction to a simple stopping problem [26] or a martingale approach [27].
These methods work when only the drift of the underlying state process can be controlled or
under strong restrictions on the diffusion coefficients. Our approach is more direct which is
possible because we work in a Markovian framework, allowing us to apply a DPP in order to
link the problem to a PDE. Differential games in the context of controlled Markov processes
are widely studied when both players control continuously, see for instance the monograph
of Fleming and Soner [I5]. To our knowledge, there are no references dealing with controller-
and-stopper problems with simultaneous control of the state process and the costs due to
stopping.

This work consists of two major parts, a rigorous development of the relevant theory and
its applications to financial risk management. The setting of impulse perturbed stochastic
control is introduced in Chapter 2l In this control framework we consider two types of
problems. In Chapter [3| we analyze a differential game as analogue of the expected utility
maximization problem in the situation with impulse perturbation. In this way we obtain a
worst-case bound for the expected utility. In Chapter [4| we study an appropriate version of a
target problem. Its objective is to determine the minimal initial value of some target process
to reach a given stochastic target region at terminal time almost surely, in respect of any
possible scenario. For both problems our guideline is to establish verification results under
minimal assumptions. We prove that the value functions of the problems are unique viscosity
solutions of a system of PDEs. Our results on the differential game are generalizations of the
work of Korn and Steffensen [33] who presented a HJB-system approach (system of VIs) for
solving the worst-case portfolio problem. Formulating the problem in very broad terms for
controlled jump-diffusion processes and using the concept of viscosity solutions, we hope to
allow for applications to a wide variety of problems. The analysis of the target problem, on
the other hand, creates the theoretical foundation for the worst-case option pricing problem
in [22] in a more general framework. From a mathematical point of view, we deal with
a stochastic target problem for a system with jumps limited in number and size. For an
introduction to stochastic target problems without jumps we refer to Soner and Touzi [54],
[55]. Bouchard studied in [5] the problem when the controlled system follows a jump diffusion.
So the stochastic target problem under impulse perturbation can be regarded as the analogue

of this for a finite number of jumps.
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The second part of the thesis is devoted to sample applications concerning stock mar-
ket crashes and large insurance claims. We solve the respective impulse perturbed control
problems by using the results of the first part of the thesis, and we present some examples
illustrating the shape of the value functions and the corresponding optimal strategies. In
Chapter [5| we take up the worst-case portfolio problem on an extended market on which the
investor can trade in stocks and derivatives to discuss crash hedging possibilities and pricing
techniques for the derivatives. Besides lower and upper price bounds, which can be seen
as the continuous versions of the worst-case prices derived in [22] (with a correction with
respect to the terminal condition), we establish a market completion approach. To this end
we consider crash insurance and calculate the insurance premium. As an application of the
obtained pricing rules we introduce a valuation method for defaultable bonds. In Chapter
[6] we present a new model of an insurance company utilizing impulse perturbed stochastic
control to dynamically reinsure its insurance risk. Here a main focus of attention is the in-
vestigation of minimal capital requirements for the insurer. Our thesis is complemented by
a summary and conclusions at the end.

In sum, the most important aims of this thesis are

e the presentation of the concept of impulse perturbed stochastic control as an extension

of the classic stochastic control theory,

e the generalization of the HJB-system approach presented by Korn and Steffensen [33] to
differential games of stochastic control and finite impulse intervention in a very general

framework with the analysis of the viscosity solution property of the value functions,
e the adaption of the stochastic target problem to impulse perturbed stochastic control,

e the application of the impulse perturbed stochastic control approach to finance (in-
cluding the pricing of derivatives and crash insurance contracts in our crash model and
the valuation of defaultable bonds) and insurance (computation of optimal reinsurance
strategies and minimal capital requirements for a risk process under the threat of large

insurance claims).
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Notation

Let us introduce some notation used throughout the thesis. Elements of R%, d > 1, are
identified as column vectors, the superscript 7 stands for transposition and |.| is the Euclidean
norm. The i-th component of z € R? is specified by z;, and diag(x) is the diagonal matrix
whose i-th diagonal element is x;. For a subset O € R? we write O for its closure, O° for
its complement and 0O for its boundary. The open ball around z € R? with radius € > 0
is refered to as B(x,e). If A is a quadratic matrix, then tr(A) is its trace. By S? we denote
the set of all symmetric (d x d)-matrices equipped with the spectral norm (as the induced
matrix norm), I is the identity matrix. The set C1»? contains all functions with values in R
which are once continuously differentiable with respect to the time and twice with respect to
the space variables. For ¢ € C%? the notations D,y and D2y correspond to the gradient and
the Hessian matrix, respectively, of ¢ with respect to the x variable. For z € R we also write

¢, and @,,. The positive and negative parts of a function ¢ are denoted by ¢+ = max(¢, 0)

and ¢~ = —min(yp, 0), respectively, such that ¢ = T — ™.

For ease of reference, here is a partial index of notation introduced in the course of this
work:

i, 7. uc..

X7 B L7, [15H46 Ci, 27

X(Ti_)v MW’IE Pﬁ@

Et e, [ My, @ u*, Uy, [T09

T8, N, i T T TR T

Un, 0N,

VTL?@ XUJ@
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Chapter 2
The general setup

In this chapter we introduce the setting of impulse perturbed stochastic control. That is
we set up the underlying state process which is controlled both continuously and by finite
impulse control and which forms the basis on which we carry out our further analysis. Here
the two types of control are chosen by different decision makers with contrary objectives.
After giving the controlled process along with the specific notations of finite impulse control
in Section we show in Section the strong Markov property as fundamental property
of the state process. In Section we outline briefly the proceeding in handling stochastic
control problems in this special setting, and in Section [2.4] we conclude with a short discussion

on the idea of the presented model.

2.1 Combined stochastic and impulse control

Let T > 0 be a fixed finite time horizon and let (Q, F, (F¢)o<t<T,P) be a filtered probability
space. In the classical framework of stochastic control, the state X () € R? of a system at

time ¢ is given by a stochastic process of the form
dX(t) = ¢(t, X (t=), n(t—))dL(2), (2.1)

where L is a semimartingale and ¢ an appropriate function ensuring a unique solution of
(2.1). The process m with values in a compact non-empty set U C RP is the control process,
X = X7 is called the (purely continuously) controlled process. We refer to the responsible
decision maker concerning 7 as player A.

Now suppose that there exists a second agent, player B, who is able to influence at any
time the state of the system by giving impulses. An impulse (, exercised at time ¢t when the
system is in state z and controlled with 7, lets X jump immediately to I'(¢, z, w(t), (), where
I' is some given function. Notice particularly that the jump height depends on the state of
control chosen from agent A. As only restriction we assume that first the allowed impulses
lie in a compact non-empty set Z C R? and second the number of allowed interventions is

limited by some integer n.
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To cover situations in which player B does not intend to intervene, we assume that there
exists an ineffective impulse (y such that I'(t,z, m, (o) = « for all (t,z,7) € [0,T] x R% x U.

Then we can specify the notion of an impulse control:

Definition 2.1.1. An (admissible) n-impulse control is a double sequence

€: (7'177'27---77'n§C17<27---Cn)7

where 0 =119 <71 <1 < ... <7y < Ty :=T are stopping times and ; are Fr,-measurable
random variables with values in ZU{(y}. The stopping time T; is called i-th intervention time

with associated impulse ;. We denote by V,, the set of all admissible n-impulse controls.

The interventions of player B are unknown to player A a priori. But of course he notices
them, so that he is able to adapt his strategy to the new circumstances. So player A will
specify his action completely by a sequence of strategies #(™ 7= . 7(0) depending on
the number of intervention possibilities that are still left. At player B’s i-th intervention
time player A switches immediately from the pre-intervention strategy 7("~+1) to the post-
intervention strategy 7("~?. In this context a sequence 7 = (7(™,... 7(9)) of admissible

processes 79, i = 0,1,...,n, describes a control for player A.

Definition 2.1.2. Denote by Uy the set of all progressively measurable processes m which
have values in U and are square-integrable, i.e. E[fOT |m(t)2dt] < 0. Then Uy, :=UST is the

set of all admissible (continuous) n-controls.

If we deal with a stochastic jump process, we have to distinguish at intervention time 7;
between a jump stemming from the semimartingale L and a jump caused by the impulse (.

For this purpose we set

X(ri—) = X(1i—) + AX (1),

where AX (7;) denotes the jump of the stochastic process without the impulse.
With the above definitions the process X = X™¢, controlled continuously by = € U,, and

with impulse control £ € V,,, is given by
dX () = o(t, X (t—=), 7" D (t=))dL(t), 7 <t<Tiy1, i=0,...,n, 22)
X(Tz) = F(Ti>X(Ti_)>w(n_i+1)(7—i)aCi)v = 1,...,7’L. '

If two or more impulses happen to be at the same time, i.e. 7,41 = 7, we want to understand

the jump condition in (2.2 as concatenation in form of
L(t,T(t, X (i), 7" (8), 6), 7 (8), Gip).

Let us conclude this section with some helpful notions: For (¢,z) € [0,T] x RY, we denote
by th’rf the solution of the controlled SDE (12.2)) with initial condition X (t) = z. In the case

without impulse interventions we use the notation X/, m € Up, for the solution of the purely



2.2. MARKOV PROPERTY 9

continuously controlled SDE ([2.1)). For the sake of simplicity we will omit the indices ¢, x, 7,
if the context is clear. To still illustrate the dependence of the expectation on the starting
point (¢, x), we write

Ei o[ = E[|X(t) = a].

For a given impulse control € € V,, with intervention times 7;, ¢ = 1,...,n, we introduce

the counting process

N&(t) :=max{i = 0,1,...,n: 7 < t}.

Then we can indicate the current control process of a control = € U, by 7"~V 9,

2.2 Markov property

To derive dynamic programming principles for the control problems analyzed in the following

chapters, the controlled process
YTE(t) == (t, X™8(t), N&(1))

has to be a strong Markov process, i.e. for any bounded, Borel measurable function h, any

stopping time 7 < oo and all £ > 0 we have
E[R(Y™ (1 + 1))|F7] = E[R(Y™ (7 + ))|[Y™%(7)].

That means that at any arbitrary random time the process Y™¢ “starts infresh” independently
of the past. In the following we will often just say that X™¢ is a strong Markov process if we
refer to this affair.

It is a well known fact that the uncontrolled process Y (t) := (¢, X(t)), with X as the
solution of SDE (2.1) without a control process 7, has the strong Markov property, see for
example Protter [46], Theorem V.32. Seydel [52] proved that the strong Markov property
can be extended to controlled processes if we restrict ourselves to Markov controls. That
means that the controls only depend on the current state of the system and do not use
information of the past. This is the case for control processes 7, i = 0,1...,n, given
by some measurable feedback function 7% in form of 7()(t) = 7 (¢, X(t—)). For impulse
controls the requirement of the irrelevance of the past leads to the consideration of exit times

of (t,X(t—)) as intervention times 7; and o(7;, X (7;—))-measurable impulses ¢;.

Proposition 2.2.1 (Proposition 2.3.1 in [52]). For Markov controls w, £ the controlled process
Y™E(t) is a strong Markov process.

As a consequence of this proposition, from now on we consider exclusively Markov controls,

i.e. we suppose that the admissibility sets U,,, V,, only contain such controls.
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2.3 Procedure

In this thesis we analyze two types of control problems. In Chapter [3| we study a differential
game where player A tries to maximize some objective function 7, whereas player B intends
to minimize J. In Chapter ] we deal with a target problem in the form that we want to
determine the minimal initial value Y (0) = y of some target process Y that allows player A to
reach a given target Y (T') > ¢g(X (7)) at final time almost surely, whatever player B attemps

to prevent him from that. In both cases the solution is obtained by an iterative proceeding:

Step 0. We start with computing the solution of the control problem without impulse

control.

Step n. Given the solution of the (n — 1)-impulse control problem we can reduce the
n-intervention problem to an impulse problem with only one intervention

possibility.

2.4 Discussion of the model

The generated strategies secure best performance and the reachability of a given target, re-
spectively, relative to any possible situation, in particular they are crash-resistant. Moreover,
the basic assumptions of the model are very simple. We do not need any distribution assump-
tions for jumps due to impulses, neither for the jump time nor for its height. Of course the
assumption of a limited finite number of possible perturbations is critical. This restriction is
not urgently necessary. But for an unbounded intervention number there exists the risk of no
end of interventions in an instant. To avoid these constellations we would have to weaken the
effects of an impulse in a way that guarantees non-optimality of such degenerate intervention
strategies. But this is inconsistent to the intention of modelling extreme situations where we
want to understand the impulse interventions as rare events with grave consequences. So a
small number of interventions reflects exactly the characteristic feature of such catastrophes.

Of course there are several extensions of the model which are possible. For example
we could allow for time- and state-depending sets U(t,z) and Z(t,z). Else the assumption
of a compact control set U could be dropped. Both changes would lead to other additional
requirements on the admissible set Uy which provide for existence and uniqueness of a solution
of the state equation . Moreover, we could include a possible regime switch as result of
an intervention by using different coefficients ("9 i =0,1,...,n, in . For example,
think of a capital market where a crash usually leads to an increase in volatility, see Korn
and Menkens [31] for results of crash hedging with changing market parameters. However,

to keep the notation as easy to get along with, we neglect these generalizations.



Chapter 3

Differential game with combined

stochastic and impulse control

In this chapter we investigate a stochastic worst-case optimization problem consisting of
stochastic control and impulse control. This problem corresponds to the maximization of the
expected utility of a state process in consideration of system crashes, where crash scenarios are
modelled by impulse interventions and we maximize with respect to the worst-case scenario.

The motivation of this problem comes from the portfolio problem under the threat of
market crashes. Hua and Wilmott introduced in [22] a crash model where the sudden drops in
market prices are not modelled stochastically. Based on very simple assumptions on possible
crashes, they chose a worst-case approach to manage the crash risk in any possible situation.
While [22] is focused on the pricing of options in discrete time, Korn and Wilmott [34] applied
this approach in the context of continuous-time portfolio optimization. They formulated the
portfolio problem as a differential game in which the investor meets the market as an opponent
who systematically acts against the interests of the investor by causing crash scenarios. In this
way they obtained portfolio strategies that maximize the worst-case bound of the investor’s
utility. In this chapter we basically refer to Korn and Steffensen [33] who presented a HJB-
system approach (system of inequalities) for solving the worst-case portfolio problem. Our
results are generalizations of their work, in particular we do not require strong regularity
assumptions on the value function by using the concept of viscosity solutions. Examples for
further studies of the worst-case portfolio problem with respect to market crashes are [29],
[31] and [32]. Moreover, there are similar worst-case approaches in the context of portfolio
optimization for considering model risk (see, e.g., [20], [38] and [56] and the references therein).
A reference for deterministic worst-case design with numerous examples and applications to
risk management is the book of Rustem and Howe [47].

To start with we present in Section a detailed problem formulation including all
assumptions we make. In the next section we state a PDE characterization of the associated

value function in the viscosity sense as main result of this chapter, and we explain in more

11
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detail how we want to proceed in the following to prove this viscosity property. The main
steps are the transformation of the problem and the derivation of a dynamic programming
principle in Section the proof of the continuity of the value function in Section [3.4] and
its characterization as a unique viscosity solution in Section An extension of the model

and a relaxation of assumptions is discussed in the last section.

3.1 Problem formulation

Let T' > 0 denote a fixed finite time horizon and let (Q, F, (F;)o<t<7,P) be a filtered prob-
ability space satisfying the usual conditions, i.e. the filtration (F;); is complete and right-
continuous. We consider further an adapted m-dimensional Brownian motion B and an

adapted independent k-dimensional pure-jump Lévy process L. We denote by

N(dt,dz) = N(dt,dz) — v(dz)dt

its compensated Poisson random measure with jump measure N and Lévy measure v. Through-

out this chapter we assume that
/ |z|v(dz) < 0. (3.1)
|z|>1

This condition gives us the Lévy-Ito6-decomposition in form of

L(t) = /0 t / s, 2),

For more precise definitions and properties of random measures we refer to Jacod and Shiryaev
[24] or Sato [49]. On this stochastic basis we consider the process X = X™¢, controlled
continuously by 7 € U,, and with impulse control £ € V,, given by

dX (t) = p(t, X (), 7" (t))dt + o (t, X (t), 7"~ ())dB(t)
4 [ X (), 7 ), )N d2),
Rk
T <t <Tiy1, ’iZO,...,n,
X(T’L) = F(Tiv X(Ti_)a 7T(n_i+1) (Ti)a Cl)a 1= 1, o, n.

Here the functions u : [0,7] x R x U — R?, ¢ : [0,T] x R x U — R¥>*™ ~:[0,T] x R? x
UxRF 5 RYand T': [0,T] x R? x U x Z — R? satisfy conditions detailed in Assumption
B.11 below.

As performance criterion we consider a functional of the form
T
Tt z) = By [/ (s, X (5), 7N (5))ds + g(X (1))
t

+ Z K(75, X (1i=), 770 (7), ¢) |,

t<m;<T
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where f: [0, T] xR¢x U - R, g: R 5 R and K : [0,T] x R x U x Z — R are functions
satisfying conditions detailed in Assumption[3.1.1]below. Here f can be interpreted as running
profit, g as end profit and K stands for the additional profit resulting from an impulse
intervention (or, from another point of view, as loss, respectively). Bearing in mind the role
of {p as ineffective impulse, we assume K (t,,, (o) = 0 for all (¢,z,7) € [0,T] x R? x U.

In view of player B’s role as creator of system perturbation we suppose that both players
have contrary objectives. While player A tries to maximize J, player B is intended to
minimize J. In order to reach their aims both players select their respective strategy from
their admissibity sets U,, and V,,, respectively. First agent A settles his control 7. Depending
on this choice his opponent B decides to intervene or not. So our stochastic optimization
problem reads as follows: Find optimal controls & € U, f €V, with associated value function
v(™ such that

v (t, ) = sup inf T (¢, z) = TEO (¢, ). (3.3)
wE€Up EEVR
Such two-player-games with contrary objectives are called differential games. So the prob-
lem represents a stochastic differential game combining stochastic control and impulse
control.
Now let us summarize the conditions that form the basis for the investigation of the value

function v(™ in the following assumption:

Assumption 3.1.1. (G1) The control set U C RP and the impulse set Z C R? are compact

and non-empty.

(G2) The functions u, o, v are continuous with respect to (t,z,m), y(t,x,m,.) is bounded for
|z| <1, and there exist C >0, § : RF — R with [, 62(2)v(dz) < oo such that for all
t€ 0,7, z,y € R and 7w € U,

’M(t,l‘,ﬂ') - :U’(ta Y, 7T)| + |O'(t,],‘,7'(') - U(ta Y, 7T)| < C|£U - y|7
”Y(t,%,ﬂ',Z) - ’Y(tay7777 Z)| < 5(2)‘3: - y’7
v(t, @, m, 2)| < 6(2)(1 4+ |z]).

(G8) The transaction function T' and the profit functions f, g, K are continuous and Lipschitz
in x (uniformly int, m and C), i.e. there is a constant C > 0 such that for allt € [0,T],
z,yeRY, melU and ¢ € Z,

|F(t7 X, T, C) - F(ta y,m, C)‘ =+ ‘f(ta x, 7T) - f(t7 Y, 71-)‘
+lg(z) — g(y)| + |K(t, z,7,¢) — K(t,y,7,¢)| < Cloz —yl.
The assumptions (G1) and (G2) guarantee the existence of a unique strong solution to
(3.2) with initial condition X (t) = = € R4 (for general existence and uniqueness results for

SDEs with random coefficients see Gichman and Skorochod [I7] or Protter [46]). The assump-
tion (G3) implies that ', f, g, K satisfy a global linear growth condition with respect to z.
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Therefore the objective function J is well-defined and, using the estimate (B.2) of Lemma
together with the tower property of conditional expectation (see the argumentation in
the appendix subsequent to Lemma [B.1.1]), we can conclude that

0™ (t,2)] < C(1+ |z]) (3.4)

for some constant C' > 0 independent of ¢, x.

Ezample 3.1.1. Consider the controlled deterministic process

dX(t) = —arWD@)dt,  te (0,7),
X(n)=X(n-)— (1—=Y()G,
dX(t) = —arO@®)dt, te (m,T),

with parameter a > 0, 1-impulse perturbation (71, (1) € [0, 7] x ({¢}U{0}), ¢ > 0, and control
7 = (7, 7(0)) whose processes have values in [0,1], i.e. the setting is n = 1, U = [0, 1],
Z =A{¢}

For an interpretation think of an insurer who is faced with one possible claim of size ¢ up
to time T'. To limit the risk exposure the insurer can reinsure a proportion 7 of the claim by
paying a continuous reinsurance premium «. If the claim is admitted at time 7, the insurer
has to pay the sum (1 — 7(7))¢. The controlled process X then reflects the insurer’s surplus.

We now want to maximize the expected value of X (T') in the worst-case sense, i.e. we
consider the differential game

v (t,z) = sup inf EFS[X(T)],
rcldy §EV1 7
where U7,V are the sets of admissible controls introduced in the preceding chapter.

It is easy to check that (G1)-(G3) from Assumption are satisfied for this problem
formulation. So the controlled process as well as the differential game are well-defined.

Step 0. If there is no perturbation to fear, it cannot be optimal to pay for protection
against one. So we have v(0 (¢, z) = z with #(0) = 0.

Step 1. By intuition we try to determine the optimal strategy #(!) and the value function
v via an indifference consideration. We demand as much protection as to be left with the
same final expected value, regardless of the occurrence of a perturbation. So choose #1) such
that

-1 -7V = — /T ai M (s)ds. (3.5)

t
The left hand side of (3.5)) is the expected value for an immediate impulse intervention and

the right hand side is the expected value without impulse intervention. To be indifferent at
final time we require #()(T) = 1. Subtracting = in (3-5), it seems that the optimal control
process 71 is independent of the state of X, so that the process coincides with its feedback
function. Differentiating on both sides of we obtain a ODE for #(1),

0 «
—_— -~ (1) - — -~ (1) -~ (1) P
) Ul (t) = C_ T (t), T (T) 1.



3.2. PROCEDURE AND MAIN RESULT 15

Solving this ODE and calculating the corresponding value of one side of equation (3.5)), we

o (tz) =z — (1 ~ exp (—?(T - t))) ¢

7 (t) = exp (—?(T - t)).

We will verify in the next subsection that this is indeed the solution to our problem. Just

conclude

note that the strategy 7 is admissible since #@ i =1,2, has values in U, is Markovian (given

in form of some feedback function) and progressively measurable (because it is deterministic).

3.2 Procedure and main result

In the rest of this chapter we devote ourselves to the characterization of the value function
v(™ as the unique viscosity solution of a system of PDEs. To formulate the corresponding
PDEs we introduce for a value m € U the Dynkin second order integro-differential operator
L™ associated to the process X™ (with constant control 7(.) = ),

LTp(t,z) = %f(t, z) + p(t,z, ™) Dyp(t, ) + %tr (oo™ (t, 2, m)D2¢p(t, 7))

(3.6)
+ [ {etto+attam2) = plt.) =2 (ta,m, =) Daplt, ) oldz),

and the intervention operator M™ transacting the best immediate impulse for player B,
MTp(t, x) = Cing{w(t,l“(t,x,mé)) + K(t,z,m ()} (3.7)
€

Supposed n interventions might happen, it seems reasonable for player A to choose at the
point (t,z) a control policy © € Uy fulfilling v (¢, z) < M™Hy(=1 (¢, 2). Otherwise an
immediate intervention would dissuade player A from achieving the optimal utility v(™ (¢, z).
To be able to preserve a similar optimality condition for approximately optimal controls also

after starting time ¢, we need the following additional requirement:

Assumption 3.2.1. For all (t,z) € [0,T) x R% and € > 0 there exists an e-optimal control
m € Uy, in the sense of

inf 7O (t,z) > o™ (t,x) — e,
66V7L

whose feedback functions 7@, i.e. 7 (t) = 70 (¢, X (t—)), are continuous.

In particular, this assumption is satisfied if the optimal control itself has continuous
feedback functions. For one part of the characterization of the value function (see the sub-
solution property in Theorem below) we will use the following consequence: For 7
as in Assumption we can find for any 6 > e a neighborhood B of (¢,z) such that
MTE (=D (5 4y > (") (s, ) — 6§ for all (s,y) € B.
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In the following we show how the differential game with at most n intervention possibilities
can be solved iteratively:

Step 0. We start with computing the value function v(® of the classic pure continuous
control problem. This problem is studied extensively in the existing literature, also for jump
processes (see, e.g., Oksendal and Sulem [42]), so that we already know that v(0) is a viscosity
solution of the Hamilton-Jacobi-Bellman equation (HJB-equation)

inf {—£"0® — f(.,,m)} =0 on[0,T) x RY,
melU (3.8)
v —g=0 on {T} xR

Step n. Given the value function of the (n — 1)-differential game we can transfer the
n-intervention problem into a one time stopping problem with a final payoff depending on
v~ Then it turns out that the value function v("™ is a viscosity solution of the equation
inf max <f£”v(”) - f(, .,W),v(") — va(”_1)> =0 on[0,7) % R,

<
(3.9)

v(™ — min (g, sup ./\/l”v(”_l)> =0 on {T} xR
el

Note that and are partial integro-differential equations. The precise definition
of a viscosity solution in this case (with a non-local integral term) is given in Section
Further we will prove the uniqueness of a viscosity solution of and in a special
class of functions, so that we can be sure that a solution of the respective equation is indeed
the seeked value function.

Compared to existing results on combined stochastic and impulse control, the special
quality of the equation is the simultaneous minimization with respect to the control
7w of both the differential and the impulse part. This illustrates the balance problem of
player A who has to find a strategy that is optimal with respect to the worse case of no
intervention at the moment (first argument in the max-term) and an immediate impulse of
the most horrendous proportion (second argument in the max-term). If the effects of player
B’s impulses did not depend on player A’s strategy, the impulse component in would
not depend on 7 any more, so that we could move the infimum within the first argument
of the max-term resulting in the so-called Hamilton-Jacobi-Bellman variational inequality
(HIBVI). That means that player A would not be restricted any more in his decision and
could concentrate on his performance in intervention-free times. On the other hand player A
is at player B’s mercy because A cannot influence the consequences resulting from impulses
at the intervention times. But in view of applications to risk management we are of course
especially interested in limiting the loss even in the extreme situations.

Following Korn and Steffensen in [33] we could also state the value function on [0, T) x R?
as solution of a variational inequality of two constrained optimization problems:

max ( inf {70 — f(.,.,m)}, inf {o® - M”vm—”}) =0,
wely

welUsa
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where we minimize on the subsets

Uy={reU:—L""™ — f(,. 7)) <0},
Uy ={reU: o™ - M1 <0},

Note that U; = U;(t,x,n), i = 1,2, are not given explicitly because they depend on the
studied value function.
Before going any further, we want to validate the above equations for the derived solution

of the deterministic Example [3.1.1

Ezample 3.2.1 (Continuation of Example(3.1.1)). We concentrate on the PDE characterization
for v and recall our guess from Example

v (t,2) =z — <1 —exp <—2‘(T - t))) .

In view of the dynamics of the controlled process given in Example [3.1.1] we calculate

LroW (it z) = —oW(t,z) — om;;v(l)(t,x) =« (exp <—?(T — t)) - 7r> )

and from the jump condition related to an impulse we get

WO(t0) = MO ,0) =~ (1-exp (20 -0) ) ¢~ (o - (1= m)0)

= (exp <—a(T — t)> — 7r> .
¢
So the PDE in reads

inf max (a (w —exp (—?(T - t))) ¢ (exp (—?(T - t)) - 7r)> —0.  (3.10)

We see that the max-term in (3.10) is zero for

7 =a0(t) = exp (JZ(T - t)) € 0,1]

and strictly positive else. So we have found a minimizer for the left hand side of (3.10))
with minimum zero. So v(!) fulfills equation (3.10). Furthermore, the terminal condition is

satisfied because of

U(l)(T, r) = 2 = min (:c, sup {z — (1 — W)C}> )

w€0,1]

where the above supremum is realized by @ = 7())(T) = 1. This ends our validation which

confirms the predications of Example [3.1.1
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The rest of this chapter is organized as follows: From now on we assume n > 1. Then we
start in Section with the derivation of a dynamic programming principle (DPP) which is
associated to the stochastic differential game. More precisely, we will state two versions of a
DPP. The first one establishes the connection of v(™ to the value function v(®~1) of the inferior
problem. Here we point out that the impulse part of the control problem can be reduced
to a problem of finding an optimal stopping time for the first intervention. The solution of
the differential game with n intervention possibilities thus turns out to be an iteration of n
differential games combining stochastic control and optimal stopping. Afterwards we give
a second version of a DPP which is similar to the classic principles in which the controlled
system is analyzed up to some stopping time 7 while it is supposed to be controlled optimally
in the sequel. The value function v(™ at initial state (¢,z) is then refered to itself at the
stochastic state (7, X(7)). After showing in Section that v("™ is continuous, we use this
representation of v(™ in Section to point out the connection to the PDE . Since we
cannot guarantee that v(™ is smooth enough, we use the concept of viscosity solutions as
weak solutions of PDEs. This gives us a necessary condition for the value function in contrast
to a traditional verification theorem (applicable only under strong regularity requirements)
which presents a sufficient condition. However, the concept of viscosity solutions only makes
sense if we can be sure that a viscosity solution is indeed the seeked value function. So
we have to deal with the question of uniqueness of viscosity solutions of PDE in the
sequel. We conclude this chapter in Section [3.6] with a discussion on an extension of the
model framework including relaxed assumptions.

In this chapter we follow Korn and Steffensen [33] where a special differential game of
our type is analyzed, in particular for the derivation of the first DPP. For the handling of a
differential game combining stochastic control and optimal stopping, we copy techniques of

Pham [44] who studied optimal stopping of controlled jump diffusion processes.

3.3 Dynamic programming

In this section we provide a DPP for our differential game that we want to use in the following
to characterize the value function as viscosity solution of a PDE.

We proceed in two steps: First we transform the original problem with impulse control
into a problem associated with combined stochastic control and optimal stopping. Then we
derive a DPP for optimal stopping of a controlled process.

Before doing so, we need to discuss some essential requirements. The basic idea of dy-
namic programming is to split the problem into subproblems, so that the optimal solution
is composed of the solutions of the separate parts. For this method to work, two properties
of the controlled process and the admissible controls are crucial. Firstly, the admissibility
sets have to be stable under concatenation. This means that for any stopping time 7 € [0, T']

a control switching at time 7 from one admissible control to another admissible one is ad-
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missible, too. This condition guarantees the admissibility of the composition of solutions of
subproblems. Secondly, splitting the relevant time interval [¢,T] into [¢,7) and [r,T] and
observing the system on the latter one separately, it is necessary that, given the state at
time 7, the system is independent of its course on [t,7). This requirement corresponds to
the strong Markov property of the underlying process which actually is satisfied in our case

according to Proposition [2.2.1

3.3.1 From impulse control to optimal stopping

For a first version of a DPP we consider the problem up to the first intervention and the
problem with n — 1 remaining intervention possibilities as isolated cases. For this decomposi-
tion of the problem the stability assumption on U, V, is obviously satisfied in the following

sense:
o If 7" € Uy and 7’ = (W(”_I), .. .,77(0)) € U1, then ™ = (77(”),77(”_1), .. ,7'('(0)) € Uy,.

o If (71;¢1) € Vy and & = (79,...,7n;C2y-..,Cn) € V1 such that 7 < 79, then & =
(7'1,7'2,...,Tn;Cl,CQ,...,Cn) EVn.

Recall that X™ = X7 denotes the controlled process with start in (t,2) € [0,7] x R?
under control m € Up and no impulse intervention. We define by 7 = T (¢) the set of all
stopping times 7 € [t, T] which represent admissible intervention times in the sense that they
are independent of the past. Further we recall the definition of the intervention operator M™
from .

Now we can state the first important result of this section which is a generalization of
Lemma 2 in Korn and Steffensen [33]. For the problem of optimization of the final utilility of
a diffusion process with impulse perturbation (with fixed impulse ¢) they derived the relation

v (t,2) = sup inf By [0 (r,D(r, X7 (1), (1), Q)]

we€Uy TE
We notice that this result implies that intervening is the optimal strategy for player B which
is not true in general. Moreover, in view of our general choice of the performance criterion,
we need to take into consideration the utility functions f, g and K as well as different
admissible impulses. However, the correct version in our case is very intuitive and can be

derived similarly to the lemma in [33].

