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1. Introduction

Our main focus is on the theoretical foundation of an IsoGeometric Analysis (IGA) approach to
mixed finite element methods using non-uniform rational B-splines (NURBS) for the finite element
discretization. We investigate the mortar finite element method on domains

which are decomposed into patches Qi with tensor-product NURBS parameterizations
F : [0,1]7 — Q.

For the original mortar method we refer to [6, 7, 24]. A comprehensive description of the
finite-element discretization using the methodology of IsoGeometric Analysis (IGA) is given in
[12]. Prior uses of the mortar method in IGA have also been documented in [2, 15, 16, 17]. Its
centerpieces are discrete spaces Xj,x C H'(Q;), which are pushforward of tensor-product NURBS
spaces on the parameter domain [0, 1]*> and which have the same or higher degree given by the
parameterization Fy. Furthermore, discrete spaces M},; of Lagrange multipliers are defined for the
representation of weak continuity conditions across the interfaces ;. In [12] the pushforward of
polynomial spline spaces of the same or lower degree are proposed.

Our work is an extension of [12] and highlights several aspects which did not receive full
attention before.

1. In our numerical experiments based on the method in [12], using parameterizations by
quartic NURBS with multiple interior knots and quartic splines as Lagrange multipliers,
we observed that the optimal approximation rate claimed in Theorem 5.5 of [12] is not
obtained. In Section 7 we show that a simple additional condition on the discrete spaces
X is sufficient in order to obtain the optimal approximation rate, see Assumption 4 and
Proposition 7.11. We give a short explanation here. Let the interface y; be a boundary line
of the patch Q; and ulg, € HP(Qy) for some integer py. In the non-parametric setting of
[6, 7, 24], several arguments in the proof for the optimal approximation order employ trace
theorems of the form

ou

uly, € Hpk+1/2(71), 8_1/1 € Hpk_l/2(71)~
i

Here, v; denotes the outer normal of Q; on ;. The trace theorem is valid in this form, if
v; is supposed to be smooth (in fact, it is a straight line in [6, 7, 24]). However, in the IGA
setting y; is a NURBS curve of degree p; with interior knots, and its smoothness at these
knots can degrade as much as continuity being the only remaining assumption. The method
of “bent Sobolev spaces” was introduced in [3, 4] in order to remedy this defect. We add
some missing pieces which are essential for an application of these results to the IGA mortar
method. First, a careful analysis of the traces u|,, and Vu|y; with respect to non-smooth
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curves vy; is performed using results from [19]. Secondly, a result of super-approximation is
given in Theorem 7.6 in order to obtain non-integer approximation orders

. 1/2
inf [lu = vllyi < CRY

veWis ||u||Hpk+1(Qk),

where W, is the trace space on y; of the discretization subspace Xj . Finally, and most
importantly, in spite of the fact that the pullback of M g ; on the parameter domain contains
all polynomials of degree p; — 1, the optimal rate

inf
1
HEM, |

-1/2
< CH 2 ull g

Vi Ly

is not always obtained. This leads to a defect of the overall approximation order of the
discrete solution which is induced by a defect of the consistency error. We provide a simple
extra condition on the discretization (see Assumption 4) and prove in Proposition 7.11, that
the optimal rate is obtained under this assumption.

. The formulation of the mortar method as a saddle point problem involves Lagrange multiplier
spaces M, for the representation of weak continuity conditions across the interfaces y; of the
domain decomposition. In order to achieve the optimal approximation order of the mortar
method, a good choice for Mj,; is the pushforward of the polynomial spline space of the
same degree as X, if y; is an edge of the patch €, and with suitable modifications at both
endpoints of y;, see [12, Section 4.3]. It is only a conjecture in [12] that this choice justifies
a uniform infsup-condition. In Section 4.2 we define a spline space M Ii,l of the same degree
with another type of endpoint modifications, for which we provide the analytical proof of the
infsup-inequality in Section 6. As a side-effect of the new definition of the space of Lagrange
multipliers, we show in Section 8 that the sparsity of the mass matrix is increased slightly.

. In the geometrically conforming case, yx; = dQk N 9 is either empty, a vertex or a
full edge of both patches. In engineering applications of CAD-tools, the decomposition
of Q can often be geometrically non-conforming and includes T-intersections of the patch
boundaries. The setting in [2, 12, 15, 17, 16] allows certain types of T-intersections, but
excludes configurations of staircase type, where yy; is neither an edge of ) nor of €;. We
provide an adaptation of the discrete spaces Xj and allow full flexibility of designing the
multi-patch layout of the geometry.

In order to keep the overhead of notations small, we present our analytical results about
the infsup-condition and the a-priori error estimates for a simple class of second order elliptic
problems. We proceed to more elaborate models in elasticity in our numerical experiments in
Section 9. The scope of applications of the IGA mortar method has recently been extended to a
class of contact problems in [1, 20, 22], and the infsup-condition and the a-priori error estimates
by [12] provided the theoretical foundation. We believe that our results in Sections 6 and 7 will be
valuable ingredients for further developments in this direction.
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We begin with the elliptic problem
—div(aVu)+Bu=f in Q
on a Lipschitz domain Q ¢ R? with boundary conditions

ou

ulr, =0 a—
b v|p
N

:g’

where I'p has positive measure and I'y = dQ \ I'p. For its weak formulation we define H(} (&) =
{v e H(Q) : v|r, = 0} and the bilinear form

a(u,v) = /(a/Vu - Vo + Buv) dx, u,v € H&D(Q). (1)
Q

We assume that a is a uniformly positive definite matrix with entries @;; € L*(2) and 8 € L¥(Q)
is nonnegative. Then the bilinear form a is coercive. In the weak formulation, we look for
u € Hy () such that

a(u,v):/fvdx+/ guds forall ve Hy,(Q). ()
Q Iy ’

We often use Sobolev spaces H*(Q) with smoothness order s > 0 which is not always an integer.
The norm and semi-norm are denoted as usual by ||v]|;o and |v]s 0.

We end the introduction by a short outline of our work. We repeat from [12] the geometric
description and the general setting of the weak formulation as a saddle point problem in Sections
2 and 3. Section 4 gives the definitions of the discrete spaces Xj and the new spaces M}l of
Lagrange multipliers. Sections 5 and 6 deal with the L?-stability of the mortar projection and the
uniform infsup-inequality. Section 7 provides a detailed analysis of the approximation order of the
discrete solution. In Section 8 we give some information about the implementation, with special
emphasis on the mass matrix, and Section 9 provides several numerical results for the Poisson
problem and for elasticity problems.

2. NURBS description of the geometry

The geometrical setting is formulated as in [12]. In order to fix the notations, we repeat some
of the material in the referenced article.

Let Qi,...,Q c R? define a nonoverlapping decomposition of the domain Q by curvilinear
quadrilaterals (patches), i.e.

K
ﬁ:UEk’ QN =0fork +1.
k=1

The decomposition may be geometrically non-conforming, as we allow T-intersections at the
boundaries of the patches. A sketch of such decomposition is given in Fig. 1.
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Figure 1: Decomposition of domains

Each patch € is parameterized by a homeomorphism Fy : Q = [0,1]> — Q; which is
bi-Lipschitz. Throughout this article, Fy is a bivariate NURBS parameterization

Fi6.6) = ) Culliién&),  (.6) e Q=101 (3)

icly

where (]\Afk,i)ielk is the family of NURBS basis functions of degree p; with respect to the bivariate
knot sequence

I

=2 xE% cQ

and with positive weights {wy, i € I }. More specifically, Ny is defined by

weiB(€1,6)

Nii(€1,6) = e

Dr(é1,6) = Y wiBli(E,6), “)

iely

where (Ei’; )ier, is the basis of tensor-product B-splines of polynomial degree py in both coordinate
directions. We assume throughout this article that all knot sequences are open; i.e., the first and
last knot have multiplicity py + 1.

For 1 < j,k < K, k # j, we define the interface yj; as the interior of the intersection
Yk = 0Q; N 0Q. We consider only those pairs (j, k) with non-empty 7y;; and renumber the
interfaces as y;, [ = 1,...,L. For each interface y;, we choose one of the adjacent patches as
master cell Q,,;) and the other one as slave cell Q(;), so thaty; = §€,,,;) N 0€(;). This assignment
allows an arbitrary choice for each interface, i.e. i can be a master cell for one of its boundary
lines and a slave cell for another boundary line. We define y; = Fs‘(ll)(yl) and use the notation
F; := Fy(l, for the parameterization of the interface.

Remark 2.1. In a geometrically conforming case, every interface y; is a full edge of ;) and €,,(;).
Its pre-image under F(; is a boundary line

’5\/1 = (0’ 1) X {0}7 (O’ 1) X {1}’ {0} X (0’ 1)’ or {1} X (O’ 1)’ (5)
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of Q. Without causing confusion, we drop the irrelevant dimension and use ¥; = (0, 1).
For a geometrically non-conforming decomposition we allow T-intersections of the interfaces
and consider the following two scenarios in parallel.

NC1 The interface y; is a full edge of the slave patch Q). As before, ; is as in (5) and we
use the abbreviated form §; = (0,1). This restriction on the choice of the master/slave
correspondence was used in [12]. It limits the applicability of the mortar method since
staircase patch topologies cannot be treated.

NC2 There is no geometrical restriction on the choice of the master/slave correspondence. Then
we introduce a C-line as an extension of the ending interface of a T-intersection into the
adjacent patch Q. This is done by inserting a knot ¢ of multiplicity p; (or increasing the
multiplicity of an existent knot to py) into the relevant knot sequence Eg) or Ef). It does not

change the patch geometry, but affects the initial parameterization Fj by using a larger set

of NURBS basis functions. The immediate effect on the discrete space X is equivalent to
splitting the patch Q along the line F¢ (¢, ) (or F(¢,{)), t € [0, 1], and connecting the control
points by shared degrees of freedom. By doing so, we get a setting where only geometrical
conforming cases are present. Full flexibility in the choice of the master/slave correspondence
is obtained and all forms of multi-patch layouts can be computed. This extension leads to the
additional element lines visible in Figures 10 and 25. It is important to note that the required
refinement does not propagate to further patches. After this initial modification has been
done for all T-intersections, each interface y; = Fj(7;) is a parameterized NURBS curve with
an open knot sequence @; C 9; = [€1.1,€12] € [0,1], and &1, are the parameter values of
the endpoints of y;.

To unify our notations, we let &1 = 0 and &, = 1 in the geometrically conforming case and NC1;
then 9; = (£1,1,&12) is valid for all cases.

The trace on y; of the NURBS basis functions of the slave cell Q) are univariate NURBS
basis functions of degree g; := py) on the interval [&1,&2]. In the geometrically conforming case
or for NC1, the correspoinding knot sequence ©; is one of the four sets

(1) (1) e e
B X A0 Efy x {1}, {0} xE;, {1} xEg.

Again, we suppress the obsolete dimension and use ®; as an open knot sequence on [0, 1],
O ={0=011="-=01411 <O1g+2 < <O <Os1 =+ =O1p1q1 = 1}.

The parameter n; denotes the dimension of the initial NURBS space for the parameterization
F; : (0,1) — ;. With the corresponding subset of weigths w;; = wy)i, 1 < i < ny, along this
interface, the univariate NURBS basis functions on y; are

wy; Bl'(£)

Ni(é) = 5E)

O = Y wyBli©.  geloll. (©6)
j=1
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Here we denote by qu the univariate B-splines of degree ¢g; with knot sequence ®;. For the
nonconforming geometry NC2, the open knot sequence ©; has endpoints 8,1 = &1 and 014,41 =
&2 of multiplicity g; + 1. Only a subset of the NURBS basis functions of the patch ;) have
nonzero trace on 7; in this case.

The same consideration leads to the univariate NURBS basis functions N " of degree py,(;) with
respect to the master cell ,,;). The extra superscript m is used here in order to point out the role
of the master cell.

The standard inner product on y; is given by

[was= [worm@©om@n@de  woe Lo
Yi Vi

where 7; = |F/| is the length of the tangent vector of ;. For later use, we also define the weighted
inner product
(u,0)p, = / puv ds
Vi
~2

with a positive weight function p; with 0 < ¢ < p; < C. We will often choose p; = uT)—l o F and
then obtain

(u,0),, = / () (w0 F)(E) (v 0 F)(E) de. ™
Yi

The inner products are defined for pairs u,v € L*(y;), or for u € H'/*(y;) and v € (H'/*(y,))’. The
induced norm is equivalent to the standard L2-norm on 7;.

We make the following assumption on the parameterization which is essential for our method.

Assumption 1. The geometry is waterproof; i.e. the mapping F};} o Fyq) : — (0,1) for
"switching the sides" at an interface y; is well-defined.

Remark 2.2. The methods proposed in this paper can also be used for non-waterproof geometries,
whereby from the mathematical point of view a variational crime is committed. This results in an
additional error which does not vanish in the fine limit. However, as shown in [12], the mortar
method is robust with respect to these kinds of non-matching interfaces and sufficient accuracy for
engineering applications is obtained.

3. Weak formulation of the saddle point problem

The natural function space used in mixed finite element methods for the Dirichlet problem is
the direct product

X ={velL*Q): v =vlg, € H(Q), vkIrpnoa, = 0}
endowed with the norm

% 1/2
2
lollx = (Z ||vk||mk) :
k=1
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The bilinear form a in (1) is canonically extended to X X X by

K
a(u,v) = Z ; (aVu - Vo + Buv) dx.
k= k

The continuity and coercivity of this extension of a are obvious.
Clearly, X is not a subspace of Hé p(€2). For the formulation of weak continuity conditions on
every interface y;, we define the space of Lagrange multipliers

L
M = {w =) e | [H'Pn)) : 3g € Ho(div, Q) such that y; = g w},
=1

where v; denotes the outer normal of Q) along ;. With the notation [v]; = (vs¢) = Vm))ly, for
the jump of v € X across vy;, and with the weighted inner product (7), we define the bilinear form

L
bp: XXM =R, by(o,y) = Y (0], )
=1

~2
with weight functions p; = u;—; oF l_l. Based on the fact that

V={veX:by(v,y)=0forally € M} = HOI’D(Q),

the weak solution of (2) is obtained from the solution of the following saddle point problem: Find
(u,A) € X X M such that

a(u,v) + b,(v,4) = /va dx + fFN guds, v e X,

by(u, p) = 0, ueM. ©)

This problem has a unique solution (#,4) € X X M, whose first component u € V satisfies (2).
The second component A € M represents the (weighted) normal flux. Due to the presence of the
weight p; in (9), its component A; € (H'/%(y;)Y is

a Ou

A (10)

= /Tl 6_W.
The usual stability analysis provides the upper bound
lulle + Al < CAIf 2@ + Igllz2ry))-

The reason why we use a weighted inner product instead of the standard inner product of L?(y;)
will become clear when we consider the numerical computation of the mass matrix in 8.



