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Chapter 1

Introduction

1.1 Background, motivation and objectives

The fascinating phenomenon of Elasto-capillarity1 refers to the ability of capillary forces or surface
tensions to deform elastic solids through a complex interplay between the energy of the surfaces
(interfaces) and the elastic strain energy in the solid bulk. The described configuration – exem-

Figure 1.1: Capillary origami: A droplet deposited on a thin elastic sheet may bend the sheet and
ultimately lead to the complete wrapping of the droplet. The image is reprinted from [121] with
permission.

plary depicted in Figure 1.1 – gives rise to a three-phase system featuring a fluid-fluid interface (for
instance the interface of a liquid and an ambient fluid such as air) and two additional interfaces
separating the solid from the first and second fluids, respectively. Considering the effects of a fluid
on human-built structures to be generally given by its weight (e.g. hydrostatic pressure) or its flow
(e.g. inertia of a fluid in motion yielding drag and lift forces), the ever increasing interest in the
fabrication of micro-devices raises attention to another type of interaction of fluids with human-
built structures – the surface tension force. Albeit negligible at macroscopic scales, capillary forces
become dominant at submillimetric scales. At small scales, that is mm to nm scale, the interaction of
multiple fluids and a solid tends to become increasingly dominated by capillary forces as the length
L of a structure keeps decreasing. With reference to scaling laws, capillary forces are proportional
to L, whereas elastic forces or pressure forces (e.g. wind drag) are proportional to L2, and volume

1Notion may be represented in lower case letters in the sequel.
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2 CHAPTER 1. INTRODUCTION

forces scale proportionally to L3 [126]. Therefore, downscaling a given structure implies a much
faster decay of pressure and body forces in comparison to capillary forces, rendering the latter
dominant after a certain size threshold. Denoting a fluid’s surface tension and mass density with
γ and ρ , respectively, and the gravitational acceleration with g, in terms of length scale, capillarity
becomes dominant over gravity below the capillary length lc =

√
γ/(ρg). Elasto-capillarity related

phenomena are ubiquitous in nature as well as in high-tech (micro-/nanodevice manufacturing)
industry. Examples for capillary interactions include the cohesion of sandcastles, the bending of
slender structures that induces the bundling of fiber arrays (e.g. assembly of wet hair into bun-
dles), and thin sheets that may partially wrap liquid droplets (e.g. capillary origami as depicted
in Figure 1.1). Another example with biophysical background is the complete or partial collapse
of pulmonary alveoli due to capillary forces with possibly fatal consequences. Elasto-capillarity is
also of high relevance in high-tech micro and nano technologies. In fact, small scale devices such
as e.g. microelectromechanical systems exhibit slender internal structures that are often created by
wet lithography. This process involves selectively etching a layer of photosensitive resin into a given
micostructure and rinsing the removed material in a solvent. During the drying process, capillary
bridges may attract, deform or break slender flexible parts leading to severe damage (“stiction”
phenomenon in design of micostructures) [126].

The motivation and at the same time the objective of the work presented in this thesis is to de-
velop a computational model and simulation technique capable of capturing the complex physics
behind the intriguing phenomena of Elasto-capillarity. A sophisticated enough numerical method
may provide further insights in its complex dynamics and eventually leverage better designs of sub-
millimetric technology. The significance of such numerical methods is given by the fact that it often
turns out to be very difficult and expensive to perform corresponding experimental measurements.
On that note we also want to point out that certain compounds such as bicontinuous interfacially
jammed emulsion gels2 for instance, even have been first proposed on the basis of numerical sim-
ulations and only then verified experimentally [3]. As another source of motivation to pursue this
work we want to mention the tremendous and therefore challenging complexity posed by the mul-
tiphysics nature of the underlying problem, dubbed Elasto-Capillary Fluid-Structure Interaction1 or
Binary-Fluid-Structure Interaction1 (BFSI).

One of the components of BFSI is Multiphase Flow1 comprising the flow of materials with dif-
ferent phases (e.g. gas, liquid, etc.), or the flow of materials with different chemical properties in
the same phase, such as oil and water. In this light, Two-phase Flow1 problems – to whom we also
refer to as Binary-fluid Flow1 problems – either represent immiscible dual-species flow problems,
or dual-phase single-species flow problems. In two-phase flows, the fluids are segregated by a
very thin interfacial region where surface tension effects and mass transfer due to chemical reac-
tions may appear. Multiphase flows are ubiquitous in nature and industrial systems and are quite
challenging from the point of view of mathematical modeling and simulation due to the complex
physical interaction between the involved fluids including topological changes and the complexity
of having to deal with unknown moving fluid-fluid interfaces. As for methodologies to address
the moving interface problem, there are various methods such as for instance the volume-of-fluid,
front tracking, immersed boundary, level-set and phase field methods (cf. [78, 135]). While the
class of Lagrangian interface motion techniques track individual boundary points, the interface
is implicitly represented by an indicator function in interface motion techniques of Eulerian type,
such as the volume-of-fluid or level-set methods for instance. The phase fieldmethod – also known
as the diffuse interface method – is based on models of fluid free energy and has a solid theoret-

2Mixture of two or more usually immiscible liquids whose segregation is prevented by an additional emulsifier. The
latter may for instance be a layer of colloid particles absorbed into the fluid-fluid interface.



1.1. BACKGROUND, MOTIVATION AND OBJECTIVES 3

ical foundation in thermodynamics and statistical mechanics. It may therefore be perceived as a
physically motivated extension of the level-set or volume-of-fluid methods. It differs from other
Eulerian interface motion techniques by virtue of the fact that it does not feature a sharp, but a
diffuse interface of finite width whose dynamics are governed by the joint minimization of a dou-
ble well chemical energy and a gradient-squared surface energy – both being constituents of the
fluid free energy. In the phase field framework, the interface is modeled by a function ϕ(x, t) which
represents the concentration of the fluids. The function ϕ(x, t), also referred to as the order param-
eter, or the phase field, attains a distinct constant value in each phase and rapidly, but smoothly,
changes in the interface region between the phases. For a binary fluid, a usual assumption is that ϕ
takes values between −1 and 1, or 0 and 1. The relaxation of the order parameter is driven by local
minimization of the fluid free energy subject to the phase field conservation. As a result, complex
interface dynamics such as coalescence or segregation can be captured without any special pro-
cedures [13, 142]. Diffuse interface models allow the modeling of interfacial forces as continuum
forces with the effect that delta-function forces and discontinuities at the interface are smoothed
by smearing them over thin yet numerically resolvable layers. Moreover, they describe the surface
tension as the excess free energy per unit surface area concentrated at the interface. Particularly for
two-phase flows, diffuse interface models have gained a lot of attention due to their ability to easily
handle moving contact lines and topological transitions without any need for reinitialization or ad-
vective stabilization. At this pointwe recall ourmain objective of developing a numerical simulation
model that is well suited for binary-fluid-structure interaction. The first call to be made to this end
is the careful selection of a fluid-fluid interface motion technique after weighing up the advantages
and disadvantages of the various techniques available. The solid physical background of the (dif-
fuse interface) phase field method, its approach to handle interfacial forces, and its ability to easily
handle topological transitions like droplet coalescence or break-up led us to the decision to adopt a
phase field model in this work. More specifically, we use the fourth-order parabolic Cahn-Hilliard
equation(s) describing the spinodal decomposition of a two-component mixture. It requires the
specification of a so-called mobility coefficient and a diffuse interface width – both turning out to
be non-trivial and therefore tunable parameters. In particular, the answer to the question how to
select the diffuse interface thickness is non-obvious. In fact, given an actually measured interface
thickness of the order 10−10 m and other problem length scales typically multiple orders of mag-
nitude larger in size, numerical simulations adopting the phase field model face the outrageous
difficulty of how to deal with this disparity in scales. However, since large scale disparities often
render computations at this level of resolution practically not feasible, the common practice is to
inflate the interface thickness to the smallest computationally affordable value. Unfortunately, this
is accompanied by numerical complications. To give an example, a poorly resolved interface may
violate the boundedness of the phase field function to the value range given by the pure phase
indicators [166] and consequently deteriorate the model’s stability. For this issue we refer to the
above mentioned reference – a research analyzing the spontaneous shrinkage of drops in phase
field simulations. Moreover, interfaces too large a size (thickness) were shown [4–6] to introduce
additional diffusion into the problem,making adequate counteractivemeasures possibly necessary.
The commitment to a phase field-based interface motion technique immediately gives rise to the
next question, namely how to couple the corresponding equations (e.g. Cahn-Hilliard equations)
to the (incompressible) flow equations (Navier-Stokes equations), or to put it differently, which
of the many Navier-Stokes-Cahn-Hilliard (NSCH) models to use. These models differ from each
other by a group of quite diverse criteria, one of them being e.g. the treatment of the density, that
is, considering it constant or variable. Moreover, not all models are based on a divergence-free ve-
locity field and the modeling of extra contributions of additional forces to the stress tensor such
as e.g. the surface tension induced capillary forces is quite varied across the models. While for
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some models no energy inequalities are known, others are shown to admit an energy law and to
be thermodynamically consistent. For the latter to hold, some of the affected models are extended
by additional terms. Each of these models has its own advantages and disadvantages in terms of
suitability for particular flow scenarios, physical consistency and implementation simplicity. That
said, the identification of a reasonable model in the context of this work turned up to be a time con-
suming and tedious process. This is founded on the fact that there are quite a number of different
models at one’s disposal, each having a distinct set of traits determining its overall suitability. As
an additional reason, we identify the lack of a consolidated inventory with emphasis on the most
essential features and shortcomings of each model. All the questions raised and issues presented
so far in association with two-phase flowwill be dealt with in a dedicated chapter of this work. We
will present a solution therein that fits well in the framework of BFSI.

Another component of BFSI is Fluid-Structure Interaction1 (FSI) referring to the interaction of
a deformable solid with fluid flow. FSI poses already by itself a multiphysics problem due to the
mutual dependence between the fluid and solid parts of the continuum, and therefore requires the
combination of fluid and structural mechanics. At the contact interface, the solid experiences forces
exerted by the fluid stresses – forces that can significantly affect the solid’s motion and deforma-
tion. The deformed solid and its motion in turn imply a modified fluid flow domain with obvious
causal relationship with changes to the fluid’s velocity and pressure and therefore its stress. This
completes the dependency cycle. FSI problems are omnipresent in nature – just to name a few sce-
narios, we refer to the inflation of a balloon, themotion of a tree subject towind, the fluttering of air-
craft wings, the interaction of blood and heart valves and wind induced deflection of wind-turbine
blades. The aspect of omnipresency in nature and the desire to perform simulations “as realistic
as it gets”, render FSI a very relevant, attractive and active field of research. As far as theoretical
considerations, the application of analytical methods to non-toy fluid flow and structure deforma-
tion problems is already quite limited, let alone FSI problems. This is due to the time-dependent
and inherently nonlinear nature of FSI. That being said, in recent decades a significant amount of
attention has been put to the development of computational FSI methods with focus on robustness,
efficiency and applicability to geometrically complex domains in 3D. There exist different FSI so-
lution algorithms falling into the categories of monolithic or partitioned approaches, each coming
along with its own traits in terms of robustness, complexity and applicability. Partitioned FSI tech-
niques often face instabilities when the solid mass density ρs approaches the fluid mass density
ρf (Added mass effect). Besides, for the convergence of a partitioned FSI problem, typically a few
rounds of iteration are necessary, where in each round the respective problems are solved one at a
time. These deficiencies are avoided by an implicit andmonolithic solution approach that takes the
full fluid-structure interaction problem as one coupled unity, without partitioning. Whenmodeling
the coupled dynamics of FSI, one is additionally confronted with the dilemma that the fluid model
is naturally based on an Eulerian perspective while it is very natural to express the solid problem in
Lagrangian formulation. With regard to the achievement of the objectives of this work, at this point,
the question arises which approach to take from here. Given the fact that each approach has its in-
dividual flaws and hassles, it turns out to be non-obvious how to answer the question asked. We
address in this work the above presented FSI affiliated questions and dilemmas and present a solu-
tion that resonates well with binary-fluid-structure interaction. Our approach is also well suited for
those FSI problems, where both the fluid and the solid are allowed to have identical mass densities.
This occurs often in biomechanical contexts such as in the case of blood flow inside an artery, where
it holds ρf/ρs ≈ 1. In the sense of a short prospect, we want to mention at this point that we have
chosen to work with the very robust and widely applicable monolithic approach that comes at the
cost of a high implementation complexity. The monolithic approach we take, uses a fully coupled
Arbitrary Lagrangian-Eulerian (ALE) variational formulation of the whole FSI problem (cf. [84])
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and applies a Galerkin method for the discretization of the partial differential equations involved.
This approach solves the difficulty of a common variational description and facilitates a consistent
Galerkin discretization of the FSI problem.

In the above two paragraphs we have shed light on each of the two necessary components of
BFSI and the challenging problems associated with each one of them. Binary-fluid-structure inter-
action, however, means nothing less than considering the highly complex interaction of two immis-
cible (and incompressible) fluids with both, each other, and an elastic solid. While multiphase flow
problems and classical (single fluid) fluid-structure interaction problems have seen a vast amount
of research – as of conducting the research for this work and to the best of author’s knowledge –
only a few published articles exist on the computational investigation of the complex mechanical
interaction of multiple fluids with deformable solids. We consider the article [28] published by J.
Bueno et al. as the first and therefore pioneering work in this field. The authors employ a strongly
coupled algorithm for the solution of the Elasto-capillarity problem. Unfortunately it remained
not exactly clear to us what “strongly coupled” is supposed to mean in the context of this article.
This notion is for instance often used in the context of partitioned FSI algorithms and represents
repetitively solving the fluid and solid subproblems after each other, until the difference of the field
values (displacement, velocity, etc.) of the fluid and solid parts of the domain fall below a given
bound along the fluid-solid interface. If this is the modus operandi of the above article, then the
NSCH equations are solved altogether, but separated from the equations of Elastodynamics. This
would then correspond to a partitioned FSI approach that is prone to instability issues when the
fluid mass densities approach each other. Bueno et al. also published the following articles in the
context of interaction of complex fluids with solids: [26, 27]. The next articles [151, 152] on com-
putational investigations of Elasto-capillarity published by the research group around E. H. van
Brummelen et al. also take a partitioned FSI approach as described above and solve the NSCH
equations separated from the solid equations. The non-robustness of this FSI approach may be
concluded from the data published in these articles. However, we want to mention that according
to a presentation held at the Isogeometric Analysis (IGA) 2019 conference, Brummelen presented
– to the best of author’s knowledge – a yet unpublished work on monolithic elasto-capillary FSI to
circumvent the non-robustness issue. The scarcity of research on the numerical analysis of elasto-
capillary fluid-structure interaction is attributed to the complexity of the endeavor to combine two
fundamentally different problems (fluid flow, structure deformation)with the added complexity of
having to copewith a dual-species fluid. To put it in a colleague’swords: “binary-fluid-structure in-
teraction is tricky”. It inherits all the complexities inherent to the two-phase flowandfluid-structure
interaction subproblems and mixes in its very own characteristic traits – features like fluid-solid sur-
face tension3, contact line motion4, and dynamic wetting5. Fortunately, the usage of phase field models
endowed with appropriate boundary conditions is a great relief in this matter, as they come up
with an intrinsic description of wetting on solid surfaces. This trait pictures them as ideally suited
for the modeling and simulation of BFSI problems and was one of the reasons why we made the
call to adopt a phase field model. In terms of methodology the approach pursued in this work
differs from those of the above cited previous works. More specifically, we start with solving the
Cahn-Hilliard phase field equations using the available flow velocity field. Next, wemonolithically
solve the fluid-structure interaction problem using the available phase field values. The motivation
for this approach is twofold: First, following a monolithic FSI approach based on an Arbitrary

3In binary-fluid-structure interaction one considers three interfaces, the fluid-fluid interface and the interfaces be-
tween each of the involved fluids and the solid. Each of these three interfaces is endowed with its own surface tension.

4The three-phases in binary-fluid-structure interaction meet at a contact line.
5Wetting refers to the study of the behavior (spreading) of a liquid that is in contact with the surface of a solid (or

another liquid), cf. Section 6.2.
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Lagrangian-Eulerian formulation renders almost all terms in the Navier-Stokes equations nonlin-
ear and induces additional geometrical nonlinearities that express themselves through nonlinear
couplings of the displacement, velocity, and pressure variables. This makes the “pen and paper”
derivation of the Fréchet derivative (Jacobian) of the respective partial differential operator not ex-
actly easy. Second, a large number of coupled field variables negatively impacts the bandwidth
and fill-in state of the systemmatrices obtained from the discretization process. These two reasons
led us to the idea not to worsen the above mentioned issues by mixing in two more field variables
(phase field, chemical potential) from the phase field model. That said, we consider our approach
as “quasi-”monolithic as the phase field equations are solved separately from the monolithically
solved variable fluid density and viscosity FSI equations.

We consistently apply the relatively novel technique of Isogeometric Analysis for the spatial
discretization of all partial differential equations treated in this work. Isogeometric Analysis can
be considered as a generalization of standard Finite Element Analysis (FEA) with the addition of
unique features such as the ability to perform computations on exact representation of complex
geometries, the usage of “spline”-type basis functions (e.g. B-spline, NURBS, etc.), and the ability
to easily allow the setup of approximation spaces with high and possibly varying continuity across
the computational domain. All numerical results presented in this work are obtained from an Iso-
geometric Finite Element Analysis kernel that the author has developed from scratch in the context
of this thesis.

1.2 Outline of the thesis

The complexity of the multiphysics problem tackled in this work made it necessary to dissect
the overall problem into several subproblems that are treated in corresponding thematic building
blocks (cf. Figure 1.2). Our partition provides the following major blocks

(i) Single-phase flow (∗),
(ii) Two-phase flow (∗∗),
(iii) Fluid-Structure Interaction (∗∗),
(iv) Binary-Fluid-Structure Interaction (∗∗∗),

where the number of asterisks gives a rough idea about the level of complexity inherent in the re-
spective subproblems. While in terms of the conceptual design of this thesis it was straight forward
to identify the above blocks, it turned up to be very difficult to identify a level of presentation detail
that on the one hand does justice to the complexity of each subproblem, and on the other hand
respects the bounds or scope of such a thesis. This is definitely attributed to the large number of
components that only together complete the big picture. Considering the fact that numerical simu-
lation of two-phase flow or fluid-structure interaction problems alone contain enough complexity
for a PhD thesis, it was challenging to present just the right amount of content in each subproblem
chapter in the spirit of the mentioned constraints. Excluding the present introductory chapter, the
outline of this thesis is as follows:

Chapter 2 is devoted to a brief review of continuummechanics, conservation equations and the
Arbitrary-Lagrangian-Eulerian (ALE) concept. The motivation for this is as follows: All physical
problems considered in this work are based on continuum mechanical models. Moreover, the par-
tial differential equations considered in different chapters of this work are based on conservation
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Binary-Fluid-Structure Interaction

Two-phase flow Fluid-Structure Interaction

Single-phase flow Nonlin. Elasticity

Isogeometric Analysis

Figure 1.2: Structure of thematic building blocks with vertical dependency structure.

equations that we present in a consolidatedmanner in this chapter. The ALE concept is reviewed as
it is a key ingredient in our fluid-structure interaction as well as binary-fluid-structure interaction
models.

In Chapter 3 we lay the foundation for the treatment of the fluid-related subproblems of binary-
fluid-structure interaction. We apply Isogeometric Analysis to the steady and transient Navier-
Stokes equations and numerically solve a series of benchmark problems for the validation of the
component in charge with single-phase fluid flow. This chapter embeds a brief overview over a
few selected topics of Isogeometric Analysis. The reason we did not devote a separate chapter to
Isogeometric Analysis and have rather opted for a concise embedded section is motivated by the
circumstance that Isogeometric Analysis is a vast topic and we considered it enough to just present
a selected set of its features relevant to this work.

Chapter 4 is devoted to the two-phase flow component of the binary-fluid-structure interaction
problem. The two-phase flow model we employ is based on the Cahn-Hilliard phase field model
that is also addressed in this chapter.

In Chapter 5we present ourmonolithic fluid-structure interactionmodel that is restricted to one
(Newtonian) fluid. We dissect the fluid-structure interaction problem and discuss the standalone
solid deformation problem (Elastostatics, Elastodynamics) before moving on to the complex inter-
action of solids and fluids. With the author’s background being in fluid mechanics, this chapter
has been designed with the objective to provide that type and amount of information that a reader
with a similar background in structural mechanics can understand and reproduce the presented
work.

Chapter 6 ultimately integrates all previous results and presents a “quasi”-monolithic model
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for binary-fluid-structure interaction. It heavily draws on the detailed descriptions provided in the
FSI Chapter 5.

1.2.1 Already published contributions

This thesis contains results that are already published in the following refereed publications and
for which Babak Sayyid Hosseini has – as the main author – provided decisive contributions:

• [81] B. S. Hosseini, M. Möller and S. Turek. Isogeometric Analysis of the Navier-Stokes equa-
tions with Taylor-Hood B-spline elements. Applied Mathematics and Computation, 267:264-
281, 2015

• [82] B. S. Hosseini, S. Turek, M. Möller and C. Palmes. Isogeometric Analysis of the
Navier–Stokes–Cahn–Hilliard equations with application to incompressible two-phase flows.
Journal of Computational Physics, 348:171-194, 2017

• [80] B. S. Hosseini andM.Möller. Phase Field–Based Incompressible Two–Component Liquid
Flow Simulation. NumericalMethods for Flows. LectureNotes in Computational Science and
Engineering, 132:165-176, Springer, 2020

Moreover, the author of this thesis has additionally collaborated in the creation of the following
refereed publication:

• [114] C. Palmes, B. Funke and B. S. Hosseini. Nonparametric low-frequency Lévy copula
estimation in a general framework. Journal of Nonparametric Statistics, 30(3):523-555, 2018



Chapter 2

Continuum mechanics and conservation
equations

A brief introduction into continuum mechanics based on [33, 47, 73, 98, 108] is in order as this
thesis covers multiphysics problems that are based on the description of matter as a continuum.
This chapter is not intended to be comprehensive. Our focus lies on the ingredients necessary for
the isogeometric finite element formulation of fluid and solid problems and their combination. For
a comprehensive introduction we refer to the above listed references and the references therein.

Continuum theory is known as the theory that has the objective to describe relationships among
phenomena neglecting the structure of material on very small scales (e.g. molecular level6). While
a description of the dynamics of microstructures including molecules, atoms and subatomic struc-
tures is possible with fundamental physical laws, their realization often remains not feasible, for
a huge number of individual particles has to be tracked. For instance, the tracking of more than
1025 molecules in a liter of water is considered daunting, let alone larger fluid bodies. Matter is
regarded in continuum theory as indefinitely divisible and one accepts the concept of an infinites-
imal material volume, referred to as a particle in the continuum. Such a particle has neighboring
particles in the continuum and the totality of the infinitesimal volumes form a bodyB ⊂ E , where E
denotes the Euclidean space. So, instead of tracking every single particle, the continuum approach
considers averaged properties of the complete volume in the form of local density distributions. For
instance, v(x, t), denotes the average velocity of whatever particle may be in position x at a given
time t.

The justification of continuum theory as a suitable model depends on the given situation. It ad-
equately describes the behavior of real materials in many circumstances andmore than 200 years of
experience have justified this theory in wide variety of situations. However, its suitability is subject
to some restrictions. For instance, for the propagation of waves of extremely small wavelength, it
yields results that do not reflect experimental observations [98].

Continuum mechanics deals with the study of materials response to loading conditions. The
study comprises motion and deformation (also known as kinematics), stress, and fundamental
physical laws (balance laws) governing the motion of a continuum. These topics are discussed in
the following.

6Molecular-statistical theory is to be considered for very small scales.

9
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ϕ(X, t)

ΩX
Ωx = Ω(t)

X

x

O

Figure 2.1: The initial (ΩX) and current (Ωx) domains in the Lagrangian description of motion.

2.1 Kinematics and deformation gradient

Kinematics is the study ofmotion and deformation. Continuummechanics considers the concept of
two domains (reference frames): the initial (and undeformed) material domain ΩX ⊂ Rd also known
as the reference domain and comprised ofmaterial particle positionsX , and the current (and deformed)
spatial domain Ωx encompassing spatial points x at time t. For the depiction of these domains, we
refer to Figure 2.1. Note that the depicted pointsX and x may just as well be described with cor-
responding (position) vectorsX and x starting from the origin O of a global cartesian coordinate
system. Therefore, in the following it proves to be illustrative to refer to points (X,x) or vectors
(X,x) (displacements), depending on the circumstance we want to accentuate.

ΩX and Ωx are bounded open sets in Rd, where d represents the spatial dimensions. In this
workwe consider two-dimensional problems, nevertheless for generalitywe set d = 3 and therefore
E = R3.