Theorem 3.3.1 (Dynamic programming principle (version 1)). The value function v(™ in

(3.3) can be represented in form of

v™(t,x) = sup inf By, [/ f(s, X™(s),m(s))ds
WEMO TET t

+ MO (0, X7 (7))L (311)

+min (g, MTOuODY (7, X7 (7)1 oy |-
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Proof: Fix (t,2) € [0,7] x R? and consider an impulse control ¢ € V), which is com-

posed of the first intervention (71;¢1) and & := (72,...,7;C2,...,(). On the stochastic

interval [t,71) the continuous control given by 7 = (7™, ... 7)) € U, equals 7("). Af-
terwards it switches to the (n — 1)-control @’ := (x(»=D ... 7(0)  For each path with no
intervention in the relevant time interval [t,T], we are free to set 71 = T and (1 = (p.

Noting that X™¢(r—) = x " (11) the controlled process jumps at intervention time to
2 =T (r, X (1), 7™ (1), ¢1). Since E[.|F] = E[E[.|F»]|Fi] holds for all 7 > ¢ and any
controlled process has the strong Markov property, we can state the objective functional in

form of
n (n) (n)
T (t,7) = Ea / F(s, X7 (s), 7™ (s))ds + K (11, X™ " (1), 7" (11), (1)
t
T /et ¢! /et
Ep [ [ #7521V O ) s+ (7 (1)
T1

+ § K(TiaXﬂ/’gl(Ti_)7W(n_i—i—l)(Ti)aCi)
717 <T
i>2

To make the notation more convenient we set
(n) n (n) (n)
yrmia) 2 / F(s, X7 (s), m(s))ds + K (71, X™ (70), 7™ (7). C1).
t
Then, using the definition of the objective functional J we obtain

T (t,x) = By p [yﬂ“”(n;@) + j(W’f’)(ﬁ?x/)} ) (3.12)

Let € > 0. For a given first intervention (71; (1) choose a control 7 € U, that is 5-optimal

both up to the first intervention and later on, i.e.

sup Eq, Yﬂ(")7(T1;C1) + v(”_l)(ﬁ,x')} < Eig {Yﬁ(")ﬁ(ﬁ;ﬁ) + U(n—l)(ﬁ,g}’)} + %’ (3.13)
w(m) el

sup inf JTE(r,#) < inf TE(r, ) + E, (3.14)
' €Uy 1 €' EVn—1 §'€Vn1 2
where &' = T'(, X7 (11), 7™ (71),¢1) is the state after the first intervention (71;¢;) if the
strategy #(") is applied until the first intervention. Furthermore, for a given control 7 € U,
g

choose an impulse intervention f € Vp that is 5-optimal both for the first intervention and

in the sequel, i.e.

infT Eio [yﬂ(”>,(f1;41) + 0D (7, x’)} > Etp [yﬂ<">,(ﬁ;51) + 0D (7, @/)} - g, (3.15)
T1€
G1€20{60)

inf j(wl’gl)(ﬁ,ﬁ:') > j(”/’é/)(ﬁ, ') —

oaut ) (3.16)

| ™
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where in this context &' = I'(7y, x (71), 7™ (1), ¢1). Then we have the following series of

inequalities,
o (t2) > inf By, [YHH050) 4 g F 0 ()
€Vn

>  inf E,, [yfr(m,(ﬁ;ﬁ) +  inf j(ﬁﬂé’)(ﬁ?@')]
TET ’ &€V, _1
¢1€2u{¢o}

> inf Et,z

Yy o gupinf j(ﬂ'vﬁ’)(ﬁ’:@')] _%

T1ET ,
Cleéu{co} ' €Up_q1 &' EVn-1
> ll’lf;’ sup Et,m |:Y7r(”)7(’7'1;<1) + U(n_l) (71,$/):| —e
T1E

¢1€2u{¢o} (" el

> sup infr Et » {Y”(n)’(ﬁ;ﬁ) + v("_l)(ﬁ,:r’)} — €.
T1E
MUy ¢\ e70(c0)

Here the first inequality follows from the definition of v(™, and plugging in strategy
7. The second inequality follows from interchanging the expectation and the infimum over
intervention strategies after the first intervention. The third inequality follows from .
The fourth inequality follows from the definition of v(*~1) and . The fifth inequality
follows from the relation inf sup > sup inf.

On the other side we have

v (t,2) < sup By, [yﬂ“‘%(ﬁ;@) + j(ﬂ’f’)(ﬁ’@/)]
TEUR

< sup Et,x Yﬂ'(n)v(’f'l%&l)_i_ sup j(w/’é/)(’f'l,_ﬁ/)
m () ety ' €Un—1
< sup B, YOO 4 supinf g0 ()| 42
(") €Uy ' €Up_q1 & EVn—1 2
< sup infT Ei . {Yﬂ(n),(ﬂ;ﬁ)_’_v(n—l)(ﬁ,x/)} Le
7'16

MUy ¢ 7010y

Here the first inequality follows from the definition of v(™, and plugging in strategy
é . The second inequality follows from interchanging the expectation and the supremum over
continuous (n — 1)-controls used after the first intervention. The third inequality follows from
. The fourth inequality follows from the definition of v("~ and .

Since € > 0 has been chosen arbitrarily, it follows

o™ (t, ) = sup in£ Eip |V 4 o™= (7 :1:’)} .
U (e 7o)
Recall that the impulse ( is some F,-measurable random variable with values in Z U {(o},
so that it is deterministic at time 7. Considering the optimal choice of the first intervention
as gradual process of first finding an optimal intervention time 7 and then minimizing the

objective function with respect to the associated impulse ¢, we may move the infimum over



22 CHAPTER 3. DIFFERENTIAL GAME

all impulses within the expectation. Obviously it is of no advantage for player B to exercise
the ineffective impulse (o prematurely since by this strategy he only looses one possibility of
intervening in the future. It is just an auxiliary expression to define the intervention strategy
properly even in the no intervention case. So it is sufficient to consider (y as admissible
impulse only at time T'. Using the ineffective impulse (y at that time player B leaves the
system as it is, so that the game is over with a final payment of g(x). Then, by the definitions

of Y™(T:0) 2/ and the impulse operator M™(™)_ we finally arrive at the representation of v

in (311). 0

Theorem [3.3.1] motivates to introduce the notation
T (t, ) =By {/ f(s,X™(s),m(s))ds + M™ DoV (2, X™ (1)L oy
¢

+min (g, M’“”U‘"‘”) (7, X" (1) 7=y | -

Then it is our task to solve the following stochastic optimization (sub)problem: Find (™,
T € Uy and 7 € T such that

o™ (t,2) = sup inf T (¢, 2) = TFD (¢, 2). (3.17)

WGU() TET

(n=1) of the problem with n—1 intervention possibilities, this modified

Given the solution v
problem embodies a differential game combining stochastic control and optimal stopping.
Going through the proof of Theorem [3.3.1] shows that the stopping time corresponds to the
first intervention time 7, of player B and the continuous control is player A’s strategy m(™
up to the first intervention. Here it is already assumed that both players act optimally in the

sequel. In particular, player B’s impulse (7 excercised at 7 satisfies

(1 € arg gegbi?co} Mﬂ'(n>(7'1)v(n—1)(7-17X7r(n) (7_1))

if this expression is well-defined.

Moreover, note that the representation formula (3.11)) gives us directly the final condition

o™ = min (g, sup M”v(”_1)> on {T} x R%. (3.18)
melU

3.3.2 DPP for optimal stopping

After we have translated our initial problem to a differential game combining stochastic
control and optimal stopping, we now state a DPP for this modified problem. The right

formulation of such a principle in our setting is the following:
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Theorem 3.3.2 (Dynamic programming principle (version 2)). The value function v™ in

(3.17) can be represented in form of

TNO

ot,0) = sup i Ber | [ 16 X7, m(9)ds + 00, X7 0D T
n€Uy TET t

+ Mﬂ'(‘r)v(nfl) (T, Xﬂ(T))1{027,7<T} (319)

+ min (gv Mﬂ(T)Um_l)) (7_7 X7 (T))]I{GZT:T}

for any stopping time 0 € [t,T).

Note that Theorem [3:3.2] can be reformulated equivalently in the following way:
Let (t,z) € [0,T] x R%. Then we have:

(DP1) For all € > 0 there exists m € Uy such that for all 7 € 7 and for each stopping time
0 € [t, 7] we have
0
o(0,0) < B | [ 75, X70),m(5))ds + (6. X7 0)
t
+ MT 0D (1, X7 (7)) Ly ey

+ min <g’ MW(T)U(n_1)> (T, Xﬂ(T))ﬂ{QZT:T} + €.

(DP2) For all m € Uy and € > 0 there exists 7 € T such that for each stopping time 6 € [t, 7]

we have

0
V002 B | [ 5, X7 (), m(5))ds + o (0.X7 0D e
t

+ MDD (2 X (7)) - o1y

+ min (g, M”(T)U("_1)> (7, X" () gg=r=1} | — €.
Proof of Theorem We are going to prove the version (DP1)-(DP2). To start with let
us remark that by the definition of the admissibility set Uy we can be sure that two admissible
strategies applied sequentially in time form a new admissible strategy, see [55]. This allows

us the following procedure: Fix (t,z) € [0,7] x R? and consider 7 € Uy and 7 € T (t). For

the sake of brevity of notation we write
Gn(T, X™(7)) i= M7 (=D (7, X™(7))1fr<) + min (g, M“(T)U("_1)> (7, X" ()L 7=1y,

so that the expected final value resulting from the strategies = and 7 reads

G t0) = Bar | [ 5. X7(0)m(6))ds + on(r, X7 ()]
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Then, by the strong Markov property, for each stopping time 6 € [t, 7] we have
0
T t0) = un | [ 5. X7()m(s)) s

t

+Epxe | [ He X7+ nn X0 | G20
6

=B | [ 705, X7, m(6)ds + T 6. X7(0)
¢

Let ¢ > 0. By the characterization of the value function in (3.17) there exist & € Uy and
7 € T(6) such that

V™ (t,z) < TE(E, z) + g and 7@ (9, X7(0)) < o™ (0, X7(0)) + g (3.21)

Since (DP1) does not depend on the actual stopping time 7 in the case of § < 7, we may
choose 7 = 7 in this case, i.e. we relabel 7 by 01—y + 71{9r}. Considering and
noting that JET) (0, X™(0)) = gu(1, X7 (7)) for 8 = 7, (3.21)) proves (DP1).

In the same way there exist 7 € T (t) and 7 € Uy such that

V™ (t,z) > Tt z) — g and 7@ (9, X7(0)) > o™ (0, X™(0)) — % (3.22)

Since (DP2) depends on the strategy 7 only through its realizations in the stochastic interval

[t,0), we may pass to the control & on [0, T]. Therefore, combining (3.20]) and (3.22)) gives us
(DP2). 0

We will use the version (DP1) for the proof of the subsolution property of v(™ in Section
More precisely, we need the following consequence of (DP1): For all (¢,z) € [0,T) x R?
and € > 0, there exists m € Uy such that for all € T we have

0
o™ (¢, ) < By [ /t (5, X7 (), 7(5))ds + 0™ (8, X7(0))| + &

as well as
o™ (¢, 2) < MDD (¢ 2) 4 e

To see the first inequality, choose in (DP1) the specific stopping time 7 = 7" and note the
terminal condition stated in (3.18). The second inequality is (DP1) for 7 = t.

For the proof of the supersolution property of v(™ we will make use of the version (DP2)
as follows: At a closer look on (DP2) we can even say more about the e-optimal stopping

time 7. For (¢,2) € [0,T] x R%, 7 € Uy and & > 0 define the stopping time
7o o= inf{s >t : 0™ (s, X7(5)) > M™(" V(5 X7 (s)) — €}

Suppose that 7 < 7. AT with positive probability. Then, by the definition of 7. we conclude
that v (1, X7 (7)) < M™M= (7 X7(7)) —¢ with positive probability. But this represents
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a contradiction to (DP2) in the state (7, X™ (7)) for # = 7. So we have shown that 7 > 7. AT
almost surely. Therefore we are allowed to consider in (DP2) the stopping time 6 = 7 A(t+h)
with h € (0,7 —t). According to (DP1) we can modify each control @ € Uy on [#,T] such
that

o™ (0, X™(9)) < M™ (=Yg, X7 (0)) + €.

Then the inequality in (DP2) reads

0
v (t, x) > By [ /t f(s, X™(s),7(s))ds + U<n>(9,Xﬂ(9))] — 2%

which holds true for all w € Uy because the expression on the right hand side does not depend
on the course of w on [0, T]. In view of the arbitrary choice of € > 0 and the fact that 7. > 7.
for &/ < g, it follows
o™ (t,2) > sup By, [/ f(s, X™(s),7(s))ds + v(”)(O,X”(G))}
TEUy

for = 7. A (t + h) with arbitrary e > 0 and h € (0,7 —t).

3.4 Continuity of the value function

In this section we prove the continuity of the value function. The main result is the following:

Proposition 3.4.1. Let Assumption be satisfied. Then the value function v in (3.3)
(resp. (3.17))) is continuous and Lipschitz in x (uniformly in t). More precisely, there exists
a constant C > 0 such that for all s,t € [0,T], z,y € RY,

[ (t,2) — ™) (s,9)] < C{(1+ [t = 5|2 + o — |}, (3.23)

We adapt the proof to a proof presented in Pham [44] where the continuity of the value
function of a similar stopping problem is shown. The proof essentially makes use of the es-
timates on the moments of the purely m-controlled process X™, m € Uy, see Lemma, in
the Appendix. Furthermore, for the continuity with respect to the time variable ¢t we apply
the DPP in form of . The difference to [44] lies in necessary sup inf manipulations and
in the extension of the mentioned estimates to impulse perturbed processes which is not a
problem in view of the discussion following Lemma

Proof of Proposition By the definition of v(™ and the relation | sup,e 4 infpe 5 @(a, b)—
sup.c 4 infagep ¥(c, d)| < sup,ecasupyep l¢(a, b) — ¥(a,b)| we have for all t € [0,T], z,y € R?,

W (,2) — o (1, y)] < sup sup B [rg<Xsz<T>> _ (XTET)|
TEUR EEV,

T
+ / £ (s, XTE (), 7N D (8)) — f(s, X7 (s), m N O (s))|ds
t

+ Z T’La 7_1_)77_(_(71—7:—%1)(7_1,)’4-2,) - K(ThXt yf(’r'_)aﬂ-(n_i—i_l)(,ri)?Ci)|

t<m; <T
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Using the Lipschitz conditions on I', f, g, K of the assumption (G3) and the estimate
of Lemma together with the tower property of conditional expectation, we conclude
that

o (t,2) — o (8 y)| < Cla -y, (3.24)

i.e. the value function is Lipschitz in z (uniformly in ¢).
To prove continuity of v™ in time ¢, let 0 <t < s < T, x, y € R% and use the DPP (3.19)
with # = s implying that

vl )<t z) = sup inf E [/ f(r, XW (r), W(T))dr_i_U(n)(stgx(S))]l{s<T}

TEUy T€T

+ MDD (7 XT () r ey

+ min (.97 Mﬂ(T)Um_l)) (7—7 Xg,rx(T))]l{sZT:T} :| :

Using the specific stopping time 7 = T" and noting that v(™ = min(g, sup,cy M’rv("_l)) on
{T} x R?, this leads to

[0 (t, ) — v (s,2)| < sup E [/ [f(r, X7 (r), () + [0 (5, X7 (5)) —v(”)(svm)l] '

TEUY

In view of the linear growth condition on f as consequence of the assumption (G3) and the
Lipschitz relation (3.24)) of v("™), this yields

\v(n)(t,x) _ y(")(s,x)] < sup C {/ts(l +E [[Xfx(r)]])dr +E []Xt”m(s) — x]] } .

TeUp

With the estimates (B.2) and (B.3)) of Lemma we deduce
[0 (t,2) = 0™(s,2)] < U+ fals — 12,

which ends the proof. (]

That is v(™ is in UC, ([0, T] x R?), the set of continuous functions on [0, 7] x R, uniformly

continuous in z (uniformly in ¢).

3.5 PDE characterization of the value function

We now come to the main result of this chapter showing that the value function of the
differential game can be represented as a viscosity solution of a PDE.

In this way we can apply the viscosity solution concept as a kind of verification method,
allthough the value function does not need to satisfy strong regularity conditions: It is suffi-
cient to verify that v(™ is a viscosity solution of the corresponding PDE. But for this method

to work, it is necessary that we know that v(™) is the unique viscosity solution.
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So we first give an existence theorem of the value function as viscosity solution and after
that turn to the question of the uniqueness of these viscosity solutions. But to start with we
need some preliminaries in order to extend the viscosity approach presented in the appendix

to partial integro-differential equations with its non-local integral part.

3.5.1 Preliminaries

In this section we consider the partial integro-differential equation

in(f]max (—E”v —f(, . m),v— M’rv(”_l)> =0 on[0,7) x R,
TE
(3.25)

v — min <g, sup M”v(”1)> =0 on {T}xRY,
welU

where L™ is the integro-differential operator from (3.6)).
Denote by C; = C1([0, T] x R?) the space of functions ¢ € C([0,T] x R%) with linear growth

rate, i.e. there exists a constant C' > 0 such that
lp(t,z)| < C(1+ |z|) for all (t,z) € [0,T] x R%

Note that by ([3.4) we have v(™ € C1([0,T] x R?). As detailed below, L™y is well-defined for
0 € CiNCH2([0,T) x RY).
Now let us state more precisely what we mean by a viscosity solution of (3.25)).

Definition 3.5.1. Let v € C1([0,T] x R%).

(i) We say that v is a viscosity subsolution of (3.25)) if

v = min <g, sup M”v("l)> on {T} x R? (3.26)
el

and for any point (t,x) € [0,T) x R and all ¢ € C;NCH2([0,T) x RY) such that (v — )
has a global maximum in (t,x),

inf max (~L7(t,2) = f(t 2, 7),0(t 2) = M (2,2) ) < 0.

S

(ii) We say that v is a viscosity supersolution of (3.25)) if (3.26) holds and for any point
(t,x) € [0,T) x R% and all p € C; NCH2([0,T) x RY) such that (v — @) has a global
minimum in (t,x),

inf&max (—L”Tcp(t,a:) — f(t,z,m),v(t,x) — M”U(“*D(t,x» > 0.
TE

(ii) We say that v is a viscosity solution of (3.25)) if it is both a viscosity subsolution and
a viscosity supersolution of (3.25)).
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Remark 3.5.1. Without loss of generality we can replace the requirement of a “global maxi-
mum” of (v—¢) in (¢, z) in the definition of a viscosity subsolution by ¢ > v, p(t,x) = v(t, z)
because adding constants to ¢ does not change the value of L.

Except for the terminal condition and the non-local integral part of the PDE, the definition
for a viscosity solution used here corresponds to the one given in Appendix [A} Recall the

form of the integro-differential operator

LTo(t,x) = %f(t, z) + pu(t,z, ™) Dppl(t, ) + %tr ((co™)(t, 2, m)D2¢p(t, ))

+ / {o(t,z +y(t,z,m 2)) —@t,z) —(t, z,7, 2)T Dyo(t, z)}v(dz).
RF

To handle a possible singularity of v in the origin, i.e. v(R¥) = oo, we split as in [44] the

integral in L™ for n € (0,1) into two parts,

L]
|z]<n |z[>n

To this end define for t € [0,T], z,p,l € R4, X € S%, 7 € U and p € C; NC2([0,T) x RY),
1
Fﬂ—(t,:l?,p,X, l) = —§t1‘ ((O'O'T)(t,l',ﬂ')X) - ,LL(t,x,ﬂ')Tp— f(ta:l:aﬂ-) - la

I;ﬂ?[t’ €, 90] = / | {(p(t, T+ 7(t7 T, T, Z)) - (P(tﬂ .CC) - '7(t7 T, , Z)TDZ’SD(ta x)}y(dz),
z|<n

gl = [ {ee 4l m ) —olt,w) ~ (b ) (),
z|>n
Ialt,z, ) := Tt  z, @] + I2"[t, 2, Do, ).
We remark that F' is a continuous function satisfying the degenerate ellipticity condition
F(t,z,p, X, l1) < F(t,z,p,Y,ls) whenever X >Y I} > ls.

Here the fact that F' is nonincreasing in [ is indeed part of the needed requirements which
make sure that any classical solution in CY2([0,T) x R?) is also a viscosity solution. Since
taking supremum or infimum preserves the ellipticity property, the left hand side of the PDE
is degenerate elliptic. Moreover, recalling the definition of the intervention operator,

M(t, ) = Inf {o(t, Tt 7, ) + K(t, z,m )},

and noting that I', K are continuous and Z is compact by the made assumptions and that
v € UC,([0,T] x RY), we conclude by Lemma, in the appendix that M™y(®~1 is
continuous on [0, 7] x R%. So, due to the compactness of U, the left hand side of the PDE
is continuous in (¢, z,v(t, x), %(t, x), Dyv(t, ), D?v(t, x)).

Let us now turn to the integral part of the PDE in which the test function ¢ is not only
evaluated in the point (¢, ). By the Taylor expansion we have for the first integral term

1
zwwaﬂs/ (¢, 2, 2) 2| D2 (2, )| (dz)
|z]<n
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for some & € B(z,sup,|<, [7(t,z,7,2)|) (note that sup, ., [v(t, 2,7, 2)| < co according to
the boundedness assumption of 7 in the assumption (G2)). Using the growth condition on 7
from the assumption (G2), the integral is well-defined. In view of the dominated convergence
theorem it follows

lim Z}[t, 2, ¢] = 0. 3.27
S [t 2, ¢] (3.27)

For the second integral Lzr’"[t,x,p, ¢] we observe that, because of ¢ € C1([0,7] x R?), the
integrand is bounded by Cy,(1 + |y(t, z, 7, 2)|?) for a constant C;, > 0 depending on z,p.
Since [pi(|2]* A 1)r(dz) < oo holds for any Lévy measure v (see, e.g., Protter [46], Theorem
42, or Jacod and Shiryaev [24], Corollary 4.19) and |vy(¢,x,m, z)| is bounded for |z| < 1
according to assumption (G2), the integral f\zIZn v(dz) is finite. Again by the linear growth
condition on « from assumption (G2), this implies the well-definedness of el [t,x,p, ] Ifv
has finite activity, i.e. v(R¥) < oo, then I?r’"[t, x,p, ] is also well-defined for n = 0.

In view of the introduced notation, a function v € C1([0, T] x RY) is a viscosity subsolution
(resp. supersolution) of if and only if holds and for all (t,z) € [0,T) x R% we

have

0
inf max (—8f<t,x> P (2, Dasp(t, ), D2t ), Talt, 0, 0]), (8, 2) — M) (w:)) <0
TE
(resp. > 0), whenever ¢ € C; NC2([0,T) x RY) such that (v — ) has a global maximum
(resp. minimum) in (¢, x).

We now want to replace in the characterization of a viscosity solution the test function
¢ in the integral I,Qr’"[t, x,p, ¢| by the viscosity solution itself. To this end we need a further

assumption:

Assumption 3.5.2. If we have v(R¥) = oo, then the function vy does not depend on m and
for all (t,x) € [0,T] x RY,

vt 2, 20)] <[yt @, 22) for [z1] <zaf <1,

v(t, z,2)| > Sup [y(t,2,2')|  for |z = 1.
2'<1

Ezample 3.5.1. Assumption is satisfied for k = d, y(t,z,z) = Y(t,x)z with 7 : [0,T] x
RY — R\ {0}.
The following proposition states the intended equivalent formulation for viscosity solutions

in the class C;.

Proposition 3.5.3. Let Assumption be satisfied and let v € C1([0, T] x RY). If we have
v(RF) = oo, then v is a wviscosity subsolution (resp. supersolution) of (3.25)) if and only if
(3.26) holds and for all (t,x) € [0,T) x R? and n € (0,1),

0
inU max <_af(t7x) + Fﬂ-(t7$7 sto(ta $), D:%so(tax%
e

Tt @, @) + I3[t @, Dap(t, x), 0]), o(t, ) — M, x)) <0



30 CHAPTER 3. DIFFERENTIAL GAME

(resp. > 0), whenever ¢ € CY2([0,T) x R?) such that (v — @) has a global mazimum (resp.
minimum) in (t,x). The same holds for v(R¥) < oo with n = 0.

We remark that in the proposition’s version of a viscosity solution it is not necessary
to consider only test functions ¢ in C; because the integral Llr’n[t, z, ] is also well-defined
without this requirement. Since any viscosity sub or supersolution v is stipulated to be in
C1, the integral I?r’”[t, z, Dyp(t, x),v] is well-defined, too.

Proof of Proposition We prove the statement for subsolutions in the case v(R¥) =
oo. The other statements are proved in quite the same way. So in the following we consider
for some fixed point (tg,29) € S := [0,T) x R? a test function ¢ € C12(S) with ¢ > v and
¢(to, zo) = v(to, To)-

Sufficiency. Supposed in addition ¢ € C1(S), this assertion is a consequence of
272777 [tov Zo, D:ESO(th xO)a ’U] < :Z'72r,77 [th Zo, Dz@(tm ZL‘()), (P]

and the ellipticity of F.

Necessity. For this implication we have to construct a function ¢° € C1(S) such that

(Pg(t7x) = Sp(th) for z € NW(:L'O)7
o (t,x) = °(t,x)  for x € RT\ N,ie(wo),

where ¢ € C12(8S) satisfies |[v — ¢%|| 0o (s) < € with ¢° > v and the subset Ny (xo) is defined
by
Ny(xo) == {Azo + (1 = A)y(to, z0, 2) : |2[ <, A € [0,1]}.

For the concrete construction we refer to Soner [53], Lemma 2.1, or Sayah [50], Proposition 2.1.
Both references are concerned with elliptic PDEs involving a first order integro-differential
operator with jump coefficient function ~(z, z) = z. But since the second order derivative D2
only has impact on the local part of the PDE and the non-local integral part only takes into
account values starting at time ¢g, their procedure can be adapted to the parabolic case with
second order differential operator. The different jump reaction is handled by the consideration
of the set Ny (z9) instead of the ball B(zo,n) which is possible because of Assumption [3.5.2]
According to this construction, ¢° inherits all local properties in (g, z) from ¢ as well as
the linear growth property from v. So for each € > 0 we can use ¢° as a test function with

respect to the original subsolution definition. Thus we deduce

a £
inf max (— P (t0,20) + F¥(to, 20, D (fo, 20), D2 (to, 20).
TelU ot

(3.28)
TIEMto, x0, 0] + T2"[to, 20, Dag® (to, x0), 1), v(to, 20) — M 0"V (tq, 960)) <0.
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This infimum is attained in 7 € U because of the continuity of the respective objective
function and the compactness of the domain U. Choose a subsequence such that 7€ — 7 € U

for € \ 0. Along this subsequence we have
i{%zﬁﬁ[t07 Zo, DZ‘QOE(tO) xO)u SOE] - Ig—m[t07 Z0, DZ‘QO(toa JJQ), U],

so that we conclude our result by using the limit in (3.28)). O

Remark 3.5.2. It is sufficient to require in the assumption (G2) that (¢, z,n,.) is bounded
in a neighborhood of z = 0, say for |z| < p € (0,1], and in Assumption [3.5.2]

[yt 2, 21)] < |[y(t, @, 22)] for [z1] < |22] < p,
[y(t,z,2)| > sup |y(t,2,2)| for [z] > p.
|2’|<p

Then we only consider 1 € (0, p) for v(RF) = cc.

For proving the uniqueness result we have to characterize a viscosity solution by the
notion of semijets introduced by Crandall, Ishii and Lions [10]. We refer to the appendix for
the definitions of the semijets J>T, 7%~ and their limiting versions J>t, J%7. In the very
same way as in the appendix, we obtain the following formulation of a viscosity solution in

Cy in terms of the limiting semijets:

Corollary 3.5.4. Let Assumption be satisfied and let v € C1([0,T] x RY). If we have
v(RF) = oo, then v € C1([0,T] x R?) is a viscosity subsolution (resp. supersolution) of
if and only if holds and for all (t,z) € [0,T) x R?, (a,p,X) € J>%v(t,x) (resp.
(a,p,X) € T> v(t,z)) and n € (0,1),

in[f] max (—a + F™(t,z,p, X, It  z, 0] + Z2"[t, z, p, v]), v(t, ) — M7V (¢, 33)) <0
TE

(resp. > 0), whenever ¢ € CY2([0,T) x R?) such that (v — ) has a global mazimum (resp.
minimum,) in (t,x). The same holds for v(R*) < oo with n = 0.

3.5.2 Viscosity solution existence

Using the dynamic programming principle derived in Section and the concept of viscosity
solutions presented in the preceding section, we link the value function v(™ of our differential
game with the PDE (3.25)):

Theorem 3.5.5. Let Assumptions|3.1.1 and|3.2.1| be satisfied. Then the value function v(™
m (resp. ) 18 a viscosity solution of .

Proof: We have already verified that v(™ = min(g,sup,cy M™0™~ V) on {T} x R?, see
(3.18)). So let us focus now on the viscosity property of v™ on & := [0,T) x RY,




32 CHAPTER 3. DIFFERENTIAL GAME

Subsolution property. Let (t,z) € S and ¢ € C; NCY%(S) such that ¢(t,z) = v (¢, )
and ¢ > v(™ on S. In order to prove the subsolution inequality we argue by contradiction

and assume that there exists a § > 0 such that
Hellff max <—£7rg0(t,x) — ft,z,7), o™ (t, x) — M”v(”_l)(t,m)) = 4.
So for all m € U we have

—L7p(t,z) — ft,z,m)>6 or v™(t,z) — M D(t, z) > 6. (3.29)

Let € € (0,6). Then, as detailed subsequent to the proof of Theorem the DPP (DP1)
yields the existence of a control m € Uy fulfilling

o™ (¢, 2) < MDD (¢ 2) 4 e (3.30)

as well as, for each stopping time 7 < T,

v (t,2) < Et o [/tTf(s,X”(s),w(s))ds + o™ (1, XT ()| +e. (3.31)

Thus, combining (3.29) and (3.30) and noting the continuity of the involved functions, in

particular the continuity of the feedback function of 7w according to Assumption we can
find some p > 0 such that the parabolic ball B := [t,t + p) x B(x, p) surrounding (¢, x) with

radius p lies within S and

flom + L™V < -6 onB. (3.32)
Consider the stopping time
7, =1inf{s >t : | X" (s) — x| > p} A (t + p).

Using the relation v(®) < ¢ and applying Dynkin’s formula (see Theorem in the ap-
pendix) to ¢(7,, X™(7,)), we deduce from (3.31])

U0(00) < Be [ [ 55, X761 (0D + (7 X7 2
< (0,0 + B | [0 X706 70) + £7 (s, X7(5))s] + =

In view of 7, as first exit time of the set B, we know from (3.32) that f(s, X™(s),n(s)) +
L) (s, X™(s)) < —& almost surely for all s € [t,7,). Hence, by v™(t,z) = ¢(t,x) we

conclude

0 <Ety [/tTp{f(s,X“(s),ﬂ(s)) + L™ (s, X (5))}ds| + e < —O0Fy.[r, — ] +&.
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Since this inequality holds for all € € (0,9), it follows 7, = ¢ almost surely. Therefore, by
Markov’s inequality and the estimate (B.4]) of Lemma we have for any h € (0, p),

1:P[Tp<t+h]§P[ sup |X”(s)—x|2p]

t<s<t+h
. 2
< SE < sup X“(S)—l“I)
Y t<s<t+h
< Ch,

where C' > 0 is independent of h. Consequently, sending h — 0 leads to the desired contra-
diction.

Supersolution property. Let (t,z) € S and ¢ € C; NCH(S) such that p(t,z) = v (¢, x)
and ¢ < v(™ on . We must prove that

infU max (—E’rgo(t,x) — flt,z,m), o™ (t,z) — M”v(”*l)(t, :z:)) > 0.
e

If o) (t, 2) > M=V (¢, z) for all m € U with f(t,z,7) + LT@(t, z) > 0, then the superso-
lution inequality holds trivially. So assume from now on the case that there exists a m# € U
such that

flt,z,m) + LTt 2) >0 and o™ (t,z) < M V(¢ z). (3.33)

For ¢ € (0, M™v™=V(t,z) — ™ (t,2)), p > 0 and the constant control 7(.) = 7 define the

stopping times

o= inf{s 2 ¢ 0™ (s, X7(5)) 2 MuOD(s, X7(5)) <},
T, :=inf{s >t : | X" (s) — x| > p}.

For h € (0,7 —t) set 7 := 7. AT, A (t + h). In view of the DPP (DP2) and the remarks after
the proof of Theorem [3.3.2] we have

o™ (t,z) > By { /t ' f(s, X™(s),m)ds +v™(r, XW(T))] .