4. Discretization of the saddle point problem using NURBS and B-splines

The discretization of the saddle point problem is obtained by choosing a suitable pair of finite-
dimensional spaces X;, ¢ X and M} c M, where the subscript i represents a vector i = (hy)k=1,. x
for the spatial resolutions on the patches Q. The mixed method for the solution of (9) is formulated
as follows: Find (up, ) € Xp X My, such that

a(up,v) + by(v, ) = fQ fodx + /FN guds forall v € X,

11
by(up, 1) =0 forall u € M. (D

The solution space for uy, will be denoted by
Vi={v € X, : bp(v,u) = O forall u € My}. (12)

If the weak solution u of (2) is locally smooth, i.e. u € Hé p(Q)N Hszl HPHL(Qy), we look for
error estimates of the form

2
e = wnll3 + 14 = 4l 1 < € § B (13)
k=

Here we use the mesh-dependent norm on M), as in [11, 24]

I 1/2
“/"”U’,h = (Z hs_(%rlllu”izb,l)) (14)
/=1

with o0 = —1/2. In this article, we follow [12] for the definition of the space X}, but we propose an
alternative space M}, of Lagrange multipliers.

4.1. The space X}, defined by NURBS

The initial knot sequences E; C [0, 1]? were used for the parameterizations Fy : [0,1]* — Q¢
of the patches Q. (In a geometrically non-conforming case NC2 of Remark 2.1, we assume that
the knots &1, &> are already existent with multiplicity p; in & H( ) or ~§< ), respectively.) The finite
element discretization uses refined knot sequences on each patch independently. Every refined

knot sequence Ejx = Eglll)( X :;2]1 c [0,1]? defines a grid of two open knot sequences with knots

f;l’]z L1 <)< n() + pr + 1 and r = 1,2. The numbers Ell)c r = 1,2, denote the dimension of
the space of univariate NURBS with knots J’I){. To ensure that all NURBS basis functions are
continuous in the patch Qy, we require that all knots in (0, 1) have at most multiplicity py, i.e.

(r) (r) (r) _ )
h é:hk,i+pk T Shkj > 0’ r = 1,2, 2<i< nhk

The representative mesh-size hy for € is defined as

hx := max max hg(rl) (15)
r=12a<i<n)

The following terminology for knot sequences will be useful.
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Definition 4.1. Let ®; be a family of open knot sequences with first and last knot of multiplicity
p + 1. This family is called locally quasi-uniform of order p, if there exist 0 < ¢; < ¢, such that

for all &

Oni+p — Oni
o< —2P M < 2<i<n,-l. (16)
Onjrp+1 — Onjr1

It is called quasi-uniform of order p, if there exist 0 < ¢; < ¢, such that for all &

9 . — 9 .
o< P TIOM  2<ij < 17)
Onj+p = On
A family of bivariate knot sequences E; = :(1) X X 1(2) is called shape-regular, if the ratio of
the diameter and the smallest edge of every rectangle deﬁned by the distinct knots is uniformly

bounded.

The bivariate NURBS function Nhk, with knots E,x c [0, 1]2 are defined as in (4), where
tensor-product B-splines Bp * . with respect to the refined knot sequence E;; are inserted and
the weight vector (wpxj) is obtalned from the initial weights (wg ;) by “knot insertion”; i.e., the

denominator
N HPk _ HPk
Wi = E wiiB; = E WhkiB) ;

icl; iEIh’k
remains the same before and after the refinement. The span of all ]\Afh,k,i is denoted by )A(h,k, its
counterpart on Q; = Fy([0, 1]?) is
Xng = {00 o F' 2 0 € K}

Finally, we let

K

Xp = l_[ Xnk N H&D(Q)

k=1
Our assumptions about the knots guarantee that X;,; ¢ C(€;), so that X;, C X.
Remark 4.2. The parameters e ; are also useful for inverse inequalities of functions & € Xj,x. They

replace the single stepsizes Wthh are often used for piecewise linear finite elements.

For each interface y;, we let ®y; be the refined knot sequence on the parameter interval

T = [&11,€12]5 1., Oy = Egll)(l) or :El )(l) in the geometrically conforming case and in case NC1 of
Remark 2.1, whereas @, is only the part :2 r) o) N [&11,&12] and the multiplicity of both endpoints is
raised to py;) + 1. We also let g; := py() and denote by 7y, the number of NURBS basis functions

with knots ®,;. Following Brivadis et al. [12], we define the trace spaces
Whi = Xnsobys Whao = Waa 0 Hy(y)
and their counterparts on y; given by
Wiy = span(Ny ;31 < j < npy), Wi = span(Np;32 < j < npy — 1).

Note that all linear combinations y = Z;”;i cj]\Afh,l, ; satisfy the endpoint interpolation conditions
y(&1,1) = c1 and y(&;2) = ¢y, ;-
10



4.2. The space M}, defined by B-splines

The definition of the space M), of Lagrange multipliers is based on the space of polynomial
splines of degree ¢,
SU(@y,) = span(ézllj 21 < j < npy).

We provide some information about B-splines which is essential in the sequel. Let us drop the
indices h,[ for a moment. The fundamental stability result for B-splines [13] states that there is a
constant x, > 0 such that for arbitrary coefficients c¢; € R the following inequality holds:

2
0; —-0;
- -12 5 +g+1
kP <D e B < el k= %. (18)
j J LZ(R) ]
The constant «, does not depend on ©® and is called the condition number of B-splines of degree

q- Another well-known result for B-splines is the recurrence relation for derivatives

A q Aag—1 q ~Ag—1
BYY=—-=* B9 - — 1 B 19
) = =6 " G =6y 4

Combined with (18), the inverse estimate

19l 2y < 2 +Ja(q + Dicghmb 161l (20)

follows easily for all 0 € S4 (®), where hyin = min;(6;4, — 6;) > 0 is assumed.

We now return to our notations for $% (®n). The spline space with homogeneous boundary
conditions is
S (©n1) = S (Ony) N Hy(91).

The orthogonal projection onto §%(®j,) is denoted by
Phy s LP(71) — $%(@p), (f = Praf)0rdé =0 forall o €S8%(@p). (1)
Vi
Another important operator is the local spline projector from [21, Section 4.6]

Nyl

[y L) = 8%©pg),  Ta(f) = Z A(f)By ., (22)
i1

where the linear functionals A; = A, ; only take values of f in the interval [0}, j,60,+¢,+1] Which
is the support of BZ’U. The corresponding operator on the physical domain is defined by

1 . R _
Iy, : LA (y) — Wy, Iy f = (51 Ly (d; (f © Fl))) o i (23)

The following approximation properties of IT;; are known from [21, Section 6.5] and summarized
in [4, Lemma 4.3].
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Proposition 4.3. Let ©); C )71 be an open knot sequence, I; = (011, 6n1i+1) a non-empty interval
and _
Ini = Onti—q; Oniivq+1) (24)

the associated “support extension”. There exists C > 0 depending only on q, such that
1f = TP,y < CURL | flysg,,y forevery f € H G, O<s<q+1. (29

If ®y, is locally quasi-uniform of order q;, there is C > 0 depending only on q; and the constants
c1, 2 in Definition 4.1, such that

f =Tty < OVl | flysp,,y forevery f € H), 1<s < qi+1. (26)

Remark 4.4. The second result in [4, Lemma 4.3] is for semi-norms of order 1 < » < s and for
locally quasi-uniform knot sequences, which means that adjacent non-empty knot intervals have
comparable lengths. The proof in [4] uses an inverse inequality for splines. The weaker assumption

of local quasi-uniformity of order g; is sufficient for the error estimate in the H'-semi-norm.

We describe in more detail the choice of two suitable subspaces M ,’l , C Sa (®,) of Lagrange
multipliers of dimension np; — 2, with upper index # = 0 or ¢ = 1 denoting the chosen alternative.
The subspaces on the physical domain are then obtained as

My, = {@p ) o s fu € Mgy} € W, 27)

The definition for ¢+ = 0 follows Brivadis et al. [12, page 305] and describes the “p/p setting
with boundary modification.” The space
i

N A d A
My, = {p e $%(©n) : gen €)= 0for& =0and £ =1} c (@) (28)

contains all splines in §%(®;;) whose polynomial pieces in the first and last knot intervals
(€11, On1q42)s (Oniny,»&12) have degree at most ¢; — 1. (This is also a common choice for Lagrange
multipliers in FEM discretizations.) We summarize the results in [12].

Proposition 4.5. Let g = gy and n = ny; > q; + 2.

(a) The space M,? ; has dimension n — 2 and a basis with local support

A0 _pa A4 P4 . _
Hj = Bh,l,j PiBy =By 2<jsn-1,
where . .
o = aga By (611) . aga B, (&12)
J T AT pd o Y = a0
ag By (€1 g7 B, (&12)

In particular, pj =0 for j > g+2ando; =0forj <n-gq-1.

(b) M}? ; contains all polynomials of degree g — 1.
12



The authors in [12] explain that the discrete infsup-condition

J o
inf sup — — >c>0, (29)
feMy €89 (©y,.)) ||U||L2(yl) | allLa50)

has not been proved yet. They provide numerical evidence for its validity.

Next we define the space M I c Su (®,), which is very similar to MO and for which we
can prove the infsup-condition analytlcally Roughly speaking, we choose a space with the same
dimension nj; — 2 containing all polynomials of degree g; — 1, but with different modifications
near the endpoints of ¥;. For this purpose, we use the B-spline B ql of double degree 2¢q;, which
is defined with respect to the knot sequence ® = ®;; whose ﬁrst and last knot have multiplicity

q; + 1. Note that B> has vanishing function values and derivatives up to order ¢; — 1 at both

$241
hlnn1—q

hll
endpoints. The same is true for B

B-splines in (19) and define

- We employ the recurrence relation for derivatives of

q1+1

qi
5o B A
én,l _dgcu B, = E @B, (30)

where the coeflicients a; # 0, 1 < j < ¢g; + 1, can be easily computed via (19). (In fact, a;’s
alternate in sign.) Likewise, near the other endpoint & = 1 and with n = ny;, we define

d? AZ‘]Z R4
€hi2 = de By - - Z IBJBhl,j GD
Jj=n-q

with nonzero coeflicients §;, n — g; < j < n. We assume, as in Proposition 4.5, that there is at
least one interior knot, so n = nj; > g; + 2 and the functions é;;;1 and é;,;, satisfy the boundary

conditions ) -
Shi1(E11) = Shi2 fi2) =1, eng1(&12) = éna(&r1) = 0. (32)
(03] ﬁn

In particular, both functions are linearly independent. Their supports are

supp €11 = [€11,0n124,+2] Supp €n12 = [Onin-g;» 121 (33)

The space
Eé,z := span(éy,1,€n,2) (34)

of dimension 2 plays a prominent role in our construction. We define the orthogonal projection
PE;L: cL2(9) — Eé’l. An orthogonal basis of Eé’l is given by the two splines é,,; and

(Chizsenin) 2, .
énl.1s

eni2 = 8ni2 — T
Cnit>n1)2(s)
by the Gram-Schmidt orthogonalization procedure. Note that for n = nj,; > 3g; + 2, the supports
of éj,;1 and €, do not overlap, so €2 = ép12.

We are now ready to define the spaces M é ; as an alternative choice for the Lagrange multipliers.

13



Proposition 4.6. Let ¢ = q;, n = np; and assume n > q + 2. Then M/il is the orthogonal

complement ofE}ll in §$9(0y,); ie.
M, = (id - Pg1 [)(Sq(@h,l))-

(a) M gl has dimension n — 2 and a basis with local support

A1 s hq _ pq N ~ .
fy,; = (d - PE;M)(BhJ,j) =B, = Pjlhil = Tj€ni2s, 2<j<n-1, (35)
where Aq Aq
<Bh,l,j’ eni1) 23 <Bh,l, i€ nI2)12(3)
Pj= 7% P > T = = .
(€nt1s8ni1) 2 (€ni2-€ni2) o)

In particular, pj =0 for j > 2g+2and o; =0for j <n—-2q - 1.
(b) M 2 ; contains all polynomials of degree g — 1.

Proof. We can drop the indices 4 and [ without causing confusion. We already observed that !
has dimension 2, and consequently M' has dimension n — 2. Moreover, by their definition, all
splines /1! in (35) are orthogonal to £, so they are elements of M!. Their linear independence is
shown as follows. The identity

n—1

n—1
0= ZCjﬁjl- = (id—PEl) ch'é?

J=2 Jj=2
for some (cy, . .., cu_1) € R"2 implies that
n—1
o hq A1 A A
y = cjB; € E’ = span(éy, é3).
j=2

This spline y has boundary values y(¢,1) = y(£12) = 0, because all B-splines BY in the sum vanish
at both endpoints of ;. By (32) it follows that y = 0, and by the linear independence of the
B-splines, it follows further that all coefficients cj, 2 < j < n — 2, must vanish. Therefore, the
splines 1,2 < j < n—1,in (35) are a basis of M". Their local support and the zero-values for the
coefficients p;,o; are simple consequences of the support properties in (33).