2.1.0.1 Lagrangian-to-Eulerian map ϕ

Looking at the initial (undeformed) body B being represented by the closure of the domain ΩX ,
we are interested in its motion and deformation as it experiences forces. A deformation of ΩX is a
smooth enough, injective, and orientation preserving mapping

ϕ : ΩX × [0, T ] −→ Ωx × [0, T ]

(X, t) 7−→ ϕ(X, t) = (x, t)
(2.1)

which for each time instance t ∈ I = [0, T ] associates each pointX ∈ ΩX of a material domain to
a new position x ∈ Ωx of the spatial domain. In the above mapping ϕ, the spatial coordinate x
depends on both, the material particle coordinateX and time t. The mapping ϕ defines for every
fixed instant t a configuration7 in the spatial domain. The physical time is measured with the same
variable t in both domains. The coordinatesX1, X2 of every pointX ∈ ΩX are known as Lagrangian
coordinates and correspondingly the coordinates x1, x2 of every point x ∈ Ωx are known as Eulerian
coordinates. Therefore, the motion of a deformable body can be observed and described from either
the initial configuration coordinate frameX , or the current configuration coordinate frame x.

Note that the deformation mapping ϕ can be expressed with a displacement function u : ΩX ×
I → R3 as

ϕ(X, t) = X + u(X, t). (2.2)
7A configuration can be seen as the embedding of a material body into some region in space.
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Obviously, the initial domain ΩX is obtained (in the absence of displacements) by the identity map
ϕ0 := ϕ(·, 0) = id(·) and its motion as a series of mappings ϕt := ϕ(X, t) for t ∈ I and non-zero
displacements u(t).

The representation of the gradient of the mapping ϕ(X, t) in matrix notation

∂ϕ

∂(X, t)
=

 ∂x
∂X

∂x
∂t

∂t
∂X

∂t
∂t

 =

 ∂x
∂X v

0T 1

 (2.3)

comes in handy for the deduction of the material velocity

v(X, t) =
∂ϕ

∂t

∣∣∣
X

= ϕ̇ =
∂x

∂t

∣∣∣
X

=
∂ (X + u)

∂t

∣∣∣
X

=
∂u

∂t

∣∣∣
X

= u̇, (2.4)

where
∣∣
X

stands for holding thematerial coordinateX fixed and ∂X
∂t

∣∣∣
X

can be seen as the temporal
derivative of the identity mapping X = ϕ(X, 0) = id(X). For each point X and time instance
t > t0, the mapping ϕ needs to ensure det(∂x/∂X) > 0 in order to impose both injectivity and
orientation preservation of the reference axes.

With the definition of the material velocity v at hand, the Lagrangian time derivative of a scalar
function α : Ωx → R can be expressed in terms of the Eulerian reference frame:

α̇(x, t) =
∂α(x, t)

∂t

∣∣∣
X

=
∂α(ϕ(X, t), t)

∂t

∣∣∣
X

=
∂α

∂t

∣∣∣
x

+∇x α ·
∂ϕ

∂t

∣∣∣
X

=
∂α

∂t

∣∣∣
x

+ v · ∇x α. (2.5)

Remark 2.1.1. Above, the subscript after the gradient operator ( ∇(·) ) denotes the domain with respect to
which the gradient is to be considered. On that note, ∇x and ∇X denote the gradient operator in the spatial
and reference domains, respectively. In order to ease notation, in the following, we may omit the subscript for
the spatial gradient and use the notation ∇(·) instead of ∇x(·). We apply these notational conventions also
to the divergence operator. Moreover, in the spirit of consistent application of these notational conventions,
we also define Ωx ≡ Ω and Γx = ∂Ωx ≡ ∂Ω = Γ.

For the analysis of the deformation of the reference configuration to the deformed (current)
configuration we fade out the dependency on time and reduce (2.1) to

x = ϕ(X). (2.6)

Now, the Jacobianmatrix of the deformationmappingϕ(X) yields theDeformation gradientF : ΩX →
R3×3 which we denote by

F := F (X,u) :=
∂ϕ

∂X
= ∇Xϕ(X) =

∂x

∂X
=
∂(X + u)

∂X
=
∂X

∂X
+
∂u

∂X
= I +∇X u. (2.7)

Above, I represents the identity tensor in R3×3 and ∂u/∂X is the displacement gradient. For the
depiction of the action of the deformation gradientF , we refer to Figure 2.2 showingmaterial points
P 1 and P 2 undergoing individual displacements u(·, t) with the effect of arriving at positions

x = X + u(X, t) (2.8)

and
x+ dx = X + dX + u(X + dX, t), (2.9)
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respectively. With the above relations, the differential length dxmay be expressed as

u(X + dX, t)

ΩX Ωx

P 1(t0) u(X, t)

dx = F dX
‖dx‖ =

√
dXT C dX

X x

dX

P 2(t0)

P 1(t)

P 2(t)

O

n
N(≡ n0)

dA
dadV dv = JdV

ϕ,F

Figure 2.2: Transformation of infinitesimal line segment dX to dx via the deformation gradient
F . The squared segment length in the current configuration is obtained with ||dx||2 = dXTC dX ,
where C = F TF is the right Cauchy-Green tensor.

dx = dX + u(X + dX, t)− u(X, t)

= dX + (∇X u) dX + o(‖dX‖2)

= (I +∇X u) dX + o(‖dX‖2)

= F dX + o(‖dX‖2).

(2.10)

Equation (2.10) states that the deformation gradient F maps an initial undeformed differential
length vector dX in the reference configuration ΩX to its deformed result dx in the current config-
uration Ωx. Therefore, the deformation gradient denotes the local change of relative position under
deformation and its determinant

J := det(F ) (2.11)
represents the local change of volume. The latter statement is demonstrated via the relation

dv = |dx1 · (dx2 × dx3)|
= |det(dx1,dx2,dx3)|
= |det(F dX1,F dX2,F dX3)|

(J>0)
= det(F ) |det(dX1,dX2,dX3)|
= det(F ) |dX1 · (dX2 × dX3)|
= J dV,

(2.12)

where dV and dv represent the volumes of differential parallelepipeds – spanned by the basis vec-
tors (dX1,dX2,dX3) and (dx1,dx2, dx3) – in the reference and current domains, respectively.

With the definition of the cofactor matrix of an invertible matrixA

Cof A = (detA)A−T (2.13)

the relation between the areas in the deformed and reference configuration is given by the following
theorem.
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Theorem 2.1.1 (Nanson’s formula). Let dA ≡ dAN and da ≡ dan be the infinitesimal vector surface
area elements of an undeformed body B and a deformed body ϕ(B), respectively, and let N(≡ n0) and n
denote the outward unit normal vectors at the corresponding domain boundaries. Then the transformation of
surface area elements between B and ϕ(B) is given by Nanson’s formula

da = nda = JF−TN dA = Cof FN dA = JF−T dA. (2.14)

Proof. In the deformed body ϕ(B), we consider an infinitesimal vector surface area element da ≡
dan = dx2 × dx3 in the tangent plane given by the vectors dx2 and dx3 and extrude it along
the infinitesimal increment dx1. Following (2.12) and assuming non-negative volumes dv and dV
(through proper orientation of the involved vectors xi and Xi in the scalar triple product), the
following relation

dx1 · (dx2 × dx3) = dv = J dV = J dX1 · (dX2 × dX3)

holds for the measure of the extruded volume, where dX2 × dX3 = N dA is the corresponding
vector surface area element in the undeformed body B. Then (2.14) is obtained from the above
expression as follows

F dX1 · (dx2 × dx3) = J dX1 · (dX2 × dX3)

dX1 · (F T (dx2 × dx3)) = dX1 · (J(dX2 × dX3))

F T nda = JN dA

nda = JF−T N dA

da = J F−T dA

Remark 2.1.2. The unit outer normal vectors n andN at the points x = ϕ(X) are related by

n =
Cof ∇Xϕ(X)N

‖Cof ∇Xϕ(X)N‖ =
F−TN∥∥F−TN∥∥ .

This yields the following relation for the area elements in the undeformed and deformed configuration:

nda = JF−T N dA

F−TN∥∥F−TN∥∥ da = JF−T N dA

da = J
∥∥F−TN∥∥ dA = ‖Cof ∇Xϕ(X)N‖ dA.

(2.15)

2.2 Strain and rate of deformation

In continuummechanics the strain of a body refers to the change in its shape as a result of the action
of an external force. Excluding rigid body motion, these shape changes are given through relative
displacements of particles in a body causing length change (stretch) and angle change (shear).
Corresponding deformations are represented by the strain tensor.

Different strain measures are at one’s disposal depending on the nature of the (deformation)
problem under consideration and in particular depending on the configuration (initial or current)
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w.r.t. which the strain is defined. For instance, the infinitesimal strain theory involving the infinitesimal
strain tensor

ε =
1

2

(
∇Xu+ (∇Xu)T

)
=

1

2

(
F + F T

)
− I, (2.16)

is suitable for the analysis of deformation of materials exhibiting elastic behavior under the con-
straint of infinitesimal strains and rotations. This implies that the reference (undeformed) and
current (deformed) configurations of a body can be assumed identical. The notion infinitesimal
strain is a misnomer since actually only the rotations, not the strains, need to be infinitesimal in
order to accurately use the small strain equations. In fact, in equation (2.16), plugging a rotation
matrix w.r.t. the rotation angle θ > 0 into F , yields a strain tensor εwhose scaling components (on
the main diagonal) are non-zero. For the above rotation only example, this measure erroneously
indicates strain despite the fact that the object has not deformed at all. The errors obviously grow
with increasing θ. So far we have shown the shortcoming of the infinitesimal strain tensor for the
scenariowhere a deformation involves rotations. We assess next the complementary scenariowhere
rotations are ruled out (R = I). To this end we perform a polar decomposition

F = RU = V R (2.17)

- a process in which the gradient of a deformation is expressed as the product of a rotation matrix
R and a left stretch matrix V or a right stretch matrixU . Taking the symmetric right stretch tensor
U = UT for instance, the tensor U − I satisfies the classical mechanical definitions of normal and
shear strains and is very well suited to be used as a strain tensor. At this point the question arises
how well does ε represent U − I . To answer this, we insert the polar decomposition F = RU into
(2.16), so as to obtain

ε =
1

2

(
F + F T

)
− I

=
1

2

(
RU +UTRT

)
− I.

(2.18)

Since in the absence of rotations, the above expression reduces to

ε = U − I, (2.19)

it becomes obvious that the essential limitation of the infinitesimal strain tensor ε is given by its
admissibility for infinitesimal rotations only. For larger (finite) rotations the computed strains will
lose accuracy.

If on the other hand the deformation involves rotations and strains that are arbitrary large, the
finite strain theory, also known as large deformation theory, is a reasonable choice. Note that this case
requires a clear distinction between the reference and current configurations of the continuum as
they end up to differ significantly under deformation.

In the following we will briefly introduce some common strain measures, where the deforma-
tion gradient F is shown to be a core ingredient.

Let ds = ‖dx‖ and dS = ‖dX‖ denote the lengths of the differential segments dX and dx,
respectively. Then, their relation can be obtained using the projection of dx on itself:

dx · dx = F dX · F dX + o(‖dX‖2) = dX ·
(
F TF

)
dX + o(‖dX‖2)

ds2 = dX ·C dX + o(dS2),
(2.20)



2.2. STRAIN AND RATE OF DEFORMATION 15

where
C = F TF

= (I +∇X u)T (I +∇X u)

= I +∇X u+ (∇X u)T + (∇X u)T ∇X u
(2.21)

represents the right Cauchy-Green strain tensor. This symmetric and positive definite tensor describes
the squared length scaling of a line segment in direction dX = P 2(t0) − P 1(t0) and is a strain
measure suitable for large (finite) deformations. A deformation is rigid, if and only if C = I .

Another widely used strain measure for large deformations is given by the symmetric Green-St.
Venant strain tensor:

E =
1

2
(C − I)

=
1

2

(
F TF − I

)
=

1

2

(
F TF − F T − F + I + F + F T − 2I

)
=

1

2

(
F + F T

)
− I +

1

2

(
F TF − F − F T + I

)
=

1

2

(
F + F T − I − I

)
+

1

2
(F − I)T (F − I)

=
1

2

(
F − I + (F − I)T

)
+

1

2
(∇Xu)T ∇Xu

=
1

2

(
∇Xu+ (∇Xu)T

)
︸ ︷︷ ︸
ε:=Infinitesimal strain tensor

+
1

2
(∇Xu)T ∇Xu

=
1

2

(
∇Xu+ (∇Xu)T + (∇Xu)T ∇Xu

)

(2.22)

This strain gauge - used in calculations where large shape changes are expected - measures the
squared length change of a line-segment dX = P 2(t0)− P 1(t0) under deformation:

1

2

(
‖dx‖2 − ‖dX‖2

)
=

1

2

(
(dX)T C dX + o(‖dX‖2)− (dX)T dX

)
≈ (dX)T

(
1

2
(C − I)

)
dX

= (dX)T E dX.

(2.23)

Equation (2.22) clearly illustrates thatE is obtained from the combination of the infinitesimal strain
tensor ε and terms quadratic in u. The latter render the Green-St. Venant strain tensor rotation in-
dependent. However, this comes at a price: The quadratic terms that successfully eliminated the ro-
tational dependency, unfortunately alter the strain components from the desired (εx = ∂ux/∂X =
(L−L0)/L0 = ∆L/L0) values when the strains (not the rotations this time, but actual strains (U))
are large. For small strains, the Green-St. Venant strain tensor andU −I become very close to each
other, regardless of the level of rotation, while the infinitesimal strain tensor ε fails to do so.

Note that both C and E are nonlinear functions of u. In applications involving very small
displacement gradients, such as in linearized elasticity, the terms nonlinear in u are in fact omitted,
yielding linearized versions of (2.21) and (2.22) that are represented through

c = I +∇X u+ (∇X u)T , (2.24)
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and equation (2.16), respectively.
After the introduction of deformation and its gradient, in the sequel, we will briefly discuss the

concept of the temporal variation of the deformation gradient. As will be shown in Section 2.3,
it is a key ingredient in the modeling of internal material forces (stresses). Differentiation of the
deformation gradient w.r.t. time, yields

Ḟ =
d

dt

(
∂x

∂X

)
=

∂

∂X

(
dx

dt

)
=

∂v

∂X
=
∂v

∂x

∂x

∂X
= ∇xv F , (2.25)

where ∇xv denotes the spatial velocity gradient. The velocity gradient can be decomposed into its
symmetric and antisymmetric parts as

∇v = ∇sv +∇wv, where
{
∇s := 1

2

(
∇+∇T

)
, and

∇w := 1
2

(
∇−∇T

)
.

(2.26)

The symmetric tensor∇s is called the rate of deformation (or strain rate) tensor and the antisymmetric
tensor∇w is called the vorticity (or spin) tensor.

2.3 Stress

A body B exposed to applied forces experiences a deformation ϕ. In the deformed configuration
Ωx the body is subject to applied body forces that are defined by a vector field

f := Ωx → R3,

called the density of the applied body force per unit volume dv in the deformed configuration, and
applied surface forces that are defined by a vector field

g := Γ1,x → R3,

called the density of the applied surface force per unit area da of a subset Γ1,x ⊂ Γx of the boundary
Γx := ∂Ωx in the deformed configuration.

Remark 2.3.1. Let
b := Ωx → R3,

denote the density of the applied body forces per unit mass in the deformed configuration. Then, the applied
body forces can be alternatively defined as

f = ρb, (2.27)
where ρ : Ωx → R denotes the mass density in the deformed configuration, such that the mass for every
dx-measurable subset Ax of Ω̄x is given by the integral

∫
Ax
ρ(x) dv. For this it is assumed that

ρ(x) > 0 ∀x ∈ Ωx.

As shown in the sequel, these applied forces cause a change in the internal state of the body for
whose characterization the following axiom is fundamental.

Axiom 2.3.1 (Stress principle of Euler and Cauchy). For a body occupying a deformed configuration
Ω̄x and loaded with body force densities f = Ωx → R3 and surface force densities g = Γ1,x → R3, there
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exists a vector field
t : Ω̄x × S1 → R3, where S1 = {v ∈ R3; ‖v‖ = 1}, (2.28)

such that:

1. For arbitrary subsets Ax ⊂ Ω̄x and for any point x ∈ Γ1,x ∩ ∂Ax where the unit outer normal vector
n to Γ1,x ∩ ∂Ax exists,

t(x,n) = g(x).

2. Axiom of (linear) force balance: For any subdomain Ax ⊂ Ω̄x∫
Ax

f(x) dv +

∫
∂Ax

t(x,n) da = 0, (2.29)

where n is the unit outer normal vector along ∂Ax.

3. Axiom of moment or torque (rotational force) balance: For any subdomain Ax ⊂ Ω̄x,∫
Ax

x× f(x) dv +

∫
∂Ax

x× t(x,n) da = 0. (2.30)

The above axiom asserts for any subdomain Ax of the deformed configuration Ω̄x and x ∈
∂Ax the existence of elementary surface forces t(x,n) da along the boundary ∂Ax with unit outer
normal vector n. The stress vectors t(x,n) completely represent the forces ∫Ax(·) dv which are
exerted on a region Ax by the material outside. Similarly, the interior material exerts the same
total force on the exterior by Newton’s law of action and reaction. At a point x ∈ ∂Ax ⊂ Ax, the
elementary surface force depends on the subdomain Ax only via the normal vector n to ∂Ax at x.
Moreover, the axiom asserts that any subdomain Ax ⊆ Ω̄x is in static equilibrium in the sense that
the resultant force (linear force) and torque (rotational force) vectors in (2.29) and (2.30) vanish.

The stress principle asserts a linear dependence of t on n, that is, at each point x ∈ Ω̄x, there
exists a symmetric tensor σ(x) ∈ M3 such that t(x,n) = σ(x)n for all n ∈ S1. Moreover, it states
that the tensor field σ : Ωx → M3 and the vector fields f : Ωx → R3 and g : Γ1,x → R3 are related
by a partial differential equation in Ωx, and a boundary condition on Γ1,x, respectively. These
consequences of the stress principle are formalized in the following theorem:
Theorem 2.3.1 (Cauchy’s theorem). Let the applied body force density f : Ω̄x → R3 be continuous, and
let the Cauchy stress vector field t : (x,n) ∈ Ω̄x × S1 → t(x,n) ∈ R3 be continuously differentiable with
respect to x ∈ Ω̄x for eachn ∈ S1 and continuous with respect ton ∈ S1 for each x ∈ Ω̄x. Then the axioms
of force and moment balance (Axiom 2.3.1) imply the existence of a continuously differentiable tensor field
σ : x ∈ Ω̄x → σ(x) ∈M3, such that the Cauchy stress vector satisfies

t(x,n) = σ(x)n ∀x ∈ Ω̄x,∀n ∈ S1, (2.31)

and such that
−∇ · σ(x) = f(x) ∀x ∈ Ωx,

σ(x) = σ(x)T ∀x ∈ Ω̄x,

σ(x)n = g(x) ∀x ∈ Γ1,x,

where n denotes the unit outer normal vector along Γ1,x.

Proof. See [33].
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The symmetric spatial tensor σ(x) is called the Cauchy stress tensor at point x. It is also called
the true stress tensor because it is a true measure for the force per unit area in the current, deformed
configuration. For small deformations there is no distinction to bemade between the deformed and
undeformed configurations and the Cauchy stress tensor is a reasonable choice for the description
of the action of forces. However, for large deformations such as those arising in nonlinear elasticity,
using the deformed configuration, the area to divide the force by and the equilibrium equations
involved are implicitly dependent on the yet unknown deformation which makes it necessary to
refer to a reference configuration instead. With the necessity to pull back the stress to a reference
configuration, a definition establishing a correspondence between tensor fields defined over the
reference and deformed configurations is in order:

Definition 2.3.1 (Piola transform of a tensor field). Letϕ be in injective deformation on Ω̄X , such that
the matrix ∇ϕ is invertible at all points of the reference configuration. Then, if Tϕ(x) is a tensor defined at
the point x = ϕ(X) of the deformed configuration, we associate with Tϕ(x) a tensor T (X) defined at the
pointX of the reference configuration by:

T (X) := (det∇Xϕ(X))︸ ︷︷ ︸
J

Tϕ(x)∇Xϕ(X)−T︸ ︷︷ ︸
F−T

(2.32)

Theorem 2.3.2 (Properties of the Piola transform). Let T : Ω̄X → M3 denote the Piola transform of
Tϕ : Ω̄x →M3. Then

∇X · T (X) = (det∇Xϕ(X))∇x · Tϕ(x) ∀x = ϕ(X),X ∈ Ω̄X , (2.33a)
T (X)n0 dA = Tϕ(x)nda, ∀x = ϕ(X),X ∈ ∂ΩX . (2.33b)

The area elements dA and da at the points X ∈ ∂ΩX and x = ϕ(X) ∈ ∂Ωx, with respective unit outer
normal vectors n0 and n, are related by

det∇Xϕ(X)
∥∥∇Xϕ(X)−Tn0

∥∥dA = ‖Cof ∇Xϕ(X)n0‖dA = da. (2.34)

Proof. See [33].

With Definition 2.3.1 at hand, using the Piola transform of the Cauchy stress tensor, we obtain
a tensor P : Ω̄X →M3 with

P (X) = JσF−T (2.35)
which we refer to as the first Piola-Kirchhoff stress tensor. The first Piola-Kirchhoff stress tensor P ,
relates the force acting in the current configuration on a vector element of surface (nda) to the
corresponding vector element of surface in the reference configuration (NdA) and is in general
not symmetric. Since it relates to both configurations, it is a two-point tensor. We also define the
first Piola-Kirchhoff stress vector t0 : Ω̄X → R3 as

t0(X,n0) dA = t(x,n) da, (2.36)

that together with
P (X)n0 dA = σ(x)nda ∀x = ϕ(X),X ∈ ∂ΩX , (2.37)

yields the counter piece of equation (2.31) in the reference configuration:

t0(X,n0) = Pn0 ∀X ∈ Ω̄X ,∀n0 ∈ S1. (2.38)
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The Cauchy traction (2.31) and the first Piola-Kirchhoff traction (2.38) differ as follows: The former
is the actual physical force per area on the element in the current configuration, whereas the latter
is a pure fictitious quantity representing the force acting on an element in the current configuration
divided by the area of the corresponding element in the reference configuration.

The relation between the divergence of the Cauchy stress tensor and the divergence of first
Piola-Kirchhoff stress tensor follows directly from equation (2.33a):

∇X · P (X) = (det∇Xϕ(X))∇x · σ(x). (2.39)

The lack of symmetry of P has led to the usage of the symmetric and more popular second Piola-
Kirchhoff stress tensor S : Ω̄X →M3, defined as

S(X) = F−1P = JF−1σF−T . (2.40)

The second Piola-Kirchhoff stress tensor does not admit a physical interpretation. It may be help-
ful to think of it as follows, though: Given a force vector in the current configuration and the cor-
responding (fictitious) force vector in the undeformed configuration, the second Piola-Kirchhoff
stress tensor is this (fictitious) force divided by the corresponding area element in the reference
configuration.

2.4 Transformations between the reference and current configurations

In this section we touch upon the operations to be applied to scalar, vectorial and tensorial quan-
tities as they are transformed (pulled back or pushed forward) from one domain to another. We
start off with a theorem that generalizes the concept of integration by substitution and provides a
description for the behaviors of integrals under coordinate transformations:

Theorem 2.4.1 (Transformationssatz). Let U, V ⊂ Rd be open sets and let Φ: U → V be a diffeomor-
phism. Then, a function f on V is integrable on V , if and only if (f ◦Φ) · | det(DΦ)| is integrable on U . In
this case we have ∫

U
f(Φ(x)) · | det(DΦ(x))|dx =

∫
V
f(y) dy, (2.41)

where DΦ(x) and det(DΦ(x)), denote the jacobian matrix and its determinant, respectively.

Proof. See [96].

With regard to our discussion on the typical domains in continuum mechanics, let V denote
the current domain, that is, V ≡ Ωx and let U denote a reference domain8 which we choose for
convenience to be the initial domain: U ≡ ΩX = ϕ−1(Ωx). Then for a scalar-valued function
f(x, t) = f(ϕ(X), t) ∈ C1(I × Ωx) it follows from Theorem 2.4.1 and expressions (2.1), (2.10) and
(2.11) that we can transform its volume integral in Ωx to a volume integral in ΩX :∫

ΩX

f(ϕ(X)) J dΩX =

∫
Ωx

f(x) dΩx. (2.42)

8Note that U may be chosen to be an arbitrary other domain: U ≡ Ωχ = ϕ̂−1(Ωx) (cf. Section 2.6.1).
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For the gradient of the scalar field f , the following relation is derived using the chain rule:

∇Xf(ϕ(X)) =
∂f(ϕ(X))

∂X
=
∂f(ϕ(X))

∂ϕ(X)

∂ϕ(X)

∂X
=
∂f(x)

∂x

∂x

∂X
=
(
(∇xf(x))T F

)T
= F T ∇x f(x).

