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CONNECTIONS ON CAHEN-WALLACH SPACES

FRANK KLINKER

ABSTRACT. We systematically discuss connections on spinor bundles of Cahen-
Wallach symmetric spaces. A large class of these connections is closely con-
nected with a quadratic relation on a Clifford algebra. This relation in turn is
associated to a symmetric linear map that defines the underlying space. We
present various solutions of this relation. Moreover, we show that the solutions
we present here provide a complete list with respect to a particular algebraic

condition.
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1. INTRODUCTION

In this text we examine spinor connections on solvable Lorentzian symmetric spaces
and a closely related quadratic relation on the Clifford algebra of a Euclidean vector
space, V. One parameter that connects the two topics is a symmetric endomorphism
B € End(V). Solvable Lorentzian symmetric spaces have been classified in [5] and
thus we will use the term Cahen-Wallach-spaces or CW-space. From a differential
geometrical point of view CW-spaces are considered in the classification of holonomy
groups of Lorentzian manifolds, see [20, 3]. In physics they are used as backgrounds
of supergravity theories because they have a large space of isometries and admit
many supersymmetry generators, see for example [8, 11, 12, 22, 10, 9]. In physics
and in the supersymmetry setting CW-spaces are also called KG-spaces or pp-
waves. In all applications spinor connections on CW-spaces play a major role, but
a systematic treatment is missing. This is the aim of the text at hand.

In the first part of our text we present the above mentioned relation on a Clifford
algebra, see Definition 2.1. We develop solutions of this relation: the quadratic
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Clifford pairs. We do this by investigating certain special approaches. As a result
we get solutions for any symmetric map B according to some restriction on its
eigenvalue structure, see Propositions 2.5, 2.16, 2.21, and 2.23.

The second part is on the origin of the quadratic relation. As we will see, it
naturally arises when we consider connections on the spinor bundle of CW-spaces.
We will recall some basic facts on invariant connections on homogeneous spaces
and especially on CW-spaces. Therefore, we introduce some notation that is well
adapted to the algebraic nature of the topic, see Definition 3.1. The quadratic
relation then is shown to correspond to the vanishing of the curvature of a particular
class of connections. This class is defined by a trivial action of the center of the
CW-space, see (23). For the result see Theorem 3.6 and we remark that this also
been found true by the author in [24]. We will also give the result for a general
connection, see Theorem 3.7. We will also discuss some restrictions of the spinors
on which the Clifford-algebra acts and show that some of the properties of the
connections survive.

In a last part we will discuss an algebraic condition that turns the examples of
quadratic Clifford pairs found in the first part into a complete list, i.e. we classify
the flat homogeneous connections on irreducible spinor bundles over CW-spaces,
see Proposition 4.1 and Theorem 4.3.

2. QUADRATIC CLIFFORD PAIRS

Let us consider an finite dimensional real vector space V' with Euclidean metric g.
We denote by C/(V) its complex Clifford algebra! subject to the Clifford relation

vw + wv = —2g(v, w) (1)
for all v,w € V.

Definition 2.1. Let (V,g) be a Euclidean vector space and C4(V) as above. For
a,b € C{(V) consider the map gqp : CL(V) — CU(V) that is defined by

qap(r) = a’x + 2b® — 2axb. (2)
A quadratic Clifford pairis a pair (a,b) € C{(V) x C{(V') that obeys

(1) gapV CV and
(2) qq,b restricted to V is a g-symmetric element in End(V).

We call the quadratic Clifford pair (non)-degenerate if g, is a (non)-degenerate
symmetric map.

For a,b € C{(V') the map g, is the square of the map s, with s4(z) := az — xb.
Therefore, we have

Gay+az,bi+b2 = Gai,bi T Gaz,by T Sai,by © Saz,by T Saz,bs © Sar,by (3)

for all ay,as,by,by € CUV) .

1For more details on Clifford algebras, aka geometric algebras, that go beyond the facts we
state in this text we recommend the books [7], [13], [19], or [21]
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Remark 2.2. We write a,b € C/(V) asa = a+d and b = §+ V' with o and
being the scalar parts of a and b respectively. Then ¢, ; reads as

Gata sy (2) = (@ = )% + gy () — 2(a = B)sarp (). (4)

This means that g, is invariant under the action of the scalars given by (a,b) —
(a + a,b + «). Therefore, we may assume that the scalar part of a or b vanishes
when we look for quadratic Clifford pairs (a, b).

Let I be an irreducible matrix representation of C/(V) and let {I',} be a set of
y-matrices associated to an orthonormal basis {e,} of V, ie. I, = I'(e,) with
r,r,+r,I', = —2g,,1. When ¢, obeys (ii) this basis can be chosen as a basis
of eigenvectors of qq_p.

We use the following abbreviation for products of y-matrices. Consider I = (i1,...,i;) €
{1,...,n}* for k =0,...,n be a multi-index, then

'y = Fm..‘uk = F[ulruz U F#k] :

For k = 0 we set Iy = 1 and we write I for the length of the index, i.e. I := k for
I€{l,...,n}* IfT, is associated to an orthonormal basis and I and J contain the
same indices we have I'f = ef,l"], where 6§ is the sign of the permutation. If we do
not care about the ordering of the indices within I we identify the multi-index with
the set of indices itself. Therefore, the notations I N.J, I U J and I C make sense.
Moreover, due to (1) we have ' = ¢;1 with o; € {£1}. For the combination of
~-matrices of maximal length we write

r =il*lr, .
Then T'* is the image of the complex volume form and obeys (I'*)? = 1.

Remark 2.3. We shortly recall two important involutions of the Clifford algebra:
By ~ : CUV) — ClV) we denote the extension of V.3 v — —v € V to an
automorphism of C{(V) and by ™ : C{V) — Cl(V) we denote the extension of
V 5 v~ v eV to an antiautomorphism of C{(V). For I = (u1,...,u;) we get
r; = (=)' and r; = Copon = (71)%71)111. The elements in the +1 and —1
eigenspaces of ~ are called even and odd respectively.

Due to relation (1) a generic element ¢ € C£(V') can be written as?

CZZC[F[,C[ eC.
I

Remark 2.4. Suppose ¢ and d are both even or odd with respect to the Zs-grading
of C4(V') and ¢, d is a quadratic Clifford pair. Then so is (—=I"*¢,I'*d) with ¢.q =
(—1)4e82¢q_pu peq if dim(V) is even, and (I'*c, T*d) with qeq = grec,r+q if dim(V)
is odd.

2When we consider such expansions, the sum is meant to be taken over indices of the form
I=(i1,...,if) with i1 <9 < ... <i1~.
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2.1. Traces and symmetry. Let us identify C4(V) = End(S) via ' where S is
an irreducible Clifford module for C¢(V'). Then the I-component of a = )", a;I'; €
Cl(V) can be evaluated by the trace via

I(I41)
2

ar = (—1) tr (al'y) . (5)

1
tr(1)

The trace yields an inner product on C£(V') by (a,b) = tr(ab) where for b = 3", b;T';

is given by b = > (=1 )I(I 1>bIFI, see Remark 2.3. This product is naturally
induced by the inner product g on V that defines the Clifford algebra in such a
way that it coincides with the extension of g to the Grassmann algebra A*V*.
In particular, the basis {I';} ;. obtained from an orthonormal basis {e,} of V is

orthogonal, i.e. tr(T'/T;) = d4tr(1) with 6/ = (5‘]]5511 ]].

The transpose of g. 4 with respect to the induced inner product on C£(V') is deter-
mined by ¢4,.. More precisely,

— tr(ge,a(Tr)L)

tr(CQF]FJ +T7d’Ty — 2cTdT )

— tr(d*T T + Ty — 2dT ¢T')

— tr(qa,c(T'7)T7)

<1+J)(I+J i)
() (qa.0)5 -

In particular, if (¢,d) is a quadratic Clifford pair, i.e. qc7d|v is a symmetric on V,
then projy ga.c(v) = gcq(v) on V. Moreover, if (¢,d) is a quadratic Clifford pair
then (d, c) is a quadratic Clifford pair if and only if ¢. 4 respects the vector space
splitting C1(V) & €D,.,, CL(V). All quadratic Clifford pairs we will introduce in
the following subsections are of this type.

2.2. Monomial solutions. Let us consider w € V, then ¢, _,(v) = B(v) with
B = ww!. This map is symmetric but degenerate, of course. However, this easy
example motivates the first important class of quadratic Clifford pairs. For this,
consider homogeneous elements ¢ = al'; and d = BT';. Then ¢ = a?0;1 and
d? = %051 and (2) reduces to

Gealen) = (01042 + aJﬂz)FN —2apT T, T ;. (6)

We will take a look at the second term in (6) and consider three cases. We set
INJ=K,I=I)UK,J=JyUK, and discuss (a) pu € ITUJ, (b) u € Iy U Jy, and
(c) € K. We get the following results:

Case (a): We have I'y = e%OKFIOFK and I'y = eJKJOFKFJO such that

DTl = ekt s, DL kDD kT = =0k (1) % e ez s, Tro Ll o

= (=D (-1)*oxel, ket s, Cutosn -
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Case (b): This case is independent of whether u € Iy or u € Jy and we get for
p € Jo

S _ IoJ
Dbl = ewek s Vo Vel ke lgy = —oreq ke g 1o Ul s

(®)

= _(_1>fOUK€§OK€g<JO(fO + jo)gp.[ilriz...ifo.]g] .
Case (c):
Iy =€) ket Dro Tk DLk gy = (fl)j"efOKe{(JOFIOFJOFKFHFK
= (=1 (=) oxel, ke s, Do

where the last equality is due to the following observation: We have I'gI',I'x =
(—1)Ko(—1)KoT, I\ T, Tk, T = =0k, and o = —(—1)Kooy, for K = (p, Ko).