For part (b), it is sufficient to prove that every polynomial g of degree ¢ — 1 is orthogonal to
both basis elements é}, Jj = 1,2. Since the B-spline E%q of double degree has vanishing function
values and derivatives up to order g — 1 at both endpoints of y;, integration by parts gives

A d? R
L 0 de = (1) /y OB O =0

Analogously, the orthogonality of § and é; follows. O
14



Remark 4.7. The effect of choosing E é ; as the orthogonal complement of the Lagrange multiplier

space M ,11 can be further explained as follows. Consider a function v;, € V}, in the discrete solution
space. By the definition of V}, in (12), the jump

[vall = Vhs)ly, = Vam@) by,
satisfies

Lonli e = / by ([onls © ) fy d = 0
Yi

for all f; € M,ll. In other words, with the orthogonal projection 13;,’1 onto §% (®5,) and with
W1(ps)ly, © F1) € 8% (@®y,), we have

Py (dr ([vals © F)) = iy (ops0y © F1) = Prg (@1 (opmey © F)) € By (36)

Note that all functions in £ é’l have support in [&11, 0,124,421 Y [Onin;, ,—q;»&12]- Therefore, we have

vnst) © Fi(€) = Py (D1 onmay © F)) (€) forall € € [0ning+2,Onim—q)]-

w(€)

In particular, if the two discretizations of y; as a boundary line of ;) and ,,,;) coincide (the fully
conforming case), then the orthogonal projection has no effect at all and we obtain

Uns(t) © FI(&) = vpmy o F1(&) Torall & € [0n124,42, Oniny —q - (37)

Hence, in the fully conforming case, the jump across y; of every function v;, € V}, is nonzero only in
a small neighbourhood of the endpoints of ;. This property is not valid, if the Lagrange multiplier
space M }1[ is replaced by Mg ; as proposed in [12], because the orthogonal complement E2 , of Mg ]

in the spline space has no local basis.

We next prove the following stability result for éj,; and éj;2. We drop the indices 2 and [
without causing confusion.

Lemma 4.8. Let © = {61,...,0,44+1} C 91 be an open knot sequence for splines of degree g € N
and hj := W > 0 for every 1 < j < n. Furthermore, let
1 n
5 d? n2q < pd 5 d? g pd
e = d_é:q .= ZQ’JB], €) = d_qun_q = Z ﬁ]B] (38)
Jj=1 j=n—q
For every
C1 o 2
v = e| + e (39)
arVhi  BaVhy,
we have

_ 2q
G+ D) < ol < 2( ) )@f v )

where K, is the condition number of B-splines of degree q in (18).
15



Proof. We have h; "*2 91 and 0 = = 04+1 = 0. In order to find the precise coeflicients «;,
the recurrence relatlon (19)

L T Ry D —

df 9j+m - 9j / 9j+m+1 - 9j+1 7+l

is applied for B-splines of degree m, where ¢ + 1 <m < 2g and 1 < j < 2g + 1 — m. Within this
range of indices, we have 6; = 6;,1 = 0, and therefore

min{6€;.m = 6,0j4me1 — 0j11} = O14em = 0400 = (g + 1)hy.
From here, we obtain that the coefficients a; in (38) satisfy

2q
0 < (=1 'hje; < (.q ) " - (.q )h1a1
J=1 i Oem U =1

forall 1 < j <2q+ 1. Since h; > hy, this also implies

1 1
P j-1 q)

Jj=1

where the last identity is well-known in combinatorics. The stability result in (18) is applied to

e 12pq . @j\/hj h12 g
=h B E ;
0/1’/_ 1 - 2al,/— J ]

and gives

s 1
€l i |a']|2h ( )
ay Vhy LZ(y,) AR

The same upper bound is obtained for the norm of

_1<

\/_ Therefore, by Minkowski’s inequality

for v in (39), we obtain

2q 2q
ol < (el + leal)? (q) <2 (o1 + o) (q )

and this provides the upper bound in the lemma. Furthermore, our assumption n > g + 2 and
Theorem 4.6(b) imply @, = ;1 = 0. Therefore, the first and last coefficients of the B-spline
representation of v are clhl_l/ % and o h, 1/ 2, respectively. Another application of (18) provides the
lower bound in the lemma. O

16



5. Mortar projection

In this section, we consider the space M }1 , of Lagrange multipliers for the interface y;. An

important operator for the error analysis of the discretization is the mortar projection. Its L*-
boundedness will be essential for the proof of the infsup-condition in the next section.

We define the mortar projection as in [5] with small modifications. For the interface vy;, let
Qni : L*(y1) = Wiy be given by

(f = Qi) i)y, =0 forall gy € My, (40)
The associated operator on the parameter domain is defined by
Ons - L* (1) — S8(Op), (f=Omf)dé=0 forall fyeM,,. (41)
Vi

More precisely, we have by (7) and (27)
1 A _
Onf = (51 Opi(Wy (f o Fl))) oF/ !, (42)

An important observation about M é ; was the decoupling of the endpoints of y; in (32). By using this

fact, the following simple connection between Qh,l and the orthogonal projection Py : L*(9,) —
S4(®y,) can be established. We use the basis functions &y 1, €2 of E }‘l ; and their coefficients a;
in (30) and gB; in (31).

Lemma 5.1. Let n = ny,;. For f e L23¥;) we let 8r= }Sh,lf € .SA“”(@;ZJ). Then we have

A o2 &r&)énsy  gr(&i2)énin
Onif =85~ - )
aj IBn

Proof. Since M ,1 , C 84 (@y,), the spline function & = Py, f satisfies

(43)

/(f—gf)mdgzo forall ;€ M},
,)’} gl

The orthogonality remains valid if any combination of é;;; and é;,, is added to g;. By (32) the
function g on the right-hand side of (43) satisfies homogeneous boundary conditions and

/(f—gf)mdg:o forall g € M),
»)’} 5

Clearly, it is the unique element of $%(®;,;) which combines both properties. O
We can now show the L2-boundedness of the mortar projection Qp,;.

Theorem 5.2. There is C > 0, which depends on q;, 1;, and W;, but not on the knot sequence ®y,
such that

Qw1 f N2ty < Clifllagyy forall  f € L2(y). (44)
17



Proof. Let q = g; and n = ny;. By the equivalence of the standard and the weighted L2-norms on
L?(y,), it is sufficient to prove the boundedness of Oj,; on L%(§;). Let f € L*(§;) and

n
. 5 7 -1/2 5
§r="Puf = § cih; /BZ,l,j'
j=1

By Lemma 5.1 and the endpoint conditions of the B-splines, we have

&)y 8r(&i2)hia il Calnip

Onif =8y =85 - -
an B hi/za/l hrlz/z L
The orthogonal projection gives
1872,y < 1S 1lL25)0
and Lemma 4.8 shows that
c1é cné 24\
1€h,,1 n€nl2 <[> q 2+ c2.
1/2 1/2 q 17 n
hl a hn Bn L2(9)
The stability result of (18) gives
1/2) 4 12, #
Ve + e < w8l < 1 e,
By combining these estimates, we obtain
q 1/2
NOnifllr2) < CollFllz2s,), Cqg=1+ (ZKq( q )) ; (45)

so the constant C in (44) only depends on g = g; and, by the norm equivalence, on #; and ;. O

Remark 5.3. The estimate of Theorem 5.2 immediately extends to the mesh-dependent norm (14)

L L
DTN ey < € Y h I fIR,,, = CIf1, forall  f e LX(S).
I=1 =1

Moreover, if the knot sequence Oy is quasi-uniform of order py(;), we also obtain the Hé—stability
of Qj,; by a similar argument as given in Lemma 1.3 in [24]. Indeed, for a function f € Hé (91) we
can find an approximant i € S’gl (®5,) with homogeneous boundary conditions such that

I1f = 0llz2¢5,) < Chsl flen sy 1015 < Clf ey

where the last expression denotes the Sobolev semi-norm of f and C does not depend on f. (This
is property (Sc) in [24, p.12].) By the projection property Q0 = # and an inverse inequality (here
quasi-uniformity of order p) of the knots is needed), we obtain

1O flinsy < 10ni(f = Dlens, + 0lms,) < Chs_(})”QAh,l(f_ izois) + 101,y < Cllans,)-
Furthermore, by a typical interpolation argument, we obtain that
A7 2 ; 1/2, 4
”Qh’lf”H(;éz(f/l) < C”f”H(if()A’l), f € H()O (71)
A further generalization of this result to locally quasi-uniform knot sequences is not known to us.
18



6. Discrete infsup-condition

In this section, we prove the uniform infsup-inequality for the discrete spaces X and M }1 The
method of proof is well known, see e.g. [9], and mainly based on Theorem 5.2. We include some
details as far as explicit constants are concerned. Let us first consider the corresponding spaces on
the parameter domain.

1/2
Theorem 6.1. Let 1 <[ <L, g =g;and C, = (l + (2Kq (zqq)) ) as in (45). Then

f e

—~ >
101225,

inf

up c,'. (46)
petl, seste,,) 1Al

Proof. A duality argument, the definition of Q g and (45) allow us to write

7l [, fadé - [, Onif pdé , Onif Adé
Allagy = sup —(——=C4 sup —————<C; sup ———

" ez W2y rerzy Call fllzay rer2@y) 1Qnifllra,)
forall i € M,i ;- By letting b = Q1.1 f we obtain (46). O

Remark 6.2. (i) The result of Theorem 6.1 holds for arbitrary open knot sequences ®j;. As
mentioned before, an analogous result for the Lagrange multiplier space M}? , in [12] is not
known. ’

(ii) Since the dimensions of M }1 ,and S‘g’ (®,,,) agree, the order of the spaces in the infsup-estimate
can be switched, i.e.
fde
inf sup — — >C, . a7
oSO pent, 1Al 1012

In fact, the best possible lower bound on the right-hand side of (46) and (47) is the smallest
singular value of the “mixed Gramian” ({¢;,¥));k=1,..n—2 With respect to L?-orthonormal
bases of both spaces. For more details see [14].

The observation in (47) is also useful in order to prove the following stability result for the local
basis
ﬁ;l,l,j = (I - PEA‘;III)BZ,IJ’ 2 < ] < npg — 1,

in (35).

Theorem 6.3. Let g = g and n = ny. Let k,, C, be the constants in (18) and (45). For an arbitrary
Oj+q+1-;

open knot sequence ®y; C )71 with hj = S

the following inequality holds:

> 0 forall j, and for arbitrary coefficients c; € R

2
n—1 n—1 n—1
—1 -2 2 3,—1/2 A1 2
k; C, E lcj|” < E Cth Ay < E ;=
j=2 j=2 . j=2
J J L)
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Proof. First note that for every i € $9(®y,), the function (I — Péﬁ l)ﬁ is the orthogonal projection

of b onto M ; ;- By (47) and a duality argument, it follows that for all 0 € Sg (®ny)

e j% Qb dé élﬁ(I—PE;ll)ﬁ dé )
C, 1ol = sup ——— = su T = [[(I = Pgi )oll,
sy, DAL o 2l b

where norms are taken in L(§;). We let § = ;’;; cjh;l/ 2§Z L with arbitrary coefficients ¢; € R

and obtain
n—1

1A A ~1/2 » A
C; ol < | = Py o] = |1 ey Pk < 1

j=2

Combined with (18), this gives the claim. O

The last result, in combination with the infsup-condition, shows that the block M}; of the mass
matrix with entries

R 1 q _ ~1 Hal . _
mij = <luh,l,i’Nh,l,j>Pl = / My Bh,l,j dé, 2<i,j<np-—1,
Y1

has a uniformly bounded condition number for arbitrary knot sequences. This property is the same
as the “spectral equivalence” in [24, p.13]. Note that this block is banded due to the local support
of the basis. In Section 8 we will present an even sparser block by choosing a different basis of
M}:’l. Although the new basis will have global support ¥;, the mass matrix has more zeros due to
biorthogonality.

Next we consider the infsup-condition on the physical interfaces. It is obtained from the
boundedness of the mortar projections Qj; exactly in the same way as in [24, Lemma 1.9]. The
use of the weight function p; on the interface y; affects the lower bound only slightly. From this
point on, the following assumption on the knot sequences of the discretization is required.

Assumption 2. All refinement knot sequences Z, x are quasi-uniform of order py and shape-regular
with constants independent of h.

Theorem 6.4. Assume that Assumption 2 is satisfied. Then there is ¢ > 0 depending only on all
pr and ¥y, such that
b, (v,
inf sup (0.1

e s (48)
wer! ooy Nollx Tl

Proof. We follow the proof in [24, Lemma 1.9] with minor changes caused by the parameterization.
Letu=(w:1<l<L)eM g By duality and by writing the weighted inner product (¢, i;),, as
a standard product {p;¢, ;) in L?(y;), we have

<¢’ l‘tl >pl

—-1/2
ser2om b0l gy
20
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where C; = max <<y ||1/pill depends only on the parameterizations F;. The definition of the
mortar projection in (40) and Theorem 5.2 give

€6, o] _ KOnadh.ti)pil _ C|<Qh,l¢aﬂl>pz|
1 Bll224,) Illzoeyy  — 1Qnidlliag,
with the constant C in (44). Hence, we have

<¢ ﬂl)p,

1/2
hl/ lpullz2gy,) < C1C max
||¢||L2(y,)

With the maximizing element ¢; € Wj,;0, which is normalized by hl_ ||¢l lz2¢y,) = 1, we obtain

L L
el = D allallFg, ) < (CLOP > (s b, (49)
l:l l=1

Next we let ¢; be the extension by zero to all of 0Qq). Lemma 5.1 in [8] provides us with a
function v; € X}, which is zero on all patches Q; with k # s(/) and which is an extension of é; to
QS([)’ such that

C2||¢l|| 1/2( " (50)

The constant C, depends only on the geometry of the patches Q, not on their discretization. By
Assumption 2 and an inverse inequality for ¢;, there is a constant C3 > 0 depending only on p)
such that

2 ~n2
loillia,, < Clldillrpq,,) =

g, < C2Csh; Iil1%s,,) = C2Cs. (51)
Since v; satisfies

vilg, =0 for k # s(l), vily,, =0 for | # m, (52)

the linear combination

Uy = Z<¢l,ﬂl>p1 v € Xy
1
has jumps [v,]; = (¢, t1)p, @1 for 1 < 1 < L. Therefore, we obtain

bo(vps 1) = ) (b1, 1), (53)
l

Let r; denote the number of times the patch €, is counted as a slave domain. Then the Cauchy-
Schwarz inequality and (51) and (52) imply

va,,nmk Z “lloalli,,

Z(¢l,ﬂl>,2,,||vz||12,gs(l) < 0G5 Z<¢z,m>ﬁ,
=1 =1

vl

IA

Combined with (49) and (53), this gives
loullx Nl 2n < (C2C3)'2C1C by(vy, p).
This allows us to choose ¢ = (C2C3)™V/2(C;C)~! in (48). O
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7. A priori error estimate

We let (u,1) € X X M be the solution of (9) and (uy, 1) € X, X Mé be the solution of (11).