(2.43)
When it comes to the transformation of vectors, we recall the Piola transformation rule: Let v :
Ωx → R3 denote a differentiable vector field in the spatial domain. Then the Piola transform of v
(cf. contravariant Piola mapping [125])

v0 = JF−1v (2.44)

yields a corresponding vector field v0 : ΩX → R3 in the reference domain (cf. (2.32) , [125], and
[18]).

In this case the following relation holds∫
ΩX

∇X · (JF−1v) dΩX =

∫
Ωx

∇x · v dΩx. (2.45)

Proof. ∫
Ωx

∇x · v dΩx

(2.50)
=

∫
∂Ωx

v · nd∂Ωx

(2.14)
=

∫
∂ΩX

v · (Cof FN) d∂ΩX

(2.13)
=

∫
∂ΩX

v · (JF−TN) d∂ΩX

=

∫
∂ΩX

(JF−1v) ·N d∂ΩX

(2.50)
=

∫
ΩX

∇X · (JF−1v) dΩX .

Further, Lemma 2.12 of [123] reports the following relation to hold in a point-wise sense:

∇X · (JF−1v) = J∇x · v. (2.46)

Moreover, on every volume dΩx(≡ dv) with corresponding reference volume dΩX(≡ dV ) it holds∫
∂ΩX

(
JF−1v

)
·N dA =

∫
∂Ωx

v · nda. (2.47)

Proof. A proof of this relation can be found e.g. in [123] (Lemma 2.12: Piola transformation of a
differentiable vector field).

In analogy to (2.43) we obtain the following relation for the gradient of v in the reference and
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spatial domains:

∇Xv(ϕ(X)) =
∂v(ϕ(X))

∂X
=
∂v(ϕ(X))

∂ϕ(X)

∂ϕ(X)

∂X
=
∂v(x)

∂x

∂x

∂X
= ∇x v(x)F . (2.48)

Eventually, we conclude this section’s discussion on transformation rules with the definition of
the Piola identity which is used in Section 2.6.2.

Theorem 2.4.2 (Piola identity).

∇X · (Cof F ) = ∇X ·
(
JF−T

)
= 0. (2.49)

Proof. A proof of the Piola identity can be found in [33].

2.5 Conservation principles

In this section we provide the field equations expressing the principles of conservation ofmass and
momentum. Entropy balance and the conservation principles of other important physical properties
such as total energy are not discussed since they are not considered in the models used in this work.
For the derivation of the considered conservation equations, we will make use of the Gauss di-
vergence theorem and the Reynolds transport theorem which are specified in the sequel without
proof:

Theorem 2.5.1 (Gauss divergence theorem). Let V be a region in space with boundary ∂V . Then the
volume integral of the divergence∇ · f of f over V and the surface integral of f over the boundary ∂V of V
are related by ∫

V
∇ · f dV =

∫
S
f · ndS. (2.50)

Theorem 2.5.2 (Reynolds transport theorem). Let f(x, t) be a smooth scalar-, vector- or tensor-valued
function of spatial coordinates x and time t. Moreover, let Vt ≡ Vm ⊂ R3 be the domain of a moving
material volume that consists of the same material particles at all times and let the surface St = ∂Vt denote
its time dependent boundary driven by the motion of material particles. Besides, let Vc be a fixed in space
control volume coinciding with the moving material volume Vt at time instance t. Analogously let the control
surface Sc coincide at time instance t with St. Then,

D

Dt

∫
Vt

f(x, t) dV =

∫
Vc≡Vt

∂f(x, t)

∂t
dV +

∫
Sc≡St

f(x, t)v · ndS

=

∫
Vc≡Vt

(
∂f(x, t)

∂t
+∇ · (fv)

)
dV

=

∫
Vc≡Vt

(
∂f(x, t)

∂t
+ v · ∇f + f∇ · v

)
dV

=

∫
Vc≡Vt

(
Df(x, t)

Dt
+ f∇ · v

)
dV.

(2.51)

Above, in the surface integral, n represents the outward unit normal vector to St at time t and v denotes the
material velocity of points on boundary St.
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2.5.1 Conservation of mass

The global principle of conservation of mass requires the total mass of a fixed part Vm of a material
volume to remain constant at all times, that is

D

Dt

∫
Vm

ρ dV = 0. (2.52)

In the spirit of the Eulerian point of view, let Vc ⊂ R3 denote a fixed finite control volume and let
Sc denote its surface. Then conservation of mass requires that the net mass flow out of the control
volume Vc through its surface Sc is equal to the time rate of decrease of mass inside the control
volume, i.e., ∫

Sc

ρv · ndS = − ∂

∂t

∫
Vc

ρdV. (2.53)

Above, ρ is the mass density, and for a point on the control surface, n and v denote the outward
oriented surface unit normal and the velocity, respectively. Rewriting equation (2.53) as

∂

∂t

∫
Vc

ρdV +

∫
Sc

ρv · ndS = 0, (2.54)

we obtain the continuity equation in conservative integral form. Next, owing to the constancy of the
fixed control volume’s integration limits, we pull the derivative into the volume integral and apply
the divergence theorem to the surface integral in order to obtain∫

Vc

∂ρ

∂t
dV +

∫
Vc

∇ · (ρv) dV =

∫
Vc

(
∂ρ

∂t
+∇ · (ρv)

)
dV = 0. (2.55)

Note that the left hand side of the above equation may just as well be obtained from the application
of the Reynolds transport theorem to equation (2.52). Due to the arbitrariness of the finite control
volume V , the only way for the above integral to become zero is when the integrand is zero at every
point of V . In the sequel, we will refer to this argument as the localization argument. Its usage leads
to the current configuration’s continuity equation in conservative differential form:

∂ρ

∂t
+∇ · (ρv) =

∂ρ

∂t
+ v · ∇ρ+ ρ∇ · v = 0. (2.56)

The corresponding non-conservative differential form is obtained using the material derivative D(·)
Dt =

∂(·)
∂t + v · ∇(·):

Dρ

Dt
+ ρ∇ · v = 0. (2.57)

2.5.2 Conservation of linear momentum

According to the global principle of conservation of linear momentum, the total force acting on any
fixed part of a body, equates the rate of change of the linear momentum ρv of the part. This can be
written as

D

Dt

∫
Vm

ρv dV =

∫
Sc

tdS +

∫
Vc

ρb dV, (2.58)

where b and t represent the body and surface force densities, respectively. Using the Reynolds
transport theorem, the divergence theorem and equation (2.31), the above equation can be rewrit-
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ten as ∫
Vc

∂(ρv)

∂t
dV +

∫
Sc

((ρv)⊗ v) · ndS =

∫
Sc

σndS +

∫
Vc

ρb dV,∫
Vc

∂(ρv)

∂t
+∇ · ((ρv)⊗ v) dV =

∫
Vc

∇ · σ dV +

∫
Vc

ρb dV,∫
Vc

(
∂(ρv)

∂t
+∇ · ((ρv)⊗ v)−∇ · σ − ρb

)
dV = 0

(2.59)

in order to obtain the linear momentum equation in conservative integral form. With the same argument
used in the derivation of equation (2.56), we obtain the linear momentum equation in conservative
differential form:

∂(ρv)

∂t
+∇ · ((ρv)⊗ v) = ∇ · σ + ρb. (2.60)

Taking equation (2.59) as point of departure, the linear momentum equation in non-conservative inte-
gral form is derived as: ∫

Vc

∂(ρv)

∂t
+∇ · ((ρv)⊗ v) dV =

∫
Vc

∇ · σ dV +

∫
Vc

ρb dV,∫
Vc

∂(ρv)

∂t
+ v∇ · (ρv) + ((ρv) · ∇)v dV =

∫
Vc

∇ · σ + ρb dV,∫
Vc

ρ
∂v

∂t
+ v

∂ρ

∂t
+ ((ρv) · ∇)v + v∇ · (ρv) dV =

∫
Vc

∇ · σ + ρb dV,∫
Vc

ρ

(
∂v

∂t
+ (v · ∇)v

)
+ v

(
∂ρ

∂t
+∇ · (ρv)

)
dV =

∫
Vc

∇ · σ + ρb dV,∫
Vc

ρ
Dv

Dt
dV =

∫
Vc

∇ · σ + ρb dV,∫
Vc

(
ρ
Dv

Dt
−∇ · σ − ρb

)
dV = 0.

(2.61)

Localizing the above equation in space, yields the linear momentum equation in non-conservative dif-
ferential form:

ρ
Dv

Dt
= ∇ · σ + ρb. (2.62)

2.5.3 Conservation of angular momentum

The global principle of conservation of angular momentum states that the time rate of change of
the total angular momentum L(V (t)) of a body is balanced with the angular momentum exchange
due to the torque τ composed of the surface force ∫Sc r × tdS and body force ∫Vc r × (ρb) dV , that
is

D

Dt

∫
Vm

r × (ρv) dV︸ ︷︷ ︸
L(V (t))

=

∫
Sc

r × tdS +

∫
Vc

r × (ρb) dV︸ ︷︷ ︸
τ

=

∫
Sc

r × (σn) dS +

∫
Vc

r × (ρb) dV.

(2.63)
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Above, r is a position vector for a general particle relative to some origin. Eventually, applying the
Reynolds transport theorem to the above equation, yields∫

Vm

∂

∂t
(r × (ρv)) dV +

∫
Sc

(r × (ρv))v · ndS =

∫
Sc

r × (σn) dS +

∫
Vc

r × (ρb) dV. (2.64)

The above equation can be interpreted as follows: The total rate of change of angular momentum
plus the total net rate of outflow of angular momentum across the control surface Sc (left hand
side) is equal to the total torque about a fixed point due to surface and body forces acting on the
material instantaneously inside a control volume (right hand side).

2.6 Conservation principles in different coordinate systems

Continuum mechanics comes with two different viewpoints of motion: the Lagrangian and the Eu-
lerian viewpoints.

In the context of the Lagrangian viewpoint of motion we consider a material body occupying
an initial/reference/undeformed material domain ΩX . The motion of the body is broken down
to the motion of its individual material particles. The motion of an individual material particle
in turn is parametrized by its reference positionX through the mapping (2.1) and equation (2.2).
For the Lagrangian kinematical descriptionwe consider an arbitrary computationalmesh inside the
reference configuration and refer to the corresponding nodes asmesh particles. The latter are sticky
to thematerial particles, and therefore, as amaterial body experiencesmotion and deformations, so
does the computational mesh. The Lagrangian viewpoint of motion comes with the benefit of the
ability to track the motion of individual particles and interfaces, however, at the cost of potentially
severemesh deformationswith possibly fatal implications on numerical algorithms. In the realm of
mesh-based numerical methods, the Lagrangian description comes in handy in problems involving
small to moderate material deformations such as in solid mechanics.

In fluid mechanics on the other hand, where one has to deal with extreme deformations of the
continuum (fluid body), it is in general neither reasonable nor feasible to employ the Lagrangian
approach due to the above addressedmesh distortion issues. The Eulerian formulation avoids these
issues by giving up on tracking individual material particles and using instead a fixed computa-
tional mesh with respect to which the material moves and deforms. The quantities of interest in
the continuum such as e.g. density and velocity are then sampled at fixed locations (e.g. grid line
intersections) with the drawback of not any longer knowing to which material particle the current
quantity of interest at a sample location is associated to. The evaluated quantity then literally be-
longs to the “random” particle that happens to pass the sample location at the time of sampling.
Moreover, by contrast to the Lagrangian description, tracking material interfaces turns now signif-
icantly more difficult since they end up arbitrarily intersecting Eulerian grid cells.

2.6.1 Arbitrary Lagrangian-Eulerian approach

In the previous section we have briefly discussed the Lagrangian and Eulerian descriptions to-
gether with their individual benefits and shortcomings. We recall that in the Lagrangian approach
the mesh deforms together with the matter and therefore, at any time instance, one has a sharp and
easy to access material interface. This is without any doubt very appealing, however, the question
remains how to avoid potentially massive mesh deformations that prevent the success of numer-
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ical algorithms. If we consider – in a limit sense – a severely deformed mesh associated with the
Lagrangian approach as one extreme and a not at all deformed mesh in affiliation with the Eule-
rian approach as the other extreme, a moderately deformed mesh in between may allow to find
solutions to computational mechanics problems which would otherwise not be possible with heav-
ily distorted meshes of a purely Lagrangian approach. Therefore, it is pleasant to have a method
which combines the benefits of both approaches, that is, on the one hand allowing to track moving
material interfaces in the spirit of the Lagrangian approach, and on the other hand allowing to tem-
per mesh distortions by a user specified mesh deformation function independent of the material
deformation.

A general description designed to combine the benefits of the Lagrangian and Eulerian descrip-
tions in the sense of the idea presented above is given by the Arbitrary Lagrangian-Eulerian (ALE)
description of motion. The ALE description neither uses the material domain ΩX nor the spatial
domain Ωx as the reference. Instead, a third domain Ωχ, denoted as the referential domain, comes to
fruition where accordingly the grid points are identified with referential coordinates χ. In a sense,
the referential domain can be thought of as a virtual material (or mesh) domain which deforms ac-
cording to an arbitrarily chosen law. We refer to Figure 2.3 for the depiction of the ALE domains

ϕ(X, t) = x

ΩX Ωx

Ωχ

ϕ̃(X, t) = χ ϕ̂(χ, t) = x
ũ, ṽ, F̃ , J̃ û, v̂, F̂ , Ĵ

u,v,F , J

Figure 2.3: Domains involved in the ALE method and corresponding coordinate mappings.

and the bijective mappings relating coordinates between these domains. In the ALE description
the domain is in motion but the motion is independent of the motion of material particles. The
material particles are in relative motion with respect to the referential domain’s motion. The refer-
ential domain Ωχ is mapped to the material and spatial domains via the bijective maps ϕ̃−1 and ϕ̂,
respectively. Note that the particle motion ϕ can now be also expressed as

ϕ = ϕ̂ ◦ ϕ̃ (2.65)

revealing a dependency structure among the three mappings ϕ, ϕ̃ and ϕ̂. In what follows, we
proceed with the introduction of the Lagrangian-to-Referential map ϕ̃ and Referential-to-Eulerian map
ϕ̂.
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2.6.1.1 Lagrangian-to-Referential map ϕ̃

The smooth enough, injective, and orientation preserving mapping from the material domain to
the referential domain, dubbed ϕ̃, is defined as

ϕ̃ : ΩX × [0, T ] −→ Ωχ × [0, T ]

(X, t) 7−→ ϕ̃(X, t) = (χ, t),
(2.66)

and can be interpreted to track the motion of the referential frame as seen from the Lagrangian
reference frame. The gradient of the map ϕ̃

∂ϕ̃

∂(X, t)
=

 ∂χ
∂X ṽ

0T 1

 (2.67)

reveals the quantity

ṽ(X, t) =
∂ϕ̃

∂t

∣∣∣
X

=
∂χ

∂t

∣∣∣
X

=
∂(X + ũ)

∂t

∣∣∣
X

=
∂ũ

∂t

∣∣∣
X

(2.68)

that can be interpreted9 as the velocity of the referential frame as observed from the Lagrangian
frame [133]. Therefore,

ũ = ϕ̃(X, t)− ϕ̃(X, 0) = ϕ̃(X, t)−X (2.69)
can be interpreted to represent the mesh displacement as observed from the Lagrangian reference
frame. The deformation gradient and the Jacobian determinant of this map, read

F̃ := F̃ (X, ũ) :=
∂ϕ̃

∂X
= ∇Xϕ̃(X) =

∂χ

∂X
=
∂(X + ũ)

∂X
=
∂X

∂X
+
∂ũ

∂X
= I +∇X ũ,

J̃ := det(F̃ ).

(2.70)

With the definition of ṽ at hand, the Lagrangian time derivative of a scalar function α : Ωχ → R
can be expressed in terms of the referential frame:

α̇(χ, t) =
∂α(χ, t)

∂t

∣∣∣
X

=
∂α(ϕ̃(X, t), t)

∂t

∣∣∣
X

=
∂α

∂t

∣∣∣
χ

+∇χ α ·
∂ϕ̃

∂t

∣∣∣
X

=
∂α

∂t

∣∣∣
χ

+ ṽ · ∇χ α. (2.71)

2.6.1.2 Referential-to-Eulerian map ϕ̂

Coordinates χ from the referential domain Ωχ are mapped to the spatial domain via the smooth
enough, injective, and orientation preserving map

ϕ̂ : Ωχ × [0, T ] −→ Ωx × [0, T ]

(χ, t) 7−→ ϕ̂(χ, t) = (x, t).
(2.72)

Analogous to (2.2) the deformation mapping ϕ̂ can be expressed with a displacement function
û : Ωχ × [0, T ]→ R3 as

ϕ̂(χ, t) = χ+ û(χ, t). (2.73)
9Note that Donea et al. [47] provide an alternative interpretation for ṽ, they interpret it as the particle velocity as

seen from the referential domain Ωχ.



2.6. CONSERVATION PRINCIPLES IN DIFFERENT COORDINATE SYSTEMS 27

The gradient of the referential-to-spatial mapping (2.72) is

∂ϕ̂

∂(χ, t)
=

 ∂x
∂χ v̂

0T 1

 , (2.74)

where
v̂(χ, t) =

∂ϕ̂

∂t

∣∣∣
χ

=
∂x

∂t

∣∣∣
χ

=
∂(χ+ û)

∂t

∣∣∣
χ

=
∂û

∂t

∣∣∣
χ

(2.75)

indicates the referential velocity also known as the mesh velocity. Accordingly, the mesh deformation
gradient F̂ and the mesh Jacobian determinant Ĵ are defined as

F̂ := F̂ (χ, û) :=
∂ϕ̂

∂χ
= ∇χϕ̂(χ) =

∂x

∂χ
=
∂(χ+ û)

∂χ
=
∂χ

∂χ
+
∂û

∂χ
= I +∇χû,

Ĵ := det(F̂ ).

(2.76)

Note that equation (2.75) involves a referential time derivative. The referential time derivative of a
scalar function α : Ωx → R reads

∂α(x, t)

∂t

∣∣∣
χ

=
∂α(ϕ̂(χ, t), t)

∂t

∣∣∣
χ

=
∂α

∂t

∣∣∣
x

+∇xα ·
∂ϕ̂

∂t

∣∣∣
χ

=
∂α

∂t

∣∣∣
x

+ v̂ · ∇xα. (2.77)

Application of the chain rule of differentiation to ϕ = ϕ̂ ◦ ϕ̃ = ϕ̂(ϕ̃) yields the following relation
among the derivatives of the involved mappings:

∂ϕ(X, t)

∂(X, t)
=
∂ϕ̂(ϕ̃(X, t))

∂(χ, t)

∂ϕ̃(X, t)

∂(X, t)
=
∂ϕ̂(χ, t)

∂(χ, t)

∂ϕ̃(X, t)

∂(X, t)
. (2.78)

Using equations (2.3), (2.74) and (2.67), equation (2.78) can be written as ∂x
∂X v

0T 1

 =

 ∂x
∂χ v̂

0T 1

 ∂χ
∂X ṽ

0T 1

 , (2.79)

which discloses the following structure

v =
∂x

∂χ
· ṽ + v̂ (2.80)

among the material velocity v, the mesh velocity v̂ and the particle velocity ṽ as seen from the
referential domain. Equation (2.80), rewritten, now allows to define a convective velocity

c := v − v̂ =
∂x

∂χ
· ṽ = F̂ · ṽ, (2.81)

representing the particle velocity relative to the mesh, as seen from the spatial10 domain Ωx. Note
that due to (2.81), ṽ may now be represented as

ṽ = F̂
−1 · c. (2.82)

10Note that both v = ∂x
∂t

∣∣
X

and v̂ = ∂x
∂t

∣∣
χ
are variations of the spatial coordinate x.
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For the expression of the conservation laws in the ALE framework, we need to establish a relation
between the spatial time derivative, the referential time derivative and the material (time) deriva-
tive. To this end, we consider a scalar physical quantity, represented in the spatial, referential and
material domains by f(x, t), f∗(χ, t) and f∗∗(X, t), respectively. The particle-motion describing
mapping ϕ, allows to relate the material description f∗∗(X, t) and the spatial description f(x, t) of
the physical quantity as

f∗∗(X, t) = f(ϕ(X, t), t) = f(x, t) ◦ϕ(X, t). (2.83)

Then, from the gradient of the above expression

∂f∗∗(X, t)

∂(X, t)
=
∂f(x, t)

∂(x, t)

∂ϕ(X, t)

∂(X, t)
(2.84)

written in matrix form (
∂f∗∗

∂X

∂f∗∗

∂t

)
=

(
∂f

∂x

∂f

∂t

) ∂x
∂X v

0T 1

 (2.85)

one can deduce the following expression

∂f∗∗

∂t
=
∂f

∂t
+
∂f

∂x
· v (2.86)

which in alternative notation
∂f

∂t

∣∣∣
X

=
∂f

∂t

∣∣∣
x

+ v · ∂f
∂x

=
∂f

∂t

∣∣∣
x

+ v · ∇xf or Df

Dt
=
∂f

∂t
+ v · ∇f (2.87)

reveals the relation between thematerial (time) derivative D(·)
Dt := ∂(·)

∂t

∣∣
X

and spatial time derivative
∂(·)
∂t := ∂(·)

∂t

∣∣
x
. Equation (2.87) implies that the temporal variation of a physical quantity for a particle

X is equal to the sum of a local variation and a convective term attributed to the relative motion
between the material and spatial systems.

Next, the relation between the material and spatial time derivatives is extended to include the
referential time derivative. Analogous to (2.83), the mapping ϕ̃ allows to relate the material de-
scription f∗∗(X, t) and the referential description f∗(χ, t) of the physical quantity as

f∗∗(X, t) = f∗(ϕ̃(X, t), t) = f∗(χ, t) ◦ ϕ̃(X, t). (2.88)

Then, from the gradient of the above expression

∂f∗∗(X, t)

∂(X, t)
=
∂f∗(χ, t)

∂(χ, t)

∂ϕ̃(X, t)

∂(X, t)
(2.89)

written in matrix form (
∂f∗∗

∂X

∂f∗∗

∂t

)
=

(
∂f∗

∂χ

∂f∗

∂t

) ∂χ
∂X ṽ

0T 1

 (2.90)
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one can deduce the following expression

∂f∗∗

∂t
=
∂f∗

∂t
+
∂f∗

∂χ
· ṽ (2.91)

which in alternative notation
∂f

∂t

∣∣∣
X

=
∂f

∂t

∣∣∣
χ

+ ṽ · ∂f
∂χ

=
∂f

∂t

∣∣∣
χ

+ ṽ · ∇χf (2.92)

reveals the relation between the material (time) derivative ∂(·)
∂t

∣∣
X

and referential time derivative
∂(·)
∂t

∣∣
χ
. We want to point out that in equation (2.92) the gradient is to be evaluated with respect

to the referential domain. However, since it is in general more convenient to work in the spatial or
material domains, the above equation can be rewritten such that the referential gradient is replaced
with the spatial one:

∂f

∂t

∣∣∣
X

=
∂f

∂t

∣∣∣
χ

+ ṽ · ∇χf

=
∂f

∂t

∣∣∣
χ

+ ṽ · ∂f
∂χ

=
∂f

∂t

∣∣∣
χ

+ ṽ · ∂x
∂χ

∂f

∂x

=
∂f

∂t

∣∣∣
χ

+ c · ∂f
∂x

=
∂f

∂t

∣∣∣
χ

+ c · ∇xf

(2.93)

The above relation for the Lagrangian time derivative can be alternatively derived as follows

ḟ =
∂f(x, t)

∂t

∣∣∣
X

=
∂f(ϕ(X, t), t)

∂t

∣∣∣
X

(2.5)
=
∂f

∂t

∣∣∣
x

+ v · ∇xf
(2.77)

=
∂f

∂t

∣∣∣
χ
− v̂ · ∇xf + v · ∇xf

=
∂f

∂t

∣∣∣
χ

+ c · ∇xf

(2.94)

Equation (2.93) expresses the fundamental ALE relation between the material (time) derivative,
the referential time derivative and the spatial gradient. It implies that the temporal variation of
a physical quantity for a particle X is equal to the sum of its local derivative (with the reference
coordinate χ held fixed) and a convective term taking account the relative velocity c = v − v̂
between the material and the referential systems. As shown in the sequel, the ALE formulation can
be seen as a generalization of the Lagrangian andEulerian formulations. The choice ϕ̃−1 = I results
according to (2.66) toX ≡ χ and gives rise to a Lagrangian description. Since the material velocity
v(X, t) = ∂x

∂t

∣∣
X

and the mesh velocity v̂(χ, t) = ∂x
∂t

∣∣
χ
coincide in this description, the convective

velocity c vanishes. As a consequence, the convective derivative vanishes altogether and the total
derivative reduces to a simple time derivative: ∂f∂t

∣∣
X

= ∂f
∂t

∣∣
χ
. The choice ϕ̂ = I on the other hand,

results according to (2.72) and (2.74) in x ≡ χ and v̂(χ, t) = 0, respectively, and gives rise to an
Eulerian description. With a zero mesh velocity in the Eulerian description, the convective velocity
is simply the particle velocity, that is c = v.
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By way of illustration we derive the material acceleration a in Lagrangian, Eulerian and ALE
formulations, with the corresponding equations given in the same order:

a =
∂v

∂t

∣∣∣
X

(2.95a)

a =
∂v

∂t

∣∣∣
x

+ v
∂v

∂x
=
∂v

∂t

∣∣∣
x

+ v∇xv (2.95b)

a =
∂v

∂t

∣∣∣
χ

+ c
∂v

∂x
=
∂v

∂t

∣∣∣
χ

+ (v − v̂)∇xv (2.95c)

2.6.2 Conservation equations in ALE formulation

The ALE framework requires the governing equations to be represented with respect to the refer-
ential domain. Therefore, in the following, the ALE formulation of the conservation equations for
mass and linear momentum is presented, and shown to be a general representation inasmuch as
it comes with the ability to be mapped to the conservation equations presented in Section 2.5. For
the derivation of these equations, we refer to [17, 133].