Now we use the relation v(™ > ¢, so that we can deduce by applying Dynkin’s formula to
(7, X7(7)),

U0(t0) 2 B | [ 106, X7 0,0 + ol X7 (7))
t
> plt,0) + e | [ U6 X7(6)m) + L7605, X))
¢
Then, using the equality v("(¢,z) = ¢(t, ) and dividing by h we obtain

E:, Lll /t (s, X7 (s), 7) —i—ﬁ’rgo(s,X”(s))}ds] <0. (3.34)
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We split the integral in the expectation term into two parts,

t+h T
(/t > Lireiiny + (/t ) Lirctvny-

As in the proof of the subsolution property, we deduce from Markov’s inequality and Lemma
that P[r < ¢t 4+ h] < Ch for some constant C' > 0 which is independent of h, i.e.
L7 <¢+ny — 0 almost surely for ™\, 0. Since the integrand is bounded on [t, ), the expecta-
tion of the second integral disappears for h 0. Thus, sending h \ 0 in , we conclude

by the dominated convergence theorem that
[tz m)+ LTp(t,x) <0
which is a contradiction to (3.33)). 0

Remark 3.5.3. We only used Assumption for the proof of the subsolution property.

3.5.3 Viscosity solution uniqueness

We now conclude by establishing a comparison result for the equation which implies
that v(" is the unique viscosity solution of in the class UC, ([0, T] x R?) of continuous
functions on [0,7] x R?, uniformly continuous in x (uniformly in ¢). For its proof we refer
to a more general comparison result presented in the next section. Since the proof for the
standard version considered here and for the generalization are very similar, we prove the

generalization.

Theorem 3.5.6 (Comparison theorem). Let Assumptions|3.1.1| and|3.5.2 be satisfied. Fur-
ther, let u € UC,([0,T] x R?) be a wiscosity subsolution and v € UC,([0,T] x R?) a wviscosity
supersolution of (3.25)). Then we have

u<v on [0,T] x R%

Proof: Supposed all the underlying assumptions hold, Theorem below states that we
have u < v on [0,7] x R? if u < v holds on {T'} x R?. Noting that u and v are viscosity sub
and supersolutions and that viscosity sub and supersolutions are equal at terminal time T,
it remains to check the assumptions of Theorem [3.6.6

Assumptions [3.6.1| and [3.6.2| correspond to Assumption and the fact that v~
is continuous. So let us finally verify Assumption for the growth rate r = 1. The
Lipschitz condition (U1) is satisfied because of Assumption The convergence result in
(U2) is true due to , and the estimates of the integrals in (U2) are again a consequence
of Assumption The requirement (U4) is shown in the preliminaries of this section,
supposed Assumption holds. The single crucial point is assumption (U3), the existence
of a positive function w € C2([0,7) x R?) N C([0,T] x RY) and a constant C' > 0 such that

min <infU{—£”w},w> >C on0,T) x R?
s
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and
2]

\:v|i>noo w(t. ) =0 (uniformly in t).

We claim that for some large A > 0 the function w(t,z) = X7V |z|2 + C(T —t 4+ 1) is
the right choice. The strict positivity and the convergence property are evident. For the

condition on the differential operator we calculate
—e M Lm(t, 2) = Ma|? + C — 2u(t, z,7) 'z — tr ((co)(t, 2, m)1,)

—/ {lz +~(¢t,z,, 2)|? = |z|? = 2v(t, x, m, z)T:Jc} v(dz).
RE

Using the estimates in (G2) of Assumption and the equality |z+y[* = |z|? + 22Ty +|y|?,

we conclude

—e AT D Lmy(t,2) > Na|? + C — C(1+ |a]?).

For A > C we obtain the desired inequality.

Theorem directly leads to the following uniqueness result:

Corollary 3.5.7. Let Assumption be satisfied. Then the value function v(™ in (3.3)
(resp. (3.17)) is the unique viscosity solution of (3.25)) in UC,([0,T] x R%).

Going through the proof of Theorem [3.6.6] below, it is apparent how one proves the
uniqueness of a viscosity solution v(® of the HIB-equation (3.8)) for the classic control problem

without impulse intervention.

3.6 Extension of the model

Since Assumption in particular the global Lipschitz condition (G3) on the profit func-
tions f, g, K, is quite restrictive, we want to discuss in this section how we can weaken the
basic assumptions of our model. As minimal requirement we need a set of coefficient func-
tions u, 0,7y, a transaction function I', profit functions f,g, K and admissible control sets
Up = UJT, V), such that the following holds:

Assumption 3.6.1.(G1’) The controlled process X = ng has a unique strong solution for
any starting value (t,z) € [0,T] x R? and any controls m € Uy, & € V.

(G2’) The objective function T ™) s well-defined for any controls m € Uy, £ € V.

(G8’) The admissible control sets Uy, V, only contain Markov controls and are stable under

concatenation.
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In addition let us suppose that the process X = X™¢ is controlled in the time interval
[0, 7] only as long as it stays within an open set O C R%. We set S := [0,T) x O and fix a
starting point (¢,z) € [0,T] x R%. Then the stopping time

7s :=inf{s € [t,T]: (s,X(s)) ¢ S} (3.35)

indicates the end of control. Note that X (s) is the value at s after all impulses in s have been
exercised, so that “intermediate values” between directly successive jumps are not taken into

account by this stopping time. The performance criterion then reads
TS N{
T () = By [/ s, X (), "N (s))ds + g(7s, X (75))
¢

+ Z K(TiaX(Ti_)vﬂ-(ni+1)(Ti)7€i):|'

t<1;<7s

To specify the assumption (G2’), we require as in [42] the integrability condition on the

negative parts of f, g, K,
TS . i
E: [ / F(5,X (5),m N D () ds +97 (15,X (15)+ D K(Ti,X(Ti—),ﬂ"l+1><n),<i>} <o0.
¢ 1< <Ts

Of course, we are mainly interested in the value function on the closure S of the control
domain. However, since a possible jump, driven stochastically or by intervention, may send
the system outside S, we have to determine v(™ on the entire space [0, T] x R, In particular,
by fixing 7s after all jumps, player B is given the chance to intervene even when the system

is in §¢. Consequently, the right boundary conditions reads

o™ = min (g, sup M”U(”_l)> on S¢.
el

We can furthermore drop the assumption (3.1)) concerning the Lévy measure v. Then we

have to replace the compensated Poisson random measure N by
N(dt,dz) = N(dt,dz) — Ly,j<1yv(dz)dt.
Dynkin’s operator now takes the form

LTo(t,z) = %—f(t, z) 4+ p(t,z, ™) Dyo(t, ) + %tr ((UJT)(t, z, W)Dggp(t, l’))

+ /Rk{@(t’x + ’Y(ta x, T, Z)) - @(ta l‘) - ’Y(tvxu T, Z)TD$90(t7x)]]-{|z\<1}}y(dz)’

and we redefine
I72r7n[t7 z,p, QO] = /| | {QO(ZL/, T+ fY(ta z,m, Z)) - QD(t, .'L‘) - ’Y(tv T, , Z)Tp]l{|z\<l}}y(dz)’
z|2n
Having this modified setting in the back of our mind, let us now go through the preceding

argumentation of this chapter. For the derivation of the DPPs we have only made use of
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the Markov property of the underlying state process and the stability of admissible controls
under concatenation. So by the assumption (G3’) the representation formulas (3.11)) and

(3.19)) remain true for the set of admissible stopping times
T := {7 : 7 stopping time, t < 7 < 75}

and with the time horizon T replaced by 7s. Here the exit time 75 defined in (3.35]) refers to
the state process X™ without impulse intervention, i.e. T = T7 (¢, x).

Unfortunately, the proof of the continuity of the value function fails because we cannot
reduce the distance [0 (t,z) — v(™(s,y)| to the estimates of the purely continuously con-
trolled process due to the missing Lipschitz conditions and troubles at the parabolic boundary
9S8 := ([0,T) x 00) U ({T} x O). Nevertheless, we can show the viscosity property by us-
ing the notion of discontinuous viscosity solutions which are locally bounded, see Appendix
To this end, let v* and v, be the upper and lower semicontinuous envelopes of a locally
bounded function v on §, i.e.

v*(t,x) = limsup wv(s,y), v«(t,x)= liminf v(s,y).
S53(s,y) = (t,x) 83(s,y)—(t,x)
For more details on v*, v, and on upper and lower semicontinuous functions, we refer to
Appendix

Under the following conditions we can rebuild the proof of Theorem [3.5.5

Assumption 3.6.2. (V1) The control set U and the impulse set Z are compact and non-
empty.

(V2) The value function vV the SDE coefficients u, 0,7, the transaction function T' and

the profit functions f, g, K are continuous.

Assumption 3.6.3. (E1) The purely continuously controlled process X™ satisfies the esti-
mates of Lemma for all m € Up.

(E2) For all ¢ € CY2(S), (t,x) € S and ™ € Uy there exists a p > 0 such that LTy is
well-defined on [t,t + p) x B(x,p), and for each stopping time T € T satisfying

T <7, :=inf{s >t :|X"(s) — x| > p} A (t+ p),

we have

Etz [o(m, X™(7))] = o(t,x) + Ei g [/tT L7 (s, X™(s))ds

By the assumption (V1) we ensure continuity properties of the supremum and the infi-
mum with respect to 7 € U and ( € Z, repectively, while the requirement (V2) makes the
differential operator £ and the intervention operator M”™ preserving continuity. Further-
more, the assumptions (E1) and (E2) justify the crucial steps used in the proof of Theorem

3.0.9)

Now we can formulate a viscosity solution existence result for the extended model:
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Theorem 3.6.4. Let Assumptions|[3.6.1), [3.6.9 and[3.6.3 be satisfied. Assume further that
0™ s locally bounded on S. Then, on S the value function v\ in (3.3) (resp. (3.17)) is a

viscosity supersolution of the equation

: T, - o (n—=1)\ _
71r€1(fjmax( LTv—f(,.,m),v—M"v ) 0. (3.36)

If in addition Assumption 1s satisfied, then it is also a viscosity subsolution of .
Proof: (Sketch) We do not provide the entire proof because, thanks to the made assumptions,
it follows exactly the line of arguments as in the regular model. We only explain the technical
point of dealing with discontinuous viscosity solutions. We work on sequences (tg,zx)r C
S converging to (tg,29) € S such that v (ty, x) — (v™)*(tg,x0) for the proof of the
subsolution inequality in (tg,xq) (resp. o™ (ty,xr) — (V™). (to, o) for the proof of the
supersolution inequality). As a test function we consider some ¢ € C1%(S) such that ¢ >
(0)* and p(to, 20) = (v™)*(to, x0) (resp. ¢ < (v™), and (to, z0) = (v!™).(to, 20)). Using
the relation (v(™)* > v > (v(™), we can approximate (v("™)*(tg, zg) and (v(™),(tg, zg) by
v(™) (tk,zr). Compared to the situation in the proof of Theorem both the e-optimal
control m € Uy in the subsolution proof and the control value # € U in the supersolution
proof are substituted by sequences of ex-optimal controls (my)r C Uy and analogous control
values (m)r C U. As well, instead of the considered stopping times 7,,7.,t + h we use
sequences (7 )k, (T5)k, (tk + hi)x of stopping times which are first exit times of the relevant
controlled processes (t, XZ; "+ (t)) of appropriate bounded subspaces of S and which converge
to tg. Similarly to the standard case, one verifies by using Lemma that for all 7, =
Tg,Tg,tk + hy, the probability of {7, < 7s} goes to 1 as k — oo, so that one finally obtains
the corresponding inequalities by taking the limit & — oo. O

Next we want to state a comparison result for viscosity subsolutions and supersolutions
which are polynomially bounded. Denote by P, = P,([0,T] x RY) the space of functions v at

most polynomially growing with exponent r > 0, i.e. there exists a constant C' > 0 such that
lo(t,z)| < C(1+|z|") for all (t,z) € [0,T] x RY.

Let us fix some r > 0 for the rest of this section. Studying viscosity solutions of (3.36]) in the
class P, we only have to consider test functions ¢ € P, N CH2(S). Moreover, we will need

the following assumptions for the proof of the comparison result:

Assumption 3.6.5. (U1) Let u(.,.,m), o(.,.,m), f(.,.,m) be locally Lipschitz continuous on
S (uniformly inm € U), i.e. for all (to,x0) € S there exist an open neighourhood B C S
of (to, o) and a constant C' > 0 (independent of w) such that

’M(t,x,ﬂ') - :U'(ta Y, W)’ + |U(t7 Z, 7T) - U(tv Y, W)’
—Hf(t,l',ﬂ) - f(tvyﬂr)’ < C’{L‘ - y’ fOT‘ all (t,.%'), (t7y) € B.
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(U2) Forall (t,x) €S, ™ € U and p € P.NCH2%(S) the integral I, [t,, ] is well-defined with

Tlli{%I;’”[t,:r, ¢] =0,

and there exist an open neigbourhood B C S of (t,z) and a constant C > 0 such that
fO?" all (tax)7 (tvy) S By

[ btz = (tm )P(de) < Cla = o

/|  m72) =5ty m, () < Clo

(U3) There ezist a positive function w € C+2(S)NC([0,T] x RY) and a constant C > 0 such
that
min <inf{—£”w},w> >C onS
el

and 2l

lim

D) =0 (uniformly in t).

(U4) Suppose a viscosity solution in Py.([0,T] x RY) can be characterized by its limiting semi-

jets as in Corollary[3.5.7)

We are now ready for the crucial result with regard to the uniqueness problem of viscosity
solutions of PDE , a comparison result. For the proof we need the assumptions (U1)
and (U2) in order to estimate the local and integral part of the PDE, respectively. By the
assumption (U3) we guarantee to attain a compact subset for desired maxima constructed
with the doubling of variables approach introduced from Crandall, Ishii and Lions [10] which
is a standard device used in typical uniqueness proofs for PDEs. A maximum principle
for semicontinuous functions then gives us elements in their limiting semijets which can be

connected to the definition of a viscosity solution due to the assumption (U4).

Theorem 3.6.6 (Comparison theorem). Let Assumptions|3.6.1}|3.6.4 and|53.6.5 be satisfied.
Further, let u € P.([0,T] x R?) be a viscosity subsolution and v € P,([0,T] x RY) a viscosity
supersolution of (3.36) on S. If we have u* < v, on 8¢, then it follows

u* <w, on[0,T] x R
Proof: We argue by contradiction and suppose that

sup  {u*(t,x) —vi(t,z)} > 0. (3.37)

(t,2)€[0,T]xRY
Consider the function w from the assumption (U3). In view of the growth condition of w for
|x| — oo, the above supremum remains strictly positive if we substitute v by v := v+ ew for

a sufficiently small ¢ > 0, and it is attained on some compact subset of [0, 7] x R?. (Note that
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u* — (v%), is upper semicontinuous (usc) and that an usc function assumes its maximum on a
compact set.) It is easy to check via the assumption (U3) that v® is a viscosity supersolution
of

inf max (—UU —fl ) — MW"*U) —eC=0 oS (3.38)

with (v%), > v, > u* on the parabolic boundary S¢. Therefore we can cut back the relevant
domain of the considered optimization problem on the set S = [0,7) x O. Furthermore, we
can find B, p > 0 such that

M:= sup {u*(t,x) — (0)u(t, ) — 5} > 0.

(t,2)€[0,T)x O t+p

We now employ the doubling of variables approach from [10]. For k¥ € N we define

* ﬁ k ;
My, = sup {u £2) — ()t y) — —— — Sp—y .
(t,2,y)€[0,T)xOx O (t,2) = ()t ) t+p 2‘ \

Because of the foregoing argumentation this supremum is attained on some compact subset
of [0,T) x O x O, independent of large k, and we have 0 < My < oo. Let (tx,z,yx) be a
corresponding maximizer.

In the following we use the characterization of viscosity solutions by the limiting semijets
in order to work towards a contradiction. At first we conclude from Lemma 3.1 in Crandall,
Ishii and Lions [10] (see Lemma[A.3.2]in the appendix) that

lim klzg —yx* = 0. (3.39)
k—o00

Thus we may pass to a subsequence of (tx, zk, yr) converging to (tg, xg, o) € [0,T) x O x O.
Let us relabel this subsequence as the original one.

Next we apply Theorem 8.3 in [I0] (see Theorem in the appendix) to the function
o(t,z,y) = % + §|:c —y|? at point (¢, xx, yx). To justify its applicability in the case t; = 0,
note that we can extend the functions u*, (v°), to the time periode (—p,T) in a trivial way
such that the maximum and the maximizer remain unchanged, but with the maximizer as
inner point of the considered domain. Hence we get a number a; € R and matrices X, Yz € N

such that

(ak, k(zr — yr), Xp) € T2 (tr, 2r),  (ar + 5 k(@r — yn), Ya) € T (v)u(th, yk)

(te +p)
and
2T Xy —y Yy < 3kl —y|?  for all z,y € R (3.40)

As in Section we define for 7 € U the function F™ : [0,7] x R? x R? x S¢ x R — R by
1
Fw(t,.l‘,p,X, l) = _Qtr ((O'UT)(t,x,W)X) - M(t,$,W)Tp - f(t,l‘,ﬂ') -1l

Suppose v(R¥F) = oo and use the characterization of viscosity solutions of Corollary

For v(R¥) < oo the proof works in the same way with the choice n = 0 below. Since
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u,v € Pr([0,T] x R?) are respectively a sub and a supersolution of (3.36) and v* = v + cw
with w € C1%(S) is a supersolution of (3.38), in view of the assumption (U4) we can find
Ok, Vr € CH2(S) and 7, € U such that

IS l’l
max <—ak + F7 (ty, 2, k(xr — yk), Xi, I [tes Tk, O]

(3.41)
1 1
T [ty k(g — g, 0], w (b, ) — Mﬂ’“v(nl)(tk,wko <7
and
B - 1,1
max (— U Gt ) + F™ (te, yo, k(2 — Yi)s Yi, I [tk Yk, V]
F (3.42)

1
+L%Lk [t Yk (2 — yi), (05)a]), (0%)s (b yi) — M 0D (1, yk)) >eC.

Let us consider the difference Ay of the first components of the max-terms in (3.41))-(3.42),

and let us split Ay in form of

g

_ 1 2 1 2

with

Allc = (tI‘ ((UUT)(tk,:L'k, Wk)Xk) —tr ((JUT)(tk,yk,Wk)Yk))

e ((trs T ) — it e )T (Tk — Yk)s
Af = [t g, k) — f(tks Yo, Tr),
I,i = I;;ﬁ [tky Tk, K] —I;;ﬁ [tk Yis V)
I,g = L%,’ﬁ [tk Tk, k(g — yi), u™] — 1721’;9% [ths Yrs k(T — yg), (V°)s)-

N |

Using the local Lipschitz condition on u,o, f from the assumption (Ul) and the relation
(3-40), we obtain the estimates of A}, A%,

A < Cklay —yil*, A} < Clag — -
By the assumption (U2) we directly get
lim I} = 0.
k—oo

Furthermore, using the fact that (¢, zk,yx) is a maximum point corresponding to M}, and

the equality |z + y|? = |z|2 + 22Ty + |y|?, we calculate for arbitrary vectors d, d,

U*(tk,l'k; + d) - U*(tk,l‘k) - k’dT(ZL'k - yk‘)

N k N
< (V) u (b yie + d) — (V) (b yie) — kd” (g, — yi) + §|d —dP.
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Integrating on both sides with d = ~(t, zx, 75, z) and d = ¥(tg, Yr, Tk, 2), We obtain

k
I} < 2/ V(s Ther Ther 2) — Y (Eis Yboo Ths 2)|*v(d2)
|2z[> ¢
+ klzk — yil 1Yt Thoy Tk 2) — Y(tks Yk T, 2) [V (d2) < Clay — yi|?,

|z[>1

where the last inequality is a consequence of (U2). So in view of (3.39) we arrive at

: g
limsupAp > ——=
k—o00 (tO + p)2

Hence, comparing the subsolution and supersolution inequalities (3.41)) and (3.42)) of u and

£

v¢, respectively, we conclude by using the continuity of (¢,z,7) M™p(n=1) (t,z) that for

large k we have

u*(te, or) < (0°)a(th, Yr)-

Recalling the definition of M}y and that (tg,x,yx) realizes the supremum in My, this in-
equality is a contradiction to My > 0. O

Recall that a necessary condition for the value function on the parabolic boundary is

v™ = min (g, sup M”U(”_l)> on S (3.43)
el

Combining this boundary condition with Theorem leads to the desired uniqueness.

Corollary 3.6.7. Let Assumptions|[3.6.1], [3.6.2 and [3.6.5] be satisfied. Then there ewists at
most one viscosity solution v € P,([0,T] x R?) of on S which satisfies the boundary
condition (3.43)), and it is continuous on [0,T] x R?.

Proof: Let u, v be two viscosity solutions of . Then, by Theorem and the

definition of the upper and lower semicontinuous envelopes, we deduce

ut < <v* <wy <t
Thus we have v = v and the function is continuous. O

Of course some of the assumptions made in this section are very vague. We do not want
to get involved in delicate technical detail problems. Rather we intend to make the reader
sensible on the critical points where the presented theory might fail under changed model
assumptions. For an example of a precise formulation of a very general setting we refer to
Seydel [52] who investigated a control problem combining continuous and (infinite) impulse

control.



Chapter 4

Stochastic target problem under

impulse perturbation

In this chapter we consider the problem of finding the minimal initial data of a controlled
process which guarantees to reach a controlled target. According to the setup presented in
Chapter [2, we assume that there might be perturbations of the system in form of impulses
resulting in jumps both in the target process and the stochastic target. The target condition
then is intended to be satisfied for any impulse strategy.

Motivated by applications in finance, namely the super-replication problem, stochastic
target problems were first considered by Soner and Touzi [54], [55] assuming the controlled
process follows a diffusion. Bouchard, Elie and Touzi [7] further examined the case where the
target has to be reached only with a given probability, which is called the stochastic target
problem with controlled loss. As an additional extension their investigations on the target
problem include controls with values in an unbounded set. Bouchard [5] and Moreau [41]
extended these results on the classic target problem and the target problem with controlled
loss, respectively, to the jump diffusion case. It will turn out that the stochastic target
problem under impulse perturbation is the analogue of [5] for a finite number of jumps.
In Chapter [6] we will also consider an application of a version of the target problem with
controlled loss in the framework of impulse perturbation, but without a rigorous treatment
of unbounded control sets which are needed in general in the context of this problem type.
Besides the already note resources we refer to [3], [6] and [48] for examples of super-replication
problems in the financial literature.

For the treatment of this new control problem we proceed as in Chapter |3| for the differ-
ential game: The definition of the stochastic target problem under impulse perturbation is
formulated in Section followed in the next section by the statement of a PDE character-
ization of the associated value function in the viscosity sense as main result of this chapter.
Section deals with the derivation of the dynamic programming principle which forms the

basis for the proof of the viscosity property in Section [4.4l The last section is concerned

43
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with a special variant of the model. We do not derive a general uniqueness theorem for a
viscosity solution of the associated PDE. Anyway, we will show in Chapter [5] and Chapter [6]
through uniqueness results for the considered examples that the PDE characterization may

be sufficient in financial applications.

4.1 Problem formulation

For a fixed finite time horizon T' > 0 let (2, F, (F¢)o<t<7,P) be a filtered probability space
which is equipped with an adapted d-dimensional Brownian motion B and satisfies the usual
conditions. On this stochastic basis we consider a state process (X,Y) C R% x R which is
controlled continuously by = € U,, and with impulse control ¢ € V,,. Think of Y as the target
process and X as the stochastic component of the target condition. Between intervention

times 7; < t < 7341, ¢ = 0,...,n, the processes evolve according to

X (0) = o (1, X (0,7 (O)de + rx (0, X (0), 5 O)dB ), "
dY (t) = py (&, X (£), Y (£), e (8))dt + oy (£, X (1), Y (t), # " (£))dB(t), '
while at jump times 7;, i = 1,...,n, the systems are sent to
X(m3) = Tx (1, X(r=), 7"~ (13), &),
(i) = Ix (73, X (7i—) (7:), Gi) (42)

Y (7)) =Ty (73, X (1=), Y (ri—), 7"~ (7), ).

Here the functions px : [0,7] x R x U — R%, ox : [0,T] x RE x U — R>™ iy [0, 7] x
R x U = R, oy : [0,T] x R x U — R>™™ and T'y : [0,T] x R x U x Z — R,
Ty : [0,T] x R¥* x U x Z — R satisfy conditions detailed in Assumption below.

In this chapter we restrict ourselves to It6 processes instead of the more general It6-Lévy
processes. The reason for this is to be found in the fact that we cannot control in general the
jump component of the state processes such that we can guarantee to reach the target zone
almost surely. Bouchard [5] solved the classic stochastic target problem for jump diffusions,
supposed it has a solution. The extension of the results presented in this chapter for the target
problem under impulse perturbation to Bouchards jump setting is quite obvious. So for the
sake of simplicity we do not take into consideration any stochastic jumps. As consequence of
this we may suppose that the state process is continuous between intervention times.

By the stochastic target problem we understand the problem of finding the minimal initial
value y € R of Y, so that we are able to reach at time T the target Y (7T') > ¢g(X (7)) almost
surely, where g : R — R is a given function. In consideration of possible system breakdowns
we want to reach this target for any admissible impulse strategy. So the stochastic target
problem under impulse perturbation reads as follows: Find an optimal control @ € U,, with

associated value function v(™ such that

v™(t, ) = inf{y € R : there exists m € U, such that

Y, (T) > g(X[H(T)) as. for all € € V)

(4.3)
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and

}’erv(n)(m) (T) > g(XZTf(T)) a.s. for all £ € V).

Let us now fix the basic assumptions for the following analysis of the target problem:

Assumption 4.1.1. (T1) The control set U C RP and the impulse set Z C R? are compact

and non-empty.
(T2) The transaction functions I'x, 'y are continuous.

(T3) The functions pux,ox, py,oy are continuous and Lipschitz in the variables (x,y) (uni-

formly in the variables (t,7)).

(T4) The value functions v\, i =0,...,n, are locally bounded on [0,T] x R% and g is locally
bounded on R?.

The assumptions (T1)-(T3) guarantee the existence and uniqueness of a strong solution of

(Xt f, Yffy) to the stochastic differential system (4.1))-(4.2) for each starting point (¢, x,y) €
[0,T] x R™! and all controls 7 € Uy, £ € V,,. By the requirement (T4) the semicontinuous

envelopes
() (t,2) = lim sup v (s, "), (WD), (t,x) = lim inf v (s, 2"),
(0,7 xRE3 (s,2") = (t,x) (0,T)xRI>(s,a")—(t,x)
g*(z) = limsup g(2'), g«(z) = liminf g(z')
Ri>z'—z Ri>z' =z
are finite.

Ezample 4.1.1. Consider the controlled system

dX (t) = pxdt + oxdB(t), X(n)=X(rn-) -G,
dY (t) = pynDdt + oy DdB(2), Y(r) =Y (n-) - GrW,

with parameters px, py,ox,oy > 0, l-impulse perturbation (1,¢1) € [0,7] x ({¢} U {0}),
¢ > 0, and control 7 = (7)), 7(9)) whose processes have values in [0, m] for some m > 0, i.e.
the setting is n = 1, U = [0,m], Z = {(}. The dynamics of Y in the above representation
must be understood in the sense that control process 71 is used on [0, 7] and 7(®) on (7, 7).

Given this system and the target function g(z) = z, we want to solve the stochastic target

problem
v (¢, z) = inf{y € R : there exists 7 € U; such that Y78 (T > X;(T) as. forall £ €V
) Yy ty B I

where U7, V1 are the sets of admissible controls introduced in the Chapter

It is easy to check that (T1)-(T3) from Assumption are satisfied for this problem
formulation. So the the controlled processes are well-defined. Ex post we will see that the
derived solutions satisfy the assumption (T4), too, which allows us to use the PDE approach

presented in the next section as a verification tool.



46 CHAPTER 4. TARGET PROBLEM
Step 0. Without impulse perturbation we have

T T
V(1) = XealT) =y =+ [ (urn(s) = s + [ (oyn®(s) — ox)dB(s).

Since we want to eliminate uncertainty of the target’s reachability, we have to zero the
integrand of the above stochastic integral. So we are forced to choose 7#(0) = g—i Here we

assume that m is large enough, so that #(®) is admissible. Under this control we obtain

Y, (1) = Xia(T) =y —x + <uy§i —MX) (T —1t)

which is strictly increasing in y with root at
(0) - _ _z _
vWN(tz) =x+ | ux — py (T —t).

Step 1. For the same reason as in step 0 we arrive at #(1) = g—; In consideration of an
impulse perturbation we have to distinguish two cases. For ox < oy we have #(1) < 1, so
that an impulse sets back the target X more than Y. Consequently, in this case we have
v = O For ox > oy instead we have #(1) > 1, so that an impulse endamages X more
than Y. In this case an additional buffer to the amount of the difference between both jump

sizes is necessary. It follows

v (t,z) = v Ot z) + (7Y - 1) ¢ =z + <,ux — MYUX> (T —t)+ (UX - 1> ¢.
oy oy

4.2 Procedure and main result

Our main result consists in a PDE characterization of the value function v(™) in the weak sense
of viscosity solutions (see the appendix for the notion of a discontinuous viscosity solution of a
PDE). In order to formulate the corresponding system of PDEs, we need some preliminaries:

For m € U let L™ denote the differential operator given by

0 1
Lop(t,2) = S2 () + px (b o, m) Daplt, @) + Str (ox0 %)t 2, M) Di(t, )

and let M7 denote the intervention operator transacting the worst possible impulse in the

sense of
Myop(t,z) = gigg{Fy(t,ﬂchwr,C) —¢(t,Tx(t, x,m,())}.

Further we introduce the set-valued function

which allows us to control the Brownian part of the SDE (4.1)). We make the following

assumption on N:
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Assumption 4.2.1 (Continuity of N). Let (to, o, 30, po) € [0, T|xRExRxR?. Then, for any
70 € N(to, o, Yo, po) there exist an open neighborhood B of (to, xo, 3o, po) in [0, T] xR x R x R?
and a continuous map T defined on B such that 7(to, xo,y0,p0) = mo and T (t,x,y,p) €
N(t,z,y,p) on B.

For a differentiable function ¢ on [0,7) x R — R we set
No(t,z) .= N(t,z, o(t,x), Dep(t, z)).
Furthermore, let dy : [0,7] x R? x R x R? be a function which indicates whether the set
N(t,z,y,p) is non-empty in form of
N(t,z,y,p) #@ < On(t,z,y,p) 20.

We will point out in Section [£.4] how such a function can be constructed and that it is

continuous. For a differentiable function ¢ on [0,7) x R — R we set

5N90(ta l’) = 6N(ta Z, gD(t, 33), Dm@(ta J?))

In the following we show how the target problem with at most n system breakdowns can
be solved iteratively:

Step 0. We start with computing the value function v(®) of the classic stochastic target
problem without impulse perturbation. From Soner and Touzi [54], see also Bouchard, Elie

and Touzi [7], we know that on [0,7) x R? the function v(¥) is a viscosity solution of

min ( sup {—L”rv(o) + py (., .,’U(O),W)} ,(5Nv(0)> =0.
WGNU(O)

To specify the terminal values we have to consider the limits

@(O)(x) = limsup v0(¢,2"), GO(z):= liminf v (¢,2")
t /T,x'—x t /T,x'—x

which possibly disagree with the “natural” terminal condition v(%) (t,.) = g. According to

[54] and [7], ¢V isa viscosity subsolution of

min (5(0) — g, 0n(T, .,é(o), Dxé(o))> =0,
and é(o) is a viscosity supersolution of

min (Q<0> — g, ON(T, ., GO, DxQ(O))) —0.

Step n. Suppose that we are given the value function v("~1 of the inferior target problem.
Then we will show that on [0, 7)) x R? the value function v(™ is a viscosity subsolution of the

equation

mln < Sup mln <_£ﬂ-v(n) + MY(? *) v(n)7 ﬂ-)? Mg(n) (’U(nil))*) 75Nv(n)> = O
mEN V(™)
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and, under a local Lipschitz condition concerning the intervention operator applied to v(™®~1)

(detailed in Section [4.4)), a viscosity supersolution of the equation

min < sup min (_va(n) + MY('? B U(n)a 7T)7 g(n) (U(n_l))*) 75]\/7)(”)) =0.
reNv(™)

The “relevant” terminal data is given as follows: The map a™ (z) == limsup; jp 4y o™ (t, z')

is a viscosity subsolution of

*

min é(n) -g, sup
reN(T,..G™,D,G"™)

%(n) (U(nil))*(Ta ')7 5N (T7 ) é(n)7 Dxé(n)) = 07

and the map G (x) == liminf; ~p 4, v(™) (t,2') is a viscosity supersolution of

min (G(") — G, sup g(n) (v(”_l))*(T, ), 0N (T, .,Q(”), DIG("))> =0.
TeN(T,..G™ D,GM™) —

The additional condition in the PDEs in step n in comparison with the PDEs in step
0 shows that in the case of possible perturbation we always have to take care that we do
not lose sight of the target due to an immediate impulse intervention. Because such a jump
scenario transfers the system into the (n — 1)-impulse setting, the intervention condition
depends on the value function v(*~1) of the inferior problem. This result is very similar
to the classic target problem in the presence of stochastically modelled bounded jumps as
studied in Bouchard [5]. As only difference, in that case the aftermath of a jump relate to
the value function itself. The fact that we consider different PDEs for sub and supersolution
is just a consequence of possibly discontinuities of the related value function v("~) and the

terminal condition g.