Proposition 2.5. Two monomials ¢ = oal';, d = BI'y yield a non-degenerate
quadratic Clifford pair if and only if the index sets I and J coincide up to order
or one of both entries vanishes. If I and J coincide up to order and I >0 the
eigenvalues of qe,q are given up to sign by (a=£3)? with multiplicities I and dimV—1.

Proof. 1f ¢,d # 0, equations (7)-(9) yield Iy = Jy = 0 for g. 4 to be contained in V/,
such that the index sets I and .J coincide up to order. Therefore, q. 4 = (o — 5%)1
if K =0,ie. I =J=0 If K>0,(7) and (9) reduce to (=1)XeloxT, and

—(—1)K€§O'KFM respectively, such that

or(a+ —1feJ5 T for pel

dealey) = A TG T orme L (10)
or(a—(=1)'e/B)T, forpgl

Regardless of the assumption, this also includes the case o = 0. (|

Definition 2.6. The pairs from Proposition 2.5 are called monomial quadratic
Clifford pairs.

Remark 2.7. Consider two non-zero positive numbers A1, Ay. Then for any I with
0 < I < dim(V) there exist a monomial quadratic Clifford pair (¢, d) such that g g
obeys (ii) with eigenvalues A1, A2. The pair is (almost) unique. The mild restriction
on uniqueness is due to the obvious Zs-symmetry determined by the squares in (10).

It is clear, that for every Clifford pair (¢, d) and for any non-vanishing scalar « the
pair (ac, ad) is a Clifford pair, too. If we consider such pairs as equivalent, then
— in case of monomial quadratic Clifford pairs — an equivalence class is (almost)
uniquely determined by the ratio of the two eigenvalues.

If we in addition fix the multiplicities of the eigenvalues then there exist at most
two pairs associated to I < .J with [ = dim(V) — J. These two cases are related
by the volume form I'; = I'*I";. Therefore, if dim(V') is odd we will restrict to
I< 3 dim(V) because I'* = £1.

2.3. Pseudo monomial solutions. We consider slightly more general maps ¢ 4
by taking Clifford elements ¢ = al'; + fT'; and d = yI'; 4+ 6" ; with scalars «, 3,
v, and §. The calculations in Section 5.1 show that the following holds.
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Proposition 2.8. The approach ¢ = (al'1+ 8T )Tk, d = (7T 14T ;)T k with non-
vanishing scalars o, 8,7v,6 and INJ =INK = JNK = () yields a non-monomial
quadratic Clifford pair if and only if the combination is from Table 1.

If one of the entries vanishes, the pair (c,0) or (0,d) yields a quadratic Clifford pair
if and only if (—=1)1/HU+DE = 1. Then q.o = (a®orx + B207x)1, for ezample.

TABLE 1. Non-monomial quadratic Clifford pairs

Case Conditions on K, I,J Pairs

b | [J#0,K=0,(IUJ)C+£0 (c,e), c=al;+ BT,
IJ =0mod?2

2 | IJ#0,K#0,JUJUK) =0, | (c,~¢), c=(al'gx + AT*);
[0 Tk =T

ob | IJ#0,K=0,(IUJ) =0 (c,£c), ¢ = (a+ BT
;= F*FI,f =.J =0mod?2
IJ#0,K=0,IuJ)=0 (au(cos(g)e™ + sin(¢)I*)I'p,
Ly;=0I*T;,]=J=1mod?2 B(cos(¢)e’ — sin(¢)T*)T)f

3a | I=0,K+#0,(JUK)#£0 (c.e), cx = (a£ Pk
{J = 0mod 2

3b | I=K=0,JC+0 (a+ BTy, a+6Ty)

d4a | [=0,K+40,(JUK)E =0 (alk + BT*, ATk — AT*)
J=K= Omod2,I';I'g =T*

4b |I=K=0T,;=T" (a+ BT*, a + 6T%),
J= dim(V) = 0mod 2 (onrﬂF*,’y — EF*)

T If in case 2b with I odd both prefactors do not vanish one may write
the pair in the form (¢,d) = (a(y +T*)T'7, B(y + T*)T';. If one restricts
to real or imaginary pairs one may consider ¥ = 0. Finally, there are
corresponding monomial pairs, namely for ¢ =0 or ¢ = 7.

The preceding Proposition tells us what combination yields non-monomial qua-
dratic Clifford pairs. The next natural question is: Which of these is non-degenerate
or obeys g.q4 7 17 The answer is also given by the discussion in Section 5.1 and is
summarized as follows.

Remark 2.9. The Clifford pairs of Table 1 are non-degenerate only in Cases 2b, 3b,
4a, and 4b. In Case 3b the map ¢. 4 has two eigenvalues that are independent of
the parameter a. Therefore, we may choose @ = 0 such that we are left with a
monomial pair. The same is true for the first pair in Case 4b.? In Case 4a and
the second pair of Case 4b the eigenvalues are independent of 8 such that we may
choose 3 = 0. Moreover, for the pairs in Case 4b we have g, 4 ~ 1.

3With respect to Remark 2.2 we could have chosen a priori & = 0 in the cases with I=K=o.
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Last but not least we are left with Case 2b in even dimensions. Here the quadratic
form generically admits two eigenvalues. The eigenvalues and their multiplicities
in the different subcases are given in the second column of Table 2.

TABLE 2. Non-monomial, non-degenerate quadratic Clifford pairs
in Case 2b

Pair Eigenvalues

40102, I even
40162, dim(V) — 1T even
40157, I even
40702, dim(V) — I even
(av(cos(¢) + sin(p)I*)T'y, or(o— B)2cos(2¢), I odd
B(cos(¢) — sin(¢)I*)T') or(a+ B)2cos(2¢), dim(V)—1 odd

((a+ A"y, (o + BT*)I'y)

((a + ﬂr*)F], 7(0& + ﬂF*)F])

Definition 2.10. The pairs of Case 2b are called pseudo-monomial quadratic Clif-
ford pairs of even and odd type respectively.

Remark 2.11. We will briefly explain why the name pseudo-monomial pair is rea-
sonable in this situation. From Table 2 we see that the form of the quadratic
Clifford pairs is a bit different for I even or odd.

e For I even we may write ¢ = 4d in a more symmetric way ¢ = (a II" +
a_II7)T; with oy = a + 8 and II* = (1 £ T*) being the projections on
the two spaces of half spinors. Then the two eigenvalues of g, ; again arise
as the squares of difference and sum of the two coefficients.

e For I odd we consider sin(¢) # 0 and write v = cot(¢) as well as a =

sin(¢p)a and B = sin(¢)3. We may write v + I'* = (y +€) — 2ell™¢

with € = +1. Then ¢ = a(y + €)I'; — 2ael'[II*¢ and d = B(y + )T —
2pel'[117¢. We insert this in (3) and see qgp,p+c gr,m-<(v) = 0 as well as

{sar, r, » Sar 1+ gr -« } = dar, jr, such that

e = (v + €)dar, oo, — 2607 + ar, jr, = (V¥ — €)ar, ar, -

Again, the eigenvalues are sum and difference of the two coefficients of the

equivalent monomial pair (¢/,d’) = (y/cos(2¢) al's, \/cos(2¢) BT').

Proposition 2.5 and Remark 2.9 yield the following.

Proposition 2.12. Let B be a non-degenerate symmetric linear map on a Rie-
mannian vector space V' that has two different non-zero eigenvalues. If dim(V') is
odd then there exists one monomial quadratic Clifford pair with q.q = B. If dim(V)
is even then there exist two monomial quadratic Clifford pairs as well as a family of
pseudo-monomial quadratic Clifford pair(s). The family is parameterized by {1}
or St if the multiplicity of each eigenvalue is even or odd, respectively. In any case
there is a further discrete symmetry coming from the squares in (10) and Table 2.

2.4. Linear solutions. The second pair of Case 4b in Table 1 has an additional
property: The square root s.q of g.q obeys sc7d|v C V. In the sense of [24] the
quadratic Clifford pairs (¢, d) for which the restriction to V' of the square root of
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Gc,a is & map into V' are called linear pairs. We will relax this notion of linearity
in the following definition and we will examine the pairs with this property. This
yields a classification of linear quadratic Clifford pairs.

Definition 2.13. Consider the square root of ¢, given by s, : ¢ — ax —xb. We
call a pair (a,b) € CL(V) linear if s, restricted to V ® C has image in V ® C.

Lemma 2.14. The restriction of sqp @ © — ax —xb to V ® C is a map into
V ® C if and only if there exists scalars ag, a1,y and A € Cly(V) such that
a=ap+A+aT* and b= By + A — aqT* if dim(V) is even, or a = ag + A and
b= o+ A if dim(V) is odd.

Remark 2.15. sa’b‘v in Lemma 2.14 is independent of the terms proportional to I'*.
Therefore, we may consider av; = 0 when we are only interested in this restriction.
Furthermore, we may consider cg = 0 because of 545 = Sq4q,a+b for all scalars a.