2.6.2.1 Mass conservation equations in ALE formulation

The conservative form of the mass conservation equation written with respect to the referential
domain Ωχ is ∫

Ωχ

∂(Ĵρ)

∂t

∣∣∣
χ

+∇χ ·
(
ĴF̂
−1
ρ (v − v̂)

)
dΩχ = 0 (2.96)

which together with relation (2.82) can be written as∫
Ωχ

∂(Ĵρ)

∂t

∣∣∣
χ

+∇χ ·
(
Ĵρ ṽ

)
dΩχ = 0. (2.97)

Note that choosing the referential domain to be the material domain, that is, setting Ωχ = ΩX , v̂ =

v, F̂ = F and Ĵ = J , equation (2.96) yields the mass conservation law on the material domain:∫
ΩX

∂ρ0

∂t

∣∣∣
X

dΩX = 0, (2.98)

where
ρ0 = Jρ (2.99)

denotes the mass density in the initial configuration.
On the other hand, setting Ωχ = Ωx implies v̂ = 0, F̂ = I and Ĵ = 1 and as a consequence

equation (2.96) yields the conservative form of the mass conservation equation (cf. (2.55)) written
with respect to the spatial domain Ωx:∫

Ωx

∂ρ

∂t

∣∣∣
x

+∇x · (ρv) dΩx = 0. (2.100)
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Using the referential Piola identity, that is, the Piola identity (2.49) with regard to the map ϕ̂

∇χ ·
(
ĴF̂
−T)

= 0, (2.101)

and the transformation rules introduced in Section 2.4 now with respect to the map ϕ̂, equation
(2.96) can be pushed forward to the current configuration, yielding a so-called mixed or hybrid
form of the conservative mass conservation equation involving a referential time derivative and a
spatial gradient: ∫

Ωx=ϕ̂(Ωχ)
Ĵ−1∂(Ĵρ)

∂t

∣∣∣
χ

+∇x · (ρ (v − v̂)) dΩx = 0. (2.102)

By means of the localization argument, the corresponding conservative differential (local) form is
then simply

Ĵ−1∂(Ĵρ)

∂t

∣∣∣
χ

+∇x · (ρ (v − v̂)) = 0. (2.103)

Using the identity
∂Ĵ

∂t

∣∣∣
χ

= Ĵ∇x · v̂, (2.104)

and (2.46), the non-conservative (advective) form of the mass conservation equation written with
respect to the referential domain Ωχ is

0 =

∫
Ωχ

∂(Ĵρ)

∂t

∣∣∣
χ

+∇χ ·
(
ĴF̂
−1
ρc
)

dΩχ

=

∫
Ωχ

Ĵ
∂ρ

∂t

∣∣∣
χ

+ ρ
∂Ĵ

∂t

∣∣∣
χ

+ ĴF̂
−1
c∇χ ρ+ ρ∇χ ·

(
ĴF̂
−1
v
)
− ρ∇χ ·

(
ĴF̂
−1
v̂
)

dΩχ

=

∫
Ωχ

Ĵ
∂ρ

∂t

∣∣∣
χ

+ ρĴ∇x · v̂ + ĴF̂
−1
c∇χρ+ ρ∇χ ·

(
ĴF̂
−1
v
)
− ρ∇χ ·

(
ĴF̂
−1
v̂
)

dΩχ

=

∫
Ωχ

Ĵ
∂ρ

∂t

∣∣∣
χ

+ ρ∇χ ·
(
ĴF̂
−1
v̂
)

+ ĴF̂
−1
c∇χ ρ+ ρ∇χ ·

(
ĴF̂
−1
v
)
− ρ∇χ ·

(
ĴF̂
−1
v̂
)

dΩχ

=

∫
Ωχ

Ĵ
∂ρ

∂t

∣∣∣
χ

+ ĴF̂
−1
c∇χ ρ+ ρ∇χ ·

(
ĴF̂
−1
v
)

dΩχ.

(2.105)
Equation (2.105) may be pushed forward to the current configuration in order to obtain the advec-
tive and mixed form of the mass conservation equation written with respect to the spatial domain:∫

Ωx=ϕ̂(Ωχ)

∂ρ

∂t

∣∣∣
χ

+ c · ∇x ρ+ ρ∇x · v dΩx = 0. (2.106)

Note that using expression (2.94) the above equation may be written as∫
Ωx=ϕ̂(Ωχ)

∂ρ

∂t

∣∣∣
x

+ v · ∇x ρ+ ρ∇x · v dΩx = 0, or∫
Ωx=ϕ̂(Ωχ)

∂ρ

∂t

∣∣∣
X

+ ρ∇x · v dΩx = 0,

(2.107)
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where the local form of the latter expression, that is

∂ρ

∂t

∣∣∣
X

+ ρ∇x · v = 0 (2.108)

is nothing but the non-conservative differential form (2.57).

Remark 2.6.1. Using the identity
∂J

∂t

∣∣∣
X

= J∇x · v,

the Lagrangian description of the mass conservation equation, given through the local form of (2.98), is
recovered from (2.108) as follows

∂(ρJ)

∂t

∣∣∣
X

= ρ
∂J

∂t

∣∣∣
X

+ J
∂ρ

∂t

∣∣∣
X

= ρJ∇x · v + J
∂ρ

∂t

∣∣∣
X

= ρJ∇x · v − Jρ∇x · v = 0. (2.109)

2.6.2.2 Linear momentum conservation equations in ALE formulation

The conservative form of the linear momentum conservation equation written with respect to the
referential domain Ωχ is∫

Ωχ

∂(Ĵρv)

∂t

∣∣∣
χ

+∇χ ·
(

(ρv ⊗ (v − v̂)− σ)ĴF̂
−T)− Ĵρb dΩχ = 0 (2.110)

which together with the definition P̂ = ĴσF̂
−T for the first Piola-Kirchhoff stress tensor w.r.t. the

map ϕ̂ and relation (2.82) can be written as∫
Ωχ

∂(Ĵρv)

∂t

∣∣∣
χ

+∇χ ·
(

(Ĵρv)⊗ ṽ − P̂
)
− Ĵρb dΩχ = 0. (2.111)

With the prerequisites for the derivation of equation (2.98), the linearmomentum conservation law
on the material domain ΩX is obtained from equation (2.110) as∫

ΩX

∂(Jρv)

∂t

∣∣∣
X
−∇X ·

(
JσF−T

)
− Jρb dΩX = 0, or∫

ΩX

∂(ρ0v)

∂t

∣∣∣
X
−∇X · P − ρ0b dΩX = 0,

(2.112)

where P is the first Piola-Kirchhoff stress tensor w.r.t. the map ϕ (cf. equation (2.35)). By analogy
to the mass conservation case, the application of the prerequisites of equation (2.100) to (2.110),
yields the conservative linearmomentum conservation equation (cf. (2.59)) expressedwith respect
to the spatial domain Ωx: ∫

Ωx

∂(ρv)

∂t

∣∣∣
x

+∇x · (ρv ⊗ v − σ)− ρb dΩx = 0. (2.113)

The push forward of equation (2.110) to the current configuration yields∫
Ωx=ϕ̂(Ωχ)

Ĵ−1∂(Ĵρv)

∂t

∣∣∣
χ

+∇x · (ρv ⊗ (v − v̂)− σ)− ρb dΩx = 0, (2.114)
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from which the following conservative differential (local) form is obtained after localization

Ĵ−1∂(Ĵρv)

∂t

∣∣∣
χ

+∇x · (ρv ⊗ (v − v̂)− σ)− ρb = 0. (2.115)

The non-conservative (advective) form of the linear momentum conservation equation written
with respect to the referential domain Ωχ is given through the expression∫

Ωχ

Ĵρ
∂v

∂t

∣∣∣
χ

+ Ĵρ∇χv
(
F̂
−1
c
)
−∇χ ·

(
ĴσF̂

−T)− Ĵρb dΩχ = 0 (2.116)

which, using P̂ and (2.82), can also be written as∫
Ωχ

Ĵρ
∂v

∂t

∣∣∣
χ

+ Ĵρ (∇χv) ṽ −∇χ · P̂ − Ĵρb dΩχ = 0. (2.117)

Just as (2.113) was obtained from (2.110), we will show in the sequel that the equation for the
non-conservative linear momentum conservation written with respect to the spatial domain can be
obtained from the corresponding non-conservative ALE form (2.116). With the prerequisites for
the derivation of equation (2.100), the ALE form (2.116) yields∫

Ωx

ρ
∂v

∂t

∣∣∣
x

+ ρv · ∇xv −∇x · σ − ρb dΩx = 0, (2.118)

whose local form

ρ
∂v

∂t

∣∣∣
x

+ ρv · ∇xv −∇x · σ − ρb = ρ
Dv

Dt
−∇x · σ − ρb = 0 (2.119)

is nothing but (2.62).
Eventually, pushing forward equation (2.116) to the current configuration, yields the corre-

sponding mixed or hybrid form∫
Ωx=ϕ̂(Ωχ)

ρ
∂v

∂t

∣∣∣
χ

+ ρ (∇xv) c−∇x · σ − ρb dΩx = 0. (2.120)
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Chapter 3

Single-phase flow

3.1 Introduction

Breaking down the multiphysics problem of binary-fluid-structure interaction into its essential
parts, one of these parts is the two-phase (or binary-fluid) flow problem that is treated in Chapter
4. The two-phase flow problem, however, is built on top of the standard or “single-phase” flow
problem to whom we have dedicated the present chapter. This chapter lays the foundation for
the simulation of the fluid part of the overall BFSI problem. More specifically, in this chapter we
are concerned with the application and assessment of the Isogeometric Analysis approach to fluid
flows with respect to well known benchmark problems. The assessments performed in this chapter
are crucial for the validation of intermediate results prior to moving on to more complex problems.

That being said, we present our numerical results for the lid-driven cavity flowproblem (includ-
ing its regularized version) using different B-spline approximation spaces, and compare them to
reference results from literature. Moreover, in addition to comparisons with classical references,
we will whenever feasible take into consideration the results of two recently published articles
[54, 144] on the application of Galerkin-based IGA to the cavity flow problem. The analysis pre-
sented in [144] is based on a scalar stream function formulation of the Navier-Stokes equations,
while [54] uses divergence-conforming B-splines which may be interpreted as smooth generaliza-
tions of Raviart-Thomas elements. We extend this Galerkin IGA-based row of results for cavity
flow with data obtained from the application of smooth generalizations of Taylor-Hood elements.
Despite the fact that investigations of lid-driven cavity type model problems do not necessarily re-
flect the current spirit of time, they are nonetheless a natural first choice in computational fluid
dynamics when it comes to assessing the properties of a novel numerical technique.

Subsequent to lid-driven cavity, we eventually proceed to present and assess approximated
physical quantities such as the drag and lift coefficients obtained for the flow around cylinder
benchmark, whereby amulti-patchdiscretization approach is adopted. For the scenarios addressed,
IsogeometricAnalysis is applied to the steady-state aswell as to the transient incompressibleNavier-
Stokes equations. For the equations under consideration are of nonlinear nature, we decided to pro-
vide a rather detailed insight concerning their treatment. The efficient solution of the discretized
system of equations using iterative solution techniques such as, for instance, multigrid is not ad-
dressed in this work. Preliminary research results are underway and will be presented in a forth-
coming publication. In numerical studies performed in this work, all systems of equations have
been solved with a direct solver.

35
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The outline of this chapter is as follows: Section 3.2 is devoted to a concise introduction to a
few chosen aspects of Isogeometric Analysis that we considered relevant for this work. This pre-
sentation is quite brief and notationally oriented. A more complete introduction to NURBS and
Isogeometric Analysis can be found in [16, 37, 119]. Section 3.3 formalizes Taylor-Hood like dis-
crete approximation spaces being used in different peculiarities throughout this chapter. Section
3.4 is dedicated to the presentation of the governing equations and their variational forms. The
numerical results are showcased in Section 3.5. In particular, in Sections 3.5.2 and 3.5.4, numerical
results of Isogeometric Analysis of lid-driven cavity flow and flow around cylinder are presented
and compared with reference results from literature. Section 3.6 is dedicated to a short summary
in addition to drawn conclusions.

3.2 Intermezzo – A digest of a few chosen aspects of IGA

Consistently applying Galerkin-based Isogeometric Analysis for the discretization of various par-
tial differential equations considered throughout this work, makes it necessary to at least briefly
address this new paradigm in the numerical approximation of PDEs. Towards this end, this section
provides a very concise overview over some aspects of Galerkin-based Isogeometric Analysis that
are relevant to this work. This includes a few notes on the general idea, the utilized basis functions,
geometry representations, and the existence, uniqueness and convergence of solutions. The idea is
just to fix the notation for everything that is IGA-related in the present and subsequent chapters of
this work. We deliberately refrain from dedicating an entire chapter to IGA, since the topic is very
comprehensive and its description outside the scope of this work. We consider an “intermezzo” in
the form of this (embedded) section to be more appropriate. For a detailed introduction to IGAwe
refer to standard text books such as [30, 37].

The Isogeometric Analysis technique, developed by Hughes et al. [37], is a powerful numerical
technique aiming to bridge the gap between the worlds of computer-aided engineering (CAE) and
computer-aided design (CAD). It combines the benefits of Finite Element Analysis (FEA) with the
ability of an exact representation of complex computational domains via an elegant mathematical
description in the form of uni-, bi- or trivariate non-uniform rational B-splines. Non-Uniform Ra-
tional B-splines (NURBS) are the de facto industry standard when it comes to modeling complex
geometries, while FEA is a numerical approximation technique that is widely used in computa-
tional mechanics.

NURBS and FEA utilize basis functions for the representation of geometry and approximation
of field variables, respectively. In order to close the gap between the two technologies, Isogeo-
metric Analysis adopts the B-spline, NURBS or T-spline (see [37]) geometry as the computational
domain and utilizes its basis functions to construct both trial and test spaces in the discrete vari-
ational formulation of differential problems. The usage of these functions allows the construction
of approximation spaces exhibiting higher regularity (C≥0) which – depending on the problem to
be solved – may be beneficial compared to standard finite element spaces. For instance, Cottrell,
Hughes and Reali showed in their study of refinement and continuity in isogeometric structural
analysis [38] that increased smoothness leads to a significant increase in accuracy for the problems
of structural vibrations over the classical C0 continuous p-method of FEA. Isogeometric Analysis
has been successfully applied to high order partial differential equations (PDEs) from awide range
of fields of computational mechanics. In fact, primal variational formulations of high order PDEs
such as Navier-Stokes-Korteweg (3rd order spatial derivatives) or Cahn-Hilliard (4th order spatial
derivatives) require piecewise smooth and globally C1 continuous basis functions. Note that the
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number of finite elements possessing C1 continuity and being applicable to complex geometries is
already very limited in two dimensions [75, 76]. The Isogeometric Analysis technology features a
unique combination of attributes, namely, superior accuracy on degree of freedom basis, robust-
ness, two- and three-dimensional geometric flexibility, compact support, and the possibility for C≥0

continuity [37].
Galerkin-based Isogeometric Analysis adopts spline (B-spline/NURBS, etc.) basis functions for

analysis as well as for the description of the geometry (computational domain). Just like in FEA, a
discrete approximation space – based on the span of the basis functions in charge – is constructed
and eventually used in the framework of a Galerkin procedure for the numerical approximation of
the solution of partial differential equations11.

Recalling reference (Ω̃) and physical domains (Ω) in FEA, using B-splines/NURBS, one addi-
tional domain – the parametric spline domain (Ω̂) – needs to be considered aswell (see Fig. 3.1). We
follow this requirement and present an insight in the traits of spline-based discrete approximation
spaces in the sequel.

1

0.5

1, 1, 1

0, 0, 0 0.5

Ω̂ (Knot domain)Ω̃ (Reference domain)
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1
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−1

Ω (Physical domain)

NURBS control point

F

1, 1, 1

e1
e3

e4

e2

Figure 3.1: Domains involved in Isogeometric Analysis. Left: Reference domain used to eval-
uate integrals; Center: Exemplary parametric spline domain with knot vectors Ξu = Ξv :=
{0, 0, 0, 0.5, 1, 1, 1} defining four elements (e0, . . . , e3), two in each parametric direction. Right: Im-
age of the knot space coordinates under the parametrization F.

3.2.1 Basis functions

Given two positive integers p and n, we introduce the ordered knot vector

Ξ := {0 = ξ1, ξ2, . . . , ξm = 1}, (3.1)

whereby repetitions of them = n+p+1 knots ξi are allowed: ξ1 ≤ ξ2 ≤ · · · ≤ ξm. Note that in (3.1)
the values of Ξ are normalized to the range [0, 1] merely for the sake of clarity and not restricted in
range otherwise. Besides, we assume that Ξ is an open knot vector, that is, the first and last knots
have multiplicity p+ 1: Ξ = {0, . . . , 0︸ ︷︷ ︸

p+1

, ξp+2, . . . , ξm−p−1, 1, . . . , 1︸ ︷︷ ︸
p+1

}.

11We point out on a side note that IGA is not restricted to the Galerkin framework and has as a matter of fact been
successfully used with Collocation techniques as well, see for instance [8, 130].
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Let the (univariate) B-spline basis functions of degree12 p be denoted byBi,p(ξ), for i = 1, . . . , n.
Then, the ith B-spline basis function is a piecewise polynomial function and it is recursively defined
by the Cox-de Boor recursion formula:

Bi,0(ξ) =

{
1, if ξi ≤ ξ < ξi+1

0, otherwise

Bi,p(ξ) =
ξ − ξi
ξi+p − ξi

Bi,p−1(ξ) +
ξi+p+1 − ξ
ξi+p+1 − ξi+1

Bi+1,p−1(ξ), p > 0.

(3.2)

At knot ξi the basis functions have α := p − ri continuous derivatives, where ri denotes the mul-
tiplicity of knot ξi. The quantity α is bounded from below and above by −1 ≤ α ≤ p − 1. Thus,
the maximum multiplicity allowed is ri = p + 1, rendering the basis functions at ξi discontinuous
as it is the case at the boundaries of the interval. Each basis function Bi,p is non-negative over the
entire domain, that is, Bi,p(ξ) ≥ 0, ∀ξ and has a local support property: Bi,p(ξ) = 0, if ξ is outside
the interval [ξi, ξi+p+1). The half-open interval [ξi, ξi+1) is referred to as a knot span (ith knot span;
possibly of zero length) or element in IGA speak. Moreover, the B-spline basis functions are linearly
independent and constitute a partition of unity, that is,

n∑
i=1

Bi,p(ξ) = 1, for all ξ ∈ [0, 1]. (3.3)

Figure 3.2 illustrates the basis functions of degree 2 of an exemplary knot vector exhibiting different
levels of continuity. Due to the recursive definition (3.2), the derivative of the ith B-spline basis
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B5,2
B6,2 B7,2

B8,2

B
(ξ

)

ξ

B-spline basis functions

Figure 3.2: Plot of B-spline basis functions of degree 2 corresponding to the open knot vector
Ξ := {0, 0, 0, 0.2, 0.4, 0.4, 0.6, 0.8, 1, 1, 1}. Due to the open knot vector trait, the first and last basis
functions are interpolatory, that is, they take the value 1 at the first and last knot. At an interior knot
ξi the continuity is Cp−ri with ri denoting the multiplicity of knot ξi. Due to the multiplicity r5 = 2
of knot ξ5 = 0.4, the continuity of the basis functions across this parametric point is Cp−2 = C0,
while at the other interior knots the continuity is Cp−1 = C1.

function is given by

d

dξ
Bi,p(ξ) = B′i,p(ξ) =

p

ξi+p − ξi
Bi,p−1(ξ)− p

ξi+p+1 − ξi+1
Bi+1,p−1(ξ) (3.4)

12Degree and order are differently defined in geometry and analysis contexts. For instance, a quadratic polynomial has
for Geometers degree 2 and order 3 (degree + 1), whereas for Analysts the same polynomial is of order 2. The latter use
the notion degree and order synonymously. We adhere to this convention in this work.
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which is a combination of lower order B-spline functions. The generalization to higher derivatives
is straightforward by simply differentiating each side of the above relation.

Univariate rational B-spline basis functions are obtained by augmenting the set of B-spline basis
functions with weights wi and defining

Ri,p(ξ) =
Bi,p(ξ)wi
W (ξ)

,

W (ξ) =
n∑
j=1

Bj,p(ξ)wj .
(3.5)

Above, the functionRi,p(ξ) represents a projective transformation [119] using the polynomialweight-
ing functionW (ξ). The derivative of the NURBS basis function Ri,p(ξ) is obtained by applying the
quotient rule:

d

dξ
Ri,p(ξ) = wi

B′i,p(ξ)W (ξ)−Bi,p(ξ)W ′(ξ)
W 2(ξ)

,

W ′(ξ) =
n∑
i=1

B′i,p(ξ)wi.

(3.6)

By setting all weighting coefficients equal to one it follows that B-splines are just a special case
of NURBS.

The space of B-splines of degree p and regularity α determined by the knot vector Ξ is spanned
by the basis functions Bi,p and will be denoted by

Spα ≡ Spα(Ξ, p) := span{Bi,p}ni=1. (3.7)

Analogously, we define the space spanned by rational B-spline basis functions as

N p
α ≡ N p

α(Ξ, p, w) := span{Ri,p}ni=1. (3.8)

The definition of univariate B-spline spaces can readily be extended to higher dimensions. To
this end, we consider d knot vectors Ξβ , 1 ≤ β ≤ d and an open parametric domain (0, 1)d ∈ Rd.
The knot vectors Ξβ partition the parametric domain (0, 1)d into d-dimensional open knot spans,
or elements, and thus yield a mesh Q being defined as

Q ≡ Q(Ξ1, . . . ,Ξd) := {Q = ⊗dβ=1(ξiβ ,β, ξiβ+1,β) | Q 6= ∅, 1 ≤ i < mβ} (3.9)

For an elementQ ∈ Q, we set hQ = diam(Q), and define the global mesh size h = max{hQ, Q ∈ Q}.
We define the tensor product B-spline and NURBS basis functions as

Bi1,...,id := Bi1,1 ⊗ · · · ⊗Bid,d, i1 = 1, . . . , n1, id = 1, . . . , nd (3.10)

and
Ri1,...,id := Ri1,1 ⊗ · · · ⊗Rid,d, i1 = 1, . . . , n1, id = 1, . . . , nd, (3.11)

respectively. For d = 2 for instance, the bivariate B-spline and NURBS basis functions (and deriva-
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tives) of degrees p and q in the respective directions, are defined as

Bp,q
i,j (ξ, η) = Bi,p(ξ)Bj,q(η),

∂Bp,q
i,j (ξ, η)

∂ξ
=

d

dξ

(
Bi,p(ξ)

)
Bj,q(η),

∂Bp,q
i,j (ξ, η)

∂η
= Bi,p(ξ)

d

dη

(
Bj,q(η)

)
,

(3.12)

Rp,qi,j (ξ, η) =
Bi,p(ξ)Bj,q(η)wi,j

W (ξ, η)
, W (ξ, η) =

n∑
i=1

m∑
j=1

Bi,p(ξ)Bj,q(η)wi,j . (3.13)

∂Rp,qi,j (ξ, η)

∂ξ
= wi,j

B′i,p(ξ)Bj,q(η)W (ξ, η)−Bi,p(ξ)Bj,q(η)W ′ξ(ξ, η)

W 2(ξ, η)
,

∂Rp,qi,j (ξ, η)

∂η
= wi,j

Bi,p(ξ)B
′
j,q(η)W (ξ, η)−Bi,p(ξ)Bj,q(η)W ′η(ξ, η)

W 2(ξ, η)
,

W ′ξ(ξ, η) =
n∑
i=1

m∑
j=1

B′i,p(ξ)Bj,q(η)wi,j , W ′η(ξ, η) =
n∑
i=1

m∑
j=1

Bi,p(ξ)B
′
j,q(η)wi,j .