Ezample 4.2.1 (Continuation of Example [4.1.1)). Let us test the solution of Example
by verifying the above equations. The continuity assumption on N(t,x,y,p) = {‘;—’;p} is

obviously satisfied. We recall the form of the derived value functions,
(1) (0) X " ox ox *
v (ta)=vV(te)+ (= —1) (=24 px—py— |T-)+{—=-1) ¢
oy gy 2%
Due to the regularity of the value functions, the characterizing PDEs for a viscosity sub and
supersolution are reduced to a single PDE which is solved in the classical sense as follows: In
view of the design of the state process (X,Y'), we compute

LroW(t,z) = ,qu—X,
oy

MO (t.a) =y =+ (=) = (1 =y 2 ) (7 =),
oy

NoO(t,z) = {"X}

Oy
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Since the set Nv(t, ) is non-empty for all (¢, z) € [0, 7] x R, we may ignore the condition
with the function dy in the characterizing PDE. Indeed, on [0,T) x R our solution satisfies

sup  min (—ﬁ”v(l)(t, x) + pym, Mg(l)(t m)v(o) (t, ZL'))
reNvD () ’

ox ox +
= min | —py — + py, ——1) +1—-7]¢ =0.
oy oy _ox

Ty

Moreover, by the continuity of v(® we have

+
GO (z) = t/%ig?ﬂ“(l)(tvlf/) . <Z B 1> ¢

and further

¢O(@) 2z = g(x),
n (0) ox "
Moo o= (1) +1-x)¢| >
¢
oy

Noting that N(T,z, GM(x), D,GW (z)) = {2X}, we conclude that vI(T,2) = GV (z) re-

presents the right terminal data. It remains to verify the PDE characterization of v(9) which

e

is done in the same way.

The plan for the rest of this chapter is as follows: From now on we assume n > 1. In
Section we state an appropriate dynamic programming principle (DPP). On this basis
we prove in Section that the value function v(™) of the stochastic target problem under
impulse perturbation is a viscosity solution of a PDE. Here we first show the viscosity property
on [0,T) x R% Then we turn to the problem of finding a suitable terminal condition. The
very technical proofs of the PDE characterization are sent to Appendix [C] The last section
of this chapter is devoted to a special setting of the model which allows us to simplify the

structure of the PDE characterizing the value function.

4.3 Dynamic programming

In this section we prove a DPP for the stochastic target problem under impulse perturbation
as essential tool for the further characterization of the value function.

Before stating the main result of this section, let us make some preliminary remarks: Let
(t,x) € [0,T) xR, y € R and 7 € Uy. For some stopping time 7 € [t, T] we set 2’ := X[.(7),
y' =Y, (7). Then we have (X[, Y7, ) = (X7, Y, /) on[r,T]. Thisis due to the strong
Markov property of the controlled processes (see Proposition , taking into account that
two Fr-measurable random variables X1, Xo are P-almost equal if and only if f 14X dP =
J14X5dP holds for all A € F.. In the same way, for 7 € U, T = (7™, ..., 7)), and

EEVn, E=(T1,...,Tn;C1y- .., (), We have ()(;rg’[/,g,Y”’6 )= (Xﬂl’gj,Yﬂl’gl ) on [11,T], where

tx,y T1,T ’7'1,7)/7y,
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7 = (x=D  7xOY and & = (11,...,70;CL, - .., C) are the continuations of 7 and ¢ after

the first intervention.

As a consequence of the foregoing argumentation (and of results concerning the set Uy in
[55]), the definition of U, provides stability under concatenation of admissible controls, i.e.
for all 7y, 72 € Uy, and each stopping time 7 the linked control w1 1jg ) +m21(; 1) is admissible,

too. This is the crucial condition for the derivation of the following DPP:

Theorem 4.3.1 (Dynamic programming principle). Let (t,x) € [0,T] x R%. Then, for the
value function v in ([@.3) we have the following:

(DP1) If y > v(™) (t,x), then there exists m € Uy such that for each stopping time T € [t,T],

Y/, (1) = o0 (7, X7, (7)) and MY

t,z,y(s

o0 D5, XTo(5) 2 0 for all s € [t 7]

(DP2) For all y < v™(t,x), 7 € Uy and each stopping time T € [t, T we have

T
P Yty

(1) > o™ (7, Xi,(7)) and ./\/l;(ﬁs)

t,x,y

(00" (5, X7,(5)) > 0 for all s € [t,7]| <1.

Proof: Let (t,z) € [0,T] x R<.

In a first step we derive the part (DP1) of the DPP. To this end choose y € R with
y > v (t,z). Then, by the definition of the target problem there exists a control = € U,
= (7, .., 7)) such that

Y5,(T) > g(X[E(T)) for all € € V. (4.4)

Choose an arbitrary impulse strategy & € V, with £ = (71,...,70;(1,. .., (o). At the

first intervention time 7 the controlled processes XZf f and Y% jump to the values z’ =

Ly
Fx(Tth’r;n) (7'1),77(”)(7'1),(1) and ' = Fy(Tl,Xg;n) (71),)/;?;3 (7'1),77(”)(71),{1), respectively.
Let us denote by ©/ = (z(*=V ... 7Oy e Y, | and & = (,...7n;Ca, ..., 7n) the continua-

tions of the strategies m and £ after the first intervention. In view of this notation we have

(X Yy = (X7, Y™ % ) on [r,T]. Thus the condition (Z.4) implies

e “tay 7—1755/7 T17$l,y/

Y75 (T) > g(XT5(T).

7t 7
Tl 713 7y Tl 713

Since we have chosen £ € V), arbitrarily, this inequality holds for all ¢’ € V,,_1. So by the
definition of the target problem it follows

y/ > ’U(n_l)(Tl,.’E/).

n

Recall that 2/ = FX(ThXZT;; "(r1), 7 (1), 1) and ' = Ty (m, Xng(cn) (ﬁ)»Yth(z (1), 7" (71), ¢1)

with 71 € [¢t,7T] and (; € Z U {(o} chosen arbitrarily. Then we arrive at

M oD, X (7)) 2 0 for all 7y € [1,7) (45)
t,x,y 71
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Further, let us introduce another stopping time 7 satisfying 7 < 71. Set 2" := Xt’f;n) (1)
and y" := Yf;ny) (7) and observe that (X < Ytﬂfy) = (XT5,, V75, ) on [7,T]. In considera-

tion of (4.4) we thus have
Y5, (1) > g(XT5,(T)).

7—733 7y

Because this inequality holds for all £ € V,, it yields ¢ > v(™ (1, 2"), i.e. by the definition of
z” and y” we have

x(n) x(n)
Yoy (1) 2 0™ (X7 (7).

This last assertion holds for each stopping time 7 € [¢, T as it is valid for all T € [¢, 71|, where
the stopping time 7 € [t, T] is chosen arbitrarily. Hence, together with this proves the
statement (DP1).

Next we prove (DP2) indirectly. Let us fix some y € R and suppose that there exists a
control m € Uy and a stopping time 7 € [¢,T] such that we have almost surely

Y7 (1) > o™ (7, XT (7)) and

Y

M =D (s, XT (5)) > 0 for all s € [t, 7).
Yt,z,y(s) L

Proceeding in this way we have to show that y > v (t, x).

For that purpose consider an arbitrary impulse strategy & € V), with first interven-
tion (71,(1) letting the controlled processes X[, and Y7, , jump at time 71 to 2 =
L(m1, X7, (11), m(71), C1) and y" := Ty (71, X[, (11), Y37, (71), 7(71), C1), respectively. Set 6 :=

T A7 and 2’ = X7, (0), y' =Y/, (). By assumption we then have

y' > 0™ (0,2") on {0 =r},

y" > o™ D(0,2") on {0 <1}

So by the definition of the value functions v(™ and v(™1) there exist controls 7' € U, and
7' € U,,_1 such that

Y8 (T) > g(XT5 (T)) on {6 =r},

0?$,1yl 071/7y,
%Tx/ﬁy// (T) 2 g(Xg,x;/§7y// (T)) on {9 < T}.
If we define the strategy 7 = (#(", ..., 7#(9)) according to
7 .= Ty + ﬂ/(")]l[.r,T], (7D 70y = 2

and use the Markov property of the controlled processes, we deduce

Y58 (T) > g(X[E (T)) for all € € V.

tx,y t,x,y

Consequently this implies y > v(™ (t,z) and therefore proves the assertion (DP2). Il
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4.4 PDE characterization of the value function

With the DPP derived in the preceding section we are now prepared to formulate v(™ as
viscosity solution of a PDE. Our notion of viscosity solutions used here agrees with the
concept of discontinuous viscosity solutions as exposed in the appendix. For reasons of

clearness let us recall the operators introduced in Section

8

"ot z) = (t 2) + px (&, 2, 7T Daolt, ) + %tr (ox0%)(t, 2, 1) D2p(t, 7)),
vt x) = mf{Fy(t z,y,mC) —pt, Tx(t,z,m,())},

No(t,z) ={r €U :oy(t,z,o(t,x), )T - Ux(t,l‘,ﬂ’)TDz(p(t,J}) =0},
5N90(t’x) - 6N(t x,cp(t J}) Dx@(taw))'

Here we still have to define the function dy : [0,7] x R? x R x R? — R in a proper way. To
this end consider the set-valued map ¥ on [0,7] x R? x R given by

U(t,z,y,p) = {r e R :r =oy(t,z,y,7)T —ox(t,z,7)Tp for some = € U}.
We now identify dn as the signed distance function from its complement W€, i.e
on = dist(0, ¥¢) — dist (0, ¥),
where dist stands for the Euclidean distance. In this way we obtain the desired relation
N(t,z,y,p) ={r €U :oy(t,z,y,m)l —ox(t,z,m)Tp=0}#2 < on(t,z,y,p)>0.
For the right treatment of 05 in our PDE system approach the following result is helpful.

Lemma 4.4.1. Let Assumption [{.1.]] be satisfied. Then the function dy is continuous.
Proof: By the compactness of U, the continuity of ox, o0y and Lemma[A.1.2]in the appendix,
we deduce that dist(0, ¥) and dist(0, 0¥) are continuous in (¢, z,y,p). Noting that

dist(0,0%) ,0€ ¥,
Sy =
—dist(0,¥) , 0 e e,

and that o (tk, Tk, Yk, pr) — 0 for any sequence (tg,x, Yk, px) converging to (to,zo, Yo, Po)
with 0 € 0V (to, o, Yo, Po), proofs the statement. O

Before we can formulate the main results of this section, we need another lemma which

states especially that the intervention operator My (for y € R, 7 € U) preserves continuity.
Lemma 4.4.2. Let v"~Y be locally bounded on [0,T] x R, Then we have:

(i) MZ(U("_l))*(t,$) is lower semicontinuous (Isc) in (t,z,y,7) € [0,T] x R? x R x U,
and ./\/l;rv("_l)(t, x) > Mg(v("_l))*(t,m).
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(ii) MT (v, (t,x),y) is upper semicontinuous (usc) in (t,z,y,7) € [0,T] x R xR x U,
and M;rv("_l)(t, x) < Mg(v("_l))*(t,x).

Proof: In view of the properties of semicontinuous functions listed in Appendix the
function to be minimized in the term M7v(t,r) is Isc (resp. usc) if v is usc (resp. lsc).
Thus we conclude the semicontinuity statements from Lemma in the appendix. The

inequalities are direct consequences of the monotony of the operator M. O

We are now ready for the PDE characterization of the value function.

4.4.1 In the interior of the domain

First we show the viscosity property on [0,7) x R%. Theorem states the subsolution
property, and Theorem [£.4.4] states the supersolution property. For the proofs we use similar
arguments as the ones in [54] and [7] which we adapt to our context. In particular, for the
subsolution property we need the continuity of the set-valued function N (see Assumption
, of the signed distance function dy (see Lemma , of the intervention operator
M applied to semicontinuous functions (see Lemma and of the differential operator
L™ applied to sufficiently differentiable functions, in order to control the state processes such
that the target conditions hold locally. The crucial point in the proof of the supersolution
property is to derive that the optimal strategy has to take on values in the set N and,
simultaneously, fulfills a jump constraint issued from a possible intervention. Therefore we
consider the controlled processes here on time periods whose lengths converge to zero. Since
we have no information about the continuity of the control processes, we are led to require
that the functions depending on the control values m € U are locally Lipschitz. Thus we
can use the Lipschitz condition as an estimate and then go to the limit along some almost
surely converging subsequence. The Lipschitz condition for the differential part is included
in the initial assumtion (T3). For the intervention part we have to require it explicitly for
the negative part of M;rv("*l)(t, x).

The results then read as follows. For the detailed proofs we refer to the appendix.

Theorem 4.4.3. Let Assumptions |4.1.1 and |4.2.1| be satisfied. Then, on [0,T) x R? the
value function v™ in (4.3) is a viscosity subsolution of the equation

min ( sup min (—C”v + py (-, .,v,ﬂ),./\/lg(v("fl))*> ,(5Nv) =0. (4.6)
meNv
Proof: See Appendix O

Theorem 4.4.4. Let Assumptions |4.1.1| cmd|4.2.1| be satisfied. Further, let Mgv(”*l)(t, x)”
be locally Lipschitz continuous in (t,z,y) € [0,T] x R? x R uniformly in = € U. Then, on
[0,T) x R? the value function o™ 4n (4.3) is a viscosity supersolution of the equation

min < sup min (—E”v +py (., .,v,w),M’J(v(”*l))Q ,5Nv> =0. (4.7)
meNw
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Proof: See Appendix O

Remark 4.4.1. Note that the term —L™ implies a degenerate ellipticity condition in the same
way as in the situation of the differential game, see Subsection Since there are no other
second order derivatives included in the above PDEs, the left hand sides of and are
degenerate elliptic. Furthermore, using the convention min(sup &, a) = a for a € R, it is easy
to check that the left hand sides of both PDEs are locally bounded. Finally, by the earlier
consideration of the components of both PDEs, under Assumption the left hand side of
is Isc and the left hand side of is usc in (¢, z,v(t, x), %(t, x), Dyv(t, ), D?v(t, x)).
So the formulation of the PDEs agrees with the problem formulation presented in Appendix

A2

Remark 4.4.2. The preliminary notes of this section heavily rely on the assumption of a
compact control set U, giving us the semicontinuity of the considered PDEs. We further
make use of the compactness of U for the convergence of a sequence of controls to an optimal
one in the proof of the supersolution property. If we can exclude an exploding strategy as
optimal solution, e.g. if M™ (v~ D(t,z)),y) < 0 for all (t,z) € [0,T) x R, y > v~ D(¢, 2)
and large |7|, then we may even allow for an unrestricted set of control values. Alternatively,
we could capture an unbounded set U by passing over to the technique of relaxed semilimits
presented by Bouchard, Elie and Touzi [7] resulting in a slightly different, not necessarily
continuous PDE for v(™). On the other hand the compactness of U may reflect a constraint

imposed by a regulator. So from a practical point of view this requirement is quite reasonable.

4.4.2 Terminal condition

In order to provide a complete characterization of the value function, we need to specify the

terminal condition of v(™. According to the definition of v(™), we obviously have
o™(T, 2) = max (g(:v),inf{y eR: MZ’U(n_l)(T,:L') > 0 for some 7 € U}) .
However, v(") may be discontinuous at time 7', so that we are led to introduce the functions

é(n)(x) = limsup v (t,2/), G (z):= liminf o™ (¢,2).
t T,x'—x t Tz’ —x
Following the argumentation in Bouchard [5] and Saintier [48], it is straightforward to
(n) =
G

from inside the domain and using the viscosity property of the value function there, we extend

derive the terminal data in our case of a bounded number of jumps. Approximating G

the stochastic controllability and the intervention condition to the time horizon T'. For the

sake of completeness, we complemented the appendix by their proofs.

Theorem 4.4.5. Under the assumptions of Theorem@ é(n) s a viscosity subsolution of

min [v—g*, sup  MTWNNT,.),6n (T, ., v, D) | = 0.
7weN(T,.,v,Dzv)

Proof: See Appendix a
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Theorem 4.4.6. Under the assumptions of Theoremm G™ s q viscosity supersolution
of

min {v—g,, sup M V) (T,.), 5 (T, ., v, D) | = 0.
wEN(T,.,v,Dv)

Proof: See Appendix O

4.5 Variant of the model

In this section we consider a special variant of the target problem. It is the model treated
in [54] in the pure diffusion case and in [5] in the jump-diffusion case. By a slight change of
the model setup we do not need to consider a supremum in the derived PDEs any longer.
We put particular emphasize on this modified setting because it represents the foundation
for the analysis of the super-hedging problem in finance, see Section The design of the

model is detailed in the following list of assumptions.

Assumption 4.5.1. (H1) We have d = m = p (where m is the dimension of the Brownian

motion and p the dimension of the control set U).
(H2) The control set U is convex and has a non-empty interior.

(H3) The matriz ox(t,x, ) is invertible and the map

oyt (ta,m) oy (ta,y,m) "

is one to one for all (t,z,y) € [0,T] x R

Here, (H3) is the crucial assumption which enables us to match the stochastic parts of
the processes X and Y by a definite control 7 € U,,. To state this control explicitly in form

of a feedback function, let us denote by v the inverse of the map in (H3), i.e.

UY(t7$7y7 F)T - UX(ta xaﬂ')Tp =0 < 7= w(tﬂ?,yvp)- (48)

Notice that due to the continuity of ox and oy with respect to @ and the compactness of
U the function v is continuous in (¢, x,y,p): Let (tx, 2k, Yk, Pr)kx be a sequence converging
to (t,x,y,p) and 7 = ¥ (tg, Tk, Yk, k). Then, for any subsequence of (m); there exists a
convergent subsequence (my;); with limit 7 fulfilling # = (¢, 2,y,p). Since 7 is uniquely
determined, it follows 7 — 7.

Using the notion of this chapter we have N(t,z,y,p) = {¥(t,z,y,p)} if N(¢t,z,y,p) is
non-empty. So, as a consequence of the last fact, (H3) corresponds to Assumption in
Section We note further that ¢ (¢, x,y, p) is only well-defined if

p € D(t,2,y) = {ox (t,x,m) oy (t,z,y,m)T : 7 € U} C RL
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In the following we want to use a continuous continuation of ¢ to the domain [0, 7] x R? x
R x R? such that ¢ (t,z,y,p) ¢ U if p ¢ D(t,z,y). Thus we conclude

5N(taxayap) > 0 Al w(t’x7y’p) eU.

We can therefore replace the left inequality as follows: We introduce the support function g
of the closed convex set U,

ou(z) :=supzlm, zeRL
el

Then, using the definition

xu(m) == ‘gic?jl{%(ét) —z'7},

we obtain the following characterization of U and 9U (see, e.g., [54] and the reference therein):
TelU & xy(nr) >0 and we€dU < xy(m)=0.
Notice that dy as well as xy are continuous. This follows from the compactness of U and of
the unit sphere of RY, respectively, and from Lemma in the appendix.
Remark 4.5.1. Example fits into this framework. The associated feedback function reads
¥(p) = Zp.
Combining the considerations in this section with the results of the previous section, we

directly obtain the right PDE characterization for the value function.

Corollary 4.5.2. Let Assumptions[{.1.1] and[/.5.1] be satisfied. Then we have:

(i) In the interior of the domain. On [0,T) x R? the value function v in @3) is a

viscosity subsolution of the equation
min (=L + oy (0, 7), MEO D) (7)) = 0

with
w(t,x) = Y(t,z,v(t, x), Dyv(t, z)).
If in addition /\/lgv(”_l)(t, x)~ is locally Lipschitz continuous in (t,z,y) € [0, T] xR xR

uniformly in m € U, then it is also a viscosity supersolution of the equation

min (=70 + py (., 0, %), M), x0 (7)) = 0.

(ii) Terminal condition. G (z) == limsup; sp gy v (t,2) is a viscosity subsolution of
min (v - g%, M) (T, ), xur (7)) =0
and G™ (z) := lim inf; x40y v (¢, 27) s a viscosity supersolution of
min (v = g, ME@" D), (T, ), x0 (7)) =0

with
7(x) == Y(T,z,v(x), Dyv(x)).



Chapter 5

Portfolio optimization and option

pricing under the threat of a crash

This chapter deals with portfolio problems of an investor taking into consideration the pos-
sibility of market crashes. Here the investor distinguishes between “normal times” where the
prices of risky assets are supposed to follow a geometric Brownian motion and “crash times”
of large price movements. However, he does not know when these crashes take place and how
strong they are. So it is his objective to be well prepared for any possible scenario - even
the worst one. Therefore the portfolio problems can be represented as stochastic differential
games where the investor meets the market as an opponent. The investor tries to maximize
the utility of his terminal wealth by choosing a favourable portfolio strategy, while the “un-
ruly” market is able to intervene by creating crash shocks. Thus the portfolio problems can

be analyzed using the techniques derived in chapter

As pointed out in the introduction of the impulse perturbed stochastic control frame-
work, the attraction of this approach is manifold. First of all it pays attention to worst-case
scenarios. A cautious investor following the advice presented in the following can limit his
maximal potential loss. While portfolio optimization in a jump-diffusion model only provides
strategies that perform best in the mean, but permit of extreme losses in unlikely market
turmoil, the worst-case modelling gives the investor protection in any possible situation.
Moreover, the approach comes up with very simple assumptions. In contrast to a jump-
diffusion model, probability assumptions concerning the occurence and the extent of crashes
are not necessary. Instead, only a maximal number of crashes that might happen up to a
given time horizon as well as a range for possible crash sizes are fixed. Trading in addition
derivatives on the stocks held in the portfolio, it turns out that it even makes sense to allow
for an unrestricted number of crashes.

This worst-case approach to portfolio optimization is already studied in depth in the finan-
cial literature. Korn and Wilmott derived in [34] worst-case optimal strategies for an investor

with a logarithmic utiliy function by choosing an indifference approach. These results were

o7
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extended to a more general market setting by Korn and Menkens in [31]. Moreover, they took
into consideration changing market coefficients after the occurence of a crash and introduced
the notion of crash-hedging strategies which make the investor indifferent to sudden jumps
in equity prices. See also Menkens [39] for a detailed analysis of crash-hedging strategies. In
[33] Korn and Steffensen used a control approach fitting to the impulse perturbed stochastic
control concept as presented in this work. Similar to our proceeding in Chapter|3] they stated
a system of inequalities for verifying the value function of the worst-case portfolio problem.
This so-called HJB-system corresponds to the PDE characterization given in Section (3.5
for the concerned general differential game. In [29] Korn solved the portfolio problem for
an insurer who faces a claim process correlated to the developments on the capital market.
Monnig dealed in [40] with more concrete insurance contracts trying to calculate prices for
equity-linked insurances capturing crash risk. A survey of the status quo of the portfolio
problem under the threat of market crashes can be found in Korn and Seifried [32], including
a recent martingale approach for solving the worst-case portfolio problem.

Here we want to turn to some new aspects of the worst-case approach for modelling
market crashes. Firstly we observe the portfolio problem considering in addition options as
investment class. Assuming that the option prices do not bear the crash risk in mind, we
will show that the crash risk can be reduced or even be eliminated by the employment of
suitable options. In a next step the question is tackled whether the price for such derivatives
has to be adapted to the additional crash risk. To this end we propose two methods, the
concept of super-hedging in the sense of the target problem analyzed in Chapter [4] and a
market completion approach. The latter one makes use of a crash insurance which allows to
replicate the option exactly. For the calculation of the corresponding insurance premium we
argue by utility indifference. Therefore we optimize a portfolio including insurance contracts
in the sense of the differential game of Chapter [3| such that the same utility is achieved as
without insurance.

This chapter is organized as follows: To start with we repeat in the first section the
results from Korn and Steffensen [33] on the portfolio problem under the threat of crashes for
a simple market setting where the investor can trade only a risky asset and a secure bond. In
Section [5.2| we investigate the extended model that gives the investor the possibility to hedge
the crash risk by trading options. Section deals with the pricing of derivatives under the
threat of crashes and Section with the premium calculation for a crash insurance. We
conclude in Section [5.5 with an application of the crash-adjusted option pricing technique to
defaultable bonds.

5.1 Portfolio with 1 risky asset and n possible crashes

This subsection emphasizes on the introduction of the basic model and sums up the existing

solutions for simple worst-case portfolio problems.
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Consider a capital market with two tradeable assets, a risk-free bond with constant interest
rate r > 0 and a risky asset, say a stock. Suppose that in “normal times” the price of the
stock is given by

dS(t) = pS(t)dt + oS(t)dB(t) (5.1)

with constant market coefficients ¢ > r and ¢ > 0 and with B as a Brownian motion on a
fixed probability space (€2, F,P). Assume further that there exists the possibility of a jump
in the stock price due to a market crash. A crash of height ¢ then leads to a sudden decline
in the equity price from S to (1 — ¢)S. No probabilistic assumptions are made about the
distribution neither of the crash time nor of the crash size. Only suppose that up to the end
of the time horizon T" > 0 at most n € N crashes might occur and that the crash heights lie
in the interval Z = [¢,(] with ( < (and 0 < { < 1.

The investor is allowed to trade in the assets continuously in [0,7]. Here every de-
nomination of the assets is possible which particularly permits unrestricted borrowing and
even short-selling of the stock. Moreover, transaction costs are neglected. At any time
t € [0,7T] the investor has to decide how to distribute his current wealth X () = > 0 on
both assets. Let (") () denote the fraction of his wealth invested in the stock at time ¢ when
there are still ¢ € {0, ...,n} remaining crash possibilities. Since consumption and liabilities to
pay are not considered, this automatically determines the bond investment as the remaining
wealth X (t)(1 — 7 (t)). So the investor’s wealth process is of the form

dX(t) = (r+ (u— )™ @)X (t)dt + on "D (1) X (t)dB(t),
T <t<Tig1, ©1=0,...,n,

X(1) = X(ri—)(1 = &= (5)), i=1,...,n,

where 7; is the i-th crash time with associated crash size (; (where we make the conventions
70 := 0 and 7,41 := T). Note that X = X™¢ depends on the portfolio strategy m =
(7™, ..., 7)) and the crash parameters & = (71,...,7n:C1,...,Cn). Nevertheless, in the
following X is used most of the time as abbreviation for X™¢ if the connections are obvious.

The separate portfolio strategies 70 depend on the P-augmentation (F;); of the filtration
generated by the Brownian motion B. According to our control framework of Chapter |2 we

require that the process 7(¥ has values in a compact set

1
UC{(cio,Cl], ¢ >0,
¢, ¢<0

and is progressively measurable with respect to (F;); and Markovian. The choice of the
control set U ensures that the wealth process stays non-negative. In practice U can be
fixed afterwards, so that the optimal strategies are contained. The double sequence £ of
crash parameters can be interpreted as n-impulse control with ZU{0}-valued impulses which

is assumed to be Markovian, too. We denote the corresponding admissibility sets by U,
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and V,,. Under the above assumptions on the crash model, decisions are made in order
to perform best in a worst-case scenario. As performance measure consider the expected
utility of the investor’s wealth at time 7' using a general utility function ¢ : R — R, ie. g¢
is once continuously differentiable, monotonously increasing and strictly concave. Then the

worst-case scenario portfolio problem can be stated as

sup inf E; { (X’T’g TS )} )

Weun Sevn ‘ g ( )
where the stopping time 75 = inf{s >t : (s,X™%(s)) ¢ S = [0,T) x (0,00)} takes into
account an early ruin of the investor. It is our objective to determine the corresponding

value function v(™ and to find optimal controls # € U, and é €V, such that
0Ot 7) = By [g (X7(rs))]

Here we do not have to consider v(™ outside S = [0, 7] x [0, 00) because we a priori excluded
jumps outside this domain by the made restriction on the control set U. We solve the problem
by using the results of Section[3.6] To this end let us briefly check the necessary assumptions:
In view of the simple stochastic model with constant SDE coefficients, the condition (G1’) of
Assumption is satisfied. If we assume that the utility function ¢ is bounded below on
[0,00), the assumption (G2’) is true, too. Furthermore, (G3’) holds by the definition of U,
and V,,. The validity of Assumption is obvious except for the continuity of v(*~1), and
the statements of Assumption [3.6.3|follow from the argumentations in Appendix[B] Supposed
v("=1 is continuous, v("™ is locally bounded and there exist e-optimal controls with continuous
feedback function (see Assumption , Theorem says that on S the seeked function
v(™ is a viscosity solution of the non-linear PDE

inf max <—£”v(”),v(") — M”U(”_1)> =0, (5.2)

melU

where the differential operator £™ and the impulse operator M™ are given by

1
LTo(t,x) = pi(t,x) + (r+ (p— r)m)ap(t, z) + 5027T23:2<pm(t, x),

Mﬂ'@(tdj) = inf_ gO(t,ﬂZ(]. - Cﬂ-))
Celedl

To define v(™ as the unique solution of we consider the boundary conditions

Q) (T, z) = min <g(:r:), sup M’rv(”_l)(T, a:)) , x€[0,00),

meU (5.3)

v™(t,0) = g(0), tel0,T].

Noting that we do not allow for stochastic jumps in the stock price process, the only critical
point with respect to the applicability of Corollary is (U3) in Assumption Let

us suppose that v(® is at most polynomially growing with exponent m > 0. Then it is not
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very difficult to compute that the auxiliary function w(t,z) = X702+ 4 C(1 + T — 1),
with an arbitrary constant C' > 0 and A chosen large enough, has all properties we need.
Consequently, if there exists a polynomially bounded viscosity solution of satisfying [5.3
then it is the seeked value function v(™.

Of course, in the simple market setting dealt with in this subsection the worst crash is
always of maximal size as long as the investor holds a long position in the stock. On the
other hand it is never optimal to invest a negative sum in the stock. Obviously the worst-case
scenario would then be a sudden rise in the equity price or the no crash case. But in both
scenarios the pure bond strategy m = 0 which is resistant to any market movements performs
better. Even if no crash happens, the pure bond strategy yields a higher worst-case bound

because of p > r. Therefore, for # > 0, the worst first crash is given by
#1 = inf {s >t 0D (5, X7(s)(1 — Cn(s))) < o™ (s,X’r(s))} AT,

& = { ¢, it (7, X7(R)(1 = (m(F1))) < 0™ (71, X7 (F1)),

0, else.

Here X™ denotes the wealth process under the current portfolio strategy m = 7™ and without
any crash, and it is assumed that the investor trades optimally after the first crash. An

optimal portfolio strategy can be obtained in form of (assuming this expression is well-defined)

7" (t,z) earg max LT (¢, 2),
meU ™) (t,x)

where

UM (t,2) = {x e U : v V(t,z—Cr) > o™ (t,2)}.

The following example summarizes concrete results on the value functions and the optimal
portfolio strategies for various utility functions which are adopted from Korn and Steffensen
[33].

Ezample 5.1.1. (a) Power utility: Consider a utility function of the form
1
g(x) = =27 with vy <1,7#0.
Y

Then the optimal portfolio strategy # = (fr(”), e ,7?(0)) only depends on the time
variable ¢ and can be calculated iteratively by solving the non-linear ordinary differential
equations (ODEs)

7ATISi) _ 2 (1 _ gfr(i)> <(M —7) (fr(i) _ 7AT(zel)) _ %(1 —)o? ((7}(1'))2 B (fr(il))2>) |
#(ry=0, i=1,...,n,

where the optimal strategy in the crash-free setting reads

1 —
#0) = =
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The corresponding value function is given by

o (1,2) = o (t’“ (e “))> |
i=1

2
v (t,z) = iaﬂ exp (’y <T+; <#;T) 1_17> (T — t))

is the value function in the crash-free setting.

where

Log utility: Consider the logarithmic utility function
g(x) =In(1 + x).

As in the case of power utility the optimal portfolio strategy only depends on the time

variable ¢t and is given by the system of non-linear ODEs
) = 2 (1- &) ((u —r) (#0) - #-D) - 302 ((ﬁ@))Q - (fr“’—”)2>> ,
FN(Ty=0, i=1,...,n,
where the optimal strategy in the crash-free setting reads
o_H—"

—
o2

The corresponding value function is given by

o™ (t, z) = v <t,xﬁ(1 — Cﬁ(i)(t))> ,
i=1

where

g

2
vO(t,2) =In(1 +z) + <r+; (“_r> ) (T —1t)

is the value function in the crash-free setting.