Recall from (10) that
a Ju

ly, = oo
The restrictions to 4 and y; will be denoted by uy, ujx, and A;, Ap,, respectively. The standard
approach to estimates of the a-priori error uses the coercivity of a(v,v) on X}, and the identities (9),

(11), in order to arrive at
cillu—uplly < a(u—up,u—up)

= inf (a(u — up,u — vp) + a(u — up, vy — up))
vLEV)
= inf (a(u — up,u — vy) + bp(up — vp, A)).
vhEVR
Note that b,(uy, — vy, A4) = 0 was used here, which follows from the definition of V}, in (12). Then
the approximation error
E, = inf |lu—vsllx
v €V

and the consistency error

by(vp, A
Ej = sup bpo. 1) (54)
v eV, ”Uh”X
lead to the estimate (cf. [10])
lu —unllx < C(Eq + Ep). (55)

Because our setting differs from [24, Section 1.2], we include a step-by-step description, although
some of the arguments are similar. We believe that the results presented in [12] are incomplete
in the sense that additional requirements on the discretization are needed in order to obtain the
optimal approximation rate.

7.1. Spline approximation on interfaces

The main cause of the defect is the lack of a “standard” trace theorem for Sobolev spaces on
domains with non-smooth boundary. Note that non-smooth interfaces y; are typical for the IGA
mortar method, as soon as splines with interior knots in §; are used for the parameterizations F;.
More precisely, y; € dQ; is a C*!-curve, with k < p; — 1 depending on the maximal mulitplicity of
the interior knots of ®;. Suppose that the component u; = ul|q, of the solution (u, 1) is an element
of HP+1(€y), where Pk denotes the degree of the B-splines in the definition (3) of Fi. Then ui|,,
is an element of H**!(y,) by [19, Remark 4.3, p. 85]. However, a Sobolev space HP**1/2(y,), as
in a standard trace theorem for smooth boundaries, is not even defined.

One step towards the resolution of this defect was already described by Bazilevs et al. [3], and
used in [12]. They introduce the notion of bent Sobolev spaces on the parameter domain y; C R.
In short, by the result in [4, Lemma 4.1], the bent Sobolev space

H*(91;01) = H (91) + 8P%(Oy) (56)
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of integer order 0 < s < py + 1 is defined. The norm is the broken Sobolev norm with respect to
the knot intervals of ®;. One part of our additional work is an extension of [4, Propositions 4.3
and 4.25] to non-integer s = pi + 1/2 in Theorem 7.6. This will provide the optimal order for the
approximation error E, in Subsection 7.2.

The resolution of the defect in the upper bound for the consistency error Ej is more subtle,
as it requires an additional condition of the knot sequence ®;; which was not mentioned in [12].
Interestingly, this extra condition is only needed, if the original parameterization F; of € uses
knot sequences with multiple knots. The defect could not be observed in the numerical examples of
[12], where knot sequences with simple knots were used throughout. Nevertheless, knot sequences
with multiple knots occur in practical examples as the output of standard CAD surface models. In
Section 9 we provide numerical examples to demonstrate this defect. We show in Theorem 7.6
that the following assumptions will be sufficient in order to resolve this defect. Both Assumptions
3 and 4 are very easy to realize in numerical implementations.

Assumption 3. All interfaces y; are C!!-curves. In more detail, let 1 </ < L and k = s(I). The
interface y; = Fj(¥;) is parameterized as a NURBS curve of degree p; and with open knot sequence
®, C % The distinct knots of ©; are denoted by ¢;, with {1 = &1 and {, = & at the endpoints of
v;. We assume that the multiplicities of the interior knots ;,2 <i < N;—l,are | < k; < py — 1;
i.e., y; is px — k;-times continuously differentiable in a neighbourhood of ¢;. Consequently, y; is
differentiable on (0, 1), its tangent 7; and its unit normal v; are Lipschitz-continuous.

Remark 7.1. Note that Assumption 3 does not allow to consider interfaces y; which are only
CP-continuous, but not smooth at some knot ;. This complies with the practical experience, that
vertices on an interface y; should be treated by splitting the adjacent domains accordingly, thus
introducing an additional interface. In fact, this is incorporated in all standard CAD programs.
However, modifications by hand could possibly result in a non-smooth interface or such points may
already exist in industrial CAD files. Therefore, they should be properly treated by a patch coupling
method. If no additional interface is desired, we can keep the patch geometry, but split y; at the
relevant location into two parts y;1,y;2 and then follow the same method described in Remark 2.1
for T-intersections of type NC2. Thus our results in this section can be extended to geometries with
interfaces containing C%-points. A numerical example with this feature is presented in Section
9.1.3.

We next discuss the case when ®; contains multiple knots except for both endpoints. We define
the “augmented” knot sequence

O =0;U{¢j : kj > 2with2 < j < N; - 1}. (57)

(By definition, @7 =@ ifall §, 2 <i < N;—1, are simple knots.) Here, taking the union is

understood in the sense of ordered sets; i.e., the multiplicity of every interior knot ; is increased
by one, if £; is a multiple knot of ®;. By Assumption 3, every spline in $7*(®)") is continuous.
Assumption 4. With the same notations as in Assumption 3, we assume that @y is a refinement
of ©;.
The following observations provide more insight concerning Assumption 3 and the definition
of ®;.
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Proposition 7.2. let 1 <[ < L, k = s(I) and @; be the denominator of F; in (6). Assume that
uy € HP1(Qy). Then

1 (g 0 Fy) € H'(91) 0 HP(71,01) = HP*(71) + 57(O)). (58)
If Oy satisfies Assumption 3 and the factor « in (1) is in CP*~"1(Qy), then

y (4 o Fy) = % (@o Fy) (Vu-v) o F) e H ' (§;07) = H* (§) + $P(@F). (59

Proof. Lett =t (ux o Fy) and y = tb; (A; o F}). The standard trace theorem gives r € HP**1/2(I;)
for all I; = (&, {i+1), because @, and F; are smooth (and even analytic) functions on /;. At each
interior knot £; of @y, the left-sided and right-sided derivatives D’ t(¢;) and D’.¢({;) agree for all
0 < j < px — ki, where kx; > 1 is the multiplicity of ¢ in ®;. (This is the precise smoothness
property of the parameterization F; at {;.) Hence, the condition t € HP*(y;,®;), written in terms
of the definition of bent Sobolev spaces in [4, Eq. (4.1)] as

Dit(g) = Dii(g) forall 0<j < min{px — & pr — 1},

is satisfied.

In a similar way, because Vu € (HP¢(€;))? and all other constituents of A; are in CP*~b1(I;), we
have y € HP<~1/2([;) for all i. Moreover, since the tangent and normal vectors of y; are included in
the definition of y, the smoothness across ¢; is reduced by 1 and satisfies

Diy(G) = Dly() forall 0<j<px—x—1. (60)

If k; > 2, then the multiplicity of {; in ©] is k" = k; + 1, otherwise «;" = k; = 1. The smoothness
condition for f € ‘H”k‘l()?;,@;f) in [4, Eq. (4.1)] reads as

D! f(&)=DLf(&) forall 0<j<min{p;—«",pi —2}.

Hence, by (60) we have y € wpk-l(«y,,(a;). |
Remark 7.3. The result of [4, Lemma 4.1] provides linear projectors
[ HP (53 0) = $7(Or), o HP'(9;0]) — $7(6)), (61)
such that
f-T1f € H*(9;), DPKIf|;)=0 forall 1 <i<N; -1,
and

f-Tof e H*"Y($;)), DP-YTpf];)=0 forall 1 <i<N;—1.

The splines I'; f and I'; f are defined in order to “swallow up” all jumps of derivatives of f at the
knots ¢;.

Remark 7.4. For further clarification of Assumption 4, we mention that A; o F; falls short of the
smoothness requirements for the bent Sobolev space H?*~(§;,®,), if ®; contains multiple knots
i, 2 <i < Nj — 1. Therefore, the order of approximation by splines in $P*(®;,;) may be deficient
if ®p; does not satisfy Assumption 4. This defect will carry over to the consistency error Ep,.
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The method in [3, 4] provides the following error estimates. We use the notations Ij,; =
(On1,0n1i+1) for non-empty knot intervals associated with @y, and In; = (On1i—py Ontispp+1)
for the support extensions. Here we use the convention that i — p;y < 0 is substituted by 1 and

i+pr+1>ny;+ pr +2is substituted by np; + pix + 1. The following result combines Proposition
7.2 with [4, Propositions 4.3 and 4.25].

Proposition 7.5. Let 1 < | < L, k = s(I) and W; be the denominator of F;. Assume that

ulo, € HPHQy), a € CPe=bl(Qy), Oy satisfies Assumption 3 and O, satisfies Assumption 2.

(a) There exists a constant C > 0 depending only on py and ¥} such that the local spline
projector I : L*(0,1) — SPx(®y,) satisfies

1D (id = Ty ek © Fllan,y < Mgl Ndy uk © Filyg, o 7 =01 (62)

(b) If, in addition, Oy, satisfies Assumption 4, there exists a constant C > 0 depending only on
Pk, @ and Fy such that

Il = T1,) (@1 41 © F)llaqr, ) < ClnalP* ™" |1 A1 0 il - (63)

(Ini)*
Here we use the semi-norm defined by

i+pk ]/2

_ ) 112
|f|¢{5(ﬂ,i) - Z ||f(b)”Lz(eh,l,jaeh,l,jﬂ)

J=i=Pi
Without change, we can replace the local spline projector in (62) by the projector ﬁh,l in [4, Eq.
(2.29)] to match the boundary values of W; uyx o Fy at &€ = &1 and & = &».

The results in Proposition 7.5 are valid under milder conditions than Assumption 2. Instead
of quasi-uniform knot sequences @, we can also allow locally quasi-uniform sequences, see [4,
Assumption 2.1] for more details.

Based on Assumption 2, we can replace |7h,,-| in (62) and (63) by Chy with C depending
on pr. Optimal estimates of the approximation error and the consistency error require an extra
factor h;{/ % in both relations (62) and (63). This will be obtained by performing an analysis of
super-convergence similar to the techniques in [23].

Theorem 7.6. Let the assumptions of Proposition 7.5 be satisfied.

(a) There exists a constant C > 0 depending only on py and Fy, such that the local spline
projector 1,5 : L*(§1) — SPx(@y,) satisfies

1D7(id — Tl )@y ug © F)llzazy < CHP P lullpmen - G =01 (64)

(b) If, in addition, ®; satisfies Assumption 4, there exists a constant C > 0 depending only on
Pk, @ and Fy such that

IGid = T1,)(@1 s 0 F)lliycpp < CHT? el e+, - (65)
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The same estimates are valid for the projector ﬁh,l matching the boundary values at ¢ = &1 and

&=¢&.

Proof. (a) Let t = t;(uy o F;). We explained in the proof of Proposition 7.2 that r € HP**1/2(I;),
where I; = (£;, {;+1) is a knot-interval of the initial knot sequence @;. Let I'jz € $P¢(©;) c 8P¢(©y,)
be the spline in Remark 7.3 such that

t—Tit € HP*(9;) and DP¥(Tyt|;,) = 0. (66)
In the main part of the proof, we split
t-Tit=t1 +t
into two parts, where
1 € HPH2(g),

e 1, € §P(@)) is a spline of degree p; with simple knots ¢, so
( )Pk
b(£) = Z i 2 f’ (67)

Let Fi = (Fi1,F12) : 91 — R? be the parameterization of vy; inherited from Fy. In order to
define #; and #,, we start from ¢t — Iyt € HP*(y;) and consider the expansion of DP¥(t — I'1t) by
means of Leibniz’ and Faa di Bruno’s formulas. By collecting all terms with partial derivatives of
uy of order py, we obtain

=i Y (F ) (FL)® (D) o . (68)

ritr=pg

By Assumption 3, all factors &;(F; )" (F],)"™ are in C%!(9;). Combined with D"y € H'(Qy),
the trace theorem in [19, Theorem 5 5, p. 95] gives

e H2@0), Inlpegy < C ) I(D"2uw) o Filpieg, < Clullyneg,). (69
I +r2=pj

The constant C depends only on py, w;, F; and Q, so on Fy, after all.

All other terms of DPk(t — I'jt) contain partial derivatives of u; of order less than or equal to
pr — 1 and derivatives of @y, Fy 1, Fi» up to order pi. Therefore, by u; € Hpk”(Qk) and the trace
theorem on smooth parts of y;, we have

DPi(t -Tit)—tz € H'(I;) forevery I = (& &), (70)

with
IDP¥(t = T'1t) = B3l 1) < Cllullgoer - (71)
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The constant C depends only on py, Wy, F; and Qy, as before. Since H'(I;) is imbedded in C(I;),
the difference of one-sided limits

di = (DP*(t = I'it) = 53)(i+) — (DP*(t = T'it) = 13)(4i—) (72)
is bounded by
|di| < C(ID™ (1 = 1) = 3]l gy + I1DP(2 = Tht) = t3llmna,_y) < Cllullgren - (73)

The new constant C depends further on |I;_1| and |I;|, caused by the imbedding H' — C, but not
on hy. The numbers d; define the spline 7, in (67), which is an element of HP*(¥;). Therefore, we
have

t1 =t =Tt -t € HP*(y)).