Proof. Consider a = >, a;I';y and b = Y, b;I'; and define 6§ = 1 if p ¢ I and
0% = —1if p € I. Then s, =, (ar — 04 (=1)1b;)T T, and we write*

saplu = D nf(ar+ (=1)"on)Tp, + Y (ar = (=1)'br)T1uy
pel -3t
The condition s, I, € V for all u is equivalent to (a) ar + (fl)fbl =0 for all 1
such that there exists a yu with y € I and I\ p # 1 and (b) ar — (=1)1b; = 0 for
all I such that there exists a p with g ¢ I and T U p # 1.

If dim (V') = 2m is even than this is the same as (a) ar + (—l)ib[ = 0 for all I with
I+#0,2and (b) a; — (—1)fb1 = 0 for all T such I # 0,2m. Therefore a; = by =0
for all | #0,2,2m. Furthermore there is no restriction for I =0, ie. for the scalar
part. For I = 2 the coefficients have to obey a() = b(z) and for I = 2m the sole
coefficients must obey a(2,,) = —b(2mm). For dim(V) = 2m + 1 we only need to
consider [ < m due to I'* ~ 1 such that the same calculations as before yield
ar=by =0for I # 0,2, no restriction for I= 0, and a(g) = b(g). [l

If we identify Cly(V') in the usual way with the skew-symmetric endomorphism of
VeC,ie.

e L5 e "
v

the action of s4 4 on v € V ® C is just the action of the endomorphism A on x.
We write s4 4(x) = Az — zA = [A,z] = A(z) in this special case. In particular,
the restriction of s4 4 to V ® C is skew-symmetric.

Proposition 2.16. A quadratic Clifford pair is linear if and only if it is of the
form (0, 8) with a scalar B or (A, A) with A = Ay + 1Ay € Cly(V) such that Aoy
and A1 anti-commute when considered as endomorphisms of V.

Proof. Consider a linear pair (a,b) given by a = A and b = 8 + A this yields
Qap(x) = Br 4+ qa,a(z) + B[A, z]. This is symmetric if and only if 5 =0 or A = 0.
Moreover, for A = 0 condition (i) is fulfilled for § real. Now consider 8 = 0 such
that a = b = Ag + iA; is a complex skew-symmetric endomorphism. Then ga 4,

477’; denotes the sign of the permutation that indicates the place of p within the multiindex I.
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i.e. the endomorphism A? = (A% — A?) +i{Ag, A1}, preserves the real vector space
V' if and only if the real skew-symmetric endomorphisms Ag and A; anti-commute.
For a characterization of skew-symmetric endomorphisms with this special feature
see [23], for example. O

Remark 2.17. Two particular cases in Proposition 2.16 are provided by A skew-
symmetric and real or purely imaginary. In this situation g4, 4 is negative or positive
(semi-)definite respectively. In particular, all eigenvalues come in pairs such that
in the odd dimensional case g4 4 is always degenerate.

Corollary 2.18. Given a symmetric linear map B on the vector space V such that
all nonzero eigenvalues of B have even multiplicities. Then there exists A € Cly(V)
such that (A, A) yields a linear quadratic Clifford pair associated to B.

Proof. We consider an orthonormal basis W of (V,g) with induced isomorphism
®yy : V. — R"™ such that &)y o Bo <I>;v1 = A? is a diagonal matrix. The square
root A is defined by A = Ag +iA; with Ay = diag (X4,...,%,,0,-2,) and Ay =

diag (02y, Xyy1, - Lrys, Op_op_2s) where X, = <_(3\ %) for 1 < j < r and
J

Yrrk = <_(;k %’C) for 1 < k < sand Aj,k;; > 0. Let A := @;\}ACDW and

identify this skew-symmetric map as usual with A € Cly(V'). This element obeys
QA,A = B. O

Remark 2.19. Let a = @’ and b = 8 + V' be a quadratic Clifford pair with scalar
part 8 # 0. Then either (a’,b") is no quadratic Clifford pair or it doesn’t contribute
to qa’b|v.

Suppose (a’, ') is a quadratic Clifford pair and recall qqp(z) = B2z + qo () —
23 sq7 p (z). From Lemma 2.14 we know that s, is a self-map of V' if and only
only ifa’ = = Aif dim(V) isodd or «’ = A+ oy and & = A — a1 T if dim(V)
is even. In this situation sq p|,, = SA’A|V is skew-symmetric, such that A = 0.

v
Corollary 2.20. In dimension n = 3 any symmetric linear map that can be realized
by quadratic Clifford pairs is either proportional to 1 or degenerate with a non-zero
eigenvalue of multiplicity two.

2.5. Generalized monomial solutions. We generalize the results obtained so far
and show that we can realize symmetric maps B with more than two eigenvalues.
The proof of the following proposition is given in Section 5.1, too.

Proposition 2.21. Considerc =73 coI'1, andd =" d.T'1, withd, = €qcq for
€o € {£1}, IoNIg =0 for o # B, and (U, Ia)c = (. Furthermore, let the amount
of summands in ¢ be bigger than two. Then (c,d) is a non-degenerate quadratic
Clifford pair if and only if I, is even for all a in even dimension and I, is even

up to one exception in odd dimension. Furthermore we have e, = (—1)I. In this
situation the eigenvalues of q.q are given by 4oy c2 with multiplicities 1.

Remark 2.22. e Suppose ¢ and d decompose into two summands such that
the subcases we denoted by a) in the table of Section ?? do not appear.
Then the conditions on the signs that describe d are less restrictive and we
recover the pseudo-monomial solutions of Table 2.
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e Because there are no restrictions to the values of ¢, some of them may coin-
cide. So the result in Proposition 2.12 is extended by generalized monomial
pairs with exactly two different parameters.

e For I, = 2 for all & we have ¢ = d € 50(V') such that we are left with a
linear pair described in Proposition 2.16.

e For I even we have L1, Tyl = 2k0,, 00,0 = 204 [T, Therefore, in
situation of Proposition 2.21 the square root of ¢. 4 is given by s..(v) =
lc.

We may further generalize the above result in the even dimensional case and allow
pseudo-monomial summands in the above construction.

Proposition 2.23. Consider c,d with
c=Y cals, +T°) ey, and d = eacals, + T éatal's,
(03 [ (e} [e3

and €, = —€4 = (—1)f“. Then (¢, d) yields a non-degenerate quadratic Clifford pair
if and only if it is of one of the following types:

(1) All summands are even with éyco = 0 for all a, i.e. either Ty, or T*T'y,
contributes to ¢ and d.

(2) Two summands are odd, e.g. fao,fal, and all others obey I, even with
Ca =0 as well as coyCay = CayCay - For example

(¢ =cay(Y+ T 1 + o, (14T, + Y el

I, even

d=—cay(y =T*)T1,, = o, (1 =AT)Tp, + Y cal's,)

fa even
if CagsCay # 0.

Remark 2.24. Regardless of whether the choice of signs €,, €, we use here is unique,
we will see later that this choice is natural. Nevertheless, in Section 5.1 we list the
general conditions such that a pair that satisfies the approach used in Proposition
2.23 but without the sign fixing yields a quadratic Clifford pair.

Definition 2.25. The quadratic Clifford pairs of Propositions 2.21 and 2.23 are
called generalized monomial.

3. SPINOR CONNECTIONS ON CAHEN-WALLACH SPACES

3.1. Cahen-Wallach spaces. Solvable Lorentzian symmetric spaces — short CW-
spaces — have been classified By M. Cahen and N. Wallach in [5]. They discovered
a one-to-one correspondence between CW-spaces and triples (V, (-,-), B). Here V
is an n-dimensional real vector space, (-,-) is a block-diagonal Lorentzian metric
on the extension W := V @ RR? such that g := <~,~)|V is positive definite, and
B € End(V) is symmetric with respect to g.

We shortly recall this correspondence. We choose a null-basis e, e_ of the factor
R? of W, ie. (ey,eqr) = (e_,e_) = 0, {ex,e_) = 1. Therefore, we may identify
Ry =Rey =R and Re- = R_ = R*, i.e. (ey)* = e_ with x : W — W™ being
the isomorphism w +— (w, -).
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The space g = V*@ W = V* @ (V@ R4 & R_) is a Lie algebra subject to the
commutation relations

[v*,w] = —v*(Bw) - e;. = —(Bv,w) - e, (12)
[v*,e_] = Bo, (13)
[e—,w] =w", (14)

and all other combinations vanishing. In particular, Ry is the one dimensional
center of g. Within g the factor V* acts on W, [W,W] = V* and (,-) is V*-
invariant. From (12)-(14) we see, that the embedding

V i — R @V <ss0W)=50(V)®d (RyV)d (R_-®V)®d (RyR_) (15)

is given by v* — BvAe; where xAy(2) := (y, z)x—(z, z)y. Then these data provide
a symmetric space with Lorentz metric determined by (-, ) and B. The resulting
Lorentzian space Mp is indecomposable if and only if the symmetric map B is non-
degenerate. This can best be seen if we recall that Mp is decomposable if there
exists a V*-invariant subspace W C W such that (-,-)|;i,,.43; is non-degenerate, see
[3, 25]. Moreover, two Lorentzian spaces defined in this way by symmetric maps
By, and Bs are isometric, if and only if B; and By are conformally equivalent,
i.e. there exists a real scalar ¢ > 0 and an orthogonal transformation O such that
Bg = COtBlO.