(3.14)

Then, the tensor product B-spline andNURBS spaces, spanned by the respective basis functions,
are defined as

S ≡ Sp1,...,pd
α1,...,αd

≡ Sp1,...,pd
α1,...,αd

(Q) := Sp1
α1
⊗ · · · ⊗ Spdαd = span{Bi1...id}n1,...,nd

i1=1,...,id=1 (3.15)

and

N ≡ N p1,...,pd
α1,...,αd

≡ N p1,...,pd
α1,...,αd

(Q) := N p1
α1
⊗ · · · ⊗ N pd

αd
= span{Ri1...id}n1,...,nd

i1=1,...,id=1, (3.16)

respectively. The space Sp1,...,pd
α1,...,αd is fully characterized by the meshQ, the degrees p1, . . . , pd of basis

functions and their continuities α1, . . . , αd. Theminimum regularity/continuity of the space is α :=
min{αi, i ∈ (1, d)}. A mesh stack {Qh}h≤h0 , with affiliated spaces (Sh,Nh), can be constructed via
knot insertion as described, e.g., in [37] from an initial coarse mesh Q0, with the global mesh size
h pointing to a refinement level index.

For a representation of the elements in the physical domain Ω, the mesh Q is mapped to the
physical space via a NURBS geometrical map F : Ω̂→ Ω

F =

n1∑
i1=1

· · ·
nd∑
id=1

Ri1,...,id(ξi1 , . . . , ξid)Pi1,...,id (3.17)

yielding a mesh K, with
K = F(Q) := {F(ξ) | ξ ∈ Q}. (3.18)

In equation (3.17), P, denotes a homogeneous NURBS control point uniquely addressed in the
NURBS tensor product mesh by its indices. F denotes a parametrization of the physical domain Ω
andwe assume that it is invertible, with smooth inverse, on each elementQ ∈ Q. With the definition
of F in hand, the space V of NURBS basis functions on Ω, being the push-forward of the space N , is
defined as

Vp1,...,pd
α1,...,αd

≡ Vp1,...,pd
α1,...,αd

(K) := Vp1
α1
⊗ · · · ⊗ Vpdαd = span{Rphys

i1...id
= Ri1...id ◦ F−1}n1,...,nd

i1=1,...,id=1 (3.19)
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3.2.2 Geometry representation

Isogeometric Analysis is based on the idea to perform analysis directly on the geometries that are
used in CAD, and to use the same functions that exactly describe geometry also for analysis. Since
it is very common in CAD to describe geometries with NURBS andwe have already presented their
basis functions, in the sequel we will briefly present a few key aspects of geometry representation
that are relevant for the present work. Linear combinations of B-spline or NURBS basis functions
can be used to describe geometry in Rd. We will briefly discuss the concept for B-splines and show
how it extends to NURBS. Given n pth-degree B-spline basis functions, Bi,p, i = 1, 2, . . . , n defined
on the knot vector

Ξ = {ξ1, . . . ξm=n+p+1} = {0, . . . , 0︸ ︷︷ ︸
p+1

, ξp+2, . . . , ξm−p−1, 1, . . . , 1︸ ︷︷ ︸
p+1

}

and corresponding vector-valued coefficients also known as control points Pi ∈ Rd, i = 1, 2, . . . , n,
a piecewise polynomial B-spline curve of degree p is given by

C(ξ) =
n∑
i=1

Bi,p(ξ)Pi, 0 ≤ ξ ≤ 1. (3.20)

A piecewise linear interpolation of the control points yields a so-called control polygon. Note that
higher dimensional geometries such as surfaces and volumes can be easily created from the tensor
product of B-spline curves. For instance, given a control net {Pi,j}, i = 1, . . . , n, j = 1, . . . ,m,
polynomial degrees p and q, and univariate B-spline basis functionsBi,p(ξ) andBj,q(η) respectively
defined on knot vectors

Ξ = {ξ1, . . . ξr=n+p+1} = {0, . . . , 0︸ ︷︷ ︸
p+1

, ξp+2, . . . , ξr−p−1, 1, . . . , 1︸ ︷︷ ︸
p+1

}, and

E = {η1, . . . ηs=m+q+1} = {0, . . . , 1︸ ︷︷ ︸
q+1

, ξq+2, . . . , ξs−q−1, 1, . . . , 1︸ ︷︷ ︸
q+1

},

a tensor product B-spline surface is defined by the following expression

S(ξ, η) =

n∑
i=1

m∑
j=1

Bi,p(ξ)Bj,q(η)Pi,j , 0 ≤ ξ, η ≤ 1. (3.21)

Tensor product B-spline volumes (a.k.a. solids) can be created likewise. B-spline and NURBS
geometries have various interesting properties whose discussion is, however, outside the scope
of this work. We refer to [119] for more information on this topic. While B-splines are capable
of describing complex geometries with a fairly little amount of control points, they fail to exactly
represent conic sections such as circles or ellipses. To give an example, a unit circle in the xy plane,
centered at the origin, cannot be represented using polynomial coordinate functions [119]. This
shortcoming is eliminated by NURBS due to their ability to exactly represent all conic sections, and
therefore giving rise to the exact representation of spheres, cylinders, tori, and ellipsoids. NURBS
address this shortcoming of B-splines by means of rational functions that are defined as the ratio
of two polynomials. More specifically, conic curves including the circle can be represented with
rational functions of the form

x(ξ) =
X(ξ)

W (ξ)
, y(ξ) =

Y (ξ)

W (ξ)
, (3.22)
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where X(ξ), Y (ξ), and W (ξ) are polynomials, and each of the coordinate functions has the same
denominator. Inspired by projective geometry, the idea is to use homogeneous coordinates to repre-
sent a rational curve in n-dimensional space with a polynomial curve in (n + 1)-dimensional space
[119]. In three-dimensional Euclidean space for instance, a point P = (x, y, z) ∈ R3 is augmented
with a weight w 6= 0 so as to obtain a homogeneous-coordinate point Pw = (wx,wy,wz, w) =
(X,Y, Z,W ) ∈ R4. Note that P is obtained by the projection of Pw onto the W = 1 hyperplane
by a ray through the origin. The corresponding operator is a perspective mapH with center at the
origin, reading

P = H{Pw} = H{(X,Y, Z,W )} =

{
(XW , YW , ZW ) ifW 6= 0,

direction (X,Y, Z) ifW = 0.
(3.23)

Now, given a set of control points {Pi} and corresponding weights wi, a nonrational (piecewise
polynomial) B-spline curve of degree p in four-dimensional space is given through the following
definition

Cw(ξ) =

n∑
i=1

Bi,p(ξ)P
w
i , (3.24)

where {Pw
i = (wixi, wiyi, wizi, wi)} represents a set of weighted control points. Note that the coor-

dinate functions of the curve described in (3.24) read

X(ξ) =

n∑
i=1

Bi,p(ξ)wixi, Y (ξ) =

n∑
i=1

Bi,p(ξ)wiyi, Z(ξ) =

n∑
i=1

Bi,p(ξ)wizi, W (ξ) =

n∑
i=1

Bi,p(ξ)wi.

(3.25)
The coordinate functions of the corresponding rational B-spline curve C(ξ) in three-dimensional
space are obtained through the application of the perspective map (3.23) to Cw(ξ):

x(ξ) =
X(ξ)

W (ξ)
=

∑n
i=1Bi,p(ξ)wixi∑n
i=1Bi,p(ξ)wi

, y(ξ) =
Y (ξ)

W (ξ)
=

∑n
i=1Bi,p(ξ)wiyi∑n
i=1Bi,p(ξ)wi

, z(ξ) =
Z(ξ)

W (ξ)
=

∑n
i=1Bi,p(ξ)wizi∑n
i=1Bi,p(ξ)wi

.

(3.26)
Therefore, the NURBS curve C(ξ) may be expressed as

C(ξ) = (x(ξ), y(ξ), z(ξ)) =

∑n
i=1Bi,p(ξ)wi(xi, yi, zi)∑n

i=1Bi,p(ξ)wi
=

∑n
i=1Bi,p(ξ)wiPi∑n
i=1Bi,p(ξ)wi

=
n∑
i=1

Ri,p(ξ)Pi, (3.27)

using rational basis functions Ri,p(ξ) as defined in (3.5). Clearly, the application of the perspective
map H to the piecewise polynomial curve Cw(ξ), that is,

C(ξ) = H{Cw(ξ)} = H

{
n∑
i=1

Bi,p(ξ)P
w
i

}
, (3.28)

yields the corresponding rational B-spline curve (piecewise rational) in three-dimensional space.
We conclude the geometry representation discussion with the presentation of the definition for
a NURBS surface. The definition of a NURBS volume exhibits an analogous structure. Given a
control net {Pi,j}, i = 1, . . . , n, j = 1, . . . ,m and corresponding weights wi,j , polynomial degrees
p and q, and univariate B-spline basis functions Bi,p(ξ) and Bj,q(η) respectively defined on knot
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vectors
Ξ = {ξ1, . . . ξr=n+p+1} = {0, . . . , 0︸ ︷︷ ︸

p+1

, ξp+2, . . . , ξr−p−1, 1, . . . , 1︸ ︷︷ ︸
p+1

}, and

E = {η1, . . . ηs=m+q+1} = {0, . . . , 0︸ ︷︷ ︸
q+1

, ξq+2, . . . , ξs−q−1, 1, . . . , 1︸ ︷︷ ︸
q+1

},

a NURBS surface of degree p in the ξ direction and degree q in the η direction is a bivariate vector-
valued piecewise rational function, defined as

S(ξ, η) =

∑n
i=1

∑m
j=1Bi,p(ξ)Bj,q(η)wi,jPi,j∑n

i=1

∑m
j=1Bi,p(ξ)Bj,q(η)wi,j

, 0 ≤ ξ, η ≤ 1. (3.29)

Using the rational basis functions (3.14), Equation (3.29) can be written as

S(ξ, η) =
n∑
i=1

m∑
j=1

Rp,qi,j (ξ, η)Pi,j . (3.30)

Just like with NURBS curves, it is convenient to represent NURBS surfaces with homogeneous
coordinates, that is

Sw(ξ, η) =
n∑
i=1

m∑
j=1

Bi,p(ξ)Bj,q(η)Pw
i,j , (3.31)

where Pw
i,j = (wi,jxi,j , wi,jyi,j , wi,jzi,j , wi,j). Then, the application of the perspective map H to the

tensor product piecewise polynomial surface Sw(ξ, η) in four-dimensional space yields the corre-
sponding piecewise rational surface in R3: S(ξ, η) = H{Sw(ξ, η)}. We refer to Figure 3.3 for the
demonstration of a few simple examples of NURBS geometries.
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Figure 3.3: Examples of univariate (curve), bivariate (surface), and trivariate (volume) NURBS
geometries depicted in magenta color. The NURBS control points and control polygon are drawn
in red and blue, respectively. The green points represent the knots (element boundaries).

3.2.3 Galerkin-based Isogeometric Analysis

Galerkin-based Isogeometric Analysis (13IGA) is one of the numericalmethods in the class of Isoge-
ometricmethods and can be seen as spline-basedGalerkin FEA. The typical class of splines used are

13In the sequel we abbreviate Galerkin-based Isogeometric Analysis with IGA.
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B-splines and NURBS, however the method has been extended in recent years to utilize additional
spline types such as Truncated Hierarchic B-splines, T-splines, etc. allowing for local refinement.
IGA uses basis functions that satisfy the partition of unity property (cf. Equation (3.3)), and natu-
rally adheres to the isoparametric concept by using the same basis for geometry and analysis. In the
context of mappings between the reference and physical elements in FEA, isoparametric mappings
are those mappings whose polynomial degree coincides with that of the trial functions. They are
very useful for discretizing domains with curvilinear boundaries. For instance, given basis func-
tions Bp,q

i,j (ξ, η) of degrees p and q in the respective spatial directions, and letting nen denote the
number of basis functions with support on element e, the (isoparametric) transformation

(x, y)T = Fe(ξ, η) =

nen∑
i=1

(xi, yi)
TBp,q

i,j (ξ, η), 0 ≤ ξ, η ≤ 1. (3.32)

maps an element (segment) Ω̂e ≡ [ξi, ξi+1] × [ηi, ηi+1] in the parametric domain Ω̂ to an element
Ωe in the (xy)-plane with possibly curved edges according the the degrees of p and q. Likewise,
considering a 1D scenario for simplicity, given basis functionsBi,p that satisfy the partition of unity
property, and a corresponding basis {Bi,p}ni=1 for a solution space, a discrete approximation func-
tion ûh : Ω̂→ R from this space may be expressed as

ûh =
n∑
i=1

ciB
p
i (ξ), (3.33)

with ci denoting the coefficients. Note that any reasonably smooth isoparametric basis that is also a
partition of unity constitutes themost basic convergence requirements inmany numericalmethods.
As discussed in [37, 87], a basis that is (i) complete, (ii) C1 inside the elements, and (iii) C0 on the el-
ement boundaries, satisfies the sufficient conditions for a basic proof of convergence of the Galerkin
solution to the exact solution for a large class of problems. For the first condition - completeness
- all linear functions on any given element Ωe must be representable by the basis. Conditions (ii)
and (iii) pose no restrictions either, as it is easy to setup a (spline) basis with functions that are
smooth (C∞) in the element interiors and (excluding Discontinuous Galerkin methods) at least C0

on the element boundaries. As for condition (i), the isoparametric concept and the partition of
unity - both inherent in IGA - are enough to ensure completeness [37]. Convergent methods for
many different element technologies including NURBS are essentially attributed to these traits in
the context of IGA.

Galerkin-based IGA may be considered as an expansion and powerful generalization of tradi-
tional finite elements analysis. The basic operating principle of IGA and its similarity to FEA is best
explained with a simple boundary value problem. To this end we consider a Poisson’s problem
with Dirichlet, Neumann, and Robin boundary conditions requiring to split the boundary ∂Ω of
the computational domain Ω into corresponding parts. The strong form of this boundary value
problem requires to find u : Ω̄→ R such that

−∇ · (ν∇u) = f in Ω, (3.34a)
u = g on ΓD, (3.34b)

ν
∂u

∂n
= h on ΓN , (3.34c)

βu+ ν
∂u

∂n
= r on ΓR, (3.34d)
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where ν is a scalar andndenotes the unit normal vector pointing outside the computational domain
Ω. The boundary of the latter is partitioned into nonoverlapping Dirichlet (ΓD), Neumann (ΓN),
and Robin (ΓR) segments, that is, ΓD ∪ ΓN ∪ ΓR = Γ = ∂Ω,ΓD ∩ ΓN ∩ ΓR = ∅, and the given
functions g : ΓD → R, h : ΓN → R, r : ΓR → R represent Dirichlet, Neumann, and Robin boundary
condition functions on the respective segments.

The variational formulation of this problem reads:

Problem 3.2.1. Let T := {u ∈ H1(Ω) : u = g on ΓD} denote a space of trial functions, and let W :=
{w ∈ H1(Ω) : w = 0 on ΓD} be a space of functions with vanishing trace on ΓD - a space of test/weighting
functions. Given the bilinear form

a(u,w) :=

∫
Ω
ν∇w · ∇udΩ + β

∫
ΓR

wudΓ, (3.35)

and the linear form

b(w) :=

∫
Ω
wf dΩ +

∫
ΓN

whdΓ +

∫
ΓR

wr dΓ, (3.36)

find u ∈ T , such that
a(u,w) = b(w) ∀w ∈ W. (3.37)

This problem formulation directly leads to the variational formulation of the corresponding
discrete problem that we define as follows:

Problem 3.2.2. Let Spα denote a spline space that, for instance, for B-spline and NURBS is defined through
equations (3.15) and (3.16), respectively. Moreover, let T̂h denote a discrete trial space in the parametric
spline domain and let Th = {uh ∈ T ∩Spα : uh = ûh ◦F−1, ûh ∈ T̂h} denote its counterpart in the physical
domain Ω, where F : Ω̂ → Ω is a parametrization of Ω (NURBS geometrical map as defined in (3.17)).
Given the bilinear form

a(uh, wh) :=

∫
Ω
ν∇wh · ∇uh dΩ + β

∫
ΓR

whuh dΓ, (3.38)

and the linear form

b(wh) :=

∫
Ω
whf dΩ +

∫
ΓN

whhdΓ +

∫
ΓR

whr dΓ, (3.39)

find uh ∈ Th, such that
a(uh, wh) = b(wh) ∀wh ∈ Th. (3.40)

For the solution of Problem 3.2.2 it is necessary to define bases for the discrete spaces T̂h and Th,
whose dimensions is denoted byNh = dim(T̂h) = dim(Th). We let a basis for T̂h be given by {v̂i}Nhi=1,
and using the parametrization F, we define a basis for Th by {vi = v̂i ◦ F−1}Nhi=1. With these bases
at hand, we consider for trial and test functions u(x) and w(x) and their gradients approximations
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of the form
u(x) ≈ uh(x) =

Nh∑
j=1

cjvj =

Nh∑
j=1

cj
(
v̂j ◦ F−1

)
,

w(x) ≈ wh(x) =

Nh∑
i=1

divi =

Nh∑
i=1

di
(
v̂i ◦ F−1

)
,

∇u(x) ≈ ∇uh(x) =

Nh∑
j=1

cj∇vj =

Nh∑
j=1

cj(DF)−T
(
∇v̂j ◦ F−1

)
,

∇w(x) ≈ ∇wh(x) =

Nh∑
i=1

di∇vi =

Nh∑
i=1

di(DF)−T
(
∇v̂i ◦ F−1

)
,

(3.41)

where DF denotes the Jacobian matrix of the parametrization F, and (DF)−T is its inverse trans-
pose. Ultimately, inserting the substitutions presented in (3.41) into (3.40), that is,

a

vi, Nh∑
j=1

vjcj

 =

Nh∑
j=1

a(vi, vj)cj = b(vi), i = 1, . . . , Nh, (3.42)

leads to the following discrete system

dT [Ac− b] = 0, (3.43)

with system matrix A, right hand side vector b, and the vector c of unknown coefficients. The
requirement that (3.40) has to hold for all test functions wh ∈ Th is equivalent to the requirement
to satisfy (3.43) for all choices of coefficient vectors d, and the only possibility for this to happen is
when c is the solution of the linear algebraic system a(v1, v1) . . . a(v1, vNh)

... . . . ...
a(vNh , v1) . . . a(vNh , vNh)


︸ ︷︷ ︸

A

 c1
...
cNh


︸ ︷︷ ︸

c

=

 b(v1)
...

b(vNh)


︸ ︷︷ ︸

b

. (3.44)

Except the imposition of Dirichlet boundary conditions, the further procedure involving the assem-
bly process and the numerical integration of the integrals pretty much resembles that of standard
FEA and is therefore not further discussed. The non-interpolatory basis of the discrete approxima-
tion spaces used in IGA render the imposition of Dirichlet boundary conditions a bit more involved
than in standard FEA. For a brief discussion of the means to address this issue, we recall the Dirich-
let boundary condition function g (cf. (3.34b)) of our model problem and assume there exists a
lifting function gh ∈ Th such that gh|ΓD = g, if g exists in the NURBS space. For constant g - cover-
ing the case of homogeneous Dirichlet boundary conditions - the partition of unity property of the
B-spline/NURBS basis functions ensures that it is enough to just prescribe the constant value to the
respective coefficients. Functions of higher order that exist in the NURBS space may in principle be
set by a proper choice of the control variables. For functions that do not exist in the NURBS space
the lifting is just an approximation gh|ΓD ≈ g. Interpolating g with the control points is at times a
feasible option, however, it yields a gh with a certain not necessarily uniform offset to g. A better
lifting may be found by a least-squares fit of the prescribed Dirichlet data or by an L2-projection of
g into the solution space.
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3.2.4 A review of classical results on existence, uniqueness and convergence of solu-
tions

In this section we will briefly review the most relevant results on the existence, uniqueness and
convergence of Finite Element (FE) and (Galerkin-based) 13IGA solutions without proofs and cite
sources in which these topics are treated with a significantly higher level of detail. FE theory heav-
ily draws on Functional Analysis and is embedded in an elegant framework enabling accurate a priori
and a posteriori estimates of discretization errors and convergence rates. With IGA being a general-
ization of standard FEA, the results on existence and uniqueness of solutions directly apply to IGA
as well. As far as convergence is concerned, the approximation properties of NURBS are harder to
determine than those of standard polynomials used in FEA.We concisely review the approximation
properties of B-spline and NURBS spaces and contrast the convergence rates of solutions obtained
with IGA and standard FEA. The results and concepts presented are discussed on the basis of the
variational Problem 3.2.3 for which the following conditions are expected to hold:

1. (H, (·, ·)) is a Hilbert space.
2. V is a (closed) subspace ofH.
3. a(·, ·) is a continuous and coercive bilinear form on V that is not necessarily symmetric.

(3.45)
Note that our model Problem 3.2.1 (Poisson) is a special case of Problem 3.2.3 with a symmetric
bilinear form.
Problem 3.2.3 (Nonsymmetric variational problem). Let V be a Hilbert space and let V ′ denote its
dual space. Find u ∈ V , such that

a(u,w) = F (w) ∀w ∈ V, (3.46)
where F ∈ V ′ is a continuous linear functional, and a(·, ·) is a continuous and coercive bilinear form.

We recall the definitions of a few notions used in the above problem formulation:
Definition 3.2.1. A bilinear form a(·, ·) on a normed linear spaceH is called bounded (or continuous), if
∃C <∞, such that

|a(v, w)| ≤ C ‖v‖H ‖w‖H ∀v, w ∈ H,
and coercive (a.k.a. H-Elliptic, elliptic, or positive definite) on V ⊂ H, if ∃α > 0, such that

a(v, v) ≥ α ‖v‖2H ∀v ∈ V.

Every H-elliptic bilinear form a(·, ·) induces a norm - a so-called energy norm defined as

‖v‖a :=
√
a(v, v).

The subscripts a reflects the fact that the norm has been induced by the bilinear form a(·, ·).
The dual space B′ to a Banach space B is a set of linear functionals on B. A linear functional L

on a linear space B is a linear function from B into the set of real numbers (L : B → R), such that

L(u+ αv) = L(u) + αL(v) ∀u, v ∈ B, a ∈ R.

Proposition 3.2.1. A linear functional L on a Banach space B is continuous, if and only if it is bounded,
i.e., if ∃C <∞, such that

|L(v)| ≤ C ‖v‖B ∀v ∈ B.



48 CHAPTER 3. SINGLE-PHASE FLOW

Proof. See [23].

Now, given the variational problem (3.46), we want to answer the following questions:

(i) Does the problem have a solution (u), and if so, is it unique?

(ii) Let Vh be a finite dimensional function space and let uh ∈ Vh be the solution obtained from
the Galerkin FEA/IGA method. Is this solution optimal? That is, is uh optimal in the sense
that the error u− uh satisfies

‖u− uh‖ = min
vh∈Vh

‖u− vh‖ (3.47)

in an appropriate norm?

(iii) What is an upper bound for the right hand side of (3.47), i.e., how good does an optimal
interpolant Ihu in the space Vh approximate the solution u of a variational problem?

The existence and uniqueness of the solution to (3.46) is guaranteed by the Lax-Milgram theorem
yielding an answer to question (i).

Theorem 3.2.1 (Lax-Milgram lemma). Let (V, (·, ·)) denote a Hilbert space. Given a bounded (continu-
ous) and coercive bilinear form a(·, ·) on V and a continuous linear functional F ∈ V ′, there exists a unique
u ∈ V , such that

a(u,w) = F (w) ∀w ∈ V. (3.48)

Proof. A proof of this can be found in [23].