In order to show that r; € HP<*1/2($,) holds, we write DP*f; as
DPkty = t3 + DPX(t — T'1t) — t3 — DP*t,.

The first term #3 is in H'/2(§;) by (69). By (70), the second part t4 := DP*(t — I'jt) — t3 — DP*t, has
pieces in H'(I;) and satisfies

14(Gi+) — t4(§i—) = di — d; = 0.

The continuity across all intervals implies 74 € H'/?(§;) (even t4 € H'(§;) is true), and

N-1 N-1
|l4|H1/2()71) <C Z |t4|H1/2(Ii) <C Z (|Dpk(t Iy - t3|H1/2(I,») + |Dpkt2|H1/2(]i)) .
i=1 i=1

Because DP%(t,;.) is constant, the last semi-norm vanishes. By (71) and the imbedding H'(I;) —
H'2(I;) we obtain

Ni-1

|f4|H1/2(y,) <C Z |DPE(t = Ty2) = B3l ;) < C||M||Hpk+1(gk)-
i=1

(The constant C from (71) has grown by a factor N; which is independent of /;.) Therefore, we
have shown that DP%t = 13 + t4 € H'/>(9;), and consequently 1, € HP*1/2($,) with

|1 |Hpk+l/2(§,,) < |f3|H1/2(,7,) + |f4|Hl/2(§,,) < C||M||Hpk+1(gk)-

Now we can prove (64). Since I'it,1, € Sk (@) C Sk (®,), the local spline projector in
Proposition 4.3 provides the approximation

L : . 1/2-j 1/2-j
1D (¢ = 1hat)llLyis = 1D/ (1 = Tt llzyisy < CHEHY Nl gmeirags,) < CHYET / Ml et )

forj=0andj = 1.
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(b) A similar proof is given for
N T
yi=w Aok = E(OJOFI) ((Vu-vy) o Fr)

in (65). We include the proof although many arguments are adaptations of the first part. Assump-
tion 4 guarantees that the spline I,y € S”k(@f) in Remark 7.3 is an element of $P« (®p1). The
splitting of
y-Tay=yr+y

will be constructed in a similar way as before, but the spline y, is not in $7%(®,,). Therefore,
the last step of the proof is extended and includes the consideration of the approximation of y, by
splines in SP<(®,).

We explained in the proof of Proposition 7.2 that y is a piecewise HP¢~!/?-function on the
parameter interval ;. For the splitting, we construct y; € H?~/2(9;) and a spline y, of degree

px — 1 with simple knots &,
pr—1

n(é) = Zd(f 4’)1),. (74)

For the construction of y,, and in analogy to the first part, we collect all terms of DP<~!(y — T'py)
with highest order partial derivatives of u; into

T , ,
y3 = o (o Fy) Z (F)" (F,)"™ ((D(rl,rz)Vuk) o Fl) (v; 0 F). (75)
ri+m=pr—1

By Assumption 3, all factors 7;,dy,v; o F; and (F/,)"'(F/,) are in C*!(§;). Combined with the
smoothness of @ and D"V, € H'(Qy), the trace theorem gives

v € H2G), ysluingy <C - )0 (DY) o Filyingy < Cllullgnen g,y (76)

ri+rn=pi—1

All other terms of DP*~!(y — I',y) contain partial derivatives of u; of order less than or equal to
pr — 1 and derivatives of a, 17, Wy, v; and F; up to order py — 1 as well. Therefore, by uy, € HP(Qy)
we obtain the local properties

DNy —Toy)—y3 € H'(I;) forevery I = (&, iv1), (77)
with
1D~ (y = Tay) = y3llgyy < Cllullgrisroy,)- (78)
The constant C depends on a|,, € cPe—11Fand Q. With
di = (D" 1y = Toy) = y3)(&G+) — (D Ny = Tay) — y3)(&i-) (79)

we define y; in (74). The imbedding H' — C gives

1] < CUD™ (v = Tay) = y3lliryy + 1D (0 = Toy) = vallangsy) < Cllull oy (80)
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As a spline of degree p; — 1 with simple knots, y, is an element of WP~ 1($,) ¢ HP*~1(#;). In
exactly the same way as in the first part, we can show that y; = y — Iy — y, € HP1/2($;) with

|y1 |Hpkfl/2(f,l) < C”””Hpk*l(gk)-

Hence, the local spline projector provides the approximation

lly1 — ﬁh,l)’l”Lz(;?l) < Chpk—1/2|)’1|Hpk-1/2()7A’l < Chpk_1/2||u||Hl’k+1(Qk)' 81)

Finally, we consider the approximation order of y», a spline of degree p; — 1 with simple knots ¢,
2 <i < N;—1. The local spline projector 11,; reproduces the polynomial pieces of y, everywhere
in (0, 1), except for small intervals

Jh,iC(é}—Chk,§i+Chk), 2<i<N -1.

The constant ¢ only depends on p; and the constants ¢y, ¢, of quasi-uniformity in Definition 4.1.
We assume that /1, is small enough such that these intervals are disjoint. By y, € WPx~1*($,;) and

(80) we have
N;—1

1D yallee < > Idi] < CNYllull oy -
i=2
Combined with Assumption 2, the standard error estimate for the local spline projector gives

N 1 _ ~1/2 _
ly2 = Tnyallaony < CHYEIDP ol meniven) < CHRE P17 s o

Note that the additional factor h,lc/ ? is obtained from the length of the interval ({; — chy, ; + chy).
By taking the union of all intervals J;,; we arrive at

A -1/2
ly2 = Mgyalleaiy < CN2REY lell a1 (- (82)
By combining (81) and (82) we obtain the result in (65). m|
Remark 7.7. (i) The result of Theorem 7.6(a) is also valid if k& = s(/) is replaced by m([), F; is

replaced by the restriction of F,,) to the parameter interval y; := F;lb)(yl), and the spline

space SPk(@) is replaced by S§Pmw (Onm(y), Where Oy, is the part of the knot sequence of
the NURBS parameterization F,,;) which is relevant for ;.

(ii) For smoother functions u; := ulg, € HP**3(Qy;) and @ € CPe1(Qy) we obtain better error
bounds
. A N 1
1Gd = L) (r ux © Fi)lliyz) < CRYET Nl gz gy, (83)

and
1GGd =TI (@r A1 © F)llzycsp < CHYE lleell g3y, - (84)

The proof is much simpler than the proof of Theorem 7.6. The additional smoothness yields
that 7 := i ug o Fj is in HP<+3/2(I;) and y :=w; 4; 0 Fyisin HP<+3/2([). Then we obtain the
projectors I'y into $7%(®;) and I'; into SP4(®]") from [4, Lemma 4.1] such that

t — Tyt € H**1(9)), DP*Y(Tye];) =0 forall 1 <i<Nj—1,
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Table 1: Control points for the initial interface curve with an interior knot with C'-smoothness

< 10 <1070t
= =
510 ¢ £ 10 8
g g
'? -10 ? ~10
w10 10
— p=2
—p=3
1072} —p=d 107"
— =5
....... O(h3/2)
0™ . . 10 . . -
1 0.1 0.01 0.001 1 0.1 0.01 0.001
stepsize h stepsize h
(a) L2-error when the multiplicity p — 1 of 0.5 is retained (b) L%-error when the multiplicity of 0.5 is raised to p.

Figure 2: L’-error for spline approximation of degree 2 < p < 5 of the normal derivative y = du/dv of u(x,y) =
sin 3x sin 2y on a spline curve y with C'-smoothness at knot £ = 0.5.

and
y —Thy € H*Y(§)), DP-Y(Thy|;,) =0 forall 1 <i<Nj—1.

The results in (83) and (84) follow from the standard results on spline approximation. The
complications by the split # = #; + #; in the proof of Theorem 7.6 are needed, because the
term DP¥t(4i+) — DPxt(¢;—) for the definition of I'j¢ is not always defined for t € HP<*1/2([).
The same difficulty occurs for derivatives of y of order p; — 1 and p;. The milder smoothness
assumptions in Theorem 7.6 are used in accordance with the results for optimal error bounds
in the non-IGA setting with Lagrange finite elements.

Example 7.8. We demonstrate the importance of Assumption 4, if an interface y has limited
smoothness. The function u(x,y) = sin(3x)sin(2y) is analytic on the unit square 0 < x,y < 1.
We define a curved interface with initial degree pin; = 2, knot sequence E = {0,0,0,0.5,1,1,1}
and control points as listed in Table 1. The point (x,y) = (0.5,0.5) corresponds to the parameter
& = 0.5 on the interface, where the curve has only C'-smoothness. We let y = Vu - v be the
normal derivative along y and compute the error of the L?-projector onto SP¥(®},), where @, is
a knot sequence of uniform stepsize 4 on both intervals [0,0.5] and [0.5,1]. Note that y is only
CO-continuous at & = 0.5, as a consequence of the same property of the unit normal on y. After
reparameterization of y using degree p > 2, the knot { = 1/2 has multiplicity p — 1 in accordance
with the C'-smoothness of y. The left part of Figure 2 depicts the L?-error ||y — ﬁh,lyllo,y, if
Assumption 4 is not satisfied, i.e. the multiplicity p — 1 of the knot £ = 1/2 in ®, is retained.
The approximation rate O(h3/?) is obtained for all degrees 2 < p < 5. No improvement occurs
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for higher degrees, because O(h*/?) is the optimal approximation order of functions with isolated
points of C%-continuity by C!-splines. After raising the multiplicity of the knot £ = 1/2 to p, we
see in the right part of Figure 2 that the optimal approximation order O(h”*!) is achieved for all
2<p<5s.

7.2. Approximation error

The method in [24, Section 1.2] shows how to find an optimal bound for the approximation
error E,. We consider the geometrically conforming case in Theorem 7.9 and provide the extension
to the non-conforming case without proof in Remark 7.10.

Theorem 7.9. Assume that every interface vy, is a full edge of Q) and ;). Further assume that
the weak solution u of (2) satisfies u € H'(Q) and uy, = ulo, € HP**\(Qy) forall 1 < k < K where
Dk is the degree of the NURBS parameterization of Q. If Assumptions 1-3 are satisfied, there is a
constant C depending only on the parameterizations ¥y, and the degrees py such that

K
inf — o2 < ZhZPk 2 .
UiIGIVh ||I/l Uh”X — C £ k ”uHHPk'H(Qk) (85)

Proof. We follow the method described in [24, Lemma 1.4]. Instead of writing inequalities with
explicit constants, we use the symbol < and note that the implicit constants do not depend on
h. First, we choose w;, = (wpx)1<k<k € Xj such that the functions Wy = wpi o Fi € )A(h,k are
tensorized local NURBS approximants of u; oFy with boundary conditions, see e.g. [4, Proposition
4.26]. By Assumption 3 the parameterization satisfies F; € C"!([0,1]?), and by continuity and
local smoothness of the NURBS function @, we have i, € C*([0,1]?). The error analysis in
[4, Corollary 4.21] can be adapted to the spline projector with boundary conditions, see [4, Remark
4.22]. It provides the estimate

1
llur = wiillogy + hxlur — wiklio, S B il e o)-

Moreover, for each interface y;, 1 <[ < L, and k = s([), the tensor-product approach implies that
Wik |y, is a local approximant of uy|,, and interpolates u; at both endpoints of y;, so (ux — wp)ly, €
H& (y;). We can omit the factor @; € C'([0,1]) in Theorem 7.6(a), replace the derivative in the
parameter domain by a tangential derivative on y;, and obtain

pk+1/2
hk

lluk — wiklloy, + heluk — wikly, < et | o1 (-

Standard interpolation theory of Banach spaces provides the error estimate in the Hééz—norm
_ Pk
e = wnillyir2y,) S B il o,)-
In the same way, since we restrict ourselves to the geometrically conforming case, we obtain
Pm(1)

ety = W@ g1y S oy Netm) lgomr 1y,
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Note that u;, € HP*1(Qy) c C(Qx), so we can identify ux|y; = ul,, = wmqly,. The jump

[wrli = Wakly, = Whm@)ly, = (U = Whm@)ly, — @ = wii)ly, (86)

can be non-zero, due to different refinements of the initial NURBS parameterizations Fy and F,,;).
By the interpolation conditions at the endpoints of y;, we have [w;]; € HO1 (y7) in the geometrically
conforming case and

< _ —
”[wh]l”Hééz(yl) < lu wh’k”Hééz(w) + [|u wh7m(l)||Héé2(')’l) &
Pm(l)

hik ”I/t”Hpk-H(Qk) + hm(l) ”u”HPm(l)”(Qm(I))'

A

Next we describe the construction of the approximant v, € V;,. We use the mortar projection
QO and define ¢; = Qpn ([wn])) € Wiyo. Let ¢; be the extension of ¢; to dQy by zero. Then we
choose v; € X}, which is zero in all patches Q; # € and satisfies

oo, =@ ol < 191l (59

12

We obtain from the quasi-uniformity, the H " -stability of O, in Remark 5.3 and (87) that

p
”Ullll,Qk < ”[wh]l”Hl/2( ) < hp ”u”HPk“(Qk) + hm?l(g)”uHHP’"(’)H(Qm(l))'

Finally, we define the function
L

Uh:wh—ZUl € X;,.
=1

It is an element of V},, because

[vr]i = [vili = [wpli — &1 = (I = Qno)[wrl;

Mh

j=1

for every 1 < I < L, so that the definitions (8) and (40) give b, (v, p) = O for every u € M }1 For
each k let Ly be the set of indices 1 < [ < L with Qg;) = Q. Then we obtain the error bound

e =il < llu=-willia,+ > lulhe,
lely
Pk Pk Pm(l)
s S lullgren ) +IZL (hk tllrict @y + Moy ||”||H”m<l>“(9m<z>>)‘
€Ly

Note that the cardinality of Ly is bounded by a constant which depends only on the global geometry;
in our case of 2-D tensor-product patches we have L; < 4. Therefore, summing the squared norms
leads to the result. O
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Remark 7.10. The geometrically non-conforming scenario NC1 of Remark 2.1 is treated as follows.
Let Ly € {1,...,L} be the subset of indices such that v, is a proper subset of an edge of €.
Then we cannot assume, as done in the proof of Theorem 7.9, that wy,,;) interpolates u at both
endpoints of y;. Hence, the jump [wy]; in (86) is not in Hg (y1). However, the method in [24, p.18]
describes a way how we obtain the upper bound

2pm(l)+1
hm(l )

hs)

[Juel| % : (89)

K
. 2 E 2py 2 §
— < H
virel‘f;h ”M Uh”X <C P hk ”u“HpkH(Qk) + = pm(l)+l(gm(l))

The norm of the last term can be reduced by considering the restriction of u to a strip Q c Q1)
adjacent to y; and of width A,,). For more details we refer to [24].