Mainly to fix our notation, we recall some facts on the Clifford algebra in this
special situation. We consider C/(RY!) = gl,C with generators I'; = I'(ey) =
. 0 1 , 0 0
%(wz +o01) = \/5(0 0), I'_ =T(e) = %(zag —01) = \/5(1 0) and we
0 1

If we denote the generators of C£(V') by {T',, }1<,<n those of CE(W) = gl,C & CL(V)
are given by {I'; ® 1,I'_ ® 1,0 ® I', }. In particular,

denote the two-dimensional volume element by o := 3 [['4,['_] = —03 = <_1 O).

ghCor—rel=relec CLHW) (16)
Cl(V)2a—1Ra=1®d" +0®a' € C{W) (17)

where a = a® + a' € Cl(V) is the decomposition in even and odd part defined
by ~: C{(V) — CL(V) according to Remark 2.3. Consider the irreducible Clifford
modules Sy and S(V) of C£(RY?!) and C¢(V') respectively whose elements are called
spinors. The first one decomposes into a sum of two one dimensional half spinor
spaces Sf = ker(I'y) given by the +1-eigenspaces of o. If we denote the two
projections on the two eigenspaces by oL = %(IL + o) then (17) is rewritten as
1&a = 0_®a+0,8a = 0_ ®a+ oy ®a. In our choice of y-matrices the
eigendirections are given by &) = (1,0)! and e, = (0,1)% such that a spinor in

S(W) = Sy ®S(V) can be written as 77 = 771> = €1 ® 1 + €2 @ n2. The action of
12

CL(W) on S(W) is now given by

(r®a) Uit _ 7“11(? 120 Uit 0 an (18)
72 T214  T220a 72 arjz
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for r € gl,C and a € C{(V). In particular, the image of v* € V* considered as an
element of so(W) C C{(W) under the spin representation, is given by

v =BvAes— i((lﬂ. ® 1)(o ® Bv) — (0 @ Bv)(I'y @ 1))

1 1 1
24(F+0'—0'F+)®B’U=F+®BU=<

0 Bv (19)
ron- 30 %)

0 0

3.2. Invariant connections and Clifford maps. We follow here the explana-
tions in [18, ch. X] and [6, ch. 1] and we cordially refer the reader to these texts
for more details. Consider a reductive spin homogeneous space G/H, i.e. the Lie
algebras g and b of G and H are complemented by an ady-invariant subspace p such
that g = hdp. We identify b with its image in so(p) via the isotropy representation.
Furthermore, let i’ C so(p) be a subalgebra such that [b’,h] C h. In particular, b’
is the Lie algebra to a sub group H’ of Ny /H where Ny C SO(p) is the normalizer
of H in SO(p). Under mild conditions on H’ we may assume G/H ~ G/H with
Lie(G) = g@ Vb, Lie(H) = h @b, see [4, 7.B].

Let G/H be a reductive homogeneous space with decomposition g = h @ p. A
principal bundle K — P — G/H over G/H is called homogeneous if there exist a
smooth homomorphism ¢ : H — K such that P ~ G x g K via the left action of H on
K. For example K = H and © = id yields the H-principal bundle H - G — G/H.
The G-invariant connections on P are in one-to-one correspondence with linear
maps A : g — € such that A(h) = 2.(h) and A oad, = ad, () oA for all h € b.
This correspondence is taken over to associated bundles in the following manner.
Consider a representation 8 : K — GI(V) and let E = P xgV = G xgo, V be
the vector bundle associated to P. Then the G-invariant linear connections on
E are in one-to-one correspondence with linear maps A : g — gl(V) such that
A(h) = By o (h) and A([h,x]) = [Bx 0 ts(h), A(z)] for all h € h,x € g.

The curvature of the connection that is defined by A is given by

R @, y) = [A2), Ay)] = Al[z,9]p) = Be 0 vl[z,5]) - (20)

We will apply the above to the case of CW-spaces and take over the notations from
Section 3.1. We consider G with Lie(G) = V* @ W and a vector bundle associated
to G via the spin representation I" : spin(W) D V*@h' — C{(W). Here )/ C sop(V)
where

sop(V):={A€s0(V)|[A, B] =0} Cso(V) C so(WW) (21)
denotes the subalgebra that leaves invariant the symmetric map B that defines the
CW-space.

Let us denote by S the spinor module on which C¢(W) acts, i.e. C(W) C gl(S) and
by D an invariant connection of the associated bundle § = G xr S defined by the
equivariant map A. Then the space of parallel sections K; := {1 € sec($) | Dy =
0} is isomorphic to the subspace S’ C S given by S’ := {£ € S| R z,y)¢ =
0 for all z,y € V* & W}, see [2].

To emphasize the algebraic character of invariant connections expressed by the
defining equivariant linear map we introduce the following notions.

Definition 3.1. Let Mp be a CW-space defined by the symmetric map B and
b’ C sop(V) be a subalgebra.
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(1) A Clifford map of (Mp,h’) is a V* @ h’-equivariant linear map p: b’ @V* @
W — C¢(W). Moreover, the image of the Clifford map p of (Mp,H’') acts
on a Clifford module S and the restriction to V* @ §’ is fixed to be the
spin-representation, i.e. p‘w@h, =T.

(2) A Clifford map p is called Clifford representation if it is a representation of
b’ @ V* @& W on the Clifford module S.

Notation 3.2. A Clifford map p is called simple if h’ = 0. It is called irreducible
if S is, otherwise it is called reducible.

Remark 3.3. e If we consider a Clifford map as invariant connection the Clif-
ford representations are exactly those connections for which the curvature
vanishes. Therefore, the curvature of a Clifford map p measures the defect
from being a Clifford representation.

e In case of a Clifford representation the space K; of parallel sections has
maximal dimension dim(S).

e It is also interesting to consider subspaces S’ C S and Clifford maps for
which the Clifford map restricted to the subspace is indeed a representa-
tion. They are associated to connection with a reduced amount of parallel
sections, namely dim(K;) = dim(S") < dim(.S). We will come back to this
in Section 3.5.

3.3. Simple irreducible Clifford representation of Mp. We consider a CW-
space M p with associated Lie algebra g = V*@eW = V*@(VOR_®R;) as before.
An irreducible simple Clifford map of Mp is a V*-equivariant map p : g — C4(WW)
that acts on the irreducible Clifford module S = S(W) = S> ® S(V), see Definition
3.1 Moreover, the restriction p‘V* is assumed to be given by the spin representation
[:V* Cso(W)— C{W), ['(v*) = 3Ty ® Bu.

An examination of the involved brackets regarding to the V*-equivariance yields
that a Clifford map p of g on S is of the form

1 N
p(’U* = 7F+®B/Ua

22

)=3 (22)

ples) =T, &a, (23)

ple)=0_@c+o, @d+T,®e—-T_&b, (24)
N N 1 N

plw)=—0_Qwb— oy @bw — §F+ ® sza(w), (25)

for a,b,c,d € CL(V), see Section 5.2. In terms of matrices as in (18) this is

*_L 0 Bv B V2a
PN R )

[ ¢ V2e B wb —%Sa’d(U})
p(@—)—(\ﬁg d>, p(w)—<0 2—13w )

An additional non-trivial condition that is a consequence of the (V*, R_)-bracket
is

F{HEFV} = guv@. (26)
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If we consider (26) as a bilinear expression on V' and take the trace with respect to
the metric on V' we get

e~ -

:—§ r«r, . (27)
n
p=1

If we again use the images I', of an orthonormal basis we get for the expansion of
b=> ,;b/'r and for all p # v

0=2 ZbIF{#FIFV} =2 > (-D)'b DT =2 Y (=150 Ty,
I:pglvel I:pel,vgl

Therefore, by =0 for all I such that there exist u,v with p € I and v ¢ I, i.e. for
all I with T # 0,n. If n is odd this yields that b = « is a scalar and if n is even we
have b = a + SI'*. Then a is determined by b, because (27) yields a = —a if n is
odd and @ = —(a — BT*) if n is even. At this point we found the simple Clifford
maps of Mp:

Proposition 3.4. A simple Clifford map of Mg is given by (22)-(25) with a =
a+ T* and b= —a+ BT if dim(V) is even, and a = —b = « if dim(V) is odd.
Remark 3.5. As noticed in (20) the (W, W)-brackets of a Clifford map interpreted
as an invariant connection are connected to its curvature. In the case that dim(V)
is odd it is given by

Rp(e—v €+) = [p(e_,_),p(e )] = a2 + aF+ ® (77 d) )

Rp(e/u ey) = [p(e,u)a ,0(6,,)] =« Fuu —al'y ® {Sc d F[H V]} (28)

R (e en) = [ple-), plen)] = T([e—, en]) .
In particular, for generic parameters the curvature is generic, too. The same holds
in the even dimensional case. Although we will first emphasize on Clifford repre-

sentations, i.e. flat connections, we will also consider non-flat connections later, see
Section 3.5

The examination of the (W, W)-brackets yields further conditions for the Clifford
map to be a Clifford representation. We get

ca—ad=0, ab=ba=0, (29)
from [R4,R_],

b bl =T b0b =0,  Tybssa(ly) — sza(I,)00, =0, (30)
from [V, V], and

T, (be + db) — 2e0,b = (be + db)T,, — 20T, d =0, bL,b=0, (31)

qz,d(v) + 255 _p.(v) = —Bv. (32)

from [R_, V]. Of course, (30-1) is a consequence of (31-2).

Taking into account Proposition 3.4 and (29-2) we get a = b = 0 in the odd
dimensional case. In the even dimensional case o? = 82 for the two scalars such
that b = —all¥ and a = alI* where I+ = £(1 £ T*) denote the projections on
the two half spinor subspaces of S(V). We remark that (31-2) is fulfilled in this
situation. In the odd dimensional case and in the even dimensional case with o = 0
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equations (29)-(31-2) are satisfied such that we get the following result, which is in
analogy to Theorem 2.3 in [24].