Exponential utility: Consider the exponential utility function

—Qaxr

g(x) = —e for some o > 0.

An investor with this utility function has a constant absolute risk aversion which means
that the total amount of his wealth invested risky is independent of his wealth. There-
fore it looks attractive to interprete the portfolio strategy m as the total sum of the
stock investment. Then the optimal portfolio strategy can be stated as solution of the
system of non-linear ODEs

70 = ) 4 % (,ﬁ-(i) _ ,ﬁ-(’i—D) _ OM(ZCt)f’Q ((7}(1’))2 _ <ﬁ-(i—1))2> )
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where the optimal strategy in the crash-free setting reads
—r(T=t) ,, —
7O t) = e Pp-r
a o2

The corresponding value function is given by

o™ (t, z) = v (t, x — Z ¢a® (t)> )
i=1

where

g

2
v O(t,z) = —exp (—aeT(T_t)az - % <,u — 7") (T — t)>

is the value function in the crash-free setting. For n = 1 there exists an explicit solution

which has the form
Ty (u—n)(T—t)
a o2 (u—r)(T—1t)+2C

_ r(T—t L/p=r\* (u—r)(T —t)?
v<l><t,x>——exp<—a€ -3 (1) <M—r><T—t>+2E>'

Remark 5.1.1.  (a) The forms of the value function v(™ in the above examples show that

(b)

the worst-case scenario is always a sudden crash of maximal size (.

o ~(1) — _(u=r)(T=t) ~(0) : :
The explicit formula 7 G (D15 for the optimal strategy in the case of
exponential utility reveils #(!) < 70, Indeed, one can show via induction that the
solutions of the ODEs characterizing the optimal strategy in the case of power utility,

log utility and exponential utility satisfy the relation

0<#m <z < < 20)

This is a very intuitive result since the more crashes might happen, the less money
should be invested in the stock. By the way it shows that the optimal control processes
take on values in a compact subset U. Moreover, in contrast to the constant (resp.

time-discounted) portfolio processes #©0)

in the no-crash model, the crash strategies
#®_ ¢ = 1,...,n, turn out to be strictly decreasing until no stocks are held in the
portfolio at closure time 7. The reason can be found in the fact at time T there is
no time left to compensate for losses. Since these properties of the optimal portfolio

strategy 7 are only stated in [33] without a proof, we provide the proof in Appendix
B3l

The semi-explicit formulas for the value functions show that their strict increase and
their strict concavity with respect to the wealth variable are inherited in the crash

setting from their counterparts in the crash-free setting.
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(d) In consideration of the continuity of the portfolio processes as well as the continuity
and the polynomial growth of the value functions, the assumptions made beforehand

are indeed satisfied.

Note that without great difficulty the results of this section can be extended to a market
with several risky assets. In this case we deal with a price process modelled by a multi-
dimensional geometric Brownian motion. To keep the notation as clear as possible, we want to
stick to the one-stock-model. However, in the following investigations we consider a derivative

of the stock as additional risky asset.

5.2 Crash-hedging via options

Now suppose that the investor additionally has the possibility to trade with options on the
stock as underlying in order to limit his exposure in the course of a crash. For example he
might invest in a put option which is negatively correlated with the stock. Therefore he will
be compensated if the stock price declines. On the other hand a rise in the equity price might
then reduce his investment gains. So once again he is faced with a kind of balance problem.

Let P = P(t,S) denote the price of such an option depending on the current state S(t) = S
of the price process . Throughout this section we assume that the price function P is
once continuously differentiable with respect to the time variable and twice with respect to

the stock price variable. Applying 1t6’s formula yields

1
aP() = (Rt S(0) + SOPS(E 50 + 30520 Pas(t,S(0) ) at
+0S(t)Ps(t, S(t))dB(t).
Furthermore, it is a well known fact that in the crash-free setting the option price P solves
the Black-Scholes differential equation

1
—rP + P, +rSPs + 5a2S2PSS =0.

Designating 6(?)(¢) as the ratio of the number of options that are held in the portfolio and
the present wealth at time ¢ when there are still 7 € {0, ...,n} remaining crash possibilities,

the corresponding wealth process of the investor can thus be stated by

dS(t) + 6™ DX (t)dP(t)

dX(t) = (1 —7=(t) - 5(”’i)P(t)) rX(t)dt + ”(n_z)((t)X(t)

S(t)
- (r +(u—r) (M"—i) (t) + 6= (£)S(t)Ps(t, S

to (W—i) (1) + 8= (1)S(t) Ps(t, S(t))) X(t

t)))) X (t)dt

(
)dB(t)

for ; <t <Tiy1,i=0,...,n, and at the i-th crash time, i =1,...,n,

X(7) = X(ri=) (1= G0 73) = 604D (P, S(m)) = P(si, (1 - G)S(7))
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We are now interested in solving the portfolio problem

sup  inf By [g (X)) ]

(m,8)EUy, EEVR

where g stands for one of the utility functions considered in Example and U, is the
modified admissibility set of vectors of control processes (TF(i), 5(i)), it =0,...,n, which have

values in a compact subset U C R? such that (m,d) € U satisfies

(m—0(P(t,S)—P(t,(1-¢)S)) <1 forall (t,5) € [0,T] x [0,00),¢ € [¢, (]

The differential operator £ and the impulse operator M™ associated to the state process
(X(t),S(t)) are defined by

L™p(t,x,8) = ¢i(t,2,8) + (r+ (n— 1) (m+ 0SPs(t,S9))) wpa(t, x,5)
1
+uSps(t,z,S) + 202 (m + dSPs(t, S))2 ZL’QQDmm(t, z,S)

1
02 (7'(' + 5SPS(t’ S)) ZES(,st(t,fL', S) + §J2S2¢55(t7$7 S)a

Gele,€
Then, supposed v(™ is polynomially bounded, it is the unique polynomially bounded and
continuous viscosity solution of the PDE ([5.2)) satisfying the boundary conditions (5.3]), but
with control variable (,8) € U and the operators £™9, M™9,
Assuming sufficient regularity and strict concavity of the value function v, the first-

order condition for a maximum (7, §() of L7099 (¢, z, S) reads as

o?x2{M ™ 4 (p— )z + o xSv( Yo 2225 Pgu(m ) =

A 02282 P206M™ 4 (- r)zSPsu{™ + o xSQPSUg(g + 02228 PguM#M) = 0,

where the partial derivatives vg(c ), v(n) and v:(ﬂg) are evaluated in (¢,z,S5) and Ps in (¢,5).

Resolving the first equation for #(") gives

R )
ﬁ(n) _ K 27" ’Uz(n) _g Ugc(é;l) N (5(n)SP5, (5'4)

0% 2upy TUpy

while the left hand side of the second equation disappears by inserting . So L™0y(1) (t,z,S)
is maximal for #( as in , where 6 can be chosen arbitrarily. Thus the question arises
how many options the investor is intended to hold. In a crash-free setting it is no matter
whether to invest in the stock or in the option as long as the proper proportion between
stocks and options, expressed in , is maintained. So for n = 0 the value function v(® is
independent of the stock price S and equals the value function v(9) from the previous section

where no options are traded. But taking into consideration the threat of a crash, not any
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delta hedge is sufficient any more. To obtain an optimal mixture of #(™ and 5™ in the crash

model, we have to consider the constraint
MFDSD =D §) > ™ (¢t 2, S).
In view of it follows
oDt 2(1 — (7 - 6MA), (1-¢)S) = v™(t,2,8) forall ¢ € [¢,{],

where we have set

(n) (n)

- - Y A Vys
7 =7(t,x,S):=— = o S x(n),
TUzxax LUz

If we can find a (™ such that
¢+ 6MA(L, S,¢) <0 forall ¢ €[¢,C], (5.5)

the investor’s wealth cannot be affected by large price movements. Since the objective func-
tion only depends on the wealth process, this would mean that the investor can realize
the same utility as in the crash-free world, i.e. v™(t,z,8) = v(O(¢,z). In particular, our
initial assumptions on the regularity and concavity of the value function would be true,
and 7 would correspond to the optimal strategy without crash risk and option trading,
#0) = —“0_2” :3;; > 0. In order to observe the hedging condition let us suppose that
the price function P is strictly convex which is the case if we deal with standard call or put
options. Therefore we know that A(t,.S,¢) < 0 for all { # 0. Then is equivalent to

s s G
5 > N for all ¢ # 0. (5.6)

For m > 0 the right hand side of the above inequality is negative for { < 0, and it is strictly
decreasing in ¢ > 0 because of

d ¢ PRS- P (1 -¢S5) - ¢S5Ps(t (1-¢)S)
)

LALSO A2(t, 5. >0

So on the one hand we do not have to regard upward jumps by choosing 6 > 0. On the
other hand, if we neglect infinitesimal jump sizes, i.e. ¢ > 0, then the maximum for the right
hand side in (5.6)) is attained for ¢ = . So we can conclude that by trading according to

I SN ()
P—P+(SPs"

[N

P-P .o

~ _ ~(0) _§ - = -
T=" 0S5 Pg E—P+§SPS7T

where P stands for P(t, (1—-()S), the investor can eliminate any crash risk without additional

costs. Note in particular that this strategy is independent of the number of possible crashes.
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But in contrast to the classic portfolio strategy #(?), the hedging strategy (7, 5) depends on
S, although the value function does not. For ¢ < 0 a full hedge is not possible any more since

we have

&
N0 A(t,S,Q)

T = 0.

But choosing § as large as possible (in the set of constrained admissible trading strategies,
e.g. § €1[0,6]), we can reduce the negative effects of crashes.

So the message of this section reads as follows: While in the classic Black-Scholes model
it is of no additional benefit to trade with options, we have seen that under the threat of
crashes this extension of the market gives the investor the chance to compensate losses due
to a crash scenario, so that he is even able to perform as well as in the classic Black-Scholes
model. That is he can hedge any crash risk. Moreover, the limiting number n of possible
crashes does not play any role, neither on the value function nor on the optimal investment

strategies.

5.3 Option pricing

In the previous section we have seen that under Black-Scholes option prices the crash risk
can be hedged completely. That might raise the question if Black-Scholes prices really fit
in our crash framework. Black-Scholes prices are obtained by reconstruction of the option’s
payoff in the complete crash-free market. But the crash feature leads to an incompletion of
the market, so that the replication technique does not work any more. In this section we
want to discuss two different approaches leading to upper (or lower) price boundaries and to
indifference prices. We only consider European options, i.e. the option’s buyer is not allowed

to execute the option prematurely.

5.3.1 Super-hedging

For the super-hedging approach we consider a portfolio including a position (long or short)
in an option. The central idea is to find a stock trading strategy and an option pricing rule
that offer at least the risk-free return almost surely for any market scenario. To start with
we derive the PDEs for these super-hedging option prices in an heuristic way. Afterwards we
prove the obtained statements with the theoretical tools provided in Chapter {4 for stochastic

target problems.
Heuristic derivation of the super-hedging prices

We take a portfolio consisting of positions in the bond, the stock and a fixed number § of
options as basis. Let us denote by P the crash-adjusted option price and by #(™ the

total stock investment sum in the setting with n crashes. To state the corresponding wealth
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process X we suppose enough regularity of P, In view of It&’s formula the dynamic of the

wealth process with n remaining crash possibilities then reads
(M (t)
S(t)
n n 1 n
= (rX(t) + (=) r ™ (t) + 6 (—TPW + P 4 usPYY + 2025213;5))) dt

dX(t) = <X(t) — () - 6P(”)> rdt + dS(t) + 6dP™(t)

to <w<n> (t) + 551{@")) dB(t),

where P(™ and its partial derivatives are evaluated in (¢,5(t)). Given a crash of size ¢ at

time 7 there is a jump in form of
X(r) = X(r=) = ¢a(7) = 5 (P (7, 8(7)) = PP (7, (1= O)8(7)) )

Now we want to adapt the replication method for complete markets to our crash setting. It
is our purpose to construct a portfolio that is risk-free along the worst-case path. For such a
risk-free portfolio we have to take into consideration the evolution of the wealth process if no
crash occurs as well as the jump condition for a crash scenario. In order to exclude stochastic

fluctuation driven by the Brownian motion, we have to choose

7 (t) = =58P, (5.7)
To avoid losses from possible jumps we require
sup, {cn® @) +6 (P™ - POV, (1-0SW)) | <0, (5.8)
Cel,C

where equality holds if a crash embodies the worst-case scenario. To achieve the risk-free
yield, the drift term in the wealth’s SDE must be greater than rX (¢) almost surely at any
time t because otherwise there are scenarios with a less return. This gives us the next

condition,
n n 1 n
(1 —r) 7™ ) +6 <—7«P<n> + P 4 usP 20252P§S>> >0, (5.9)

where equality holds if the worst case is no immediate crash. Assembling the conditions

(5.7)-(5.9) we conclude

min <TP(")—Pt(n)—rSPén)—10252Pé7§),P(")— sup {(Spén)—i—P("_l) (t,(l—C)S)}) =0
2 el

for 0 < 0 (short position in option) and

max (rP(”)—Pt(n) —rSPén) —%UQSQPéZ) P _ ir[lf]{CSPén)—l—P("_l) (t,(1-¢)S) }) =0
Cel¢,C

for 6 > 0 (long position). Note that apart from the sign of § the pricing equations are
independent of the portfolio’s position in options. The first equation presents the seller’s

price Ps(ggrt for the opti;)n and therefore an upper bound. The second one can be regarded
n

as the buyer’s price Pl(on p for the option and therefore as a lower bound.
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Remark 5.3.1. Using the price rules of this subsection, crash-hedging is not possible any
more: The hedging condition (5.5) cannot be satisfied since

SAM(t,S,¢) = § (P(”) (t,8) — ¢cSPM(t, S) — PVt (1 — 4)5)) > 0 for all .

Here we have to use the seller’s option price for § > 0 and the buyer’s option price for § < 0

because these are the prices for which the counterparty accepts the trade.
Stochastic target approach

If we choose 0 = —1 (short position in one option) and the initial capital X (¢) = 0 and split

the replicating portfolio into the option position —Pg:gﬁ and the super-hedging portfolio Y,

then the seller’s option price at time ¢ corresponds to the initial value of the process Y. Since

we force X(T') = 0 along the worst-case path, ngrt

which the option’s seller can set up a hedging portfolio Y that exceeds the option’s payoff at

is the minimal amount of money with

maturity almost surely. That is the option price is the value function of a stochastic target
problem. The controlled target process is the seller’s hedging process Y and the target is
given by the payoff function depending on the stock price process S. Remember that the

dynamics of (5,Y) in “calm” times ¢t € (74, 7i4+1), ¢ = 0,...,n, are given by

dS(t) = uS(t)dt + o S(t)dB(t),
dY (t) = (rY (t) + (u — )7 (#))dt + on ") (£)dB(t),

whereas at crash times 7;, ¢ = 1,...,n, we have jumps in form of
S(r) =S(m—)1=¢),  Y(rn)=Y(r-)—Gr" " (m).

Once more is to point out that in contrast to the initially introduced portfolio problem
we want to understand by the control 7(9 the absolute investment sum. Moreover, let us
consider here the unconstrained control set U = R. Therefore we impose in addition that an
admissible strategy m € U,, provides further on a unique well-defined hedging process stg
for all (¢,5) € [0,T] x [0,00) and £ € V,,. Then the crash-adjusted seller’s option price can
be formulated by

pi (t,S) = inf{y € R : there exists 7 € Uy, s.t. Y™(T) > g(S*(T)) for all £ € V,,},

short

where ¢ is the option’s payoff function, assumed to be continuous in the following. To keep
the notation short we just write P(") instead of Ps(}?grt from now on.

Let us now use the theory of stochastic target problems from Chapter [4l The situation
here corresponds for the most part to the model discussed in Section The hedging
strategy 7, which is essential in order to control the stochastic price movements driven by
the Brownian motion, is uniquely identified by the function ¥ (S,p) = Sp in the sense of

(supposed the derivatives exist)

#O(t) = w(S(t), PP (1, S(1)) = SH) P (£, S(t), i=0,...,n.



70 CHAPTER 5. PORTFOLIO OPTIMIZATION AND OPTION PRICING

However, we have to elaborate on two differences to the target problem of Section

e U is not compact. We needed the compactness of U in Chapter [4] for three aspects.
Firstly, for the existence of a solution of the controlled SDEs which is guaranteed
in the situation here by the definition of the admissibility set U,,. Secondly, for the
preservation of continuity properties of the terms building the characterizing PDEs
which applies because of the continuity of the function . And thirdly, for the existence
of a convergent subsequence in the proof of the supersolution property. This is satisfied
if a “nearly optimal” hedging strategy m has values in a compact subset in a local sense,
i.e. aslong as (s, St 5(s), Y/, (s)) stays within some open neighborhood of (¢, S,y). This
condition is true if we deal with payoff functions g € P1([0,00)), i.e. there exists C' > 0
such that |g(S)| < C(1 4 5). In this case we a-priori can restrict the hedge positions
to compacts depending on the current underlying price S because it does not make
sense to trade more than C shares, i.e. m € [-CS,CS]. In particular, this gives us
I[P (t,8)] < C(1+8), ie. P eP([0,T] % [0,00)). In sum, the viscosity property of
Corollary still holds, but we do not have to pay attention to the condition 7 € U.

e The domain of control is restricted to S = [0,T) x [0,00). The viscosity properties of
the price functions in the domain S as well as on the boundary part {T'} x (0, c0) remain
true. In addition we need boundary conditions for S = 0 in order to characterize the
price functions as the unique solutions of the associated PDEs. Since the stock would
remain worthless if the price once dropped to zero, the natural boundary condition
in the no-crash setting is given by P©(¢,0) = e "(T=%g(0). This is also the natural
boundary condition if a crash is possible because at the boundary [0, 7] x {0} an impulse
¢ has no impact. It remains to clarify if the natural boundary condition represents the
correct data for a precise characterization of the price functions. This is the case if the
price functions are continuous on the boundary part [0,7] x {0}. To avoid a tedious
proof of a general statement, let us be content with a simple justification for the use of
the natural boundary condition in the case of a call and a put option. For both option
types we know a-priori estimates. If P() denotes the price of a call with strike K, then
we have P (t, S) € [0, 5] and therefore limgs 7,51 (¢,0) POt 8") = 0. If P® denotes
the price of a put with strike K, then we have PO (¢, ) € [Ke Tt — § Ke "(T-1)]
and therefore limgs(y g/)—(1,0) PO 8" = Ke (T,

As it is known, in the no crash case the stochastic target approach leads to Black-Scholes

prices, i.e. P is linked to the system

rPO _ Pt(o) - rSPéO) — %JQS2P§%) =0 onS,
POT,S) —g(S)=0 for S € [0,00),
POt,0) —e " TNg0) =0 forte[0,T).
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From the Feynman-Kac theorem we know that under weak assumptions on g there exists a
unique classical solution P(®) € ¢12(8)NC(S) which is polynomially bounded, for example if
g is continuous, non-negative and satisfies a polynomial growth condition (see, e.g., Karatzas
and Shreve [25], Theorem 5.7.6 and Remark 5.7.8, or Korn and Korn [30], Chapter III,
Theorem 18).

Under crash risk the result is the following:

Theorem 5.3.1. Let g € Pi([0,00)) and assume that P(=1) s continuous and locally Lip-
schitz in (t,x). Then the seller’s option price P™ s q viscosity solution on S of the PDE

min <TP(n) — Pt(n) - TSPén) - %UzSQPg;)7
(5.10)
pn) _ sup {CSPé") + P(”_l)(t, (1- C)S)}> _o.
Celel
The terminal data given in form of é(n)(s) = limsup; ~r g, PM(t,8") and Q(n)(S) =

liminf; 7 o5 p) (t,S") is a the viscosity sub and supersolution, respectively, on (0,00) of

min (G(”) —9,G™ — sup {gSGg” + P (T, (1 - C)S)}) — 0. (5.11)
celed

Proof: In view of the argumentation preceding this theorem, the statement is a conse-

quence of Corollary [£.5.2] We remark that the assumptions underlying Corollary are

evidently satisfied, in particular the required local Lipschitz condition on the map (¢, S,y) —

SUDc¢(c,q] {y—¢m+ PN (¢t (1 - ¢)S)}  follows from the local Lipschitz continuity of pn—1),

O

So Theorem confirms the heuristic PDE characterization. In the same way we can
formulate for 6 = 1 the super-hedging problem from the point of view of the option’s buyer.

The result is the target problem

Pl(;L)g(t, S) =sup{y € R : there exists 7 € Uy, s.t. — Y™(T) > —g(S4(T)) for all £ € V,,}.

Writing this in form of

Pl(;)g(t, S) = —inf{y € R: there exists 7 € U, s.t. Y™(T) > —g(S*(T)) for all £ € V), },

we come to the PDE for the buyer’s option price as in the heuristic derivation. The proper

terminal data is given by

max ( G® — g,G™ — inf {¢Sgf" + PUTNT, (1-0)8)} | =0,
¢eledl

Due to the similar structure of both pricing rules, we only analyze the seller’s option price in

detail.
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Remark 5.3.2 (The worst-crash size). If the price function P("~Y is strictly convex, the worst
downward jump is related to the maximal crash size ¢ > 0 and the worst upward jump to
the minimal crash size ( < 0. So in the case where both downward and upward jumps are
possible (i.e. ¢ <0, ¢ > 0) we have to answer the question when ¢ embodies the worst crash
size and when ¢ does so, i.e. the PDE simplifies to

1
min <TP<">—Pt(">—rSP§">—202S2P§">,P<">— max {45P§")+P(”1>(t,(1—g)5)}> =0,
¢e{¢.¢H
If either negative or positive jump sizes are excluded, the above max-term can be replaced
by the relevant argument. For a price function P which is not strictly convex, the

worst-crash size might also be an inner point.

To prove uniqueness of a viscosity solution to the PDE , we need the following
comparison result. As in the proof of the comparison theorem for the PDE considering in
the context of the differential game in Chapter [3] we make use of the doubling of variables
approach from Crandall, Ishii and Lions [I0], so that most parts of the proof are equal to
the proof of Theorem We therefore only sketch the steps which do not require new

arguments. Because of P ¢ P;(S) it is sufficient to show uniqueness in the class P;(S).

Theorem 5.3.2 (Comparison theorem 1). Let u € Pi(S) be a wiscosity subsolution and
v € P1(S) a viscosity supersolution of on §. If we have u* < v, on the parabolic
boundary 0S = ([0, T) x {0}) U ({T'} x [0,00)), then it follows u* < v, on S.

Proof: We argue by contradiction and suppose that

sup {u*(t,x) —vi(t,z)} > 0.
(¢t,2)€[0,Tx[0,00)

In view of the growth conditions on w and v, we can find some 3,4, A, p > 0 such that

0<M:= sup {u*(t,x) —vi(t,x) — Bp — 20X} < 0.

(t,z)€[0,T] % [0,00) i+

For k£ € N we set

k _
orlty,y) = ot Sle =y + 6T @ 4y,

ot
and we consider

My, = sup {u*(t,2) —vi(t,y) — or(t,z,y)}
(t,x,y)€[0,T]x[0,00)2

with 0 < M}y < oo. This supremum is attained on some compact subset of [0, 7] x [0, 00)?,
independent of large k. We denote by (¢, xk, yx) a corresponding maximizer. According to
the relation of u* and v, on the parabolic boundary, we have (tg, 2, yx) € [0,T) x (0, 00)2.

From Lemma 3.1 in [10] (see Lemma in the appendix) we know that

lim k|zg — yx? = 0. (5.12)
k—o0
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Thus we may pass to a subsequence (t, 2y, yx) converging to (to, zg, zo) € [0,T) x (0, 00)?.

Next we apply Theorem 8.3 in [I0] (see Theorem in the appendix) to the function
w(t,z,y) = u*(t,z) — vi(t,y) — pr(t,x,y) at point (tx, zx, yx) to get ar € R and X, Y, € R
such that

(ak, iy X1) € T>Tu* (tg, o), (b, @iy Yi) € T* " 0atr, ur),

where

pr = k(zg — yi) + 20X gy X = X+ 22067,
G = k(zg — yp) — 20X T "Wy V= Yy — 20T )

b := ap +

and X, Yy satisfy
Xpa? — YViy? < k(z —y)? for all z,y > 0. (5.13)

The sub and supersolution properties of v and v yield

. 1 5
min (ru*(tk, Ty) — ap — regpy — =0 re X,

2
(5.14)
u*(tg, z) — sup {kapk + PO, (1 - C):Ek)} ) =0
Cel¢iC]
. L 5 90
min | 7, (tg, yx) — bk — TYRQE — 50 Yie Yk,
(5.15)

Vs (i, yr) — sup. {Cyqu + PO (1, (1 - C)yk)} ) > 0.
el

Consider the difference Ay of the first components of the above min-terms and let us split Ay

in form of Ay = A,l€ + Ai — By, with

_B
(tr +p)?’
A2 = AT (22 4 ) — (2r + 02)5e T (a2 + y7),

AL = r(ut (b, k) — vi(tr yr)) +

1
By, := rk(z — yp)? + 502(ka% — Yiui).
Using the fact that (¢, 2k, yx) is a maximizer corresponding to My, > 0, we have A} > 0 for
all k. Choosing A sufficiently large, i.e. A > 2r + o2, we have A7 > 0 for all k. From (5.13))
we obtain the estimate By < (r + $02)k(zx — yi)?. Hence, by (5.13) we conclude Ay > 0 for
k chosen large enough. Thus we deduce from the viscosity inequalities (5.14])-(5.15) that

W (t, xx) — Sup {kapk + P (4, (1 - C)xk)} <0. (5.16)
Cel¢(]
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On the other hand, using the fact My > 0 and afterwards the inequality (5.15)), we deduce

u*(ty, Tx) — sup {Cfﬂkpk + POy, (1 C)!Ek)}

¢ele.ql
(n—1) M
> Ui (te, Yi) + @r(tr, Thy Ya) — SUp. {Cfﬁkpk + P (g, (1 — C)ifk)} +
¢el¢,C]
> o1tk Tk, yk) — sup {C(zxpr — Yrar)}
¢el¢dl
(n-1) (n—1) M
— sup { POty (1= Qi) = PUTT, (1= Qi) | + -
cele.d) 2

In view of (5.12) and the continuity of P("~1 | the second of the last two suprema can be
neglected. For the first one we have

Sl[lp_} {C(zepr — year)} < C (k(wk —yp)? + 20 M) (22 4 y,%)) :
Cel¢,C

Consequently, choosing k large enough leads to a contradiction to (5.16]). O

Theorem says that if we have continuous boundary conditions for P on dS, then
P™) is the unique continuous viscosity solution of (5.10) in P1(S). So let us continue with
a uniqueness result for the terminal data which implicitly gives us continuity of the terminal

data if P is continuous in (T,0).

Theorem 5.3.3 (Comparison theorem 2). Let u € P1(]0,00)) be a viscosity subsolution and
v € P1([0,00)) a viscosity supersolution of on (0,00). If we have u*(0) < v4(0), then
it follows u* < v, on [0,00).

Proof: Analogous to the proof of Theorem ]

Remark 5.3.3. We can write equation in form of G™ — H (S, G(")) = 0. Comparison
results for such elliptic first-order equations already exist, even for an unbounded domain,
see for example Section 1.2 in Ishii [23]. But these results only compare continuous viscosity
solutions. So if we are not sure that G(" is continuous, we cannot apply them for a uniqueness

statement. Instead, the continuity of G(™ is just an implication of the comparison theorem.

To simplify matters, from now on let us concentrate on the special case n = 1 and on
options which are linear combinations of standard calls and puts. Then the regularity of
PO gives us the Lipschitz condition required in Theorem and, as shown above, we are
allowed to use the natural boundary condition for S = 0. In sum, the price function P(!) is
the unique viscosity solution in Py (S) of which satisfies the boundary conditions

PW(t,0) — e T g(0) =0, tel0,T],
PO, ) —GV(S) =0, Se(0,00),

where the terminal data GV is the unique viscosity solution on (0, c0) of (5.11]) with G (0) =

g(0), and G and P are continuous.
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For a sample of plain vanilla options here are the explicit terminal data functions (with

(a) Call option with strike K (i.e. g (8) = (S — K)*):

’ crash parameters ‘ terminal data function ‘

_ _ 1 _
(2200 | ayg ) @5° 8= a:C<1—C)1<C
E>0 S—K 5> ’ "
— K —
¢=0s0, g (S) = 0 . SIS 1o a:_¢<1—§)1<<
(<0 aST+S-K ,§>£& T CAE
ot N
§;< 0, g(l)(S) _ OZSi S <K o = —? 17;
¢>0 aS¢+S—-K ,S>K, @::_%K*T
(b) Put option with strike K (i.e. g(0(S) = (K — S)*):
’ crash parameters ‘ terminal data function ‘
_ 1 K =
(>¢>0, (S) = asc-S+K ,8<X @‘:CT(lKC—)lf
— K ) *
¢>0 0 .8 > 1<
_ K _
¢=¢=0, gD(S) = K?S IS 1 a:_g(lﬁ)léc
(<0 aS¢ 8> L AR
1 . By =
§_<O, g(l)(S): o‘sz—S+K S < K a——gfng 1—c’
(>0 st S>K o= SKTT
4 | A |
| |
| o |
| down-crash | up-crash
| |
crash region | |
| |

no crash

¥

\J

K K/(1-¢)

Figure 5.1: Terminal data for a call. On the left: Only downward jumps possible. On the

right: Downward and upward jumps possible.
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(c) Bull spread with strikes K| < Ky (i.e. ¢(0(S) = (S — K1)t — (S — K)*):

’ crash parameters ‘ terminal data function ‘

_ I
CZCZ()) 5[55 7S§1T1C’ 1-¢
= ~ . 7(1=¢\ T
¢>0, gM(S) =4 S K ,i%<5§K27043:<(71)
Klg(l_E)KZ Ky — K4 ,S>K2
¢=¢=>0, el g <K s
>0, gD =4 o= LG =K, * (K — K1)
_ Ky — K3 ,S>K2
K> (1-(K>
( K
0 7S§17_1§
1
_ aS¢ + 8 — Ky e <5 < £
QSCSO, (1)(8): - S K K e KQ_ S< K2_
c<0 g a(S — 12)-i- 2 — I af_< S 9c
max(aS<¢ + Ko, S) — K ,f%<S§K2
L KQ—Kl ,S>K2
1¢ % K % = o (1=C 1%5
o) T mi (1) ool
T
aS¢< ,S<K1
¢ <0, 0St+ S K K< § <X
>0, g V() = 1 e s
a(S — - Ko <
(1*§)K1<K2 @(S K2)+K2 Kl 71_C<S K2
Ky — Ky , 9 > Ko
& e =
F o= 2 ¢ — _ 55 < — 1. (K2 ) ¢
Q= C*QKl 1, o Cngl , Q 1—|—§Qé<1_g>
¢ >0, gI(S) =< a(S — Ka) + Ky — K, 71KTQC<S§K2,
(1-QK1 > K> Ky — Ky .S > Koy
1
_ C 1-¢\ ¢ ~ 1-¢
o = —C—ET(KQ—Kl) (ﬁ) y Q= C—iig(Kz—Kl)j

Numerical example. Consider the following options:
e Call with strike K = 100.

e Bull spread with strikes K; = 80 and K3 = 150.
e Time to maturity in each case is T'=1.

e The parameters for the bond and the risky asset are r = 0.05, 0 = 0.3, { = —0.3 and

¢ =0.3.

For the numerical treatment of the variational inequality we use a finite difference scheme

and the PSOR (projected successive over-relaxation) method. The boundary conditions for
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no crash

Y

Figure 5.2: Terminal data for a bull spread: Downward and upward jumps possible (with
(1 - QK1 < Ky).
S N\, 0 and S — oo can be chosen as in the crash-free case because the respective exercise

decisions are certain, independent of crash scenarios,

call: PO(#,0)=0 and PW(t, ) ~e"T-D(S - K) for S — oo,
bull spread: PM(t,0) =0 and PW(t,8) = e "T-I(Ky — K;) for S — oo,

We make the transformation
1 2 1 1
TZ*OQ(T_t)a z = In(9), k:l7 azf(k—i_l)Qv B=(k-1),
2 o2 4 2

u(r,z) = POt S), i=0,1.