Things are much easier in the geometrically non-conforming scenario NC2. Recall from
Remark 2.1 that the elements of Xj; need only be continuous across the prolongations of T-
intersections from adjacent patches. Therefore, in the first step of the proof of Theorem 7.9, both
components wy ;) and wy,;) can be chosen to interpolate u at both endpoints of y;. Then we
obtain the same result as for the geometrically conforming case.

7.3. Consistency error

We follow the method in [24, Section 1.2] to find an upper bound for the consistency error Ej,.
Recall the definition of M}il c 8Pk(®y,) in Proposition 4.6 as the orthogonal complement of £ fil
in (34). The basis functions é,,;1 and éj;, of E flz,l have supports

it = (€1, Oniop+2]s ni2 = [Onin, -pe-€12]- (90)

If hy is sufficiently small, these intervals are disjoint and, more importantly, contained in the
first/last knot interval of the initial knot sequence ®;. Therefore, y; is a C®-curve in both intervals.

Proposition 7.11. Let 1 < < L and k = s(I). Assume that ulo, € HP**1(Q;), @ € Cre=1(Qy),
0, satisfies Assumption 3, and Oy satisfies Assumptions 2 and 4. Let hy > 0 be given, such that
forall h < hg the intervals J1 := Jpj1, J2 := Jny2 in (90) are contained in the first/last knot interval
of the initial knot sequence ©,. There exists a constant C > 0 depending only on py, Fy, and a|q,
such that

inf s 0 Fi = sy < CHE 2 lull o O1)

peMy
Proof. By Theorem 7.6(b), the orthogonal projection into the spline space
b= Ppy(idy Ay o F)

has the desired approximation order. Because the supports of both basis functions é;;1 and éj;2
are disjoint, the orthogonal projection

én enin

P

lﬁ:PE}lll(lDl/lloFl):dl +d2

1én1 o) léni2llryn)
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has the coefficients

1
= —/ Wy Ay o Fy éppidg,  i=1,2.
leniill,y J,

Orthogonality of é;,; to all polynomials of degree py — 1 and the Cauchy-Schwarz inequality give

|di| < inf [|&r A 0 Fy = 7 llLy7,

where the infimum is taken over all polynomials r of degree py — 1. Moreover, the parameterization
F; is smooth in both intervals J;,i = 1,2,s0 4; 0 F} € H”k‘l/z(J,-) by the trace theorem. This gives

\di| < CIJPV2[dy Ay © Fil -2y < CLIPE P ull gy -
By Assumption 2, we have |Ji| < c2(pr + 1)hg, and Minkowski’s inequality gives
n -1/2
1Pg) Dllacy < ldil + 1ol < CHY 2 lullgngos g .
The result follows with the definition of i =0 — Pz 0 € M}ll. O

Remark 7.12. It seems that the property o F; € HP<~12(9;; ©,,) was assumed, without further
notice, in the proof of [12, Theorem 5. 5] 'Our discussion at the beginning of this section makes
clear that this property is not justified by u € HP**1(Qy) and Assumption 4 should be added. We
demonstrate this effect in the examples given in Secs. 9.1.2 and 9.1.3.

The upper bound for the consistency error E is now obtained as in [24, Lemma 1.8].
Theorem 7.13. Let the assumptions of Proposition 7.11 be satisfied forall 1 < | < L; in particular,
Assumptions 1—4 are satisfied and the weak solution u € H'(Q) of (2) satisfies ulo, € HPHL(Qy)
forall k = s(l), 1 <1 < L. Let hg > 0 be given, such that for every h < hy and every interface

v1 the intervals Jy;1,Jn12 in (90) are contained in the first/last knot interval of the initial knot
sequence ©;. Then there is a constant C > O which only depends on all py and ¥y, such that

1/2
2ps(y
Z hs(l) || ||Hpv(l)+l(Q )) . (92)

Proof. For each interface vy;, we use the same notations as before and let

Uh,/l
E, = sup ——— p( )
v EVL ”vh”X

0
w—wﬂmﬁ}-l(wiﬁoﬂ. 93)
w; vy

Let v, = (vnx)1<k<k € Vi The standard computations as in (7) and the definition (12) of V), give

L

bp(om ) = ) [ (= aEii(€) [vs]; © Fi(€) dé

=1 Y%
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with arbitrary elements [i; € M ! . The Cauchy-Schwarz inequality gives

1, (o, D)2 <Z inf iy llyr = ull7, 5, th(l)le [on)s © Fill}, 5, (94)
=1

/Jl h i
For the first sum in (94), we apply the result of Proposition 7.11 and obtain
L

inf & <c S pho .
L sollyr = ail3 ), Z o 1l e g

A bound for the second sum in (94) is obtained in analogy to [11, Lemma 3.5] as

L L
; Byl [oali o FillZ, 5, < € ; (lons gy + Nonm i, ) < Cllonl-

So we have obtained the upper bound in (92). O

By combining the approximation error (85) and the consistency error (92), the inequality (55)
becomes

lu = wnll < CZ B Nl (95)
k=1

in the geometrically conforming case. If the decomposition is geometrically non-conforming (i.e.,
with T-intersections), the same result is valid for the type NC2 in Remark 2.1. For the type NCI1,
instead, the bounds (89) and (92) give
2pmyt+1
e L.
hs() HPmO™ Qo)

K
2
= wnllz < €0 ) WP Nl ) + €2 (96)
k=1 lely

7.4. Error bound for the Lagrange multiplier

The error bound for the Lagrange multiplier in (10) is given for the mesh-dependent norm
4 = Apll-1/2,- It is derived from the infsup-condition and the approximation error in the standard
way as shown in [24, p. 26]. We only describe the geometrically conforming case. For the
non-conforming situation, the same adaptation as in (89) is needed.

Theorem 7.14. With the assumptions of Theorem 7.9 we have

2
14 = 4ll2, ) < € § I Nl o, 7
k=1

where C only depends on a and all py and Fy.
Proof. The same method as in [24, p.25] leads to

4= Anllcrj2n < inf (4= pall-1jon + 140 = pall-1/2.0)

#hGM
< (llu —upllx + inf (|4 = pnll-1/2]-
HrEM,!
The result follows from (55), Theorems 7.9 and 7.13 and Proposition 7.11. m|
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8. Implementation

In our implementation of the mortar finite element method, we use the mass matrix M, for the
substitution of all nodal coeflicients of Q;) associated with the interior of y; by a linear transform,
as described in [5, p. 194]. We show how to choose a basis for M I different from the one in
Proposition 4.6, in order to obtain simple relations for this substitution.

Let1 <[ < L and k = s(I). First, we develop the expressions for the entries of the mass matrix
which are associated with the interface y; and with the basis elements of M li,l in Proposition 4.6.
The rows of the mass matrix are indexed by 2 < i < nj; — 1 according to the enumeration of the
basis elements of M i%,l‘

There are two blocks of columns for each row. The first block is associated with finite elements
on Q; which are non-zero on 7y,

— 1 _ ~l HPk : .
myi; = <NhJJ’/Jh,l,i>Pl = wh’l,j[ My Bh,l,j dé, 2<i< npj — I, 1<j< npj. (98)
Vi

Here, wy,; is the weight factor in the numerator of the NURBS function N, j- Both functions

,&;l 100 éiﬁj are splines in $P¢(®,;), so there are fast methods for the computation of these integrals.

The analysis in Section 6 shows that the square submatrix

Mg = (myj)o<ij<ny, -1 (99)

has a uniformly bounded condition number for arbitrary knot sequences. This property is the same
as the “spectral equivalence” in [24, p.13]. Note that this block is banded due to the local support
of the basis.

The second block is associated with finite elements on Q,,;) which are non-zero on y;. We
denote the corresponding NURBS basis functions on F,;b)(%) by ]\7}’:,117]., 1 < j < aipy. Note
that a sign factor is introduced by the jump operation. In both geometrically conforming and
non-conforming cases, we have

iy = - / fi; 0 N o Bty o Frdé,  2<i<my—1, 1<j<in. (100)
Vi

In a conforming geometry, we often have F;& ) © F; = id, so this term can be omitted. It must be
included in the integral for a non-conforming geometry, because y; is only a portion of the edge
parameterized by F,,).

Next we define another basis (ﬁ}l’u :2<i<np-1)of M }ll,l such that the corresponding entries
are

mj, ;= wh,l,j/? i By d¢,  2<is<my-1, 1<j<ny (101)
I
and
), ; = —[ Mgy Ot Ny o Bty o Frdé,  2<i<my—1, 1<j<i. (102)
i
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The basis will be chosen such that the square submatrix
M, = (m] Do<ijn, -1 (103)
is a diagonal matrix. For this definition, we use the dual B-splines
By, €81@u),  1<j<my,

which satisfy the biorthogonality relation

/ Blengllkdf =0jx forall 1<j,k<np.
i

Here 6 denotes the Kronecker delta. The support of the dual B-splines is the whole interval

9;. Although the new basis will have global support y;, the mass matrix is sparse due to the
biorthogonality.
We recall the definition of the two functions

Np,1

q1
5 B pa
enll = dgcu h” E a]B

in (30) and

Nyl

qi
5 5 Z o
€hl2 = dfql hln a 18] hlj

in (31), which span the orthogonal complement E, ;1 , of M ! . Note that all coefficients a; with
J > q + 1and B; with j < n — g, are zero.

Proposition 8.1. Let g = g;, n = ny; and assume n > q + 2.

(a) The functions

Bq ﬁ’Bq

=g Bl =2l (104)

A1 _ q
Mhii = thz a

are a basis of]\;[él. In particular, if n > 2q + 3, then ﬁh” = Ezliforj =qg+2,....n—q-1.
(b) The entries of the mass matrix in (103) are
o=y | BY AL d s- s - Pis ) 1<j<n 2<i<n-t
ml,i,j = Wp,j h,]ﬂhzl f Wh,.j o 7.1 ,8 jn s sj=n sisn .
Vi 1

(105)
In particular, the block MZZ in (103) is diagonal.

Proof. Part (a) follows from two simple observations. First, the specified splines 1} }l 150 2<i<n-1,

are linearly independent, because EZ ,; only appears in the representation of ﬁ}l ;- Secondly, their
orthogonality to é,;1 and éj, is easily verified. Part (b) follows directly from the biorthogonality
of B-splines and dual B-splines. O
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Based on this result, the substitution method can be easily implemented as follows. We let
up = (Uni)1<k<k be an element of Xj,.

e Letn = npy and 71 = 7ipy. The restriction of uy ;) to y; has the NURBS representation

n
Uns(ty by = Z Uyt jNpsj o F ;(1,) (106)
i1

and the restriction of uy,,( to y; has the representation

i
9 -1
Uhmt)| v = Z UiitiNhij © Fiy: (107)
J=1

The superscript m is used in order to denote coefficients U’;l’lj and basis functions 1\7,’1"1]. on
the master side of ;.

* Since MZI is a diagonal matrix, we have m?ij =0forall2 < j <n-1,j#i. The weak
continuity condition b,(up, 1) = 0 is used, where p = (u;)1<i<1 is chosen with a fixed basis

element y; = npy; € M}, 2 <i <n-1,and y, = 0 for r # [. This gives

i

Wh,1Q Wi nPBi p—

0 = bp(un, ) = {[unlisMntide, = wn1iUnai = Upii - Upin = ) Uy
al ﬁ}’l . kN sbs,
J=1
Hence, the substitution
I (wpia WhinPBi 4
_ 1. 1. U
Upyi = Upg1 + Upip + Z iy Uy (108)
wiii | @ B Pl

can be used for all coefficients Uj;;, 2 < i < n — 1, on the slave side of ;.

Remark 8.2. (i) Note that the nodal coefficients Uj;; and Upp,, associated with the two end-
points of y; in the slave-cell are treated as free parameters. Indeed, as in [5] and for the
geometrically conforming case, we define separate control points for each cell ); meeting
at a vertex of the decomposition. Hence, different interfaces are completely decoupled and
there is no interference of the control points on y; with other cells than Q) and Q,,;). The
same decoupling remains valid for the geometrically non-conforming types NC1 and NC2
in Remark 2.1. This is clear for NC1, because both endpoints of y; are vertices of €2y and
can be treated in the same way as in the geometrically conforming case. For the type NC2,
the control points Uy, and Uy, in (106) can be non-vertex points of ;). This occurs
if one (or both) of them are endpoints of the prolongation of a T-intersection at a vertex of
the master patch €,,,;). If this is the case, the same control point is used as an endpoint of
another interface vy,,, m # [, and can either belong to the slave patch or the master patch of
vm- Since it is treated as a free parameter in both cases (slave or master control point for vy,,),
there is no complication as compared to the geometrically conforming case.

38



(ii) The computation of mZi,j in (102) requires explicit expressions for the dual B-splines BZ,l,j’
1 < j < n, with knot sequence ®p;. In our implementation, these are computed via the
inversion of the Gram matrix ((EZJJ.,BZM)) 1<ij<n Of the B-spline basis on 9;. In [16] we
described a modification of the mortar method which avoids matrix inversion by the use of
approximate dual B-splines. It introduces another consistency error for the error analysis in

Section 7. The error analysis will be presented in our forthcoming work.

9. Numerical Examples

We present our numerical results for two examples. In Section 9.1 we consider the Poisson
equation on the unit square, and Section 9.2 considers a benchmark problem of linear elasticity,
namely an elastic plate with hole. In both cases, the numerical results can be compared to an
analytical solution. Thus, the convergence behavior of the proposed mortar formulation can be
assessed properly. Several discretizations are tested for each example. All computations are
performed using an in-house isogeometric analysis code within Matlab.