Theorem 3.6. Any simple irreducible Clifford representation of Mg with p(ey) =0
is given by . .
p(v) =5l ®Bv,  plw)= —5T+ & sz,a(w) (33)
ple.)=0_®c+o, @d+T, Xe
with (¢,d) being a quadratic Clifford pair representing the symmetric map —B. In
particular, e € CL(V) is a free parameter of the representation.

Now consider a # 0, i.e. @ = oII* and b = —allT. We restrict in the following to
the upper sign and we denote the blocks of ¢ and d with respect to the half spinor
splitting by ¢f = II*¢ll~, and so on. Equation (29-1) yields ¢; = d© = 0 and
¢l = dT = r. The only surviving components of (31-1) are v (cZ +d-) —2rv’ =0
and (cZ +d”)vy — 2vir = 0. Therefore, r, ¢_, and d_ are scalars that obey
2r = ¢Z 4+ d_, in particular, r —d~ = —(r —c¢Z). This also solves the only surviving
component of equation (30-2), which in this situations reads (d— +cZ —2r)(viw; —
wv}) = 0. The mixed components of (32) are (r — d_)?vt — 2avte” = —(Bv)*
and (d~ —r)?vy —2ae v = —(Bv)] and if we apply this to a basis of eigenvectors
we see that the only symmetric map B that can be realized has to be diagonal,
B = —2)1. In this situation the scalars obey (r —d~)? = (r —¢_)? = 2(ae” + ).
The +/+-component of (32) connects the off-diagonal blocks of ¢, d, and e via
(dZ —r)(ctvy —vrdy) = 2a(efvy +vFel) or (d- — T)Scj,d; (v) = 20486t7_61 (v)

such that the only unconstrained component of p(e_) is ef.

We summarize the discussion above in the following proposition.

Theorem 3.7. A simple Clifford representation of Mp with p(ey) # 0 is only

possible in even dimension and for B = —2\1. It is given by
p(v*) = = AL @v,  pley) =aly OTIF,
ple) = pol &1+ (al— + B¢ — \/2(aB + No— + /2(aB + Noy) OTIT
to_&cE o @dT +T1 & (el +ef +el) (34)
p(v) = ao_ TMFv+ acy SOTv + aﬁ;— )\I‘+ ®v+ %FJF ® Set a7 (v).
The free parameters that describe the representation are the scalars «, 8, po and the
Clifford  element ei. The  further contributions are related by

ﬁas‘f?—ei (v) =+vaB + Asaidi (v) for allveV.

Remark 3.8. A special choice of parameters in Proposition 3.7, namely py = 0,
a= -\ pf=1as well as c$ =dl = et = e, = ei = 0, yields a representation
which is similar to the one found in [24]: p(v*) = —AT'{ &, pley) = AT QT
p(w) = —Ao_ &I*Fw — Aoy @wIIT, and ple_) = —AT_ QIIF + T HIIT.

This choice is the same as taking ¢ = d = 0 in (22)-(25). Then (32) reduces to
—2a(ellTv+vll*e) = —Bv. From Lemma 2.14 we get that the solutions must obey
ell¥ = BIIT and —IIFe = —BIIF, ie. e = BT 4 [IFe/TI+ which is only possible
for B = —2A1 with A = —af. Again, ei = IT*€/TI* is the same free parameter we
found before.
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Regardless of our assumption that led to Proposition 3.7 we may consider &« = 0 and
furthermore 8 = py = 0 as well as c¥ df =ef =e] = eX = 0. This leads to a

rather simple representation associated to B = —2\1, also covered in Theorem 3.6,
namely p(v*) = —AT'y ®v, pley) =0, p(w [F+®w o(e —V2 o @ IIF.

The quadratic Clifford pair that defines thlS representation is pseudo monomial in
the sense of Remark 2.10.

3.4. Non-simple Clifford representations of Mp. For any non-simple Clifford
representation the restriction of p from g @ b’ to g is a simple one. Therefore, the
non-simple representations can be obtained by the simple ones by demanding the
further compatibility with h’. As stated before, for a CW-space Mp defined by the
symmetric map B the algebra h’ is a subalgebra of so5(V) which can be written
as @, s0(V,) where V,, are the distinct eigenspaces of B. Due to the nature of the
Clifford representation p we have p(A) = A when we consider A € Cly(V) such
that the further relations are

[p(A), pe+)] =0, (35)
[p(A), p(e-)] =0, (36)
[p(A), p(v™)] = p((Av)7), (37)
[p(A), p(w)] = p(Aw). (38)

Regardless what comes afterwards, (22)-(25) yield that the parameters that define
the Clifford representation p have to be invariant with respect to b’, i.e. [A4,a] =
[A,b] = [A,¢] = [A,d] = [A,e] =0 for A e b

Proposition 3.9. (1) The simple Clifford representation of Theorem 3.6 ex-
tend to non-simple ones if and only if ¢, d and e are invariant with respect
to f)l C SOB(V).

(2) The simple Clifford representations of Theorem 3.7 extend to non-simple
ones for all choices of sub algebras of so(V') for the special choices of pa-
rameters as discussed in Remark 3.8.

Remark 3.10. The invariance of an element of the Clifford algebra C¢(V') with
respect to certain subalgebras of so(V) is reflected in a special form of this element.

o Let V =V, @ V3 be an orthogonal decomposition of V. Then ¢ € C4(V) =
Cl(Vy) & Cl(Vy) is invariant with respect to so(FE;) C so(V) if and only if
c € ClVa) +T;ClVs) with Ty =T, ---T being proportional to the
volume element of V; in C¢(Vy) C CL(V).

e Symmetrizing this example and extending to more than two factors yields
the following generalization. Consider b’ = @, s0(V,) with P, Vo =V
being an orthogonal decomposition. Denote by I';, some multiple of the
volume form of V, in C{(V). Then ¢ € CUV) = Q,ClV,) is invari-
ant with respect to b’ if and only if the homogeneous components of ¢
are proportional to products of volume forms of the different factors. For
example, the elements that yield quadratic Clifford pairs as considered in
Propositions 2.12, 2.16, 2.21, and 2.23 are of this type.

Ldim(Vy)

3.5. Restrictions of the Clifford module.
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3.5.1. Canonical restrictions. When we talk about Clifford maps and Clifford rep-
resentations p we may ask, if we are able to consider subspaces S’ of the Clifford
module S such that the restriction to S’

e obeys p(z)S' C S forall z € V@& W or
e p is a representation of V* & W on S’

although S’ is no Clifford module. Of course, for a Clifford represenation p both
conditions coincide. As we mentioned in Remark 3.3 Clifford maps that yield repre-
senations on the restrictions are strongly related to connections for which the space
of parallel sections of the associated spinor bundle doesn’t have maximal dimension.
We will call a restriction of S that is compatible with the action of so(V') C so(W)
a canonical restriction. In particular, such restrictions are compatible with any
non-simplicity factor §’ C so(V).

If dim(V) is odd, there are two subspaces defined by the chiral structure on the two-
dimensional factor of TW. If we use the notations of Section 3.1, i.e. SF = ker(I'y) =
ker(o4) = Eig(o, £), these subspaces are given by S; @ S(V) = S(V) @ {0} and
Sy @S(V)={0}aS(V).

If dim(V) is even we have a decomposition into four canonical subspaces because
each of the former is further decomposed with respect to the chiral structure on the
second factor. The possible spaces are S ® ST(V) = {0} & SH(V), S; @ S~(V) =
S=(V)@ {0}, Sy @ S~ (V) = {0} & S~ (V), and S; @ ST (V) = ST(V) @ {0}. In
particular, the first two sum up to ST(W) = S~(V) @ S*(V) and the remaining
ones to ST(W) = ST (V)@ S~ (V).

We will discuss these two cases separately with regard to Section 3.3:

dim (V') odd: In this case we consider (33) from Theorem 3.6. The reduction to
Sy ® S(V) immediately implies S’ to be trivial as the action of V* shows. The
reduction to S5” ® S(V) yields a trivial action of V* and V, and p(e_)(&1) = &;.
In particular any Clifford map yields a representation on such reduction.

dim (V') even: Firstly, we consider Clifford maps of the form (33) and go through
the different cases of restrictions. For this we write it in terms of the canonical
decomposition:

Bvéy Set .y (W)€ + 55+ 4 ()&
e L vig -1 s dt (w)ﬁg + 8- g+ (W)€
0 0

39
creh + e +V2eled +V2etes o
CLET + e +V2e e +V2elly
died +dre;
di& +d2g;

We restrict to the upper sign and discuss the different cases.
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e[S =8(V)®SF(V), ie. & = 0] We consider the upper sign, and see that p
restricts to a representation if and only if d= = 0. In this case we have

iy 1 Bu&y iy 1 Setd- (w)&y
p(v) & | = ﬁ 0 ,opw) | & | = *ﬁ ciwéy ;
& 0 & 0
1+ crel +eter +V2etey
ple-)| & | = | er&f + & +V2e &g
& d-&;

In the case of the lower sign the restriction of p yields a representation only if
d} = 0 and is treated similarly with an adapted change of notation.

Remark 3.11. In this situation let us consider the quadratic Clifford pairs from
Section 2.

For a monomial quadratic Clifford pair the calculation above only holds for I even.
In this case ¢, = ¢ = 0 as well, such that only the first component of p(v*)g
and p(w)€ survives. The same is true for (c,d) pseudo-monomial and even, i.e.
¢ ==+d = (aII"+a_II7)T'; or even generalized monomial withc = d =Y ¢o Ty, .
Such pairs yield a representation on the reduction only if the pair is associated to
B, i.e. qca(e )€ =b(ey)€ forall € S'.