Then we have to solve the variational inequality

min (u(Tl) — ugx),u(l) — sup {C (—Bu(l) + ué”) —uO(7,z +1n(1 - C))}) =0 (5.17)
¢eled]

for 7 € (0,Tp], Tp := 0T /2, and x € R. For a discretization we restrict the space domain

to x € [z, ] for some adequate z < Z, e.g. = = In(1) and = In(300), and introduce an

equidistant grid with points
(15,2i) = (js,x +ih), j=0,...,M, i=0,...,N,

where s = Ty/M and h = (z—x)/N denote respectively the time and the space mesh size. We
further introduce the notation wg := uM)(7j,2;). Then the initial conditions in the discretized
model read

w? = P gl (e"), i=0,...,N,
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where the respective function ¢(!) can be looked up in the above tables. The boundary
conditions read

J J

ela=RT+82 (e _ K) | call
wy =0, wy =

ele=R)m+8% () — K1) , bull spread

For the PDE approximation scheme we use the standard mixed explicit-implicit timestepping
(f-method with 6 € [0,1]) for the first inequality,

1 . . 0 . . . 1-0 / . . .

~ (w! =i ™) = 55 (vl = 20] +wl ) = — (vl = 20d 7 4wl

and a pure explicit scheme for the second inequality,

- .
J J w?

j—1
j j Wiy — W i T Wi
w] — sup {C (—ﬁw3+1{<>o}+1h+]l{c<0}hl> —“(0)(Tj,wi+1n(1—0)},

el
forj=1,...,M,i=1,...,N — 1. The split difference quotient in the latter approximation
ensures a monotony condition which is needed for the convergence result presented below.
Writing everything in matrix notation we obtain in each time step j = 1,..., M a vector

w’) = (w));=1,. N—1 as solution of a linear complementarity problem in form of
Aw? =120, w! = 7720, (4w —0THT (! - 17 =0,

where the matrix A is fixed and the vectors ¥~ and fg 1 are computed explicitly from the
data of the last time step. Here the subscript 6 suggests the dependence of fgil from the
respective worst-case jump size. Then we apply the SOR algorithm, an iterative method to
solve linear equations, to Aw’ = b/~1. But after each iteration we project the current value
back to the admissible cone w/ > fé ~!. Since the matrix A is symmetric and positive definite,
the resulting sequence converges to the unique solution of the above linear complementarity
problem, see Cryer [11].

It remains to show that the solution of the discretized problem converges to the solution
of the transformed original problem for grid spacing s, h \ 0. For a detailed treatment
of the convergence of approximation schemes in a viscosity solution framework we refer to
Barles and Souganidis [I]. To prove convergence in our situation let us consider for simplicity
a pure implicit timestepping (6 = 1) with respect to the first part of the variational inequality.

So we investigate the discretized PDE
min (Diu — D2y, Ms’hu) =0,
where the operator M*" is defined by

MPur, ) =u(re) - sup {¢(=Bulr,2)+ [1 (o0 D™ +1 ey D3 ()
Cel¢,C

—u(o)(7,$+ln(1—C))}
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and the finite difference operators are given by
Diulr, ) = u(r,x) —u(r — s,x), D2hu(r, ) = u(r,z+h) — 2u(h7'2, x) —u(r,x — h)’
s
u(t — s,z + h) —u(r,x) ch’hfu(T, ) = u(r,z) —u(r — s,z — h)

h ’ h

D3 u(r, x) =

We denote by u, j a solution of the discretized equation and we define

u(r,z) = lirr;stlp ush(js,z +ih), u(r,z)= hsrﬁl\%lf us p(js, z +ih).
(js,a_ciih\)"—;(mx) (Js,z+ih)—(T,2)

If we are able to prove that @ is a subsolution and u a supersolution of the nondiscretized
PDE on S := (0,Tp] x (z, x), then, supposed @ and u match on the parabolic boundary,
by the comparison principle (which obviously holds for the transformed PDE, too) it follows
that v = w = w is the unique solution of , and ug p, converges locally uniformly to u for
s, h ™\ 0.

We only sketch the proof that w is a subsolution, assuming that u j, is uniformly bounded:
Let (10,20) € S and ¢ € C2(S) such that @ — ¢ has a strict global maximum in (79, o).
Then there exist sequences (sj)ien, (hi)ren such that, using the abbreviation uy := us, p,,

for k — oo we have

Sk he (O, (T, wx) == (JrsSk, 2 + ixhy) = (70,70),  ur(Th, Tx) = (70, 20),

(Tk, xp) is a global maximum point of uy — .

Set v == ¢ + up(Tk, vx) — (7K, ), so that we have g > ug and @i (7, zp) = ug (g, k).
Then it follows

0 = min (Diku(Tk, Tg) — Di’h’“u(m, ), My (1 xk))
(5.18)
> min (Df-’“ﬁpk(Tk,iEk) — D2y (1, 1), MR @ (73, xk)) :

If we only use mesh sizes s,k with s < h? in our approximation scheme, then we get as
s,k ™0,

(= s,z +h) —p(1,2)
h
90(T7$+h)_90(7—7$) - 90(T,$+h)—g0(7—8,3§‘+h) i
h s

— SDQC(T’ 3}) + 907'(7—7‘T) 0= (pa;(T, l‘)

Dy o(rx) =

and the same for ch’h_go(T,:):). Hence, in view of the consistency of the standard finite
difference approximations for ¢ € C%2(S), the fact i (Tg, k) = up(Th, ) — U(70,70) for
k — oo and the continuity of u(?), sending k — oo in (5.18) yields

0 > min ((pT — Paz, U — SUp {C (=01 + pg) — u(o)(To,:L‘o +In(1 — C))}) ,
Cel¢,d]



80 CHAPTER 5. PORTFOLIO OPTIMIZATION AND OPTION PRICING

where the functions on the right hand side are evaluated in (79, xg). Therefore @ is a subso-
lution of ([5.17).

Figures and show the upper price bounds of the considered options in the in-
complete market involving crash risk as well as the invested sums in the stock in order to
super-hedge the options. For low stock prices these sums are greater than in the crash-free
setting because by an upward price jump both options can be pushed into the money. In the
case of the bull spread also a downward jump can send the option back to the stock price
sensitive zone for high stock prices. But then the option’s seller would lose money from the
hedge and therefore the stock exposure is lower. If the options are in the money, the corre-
sponding hedging strategies tend to be reduced compared to the situation without crash risk
because a large jump might push the options out of the money. As an interesting numerical
result it turns out that for both options a stock price jump only represents the worst-case

scenario at maturity.
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Figure 5.3: Super-hedging price of a call under crash risk and associated hedging strategy.
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5.3.2 Market completion

In this subsection we want to introduce a new approach to the option pricing problem under
crash risk. Our procedure here will be rather heuristic, in particular it relies on a regularity
assumption for the option price function. The central idea is to complete the market with
crash risk such that the standard replication approach is applicable in some sense. This is
done by introducing crash insurance as auxiliary asset class. Suppose that for insuring the
sum I € R one has to pay a continuous premium with rate C'(¢, ). In the case of a crash of
height ¢ the insured is compensated by a payment of (I. Here we only consider downward
jumps, i.e. ¢ > 0. For ¢ < 0 we would have to include insurance against upward jumps as a
second insurance type.

Now we are able to replicate a derivative by trading with the underlying stock and the
insurance contract. More precisely, we replicate it along the worst-case path. To this end
consider a portfolio with the amount 7 invested in the stock, the sum I insured against
market crashes and a short position in one option. If the crash-adjusted option prices P(™
are sufficiently regular, we obtain by It6’s formula for the dynamic of the wealth process in

the n-crash setting
dX(t) = (rX(t) + (= r)m(t) — Ct, I(t)) (—TP(") + P 4+ uSPEY + 30252135;))) dt
to <7r(t) - spg")) dB(t).
Given a crash of size  at time 7 there is a jump in form of
X (1) = X(r=) = ( (n(r) = I(r)) + P (7, 5(7)) = P""D(7, (1 = ()S(7)).
To make the portfolio risk-free we choose 7 and I such that

w(t) = SPY) and  sup {C(n(t) — I(1) + POV (1 - 0)8) ) = PO,

Cel¢.ql

By arbitrage arguments we then have dX (t) = rX(t). It follows

1
rP® - " — rSP{Y - S0’ SPPLY - O(t, (1) = 0, (5.19)

P® _ sup {g(spg“ — I(t)) + P DL, (1 - g)s>} 0. (5.20)

celed]
Resolving (5.19) for I(¢) and inserting this in (5.20)), we get

n n n 1 n —
pm = s {g (Spg ) <t,rP(") — P P - 202521{55))) + PN, (1 —C)S)} :
S Sy

where ¢ — J(t,q) denotes the inverse of I — C(t,I). If C(t,I) is proportional to I, i.e.
C(t,I) = c(t)1, then the above PDE reads

P = sup {C(C) <_r P™ 4 P 4 (rpe(t)SPS + ;0252135;)) + P (1=¢ )S)} :
Cel¢,(]
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As terminal value we can arrange the natural condition P (T, S) = ¢(S) because with a

final insurance sum of

[(T) = n(T) + sup LE=O5T) =9(S(T))
¢el¢C] ¢

the portfolio maintains risk-free. With the same arguments as in the previous subsection,
the boundary condition for S = 0 can be formulated as P™(t,0) = e~"(T=Y4(0). For both
conditions we have implicitly used a continuity assumption of the price functions on the
parabolic boundary.

Remark that we have replicated the option’s payoff only along the worst-case path for
the seller of the option. So the above pricing rule states the seller’s price of the option. The
worst-case crash regarded from the buyer’s point of view may differ. Going through the above
argumentation for a portfolio with a long position in one option, we obtain the above pricing
rule with an inf-term instead of the sup-term. Thus, in the case of a single crash size ¢ = ¢

the seller’s and the buyer’s price coincide. Given this special case we obtain the linear PDE
t n n 1 n t _ -
(7" + C?) P — P — (r 4 ¢(t))SPM — 5025213;5) = C(E)P(” Dt (1-0)5). (5.21)

A main advantage of this formula is that it generates option prices that are additive. For
example, the value of a bull spread is the difference of the related call prices. Also the put-call
parity holds. For computing the price P(™ in this setting we have to tackle the problem of

calculating the insurance premium c. This task will be addressed in the next section.

Remark 5.3.4. The derivation of the pricing formula (5.21)) goes smoothly even for a crash
size of ¢ = 1. This is of importance with regard to the pricing of defaultable bonds in Section
0.0l

Numerical example. Using the risk-neutral insurance premium formulas derived in Sec-
tion [5.4] and a finite difference scheme, we can compute the option price under crash risk
numerically. Let us concentrate on the case n = 1. Then we can apply the explicit premium

rule

21 —

o(t) = (n—r)¢
(n=r)(T—1)+2¢

Consequently the crash-adjusted option price is a solution of the PDE

r 2(p—r) M _p®_(, 2p —r)¢ )
R ) L G T o e
= 2([1/—’[") _ (0) _,
(=T —t)+2C (t; (1= ©)S).

In this example we consider the following option:

1
) SPg) — oS Py

e Bull spread with strikes 80 and 150.

e Time to maturity is T' = 1.
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e The parameters for the bond and the risky asset are r = 0.05, 4 = 0.1, ¢ = 0.3 and

¢=0.3.
For the difference scheme we use the standard boundary conditions for a bull spread,

PI(T, $) = (S —80)* — (S —150)7,
PUO(t,0)=0 and POt S) = (150 — 80)e " for § — co.

The further proceeding is then very similar to the one presented in the numerical example of
Subsection (.3.1]

Figure [5.5| compares the option prices and the hedging strategies with and without crash
risk. It promises a low impact of crash risk on the option price. Also the hedging positions
in the risky asset do not differ dramatically if we consider crash risk or not. But under the
threat of a crash the additional risk exposure has to be covered by crash insurance. At the
upper part of the exercise region it is even recommended to sell crash insurance because the
holder of the option is provided with a leeway of risk with regard to a crash scenario. So he

can earn the insurance premium without being threatened by a crash.
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Figure 5.5: Price of a bull spread under crash risk and associated hedging strategy.

5.4 Crash insurance

In this section we calculate the price for crash insurance based on the equivalent utility
principle. Here we consider the case of a continuous premium € (t,I) payed by the investor
for insuring the investment sum [ in a market with n crash possibilities. If a crash of height ¢
occurs, the investor will be compensated by a payment of (1. Here we only consider downward
jumps, i.e. ¢ > 0. Upward jumps can be treated as independent risk for which a separate
insurance policy is necessary. The calculation of the premium is done in the same way for

both cases. We exclusively use the exponential utility function g(z) = —e™** because this is
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a utility function with constant absolute risk aversion and therefore leads to premiums which
are independent of the investment sum to be insured.

We consider a portfolio with the investment strategy m = (W(”), e 77(0)) and the insurance
sum I > 0, where 7 denotes the total sum invested in the risky asset for i left crash

possibilities. Then the investor’s wealth is given by

dX (1) = (rX(t) 4 (= ) () — o= g, 1)) dt + ox ™) (D)dB(1),
T <t<Tiy1, t=0,...,n,
X(r) = X(ri=) = G (e (m) ~ 1), =1,
The expected utility maximization problem
sup inf E;, [— exp(—aX™14(75)) (5.22)
TEUR £EV

was analyzed in Section for the case without crash insurance, i.e. I = 0. We know the
associated value function v(™ and the optimal investment strategy # in form of a system of
ODEs, see Example The threat of market crashes forces the investor to reduce his risk
capital compared to the no crash model, i.e. #(" < #(0), By insuring an investment sum
I the investor is able to increase his exposure in the risky asset by the amount I without
loosing more money due to a crash as before. Since insurance yields costs, an investor does
not demand an insurance sum which allows him to trade more risky than in the no crash
case, i.e. I <7 — 7 We now want to calculate C(t,I) for I € [0,7#(?) — 7#(™)] such that
the stochastic control problem reveals the same optimal utility as without insurance.
So for all I € [0,7(© — #(™)] it has the value function v(™. Hence we have

inf max (—E”’IU(”) (t,z), o™ (¢, 2) — M (¢, :v)) =0, (5.23)
w€[0,7(0)]

where the differential operator £/ and the impulse operator M™! are given by
1
Lot 2) = pu(t, @) + (re + (u—r)m — C (@, 1)) pu(t, ) + 502W2x2g0m(t, x),

Mot 2) = inf_ otz — ((m —1)).
¢eled

Since 7 — L™y (t,x) is strictly monotonously increasing up to

(n) (0)

e pere?
o2 o 0% o

and m — M™Ip(=1(t, ) is strictly mononously decreasing with M™ o=V (¢, z) = v (¢, z)
for
7=a 41,

the infimum in ([5.23)) is attained for 7 and we have

Lo (¢, 2) = 0.
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In view of

L7 0y (t,z) =0

this yields the following equation for the insurance premium,

1
(C(") (1) = (p—nr)I ) o{M — o2 (12 + 27 (™ (t)I) =0.
2
Using the semi-explicit formula for v from Example it follows
C(t,1) = (u—r)I — 1J2aeT(T_t) (12 + 27?(")(15)])
’ | (5.24)
=(u—r) (1 — (t)) I- 502aeT(T*t)12,

where £ (t) = aer(T—1) 2 4(n) (t) solves the system of ODEs

PO - N e %M - r ((f<n>)2 _ <f(n1>)2> ,

Since we have considered the portfolio decision for I > 0, the formula (5.24) states the
indifference premium for the insurance holder. Therefore let us call the derived premium

C,(LZZ) der Analogously we obtain the indifference premium for the insurer,

C(”)

insurer

1
t,I)=(un—r) (1 _ f(n)> I+ 50’20zer(T_t)12‘

Of course we have Cf(LZl)der < C(n)

insurer’

but for a N\, 0 both converge to the risk-neutral

premium

Cot 1) = (=) (1= 1) L. (5.25)

So the risk-neutral insurance premium is proportional to I with premium rate C(()Qo(t) =

(n—r) (1 —f (")). Using the properties of the optimal portfolio strategy 7 stated in the remark

following Example we deduce that 0220 is monotonously increasing with CSQO(T) = pu—r

and we have the relation 0 < CS)O <...< c((xn)o < u —r. Further we note that

—r(T—t)
#O () — 2 () = <

rT (1—f(”)(t)) — 00 for a\,0,

« o2

so that the formula (5.25)) holds for all 7 > 0. For I < 0 we set C(n:)o(t, I)=-C n:)o(t, —1I).

(0) « «

In the special case n = 0 we have c¢,”,(t) = 0 which goes with our intuition that a crash

a=0
insurance in the no-crash model is worthless. For n = 1 we can state the explicit formula
c(l) (t) = 2(u — 74)5 _
o0 (b —=r)(T —1)+2¢

A remarkable feature of the risk-neutral insurance premium is that it only depends on the

drift coefficients r,  and the jump size ¢, but not on the volatility o.
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Remark 5.4.1. Using the market completion approach discussed in the foregoing section with
the indifference crash insurance premium of this section, crash-hedging via options is not
possible for an investor with an exponential utility function. To see this, remark that for
the option there exists a perfect hedging strategy in bond, stock and crash insurance. But
the insurance premium is just calculated such that the investor cannot increase his utility by

trading additionally insurance contracts.

Numerical example. We demonstrate the results of this section with a common set of

parameters for the financial market:
e Terminal time is T' = 30.

e The parameters for the bond and the risky asset are r = 0.05, = 0.1 and ¢ = 0.3.
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Figure 5.6: Crash insurance premium rate.

5.5 Defaultable bonds

For an application of the crash-adjusted option pricing rules from Section in a different
context we consider corporate bonds as an alternative risky asset class. The riskiness of the
bonds refers to the possibility of default of the respective issuer which leads to large losses for
the investor. The default event is an extreme scenario which can be modelled as an impulse
perturbation. If the market allows for credit insurance, e.g. in form of credit default swaps,
we can use the option pricing rules derived via market completion to derive a value of a

defaultable bond.
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We are geared to the firm value model in Merton [36]. The model is based on the

assumption that the value process of a firm follows a geometric Brownian motion
dV(t) = pV (t)dt + oV (t)dB(t)

for some constants p,o. The company has further issued one share of stock and a zero
coupon bond with notional K and maturity 7. If at time T the firm’s asset value exceeds
the promised payment K, the full notional of the bond can be repaid to the bondholders and
the shareholders receive the residual asset value. If, however, the asset value is less than the
promised payment, the firm defaults, the bondholders receive a payment equal to the asset
value, and the share value drops to zero. Consequently, at the maturity 7" of the bond we

have the following relations for the share value S(T") and the bond value D(T),
S(T)=(V(T) - K)", D(T)=K—(K-V(T))".

Hence the value of the share can be interpreted as the price of a call option on the firm’s
asset value with strike K, and the corporate bond can be priced like a portfolio of a risk-free
zero bond with notional K and a short position in a put option on V' with strike K.

In this model default can only be detected at maturity. We now want to include the
possibility of an early default at time 7 € [0,7]. In this case the firm’s asset value drops
to zero at T which corresponds to a jump of size ( = 1 in the firm value. To make use of
option pricing techniques let us assume that the value V is a tradeable asset. Furthermore,
there exists a credit default insurance such that the default event triggers a payment of
some insurance sum /. The associated premium is payed continuously with rate cI for some
constant ¢ > 0. The consideration of such an insurance secures a complete capital market.
So we can apply the pricing rule giving us the following PDEs for the call price C' and
the put price P (with V' as underlying and strike K),

(r4+¢)C—-Ci—(r+c¢)VCy — %0’2‘/20\/\/ =0,
(r+c¢)P—P,—(r+c¢)VPy — %0’2‘/213\/\/ =cKe "I
with boundary conditions
C(T,V)=(V-K)*t, C(t,0) =0,
P(T,V)=(K-V)",  P(t0) =Ke T,

Observe that the first PDE is the Black-Scholes PDE for a call on a market with interest
r + c. It follows
Ct,V)=Vo(di(t,V)) — Ke "I T D (dy (2, V))

with ® denoting the cumulative distribution function of the standard normal distribution

and
In (%) +(r+c+302)(T—1)

ovT —t ’

dl(t,V) = dg(t,V) = dl(t, V) —oVvT —t.



88 CHAPTER 5. PORTFOLIO OPTIMIZATION AND OPTION PRICING

From the put-call parity we infer that
Pt,V)=C(t, V)=V + Ke T,
Thus, in view of the relations S(t) = C(t,V(t)) and D(t) = Ke "T=Y) — P(t,V (t)), we obtain

S(t) = V() ®(di(t, V(1)) — Ke” "I Do (dy(t, V (1)),
D(t) = Ke "I (dy(t, V(1)) + V() ®(—dy (£, V (1))).

Numerical example. We illustrate the results for the following parameters:
e The issued bond has notional K = 100 and terminal time 7' = 5.

e The parameters for the (hypothetical) financial market are r = 0.05, p = 0.1, 0 = 0.3
and ¢ = 0.02.

Figure[5.7|compares the values of the share and the defaultable bond with a possible early
default to the corresponding Merton prices (dotted lines). As expected the new bond price
is lower than in the Merton model, especially for high firm values. Instead, the change in
the stock price needs an explanation. An interpretation for the observed phenomenon of a
higher stock price in spite of an additional default risk is that the weak development of the

bond security leads to an increasing demand on the more profitable stock.
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Figure 5.7: Share and bond value.

Without much difficulty one can use the derived pricing formula to make portfolio deci-

sions concerning corporate bonds and credit default swaps. Considering that after an early
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default the secure bond is the only investment possibility, it cannot be optimal to enter a
position which would lead to a loss in a default scenario. On the other hand, if one trades
such that a premature default results in a positive profit, then the investor gives away possi-
ble insurance premium revenues. Therefore the relation between the number é of defaultable
bonds and the insurance sum / in an optimal portfolio must be I =6D. Then, using the
dynamics of the process D(t,V (t)), one can verify that, supposed there is no early default,

the investor’s wealth process evolves according to
AX(t) = (rX(t) + (= (7 + )3V (E)Dy (£, V(£)) ) dt + a8V (1) Dy (£, V(1) dB().

Remembering the known fact Dy (¢,V) = ®(—d;i(t,V)) > 0, it is worthwile to enter a long
position in the defaultable bond if and only if we have ¢ < u — r. In the case ¢ < p — r it is

optimal to sell short defaultable bonds.
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Chapter 6

Optimal reinsurance and minimal

capital requirement

In consideration of catastrophes and extreme damage events the worst-case control approach
is very suitable to the insurance business. Our task in this chapter is to find worst-case optimal
reinsurance strategies for an insurer who is faced with a given risk process. Moreover, we
want to calculate the appropriate capital reserves that allow the insurer to bear all the future

damages with a given probability.

The problem of optimal reinsurance strategies has been an area of active research in
recent years. There is a large number of works which address several different kinds of
reinsurance strategies in diverse insurance models. Most of the authors study strategies
which minimize the insurer’s ruin probability in a continuous-time framework where they use
the classical Cramér-Lundberg model or a diffusion approximation of the surplus process as
risk model (see, e.g., [21], [51] and the references therein). For variations of the problem we
refer to Browne [8] and Promislow and Young [45] where the insurer can invest in risky and
riskless assets. We take up their diffusion approximation approach complemented by impulse
perturbation for large insurance losses for our investigations. In almost any cases the time
period being considered is infinite which leads to static reinsurance strategies. In contrast,
we concentrate on a finite time horizon which is conform to our control framework of finite
impulse perturbation. So we obtain dynamic reinsurance strategies, so that the risk position
is adjusted to its duration. However, since the problem of minimizing the ruin probability
in finite time is very difficult to solve even numerically, we have to apply other decision
rules such as utility optimization or minimization of the required capital reserves. To our
knowledge, there are no references dealing with the calculation of capitalization requirements

in this form.

The first section of this chapter introduces the insurance model in detail, and it is followed

by the analysis of some reinsurance problems.

91



92 CHAPTER 6. OPTIMAL REINSURANCE AND MCR

6.1 The insurance model

Let us consider a given probability space (£2, F,P). For the risk process we distinguish
between a multitude of small losses and a small number of imaginable large losses. The small
claims can be approximated by a diffusion process as follows: Let C(t) = Zi]\;(f) Y; be the
claim process where N(t) denotes the number of claims up to time ¢ and Y; is the size of
the i-th claim. As usual in the classic theory of risk for small claims, N is assumed to be a
Poisson process with rate A > 0 and Y; are independent and identically distributed random
variables. Then we know from the well studied field of diffusion approximation (see, e.g., [18]

and the references in [8]) that we have C' ~ C with
dC(t) = adt — BdB(t),

where B denotes a Brownian motion and the drift and the volatility of C are given by
a = AE[Y;] and 32 = AE[Y{?]. The large claims are modelled by an impulse control. Therefore
we fix a maximal claim size ( > 0 and a maximal number n of such catastrophes up to the
time horizon T > 0. As filtration we use the P-augmentation (F;); of the filtration generated
by the Brownian motion B.

We want to understand these large losses as exceptional events that are necessary to be
taken into consideration for a robust risk control. But the insurer cannot refer to such worst-
case scenarios for his premium calculation since no insurance holder would comply with the
resulting premium rates. So we adopt a premium principle of the classic risk theory defining
the premium rate by ¢ = (1 + )« for some loading factor # > 0. Alternatively, one may
adjust the insurance premium after a large loss. Omne could argue that in the aftermath
of a catastrophe the insurance company has a better bargaining position to enforce higher
premiums. So we could use different loading factors (9 for the setting with ¢ € {0,...,n}
possible catastrophes left such that 60 < ... < #(9). To keep the notation as short as
possible, we want to abandon this technical generalization of the model. Then, ignoring

interest payments on the insurer’s capital, the surplus process of the insurer is given by

dX () = cdt — dC(t) = fadt + BdB(t),
X(ri) = X(mi—) = ¢,

where 7; denotes the time of the i-th large loss. In order to lower the undertaken risk the
insurer can reinsure a part of his risk portfolio. On the one hand we want to consider
proportional reinsurance. Suppose the insurer cedes a fraction of his risk to a reinsurer. Let
7@ (t) € [0,1] denote the reinsurance proportion at time t and for i € {0,...,n} possible
catastrophes left and let > 6 be the reinsurance loading factor. Then we deal with the

controlled surplus process
dX(t) = (0 — e () audt + (1 — 779 (¢)) BdB(t),

; 6.1
X(r) = X(rim) - (1 — n=# D (7)) (61
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On the other hand a catastrophe linked reinsurance seems advisable in our situation. A type
of reinsurance which is very common in the insurance of natural catastrophes are CAT-bonds.
By issuing bonds that are linked to special catastrophe scenarios the insurance company can
securitize a part of its catastrophe insurance risk. If such an extreme scenario takes place,
the bond expires without continuing interest and redemption. As compensation for the risk
taken by the investor of a CAT-bond, the insurer pays a risk premium g > 0. Let us assume
that the insurance company can issue bonds continuously and let us denote by (9 (t) > 0 the
nominal amount of all bonds issued until time ¢ (in the situation with ¢ € {0,...,n} possible
catastrophes left). If we do not allow for a premature cancellation of the bond, 7 has to be

monotonously increasing. Then we can write the controlled surplus process in form of

dX (t) = (b — px "I (t))dt + BdB(t),

6.2
X(Tl) :X(Ti—)—c-f—ﬂ'(niprl)(n). ( )

Actually, there is no payment of W(”*"H)(Ti) in the case of the i-th catastrophe scenario. But
in the above representation we have settled the initial incoming payments and the redemption
(at time 7") which is omitted by the occurrence of a catastrophe.

Besides an optimal reinsurance strategy we strive for another goal. An important task in
insurance is to determine the reserves of the insurance company that are required in order
to fulfill all liabilities. We present two approaches for these connected problems which differ
both in the problem formulation and in the type of reinsurance. In Section [6.2] we maximize
the exponential utility of the insurer’s surplus at final time T by proportional reinsuring.
For the surplus process under the resulting optimal reinsurance policy we then determine the
minimal capital requirements (MCR) of the insurer such that the surplus is positive at time T
with some given probability. So the method used in this section is stepwise. In Section [6.3|we
rather obtain the reinsurance strategy and the MCR simultaneously by solving a stochastic
target problem. Here we use CAT-bonds to lower the risk and therefore the needed capital
reserves, and the MCR is computed as the minimal initial value for the surplus process such
that the surplus is positive at time T with some given probability. We transform this problem
into a target problem whose optimal control is the optimal reinsurance strategy and the value

function is the resulting MCR.

6.2 Exponential utility of terminal surplus

Our first objective is to maximize the exponential utility of terminal surplus of the insurer
by choosing an optimal proportional reinsurance strategy. The analysis of this section is
therefore based on the surplus process given by . By U,, and V,, we denote the adequate
admissibility sets with the underlying control sets U = [0, 1] and Z = {(} (see Chapter [2| for
the requirements of admissiblity of the respective controls). Furthermore, by the stopping

time 75 = inf{s >t : (s, X™%(s)) ¢ S = [0,T) x (0, 00)} we indicate the end of control actions
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due to an early ruin of the insurer or the arrival at the time horizon. Then we want to study
the problem

sup inf E; . [9(X(75))] for g(x) =—e 7, >0
ﬂeun £€Vn

Note that the exponential utility function has a constant absolute risk aversion, —% = 7.
As we will see in the following, this is exactly the property that yields an optimal reinsurance
strategy which is independent of the level of reserves of the insurance company.

Let v(™ be the associated value function. The differential operator £7 and the impulse

operator M™ corresponding to the surplus process (6.1]) are given by

1
L7 =i+ (0 = nm)aps + 5 (1 - 28200z,
MTp = p(t,x — (1 —m)().

To simplify the calculation let us suppose that v > g—;” By this assumption we avoid delicate
boundary problems and are able to state explicit solutions, at least for n = 0 and n = 1. For
n = 0 we can derive the value function as solution of the HJB-equation
sup L0 (t,2) =0, (t,z)eS =1[0,T) x (0,00),
m€(0,1]
vO(t,2) + exp(—yz) =0, (t,2) € S°= ([0,7] x R)\ ([0,T) x (0, 00)).

As result we obtain the constant optimal reinsurance rate

N l6
#FO@) =1- %,

and the value function is

o0 (k) = —exp (—yo + FO 1))

with
1 n%a?

100 = (10 0a - 375 ) (=),

Note that by the made assumptions the optimal control is admissible.

According to Chapter [3] taking into consideration extreme claim sizes we have to solve
the system
inf max <—£”v(”)(t, z), 0™ (t, ) — MV (¢, a:)) =0, (taz)es,

w€(0,1] (63)

o™ (t, x) + exp(—yz) =0, (t,z) € S°.
Here we note that the problem formulation corresponds to the extended differential game
studied in Section [3.6] The underlying assumptions are very easy to check, in particular

we see that v(™ is polynomially bounded on S. Consequently, if the PDE in (6.3) has a

viscosity solution which is continuous at terminal time 7" with final data as in (6.3)) and with
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a continuous associated feedback control function, then we are sure that it is the seeked value
function.
In order to solve the problem (6.3) we state the following lemma:

Lemma 6.2.1. Suppose that fori =1,...,n the value functions v are in ([0, T] x R)
and are strictly concave in x. Then the characterizing PDE in (6.3|) simplifies to

max L™ (¢, z) =0, (6.4)
meU™) (¢,x)

where we mazximize on the subset
UM (t,z) == {r €0,1] : MTo™ (¢, 2) > o™ (L, 2)}.
Furthermore, the unique solution of this restricted maximization problem is
#M(t, ) = max <7T(")*(t, ), 7™, x))
with

(n)
(n)*(t ) -1+ no vy (t, I’)
s , L ;
Bl 1, @)

7" (t,2) = min U™ (¢, z).

Proof: In view of the strict concavity of v(™, the map 7 — —L™0("™ is a convex parabola with
minimum at w(”)*(t,x). Moreover, it is easy to verify that v(»~1 is strictly monotonuously
increasing in x. Therefore the map 7 — v — M™("=1 is strictly monotonously decreasing.
Because of the continuity of this map and the obvious relation v < (=1 the set U™ (t,x)
is a closed intervall of the form [7(™(t,x),1] for some 7™ (¢,z) € [0,1]. Hence, using con-
tinuity arguments it follows that the infimum in the PDE characterization is realized
by #(™(t, ) = max(x(™*(t, z), 7™ (¢, z)) which is the unique solution of the restricted max-

imization problem max () ,) £" (¢, ), and the equation reads LA ) (t,)=0. O

Lemmayields the optimal reinsurance strategy #(™) in the setting with n outstanding
possible catastrophes. Here, the case 7" (t,x) > ﬂ(”)*(t, x) reflects the necessity of a higher
reinsurance rate in order to compensate large claims due to a catastrophe. It seems to be
reasonable that this situation prevails at all time. So let us assume that #( (¢, z) = 7" (t, z)
(which has to be verified later on). Note that for 7" (¢, z) > 7(™*(¢, ) the feedback function
7#(") satisfies

MA@, (=1 (1 ) = M) (¢, ). (6.5)

In view of the form of v(9), we make the ansatz

v(i)(t,x) = —exp (—733 + f(i)(t)> , i=1,...,n.
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Then we deduce from ([6.5)

(6.6)

and from
ft(n) - Uﬁ(n))a’Y ——(1- 7}(”))252,72. (6.7)

Combining |D we can conclude

) 219 ) _ a0y 4 20 (=702 = (= )2).
¢ 2¢

To characterize the control process 7™ uniquely we need the correct terminal condition. The

optimal utility — exp(—~yx) at time ¢ = T is only attained if the risk process is fully reinsured

at that time, i.e. 7" (T) = 1.