9.1. Poisson equation solved on the unit square

In this example the Poisson equation —Au = f is solved on the unit square Q = (0,1).
The manufactured analytical solution for the body load f(x,y) = 13sin(3x)sin(2y) is u(x,y) =
sin(3x) sin(2y). The associated boundary conditions are g = Vu - v on Neumann boundaries I'y
with the outer normal vector v, and u = 0 on the Dirichlet boundary I'p. Within this work the lower
edge (x € (0,1), y = 0) is chosen as Dirichlet boundary, whereas all other edges are Neumann
boundaries. Other choices are possible, but do not yield significantly different results, see the
work of Zou et al. [25] where different combinations of boundary conditions are compared. In the
following, we study several different possibilities to discretize the domain with NURBS patches.
The accuracy of the computations is assessed with the help of the Ly-error |lu — u"|oq which is
plotted over the maximal element diagonal 4. Since f is infinitely smooth, optimal error bounds
for discretizations of degree p have the order O(h”*!) according to the general theory of finite
elements [10].

9.1.1. Two conforming patches with straight interface

The first discretization scheme serves as a reference and uses a decomposition into two rect-
angular patches which intersect at x = 0.5. The discrete spaces Xjx, kK = 1,2, are tensor-product
splines relative to conforming, equally spaced knot sequences and equal degrees 2 < p < 5 in both
patches. The canonical parameterizations Fi(£1,&) = (£1/2,&) and Fy(£1,&) = (1 + &1)/2,&)
and the constant NURBS denominator &y = 1, k = 1,2, lead to a constant weight function p = 1/2
for the bilinear form b,,. Figure 3a shows the resulting error, if strong continuitiy conditions across
the interface y are used; here the two patches are coupled by shared degrees of freedom along y
and no consistency error occurs. Equivalently, the space V}, consists of all tensor-product splines
of coordinate degree p on the full unit square with Dirichlet boundary conditions for y = 0, whose
knot vector Z(1) ¢ [0, 1] has aknot & = 0.5 of multiplicity p and simple knots with uniform stepsize
h in both intervals [0,0.5], [0.5,1]. The results for degrees 2 < p < 5 are shown as the solid lines
in the double logarithmic diagram of Figure 3a and labeled by ’conf’. The expected rates O(hP*!)
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Figure 3: Poisson Equation: Comparison of error level and convergence rates for the discretization scheme with
straight interface and conforming knot sequences.

are obtained, as can be seen by direct comparison with the dashed lines of slope p + 1. We use the
same ordinates in all figures in order to facilitate the comparison of the mortar method with this
reference case. The results for the mortar coupling using Lagrange multiplier spaces M’, ¢t = 0,1,
for weak continuity conditions across the interface are given in Figures 3b and 3c. Both proposed
methods yield the same accuracy level and the same expected convergence rates as the conforming
reference computations (Figure 3a). Thus, the global error of u, is not affected by using the mortar
method instead of a direct connection by shared degrees of freedom.

9.1.2. Two non-conforming patches with curved interface with internal C'-continuity

Our next example demonstrates the importance of Assumption 4, if an interface has limited
smoothness. We choose two NURBS patches with a curved interface with initial degree piyi = 2,
knot sequence E = {0,0,0,0.5,1, 1, 1} and control points as listed in Table 1, see Example 7.8. The
point (x,y) = (0.5,0.5) corresponds to the parameter & = 0.5 on the interface, where the curve
has only C'-smoothness. A non-conforming discretization with an element ratio of 2 : 3 along
the interface is obtained by choosing this ratio for the coarsest mesh and then performing uniform
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mmmmm  Dirichlet boundary condition
mmmmm  Neumann boundary condition
mmmmm  [nterface condition

®  Control points

Figure 4: Poisson equation: Discretization scheme with curved interface and an interior knot with C!-continuity (left).
Coarsest non-conforming mesh for this scheme with control points for the parameterization of degree 2 (right).

subdivision in both patches. The same degrees are chosen in both patches. The maximal element
diameter 4 is alike in both patches; see Fig. 4.

In order to demonstrate the effect of the limited smoothness of y on the a priori error in Sec. 7,
we first perform computations for degrees 2 < p < 5 without reduced smoothness. The initial
parameterization of 7y is rewritten with B-splines of degree p by raising the multiplicity of the
endpoints to p + 1 and of { = 0.5 to p — 1. The uniform refinement uses an open knot sequence
®,, with endpoints of multiplicity p + 1, knot = 0.5 of multiplicity p — 1, and additional simple
knots of stepsize & in both intervals (0,0.5) and (0.5,1). We already observed in Example 7.8
that the orthogonal projection of Vu - v onto the spline space of degree p has an L?-error of size
O(h3/?), regardless of the degree 2 < p < 5. Therefore, the order of approximation in Proposition
7.11 is not achieved for 3 < p < 5. This results in a defect of the consistency error Ej, and, finally,
in a degraded a-priori error as can be seen in Figure 5. On the other hand, when we increase the
multiplicty of ¢ = 0.5 to p as described in Assumption 4 (at least for p > 3), then the optimal
convergence rate p + 1 for the a-priori error is recovered for all considered degrees and both cases
t = 0 and 1, see Figure 6. This clearly shows that the reduction of smoothness at interior knots is
needed in order to recover the optimal convergence rates.
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Figure 5: Poisson Equation: Comparison of error level and convergence rates for the discretization scheme with curved
interface and an interior knot with C'-continuity. No reduction of continuity at internal knots.
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Figure 6: Poisson Equation: Comparison of error level and convergence rates for the discretization scheme with curved
interface and an interior knot with C'-continuity. Reduction of continuity at internal knots according to Assumption

4.
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Table 2: Poisson equation: Control points for the initial interface curve with p = 3 and different internal continuities

9.1.3. Two non-conforming patches with higher order curved interface with different continuities

Our next discretization scheme defines two NURBS patches with a curved interface y with
initial degree p = 3, knot sequence £ = {0,0,0,0,0.3,0.3,0.5,0.5,0.5,0.7,1,1,1, 1} and control
points as listed in Tab. 2. At the points & = 0.3 and ¢ = 0.7, the interface curve is only C' and
C?-continuous, respectively. At the point & = 0.5, the curve is C’-continuous, and has a kink as
can be seen in Figure 7. The points on the interface with reduced internal continuity are marked on
the right side of Figure 7. With this example we demonstrate the importance of Assumption 4 for
different orders of smoothness and also include the treatment of points with C°-continuity, which
was explained in Remark 7.1.

QZ mmmmm  Dirichlet boundary condition
mmmmm  Neumann boundary condition
=== [nterface condition

®  Control points

Figure 7: Poisson equation: Discretization scheme with curved interface with initial order p = 3 and different internal
continuities (left). Coarsest non-conforming mesh for this scheme with (right). The points at the interface with limited
internal continuity are labeled by C?, C' and C°.

A non-conforming discretization with an element ratio of 2 : 3 along the interface is obtained by
choosing a coarse decomposition with this ratio and subsequent uniform subdivision, see Figure 7.
The same degree 3 < p < 5 is chosen for both patches. The error of |[u — u|loq is shown in
Figures 8(a) and 8(b)for both spaces of Lagrange multipliers (+ = 0 or 1) and for different choices
of the reduction of smoothness at interior knots of =. The mortar method which employs reduced
smoothness in the definition of the discrete spaces X, x according to Remark 7.1 and Assumption 4
shows optimal convergence (solid lines in 8(a) and (b)). For comparison, in computations labeled
by NR we perform no reduction of smoothness; i.e. the knot vectors ®, related to the interface
have knots 0.3,0.5,0.7 with multiplicities p — 1, p, p — 2, respectively. The convergence rate is not
optimal for all considered degrees 3 < p < 5. It seems to be limited to O(h'~), which follows the
mathematical reasoning in Example 7.8. Furthermore, the label N1 indicates that the C%-point at
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Figure 8: Poisson Equation: Comparison of error level and convergence rates for the discretization scheme with
curved interface with initial order p = 3 and different internal continuities. Different cases of reduction of continuity
at internal knots are shown. In computations labeled by N2, no reduction is performed at C>-points. In computations
labeled by N1, no reduction is performed at C?> and C'-points. In computations labeled by NR, no reduction at all is
performed.

¢ = 0.5 is treated by the method which was sketched in Remark 7.1, but no reduction of smoothness
is performed at 0.3,0.7. The convergence rate is optimal only for p = 3, but deficient for higher
degrees. Finally, the computations with reduced smoothness only at ¢ = 0.3 and proper treatment
of the C-point & = 0.5 are labeled by N2. The optimal convergence rate is obtained and the results
cannot be distinguished by the eye from the solid lines. It seems that the defect of the consistency
error shown in Figure 9 is damped, but we have no analytical explanation yet. These results give
further numerical evidence for the a priori error estimate in Sec. 7 and at the same time indicate
that it might be sufficient to reduce the continuity in C° and C'-points. However, a reduction at all
initial internal knots is not counterproductive.

For a better understanding of the size of the consistency error Ej, in (54), Figure 9 shows the
L?-error of the orthogonal projection of Vu - v onto the full spline space SP(®,) for 3 < p < 5. The
labels NR, N1, and N2 inidcate the partial reduction of smoothness as explained before. No label
is used for the solid line in Fig. 9(b), which shows the results where the reduction of smoothness
at both knots 0.3 and 0.7 is performed according to Assumption 4 and the point & = 0.5 is treated
as in Remark 7.1.
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Figure 9: L2-error for spline approximation of degree 3 < p < 5 of the normal derivative y = du/dv of u(x,y) =
sin 3x sin 2y on a spline curve y with a C%-point £ = 0.5, a C'-point £ = 0.3 and a C2-point £ = 0.7.

9.1.4. Discretization with ten patches and different kinds of intersections

“ mmmmm  Dirichlet boundary condition
mmmmm  Neumann boundary condition

=== [nterface condition

®  Control points

Figure 10: Poisson equation: Discretization scheme with ten non-conforming patches and different kinds of intersec-
tions (left). Coarsest non-conforming mesh for this scheme (right).

Our final discretization scheme is with ten non-conforming patches, where seven T-intersections
and two star-intersections are present. A sketch of the patch layout is given on the left side in Fig. 10.
The interfaces are straight lines and the geometry is waterproof, i.e., the parametrizations match
along the interfaces. In the convergence studies, every patch is uniformly subdivided by the same
refinement factor and equal degrees are used. The presence of T-intersections, where one patch
boundary borders two other patches, together with the additional knots in the patches with T-
intersections yields non-conforming meshes at most interfaces. In the initial mesh given on the
right of Figure 10, no interior knots are present besides the additional knots at T-intersections,
which are resolved by the method described as NC2 in Remark 2.1. Three sample meshes are
given in Figure 11 for a better depiction of the obtained non-conformity.

From a mathematical point of view there is no criterion for an optimal choice of patches to
be master or slave. However, experience in numerical simulations in [12, 16] suggests to use the
patch with more elements as slave patch. The numerical results for this case are given in Fig. 12.
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Figure 11: Poisson Equation: Sample meshes for the discretization scheme with with ten non-conforming patches and
different kinds of intersections.
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Figure 12: Poisson Equation: Comparison of error level and convergence rates for the discretization scheme with ten
patches and different kinds of intersections.

We obtain optimal convergence rates for all degrees 2 < p < 5 and for both choices of Lagrange
multipliers M ;l’l, t = 0or 1, see Figures 12a and 12b. This shows that the proposed formulation is
able to handle multiple interfaces with different kinds of intersections properly. We also performed
the same computation for an inverted master/slave classification with essentially no changes.

9.2. Linear elasticity solved on an elastic plate with hole

In this example the differential equations for linear elasticity are solved for an infinite plate
with hole, where uniaxial tension is applied in x — +co. The mechanical equilibrium on a domain
Q c R? is given by

divo+f =0

with the boundary conditions u|r,, = 0 and o - r|r, = g, where n is the outer normal vector
with respect to I'y. In the chosen planar linear elastic context with isotropic constitutive law, the
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tractions from exact solution

mmmmm  Dirichlet boundary condition

mmmmm  Ncumann boundary condition

tractions from exact solution

Figure 13: Elastic plate with hole: Sketch of geometry and boundary conditions.

relations between stresses o, strains € and displacements u are given by
o=Atr(e)l +2ue and 8:%(Vu+VTu),

where A and u are the Lamé parameters, I is the identity matrix and V is the gradient operator.
Accordingly, the saddle point problem (9) changes to: Find (u,A) € X X M such that

a(u,v) + by, A) = [yo'fdx+ [ v'gds, veX, (109)
by(u. o) =0 e,

where X and M are bivariate extensions of the spaces used in Eq.(9). The bilinear forms a(u,v)
and b,(u, ) are given by

K L
a(u,v) = Z/Q (Vv)TO' dx and bo(u,p) = Z([u]l,u,)p,,
k=1 >k =1

respectively.
For our computations, we limit the domain to finite size and apply the tractions of the exact

solution, which can be found e.g. in [2], as Neumann boundary conditions on the relevant edges.
Furthermore, we consider only one quarter due to symmetry and apply the associated symmetry
boundary conditions. Thus, we consider a domain Q = {(x, y) € (=4,0) x (0,4) : x> +y> > 1},
see Fig. 13. The known analytical solution of this problem allows performing convergence studies
for a complex stress distribution and is thus commonly used for numerical studies, especially in
the framework of isogeometric analysis.

In the following, we study three different possibilities to discretize the domain with NURBS
patches. In all cases the geometry is modeled exactly. The accuracy of the computations is assessed
with the help of the L;-error norm ||o- — o"*||o o Which is plotted over the maximal element diagonal
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h. According to the theory of finite elements [10], the slope in the double logarithmic diagram
should be p, which is indicated by the dashed lines in the same diagram. In order to allow a
straightforward comparison of the mortar results to the reference case, we use the same axes in all
figures for this example. The reference example for a conforming method of degrees 2 < p < 5 is
provided in Fig. 15a.