The situation is different for a pseudo-monomial quadratic Clifford pair with I odd,
e.g.c = a(y+I*T,d = B(y—T*)';. We have dt = MH*F;, such that v =1
is fixed. Therefore, we are left with ¢ = ¢& = oIItI'; and d = d = SII T and

B = 0 is mandatory if we look for representations.

o [ = SF(W) = SE(V)® SF(V), ie. & = & = 0] The restriction to &f =
0 immediately yields a further restriction to §§E = 0 due to the action of V*.
Therefore, we are left with a special subcase of the first reduction: S’ = ST(W).
In particular, the consequences of Remark 3.11 still hold.

o [S"=S(V)®{0},ie & =& =0] This case is treated analogously to the odd
dimensional case, i.e. the action of R_ alone survives and is given by p(e_)(&1) =
c.

e [remaining cases] All further canonical reductions of S yield further subcases of
the discussed ones or forces S’ to be trivial.
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Next, we turn to (34) of Theorem 3.7 and do as before. Here we restrict to Clifford
representations. We recall

v€y f;r
+

o= —var| " | peni=al |,
0 0
0 0

—awé] +vVaf + A wé; + %Séj,d; (w)Tés
. +
) = Ve S

awés

po&i + EEEr +V2elef +V2et ey
pofi +V2BE — /2(aB + NE& + V2e &S
po&s
posy —V20€1 +/2(aB + N)g; +digS
and again go through the different cases.

o [S'=S(V)®d S~ (V), ie. & = 0] In contrast to the preceding discussion the
symmetry in & and &, is broken, because the projections on the two factors enter
into the representation. For &5 = 0 we see that the action of Ry is trivial. We are
left with

& véy & —awé; + Vaf + Awéy
p ) er | ==V2X| 0 |, p(w)| & | = 0 :
& 0 &
& poly +cTEr + V2t ey
ple-) | & | = | poés + V28¢5 — V2(aB+ N)E

& poby — V2a€r +/2(af + N)&y

This is example is not covered by Theorem 3.6 although the action of R is triv-
ial, because b in (25) does not vanish. This is of course no contradiction, but a
consequence of S’ not being a Clifford module. Therefore, identities (29)-(32) only
have to be satisfied after being applied to the subset S’ C S. In fact, the above is
a solution of this relaxed condition.

e [S'=8S"(W)=8T(V)@ S~ (V),ie & =& =0] For & =0 the action of V*
immediately yields 5; = 0. This is a possible reduction for § = 0 as can be seen
from the case before.

o [ =St(V)® {0}, ie & =& =& =0] Starting with & = 0 and assuming
a # 0 the action of V and R_ immediately yield a further reduction to & =
&, = 0. But then, again from the first subcase, V, V* and Ry act trivially and
ple-)(&") = poli-

e [remaining cases| Starting with &;” = 0 the action of V* yields &, = 0 such that
S’ =0 in this case.



20 FRANK KLINKER

3.5.2. A note on non-canonical restrictions. Up to now we discussed canonical re-
strictions but there are interesting non canonical restrictions, too. A basic example
for a Clifford representation cf. Theorem 3.6 is obtained as follows. Consider a
monomial quadratic Clifford pair (c,d) with ¢ = o'y, d = BT';. Then I'? = 0,1
such that XL := %(]l + /o7 ') are the two projections on the F1-eigenspaces of
vorI'r. Then

S =S(V)®eXisWV)cS (40)

is a possible restriction such that p remains a representation. This restriction is
not compatible with the action of so(V'), thus not canonical, but compatible with

~ A

the action of so(I) ® so(n — I) = sop(V) C so(V).

This example can be extended to pairs (¢, d) according to the approach in Propo-
sition 2.8 that do not yield quadratic Clifford pairs. Therefore, we consider a pair
c=(al' + ATk, d= (/T + BT ;)I'k. This pair obeys

Ge,aley) = aiFHXiJ + a’iF#XiJ (41)

where X[LJ = %(IL +2;5T75). Here zf-J =07y = (—l)ijalcr(] such that X1/ are
the projections on the +1-eigenspaces of 17, ;. The numbers o/{ run through the
eight values a + 8+ o’ + .

We consider the restriction
S =ker(l; @ X_)S=SV)d X, S(V). (42)

Then p restricted to S’ is a representation if and only if it is compatible with the
action of R_, ie. dX;& € X S(V) or X_dX; = 0 for £ € S(V). A careful
calculation yields

AXYdxi = (1- (—1)U+(I+J)K) (o) FBrry00)Tik + (B Farso1(—1)'T k)
(43)
which vanishes if and only if

o =+ 5018  or (—1)fj+(f+j)k =1 (44)

In the first case we get the more special result d X+ = 0 such that the construction
of the Clifford map is independent of d and we may assume d = 0. In this case we
have

Gea(ey) = Ty = (o1 + oy )T, = —AT, (45)
such that for 5: (&1,&2) € S’ the Clifford map p is given by

& t * ”7& t e c 7i c t
ple-)€ = (c€1,0)", ple))§ = ﬂ(Fuﬁz,O) » o plep)§ = ﬂ( [,82,0)".  (46)

This is in fact a representation on S’ for B = A1.

In the generic situation the pair (¢,d) and the associated Clifford map p are not
compatible with the action of so(V') but with the action of so(I)®so(n—1I) C so(V).
p is a representation on S’ if B is defined by (41), i.e. B(eu) X1 = qca(e,) X1/
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4. DISTINGUISHED QUADRATIC CLIFFORD PAIRS

4.1. A compatibility condition. We show in this section, that the quadratic
Clifford pairs we constructed in Section 2, Propositions 2.12, 2.16, 2.21, and 2.23
yield a complete list in a particular way.

Let (c,d) € C¢(V)? be a quadratic Clifford pair associated to the symmetric map
B, i.e. B(v) = ¢c,d(v) for v € V. Then we know from Remark 3.10 that if (c,d)
is from Section 2 it is invariant with respect to sop(V). We associate to (¢, d) an
element Q. 4 € V* @ V* @ CL(V) defined by

Qe.a(v,w) := 8g,c(V)wW + wsc,q(v) (47)

for all v,w € V. For an orthonormal basis {e,} of V (47) reads as
Qealen, en) =2 el —{T . d} (48)
Consider homogeneous elements ¢ = ¢;I';,d = d;T'; € C{(V) and let 6 = —1 if

peland0f =1if p & I. Then

Qc,d(e,ua eu) = ((0? + 0?)(71)f61 - (9?9? + 1)dI)FIF:‘“’

—2((-1) e, +d)0 T, ifpvel, (49)
=9q2((=Dfer —d)TiTy,  ifpvgl,
0 else .

To simplify the computation, let Ay,..., A, be the distinct eigenvalues of B and
consider the decomposition of V' = @221 V, into the respective eigenspaces. The
dimension of V,, is denoted by & and let {eq }u=1,...4;0=1,...r be an adapted or-
thonormal basis. Then I'r, =Ty 1 ---I'q ¢ With I,=a represents a multiple of the
volume form of V,, in C¢(V'). A consequence of (49) is the following.

Proposition 4.1. Let ¢,d € CUV) be invariant with respect to sog(V). Then
Qc.q € 505(V) @ CUV) if and only if®

c=cg+ o™
R (50)
d=dy+doI'™"

if B= M1,
CcC = (C() —+ 60F*) =+ (Cl =+ 61F*)F[1
d = (co — (~1)3™ Vg *) + (dy + d,T*)Ty,
if the number of different eigenvalues of B is two, and
¢=(co+el™) + Y (Ca+Eal™)Tp,
o . . (52)
d = (co— (=)™ Veel) + 3 (~1)* (ca — (~)"™ VeI,

if the number of different eigenvalues of B exceeds two. If the dimension of V is
odd, we can choose ¢, = d,, = 0, because I'* = +1.

5We consider the Clifford elements to be expanded in the basis that is adapted to the eigenspace
decomposition of V' with respect to B.
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Proof. We consider an orthonormal Basis {e,} adapted to the eigenspace decom-
position with respect to B as introduced above and write Q,,, = Q¢ q(e,, e,). Then
Qeqa € sop(V) ® CLV) if and only if Q,, = 0 for e,, e, belonging to different
eigenspaces. Consider ¢, d be invariant with respect to sop(V'), then

c= E g Cay..6l'r, - T,

0<t<ra1<---<ag

and d analogously, see Proposition 3.9 and Remark 3.10. Because of (48) we may
apply (49) to each homogeneous component of ¢ and d. First we notice that for the
term with ¢ = 0, i.e. the scalar part, only the second case of (49) is present such
that ¢y = dy. Next consider a term with 1 <t <r—1,eg. I't = 1“1(111“102 ~~~F1at.