We proceed with a discussion on question (ii). There is a connection between self-adjoint dif-
ferential problems such as the Poisson problem (3.34) (with homogeneous Dirichlet data) and the
minimization of the energy functional

J(v) := a(v, v)− 2(f, v), (3.49)

with bilinear and linear forms according to (3.35) and (3.36). More specifically, J(v) attains its
minimum value for the solution u ∈ H1

0(I) of the Galerkin weak form (3.37). Contrariwise, the
solution of the minimization problem:

Find v ∈ H1
0 such that J(v) −→ min ! (3.50)

is also a solution to the Galerkin weak form (3.37). It can be concluded from the above, that the
solution of the Galerkin problem (3.37) is optimal in the sense of minimizing (3.49).

Theorem 3.2.2. The function u ∈ H1
0(I) that minimizes the energy functional (3.49) is the one that satisfies

the Galerkin weak from (3.37) and vice versa.

Proof. A proof of this relation can for instance be found in [22, 60].

The estimation of the error ‖u− uh‖ in (3.47) requires access to the discrete (finite dimensional)
solutionuh. In order to obtainuh, we consider a finite dimensional subspaceVh ⊂ H1

0(I) and replace
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in (3.46) the functions u and w with their discrete counterparts. This yields the corresponding
discrete variational problem, reading: Find uh ∈ Vh satisfying

a(uh, wh) = F (wh) ∀wh ∈ Vh. (3.51)

As a subspace ofH1
0(I), the discrete space Vh satisfies the prerequisites of the Lax-Milgram lemma,

allowing it to guarantee the existence and uniqueness of a solution uh ∈ Vh for the discrete problem
(3.51). The following theorem shows that the discrete solution uh is the near-best fit to the solution
u of the continuous problem, or optimal in the sense that the error ‖u− uh‖V is proportional to the
best it can be in the subspace Vh.

Theorem 3.2.3 (Céa’s lemma). Let u be the solution of the continuous problem (3.46). Under the same
conditions (cf. (3.45)) as for Theorem 3.2.1 (Lax-Milgram lemma), the discrete problem (3.51) has a unique
solution uh for which it holds

‖u− uh‖V ≤
C

α
min
vh∈Vh

‖u− vh‖V , (3.52)

with C and α denoting the continuity and coercivity constant of a(·, ·) on V . The discrete solution uh from
the subspace Vh is quasi-optimal - it is at most by the constant Cα worse than the best approximation for u in
Vh.

Proof. Proofs of Céa’s lemma can be found in [22, 23], for example.

With question (ii) being answered by Céa’s lemma, it remains to discuss about an upper bound
for the error ‖u− vh‖V in (3.52). To this end, let the solutions u ∈ Hk(Ω) and uh ∈ Vh of a continu-
ous and the corresponding discrete variational problem satisfy (cf. Céa’s lemma)

‖u− uh‖Hk(Ω) ≤ c0 min
vh∈Vh

‖u− vh‖Hk(Ω) . (3.53)

An upper bound for the right hand side of (3.53) is obtained by considering the error of an inter-
polant Ihu ∈ Vh of u. The existence of a smooth enough u and an interpolant Ihu, such that

‖u− Ihu‖Hk(Ω) ≤ Chl−k ‖u‖Hl(Ω) , (3.54)

for 0 ≤ k ≤ l, implies
‖u− uh‖Hk(Ω) ≤ c1h

l−k ‖u‖Hl(Ω) . (3.55)

Remark 3.2.1. The approach for the construction of the estimate presented in (3.54) is to obtain a bound for
the interpolation error on each element and eventually sum over all elements to get a global interpolation error
result (cf. [23], Theorem (4.4.20)). In this context, the Bramble-Hilbert Lemma (cf. [23]) is an important
building block. It describes a bound for the error of an approximation of a function u ∈ Wm,p by a polynomial
of order at mostm− 1 in terms ofm-th order derivatives of u.

The following theorem presents a finite element convergence estimate for the more general case
in which umay lack the required smoothness for the interpolant Ihu to be well defined.

Theorem 3.2.4. Let the optimality constraint (3.53) hold for any u ∈ Hk(Ω) and let the interpolation
estimate (3.55) hold for any u ∈ Ht(Ω), where k, l, t ∈ N with k < l < t. Then, for any u ∈ Hl(Ω) it holds

‖u− uh‖Hk(Ω) ≤ Chβ=l−k ‖u‖Hl(Ω) . (3.56)
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Proof. For a proof of this theoremand results leading to itwe refer to the proofs of Theorems (4.4.20)
and (14.3.3) in [23], the proof of Theorem (6.4) in [22], and to the proofs of Theorems (4.6.5),
(7.2.3), and (7.2.4) in [60].
Remark 3.2.2. In (3.56), β = l − k denotes the order of convergence. It is a measure for how the error of
order O(hβ) changes under h-refinement (h→ 0).

The convergence estimate (3.56) has been developed for standard finite elements. With Céa’s
lemma holding for both FEM and Galerkin-based IGA, it remains to discuss the interpolation error
for the latter. With that being said, a concise review of some of the approximation properties of the
NURBS space based on [16, 131] is presented in the sequel.

When it comes to the construction of an estimate similar to (3.56) for the order of convergence
of an IGA solution uh, one faces several difficulties. The first complication is caused by the large
support of B-spline/NURBS (abbreviatedwith spline for the rest of this section) basis functions (cf.
Figure 3.2). Standard interpolation estimates work on element level. They estimate an error bound
by seeking a best fit within each element, and ultimately aggregate these bounds to obtain an error
bound for the whole domain. This is non-trivial in case of spline basis functions as the support of
a spline basis function spans in general more than one element.

Therefore, in the course of trying to fit a function over an element Q, one can not determine
optimal control variables (coefficients) by considering each element individually. Instead, a so-
called support extension

Q̃ := ⊗dβ=1(ξi−p,β, ξi+p+1,β) (3.57)
of Q needs to be considered which is the union of the supports of all basis functions whose sup-
port intersects Q. Additional difficulties arise by virtue of the fact that the continuity (regularity)
of a spline basis function is allowed to differ along the domain. In order to address this issue in
the convergence analysis, the authors of [16] introduce so-called “bent” Sobolev spaces in which
the continuity may vary throughout the domain. These spaces are intermediate between standard
Sobolev spaces and so-called “broken” Sobolev spaces known from Discontinuous Galerkin meth-
ods. A bent Sobolev space of orderm ∈ N is defined as

H̃m :=



u ∈ L2((0, 1)d) such that
u|Q ∈ Hm(Q),∀Q ∈ Q, and
∇k(u|Q1

) = ∇k(u|Q2
) on ∂Q1 ∩ ∂Q2,

∀k ∈ N with 0 ≤ k ≤ min{mQ1,Q2 ,m− 1}
∀Q1, Q2 with ∂Q1 ∩ ∂Q2 6= ∅,

(3.58)

where ∇k represents the k-th order partial derivative operator, andmQ1,Q2 denotes the number of
continuous derivatives across the common (d − 1)-dimensional face ∂Q1 ∩ ∂Q2 of two adjacent
elements Q1 and Q2. The Hilbert space (3.58) is endowed with the seminorms

|u|2H̃i :=
∑
Q∈Q
|u|2Hi(Q), 0 ≤ i ≤ m, (3.59)

and norm
‖u‖2H̃m :=

m∑
i=0

|u|2H̃i . (3.60)

With the definitions of a bent Sobolev space and a support extension at hand the next step towards
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establishing an estimate similar to (3.56) requires to inspect the local approximation properties of
the B-spline space S (cf. (3.15)) in the parametric domain. To this end [16] presents an extension
of the classical Bramble-Hilbert lemma, reading

Lemma 3.2.1. Let k, l ∈ N with 0 ≤ k ≤ l ≤ p+ 1, where

p := min
1≤β≤d

pβ.

Given an element Q ∈ Qh (cf. Page 40), a support extension Q̃, and a function u ∈ H̃lh, there exists an
s ∈ Sh such that

|u− s|H̃kh(Q̃) ≤ Chl−kQ |u|H̃lh(Q̃). (3.61)

Proof. See proof of Lemma 3.1. in [16].

Next, let s ∈ Sh in (3.61) be given by a projector ΠSh : L2((0, 1)d) → Sh on the B-spline space
Sh as introduced in [131, Chapter 12]. In present notation, the projector reads

ΠShu :=

n1,...,nd∑
i1=1,...,id=1

(λi1,...,idu)Bi1,...,id , ∀u ∈ L2((0, 1)d), (3.62)

with λi1,...,id denoting dual basis functionals, i.e.,

λj1,...,jdBi1,...,id = 1 if jβ = iβ,∀1 ≤ β ≤ d,
λj1,...,jdBi1,...,id = 0 otherwise. (3.63)

The characteristic traits of the projector on the B-spline space Sh is presented by the following

Lemma 3.2.2.

ΠShs = s ∀s ∈ Sh (spline preserving),
‖ΠShu‖L2(Q) ≤ C ‖u‖L2(Q̃) ∀u ∈ L2((0, 1)d),∀Q ∈ Qh (stability),

(3.64)

Proof. See [131, Proof of Theorem 12.6].

These traits are used in [16] to establish the following approximation property of the B-spline
space Sh on the patch (0, 1)d:

Lemma 3.2.3. Let ΠSh : L2((0, 1)d)→ Sh satisfy (3.64), and let k, l ∈ N with 0 ≤ k ≤ l ≤ p+ 1. Then,
∀Q ∈ Qh it holds

|u−ΠShu|Hk(Q) ≤ Chl−kQ |u|H̃l(Q̃) ∀u ∈ H̃lh(Q̃) ∩ L2((0, 1)d). (3.65)

Proof. The proof of this estimate is given in [16].

Further, when it comes to the approximation property of the NURBS space Nh on the patch
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(0, 1)d, a result similar to (3.65) is presented in [16] using the projector

ΠNh : L2((0, 1)d)→ Nh

ΠNhu :=
ΠSh(wu)

W
, ∀u ∈ L2((0, 1)d)

W :=

n1∑
i1=1

· · ·
nd∑
id=1

wi1,...,idBi1,...,id

(3.66)

on the NURBS space Nh. It reads:

Lemma 3.2.4. Let k, l ∈ N with 0 ≤ k ≤ l ≤ p+ 1. Then, ∀Q ∈ Qh it holds

|u−ΠNhu|Hk(Q) ≤ Cshape h
l−k
Q ‖u‖H̃lh(Q̃) ∀u ∈ H̃lh. (3.67)

Proof. We refer to [16] for the proof of this estimate.

Remark 3.2.3. The constant Cshape (possibly different at each occurrence) depends on the shape of Ω, but
not on its size h. More specifically, it depends only on the dimensionless functions W/ ‖W‖L∞(Ω) and
∇F/ ‖∇F‖L∞(Ω), where ∇F - the gradient of the mapping F - is the matrix of partial derivatives of the
coordinate components of F. Note that the geometry weights w in the weighting function W (cf. (3.66),
(3.5)) have an influence on the geometry shape.

The Lemmata 3.2.3 and 3.2.4 contain the respective results for approximation with B-splines
and NURBS in the parametric spline domain Ω̂ (normalized to (0, 1)d without loss of generality).
We proceed with the presentation of the results for the approximation with NURBS in the physical
domainΩ. This requires a) an estimate for the change of variable from the parametric to the physical
domain, as presented by Lemma 3.5 of [16], and b) a push forward of the NURBS projector ΠNh ,
defined as

ΠVh : L2(Ω)→ Vh
ΠVhv := ΠNh(v ◦ F) ◦ F−1 ∀v ∈ L2(Ω).

(3.68)

The approximation properties of the push forward of the NURBS projector are stated through the
following

Theorem 3.2.5. Let k, l ∈ N with 0 ≤ k ≤ l ≤ p+ 1. Given an element Q ∈ Qh, its support extension Q̃,
and their respective images under the geometrical mapping F, that is,K = F(Q) and K̃ = F(Q̃), it holds

|u−ΠVhu|Hk(K) ≤ Cshape h
l−k
K

l∑
i=0

‖∇F‖i−lL∞(Q̃)
|u|Hi(K̃) ∀u ∈ L2(Ω) ∩Hl(K̃), (3.69)

where hK = ‖∇F‖L∞(Q) hQ denotes the element size in the physical domain.

Proof. See [16].

The above theorem provides a local error estimate on the element level (K). Summing up the
local error estimates for all elements eventually leads to the following global error estimate for
approximation with NURBS in the physical domain:
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Figure 3.4: Solution of the Poisson problem (3.71) on an exact quarter ring exhibiting optimal order
of convergence.

Theorem 3.2.6. Let k, l ∈ N with 0 ≤ k ≤ l ≤ p+ 1. Then it holds

∑
K∈Kh

|u−ΠVhu|2H̃kh(K)
≤ Cshape

∑
K∈Kh

h
2(l−k)
K

l∑
i=0

‖∇F‖2(i−l)
L∞(F−1(K))

|u|2Hi(K) ∀u ∈ Hl(Ω). (3.70)

Proof. See [16].

The fact that an Isogeometric Analysis solution uh is quasi-optimal in the sense that is at most
by a constant factor worse than the best approximation for the exact solution u (cf. (3.52)) satisfy-
ing the variational Problem 3.2.3, and the the approximation error u− ΠVhu being estimated as in
Theorem 3.70, leads to the following conclusion: The IGA solution obtained with NURBS of order
p has the same order of convergence as a corresponding FEA solution using polynomial basis func-
tions of order p [16, 37]. By way of example, we refer at this point to Figure 3.4 showing an IGA
solution of the Poisson problem (3.71) with optimal order of convergence. NURBS have accuracy
advantages over classical finite elements due to their increased smoothness. The usage of smooth
NURBS basis functions is often shown [37] to yield superior accuracy per degree-of-freedom than
classical FEA basis functions of the same order. Moreover, refining a NURBS mesh so as to main-
tain p − 1 continuity (k-refinement, cf. [37]), introduces much less degrees-of-freedom than it is
the case with standard element bisection (h-refinement) in classical FEA. This implies that NURBS
can converge at the same rate as FEA polynomials, while remaining much more efficient [37].

Example: Poisson problem on a quarter ring (with problem data and exact solution according
to [143])

find u : Ω→ R :


−∇ · (µ∇u) = f in Ω

u = g on ΓD

µ∇u · n = h on ΓN

(3.71)
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3.3 Discrete approximation spaces

For an Isogeometric Analysis-based approximation of the unknowns of the PDEs considered in
this work (see Section 3.4), suitable B-spline or NURBS spaces, as defined in Section 3.2, need to be
specified. For the approximation of the velocity and pressure functions, we use LBB-stable Taylor-
Hood-like B-spline space pairs V̂TH

h /Q̂THh [29], being defined in the parametric domain Ω̂ as

V̂TH
h ≡ V̂TH

h (p,α) = Sp+1,p+1
α,α = Sp+1,p+1

α,α × Sp+1,p+1
α,α ,

Q̂THh ≡ Q̂THh (p,α) = Sp,pα,α.
(3.72)

With the definition of finite dimensional spaces V̂TH
h and Q̂THh in hand, we proceed to construct the

corresponding spaces VTH
h andQTHh in the physical domain Ω. Taylor-Hood spaces V̂TH

h /Q̂THh can
be mapped to the physical domain via a component-wise mapping [29] using the parametrization
F : Ω̂→ Ω, i.e.

VTH
h = {vh = v̂h ◦ F−1, v̂h ∈ V̂TH

h }, QTHh = {qh = q̂h ◦ F−1, q̂h ∈ Q̂THh }. (3.73)

Note that these spacesmay be alternatively set up to useNURBS instead of B-spline basis functions.
Throughout this work, whenever a specific discrete B-spline or NURBS approximation space is
addressed, we introduce – for the sake of brevity – the convention to refer to its presentation w.r.t.
the parametric domain Ω̂, as shown in (4.32).

3.4 Governing equations of incompressible Newtonian flow

For stationary flow scenarios considered in this chapter, the governing equations to be solved are
the steady-state incompressible Navier-Stokes equations represented in strong form as

−ν∇2v + (v · ∇)v +∇p = b in Ω, (3.74a)
∇ · v = 0 in Ω, (3.74b)

v = vD on ΓD, (3.74c)
−pn+ ν(n · ∇)v = t on ΓN , (3.74d)

where Ω ⊂ R2 is a bounded domain, ρ is the density, µ represents the dynamic viscosity, ν = µ/ρ
is the kinematic viscosity, p = P/ρ denotes the normalized pressure, b is the body force term, vD
is the value of the velocity Dirichlet boundary conditions on the Dirichlet boundary ΓD, t is the
prescribed traction force on the Neumann boundary ΓN , and n is the outward unit normal vector
on the boundary. The kinematic viscosity and the density of the fluid are assumed to be constant.
The first and second equations in (3.74) are the momentum and continuity equations, respectively.

Their continuous mixed variational formulation reads: Find v ∈ (
H1

0,ΓD
(Ω) + v̄

) and p ∈
L2(Ω)/R such that for all (w, q) ∈H1

0,ΓD
(Ω)× L2(Ω)/R it holds{

a(w,v) + c(v;w,v) + b(w, p) = (w, b) + (w, t)ΓN

b(v, q) = 0,
(3.75)
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where L2 and H1 are Sobolev spaces as defined in [2],

H1
0,ΓD

(Ω) ≡H1
0(Ω; ΓD) := {z ∈H1(Ω) | z = 0 on ΓD} (3.76)

is the space of functions in H1 with vanishing trace on ΓD, and v̄ is any function in H1 such that
v̄ = vD on ΓD.

Replacement of the linear-, bilinear- and trilinear forms with their respective definitions and
application of integration by parts to (3.75) yields

ν

∫
Ω
∇w : ∇v dΩ︸ ︷︷ ︸
a(w,v)

+

∫
Ω
w · v · ∇v dΩ︸ ︷︷ ︸
c(v;w,v)

−
∫

Ω
∇ ·wp dΩ︸ ︷︷ ︸
b(w,p)

+

∫
Ω
q∇ · v dΩ︸ ︷︷ ︸
b(v,q)

=

∫
Ω
w · b dΩ︸ ︷︷ ︸
(w,b)

+

∫
ΓN

νw · (∇v · n) dΓN −
∫

ΓN

pw · ndΓN︸ ︷︷ ︸
(w,t)ΓN

(3.77)

A downcast of the variational formulation (3.75) to the discrete level gives rise to the problem
statement

Find vh ∈ {H1
0,ΓD

(Ω) + v̄} ∩VTH
h and ph ∈ L2(Ω)/R ∩QTHh , such that

∀(wh, qh) ∈H1
0,ΓD

(Ω) ∩VTH
h × L2(Ω)/R ∩QTHh

a(wh,vh) + c(vh;wh,vh) + b(wh, ph) = (wh, bh) + (wh, th)ΓN

b(vh, qh) = 0,

(3.78)

with superscript h dubbing the mesh family index.
In addition to the stationary flow around a circular obstacle model problem, we also consider

its unsteady counterpart (see Section 3.5.4). In the latter case, the unsteady incompressible Navier-
Stokes equations, defined as

∂v

∂t
− ν∇2v + (v · ∇)v +∇p = b in Ω× (0, T ), (3.79a)

∇ · v = 0 in Ω× (0, T ), (3.79b)
v = vD on ΓD × (0, T ), (3.79c)

−pn+ ν(n · ∇)v = t on ΓN × (0, T ), (3.79d)
v(x, 0) = v0(x) in Ω, (3.79e)

are solved in time, whereby the initial condition is required to satisfy∇·v0 = 0. The corresponding
variational problem reads: Find v(x, t) ∈

(
H1

0,ΓD
(Ω) + v̄

)
×(0, T ) and p(x, t) ∈ L2(Ω)×(0, T ), such

that for all (w, q) ∈H1
0,ΓD

(Ω)× L2(Ω)/R it holds{
(w,vt) + a(w,v) + c(v;w,v) + b(w, p) = (w, b) + (w, t)ΓN

b(v, q) = 0
(3.80)
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Analogously, the semi-discretized counterpart of the variational formulation (4.43) reads:
Find vh ∈

(
H1

0,ΓD
(Ω) + v̄

)
∩VTH

h × (0, T ) and ph ∈ L2(Ω)/R ∩QTHh × (0, T ), such that
∀(wh, qh) ∈H1

0,ΓD
(Ω) ∩VTH

h × L2(Ω)/R ∩QTHh
(wh, ∂tvh) + a(wh,vh) + c(vh;wh,vh) + b(wh, ph) = (wh, bh) + (wh, th)ΓN

b(vh, qh) = 0

(3.81)
Since the nonlinear nature of the Navier-Stokes equations involves a great deal of complexity, we
deliver in Section 3.4.1 an insight into the handling of the nonlinearity aspect.

3.4.1 Treatment of nonlinearity

The treatment of nonlinearity is showcased for the steady Navier-Stokes system as presented in
equation (3.74). This choice is motivated by the desire to keep this section as brief as possible.
Note that the same principles for the treatment of nonlinearity apply to the unsteady Navier-Stokes
system as well.

Let the nonlinear system (3.74) be presented in operator form as

L(u) = b with u = (v, p), (3.82)

and let it be disassembled as L = LA ⊕LV ⊕LG ⊕LD, with operators LA = v · ∇v, LV = −ν∇2v,
LG = ∇p and LD = ∇ · v.

In order to solve equation (3.82), an iterative procedure is required which, starting from an
initial guess for the unknowns, linearizes in every relaxation step the nonlinear system based on
the current solutionun, and eventually solves the resulting system of linear equations. The iteration
is advanced until a stopping criteria such as convergence is achieved.

Since the only nonlinear term in equation (3.82) is given by the advection operator LA, we
linearize the latter via a generalized Taylor expansion of LA about the current iterate of the velocity
function vn and ignore higher order terms O(|δv|2). A Newton linearization of LA is derived as:

LA(v) = LA(vn) +
dLA(vn + εδv)

dε

∣∣∣∣
ε=0

+O(|δv|2)

≈ vn · ∇vn +
d[(vn + εδv) · ∇(vn + εδv)]

dε

∣∣∣∣
ε=0

= vn · ∇vn +
d[vn · ∇(vn + εδv) + εδv · ∇(vn + εδv)]

dε

∣∣∣∣
ε=0

= vn · ∇vn +
d[vn · ∇vn + vn · ∇εδv + εδv · ∇vn + ε2δv · ∇δv]

dε

∣∣∣∣
ε=0

= vn · ∇vn + vn · ∇δv + δv · ∇vn = vn · ∇vn + vn · ∇(v − vn) + (v − vn) · ∇vn
= vn · ∇vn + vn · ∇v − vn · ∇vn + v · ∇vn − vn · ∇vn
= vn · ∇v + v · ∇vn − vn · ∇vn

(3.83)

Note that alternative linearizations are considered in different Picard iteration variants where LA
is taken either as LA ≈ vn · ∇v, LA ≈ v · ∇vn or LA ≈ vn · ∇vn.
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3.5 Numerical results

This chapter is dedicated to the presentation of our numerical results obtained with isogeometric
finite elements. As aforementioned, the lid-driven cavity flow and flow around cylinder serve as
model problems, each discussed in a separate section (3.5.2, 3.5.4) in the sequel. Due to the lack
of closed form analytical solutions for either benchmark flow scenarios, we first present in section
3.5.1 our obtained order of convergence for a stationary Stokes flow problem with a closed form
analytical solution, before turning the attention to the principal benchmarks.

3.5.1 Order of convergence of a Stokes flow problem with analytical solution

The considered two-dimensional stokes flowproblem consists of finding a velocity field v = (v1, v2)
and a pressure p on the square domain Ω = (0, 1)× (0, 1) such that

−ν∇2v +∇p = b in Ω,

∇ · v = 0 in Ω,

v = vD on ΓD,

(3.84)

where the kinematic viscosity is taken as ν = 1. The body force b = (b1, b2) and exact solution
v∗ = (v∗1, v

∗
2, p
∗) are given as

b1 = 6x+ y cos(xy) + 2 cos(y) sin(x),

b2 = x cos(xy)− 2 cos(x) sin(y),
(3.85)

and
v∗1 = sin(x) cos(y),

v∗2 = − sin(y) cos(x),

p∗ = 3x2 + sin(xy)− 1.239811742000564725943866,

(3.86)

respectively. 14 The exact solution for velocity is prescribed as Dirichlet boundary condition on all
four sides of Ω, and as far as pressure is concerned, we require: ∫Ω p dΩ = 0.

Figure 3.5 illustrates the L2-errors of the velocity and pressure function approximations for dif-
ferent isogeometric discretizations with varied degrees and regularities. The results verify opti-
mal convergence rates for both velocity and pressure. In particular, keeping the degrees fixed,
the discretizations with higher regularities are shown to possess the same rate of convergence as
their lower regularity counterparts, while remaining much more efficient. As elaborated in section
3.5.4.1, the efficiency is in terms of the number of degrees of freedom required to gain a certain level
of accuracy.