It remains to check the made assumptions. The value functions are indeed sufficiently
regular and strictly concave in x. The solution of the derived system of ODEs is a unique
differentiable function. Using results from the theory of differential inequalities, we will show
in Lemma [6.2.3] below the relation

Therefore the assumption 7 (¢, 2) > 7(*(t,z) = 7O (¢, z) is true and the strategy 7 =
(7™, ..., 7)) is admissible.

So we have proved the following result:

Theorem 6.2.2. The optimal proportional reinsurance strateqy @ = (7?(”), .. ,fr(o)) to maz-

imize the expected utility of the surplus at a terminal time T is given by the system of ODFEs

NG nee ~(i— %82 ~ (i ~(i—
ﬁto:?(ﬂ()_W( 1>)+7<(1_W())2_(1_w( 1))2),

2¢ (6.8)

~(0) () — 1 ¥
70y =1 al
Q 752

The corresponding value function is given by

oM (t,z) = (t x — Y ( >C>7
i=1

vO (¢, 2) = — exp (-m + <7(n — f)a— ;’7522> (T — t)>

where

1s the value function in the catastrophe-free setting.
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Remark 6.2.1. For n =1 we can solve the ODE explicitly, giving us

na  no(T —1t)
182 na(T — ) +2¢

W) =1-
and consequently

1 n%a? T —
v (t,2) = —exp <—)\6T(Tt):1: + (’y(n —0)a — 577@3 nar(’;(— 7 22() (T — t)> .

The following lemma states the essential properties of the optimal proportional reinsur-

ance strategy:

Lemma 6.2.3. The solution # = (7", ... #(0) of satisfies
(i) 1> 7 > 7= > > 70 >0,
(ii) # >0 foralli=1,...,n.

Proof: The inequality #(9) > 0 is already verified. We prove the remaining statements via
induction.

For ¢ = 1 we can directly compute

Wy g e (T —t) e ()
() =1— >1- =7V(t).
©) VB2 na(T —t) +2¢ VB2 ©)
In particular we have ﬁgl) > 0.
For the induction step we want to consider the function
no B 2
h(z) = ——2z— —(1—2)~
()= =2 = T
For z > z > 0 we verify the one-sided Lipschitz condition
. VB 2 oy 8 . . _ B2 .
h(z)—h(Z)<——F(1=2)*"-(1-2))=—2—-2—-2)(z—2) < —(2—2).
() =5 € == (1= = (1-2) = 2 === 2)( (- 2)
If we suppose ﬁt(i) >0fori=1,...,n—1, then we know from the induction hypothesis and

the ODE characterization of #(*) that
0 = —h() + RV >0 fori=1,...,n—1.
Using the ODE characterization of (™ it follows
# = —h(E™) + h(E") > —h(™) + (7).
Since the map z — —h(z) + h(7(9)) is a convex parabola with minimum at #(9), we deduce
frgn) > 0. Furthermore, we calculate

_ﬁt(n) _ h(fr(n)) — _h(ﬁ-(n—l)) > _ﬁt(n_n _ h(,ﬁ.(n—l)).

Thus, in view of the terminal condition #(™(T") = #(»~1)(T'), the one-sided Lipschitz condition
of h and Lemma in the appendix, we conclude the desired relation #(" > #(n=1),
Because of frt(n) >0 and #M(T) = 1, it finally follows 7#(" < 1. O
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So under the threat of large losses the optimal reinsurance rate is not constant any more.
Instead, it is increasing such that at final time the risk portfolio is reinsured completely. And,
very intuitively, the more catastrophes the insurer expects the more he has to reinsure. Fur-
thermore, note that the derived strategy is independent of the insurer’s capitalization which
allows us to split the decision on reinsurance and MCR calculation into two independent

operations.

MCR. After we have found an optimal reinsurance strategy which is independent of x we
next want to calculate the required reserves of an insurer with an exponential utility function.

The final surplus under some strategy m € Uy and without large claims reads in integral form

T T
X™(T) :a:—i-@a(T—t)—na/t TF(S)dS-i-,B/ (1 —m7(s))dB(s).

If 7 is a deterministic strategy, we conclude that X™(7') is normally distributed with mean
m(t,z) = Er [ X™(T)] and variance v(t,z) = E; . [(X™(T) — m(t, z))?] given by

T
m(t,x) =+ 0a(T —t) — noz/t m(s)ds,

T
v(t,x) = 52/t (1 —m(s))%ds.

Thus, in the castastrophe-free setting the ruin probability reads

t
P XT(T) <0 =1— -0 )
v(t,x)
where ® is the cumulative distribution function of the standard normal distribution. So

given some ruin probability p > 0 we can compute the MCR under strategy 7 by solving the

e <_m(tw>> _
v(t,x)
(0)

for x. Let us denote by Ry’ (t,p) the solution of this equation. Some elementary calculation

equation

gives us

T T
RO(t,p) = na/ 7(s)ds — 0a(T —t) — BD~L(1 — p) \//t (1 — m(s))2ds.

t
Under catastrophe risk the insurer needs an additional cushion. If his reinsurance strategy
7 € U, only consists of deterministic control processes (¥, i = 0, ..., n, then it is reasonable
to maintain the reserve

7(i+1)

RWM(t,p) = max na Z/ #=0(s)ds — a(T — t)

t=7O) <M< <7t =T (%)

T(z+1)
— B! Z/ #(n— 2d5+<z — i) (£())

(©)
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Since the reinsurance strategy 7 of an insurer with exponential utility is deterministic, we
can calculate the associated MCR in this way.
Numerical example. We demonstrate the results of this section with a common set of

parameters for the insurance market:
e Terminal time is T' = 30.
e The parameters for the claim process C' are « =1, = 0.5 and ¢ = 1.
e The loading factors are § = 0.1 and n = 0.3.

e The risk aversion parameter v is chosen such the optimal reinsurance fraction in the

catastrophe-free setting is 0.1, i.e. v = gz = 3.

e The confidence level for the MCR calculation is p = 0.95.

Figure shows the optimal reinsurance strategies and the associated MCR for n < 3. It
points out the trade-off between large insurance losses and the costs for reinsurance. The
latter one increases with the period of reinsurance and becomes negligible for a short time
to maturity, so that the optimal reinsurance proportion increases in time while the MCR

decreases when we near the time horizon.

o
P
net 72
2

nsr

Propartional reinsurance

0 5 10 15 20 25 il

Figure 6.1: Optimal proportional reinsurance strategy and associated MCR.

6.3 Stochastic target approach

The focus of the last section was the performance of the insurance portfolio measured by
exponential utility. Nevertheless, this approach may lead to a large MCR which is not in
the insurer’s interest because of opportunity costs. This fact shows the disadvantage of the
exponential utility function with its constant absolute risk aversion. Therefore we now look

for reinsurance strategies that minimize the MCR. To this end consider an (arbitrary) risk
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process X™¢ (with m € Uy,, & € V,). Let us suppose that the company is required to hold
capital as reserves such that loss can be avoided for a given probability. For ¢ € [0,T],

p € [0,1] we are interested in
v™(t,p) = inf {x € R : there exists ™ € U, s.t. IP’[XZf(T) >0] >pforall £ e Vn} . (6.9)

In order to write v(™) as a value function of a target problem, we follow [7] and introduce an

additional controlled process defined by
dP(t) = ¢(t)dB(t),

where the additional control ¢ is a progressively measurable R-valued square-integrable pro-
cess. By A we denote the set of all progressively measurable R-valued square-integrable
processes and we set Z;ln = U, x A1, Then we can transform the initial problem of reaching

the target with a given probability of success into a standard control problem as follows.

Proposition 6.3.1. For all (t,p) € [0,T) x (0,1) we have
(™ (tvp):inf{:vE]R:theTe exists (1,¢) €U, s.t. ]l{X,fo(T)zo}zpﬁp(T) for all §€Vn}. (6.10)

Proof: We denote by #(t,p) the right-hand side of (6.10). For = > v(™(t,p) we can find
7 such that IP’[XZT f(T ) > 0] > p for all £&. By the martingale representation theorem there

exists a progressively measurable square-integrable process ¢ such that

T
P+ ]l{X;f(T)zo} - P[ng(T) >0l =p+ /t ¢(s)dB(s) = Pt(f)p(T)'
From this equality we deduce

1 — P2 (T) = PIX[E(T) > 0] —p > 0,

{(X5(1)>0} to

and therefore x > 0(t, p) from the definition of v.

Conversely, for = > 0(t, p) there exist m, ¢ such that 1 Pﬁp(T) for all £. Since

(XFE(T)20) =

Pﬁp is a martingale, it follows that
]P’[XZZE(T) > 0] = E[]I{X:f(T)ZO}] 2 E[Pt(?p(T)] =D
so that = > v(™(t,p) by the definition of v(™), O
Note that with
-0, P < 07
9(p) = 0, pe(01],
o, p>1

the representation (6.10]) yields a target problem of the form

v(”)(t,p):inf{xER:there exist (m,0) €U, s.t. XZTf(T)zg(Pt‘?p(T)) for all fEVn}. (6.11)
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Obviously there are some inconsistencies with the target problem considered in Chapter [
First of all, g is not locally bounded on R. However, in view of the initial problem formulation,
it only makes sense to consider v(™ on [0, 7] x [0, 1]. If we assume that v(™) is locally bounded
in the interior of this domain, the viscosity property still holds on [0,7") x (0,1). As well the
viscosity property of the terminal condition holds on (0, 1) because of the local boundedness
of v(™ in the interior and of g on (0,1). So it remains to specify the boundary conditions on
[0,7]x{0,1}. Furthermore, the introduced stochastic control ¢ has an unbounded control set.
To cope with this problem we have to make sure that, firstly, the considered SDEs always have
a unique strong solution. Secondly, that the PDE for the subsolution (resp. supersolution)
derived in Chapter || is given in form of F(t,p,v(t,p), ve(t,p), vp(t,p), vpp(t,z)) = 0 for a
locally bounded lsc (resp. usc) function F. And, thirdly, that the control ¢ has values in a
compact subset in a local sense (i.e. as long as (s,Pt‘%’p(s),ng(s)) stays within some open
neighborhood of (¢,p,x)), allowing us to pass to a converging subsequence in the proof of
the supersolution property (see Appendix , steps 3 and 4). Here the first point is not
critical because ¢ is square-integrable. The other points will be addressed in relation to the
application considered below. Finally, let us note that the process P? inherits the strong
Markov property from X7¢. This fact follows directly from the construction of P? in the
proof of Proposition[6.3.1 Moreover, since ¢ is progressively measurable, the set of admissible
stochastic controls is stable under concatenation (see the corresponding introductory notes
in Section . So the dynamic programming principle of Chapter {|is valid for the target

problem ((6.11]).

Application to proportional reinsurance

Let us now apply this reserve calculation technique in the context of proportional reinsurance,

i.e. we consider the controlled system

) = (0 =" (t)adt + (1 — 7" (¢))BdB(),
)= ¢ D()dB(t), i=0,...,n,

) = X(ri—) — (1 - "= ()¢,
) = P(ri—), i=1,...,n.

According to Chapter [4], the reinsurance policy m and the associated strategy ¢ have to fulfill

the relation (supposed the derivatives exist)

1-7D)8 =) (t,p), i=0,....n (6.12)

to match the stochastic integrals of X and P. From the definition of v(™ in and the
relation XZ f =2+ XZf [’)5 we deduce that v(™ is monotonously increasing in p. We may
(n)

therefore assume a gradient constraint of the form v, > 0, meaning that in the definition of

a viscosity solution we only consider test functions ¢ with ¢,(¢,p) > 0 at the relevant point
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(t,p). If we have ¢,(t,p) > 0, then a control ™ fulfilling (6.12)) takes on values in a compact
set locally around (¢, p). So the proof of the supersolution property can be reproduced without
difficulty in this case. For ¢, (t,p) = 0 we have to force the supersolution property explicitly.

The resulting supersolution equation characterizing (v(™), on [0,7) x (0,1) is then given by

sup min (—vgn)—l(l—ﬂ')%@a v,(,z) —I—(G—mr)oz,v(”)—(1—71')(—(1)("_1))*,11(")):O.
r€[0,1] 2 (vz(f‘))Q b

For the subsolution property no changes are necessary. However, since an authority might
require a non-negative MCR, it seems to be reasonable to reformulate the problem, so that the
initial capital should be non-negative. Noting that in the proof of the subsolution property of
(v(™)* at point (t,p) a sequence of initial values is constructed which are non-negative if and
only if (v™)*(t,p) > 0 (see Appendix step 2), we have to exclude the case (v(™)* < 0.
Then (v(™)* is a viscosity subsolution on [0,7) x (0,1) of

(n)

n) 1 -
sup min —vt( )—5(1—77)2ﬂ2 Ugg +(0—nm)aw™ —(1—m)¢— (™ D)* —u™ | =0.
n€l0,1] (vp )2

Both equations satisfy the semicontinuity requirements (see above) which can be verified by
a distinction of cases. Assuming continuity of v(™) at the parabolic boundary, we can set up

the conditions

vO(T,p) =0, pe(0,1),
v\ (t,0)=0 and vV(t,1)=(n—0)a(T —t) +n te |0,T
©(t,0) d v Ot 1) = (n-0)o( ) +ng, 0,7),

where for the last condition we used the MCR for the completely reinsured risk process.
Alas, the non-linear term véﬁ) / (vz(,n))2 together with the fact that v[(,n) is not bounded
away from zero makes standard numerical solution methods impracticable. So the stochastic

target approach seems not very suitable for proportional reinsurance.
Application to hedging via CAT-bonds

For dealing with special catastrophe reinsurance in form of CAT-bonds as described in Section
the approach turns out to be more attractive. So let us consider from now on the
controlled surplus process X given by , but here for simplicity we want to concentrate
first on the risk of large claims and neglect small claim sizes modelled by the Brownian

motion. So we study the process
dX(t) = (O — px " (t))dt, i=0,...,n,
X(r)=X(ri—)—C+ ﬂ(nfiﬂ)(n) i=1,...,n,
and the auxiliary controlled process P from above. Since X is deterministic up to the jumps

through impulses, we can choose the control ¢ = 0 (see the construction of P in the proof
of Proposition |6.3.1)) and the value function is independent of p. The CAT-bond policy  is
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not affected by a restriction on the corresponding admissibility set U := [0, (]. Of course, for
n = 0 issuing CAT-bonds makes no sense and the MCR is v(9) (t) = —fa(T —t). For n > 1
we have to solve the ODE

sup min <—U§n) +0a — pm, 0™ — (47— v("_1)> =0. (6.13)

m€[0,(]

At time T we can avoid a loss for free by the choice #(*) (T) = for i =1,...,n, so that the
right terminal condition is v(™) (T') = 0. The supremum in the above equation is obviously
obtained when both components of the min-term equal zero. This implies in particular
that the worst-case scenario leading to the maximal MCR is an immediate occurrence of all

damages which gives us the MCR in form of
v () = —0a(T —t) +n¢ — Z 7@, (6.14)
i=1

Using this representation, the optimal CAT-bond strategy 7« = (7?("), e ,7%(0)) can be com-
puted as the solution of the system of ODEs

i—1
ﬁ_gz) — Mﬁ.(z) _ Zﬁé])’
7j=1

F(Ty=¢, i=1,...,n,

with #(9) = 0. The solution of this ODE system is a unique differentiable function and the
value function given in is the unique viscosity solution of with linear growth.
Here the latter statement can be shown by a simple comparison result for an ODE.

The construction of the optimal control as solution of both equations for the differential
and the impulse part shows that the optimal reinsurance strategy makes the insurer indifferent
between catastrophe scenarios and “normal times”. Furthermore, via induction one shows
that it is increasing such that at final time the risk portfolio is hedged completely against

large losses. For n = 1 we can explicitly solve the stated ODE giving us
,ﬁ-(l)(t) — (e‘“(T_t)
and consequently
oW (t,p) = —0a(T —t) + ¢ (1 — 67“(T7t)) .

It is now very easy to incorporate small claim sizes in the MCR calculation by adding the
stochastic integral fg BdB(s) to the surplus X (¢). Since the risk of small and of large claims
is independent and a CAT-bond strategy has no impact on the exposure to small claims, we
can just add the MCRs for both sources of uncertainty. Proceeding as in the second part of

the previous section, the resulting MCR is

v (t,p) = =B (L—p)VT —t — (T —t) + n¢ — > _ 70,
=1
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Numerical example. For this example we take the following values for the parameters:
e Terminal time is T' = 15.

e The parameters for the claim process C' are « =1, § = 0.5 and ¢ = 3.

e The loading factor is # = 0.1 and the CAT-bond yield is ;. = 0.3.

e The confidence level for the MCR calculation is p = 0.95.
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Figure 6.2: Optimal CAT-bond strategies and associated MCR.

Figure shows the optimal reinsurance strategies and the associated MCR for n < 3.
The dotted lines in the graphic on the right hand side refer to the MCR in the respective set-
ting without issuing CAT-bonds. In contrast to the numerical example given in the previous
section, we have chosen here a severer catastrophe scenario. Reinsuring such scenarios with
a proportional reinsurance would have led to an almost complete risk transfer. That shows

the suitability of CAT-bonds for our specific concern.



Chapter 7
Summary and conclusions

In this thesis we introduced a model for stochastic control taking into account system crashes.
Decisions are made in respect of the worst-case scenario which can be an immediate crash or
no crash relative to each instant. So the decision maker is faced with a balance problem of
controlling satisfactorily in the no crash case and cutting down on the negative consequences

of a crash.

We derived a PDE characterization of the value function for the associated control problem
which is a differential game with combined stochastic and impulse control. As well we derived
a PDE characterization of the value function for the appropriate target problem. In both
cases we proved that the value function solves the respective PDE in the weak sense of a
viscosity solution. For the differential game we even showed uniqueness of the solution which
is necessary in order to use the PDE characterization as a verification result. For the target
problem we formulated a uniqueness statement for a special setting. To allow access to a
wide range of applications we tried to introduce the theory as general as possible. So in the
case of the differential game we studied as underlying control process a jump-diffusion. To
obtain suitable properties we first made some restrictive assumptions concerning the control
sets, the coefficient functions of the jump-diffusion, the transaction function for impulse-
driven jumps and the profit functions. Afterwards we attenuated them to a minimum of
requirements. For the stochastic target problem we limited ourselves to diffusion processes.
However, the results can be extended to underlying controlled jump-diffusion processes under
suitable assumptions on the pure jump measure. The proof is carried out as presented in this
thesis, only with some additional constraint associated to possibly jumps stemming from the

Lévy process (see [5] for this extension in the classic stochastic control framework).

Since we cannot assume the value functions to be differentiable, we chose the viscosity
solution approach. So the results may justify numerical PDE solution techniques for their
computation. However, we hope that analytical presentations can be found in many appli-

cations. Admittedly, the charaterizing PDEs are often either trivial or very difficult to solve.
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In particular, the force to control the stochastic part in the target problem might induce an
uncomfortable non-linearity which complicates even a numerical solution.

As illustrative examples of impulse pertubed stochastic control we studied some problems
in the field of financial risk management. We continued investigations on the worst-case
portfolio problem under crash risk. Here we put our emphasis on the extension of the cap-
ital market by derivatives, crash insurance and defaultable bonds as alternative investment
class. Above all we were concerned with the pricing of these new products. To this end we
presented different approaches. For the pricing of derivatives we considered stochastic target
problems leading to lower and upper price bounds, the buyer’s and seller’s price, in form
of variational inequalities. As an alternative pricing method we introduced the concept of
market completion. By the market completion approach we obtained a unique price function
given by a linear PDE. We introduced the notion of crash insurance and priced such contracts
by an equivalent utility principle. This gave us a time-depending ODE characterization for
the premium rate. Finally we used option prices derived by the market completion approach
to price defaultable bonds on a market with credit default insurance.

Furthermore, we used the impulse pertubed stochastic control framework to handle in-
surance risk. Modelling small claims by a diffusion and large claims in form of impulse
perturbations, we strived for optimal reinsurance strategies. Since we focused on a finite
time horizon, we derived dynamic reinsurance strategies, meaning that the risk position has
to be adjusted to the time to maturity. By maximizing the expected exponential utility of
the insurer’s terminal surplus we first derived an ODE system representation for optimal
proportional reinsurance. As well we determined the associated MCR in terms of the op-
timal strategy. To avoid large capital reserves to be held for the insurer, we considered in
addition the MCR minimization problem. We transformed the origin problem to a stochastic
target problem which allows to find MCR minimizing reinsurance strategies. For this method
to work, we had to choose CAT-bonds as reinsurance type. As result we again obtained a
system of ODEs for the optimal CAT-bond strategy and MCR. formulas depending on its
solution. Similar to the investing problem under crash risk, the main feature of the optimal
reinsurance strategies is that they schedule a progressive reduction of the exposed risk until

there is no residual risk any more at the end.

Looking at the worst that can happen is a quite reasonable approach. Nevertheless,
allthough our strategies allow for risky asset investments and uncovered insurance risks, they
can be regarded as too conservative. An interesting extension of our model would be to use
further information on the probability of crash scenarios. For example, one can suppose that
the probability of ¢ € {0,...,n} crashes occuring is p; € [0,1] with Y ;" ;p; = 1. Then the
utility maximization problem, if we only consider final utility for simplicity, can be modified
in form of

sup Y pi inf E [g(XT55(T)] (7.1)
Tl o €€V
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where V; C V; denotes the set of all impulse controls representing i real perturbations, i.e.
¢ € Z for all impulses (, and with m; = (77(”), e ,W(”_i)). We assume that, via a dynamic
programming principle, there is a connection to a control problem of the form

sup B Lf(t, 2, () + g(XT,(T))] - (7.2)

To account for this, consider for example the worst-case portfolio problem in the case n = 1.
Obviously, the optimal control process for 70 agrees with the optimal strategy of the portfolio

problem without crash risk. Further, we know that the worst crash scenario is always an
immediate crash, so that (|7.1)) simplifies to

sup {le”“)(t)u(O) (t,z) + (1 —p1)E [g(XZfél)(T))} } ,
(el
where v(©) stands for the value function of the classic portfolio problem. By the appropriate
(re)definition of f and g, it follows . To our knowledge, there are no studies on control
problems of this form. An adequate formulation for the target problem, using a g-quantil
approach as detailed in Section q € 10, 1], reads

n

inf {y € R: there exists m € U, s.t. Zpi]P’ {}Qﬂégz (T) > g(XZT;’& (T))| > q forall & € )}Z} :
i=0

Moreover, by the use of information on the probability of crash scenarios, a Value at Risk

approach seems reasonable. In the context of portfolio optimization, Menkens [39] imple-

mented such a procedure exclusively for the “crash times” while the portfolio’s performance

in “normal times” were averaged out. Continuing this approach to a universal Value at Risk

consideration would be a challenging task.



108 CHAPTER 7. SUMMARY AND CONCLUSIONS



Appendix A

Viscosity solutions of PDEs

A.1 Semicontinuous functions

Let S be an arbitrary set. A function v : & — R is upper semicontinuous (usc) if
limsupu(zg) < wu(x) for any sequence (zx)geny C S such that xp — z € S.
k—o0

A function u : § — R is lower semicontinuous (Isc) if

lign infu(zg) > u(x) for any sequence (zx)geny C S such that z; — z € S.
—00

We denote by USC(S) the set of all usc functions and by LSC(S) is the set of all Isc functions.
Further, for a locally bounded function u : § — R we define the usc envelope v* : & — R and
the lsc envelope uy : S — R of u by

u'(z) = limsupu(y), u«(z) = liminfu(y).

y—x
yes yeES

Note that in general we have

Uy <u < u*

and that v is usc if and only if v = u* and w is Isc if and only if u = w,. In particular, u is
continuous if and only if u, = u = u*.
In the following we want to list some properties of semicontinuous functions which are

used in handling possibly discontinuities of viscosity solutions:
(i) w is usc if and only if —u is lsc.
(ii) If u,v are usc with u,v > 0, then uv is usc; if u, v are lsc with u,v > 0, then wv is Isc.

(iii) If w is usc and v is continuous, then w o v is usc; if u is Isc and v is continuous, then

wo v is Isc.

(iv) If w,v are usc, then max(u,v) and min(u,v) are usc; if u, v are lsc, then max(u,v) and

min(u, v) are lsc.
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(v) A usc function attains its maximum on any compact set; a lsc function attains its

minimum on each compact set.

To derive continuity statements for the intervention operators M™ in Chapter |3 and My

in Chapter 4, we need the following lemma which is a generalization of the property (iv).

Lemma A.1.1. Let X be a subset of RM and K a non-empty compact subset of RN2. Given
a function f: X x K — R, we consider the function F': X — R,

F(z) := sup f(z,y).
yeK

If f is usc (resp. lsc), then F is usc (resp. lsc).
Proof: Consider a sequence (zj)reny C X converging to x € X.

(i) Let f be usc. Then, in view of the property (v) stated prior to this lemma, the upper
semicontinuity of f and the compactness of K, there exist (yx)reny C K and § € K such that

F(z) = f(zk,yx) for all k e N and  F(z) = f(z,9).

Hence, due to the compactness of K and the upper semicontinuity of f, we can find some
y € K such that

lim sup F'(zy) = limsup f(2x, yx) < f(2,9) < f(z,9) = F(2),

k—o0 k—o0

which proofs the upper semicontinuity of F'.

(ii) Let f be Isc. For € > 0 there exists some y° € K such that
f@,y°) +e = F().

Consider a sequence (yi)reny C K with yp — y© as k — oo. Then, by the lower semicontinuity
of f, it follows

liminf F(zy) > liminf f(xg, yx) > f(z,y°) > F(x) —e.
k—o0 k—o0
Since € > 0 is chosen arbitrarily, we conclude that F' is lsc. O

To proof the continuity of the signed distance function ¢ introduced in Chapter [l the

following lemma is crucial.

Lemma A.1.2. Let X,Y be subsets of RN and RN?, respectively, and let K be a non-empty
compact subset of RN3. Given functions f: X = R and g: Y x K — RN | we consider the
function F: Y — R,

F(y):= sup f(x).
r€g(y,K)

Let g be continuous. If f is usc (resp. lsc), then F is usc (resp. lsc).

Proof: Consider a sequence (yi)reny C Y converging to § € Y.
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(i) Let f be usc. By the continuity of g and the compactness of U, the set g(y, K) is
compact for all y € Y. Thus, in view of the upper semicontinuity of f and the property (v)
from above, we can find x € g(yx, K), 2z € K and & € g(y, K) such that

F(yr) = f(zg) with zx = g(yk, 2z;) for all k e N and F(y) = f(2).

Since K is compact, we may pass to a subsequence of (zx) converging to zZ € K. Using the
continuity of g, we obtain =, — = := ¢(9, 2) for k — oo along this subsequence. Hence we

conclude
lim sup F(y,) = limsup f(z1) < £(z) < f(3) = F(j),

k—o0 k—o0
which proofs the upper semicontinuity of F'.

(ii) Let f be Isc. For € > 0 there exists some z° € g(7y, K) such that
f@®) +e > F().

Consider x € g(y, K) such that x; — x° as k — oo. Then, by the lower semicontinuity of
f, it follows
liminf F(y) > liminf f(a) > f(2) > F(y) <.
—00

k—o0

Since € > 0 is chosen arbitrarily, we conclude that F' is Isc. O

Recalling the relation in terms of semicontinuity between v and —u from the property (i)
in the list stated above, Lemma [A.1.T] and Lemma [A-T.2] also hold if we consider an infimum

in the respective function F'.

A.2 Definition of viscosity solutions

We consider a non-linear second order parabolic PDE of the form

F(t,z,u(t, x), 8—(t, z), Dyu(t, ), D2u(t,z)) =0, (t,z) €S:=[0,T) x O, (A.1)

U
ot
where T' > 0 is a fixed time horizon, O is an open subset of R and F' : SxRxRxR%xS% — R
is a continuous map (S? is the set of all symmetric (d x d)-matrices). As we will see below,
it is of crucial importance for the consistency of the definition of viscosity solutions of
that I satisfies the degenerate ellipticity condition

F(t,x,r,a,p,X) < F(t,z,r,a,p,Y) whenever X >Y. (A.2)

Here X >Y refers to the usual order in S% in the sense of 27 Xz > 2TYx for all x € R%.

The following definition specifies a weak notion of a solution of equation (A.1)):

Definition A.2.1. Let u: S — R be a locally bounded function.
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(i) We say that u is a (discontinuous) viscosity subsolution of (A.1|) if for any point (t,z) €
S and all ¢ € CY2(S) such that (u* — ¢) has a local mazimum in (t,z),

0
F(t,z,u*(t, ), (%f(t,x), Dot z), D2p(t,x)) < 0.
(ii) We say that u is a (discontinuous) viscosity supersolution of (A.l) if for any point

(t,x) € S and all p € C12(S) such that (u. — @) has a local minimum in (t, ),

F(t, X, Us (t7 x)v %:(t’ $)7 Dm@(tv x), Dg@(t, .’L‘)) > 0.

(iii) We say that u is a (discontinuous) viscosity solution of (A.1l) if it is both a viscosity
subsolution and a viscosity supersolution of (A.1).

In consideration of the first and second order condition of a maximum and a minimum, the
requirement ([A.2]) secures that any classical solution u € C1?(S) of (A.1]) is also a viscosity

solution.

Remark A.2.1. (a) Without loss of generality we can replace the requirement of a “local
maximum” of (u* — ¢) in (¢,x) in the definition of a viscosity subsolution by a “strict
local maximum”, “global maximum” or “strict global maximum”. To see this, just
add to ¢ the function h(y) = (y — z)* which satisfies Dh(z) = 0 and D?h(z) = 0.
Furthermore, if (u* — ¢) has a local maximum in (¢, ), by the local boundedness of u
there exists a function ¢ € C1?(S) such that ¢ = ¢ locally around (¢, ) and (u* — @)
has a global maximum in (¢, z). By adding constants to ¢ we may even assume ¢ > u*,
o(t,x) = u*(t,x). Apparently, similar modifications for the minimum of (u. — ) in the

supersolution case hold.

(b) If F is not continuous, but locally bounded and fulfills the degenerate ellipticity con-
dition then the definition for viscosity solutions persists, when we consider the Isc
envelope F, in the subsolution inequality and the usc envelope F* in the supersolution
inequality. For example, u is a viscosity subsolution if for any point (t,z) € S and all

@ € CH2(S) such that (u* — ¢) has a local maximum in (¢, z),

Fult, e, (1), 9 (t,2), Desplt, ), Dip(t, ) < 0.

Here the envelopes applied to F' are taken with respect to all arguments.

It will be useful to give another definition of viscosity solutions which is equivalent to
Definition To this end let us introduce as in Crandall, Ishii and Lions [10] the second

order semijets: We define the superjet J%Tv(t,7) of a function v € USC(S) at the point
(t,z) € S by
TV ot z) == {(a,p, X) e RxR? x S%: v(s,y) < v(t,z) +a(s —t) +p’ (y — )

+ %(y —2)TX(y—z)+o(|s—t|+|y—z*) as S > (s,y) — (t,z)}.
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Similarly, we define the subjet J%~w(t, ) of a function w € LSC(S) at the point (t,z) € S
by

T*> w(t,z) = {(a,p,X) e R x R x §¥ : w(s,y) > w(t,z) +a(s —t) + p’ (y — )

+ %(y — ) X(y—xz)+o(s—t|+|y—z*) as S 3 (s,y) = (t,x)}.

When we want stress the dependence on the set S = [0,7") x O, we write the semijets with
subscript S or O, e.g. j(%’Jr.
It is proved in Fleming and Soner [I5] (see Chapter V, Lemma 4.1) that

j2’+v(t,:c) = {(gf(t, x),ngo(t,a:),Dicp(t, ZE)> S € CLZ(S) and

(v — ) has a local maximum in (%, a:)}
and the same for J%~w(t, x) with a local minimum of (w—¢) in (¢, z) instead of a maximum.