Take e, € Eq,,e, € E,,, then the first case of (49) implies (—1)'c; +d; = 0.
Similarly, consider e, € Eg,,e, € Eg, with 51 # 2 and (Ig, UIg,) NI = (), then
the second case in (49) implies (—1)’c; + dr = 0 such that ¢; = df = 0. Now
consider ¢t = 1. If there exists more than two eigenspaces, the second case in (49)

implies (—1)%c; —d; = 0. If there exists exactly two eigenspaces F;, Fy, there is no

such restriction because u,v ¢ I is equivalent to u,v € I5. Next consider ¢ = r.
Then T'; represents the volume form of V' and only the first case in (49) is present
such that (—1)%e; 4+ d; = 0. Last but not least consider t = 7 — 1 for r > 3. Then
case two in (49) yields no restriction but the first requires (—1)%¢; +d; = 0. In the
case where B ~ 1 there are no restrictions on ¢ and d. The results are collected in
(50)-(52). O

Remark 4.2. A similar discussion as before yields that  vanishes identically if and
only if ¢ = o+ v,d = a — v in odd dimensions or ¢ = (@ +v) + (8 + w)[*,d =
(a—v)—(B—w)T™* in even dimension. Here «, /3 are scalars and v, w are orthogonal
vectors.

If we restrict Proposition 4.1 to quadratic Clifford pairs we get the following result.

Theorem 4.3. Let (c,d) be a quadratic Clifford pair associated to the symmetric
map B. Then Q. q € sop(V) @ CLV) if and only if (c,d) is

e q pair of scalars or a pair of pseudo scalars if B ~ 1,

e a monomial or a pseudo-monomial quadratic Clifford pair according to
Proposition 2.12 if B admits two different eigenvalues, and

e a generalized monomial quadratic Clifford pair according to Propositions
2.21 and 2.23 if B admits more than two different eigenvalues.

In fact, the multiplicity of the eigenvalues is even for all up to at most two.

Proof. Proposition 4.1 yields a necessary form for ¢ and d and we examine the
quadratic Clifford condition.

If B = —Al we may assume dg = 0. If furthermore ¢y # 0 in (50) we get a quadratic
Clifford pair if and only if ¢g = —dp. In this Situation qc’d‘v is independent of the
pseudo scalar parts such that we may choose (¢, d) = (v/A,0). If we instead assume

co = 0, we get a monomial solution defined by two pseudo scalars. If B has more
than one eigenvalue, we see that qc,d|v is independent of the scalar as well as the
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pseudo scalar part, such that we my assume ¢y = ¢y = 0. If B admits two different
eigenvalues, the possible values are

c= (61 + CQF*)F[, d= (d1 + dgr*)F[

and they yield a quadratic Clifford pair if and only if the pair is (pseudo)-monomial,
see Proposition 2.12. In the case that B has more than two different eigenvalues
¢, d are given by

c= (cat &Iy, d=Y (-1)*(ca — eIy,

(03

and they form a quadratic Clifford pair if only if they are of the form described in
Propositions 2.21 and 2.23. d

We close the discussion with two non trivial algebraic properties which are proved
by a straight forward calculation.

Remark 4.4. All quadratic Clifford pairs (¢, d) according to Theorem 4.3 obey
dsgc(ey)Ty +dlusca(en) — sae(en)lpd —Tpscale,)d =0

and
sd,c(€v)Sc,d(en) + saclen)scales) = By .

4.2. Concluding remark. As we mentioned in the introduction the spaces and
connections discussed in this text play an important role in the treatment of back-
grounds of supergravity theories. For this we have to consider enlargements of the
Lie algebra of infinitesimal isometries of a given space to a super Lie algebra. The
odd part of it is characterized by spinors that are parallel with respect to a given
connection, see [1, 15, 16, 17], for example, in addition to the references from the
introduction. Starting from the text at hand, the next natural step is the classifi-
cation of super algebras that extend the isometries of CW-spaces. Work on this is
in progress and the tensor 2 apparently plays a key role in this study.

5. SOME TECHNICAL PROOFS

5.1. Proofs from Section 2. We take over the notations of Section 2 and consider
¢,d € CL(V) to be the sum of two monomials and of the same type. More precisely,
we consider ¢ = (al'; + BT ;)T #0 and d = (o'T; + 8T )Tk # 0 with INJ =
INK =JNK =0 and set I'Y = 071 and the same for J and K. Of course, the
results will be symmetric in I and J. We use the notation 67 = 1 if u ¢ I and
0f = —1if p € I. The follwoing calculations yield the proof of Proposition 2.8. We
have

Sc,d(l—‘#) = OZI‘]FKFM + BFJFKF;L — CVIF#P[FK — 5/1—‘#1—‘.]1—‘](
(@ = (=15 H0}0% o/ )T T Ty + (8 — (1)K 0404 3')T T kT,
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such that

des(en) = (0 Farox(a - (~) 004
+ (1) oy0k(8 - (-1l 32T,
Yok (aﬂ((—l)jf( n (_1)ff(+ij)
+dp ( + (-1 )If(”j)(—l)‘”f@?@ﬁ
+2a8'(— 1) JE+Dgrg
+ 20/ B(—1)THDE+D) +IJ9#9#)FIFJI‘“.

ge,q restricted to V' is a self map if and only if the summand proportional to I';I" ;T
vanishes (at least, when it is present). This yields a homogeneous linear system for
the four coefficients a8, o’/’, a’, and o/ B with matrix®

(~D7F 4 (DT () ()T g (-

()78 4 (1) R () TE g ()

(—1)7E 4 (—)IFHT () (—1) K 4 (1) IEH)

O R O e G I (G VR Co Vi ak)
—2(— 1)(]+1) K+1) +2(71)fj( 1)(1+1)(K+1)
+2(— 1)(J+1) K+1) _2(_1)fj(_1)(1+1)(K+1)
+2(=1)UHDEHD o) I (_1)I+1)(K+1) (54)
—9(~1 )(J+1)(K+1) _2(_1)17(_ )(1+1)(f<+1)

We note that in the two special situations ¢ = 0 or d = 0 the map q. 4 is a self map
if and only if (—1)//HE+JE = 1 We then have q.o(e,) = (orxa® + o7k 3%)T,
for example.

We solve the linear system by considering several cases by excluding the cases ¢ =0
and d = 0.

Case 1a: We consider the generic case K1.J # 0 and (K U U.J)C # (. We have
to distinguish eight cases due to the value of K, I, and J mod 2. The matrices in
these cases are”

1-11 -1 11 —-1-1 11 1 1
1-1-11 11 1 1 11 —-1-1

11 —-1-1 ) 1-11 —1 ) 1-1-11 )
11 1 17000 1-1-11 /001 1-11 -1/010
00-1-1 1-1-11 00-11

00 1 1 1-11 -1 00 1 -1

(00 1 1> ) (1 1 1 1> ’ <00 1 1> ’ (55)
00-11 011 11 —-1-1/100 00-1-1/101
00-11 00—-1-1

00 1 -1 00 1 1

00 1 1 ) 00 1 —1 .

00-1-1/110 00-1 1 111

The first three as well as the fifth systems have the unique solution a8 = o/’ =
af = o/B = 0 which yield « = o’ =0 or 8 = 8/ = 0. Therefore, the result is a

6The rows are related to 9‘; = -1, 05‘ = -1, 9*; = 9‘} = G“K =1, and 9’;( = —1, respectively.
The columns are related to a3, o’B’, a8, and o', respectively.

"The rows and columns are as before. In addition, the subscript indicates the value of
(K,I,J)eZ3.
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monomial pair according to Proposition 2.5. Systems four and six to eight yield
aff’ = o'f = 0 with solutions « = o’ =0 or § = 3’ = 0 and yield monomial pairs,
too. In the generic Case la there are no new quadratic Clifford pairs beside the
monomial ones.

Case 1b: Turning to the case K = 0, I.J # 0, and (Iu J)E # () we can take over
the first four matrices of (55) with last row erased

1-11 -1 11 —1-1 111 1
(1—1—11) , (11 1 1) , (117171> ,
1 1 —1-1/000 1-11 —1/001 1-1-11 010
(0 0—1 71)
00 1 1 .
00 1 —-1/011
The fourth system only yields monomial pairs due to its solution af’ = Sa’ = 0.
The first system yields a8 = o/’ = af’ = &/ which is a(8 — ') = la — ') =
o' (B—0") = pF'(a—a’) =0. In addition to the monomial ones we get a further pair
connected by @ = o’ and 8 = ’. Therefore, the new solution is of the form (¢, ¢).
The remaining two system have similar solutions and again yield the quadratic
Clifford pair (¢, ¢).
The quadratic Clifford pairs in Case 1b are (c,¢) with ¢ = o'y 4+ SI'; and IJ =
Omod 2.

Case 2a: If we consider (K UTU.J)C =0 and I.J # 0 as well as K # 0 we have to
look at all of (55) with third row erased:

11 -1 11 —1-1 11 1 1
71711) , (1111) , (11—1_1> ,
1 1 1 /000 1-1-11 /oo1 1-11 —-1/010
-1 1-1-11 00-1 1
1) , (171171) , (00171
1 /o1 11 -1-1/100 00—1—1
1 -1 -1
71> , ( ' ) :
—1/110 -1 1 /1
A discussion similar to the one before yields the following result. The only systems
which admit additional non-monomial quadratic Clifford pairs are the first three
and the fifth. The pairs in this case are of the form (¢, —¢). Due to (JUJUK)E =@
we have I + J + K = dim(V). If dim(V) is odd we may assume I';/T';I'x = 1 or
I';Tg =Tyand I'yI'g = (—1)5T; such that e = al'; + (—=)%b'; and the pair
is of type 1b. If dim V is even we have I';T";T'x ~ I'* such that we may assume
C = (aFI + BF*)FK
In Case 2a the quadratic Clifford pairs are (c, 76) with ¢ = (al'x 4+ T'*)['; and
K=I=J=0mod2.
Case 2b: The case (IUJ) =0, IJ # 0, and K = 0 (i.e. [y ~ [';T*) can be
read from the first four systems of (57) with last row erased. Furthermore, we may

exclude the systems two and three because in this case I'* ~ 1 and the Clifford pair
is a priori monomial.

oo o
oo o

G Moo (007 1 )on - (58)

For I = J = 0mod 2 the solution is a = 8 = o/’ and o3’ = /3. Non-monomial
pairs are related to solutions with a8a’3’ # 0. In this situation the coefficients obey
o? = /% and #? = #'? such that the pairs are given by (c, £¢) with ¢ = (a+ST*)T';.
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The situation is less restrictive for I = J = 1 mod 2 with I'y =I*I';. The system
has solution a3’ = —a/f which yields non-monomial pairs at most for afa’s’ # 0.
For § = —% = cot(¢)e’? we get ¢ = %(COS((]&)@“IJF[ + sin(¢)l'y) and d =

— 25 (cos(9) T + sin(¢)L).