3.5.2 Lid-driven cavity flow

The classical driven cavity flow benchmark considers a fluid in a square cavity with height H = 1.
The left, bottom and right walls exhibit no-slip Dirichlet boundary conditions (u = 0), while the
top “wall” is moved with a constant speed U = 1. The volumetric force f is defined to be 0. A
schematic representation of the problem statement is given in Figure 3.6. At the upper left and

14The exact solution and the corresponding body force term is kindly borrowed from the Matlab based IGA package
GeoPDEs.
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Figure 3.5: Stokes flow: L2−errors of the velocity and pressure approximations obtained with
isogeometric discretizations of various degrees and regularities.

Figure 3.6: Sketch of lid-driven cavity model.

right corners, there is a discontinuity in the velocity boundary conditions producing a singularity
in the pressure field at those corners. They can either be considered as part of the upper boundary
or as part of the vertical walls. The former case is referred to as the “leaky” cavity rendering the
latter “non-leaky”. As Dirichlet boundary conditions are imposed everywhere on the boundary
(ΓN = ∅), pressure is in equation (3.74) only present by its gradient, and thus it is only determined
up to an arbitrary constant. For a unique definition of the discrete pressure field, it is usual to either
impose its average (e.g. ∫Ω p dΩ = 0) or fix its value at one point. We follow the latter approach
and fix the value of the discrete pressure field with the value 0 at the lower left corner of the cavity.

Our results, obtained with various B-spline space-based discretizations for three consecutive
mesh refinement levels h ∈ [1/32, 1/64, 1/128] of unstretched meshes, are compared to classical
reference results from the literature such as those of Ghia [65] using a second-order upwind fi-
nite difference method on a stretched mesh with 1922 grid points. Moreover, additional compar-
isons are done with highly accurate, spectral method-based (Chebyshev Collocation) solutions of
Botella [20] that show convergence up to seven digits. Furthermore, whenever comparable data is
provided, results of two recently published articles [54, 144], both applying IGA to the cavity flow
problem, are addressed. All our computations for cavity flow are performed without taking any
stabilization measures for the advection term. As for the Newton iteration, the stopping criterion
is considered fulfilled when the euclidean norm of the residual of equation (3.74) drops below the
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bound 10−10.
Using the B-spline space pair S2,2

0,0 × S1,1
0,0 for the approximation of the velocity and pressure

functions, we present in Figure 3.7 stream function (ψ) and vorticity (ω) profiles computed for
Reynolds (Re) numbers 100, 400 and 1000. Given the circumstance that profiles for ψ and ω are

Figure 3.7: Stream function (top) and vorticity (bottom) profiles for Reynolds 100, 400 and 1000
from left to right. Respective contour ranges for stream function and vorticity: ψiso ∈ [−10−10, 3×
10−3], ωiso ∈ [−5, 3]. Discretization: S2,2

0,0×S1,1
0,0 . h = 1/64 (Refinement level: 6). Number of degrees

of freedom: 37507.

provided by all mentioned references in graphical form only, we conclude the discussion on stream
function and vorticity profiles with the note that visually both profiles match the corresponding
profiles in the literature very well.

Remark 3.5.1. The approach we follow for the computation of the stream function in 2D, is based on solving
a Poisson equation for ψ with the scalar 2D vorticity function on the right hand side:

−∇2ψ = ω

ω = ∇× v =
∂v

∂x
− ∂u

∂y

(3.87)

Equation (3.87) is easily solvable via FEM/IGA when formulated as a unique boundary value problem in
the domain Ω enclosed by the boundary Γ. We set Dirichlet boundary conditions of 0 on the entire boundary
when solving for ψ.
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In Table 3.1, stream function and vorticity values at the center of the main vortex are presented
for Reynolds numbers 100, 400, and 1000 and compared to the reference values of Ghia, Botella, and
the stream function-based Galerkin IGA scheme of [144]. For each Reynolds number we present
values for two different Isogeometric discretizations (S2,2

0,0 × S1,1
0,0 and S6,6

4,4 × S5,5
4,4), and addition-

ally vary for the latter the mesh refinement among three consecutive stages. Note that in Botella’s
case the flow is reversed, that is, the velocity at the upper boundary is u = (−1, 0). However, the
flow attributes obtained are mirror-symmetric and comparable to those of older references, such
as Ghia’s. Botella’s results, based on a Chebyshev Collocation method with polynomial degrees
as high as 160, are considered highly accurate and motivated the usage of a high degree B-splines
space pair such as S6,6

4,4 × S5,5
4,4 . On a general note, for all Reynolds numbers under consideration,

our results are considered converged and in good agreement with the references. Without any ex-
ception, both Isogeometric discretizations yield values for the position of themain vortex itself, and
stream function and vorticity at the main vortex which are closer to Botella’s than Ghia’s results.
A comparison with the stream function formulation based IGA results of [144] reveals matching
positions of the main vortex up to four decimal digits for all Reynolds numbers, discretizations,
and mesh refinement levels. Our stream function values match [144] very well, but are shown
for Re 1000 to be minimally closer to Botella’s results for both discretizations and all mesh refine-
ment levels. Coming up next, we depict our approximations of the u- and v-velocity components
along vertical and horizontal lines through the geometric center of the cavity, respectively. The
corresponding profiles obtained with a S2,2

0,0 ×S1,1
0,0 discretization for h ∈ [1/32, 1/64, 1/128] are pre-

sented graphically alongside those of Ghia in Figure 3.8. Except for one irregularity with respect
to the v-velocity component (see Fig. 3.8) computations in the Re 400 case, the converged profiles
follow the reference data of Ghia and reflect the profiles presented in the isogeometric references
[54, 144].

The extrema of the velocity components along horizontal and vertical lines through the geomet-
ric center of the cavity are listed in Table 3.2 and compared to both isogeometric and the classical
references. As can be seen from the tabulated data, the results of the isogeometric Taylor-Hood
discretization are closest to those of Botella obtained with a spectral method.

In addition to the presented results regarding theS2,2
0,0×S1,1

0,0 discretization, we deliver additional
ones associated to both an approximation space pair with higher regularity S6,6

4,4 × S5,5
4,4 (C4) and a

reversed flow direction (u = (−1, 0)), such as the setup used by Botella. A graphical representa-
tion of converged velocity component and vorticity data approximated in the above described C4

space pair, exhibiting excellent agreement with the ones stemming from Botella’s spectral method,
is illustrated in Figure 3.9.

3.5.3 Regularized driven cavity flow

In the regularized lid-driven cavity flow scenario as described in [25], the flow domain is a unit
square exhibiting no-slip Dirichlet boundary conditions at the vertical and lower horizontal bound-
aries. In order to avoid the pressure singularities in the upper left and right domain corners involved
with the regular lid-driven cavity flow scenario, the regularized lid-driven cavity flow problem de-
fines the following velocity profile on the top boundary

ulid = [−16x2(1− x)2, 0]. (3.88)

In addition to the study of local quantities, it is reasonable to extend the analysis to global quantities.
Towards this end, we fix the value of the discrete pressure field at the lower left domain node with
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Re Scheme x y ψ ω Nel h Ndof Ndof(vel. + pres.) Grid points
100 S2,2

0,0 × S1,1
0,0 0.6150 0.7350 -0.103524 3.15526 322 1/32 9539 (8450+1089) 652

S2,2
0,0 × S1,1

0,0 0.6150 0.7350 -0.103517 3.15350 642 1/64 37507 (33282+4225) 1292

S2,2
0,0 × S1,1

0,0 0.6150 0.7350 -0.103516 3.15377 1282 1/128 148739 (132098+16641) 2572

S6,6
4,4 × S5,5

4,4 0.6150 0.7350 -0.103516 3.15382 322 1/32 10891 (9522+1369) 692

S6,6
4,4 × S5,5

4,4 0.6150 0.7350 -0.103516 3.15383 642 1/64 40139 (35378+4761) 1332

S6,6
4,4 × S5,5

4,4 0.6150 0.7350 -0.103516 3.15383 1282 1/128 153931 (136242+17689) 2612

Ghia [65] 0.6172 0.7344 -0.103423 3.16646 1/128 1292

[144] 0.6150 0.7350 -0.103518 2562 1/256 66564 2582

400 S2,2
0,0 × S1,1

0,0 0.5550 0.6050 -0.114019 2.29555 322 1/32 9539 (8450+1089) 652

S2,2
0,0 × S1,1

0,0 0.5550 0.6050 -0.113996 2.29470 642 1/64 37507 (33282+4225) 1292

S2,2
0,0 × S1,1

0,0 0.5550 0.6050 -0.113989 2.29449 1282 1/128 148739 (132098+16641) 2572

S6,6
4,4 × S5,5

4,4 0.5550 0.6050 -0.113985 2.29448 322 1/32 10891 (9522+1369) 692

S6,6
4,4 × S5,5

4,4 0.5550 0.6050 -0.113988 2.29448 642 1/64 40139 (35378+4761) 1332

S6,6
4,4 × S5,5

4,4 0.5550 0.6050 -0.113988 2.29448 1282 1/128 153931 (136242+17689) 2612

Ghia [65] 0.5547 0.6055 -0.113909 2.29469 1/256 2572

[144] 0.5550 0.6050 -0.114031 2562 1/256 66564 2582

1000 S2,2
0,0 × S1,1

0,0 0.5300 0.5650 -0.1189603 2.070030 322 1/32 9539 (8450+1089) 652

S2,2
0,0 × S1,1

0,0 0.5300 0.5650 -0.1189511 2.067930 642 1/64 37507 (33282+4225) 1292

S2,2
0,0 × S1,1

0,0 0.5300 0.5650 -0.1189400 2.067790 1282 1/128 148739 (132098+16641) 2572

S6,6
4,4 × S5,5

4,4 0.5300 0.5650 -0.1189165 2.067510 322 1/32 10891 (9522+1369) 692

S6,6
4,4 × S5,5

4,4 0.5300 0.5650 -0.1189341 2.067710 642 1/64 40139 (35378+4761) 1332

S6,6
4,4 × S5,5

4,4 0.5300 0.5650 -0.1189360 2.067730 1282 1/128 153931 (136242+17689) 2612

Botella [20] 0.5308 0.5652 -0.1189249 2.067396 1/48 N = 48
Botella [20] 0.5308 0.5652 -0.1189366 2.067750 1/96 N = 96
Botella [20] 0.5308 0.5652 -0.1189366 2.067753 1/160 N = 160
Ghia [65] 0.5313 0.5625 -0.1179290 2.049680 1/128 1292

[144] 0.5300 0.5650 -0.1185110 2562 1/256 66564 2582

Table 3.1: Location, stream function and vorticity of the primary vortex for Re 100, 400 and 1000.
N is used to characterize the N+1×N+1 Gauss-Lobatto grid used in the Chebyshev Collocation
method utilized by Botella. In the case of the Isogeometric discretizations we carried our compu-
tations upon, the element meshes are uniformly spaced and “grid points” refers to the number of
basis functions (degrees of freedom) of the respective discrete approximation space for one velocity
component. Ndof andNel represent the number of degrees of freedom and the number of elements,
respectively.
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Figure 3.8: Profiles of v- and u-velocity components over horizontal and vertical lines through
geometric center of the cavity for Re 100, 400 and 1000. Discretization: S2,2

0,0 ×S1,1
0,0 ; See Table 3.1 for

the number of degrees of freedom.

p = 0, and compute the global quantities kinetic energy (E) and enstrophy (Z)

E =
1

2

∫
Ω
‖u‖2 dx, Z =

1

2

∫
Ω
ω2 dx, (3.89)
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Re Center line Property S2,2
0,0 × S1,1

0,0 (h = 1/128) Botella [20] Ghia [65] [54] (h = 1/128) [144] (h = 1/256, p = 2)
100 Vertical umin −0.214 04 −0.214 04 −0.210 90 −0.214 14 −0.214 02

(x = 0.5) y-coord 0.4578 0.4581 0.4531 0.4600
Horizontal vmin −0.253 80 −0.253 80 −0.245 33 −0.253 87 −0.253 71
(y = 0.5) x-coord 0.8112 0.8104 0.8047 0.8100

vmax 0.179 57 0.179 57 0.175 27 0.179 66 0.179 53
x-coord 0.2369 0.2370 0.2344 0.2350

400 Vertical umin −0.328 72 −0.327 26 −0.329 89 −0.328 80
(x = 0.5) y-coord 0.2811 0.2813 0.2800
Horizontal vmin −0.454 02 −0.449 93 −0.454 70 −0.453 86
(y = 0.5) x-coord 0.8635 0.8594 0.8600

vmax 0.303 83 0.302 03 0.304 71 0.303 93
x-coord 0.2249 0.2266 0.2250

1000 Vertical umin −0.388 57 −0.388 53 −0.382 89 −0.390 21 −0.387 54
(x = 0.5) y-coord 0.1727 0.1717 0.1719 0.1700
Horizontal vmin −0.526 92 −0.527 07 −0.515 50 −0.528 84 −0.525 82
(y = 0.5) x-coord 0.9076 0.9092 0.9063 0.9100

vmax 0.376 94 0.376 94 0.370 95 0.378 56 0.375 72
x-coord 0.1566 0.1578 0.1563 0.1600

Table 3.2: Extrema of the velocity components w.r.t vertical and horizontal lines through the geo-
metric center of the cavity for Re 100, 400 and 1000.

where ω = ∂v
∂x − ∂u

∂y denotes the scalar vorticity in 2D. In Table 3.3 we compare our results for
Reynolds number 1000, computed onunstretchedmeshes, to the results of Bruneau [25] using finite
differences and a 15Q2P1 finite element discretization, published in [112]. All three isogeometric

Scheme Kinetic energy Enstrophy Nel h Ndof Ndof(vel. + pres.) Grid points
S2,2

0,0 × S1,1
0,0 0.022909 4.80747 322 1/32 9539 (8450+1089) 652

0.022778 4.82950 642 1/64 37507 (33282+4225) 1292

0.022767 4.83041 1282 1/128 148739 (132098+16641) 2572

0.022767 4.83043 2562 1/256 592387 (526338+66049) 5132

S3,3
0,0 × S2,2

0,0 0.022905 4.81717 162 1/16 5891 (4802+1089) 492

0.022773 4.83079 322 1/32 23043 (18818+4225) 972

0.022767 4.83047 642 1/64 91139 (74498+16641) 1932

0.022767 4.83042 1282 1/128 362499 (296450+66049) 3852

S3,3
1,1 × S2,2

1,1 0.022777 4.82954 322 1/32 9868 (8712+1156) 662

0.022767 4.83048 642 1/64 38156 (33800+4356) 1302

0.022767 4.83046 1282 1/128 150028 (133128+16900) 2582

Ref. [25] (Bruneau) 0.021564 4.6458 642

0.022315 4.7711 1282

0.022542 4.8123 2562

0.022607 4.8243 5122

Ref. [112] (Q2P1 FE) 0.022778 4.82954 642 1/64
0.022768 4.83040 1282 1/128
0.022766 4.83050 2562 1/256

Table 3.3: Kinetic energy and enstrophy of the regularized cavity flow for Reynolds 1000. In the
case of Isogeometric discretizations, “grid points” refers to the number of basis functions (degrees
of freedom) of the respective discrete approximation space for one velocity component.

15Velocity: Biquadratic, continuous; Pressure: Linear (value and two partial derivatives), discontinuous
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Figure 3.9: Profiles of v- and u-velocity components and vorticity over horizontal and vertical lines
through geometric center of the cavity for Re 1000. Discretization: S6,6

4,4 ×S5,5
4,4 ; See Table 3.1 for the

number of degrees of freedom.

finite element pairs in charge produce very satisfying results for kinetic energy and enstrophy obvi-
ouslywell integratingwith references. Selecting the isogeometric finite element pairwith the lowest
degree S2,2

0,0 ×S1,1
0,0 , we compare in Table 3.4 the approximated kinetic energy for three mesh refine-

ment levels with data [112] obtained from three different finite element discretizations, namely16,
Q̃1Q0,Q2P1, and17 W-LSFEQ2, all available in the FeatFlow18 package. As can be deduced from the
tabulated data, our results are characterized by both a high accuracy and a satisfactory convergence
for all considered Reynolds numbers.

3.5.4 Flow around cylinder

Flow around an obstacle in a channel is a prominent benchmark model for the assessment of flow
affiliated attributes, produced by a numerical technique in charge with the analysis. Following the
lines of [44, 45, 111, 129], we choose as flow scenarios a steady Re 20 and a transient Re 100 2D

16Velocity: Bilinear, rotated; Pressure: Constant.
17Biquadratic Least-Square finite elements.
18www.featflow.de.
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Re h S2,2
0,0 × S1,1

0,0 Q̃1Q0 FE Q2P1 FE W-LSFE Q2 [112]
1 1/64 1.862439e-02 1.860621e-02 1.862439e-02 1.862353e-02

1/128 1.862438e-02 1.861982e-02 1.862438e-02 1.862432e-02
1/256 1.862438e-02 1.862324e-02 1.862438e-02 1.862438e-02

400 1/64 2.131703e-02 2.148649e-02 2.131707e-02 2.133053e-02
1/128 2.131547e-02 2.136484e-02 2.131547e-02 2.131581e-02
1/256 2.131537e-02 2.132812e-02 2.131529e-02 2.131537e-02

1000 1/64 2.277788e-02 2.409799e-02 2.277778e-02 2.552796e-02
1/128 2.276761e-02 2.305179e-02 2.276761e-02 2.287704e-02
1/256 2.276692e-02 2.282649e-02 2.276582e-02 2.277389e-02

Table 3.4: Convergence of approximated kinetic energy for the regularized cavity flow problem.

channel flow the details of which are presented in sections 3.5.4.1 and 3.5.4.2, respectively. The
underlying geometry for both cases is depicted in Figure 3.10 and is defined as a pipe where a
circular cylinder of radius r = 0.05 has been cut out, that is, Ω = (0, 2.2)× (0, 0.41) \Br(0.2, 0.2)19.
The cylinder is centered around (x, y) = (0.2, 0.2).

2.2

0.2

0.21

0.2

Figure 3.10: Computational domain for flow around cylinder.

3.5.4.1 DFG benchmark 2D-1

InDFG benchmark 2D-1 the fluid density and kinematic viscosity are taken as ρ = 1 and ν = 0.001.
We require no-slip boundary conditions for the lower and upper walls Γ1 = (0, 2.2) × {0} and
Γ3 = (0, 2.2)× {0.41}, as well as for the boundary S = ∂Br(0.2, 0.2): u|Γ1

= u|Γ3
= u|S = 0. On the

left edge Γ4 = {0} × (0, 0.41), a parabolic inflow profile is prescribed, u(0, y) =
(

4Uy(0.41−y)
0.412 , 0

)
,

with amaximumvelocityU = 0.3. On the right edge Γ2 = {2.2}×(0, 0.41), “do-nothing” boundary
conditions, −pn+ ν(n · ∇)v = 0, define the outflow, with n denoting the outer normal vector. For
a maximum velocity of U = 0.3, the parabolic profile results in a mean velocity Ū = 2

3 · 0.3 =
0.2. The flow configurations characteristic length D = 2 · 0.05 = 0.1 is the diameter of the object
perpendicular to the flowdirection. This particular problem configuration yields Reynolds number
Re = ŪD

ν = 0.2·0.1
0.001 = 20 for which the flow is considered stationary.

Following the above setup for Re = 20, we present the results of the application of Isogeometric
Analysis, with particular emphasis on the approximated drag and lift values related to the entire

19The presented measures for the domain definition are in meters.
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obstacle boundary.
With S dubbing the surface of the obstacle, nS its inward pointing unit normal vector w.r.t. the

computational domain Ω, tangent vector τ := (ny,−nx)T and uτ := u · τ , the drag and lift forces
are given by

FD =

∫
S

(
ρν
∂vτ
∂nS

ny − pnx
)
ds, FL = −

∫
S

(
ρν
∂vτ
∂nS

nx + pny

)
ds,

∂vτ
∂nS

=
∂ (vxny − vynx)

∂nS
=

(
∂vx
∂x

nxny +
∂vx
∂y

n2
y −

∂vy
∂x

n2
x −

∂vy
∂y

nxny

)
,

CD =
2

ρŪ2D
FD, CL =

2

ρŪ2D
FL,

(3.90)

where CD and CL are the drag and lift coefficients, and u and p represent velocity and pressure,
respectively [93, 129]. We follow, however, the alternative approach of [93, 150] and evaluate a
volume integral for the approximations of the drag and lift coefficients. Given filter functions

vd|S = (1, 0)T ,vd|Ω̄−S = 0 vl|S = (0, 1)T ,vl|Ω̄−S = 0, (3.91)

the corresponding volume integral expressions read

CD = − 2

ρŪ2D
[(ν∇u,∇vd)− (p,∇ · vd)]

CL = − 2

ρŪ2D
[(ν∇u,∇vl)− (p,∇ · vl)] ,

(3.92)

with (·, ·) denoting the L2(Ω) inner product. Note that in the discrete setting, we use the respective
interpolants of the discontinuous filter functions vd and vl.

We model the computational domain as a multi-patch NURBS mesh (see Fig. 3.11), due to the
fact that the parametric space of a multi-variate NURBS patch exhibits a tensor product structure,
and thus is not mappable to any other topology than a cube in the respectiveN -dimensional space.
However, the multi-patch setup yields a perfect mathematical representation of the circular bound-
ary and in particular avoids its approximation with straight line segments. Note that each quarter
of the “obstacle circle” can be modeled exactly with a NURBS curve of degree 2 and just 3 control
points. Since the ability to exactly represent conical sections is restricted to rational B-splines only,
a NURBS mesh comes in handy for the modeling of the computational domain. In order to impose

Figure 3.11: Multi-patch NURBS mesh for flow around cylinder at refinement level 3. Each
uniquely colored initial 1×1 element patch has been refined three times, giving rise to 8×8 elements
in each patch, eventually.
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the parabolic inflow condition, we perform a finite element L2-projection∫
Γ4

(f − Phf) w dΓ4 = 0, ∀w ∈ Wh (3.93)

of the inflow profile f on the control points associated with the left boundary (Γ4) in Fig. 3.11,
wherebyWh denotes a suitable discrete space of weighting/test functions.

For the approximation of drag, lift, and pressure drop we use two different isogeometric dis-
cretizations, namely, S3,3

0,0 × S2,2
0,0 and S3,3

1,1 × S2,2
1,1 , and compare their results for different mesh re-

finement levels with a reference solution computed with high order spectral methods [111]. The
choice of these two isogeometric discretizations is explained by the fact that we require the dis-
crete pressure approximation space to have the same degrees and regularities as the geometry.
Since modeling one quarter of the obstacle circle requires a NURBS curve of at least degree 2, the
degrees of the discrete pressure approximation space reflect this setting. The degrees and regu-
larities of the discrete velocity approximation space eventually follow from the constraints defined
by Taylor-Hood elements (see e.g. [29]). In fact, given an initial discrete pressure space, we use
k-refinement [37] followed by knot insertion to setup a desired Taylor-Hood space of higher degree
and possibly lower regularity.

We refer to table 3.5 for a compilation of the approximated forces for different mesh refinement
levels. Our results exhibit high accuracy on the highest mesh refinement level (L8), since a compar-
ison with the reference data reveals 4, 6, and 7 matching decimal digits for drag, lift, and pressure
drop, respectively. Moreover, starting with mesh refinement level 6, the approximated drag and

Scheme CD CL ∆p Ndof Nel Level (L)
S3,3

0,0 × S2,2
0,0 5.645768 0.0067650 0.11675114 8832 384 L3

S3,3
0,0 × S2,2

0,0 5.594618 0.0095045 0.11733243 34560 1536 L4
S3,3

0,0 × S2,2
0,0 5.582119 0.0104074 0.11749107 136704 6144 L5

S3,3
0,0 × S2,2

0,0 5.579918 0.0105860 0.11751658 543744 24576 L6
S3,3

0,0 × S2,2
0,0 5.579588 0.0106143 0.11751977 2168832 98304 L7

S3,3
0,0 × S2,2

0,0 5.579543 0.0106183 0.11752012 8663040 393216 L8
S3,3

1,1 × S2,2
1,1 5.647333 0.0066836 0.11633509 4212 384 L3

S3,3
1,1 × S2,2

1,1 5.594742 0.0095065 0.11723232 15300 1536 L4
S3,3

1,1 × S2,2
1,1 5.582148 0.0104082 0.11749043 58212 6144 L5

S3,3
1,1 × S2,2

1,1 5.579918 0.0105861 0.11751770 226980 24576 L6
S3,3

1,1 × S2,2
1,1 5.579588 0.0106143 0.11751993 896292 98304 L7

S3,3
1,1 × S2,2

1,1 5.579543 0.0106183 0.11752014 3562020 393216 L8
Ref. [44, 111] 5.57953523384 0.010618948146 0.11752016697

Table 3.5: Approximation results for drag, lift and pressure drop (∆p).

lift coefficients of both isogeometric discretizations are, except for one irregularity, identical with
respect to the displayed number of decimal digits. This result is remarkable and advocates the
usage of the discretization with higher continuity, since the number of degrees of freedoms it re-
quires to reach the same accuracy on refinement level 7 is approximately 42% of its C0 counterpart.
The development of this “gain” is illustrated in Figure 3.12 for mesh refinement levels one to eight.
Comparing the presented C0- and C1-based isogeometric discretizations, one observes in the former
case an increased amount of degrees of freedom on the same number of elements. This is due to the
fact that the discretization with the lower continuity exhibits an increased internal knot multiplic-
ity which in turn implies a larger number of basis functions. This leads on mesh refinement levels
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Figure 3.12: Percentage ratio (DOFs(S3,3
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1,1 ,L)/DOFs(S3,3
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0,0 ,L) × 100) of the number of
degrees of freedom of the C1 discretization and the C0 discretization for each mesh refinement level
L of the flow around cylinder mesh. Table 3.5 lists the number of degrees of freedom for each L.