9.2.1. Two patches with curved interface with internal C'-continuity with conforming meshes

Figure 14: Elastic plate with hole: Discretization scheme with curved interface (left). Coarsest mesh with conforming
discretization for this scheme (right)

The first decomposition is with two NURBS patches with a curved interface with initial order
pini = 2, knot sequence E = {0,0,0,0.5,1,1,1} and control points as listed in Table 3. At the
point & = 0.5, the interface v is only C!-continuous. The mesh is chosen conforming in both
patches. A sketch of this discretization scheme along with the coarsest computed mesh is given in
Figure 14. Finer meshes for the convergence analysis are obtained by uniform subdivision. This
discretization is used to assess the ability of the mortar method to capture the same approximation
rate as conforming finite element methods. A computation where the two patches are coupled by
shared degrees of freedom along the interface, is used as reference. These results are labeled by
conf. in Figure 15a. The numerical results for the mortar method with Lagrange multiplier space
M ;l’l, t = 0 or 1, are given in Figures 15b and 15c. While both methods yield a lower accuracy
level for coarse discretizations than the conforming method, they seem to cafch up in terms of
accuracy for fine meshes as almost the same error level as in the reference computations is obtained
for small stepsizes 4. Thus, the expected convergence rates are obtained, even though the error
level is higher for coarse meshes. The mortar method does not improve the error as compared to

x| =v2/2 ] -15]-25] -4
y | v2/2 | 15| 3
1 05 | 2 |1

Table 3: Elastic plate with hole: Control points for the initial interface curve with an interior knot with C'-continuity
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Figure 15: Elastic plate with hole: Comparison of error level and convergence rates for the discretization scheme with
curved interface and conforming discretization.

conforming FEM, but it is clearly competitive. We mention that the use of the mortar method does
not primarily lie in computations with conforming meshes, after all.

Another way of comparing the conforming FEM and the proposed mortar methods is obtained
by plotting the logarithmic error log(||oya — alflM [|/llowall) of the von Mises stresses o,y =

\/0'121 + 0'222 — 0110 + 30'122 for a fixed discretization. We use a subdivision factor of 20 and
degree p = 5 in Figure 16. In the stress error plot of the reference computations (Figure 16(a)) the
largest error is inside the domain, while for both proposed methods (Figures 16(b) and 16(c)) the
largest errors are at the end points of the interface. This peculiarity can be explained as follows: In
the conforming case, the number of control points along the interface is equal on both sides of the
interface, i.e. ny; = 7ip;. By using the endpoint modification for M ;l’l, the control points at both
endpoints of the slave patch become free parameters. This leads to a situation, where the number
np; — 2 of slave control points is smaller than the number of master control points, which can result
in a substantial increase of the consistency error near both endpoints. As a simple work-around,

we subdivide the first and last two rows of elements in patch Q;. By doing so, the mesh turns
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Figure 16: Elastic plate with hole: Logarithmic error of the von Mises stress for a subdivision factor of 20 and order
p=>5.

Related error of Sigma vM, max:-5.3805, min:-12.1731 Related error of Sigma vM, max:-4.2559, min:-11.7867
4 -3 4 3
4 . 4
35 - - 35 2
5 z- 5

3 - 8 3 e, 6

25 -7 25 7
8 8
> 2 > 2
9 9

15 -10 158 -10

) -1 . 1

-12 12
0.5 0.5
13 13
0 -14 0 14
4 3.5 3 2.5 1.5 1 0.5 0 -4 3.5 3 2.5 -2 1.5 1 0.5 0
x x
(a) Mesh for one-sided interface end refine-
ment (b) Mortar coupling using ¢ = 0 approach (c) Mortar coupling using ¢ = 1 approach

Figure 17: Elastic plate with hole: Mesh for one-sided interface end refinement and logarithmic error of the von Mises
stress for a subdivision factor of 20 and order p = 5.

into a non-conforming mesh, where the number of interface slave control points is larger than the
number of interface master control points. This reduces the concentrated error at the endpoints of

the interface significantly. A sample mesh is given in Fig. 17(a). The corresponding stress error
plots are given in Figs. 17(b) and 17(c).

9.2.2. Two patches with curved interface with internal C'-continuity and non-conforming mesh

The second discretization scheme uses the same initial discretization as in Sec. 9.2.1, but now
non-conforming meshes are chosen. This is obtained by using a subdivision factor of 2j + 1 along
the interface in patch €, and j in patch Q;. This yields a ratio of 2j + 1 : j elements along the
interface. In the second parametric direction, the subdivision factor is chosen in a complementary
way in order to obtain a similar number of elements in both patches. The patch €, with the smaller
stepsize along the interface is chosen as the slave patch. The obtained meshes for a subdivision
factor of j = 5 and j = 10 of this discretization scheme are given in Fig. 18.

This discretization is used to assess the ability of the proposed methods to use discretizations
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(a) Refinement factor of j = 5 (b) Refinement factor of j = 10

Figure 18: Elastic plate with hole: Sample meshes for the discretization with curved interface with internal C!-
continuity and non-conforming mesh.
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Figure 19: Elastic plate with hole: Comparison of error level and convergence rates for the discretization scheme with
curved interface and non-conforming discretization.

with curved NURBS interfaces with limited internal smoothness and strongly non-conforming
knot sequences. The error norms of the global stress distribution computed using the Lagrange
multiplier spaces M f[z,l’ t = 0,1, are given in Figures 19a and 19b). Both methods yield optimal
convergence rates and the error levels are comparable to the conforming case using shared degrees
of freedom given in Fig. 15a.

Besides accuracy, also efficiency of the methods is studied. This is done by comparing
computational costs for the individual stages of the computations. Furthermore, the stability of the
methods is assessed by means of the condition number of the global stiffness matrix. The results
of Sec. 9.2.1 for the coupling by shared degrees of freedom are used as reference. These results
are labeled by conf.

The computational cost for the formation of the global stiffness matrix is compared in Figure 20,
where the results are shown in CPU seconds on a contemporary dual core notebook with 8 GB
of RAM. The peaks in the diagrams are due to background activity of the operating system. The
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Figure 20: Elastic plate with hole discretized by two patches: Comparison of the CPU time in seconds for the formation
of the global stiffness matrix.
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Figure 21: Elastic plate with hole discretized by two patches: Comparison of the CPU time in seconds for the formation
of the coupling matrices.

entries are computed by optimal integration as proposed in [18] and directly assembled into the
sparse matrix format of Matlab, whereby vectorized assembly is used. The computational cost for
conforming meshes given in Fig. 20a is lower than for the mortar methods (Figures 20b and 20c),
but they range in the same order of magnitude. The difference occurs in the assembly process,
when the entries of the slave interface control points are assembled to master interface degrees of
freedom according to Eq. 108. The excessive growth of computational costs in the fine limit is
attributed to limitations of RAM, which was restricted to 8 GB for this study.

The computational cost for the formation of the mass matrices as explained in Sec. 8 are given
in Figure 21 for both proposed mortar methods with M! ;¢ = 0, 1. There is no significant difference

hl
between both methods. In the conforming case, this cost is saved since a direct connection by
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Figure 22: Elastic plate with hole discretized by two patches: Comparison of the CPU time in seconds for the solution
of the global system of equations.
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Figure 23: Elastic plate with hole discretized by two patches: Sparsity pattern of the global stiffness matrix. For
the conforming mesh a subdivision factor of 28 and p = 4 is used (total number of elements is 3136). For the
non-conforming meshes a subdivision factor of 20 and order p = 4 is used (total number of elements is 3280).

shared degrees of freedom is used. Note that the cost is in the same order of magnitude as the cost
for the formation of the global stiffness matrix, besides the fact that the coupling matrices require
the computation of a line integral only, whereas the global stiffness matrix requires computations
of a global surface integral. However, there is some potential for a speed-up of the computation of
the entries I’?LZl.,j of the mass matrices in (102). First, the computation of the line integrals in (102)
uses the time-consuming iterative point inversion algorithm for the mapping from the slave to the
master patch, which is required in every integration point. This routine could be written as an
external routine in C or Fortran. Secondly, we did not yet implement a fast method for the inversion

of the Gram matrix of the B-splines on the slave patch in order to compute the dual B-splines in
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Figure 24: Elastic plate with hole discretized by two patches: Comparison of the inverse condition number of the
global system of equations.

(104), see also Remark 8.2.

The computational cost for the solution of the global system of equations is given in Figure 22.
There are no significant differences between the computations using shared degrees of freedom
(Figure 22a) and both proposed mortar methods (Figures 22b and 22¢). The computational cost
for the solution grows almost linearly, as can be expected for the used sparse matrix format. It is
roughly two orders of magnitude smaller than the cost for the formation of the stiffness matrix.

The influence of the proposed mortar methods on the sparsity of the global stiffness matrix
is depicted in Figure 23, whereby the number of non-zero entries (nz) of the stiffness matrix is
given below the diagrams. The sparsity pattern of computations using about 3200 elements are
compared between coupling by shared degrees of freedom and the mortar method. The upper
left block represents the stiffness matrix for the master patch Q;, the lower right block is for the
slave patch Q;. The sparsest pattern is clearly generated by using shared degrees of freedom, see
Figure 23a. The global support along the interface of the dual B-splines used in the proposed
implementation in Section 8 generates a coupling between all interface degrees in the master patch.
This explains the quadratic structure of the upper left block, whereas the lower right block of the
slave patch has a banded structure. The nonzero entries in the upper right and lower left corners
appear by the substitution (108). The difference between both choices of Lagrange multiplier
spaces M ;l’l is quite small in this case: The number of non-zero entries for ¢t = 1 in Figure 23c
is about 0.5 % smaller than for + = 0 in Figure 23b). It can be observed in the very last rows
and columns of the stiffness matrix. The nonzero entries for t = O result from the interrelation
between all interface control points Uj; in the slave patch with both control points Uy, and Uy,
at the endpoints of the interface, see (108). This interrelation is reduced to only few interface
control points near the endpoints for t = 1, because most coefficients @; and S; in (108) are zero.
This advantage is only small for 2D-problems, but will be more pronounced for 3D-problems.
Moreover, in our planned extension of the mortar method by the use of an h-dependent bilinear
form by, in our future work, we reduce all blocks of the stiffness matrix to banded form by the
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application of locally supported “approximate duals” instead of the dual B-splines.

The condition number of the global stiffness matrix is compared in Fig. 24 between computa-
tions using shared degrees of freedom and the proposed mortar methods. The results show that
the condition number is not perceivably affected by using the proposed mortar methods, which is
an important requirement for robust and accurate computations.

9.2.3. Discretization with ten patches and different kinds of intersections

Figure 25: Elastic plate with hole: Discretization scheme with ten non-conforming patches and different kinds of
intersections (left). Coarsest initial mesh with order p = 2 for this scheme, whereby the patches are not refined except
for the prolongation of ending interfaces at T-intersections (right).
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Figure 26: Elastic plate with hole: Sample meshes for the discretization scheme with ten non-conforming patches and
different kinds of intersections. The applied refinement rule is given in a). All finer meshes are obtained by choosing
a factor j € N.

In order to assess the ability of our method to deal with different types of geometry, we use
a discretization scheme with ten non-conforming patches with four T-intersections and three star-
intersections. A sketch of the patch layout is given on the left side in Figure 25. The interfaces
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Figure 27: Elastic plate with hole: Comparison of error level and convergence rates for the discretization scheme with
ten non-conforming patches and different kinds of intersections.

are straight and have infinite internal continuity, so Assumptions 3 and 4 can be neglected. The
geometry is waterproof, as the parametrizations along the interfaces are matching. On the right
side in Figure 25 the coarsest initial mesh is drawn, where the prolongation of all T-intersections
as C%-continuous lines is already included (type NC2 in Remark 2.1). In the convergence studies,
every patch is refined using a number of a - j + b elements, where the values of a and b are given in
Fig. 26a for each parametric direction within each patch. The refinement is performed in a way that
the lengths of the element spans are as similar as possible in the knot vector under consideration
of the prescribed element boundaries which arise due to the prolongation of ending interfaces at
T-intersections. The order of the basis functions is chosen uniformly within the whole domain.
Three sample meshes are given in Fig. 26 for a better depiction of the obtained non-conformity.

The error norm of the global stress distributions are given in Figure 27. Both proposed methods
(Figures 27a and 27b) yield optimal convergence rates. The error levels are slightly higher than in
the conforming case (Figure 15a), where shared degrees of freedom are used. It is to be noted that
in the conforming case the difference between the individual element diameters 4 is smaller than
in the case with ten patches, and thus naturally a lower error level is produced.

The computational costs for the formation of the global stiffness matrix ranges in the same order
of magnitude as for the conforming case. The difference occurs in the assembly process and grows
with the ratio of interface degrees of freedom to domain degrees of freedom, see Section 9.2.2. The
same statements as in Section 9.2.2 can be made about the computational cost for the formation of
the mass matrix and for the global solution.

The influence of the proposed mortar methods on the sparsity of the global stiffness matrix
is studied in Figure 28. The sparsity pattern of computations using 3141 elements are compared
between both proposed mortar methods. The number of non-zero entries for t = 1 is about 0.8 %
smaller than for + = 0. It can be observed that the proposed approach for + = 1 creates less
interrelations between patches than for r = 0. Furthermore, the interrelation within patches is less
pronounced, see the banded structure of the block in the center of the diagrams: For ¢ = 0, there is
an interrelation between the control points at both ends of the interface (visualized by the square
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Figure 28: Elastic plate with hole discretized by ten non-conforming patches: Sparsity pattern of the global stiffness
matrix. A subdivision factor j = 5 and order p = 5 is used (total number of elements is 3141).

around the banded structure). For r = 1, there is no such interrelation.

The condition number of the global stiffness matrix is compared in Fig. 29 between computa-
tions using shared degrees of freedom and the proposed mortar methods. Apart from very coarse
meshes, the behavior of the condition number is very similar, both in magnitude and in slope. No
negative impact of the proposed coupling method on the condition number can be detected. This
shows that robust and accurate computations are possible with the proposed mortar method.
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