The quadratic Clifford pairs in Case 2b are given by (c, :l:c) with ¢ = (a + Ty
for I = 0mod?2, and (a(cos(g)e™ + sin(¢)I*)I'y, o (cos(¢)e™ — sin(¢)I*)T'f) for
I=1mod2.

Case 3a: We turn to the cases with / = 0 and consider first K # 0 and (JUK)E # 0.
In this case we are left with systems one, two, five and six of (55) with second row

erased:
1-11 -1 11 —1-1 1-1-11
(117171) , (171171) , (11 1 1) ,
11 1 1 /000 1-1-11 /o001 11 —-1-1/100

00-11
(001 1)
00-1-1/101

There is no non-monomial solution of the fourth system. The first system has
solution a8 = —o/ = —af’ = Sa’ with non-monomial pair ((a + BLOTE (a —
BFJ)FK). In the same way second system yields a8 = o’ = a8’ = fa’ with
(a + BLOTE (a+ 6FJ)FK), and the third one yields a8 = —a/f’ = aff/ = —d/
with ((+ L)k, (—a+ BTy)Tk).

In Case 3a the relevant pairs are (¢, ¢_) with cx = (a£8T;)['kx and K.J = 0mod 2.

(59)

Case 3b: Next we turn to the case J = K = 0 and J® # (). In this case we may
consider the first two systems from Case 3a with last row erased, i.e.

(% _11 jl :%)0007 (% }1 _11 :%)001’ (60)
The solutions of both systems are §'(a — o’) = 0 and (e — ') = 0 with non-

monomial pairs defined by the solution o = ’. In this case the pair is given by
(a+ BTy, a0+ B'Ty). The case J = 0 is the same.

The quadratic Clifford pair in Case 3b is (o + STy, + 8T ).

Case 4a: This case is [ = 0, K # 0 and (J U K)® = (). The systems in this case
are

(

There are non-monomial solutions for the systems one, two, and three. The result-
ing pairs are ((a—i—BI‘J)l"K, (o/—(—l)dim(v)ﬂf‘_])FK). We may consider I'j = ™Ik
such that we may rewrite the pair as (aFK + Ar*, a'Tk — (—1)dim(v)ﬁf*). For
dim (V') odd we are left with Case 3b.

Case 4a yields the quadratic Clifford pairs (aI‘K + BT*, T — 5F*).

Case 4b: The last case is I=K=0and JC = 0, ie. 'y = I'*. We only consider
the case dim(V) = J even, because in the other case ¢ and d are scalars. So the
two elements are of the form ¢ = a+ T, d = o’ + §'T*. The obstruction for (¢, d)
being a quadratic Clifford pair is af — o/’ + af’ — fo/ = (e« — /) (B+ ') = 0.

In Case 4b the non-monomial quadratic Clifford pairs are of the form (a4 5T*, o+
B'T*) or (o + fT*, o’ — BT™).

11 (11—1—1

—11 -1 1-1-11
111 )000’ 1-1-11 )001’ (1 1 -1 71>100’ 61
0-11 ( )
0—-1—

OO =

1)101
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A generalization of the results from Propositions 2.5 and 2.8 is given by the following
approach. Let (U, Ia)c =0and c =) a1, as well as d = ) €qaoI'r, with
€o € {£1}. Then

= (S 1= et e X vl 00,

a<f
and
2
I,d? = FH(ZeaaaI‘I )
Za T, + Z ca€plhtly aaaﬁ( )Q+B(l + (*I)QB)FIQIBFH
oz<B
as well as
(Za(xrla)ru(zeaaarla)
= D el (-1)%aAT,+ Y aaas(eath(—1)7 + eadlt(—1)5F)D 1T,
o a<p
with 6% = Gi and & := I,. Due to Remark 2.2 we may assume that & > 0.

Therefore, our approach yields
Gealen) =2 (1= eabli(—1)*)a2 +(...). (62)
«

The further summands collected in ”(...)” in (62) are of order higher than one.
Therefore, (c,d) is a quadratic Clifford pair if and only if the I'y, ;,T",-component
of qc.a(e,) vanishes. The coefficient of this contribution is given by

(14 (—1)%) (1 + caep0s(—1)%+7) — 2(eg4(~1)° + eaeg(_l)@+@ﬁ) .

In the following table we list this for all possible combinations of 6%, &, and B
1) 4=/3=0mod?2
la) 0L =1,05=1 : 2(1+ eaep— €5 —€a) =2(1 —€5)(1 — €a)

(1 —es)(1+€a)

2
21+ e5)(1 — €0)

) 04
1b) 0L =—-1,05=1: 2(1 — eq€p — €5+ €a)
1lc) ngl 0 = —1: 2(1 — eq€p + €5 — €a)

2a) 9571,05:1 i 2(1—enep—eptea) =2(1—€)(1+e€a)

2b) O =-1,05=1: 2(1+enep—€5—ca) =2(1—ep)(1 —€a)

2) Oh=1,0;=—1: 2(1+eacs+es+€) =2(1+€5)(1 +€4)
3)a=f=1mod?2

3a) Oh=1,0p=1 : 2(ep—€a)

3b) 04 =-1,05=1: 2(eg + €a)

3c) 64 =1,00 —2(eg + €a)

The proof of Proposition 2.21 is now done by the following considerations.

Firstly, suppose that the amount of summands in ¢ is bigger or equal to four, such
that all sub cases are present if one is present at all. We see, that 1) and 2) are
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fulfilled for €, = (—1)%. Moreover 3) can not be fulfilled if it is present, such that
the amount of odd summands is at most one. If the amount of summands is three,
a similar argument excludes the case of two odd summands: 2b) and 2c) would
yleld €even = —€odd; = —€odd, and 3) €odd; = —€odd,-

Therefore, in even dimensions our approach yields a quadratlc Clifford pair if and
only if I, is even for all a, i.e. ¢ = d. In odd dimensions all I,, would be even but

one. Nevertheless, in both situations we have ¢, = (—1)%

In the case of two summands the subcases denoted by a) in the above list do not
appear and we recover the pseudo-monomial solutions of Table 2. In either case,
we have

Ge.a(en) = 22 —0")a2T,, . (63)

As promised after Proposition 2.23 we will list next the conditions such that the
pair (¢, d) with

c=Y el +T°) eaTr,, d=) eacals, +T° éatall,

yields a quadratic Clifford pair:
0 = caa (1 - (~1)%0ea) ()% + (~1)*P0le5)
+(—DH(=D)*P (14 (~1)°04es) (1) — egea))
+ 2acs (=1 (1= (=1)°0es) (-1)* + (-1)°*P0se,)
+ (=1 (L4 (1)) (-1 = 05es) )
0= cacs((1 = (=1)°84es) (1 = (~1)*(~1)* ke,
+ (DM (1= (~1)%%ea) (1= (=17 (=)0} es) )
+ 2ats (D (L4 (-1)855) (1 + (-1 (-1)*0te,)
+ (1A (14 (<1)%0420) (1 + (-1 (- 1)*0525) ),

0= 3 cata (1= (~1)%0kea) (1 4+ 840) + (~1)% (1 + (~1)*04¢0) (1 - 0lkcs) )

A discussion similar to the one before yields the strong restrictions described in
Proposition 2.23 if we consider e, = —¢&, = (—1)%.

5.2. Proof of (22)-(25). We consider the following matrix form of the images of
the Clifford map p:

p(v*>1<° B”) () = (ﬁh(v) pm@))
AU pa1(w) paa(w))’

(e4) = ann V2a1 (e) = bii V2bio
P V2as  as eI V2byi by )
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The V*-equivariance is expressed as

[p(v*), ples)] = % (ﬂBanl Buags — anBU>

0 —v/2a2; Bv (65)
=0,
. _ 1 [(Bupai(w) Bupaz(w) — p11(w)Bv
[p(U ),p(w)] B \/§< 0 —ﬁ21(’LU)BU ) (66)
— _(Bo.w a1n V2a12
=~ By ><\/5521 a22 ) ,
[ ( *) ( )] o L \/iBUle Bvbgg — BllBU
PR PRIl = \/i 0 —\/552181}
(67)

pa1(Bw)  paz(Bw)

(65) yields az; = 0 and (67) yields pa; = 0. Then (66) immediately yields a;; =
ago = 0.

_ (Pll(BU) P12(BU)>_

Furthermore, (67) yields pi2(v) = _%85117b22(v) as well as pi1(v) = vby and

p22(v) = —by1v. The last two equations together with (66) yield vbyrw +_w521v =
2(v, w)a12. We consider a basis I',, for which the latter is written as Lypbailyy =
guva12 and get after taking the trace aio = % Eu b TH.
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