Consequently we can connect Definition with the concept of semijets: A function
u: S — R is a viscosity subsolution of (A.1]) if and only if

F(t,z,u*(t,x),a,p,X) <0 forall (t,2)€S, (a,p,X) € T>Tu*(t,z), (A.3)
and it is a viscosity supersolution of (A.l) if and only if
F(t,z,u(t,x),a,p,X) >0 forall (t,z)eS, (a,p,X)eT> u.lt,z). (A.4)

For technical reasons we want to extend these viscosity solution qualifications to the
following limiting semijets: For v € USC(S), w € LSC(S) and (t,z) € S we set
TVt z) = {(a,p, X) € R x R? x S%: for all k € N there exists
(tk,xk,ak,pk,Xk) eSxRx Rd X Sd svch that (ak,pk,Xk) S j2’+U(tk,$k)
and (tk7 Ty ’U(tku .’Ek), Ak, Pk Xk) — (tv Z, U(tu .T), a,p, X)}
and similarly for 7>~ w(t,z). Let us also remark the obvious relations J* v = — 721 (—v)
and 7% w = —j2’+(—w).
For reasons of continuity of F', the characterizations of viscosity subsolutions and super-

solutions by the inequalities (A.3) and (A.4), respectively, remain true if 7>+ and J%~ are

replaced by J%% and J?, respectively. So we arrive at the following result:

Proposition A.2.2. A locally bounded function u : S — R is a viscosity subsolution of (A.1))
if and only if

F(t,z,u*(t,x),a,p,X) <0 foral (t,z)€S8,(a,p,X)ec T> u*t,z).
The function u is a viscosity supersolution of (A.1) if and only if

F(t,z,u(t,x),a,p, X) >0 forall (t,z)€S,(a,p,X) e T> u.t,z).
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A.3 Tools for uniqueness proof

Let us recall two results from Crandall, Ishii and Lions [10] which are essential for proving the
uniqueness of viscosity solutions. The first one is a maximum principle for semicontinuous

functions which is a generalization of the standard maximum principle for C*?-functions:

Theorem A.3.1 (Theorem 8.3 in [10]). Let u; € USC((0,T)xO;),i=1,...,k, where O; is a
locally compact subset of RNi. Let o be defined on an open neighborhood of (0, T)xO1x...x O,
and such that (t,z1,...,xK) — @(t,z1,...,2K) is once continuously differentiable in t and
twice continuously differentiable in (x1,...,75) € O1 X ... x Og. Suppose that t € (0,T),
T, €0, 1=1,...,k, and

w(ta L1y ,fI,'k) = ul(ta xl) +.. +'U,k(t, .’Ek) - @(t,fL’l, <o 7$k) < w(tAa Z1,. .. 7{I:k)

for 0 <t < T and z; € O;. Assume, moreover, that there is an r > 0 such that for every
M > 0 there is a C such that fori=1,...,k,

b; < C whenever (b;, q;, X;) € jé’fui(t,:ci),

lz; — & + |t —t] <7 and |ui(t, )] + |g| + | X < M.
Then, for each € > 0 there are X; € S(N;) such that

(i) (bi, Doyp(f 1, . dk), Xi) € T3 ualt, a4) fori=1,... k,
X, ... 0
@ - (Fria)rs| 0o b [saver
0 ... Xy
(id3) by 4 ... 4+ by = (L, 21, ..., 2p),
where A = (D2)(t, &1, ...,&1).

Moreover, a general uniqueness proof makes use of the following Lemma:

Lemma A.3.2 (Lemma 3.1 in [10]). Let O be a subset of RN, u € USC(O), v € LSC(O)

and

Mo = sup {U(w) —o(y) — %va - ylg}

for o> 0. Let M, < oo for large o and (x4, Yo) be such that

lim {Ma — (u(:va) —V(Ya) — %]a:a — ya]2>} =0.

a—0o0

Then, limy o0 a|To — Yal? = 0 and

a—0o0

lim M, =u(z) —v(y) = sgp{u(:n) —v(z)}

whenever € O s a limit point of x4 as o — 0.



Appendix B

Auxiliary tools

B.1 Estimates of the distribution of a jump diffusion process

Given the stochastic basis of Chapter 3| we consider the stochastic process X = X started
in (t,2) € [0,T) x R? and continuously controlled with 7 € Uy,
dX () = (s, X (s), 7(s))dt + o(s, X (s), 7(s))dB(s)

. B.1
+ / (s, X (5=), m(s—), 2))dN(ds, dz), X(t) =, (B0
Rk

where the coefficients satisfy the usual growth and Lipschitz conditions, i.e. there exist C' > 0,
§ : RF — Ry with [, 02(2)v(dz) < oo such that for all t € [0,T], z,y € R and 7 € U,

’M(t,l‘,ﬂ) - ,U,(t,y,ﬂ)‘ + ‘O—<t7x7ﬂ—> - U(ta y,ﬂ')| < C|.T - y"
vt z,m,2) = y(ty, 7, 2)] < 0(2)|z —yl,

(s, 7, 2)] < 6(2)(1 + []).

For the moments of the purely m-controlled jump diffusion (B.1)), we get the following

estimates:

Lemma B.1.1. For any k € [0, 2] there ezists a constant C > 0 such that for all t € [0,T],
helt,T), z,y € R, m €Uy and any stopping time T € [t,t + h] we have

E[IX7, ()] < c+ 2, (B.2)
E[IX7.(r) = al*| < C(L+ [al")h5, (B.3)
k
E < sup X7, (s) —:c> < C(1+ |z|F)h?, (B.4)
t<s<t+h

E||X7,(7) = X7, (n)[F| < Clz —y/* (B.5)

ta\T ty T = =Y. .
Proof: See Lemma 3.1 in [44]. O
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We use the estimates and only in the pure continuous control setting without
any impulses. If in the context of impulse perturbation the transaction function I' is Lipschitz
in z (uniformly in ¢, 7 and (), then, by the repeated use of the tower property of conditional
expectation, and hold true also for impulse perturbed controlled processes. For
example we obtain for a 1-impulse control € = (71;¢;) € Vi and © = (), 7(9)) € 1y

by 9

<}E[ ‘1‘ (r1, X7 (1), #0 (1), 1) = T, X7 (o )W<1)(Tl),§1)‘k]

X”(

k
7r,§ ™8 _ 7(0)
[\X - X7 ] =E [E o™ = X2 e ()

k
<E [C’ Xz, (m) = X5, (n)| ]

< C,/‘ﬂf - y’ka

where C,C’,C" > 0 are constants and we have set £ = (7,(p) in the case 71 > 7.

Using the estimates of Lemma one can show the following two lemmas which are
needed for the proof of the supersolution property of the value function of the target problem.
To this end, it is not necessary to prove the assertions for an underlying jump diffusion process.
But we also use the following lemma for the existence proof of a viscosity solution for the

differential game in the extended model.

Lemma B.1.2. Let (tg, 1)x be a sequence in [0,T] x R converging to (to,zo) € [0,T] x R?
and let (my), be a sequence in Uy. Then, for any sequence (t)) in [0,T] such that t}, > ty
and tj, — to, we have

sup | X7*, (s)—xol =0 in L*.
tkSSSt,

Proof: By Doob’s inequality for martingales we have

2
E < sup |Xt7rn"$n(s) — x0\> < C{ |z, — :Jco|2 +E

ta<s<t],

S X, 9, m(s»r?ds]

+E

/ o (s, X7, (3),m <s>>|2ds]

/ /R s>,wn<s>,z>2u<dz>ds] }

Using the growth conditions on the coefficients, Fubini’s theorem and the estimate (B.2]), we

obtain

2
E (sup X7, () = xol) < C{Jan = zof* + (t, — ta) (1 + |2a[*) }.

tn<s<t!,

The proof is concluded by sending n to infinity. O
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Lemma B.1.3. Let v : [0, T|xR¥xU — R be locally Lipschitz in (t,z) € [0, T] xR¢ uniformly
inm € U. Further, let (h)r be a strictly positive sequence converging to 0, (tg, Tx)x a sequence

in [0, T] x R? converging to (to, zo) € [0,T] x R? and let (74)x be a sequence in Uy. Then we

have
1 tr+hi - ' 5
T t {¥(s, th’ixk(s), mr(s)) — ¥(to, xo, mr(s)) }ds — 0 in L.
k
Proof: See Lemma 4.1 in [54]. O

B.2 Dynkin’s formula

Given the stochastic basis of Chapter [3] we consider the stochastic process X evolving ac-
cording to the SDE

dX(s) = p(s, X(s))dt + o(s, X(s))dB(s) + /]Rk v(s, X (5=), 2))dN (ds, dz), (B.6)

where p, 0,7 are appropriate (possibly random) functions such that there is a unique strong

solution to .

For some sufficiently regular map ¢ and some finite stopping time 7, Dynkin’s formula con-
stitutes the expected value of ¢(7, X(7)) in dependence of the Dynkin second order integro-

differential operator £ associated to the process X,

Lo(t,z) = ?;:(t, z) + p(t, ) Dyp(t, ) + %tr (oo (t,2)D2p(t, 7))

+ [ ottt a(t..2)) = plt.) = 22,2 Daplt. 0)}o(d2)

For jump diffusion processes we need the following localized version of Dynkin’s formula:
Theorem B.2.1 (Dynkin’s formula). Let O C R? be an open set and define S :=[0,T) x O.
Let (t,z) € S, p € CH2(S)NC(S) and let T € [t,T] be a stopping time such that

T<7s:=inf{s>1t: (s, X(s)) ¢S},

(1,X(1)) €S as.,

Lo(s, X (s)) is well-defined for s € [t, 7]
and

Eto [!so(T,X(T))! + /T{!ff(s,X(s))TDgcw(s,X(s))l2
! (B.7)

+ / (05, X (5=) + (5, X (s=), 2)) — (5, X (s—))Pv(d=) s } < .
RF

Then we have .
Ev [o(r, X (7)) = (6, ) + By [ / E(S,X(s))ds] |

Proof: The proof of Dynkin’s formula consists of applying Itd’s formula to ¢ (7, X (7)) and
taking expectation, so that the integrals with respect to the Brownian motion and the Poisson

martingale measure disappear. O
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Let us briefly verify that this version is strong enough for our applications:

Assume the growth and Lipschitz conditions corresponding to the setting in Chapter
i.e. there exist C' > 0, § : R¥ — Ry with [p, 6%(2)r(dz) < oo such that for all ¢ € [0,T7,
z,y € RY,

u(t, ) = p(t,y)| +[o(t,2) —alt,y)| < Clz —yl,
(@, 2) = (L, y, 2)| < 6(2)|x —yl,
(@, 2)] < 0(2)(1+ |z]).

We claim that Dynkin’s formula is applicable for all (t,z) € [0,T) x R, ¢ € C; NC2([0,T) x
R%) and each stopping time

T<7,:=inf{s > t:|X(s) —z| > p}A({t+p), pe(0,T—1t).

In Section [3.5| we have shown that Ly is well-defined on [0, 7)) x R%. Moreover, (1, X (7)) €
[0, T x R? holds trivially. It remains to check condition which follows directly from the
growth conditions on ¢ and on the coefficients o, and from the boundedness of D,y on the
compact set [t,t + p] x B(x, p).

For the setting in Chapter [ it is sufficient to consider the case when there are no jumps,
ie. N = 0. Apparently, Dynkin’s formula is then applicable to (7, X (7)) for all ¢ €

C12([0,T) x R?) and 7 < 7, with 7, from above.

B.3 Comparison theorem for ODEs

For the discussion of qualitative properties of the optimal portfolio and reinsurance processes
in Chapter [5] and Chapter [0}, respectively, we make use of the following lemma, a comparison
theorem for ODEs.

Lemma B.3.1. Let u,v € C}((0,7)) NC([0,T]) with v > 0 and suppose that h : R — R

satisfies for some C' > 0 the one-sided Lipschitz condition
h(z) —h(Z) <C(z—2) forz>Zz2>0.
Then
—up — h(u) > —vy — h(v) on [0,T),
w(T) > v(T)

implies u > v on [0,T].
Proof: The statement is a special case of Lemma XV in Walter [57], Section 28 in Chapter
IV. O

We continue with an application of Lemma in the context of portfolio optimization

under the threat of market crashes.
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Lemma B.3.2. The optimal portfolio strategies ® = (fr(”), e ,fr(o)) derived in Example
to mazximize expected power utility, log utility and exponential utility at a terminal time T

each satisfy

(i) 0 <7 <7n=D < <70

(ii) #Y <0 foralli=1,...,n.

Proof: We carry out the proof in the case of power utility. First we have to transform

i—1)

the ODE characterizing 7 to separate the variables #() and #( in the equation. We

substitute 1 — (7)) = e~/ O giving us the corresponding ODE in form of

e S L= (B R i)

fOry=0, i=1,...,n.

h(z) = BT ems p L0007 o’ (1—e2)2.

¢ 2¢*

For z > Z > 0 one derives the one-sided Lipschitz condition

e - ho) < 2T (=)= (- 9)?)

202
1—7)o? oy, o (A=ma®
< (C;Y)Jrengé(e e(z—z):(gza(z—z).

For i = 1 we note that #(0) = ﬁ";f > 0 is constant and therefore f(©) > 0 and ft(o) =0.
Thus, in view of the ODE characterization of f() we have —ft(l) —h(fM) = —ft(o) — h(fO).
Then, supposed (1) > 0, we can argue by the use of Lemmathat the terminal condition
fO(T) = 0 implies fM < fO ie. #1 < 70 Moreover, using the equation ft(l) =
—h(fD)+h(f©) and noting that f©) maximizes the map z — —h(z) +h(f?), we conclude
ft(l) < 0 and equivalently frfl) < 0. Combining the latter result with the terminal condition
for fM) and #() proves the positivity of both processes.

For the induction step we suppose ft(l) <0fori=1,...,n—1. Then the ODE system
tells us fti) = —h(f®) + h(f0D) < 0 for all i = 1,...,n — 1, so that we can estimate
ft(n) = —h(f™) + h(f©). Then the monotony and the positivity of f(") follow as in the
initial step. From the ODE for f(™ we deduce —ft(n) —h(f™) < —ft(nfl) —h(f™=1). Noting
the terminal condition f(™(T) = f™=1(T) = 0, by Lemma it follows f( < fn=1),
Translating the results for the process #(™ ends the proof.

The proof of the properties (i) and (ii) in the log utility case is completely analogous, the

one in the exponential utility case is similar to the proof of Lemma [6.2.3 U
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Appendix C

Proof of the PDE characterization
for the target problem

C.1 Subsolution property on [0,7) x R?

Proof of Theorem [4.4.3t To make the notion more convenient we write v instead of v(™ in
the following. Let (to,z) € S := [0,T) x R? and ¢ € C12(S) such that (g, 29) = v*(tg, 20)
and ¢ > v* on S\ {(to,x0)}. If the set No(to, zo) is empty, the subsolution inequality holds
trivially by the convention min(sup @,a) = a with a = dy¢(to, x9) < 0. So let us suppose
from now on that No(to, zo) is non-empty. We have to show that for all 7 € Np(tg,xg) we

have
min (—£ﬂ¢(t0,%’0) + py (to, o, @(to,1’0)77T)aMg(togo)(v(n_l))*(to,l‘o)) < 0.
Let us assume to the contrary that there exist mo € No(tg, zg) and 7 > 0 such that

— L™¢(to, x0) + py (to, 0, ¢(to, x0), M) > 27 and M5, (v D) (kg x0) > 20, (C.1)

and let us work towards a contradiction to (DP2). We do so in several steps.
Step 1. According to Assumption there exists a continuous map 7 on some open
neighborhood of (¢, z) in S satisfying 7 (¢, z) € Np(t, ) and 7 (to, z9) = mo. Then, in view of
the lower semicontinuity of M;(v("*l))* in (¢,z,y, ), the relation M;rv(”fl) > ./\/l;r(v("*l))*
and the continuity of the remaining functions which are involved in , we can find some
p > 0 such that
—LFED) ot 2) + py (¢, 2, y, 7(t, x)) > 1 and M’;(t’@v(”*l)(t,x) >

X (€2)
for all (¢,z,y) € S x R such that (t,x) € B, and |y — ¢(t, )| < p

and
#(t,z) € No(t,z) for all (¢t,z) € B,. (C.3)

121
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Here B, := B((to,z0),p) = (to — p,to + p) x B(xo, p) denotes the open parabolic ball sur-
rounding (o, zo) with radius p (For t9 = 0 we set B, := [0, p) x B(x, p).).

Step 2. From the definition of v* there exists a sequence (tx,zr)keny C S such that
(tg, xr) — (to, o) and v(tk, zx) — v*(to,z0) as k — oo. Choose a sequence (ei)igeny With
e \¢ 0 and set yi := v(tg, xg) — e and O := yr — @(tk, xx). Then, o — 0 for k — co.

Let (Xk, Yi) be the solution of the state equation with start in Xy () = zk, Yi(tx) =
yr and controlled via 7y (t) = 7 (¢, Xk(t)), ie. (Xg,Yi) = (ngkwk,i/;:’“xkyk) To be more
precise, the feedback control function 7(.,.) is only well-defined on B,. But for our purpose
it is sufficient to consider the controlled system up to the first exit time of (¢, X (t)) of B,.
Remark further that due to the continuity of the map 75 and the boundedness of Ep we
can ensure to find a continuation of 7; outside Ep such that the associated control 7 is

admissible. In addition we define the process

~

Yi(t) := o(t, Xp(t)) — ek

and compare it to the process Yi. Applying It6’s formula we obtain

Yy (t) = L% p(t, Xp(8))dt + Dap(t, Xp () ox (t, Xi(t), 7 (1)) dB(1).
Taking into account and using the definition of N, we can conclude that

Doo(t, Xp(t) ox (8, Xp(t), 7k (t)) = oy (t, Xi(t), Yi(t), 7x(1)) as long as (¢, Xi.(t)) € B,.
So in this situation we have
dYi(t) = L™*Dp(t, Xy (t))dt + oy (8, Xk (t), Yi(t), 7 (1)) dB(2). (C.4)

Recall that Y} solves the same SDE with a different drift term,

dYy(t) = py (8, Xp(1), Yi(t), Fe(t))dt + oy (¢, Xk (1), Yi(1), 7x(t)))dB(t). (C.5)

Step 3. We define the stopping times

B = inf{t >t} : (t, Xp(t)) ¢ B,}  and
T = inf{t >t ¢ |Yi(t) — o(t, Xi(£))| > p} A Tk;B-

Because of (ty,xr) — (to,z0) € B, and Yy (tr) — o(tr, Xi(tr)) = 0 — 0 as k — oo, we have
i > ti, for large k. Further, the definition of 7 guarantees that both (¢, Xx(t)) € B, and
|Yi(t) — p(t, )] < p hold for all ¢ € [tg, 7x]. Therefore (C.2) yields

MDD (0, X, (0) 2 for all € [ty (€6

and
— L™ Op(t, X3 (1) + py (6, Xp(t), Yi(t), 71(t)) =0 for all ¢ € [tg, ).
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In view of the dynamics of Y, and Y} given in (C.5) and (C.4]), respectively, we can deduce

from the last inequality the relation
Y, (t) > Yi(t) for all ¢ € [tg, 7). (C.7)
This leads to the conclusion
Yi(e) — (e, Xp(m)) = p  for 7, < 7P. (C.8)

To see this, just note that in the case of 7, < 77 we have |Yj (1) — ¢ (7h, Xk (7%))| = p > 0
with Y (73) — ©(7%, Xi(73)) = Yi(m) — Yi(73) — e and choose a suitably large k.

Step 4. Now we are in the position to induce a contradiction to (DP2). From the definition
of 78 we know that (74, Xx(7)) € OB, holds for 7, = 75. Since the function ¢ — v* has a
strict minimum in (to,29) € B, with minimum zero, its values on the boundary 0B, are
limited from above by

B = rgé/{l{go —v"} > 0.

Using the inequalities ¢ — 3 > v* > v on 0B, and ¢ > v* > v on B, we can deduce

Yi(m) = 0(7h, Xi (7)) = Uiy —my {Yi(7k) — (70, Xio(70)) + B}
+ L, < {Yk (k) — o(7h, Xie(7))} = (B — &) A p,

(C.9)

where the last inequality arises from (C.7)), (C.8]) and the definition of Vi. Recall that by
construction we have (X, Vi) = (X7", , Yirh, o

for a sufficiently large k the inequalities (C.6) and (C.9) represent a contradiction to (DP2).
]

) with yx = v(tg, ) —ek < v(tg, zx). Hence,

C.2 Supersolution property on [0,7) x R?

Proof of Theorem [4.4.4k To make the notion more convenient we write v instead of v(™
in the following. Let (tg,z0) € S and ¢ € CH?(S) such that ¢(tg, zo) = v«(to, 7o) and ¢ < v,
on S\ {(to,z0)}. In order to prove the supersolution inequality we have to show that for each
n > 0 there exists my € Np(to, o) such that

—L™¢(to, x0) + py (to, x0, (to, 0), M) = —n and M, (0"D),(to, 29) = .

We split the proof into several steps.

Step 1. From the definition of v, there exists a sequence (tx,zk)reny C S such that
(tg,xr) — (to,x0) and v(tk,zx) — vi(to,xo) for k — oo. Set yi := v(ty,zk) +% and
Ok := yr — p(tk, 2 ), and observe that J; — 0 as k tends to infinity. Then, according to (DP1)
there exists a control process 7 € Uy such that for each stopping time 7 € [tg, T] we have

Y,k (k) = v(Te, X0, (TR)) (C.10)

te,Th,Yk LTk
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and
MDD T (1)) >0 for all ¢ € [tg, 7). (C.11)
Y () koTk
We set X, := Xj*, and Yy :=Y;* . Because of v > v, > ¢ and the definition of y; and

Ok, it follows from ((C.10]) that
O + (Yie(7i) — yk) — ((7h, X (7)) — (tk, 21)) > 0.

By It6’s formula this can be read as
0 <o+ Tk{uy(t,Xk(t% Yi(t), me(t)) — L™ Wp(t, X (t)) }dt
o (C.12)
+ [ oy (8 X (1), Ye(t), mi (1)) — Dap(t, Xp(1) ox (¢, Xk (1), m.(t)) }dB(1).

tr

Step 2. For ease of notation let us use the abbreviation
(k(t) = O'y(t, Xk(t), Yk(t), Wk(t)) — Dxtp(t, Xk(t))TO'X(t, Xk(t), ﬂk(t)).

For A € R we introduce the probability measure }P’g equivalent to [P defined by the density
process
dPy

| =Lt =¢ ()\ /t §k(3)dB(5)> :

Lk

Fi
Here £ denotes the Doléans-Dade exponential operator, i.e. the process Lg is given as the
solution of the SDE

dL)(t) = LY(t) Ak (t)dB(t)  for t > ty.

Set My (t) := fti Sk(s)dB(s). According to Itd’s product law the process LMy obeys the

dynamics
d(LyMy)(8) = Li(0)Nsk(t)Pdt + (L ()sk(t) + L () Ak (¢) My (t) )dB(1).

Let us call the volatility coefficient in the above representation J;(t). For some p > 0 we

choose as stopping time
TE 1= inf{t >ty |Xk(t) — x| > p} A inf{t >ty |Yi(t) — yi| > p} ANT.

Then the process ft:k Sk(s)dB(s) is a P-martingale. Denoting by E2 the expectation operator
under IP’?, we can conclude

Tk T
EX[Ma(72)] = E[L) () My ()] = EJ / LA (0)Aos (1) 2de] = E| / LNk ()P ]

tr tr

T T
- / EL(6) Ak (0) 21 gy, )t = / ED Ak (1) P1 grry gt

tg tk

T Tk
=B [ Neelt)PLazayd] = EM [ Mo P,

tg 173
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where we are allowed to change the order of integrating by Fubini’s theorem. Hence, taking
expectation under P} in (C:12) leads to

0< 5k + Eé |: Tk{MY(tan(t)a Yk(t)vﬂ-k(t)) - ‘CWk(t)SD(thk(t))

tg

+ Moy (t, Xp(t), Yi(t), 7 (1)) — ox (t, Xi(t), 7 ()T De(t, X1 () [*Ydt | .
In consideration of ((C.11)) we can write the above inequality as

0% O+ By { tTk{MY(@Xk(t%Yk(t)’ me(t)) — LW (t, Xk (t))

+ Aoy (t, X5 (1), Yi(6), mi(t)) — ox (8, X (t), m (1)) Dup(t, X (1))[? (C.13)

+ AME D (2, X (1) 7t |

Step 3. Choose a strictly positive sequence (hy)ren such that hy — 0 and 2—’; — 0 as
k — 0. Since the inequality holds for any stopping time smaller than 7%, we may
replace 73 in by 0r = 1 A (t + hi). Now we divide this inequality by hj and want to
let converge k to infinity. The integrand H) of the right hand side in satisfies

1 [0 .
i Hy(t, Xp(t), Ye(t), m(t))dt < |Hx(te, T, O, 7r)|,
tk

where (t, 21, Uk, 71,) is a maximizer of the continuous map | Hy| on the compact subset [ty, ¢+
hi] x B(xg, p) x By, p) x U. Since hy — 0 and (tg, zx, yx) — (to,T0,%0), Yo := v«(to, T0),
for k — oo, the right hand side of the last inequality converges to |H)(to,Z, 9, 7)| < oo for
some suitable (2,9, 7) € B(xo,p) x B(yo, p) x U. Moreover, using estimate from the
appendix, it can be checked easily that 19, —, y5,} — 1 almost surely for k& — co. Then, by
the dominated convergence theorem and the right continuity of the filtration, we obtain

1 trp+hi
lim inf — / Ha(t, Xu(t), Ya(t), m(8))dt > 0.

k—o00 k tr

By Lemma in the appendix and the Lipschitz conditions assumed in (T3) and in the

statement, it follows

1 tr+hi
hmmf/ H/\(to,.%'o,yo,ﬂ'k(t))dt Z 0. (C14)

k—oo Ny th

Furthermore, because of h—lk LZ“Jrh’“ dt = 1 we have
1 tr+hg
hfk H)\(tg,xo,yg,ﬂ'k(t))dt S COIlV’H)\(to,:L‘(),yo), (C.15)

ti

where convH (¢, x,y) is the closed convex hull of the set Hy(t,z,y) given by

H)\(taxay) = {H)\(twrayaﬂ.) CTE U}



126 APPENDIX C. PDE CHARACTERIZATION: TARGET PROBLEM

Therefore it follows from ((C.14) and (C.15)), together with the convexity of U, that

sup Hy(to, xo, Yo, m) = sup P > 0. (C.16)
melU YECONVH ) (to,20,Y0)

Step 4. Note that (C.16]) holds for all A € R, so that we can choose A\ = —k for k € N.
By the compactness of U the supremum in (C.16) is attained at some 715 € U and reads as
py (to, o, Yo, 7) — L7 p(to, ) — kM0 (¢, 29)~
—k|oy (to, %o, yo, ) — Dap(to, x0)" ox (to, xo, 7x)[* = 0.

Taking into account that (7 )reny C U is a bounded sequence, we may pass to a subsequence

converging to some 7wy € U. Then the last inequality gives us

wy (to, o, yo, m0) — L™ p(to, z9) > 0, (C.17)
M0V (19, 2) > 0, (C.18)
oy (to, 20, Yo, T0) — Dap(to, 20)" ox (to, z0, m0)|* = 0. (C.19)

From (C.19)) we conclude that mg € N (to, zo, Y0, Dz (o, z0)). Recalling that yo = v.(to, o),
the supersolution property thus follows from (C.17), (C.18)) and the relation M7? (b1, >
Mggv(”_l). O

C.3 Subsolution property on {T} x R?

Proof of Theorem For ease of simplicity we write v instead of v(™) and G instead of
G™. Choose zo € R and ¢ € C*(R?) such that G(xg) = ¢(x) and G < ¢ on R?%. Suppose
to the contrary that there exists 7 > 0 satisfying

min (G(azo) — g* (o), sup M%(xo)(v(”_l))*(T, :Ug)) > 2. (C.20)
7E€N(T,20,G(20),Dxp(x0))

Consider the auxiliary test function ¢ : [0,7] x R? — R given by
B(t,7) = (@) + |o — w0 + VT —1.

Then, lim;_7 %(t,m) = —oo uniformly in x. Therefore, by the compactness of U, the
continuity of the coefficients ux, ox, gy and the upper semicontinuity of v*, we can find

p > 0 such that
— L7p(t, x) + py (t, x,v*(t,z),m) >0 (C.21)

for all (t,x) € [T — p,T] x B(zo,p) and m € U.
Noting that we may substitute v by v* in the definition of G, there exists a sequence

(sk,xx) in [T — p,T] x B(zo, p) satisfying (sk, xx) = (T, z0) and v*(sg, xx) — G(xo). Let
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(t, x)) denote a maximum point of v* — @ on [sg, T] x B(xg, p). Arguing as in Section 5.2 of
[5], we can show that, up to a subsequence,
lim (t, z) = (T, zo) with ¢y, < T for sufficiently large k,

heo B (C.22)
and lim v*(tg,tr) = G(xo).
k—o0

Passing to this subsequence we calculate
D, @(tg, xr) = Dyp(zr) + 2(x — 20) — Dyp(x) for k — oo. (C.23)
The subsolution property of v on [0,T) x R? (see Theorem gives us
min (=L (. 21) + py (B, 2, 0" (o 00), 7)Moy (00 0) (b, 28) ) <0

for all m € N(tg, xp, v*(tg, xk), Da@(tk, zr)) and k large enough. In consideration of ((C.21))
this implies

TI'EN(tk,:Ek,’U*(tk,ﬂ}k),D;@(ﬁ(tk,l’k)) -
On the other hand, we deduce from ((C.20]) and the lower semicontinuity of the map (¢, x,y, 7) —
M;(v(”_l))*(t, x) that

M) () > for all (t2,y,7) € By,

where By := [T'— 6, T] x B(x0,d) x B(G(xg),d) x B(mp, ) for some 6 > 0 chosen small enough

and 7y € N(T, 0, G(x0), Dyp(z0)). In view of the convergence results (C.22)-(C.23) and the
fact
N(tg, xg, v* (t, k), Da@(ti, x)) N B(mo, 0) # @ for large k,

which is a consequence of Assumption this represents a contradiction to (C.24)). O

C.4 Supersolution property on {T} x R?

Proof of Theorem m For ease of simplicity we write v instead of v(™) and G instead
of G, First we show that G > g,. Let 2o € R? and (t,z1) € [0,T) x R? such that
(tk, 2) — (T, 20) and v(ty, xx) — G(wmo) for k — 0o. Set yy, := v(ty, vx) + 1. Then, according
to (DP1) there exists 7 € U such that

Yirew (1) Z 9(Xil4, (1))

tk, Tk Yk ti, Xk

Lemma in the appendix implies

(X[t (T), Y™  (T)) — (v0,G(x9)) for k — oo

L Tk » Pt T, Yk

after possibly passing to a subsequence. Thus, sending & — oo in the last inequality gives us

G(x0) > liminf g(2") > g« (o).

T'—x
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Let ¢ € C%(R?) satisfying G > ¢ on R? and G(zg) = ¢(xg) for some zq € R Since
we may replace v by v, in the definition of G, there exists a sequence (s, xx) converging to
(T, z¢) such that s < T and v.(sk, xx) — G(xg). For k € N and a > 0 consider the auxiliary
test function

o ! 9 T—1
t,x) = — |z — -

Let B := B(z¢, 1) be the unit ball in R? centered at zy. Choose (t&,2%) € [sg, T] x B which
minimizes the difference v, — ¢ on [sy, T] x B. Following line by line the arguments of the

proof of Lemma 20 in [5], we can show that

kli_)ngo(tg‘, xyy) = (T, xo) with ¢t < T for sufficiently large k, for all o > 0, (C.25)
and
oléi{‘% klg](r)lo i (t, t5) = G(xp). (C.26)
Furthermore, we have
lim lim sup sup | Dy (t, ) — Dyp(x)| = 0. (C.27)

N0 ko0 (¢2)€[sk,T]xB

From the supersolution property of v, on [0,T) x R, we know that for any € > 0 there exists
7(e) € N(1,af va (1, a5), Do (12, 27)) such that

M) (™ D), (12, 22) > —e. (C.28)

v (1,2)

Noting that U is compact, after possibly passing to a subsequence we get

= lim li o :
m(e) Jiany Tim_ (e) e U.

Then, by (C.25)-(C.27) and the remarks on the continuity of (¢,z,y,p) — N(t,z,y,p) in
Section [4.4] it follows
m(e) € N(T,z0,G(x0), Dy(x0)).

In view of (C.25)-(C.26)) and the upper semicontinuity of (¢, z,y, ) — Mg(v(”*l))*(t, x), we
deduce from (C.28) that

7(e)

By (0T, 20) > Timmsup M) (0 ), (8, 28) > —e.

tOL
k—o0 ve (t§

Since € > 0 was chosen arbitrarily, this yields

sup &(mo)(v(nil))*(]17 z0) 2 0
TEN (T,20,G(20),Dz(x0))

which ends the proof. O
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