≥ 1 to numbers of degrees of freedom which are not well comparable between the two IGA-based
discretizations. However, a linear interpolation of the the drag and lift percent errors, as depicted
in Figure 3.13, bears testimony to the accuracy-wise superiority of the high continuity C1 approach.
The semantics of superiority is in terms of gained accuracy with respect to the number of degrees
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Figure 3.13: Sectional view of drag and lift percent errors. Discretizations: S3,3
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of freedom invested.

Remark 3.5.2. We point out that, regardless of the regularity, the support of univariate B-spline andNURBS
basis functions of degree p is always p+1 knot spans. In 1D, the number of functions that any given function
shares support with (including itself) is 2p+ 1, and the maximum bandwidth of a stiffness matrix produced
with IGA in a Galerkin framework, is always 2p + 1 regardless of the smoothness of the basis functions (C0

or Cp−1 continuous).

Generally, it should be noted that the solutionswe obtainedwith the C>0 approaches still reduce
to C0 at patch boundaries. There exist means to overcome this deficiency [37], none of which have
been considered in this study, though. Besides, for all simulations performed, we utilized standard
quadrature rules (#cub.pts = p+ 1), certainly not the most efficient rules at Isogeometric Analysis’
disposal. Finally, for the nonlinear iteration the same stopping criterion as in the lid-driven cavity
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case is used, that is, it is halted as soon as the euclidean norm of the residual of equation (3.74) is
below 10−10.

3.5.4.2 DFG benchmark 2D-2

In the following we turn our attention to the DFG benchmark 2D-2 [45, 129] defining an unsteady
configuration for the flow around cylinder scenario on the same computational domain as in the
DFG benchmark 2D-1 case. The setup aims to simulate the time-periodic behavior of a fluid in a
2D pipe with a circular obstacle. The attention is turned in particular to the resulting drag, lift,
and pressure drop profiles which are shown to have an oscillating and periodic structure. These
profiles are analyzed with respect to their frequency, amplitude, minimum, maximum, and mean
values.

In this benchmark, the maximum velocity of the parabolic inflow profile amounts to U = 1.5,
yielding Re = ŪD

ν =
2
3
· 3
2
·0.1

0.001 = 100. In order to obtain a time profile for the drag, lift, and pressure
drop coefficients, we use again the NURBS mesh shown in Figure 3.11 and apply Isogeometric
Analysis to the unsteady incompressible Navier-Stokes equations (3.79), using the Taylor-Hood B-
spline spaces Q̂THh = S2,2

0,0 and V̂TH
h = S3,3

0,0 for pressure and velocity, respectively. Treating equation
(3.79) as is, i.e. without the application of any operator splitting techniques, corresponds to solving
in a fully coupled manner since we solve for all unknown functions simultaneously.

For the time discretization, the one-step θ-scheme with θ = 0.5 is used, leading to the 2nd
order accurate implicit Crank-Nicolson scheme [147]. Together with the space discretization, the
following nonlinear block system has to be solved in every time step(

1
∆tM + θ(D + C(vn+1)) G

GT 0

)(
vn+1

pn+1

)
=

(
1

∆tM− (1− θ)(D + C(vn)) 0
0 0

)(
vn

pn

)
+ θfn+1 + (1− θ)fn.

(3.94)

In the above system, M,D,C,G, and GT denote the mass, diffusion, advection, gradient, and
divergence matrices, respectively. The body forces are discretized into f . As far as the treatment of
nonlinearity is concerned, for every time step, the nonlinear iteration is advanceduntil the nonlinear
residual of equation (3.94) is reduced to 10−3 of its initial value.

For all mesh levels we performed an intermediate computation with a very coarse time step
(∆t = 1/10) for a total time of 35 simulation seconds. This yielded a profile which we took as an
initial solution for the final computationwith a finer time step, scheduled for 30 simulation seconds.

Exemplary sectional views of the approximated drag, lift and pressure drop time profiles for
three consecutivemesh refinement levels and a time step size of ∆t = 1/400 are presented in Figure
3.16. Note that the depicted time interval is chosen arbitrarily after the drag and lift profiles were
considered fully developed. In addition, the curves have been shifted in time in order to facilitate
comparison.

Tables 3.6 and 3.7 supply minimum, maximum, mean, and amplitude values for the approxi-
mated drag and lift coefficients of different mesh refinement levels.

Our results are shown to converge to themost accurate available results of an alternative numer-
ical simulation [45] usingQ2P1 finite elements (without stabilization) for space discretization and
Crank-Nicolson scheme for time discretization. Note that the absolute error of the lift coefficient is
at level L4 already one order of magnitude smaller than that of the drag coefficient. However, the
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Figure 3.14: Sectional views of drag, lift, and pressure drop coefficient time profiles for Re 100
computed with a S3,3

0,0 ×S2,2
0,0 discretization and a time step of ∆t = 1/400. These profiles are shown

to converge to Q2P1 FE based reference [45] results. The numbers of degrees of freedom are given
in Table 3.5.
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Level ∆t min-CD(Abs-Err,%-Err) max-CD(Abs-Err,%-Err) mean-CD(Abs-Err,%-Err) amp-CD(Abs-Err,%-Err)
L4 1/400 3.2216 (0.0573, 1.81) 3.2857 (0.0583, 1.81) 3.2536 (0.0578, 1.81) 0.0642 (0.0011, 1.62)
L5 1/400 3.1755 (0.0112, 0.35) 3.2392 (0.0118, 0.37) 3.2074 (0.0116, 0.36) 0.0637 (0.0006, 0.94)
L6 1/400 3.1665 (0.0022, 0.07) 3.2300 (0.0026, 0.08) 3.1983 (0.0025, 0.08) 0.0635 (0.0004, 0.58)
Ref. [45] 3.1643 3.2274 3.1958 0.0631

Table 3.6: min, max, mean, and amplitude of the drag coefficient values (including their absolute
and percent errors) for different mesh levels.

Level ∆t min-CL(Abs-Err,%-Err) max-CL(Abs-Err,%-Err) mean-CL(Abs-Err,%-Err) amp-CL(Abs-Err,%-Err)
L4 1/400 -1.0302 (0.0089, 0.87) 0.9903 (0.0037, 0.38) -0.01995 (0.00259, 14.92) 2.0206 (0.0127, 0.63)
L5 1/400 -1.0249 (0.0036, 0.35) 0.9890 (0.0024, 0.25) -0.01794 (0.00058, 3.34) 2.0139 (0.0060, 0.30)
L6 1/400 -1.0242 (0.0029, 0.28) 0.9893 (0.0027, 0.27) -0.01747 (0.00011, 0.63) 2.0135 (0.0056, 0.28)
Ref. [45] -1.0213 0.9866 -0.01736 2.0079

Table 3.7: min, max, mean, and amplitude of the lift coefficient values (including their absolute
and percent errors) for different mesh levels.

min/max values of the drag coefficient exhibit a significantly faster convergence than those of the
lift coefficient.

In addition to min/max drag and lift coefficients, further quantities of interest are the lift profile
frequency (f) and Strouhal number (St = Df

Ū
) which we provide values for in Table 3.8.

Level ∆t 1/f St
L4 1/400 0.33250 0.30075
L5 1/400 0.33250 0.30075
L6 1/400 0.33000 0.30303
Ref. [45] 0.33125 0.30189

Table 3.8: Frequency and Strouhal numbers for different mesh levels.

On a general note, different aspects of the approximated drag and lift profiles, such as their
minimum, maximum, mean, frequency, and amplitude values are demonstrated to be converged
and in good agreement with the results of a reference simulation.

3.5.5 Drag and Lift force computation revisited

The content of the previous sections of this chapter including the computed drag and lift forces are
part of a published and therefore sealed article [81]. Using a revised formula for the computation
of hydrodynamic forces quite a long time after the publication of the above reference, we obtained
improved drag and lift data that we present and compare in this section to previously obtained
ones.

A fluid flowing past the surface S of a body (cf. Figure 3.10) exerts a force on it. Lift is the
component of this force that is perpendicular to the oncoming flow direction. It contrasts with the
drag force which is the component of the surface force parallel to the flow direction. The surface
integrals (line integral in 2D) presented in equation (3.90) can readily be taken to compute the drag
and lift forces (FD, FL) and coefficients (CD, CL).

However, following the spirit of [93, 150], we used an alternative approach and evaluated the
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volume integral (3.92) for the approximations of the drag and lift coefficients – so far. The con-
stituents of the this volume integral obviously reflect the isotropic (−p δij) and non-isotropic, de-
viatoric stress tensor (sij) compartments of the fluid Cauchy stress tensor

σ = −pI + µ[∇v + (∇v)T ],

σij = −p δij + sij .

Furthermore, in the discrete setting, we used the respective interpolants of the discontinuous filter
functions vd and vl (cf. equation (3.91)) and eventually computed the drag and lift coefficients as

CD = − 2

ρŪ2D
[Du · vu + Gu · p] · vd, and

CL = − 2

ρŪ2D
[Dv · vv + Gv · p] · vl,

(3.95)

where the constituents of (3.95) – being the blocks (Du,Dv,Gu,Gv) of the system matrix, vector
of unknowns (vu,vv,p) and filter vectors (vd,vl) – are organized as follows: Du Gu

Dv Gv

GT
u GT

v

 ,

 vu
vv
p

 ,

 vd
vl

 .

Choosing the volume integral over the surface integral is for the most part motivated by the fact
that when it comes to the computation of drag and lift forces, all ingredients of equation (3.95) are
already at hand and the computation reduces to a few matrix-vector multiplications. We want to
point out at this point though that in contrast to [93] the only bilinear forms appearing in equation
(3.92) are those related to the viscous and pressure gradient terms of the Navier-Stokes equations.
In fact, the advective and body force terms of the momentum equation are not included. This cor-
responds to the standard approach for the computation of hydrodynamic forces in the FeatFlow18

FEA package and may be motivated by the low Reynolds number of the steady flow around cylin-
der test case and the absence of body forces therein.

However, John [93] proposes to test the full steady Navier-Stokes momentum equation (3.74a)
with the corresponding filter functions vd or vl, and to perform integration by parts in order to
obtain the following volume integral:

CD = − 2

ρŪ2D
[(ν∇v,∇vd) + ((v · ∇)v,vd)− (p,∇ · vd)− (f ,vd)]

CL = − 2

ρŪ2D
[(ν∇v,∇vl) + ((v · ∇)v,vl)− (p,∇ · vl)− (f ,vl)] .

(3.96)

Using the volume integral (3.96) for the computation of the hydrodynamic forces, we provide in the
sequel new values for the drag and lift coefficients exhibiting a higher accuracy and an increased
error convergence rate compared to those we published beforehand. As will be shown later in
the text, the gain in accuracy and error convergence rates is quite significant. For the sake of a
better comprehension of the observed improvements and the role of the obstacle boundary shape
S, the investigations were extended to the flow around square and regularized lid-driven cavity
flow test cases, both involving straight line boundaries. Postponing the discussions of these two
cases, we start off with the DFG benchmark 2D-1 and refer to Tables 3.9 and 3.10 for a compilation
of the corresponding drag and lift coefficients, where the volume integral (3.96) and a NURBS-
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based Isogeometric S3,3
0,0 × S2,2

0,0 discretization came to fruition. Moreover, in order to analyze the
contribution of the various forms involved in (3.96), we have provided figures for the contribution
of each to the drag and lift coefficients.

L Nel Ndof CD (ν∇v,∇vd) ((v · ∇)v,vd) (p,∇ · vd) EOC(CD)

2 96 2304 5.50188978312 1.49652269632 -2.143488095257e-01 4.21971589632
3 384 8832 5.57653244247 1.70621334607 -6.923565647967e-02 3.93955475287 2.34626
4 1536 34560 5.57950083360 1.82617889075 -1.511713701918e-02 3.76843907988 3.22387
5 6144 136704 5.57953507811 1.88748157260 -2.584123983265e-03 3.69463762950 3.89363
6 24576 543744 5.57953542609 1.91780462378 -3.820642157074e-04 3.66211286653 -0.151986
Ref. [44, 111] 5.57953523384

Table 3.9: Flow around cylinder drag coefficient CD computed with equation (3.96) and splitted
into its respective components.

L Nel Ndof CL (ν∇v,∇vl) ((v · ∇)v,vl) (p,∇ · vl) EOC(CL)

2 96 2304 0.023932136579 -3.52575833782e-03 1.33671206037e-02 1.40907743127e-02
3 384 8832 0.011266417131 -2.07572674679e-03 4.50139922571e-03 8.84074465164e-03 2.18095
4 1536 34560 0.010633643977 3.39581050305e-04 1.12910258103e-03 9.16496034528e-03 2.73067
5 6144 136704 0.010619145366 2.00892070099e-03 2.11700526699e-04 8.39852413835e-03 3.10973
6 24576 543744 0.010618839082 2.89773460867e-03 3.28213672772e-05 7.68828310599e-03 0.427315
Ref. [44, 111] 0.010618948146

Table 3.10: Flow around cylinder lift coefficient CL computed with equation (3.96) and splitted
into its respective components.

Remark 3.5.3. The estimated order of convergence EOC is computed as follows: Let h = 1/Nel define the
element size, where Nel is the number of elements and let Ei be the error corresponding to hi. Assuming
Ei = Chri for unknown constants C and r, we can compare two consecutive experiments, Ei = Chri and
Ei−1 = Chri−1, and solve for r:

r =
ln(Ei/Ei−1)

ln(hi/hi−1)
(3.97)

The r values should approach the expected convergence order degree+1 as i increases.

For a contrasting juxtaposition, we refer to Figure 3.15 that provides a concise view of our previ-
ously published results [81] alongside those of Tables 3.9 and 3.10. Given the fact that in Table 3.9
the contribution of the advective term is one to four orders of magnitude smaller than that of the
viscous and pressure gradient terms, its impact on the accuracy of the results is nonetheless quite
remarkable. Tests with classical finite elements of type 15Q2P1 and 20Q̃1Q0 confirm the observed
tendency of a decreasing contribution of the advective term as the mesh refinement level increases.
However, the inclusion of the advective term, surprisingly, does not yield any noteworthy differ-
ence for the above mentioned classical finite elements, whereas the effect is very noticeable in the
Isogeometric discretization.

For a better comprehension of the different behaviors observed, and the role of curvilinear or
straight boundaries to compute the hydrodynamic forces on, the analysis has been extended to flow
around square and the classical regularized lid-driven cavity benchmark having been presented
in detail in Section 3.5.3. In the former case, the same multi-patch domain partition as in Figure

20Velocity: Bilinear, rotated; Pressure: Constant.



74 CHAPTER 3. SINGLE-PHASE FLOW

10−6

10−5

10−4

10−3

10−2

10−1

100

101

104 105 106

C
D

%
-er

ro
r

Degrees of freedom

S3,3
0,0 × S2,2

0,0

S3,3
1,1 × S2,2

1,1

S3,3
0,0 × S2,2

0,0

10−3

10−2

10−1

100

101

102

103

104 105 106

C
L

%
-er

ro
r

Degrees of freedom

S3,3
0,0 × S2,2

0,0

S3,3
1,1 × S2,2

1,1

S3,3
0,0 × S2,2

0,0

Figure 3.15: Sectional view of drag and lift percent errors for flow around cylinder. The black
and blue lines refer to drag and lift coefficients computed with volume integral (3.92), while data
plotted in orange refers to the new results computed with volume integral (3.96).

3.11 is used, where the control points of the NURBS patches touching the obstacle are modified
accordingly to form a square. In the latter case, the drag and lift forces are computed on the lid’s
bottomboundary and the following velocity profile function is prescribed on the lid’s top boundary:

ulid = [16x2(1− x)2, 0]. (3.98)

Common to both cases is a straight line boundary on which the drag and lift coefficients are com-
puted and the computations are required to reveal whether the inclusion of the advective term
proves to be beneficial here as well. Beginning with flow around square, we present in Tables 3.11
and 3.12 the drag and lift coefficients computed with volume integrals (3.92) and (3.96), respec-
tively. The lack of a reference solution for this setup, renders a comparison of corresponding error

L Nel Ndof CD CL

2 96 984 7.3079515320 6.7913592300e-02
3 384 3696 7.1338241262 7.5366111312e-02
4 1536 14304 7.0069523272 8.3010116426e-02
5 6144 56256 6.9598040231 8.5339113567e-02
6 24576 223104 6.9461736770 8.5994041680e-02

Table 3.11: Flow around square drag and lift coefficientCD andCL computedwith equation (3.92).
Discretization: NURBS-based Isogeometric S2,2

0,0 × S1,1
0,0

convergence order and rates not amenable. Nevertheless, a closer look at the figures reveals that the
inclusion of the advective term has a positive contribution on the accuracy, for the coefficients pre-
sented on the last row of table 3.11 are already “roughly” available onmuch lowermesh refinement
levels of Table 3.12. Yet again, this behavior could not be observed with aforementioned classical
finite elements and surprisingly appears to occur in Isogeometric discretizations only. However,
the inclusion of the advective term does not yield any appreciable contribution for the regularized
lid-driven cavity setup as can be deduced from Tables 3.13 and 3.14.

Last but not least, we revisit the DFG benchmark 2D-2 [45, 129] setup, defining an unsteady
configuration for the flow around cylinder scenario, and recompute the drag and lift forces accord-
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L Nel Ndof CD (ν∇v,∇vd) ((v · ∇)v,vd) (p,∇ · vd)

2 96 984 6.9442769459 1.4856249327 -3.6367458611e-01 5.8223265993
3 384 3696 6.9398107619 1.5241458005 -1.9401336430e-01 5.6096783257
4 1536 14304 6.9394652050 1.4381909943 -6.7487122234e-02 5.5687613329
5 6144 56256 6.9411119331 1.3281986297 -1.8692089970e-02 5.6316053933
6 24576 543744 6.9415335574 1.2363126559 -4.6401196174e-03 5.7098610210

CL (ν∇v,∇vl) ((v · ∇)v,vl) (p,∇ · vl)
2 96 984 9.1491263272e-02 1.3677056354e-03 2.3577670973e-02 6.6545886664e-02
3 384 3696 8.6387954457e-02 4.2665391532e-03 1.1021843144e-02 7.1099572159e-02
4 1536 14304 8.7108643699e-02 5.9107042335e-03 4.0985272730e-03 7.7099412193e-02
5 6144 56256 8.6525032119e-02 6.0812787390e-03 1.1859185528e-03 7.9257834828e-02
6 24576 223104 8.6301991348e-02 5.3760113957e-03 3.0794966756e-04 8.0618030285e-02

Table 3.12: Flow around square drag and lift coefficientCD andCL computedwith equation (3.96)
and splitted into its respective components. Discretization: NURBS-based Isogeometric S2,2

0,0 ×S1,1
0,0

L Nel Ndof CD CL

2 16 187 -1.1996731151e-01 -2.4130100053e-01
3 64 659 -1.3203238789e-01 -1.5432215226e-01
4 256 2467 -1.3777250834e-01 -1.5168848064e-01
5 1024 9539 -1.4084770785e-01 -1.5162614654e-01
6 4096 37507 -1.4241699857e-01 -1.5162361204e-01

Table 3.13: Regularized lid-driven cavity drag and lift coefficient CD and CL computed with vol-
ume integral (3.92). Discretization: NURBS-based Isogeometric S2,2

0,0 × S1,1
0,0

L Nel Ndof CD (ν∇v,∇vd) ((v · ∇)v,vd) (p,∇ · vd)

2 16 187 -1.1999211483e-01 -1.1996731151e-01 -2.4803321315e-05 1.9515639105e-17
3 64 659 -1.3203266882e-01 -1.3203238789e-01 -2.8092194888e-07 5.3668007538e-18
4 256 2467 -1.3777251412e-01 -1.3777250834e-01 -5.7845400964e-09 4.3910187986e-18
5 1024 9539 -1.4084770794e-01 -1.4084770785e-01 -9.0569738105e-11 4.7569370318e-18
6 4096 37507 -1.4241699857e-01 -1.4241699857e-01 -8.7247860112e-14 1.0306696902e-17

CL (ν∇v,∇vl) ((v · ∇)v,vl) (p,∇ · vl)
2 16 187 -2.4180171034e-01 1.5758878577e-16 -5.0070980778e-04 -2.41301000530e-01
3 64 659 -1.5435925530e-01 5.7876067220e-17 -3.7103038573e-05 -1.54322152263e-01
4 256 2467 -1.5169117937e-01 -1.0563468587e-15 -2.6987317644e-06 -1.51688480642e-01
5 1024 9539 -1.5162633146e-01 3.8988263759e-15 -1.8492734353e-07 -1.51626146538e-01
6 4096 37507 -1.5162362420e-01 2.2993425811e-14 -1.2161476833e-08 -1.51623612038e-01

Table 3.14: Regularized lid-driven cavity drag and lift coefficient CD and CL computed with vol-
ume integral (3.96) and splitted into its respective components. Discretization: NURBS-based Iso-
geometric S2,2

0,0 × S1,1
0,0
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ing to an alternative volume integral. For the inclusion of the advective and body force terms – as
shown in volume integral (3.96) – corresponds to considering the full steady Navier-Stokes mo-
mentum equation residual, and (3.96) proved to be beneficial for the steady flow around cylinder
case, it seems obvious to additionally include the temporal term in the unsteady case. Therefore,
for the computation of hydrodynamic forces, we consider the case where beside the body force
term only the advective term is additionally included and the case where both the advective and
temporal term are included as presented in equations (3.96) and (3.99), respectively.

CD = − 2

ρŪ2D
[(v̇,vd) + (ν∇v,∇vd) + ((v · ∇)v,vd)− (p,∇ · vd)− (f ,vd)]

CL = − 2

ρŪ2D
[(v̇,vl) + (ν∇v,∇vl) + ((v · ∇)v,vl)− (p,∇ · vl)− (f ,vl)]

(3.99)

We refer to Figure 3.16 for a visual comparison of our previous results (solid lines) with the new
ones printed with dashed lines. To be more specific, the graphs plotted with magenta and red
dashed lines are computed with equations (3.96) and (3.99), respectively. For the drag coefficient
profile, already the inclusion of the advective term yields for mesh refinement level 4 and time
step size ∆t = 1/400 a significant improvement, and the additional inclusion of the temporal term
does not make any noticeable difference. This improvement is unfortunately not seen in the lift
coefficient profile showing an even slightly decreased accuracy.

3.6 Summary and conclusions

In this chapter, we have presented our numerical results of the application of Galerkin-based Iso-
geometric Analysis to both the steady and the unsteady incompressible Navier-Stokes equations in
velocity-pressure formulation. The velocity and pressure functions were approximated with LBB
stable B-spline spaces which can be regarded as smooth generalizations of Taylor-Hood pairs of
finite element space.

The classical lid-driven cavity flow and flow around cylinder scenarios were considered in two
dimensions as model problems in order to investigate the numerical traits and behavior of the iso-
geometric discretizations.

Starting off with the lid-driven cavity flow problem including its regularized version, we have
shown that the approximated flow attributes are very well comparable with reference results par-
tially obtained with a highly accurate spectral (Chebyshev Collocation) method [20]. Moreover,
we have extended our view to global quantities such as kinetic energy and enstrophy, and have
provided results which are in very good agreement with reference results obtained with other ap-
proaches such as aQ2P1 finite element discretization [112] and a high order finite difference scheme
utilized in [25].

In addition to lid-driven cavity flow, we extended the application of Galerkin-based Isogeomet-
ric Analysis to the prominent flow around cylinder benchmark, as proposed in [129], and analyzed
the approximated drag and lift quantities with respect to accuracy and convergence. The usage of
a C1 B-spline element pair turned out to be superior to its C0 counterpart in terms of the number
of degrees of freedom required to gain a certain accuracy. We eventually turned our attention to
the unsteady Re-100 flow around cylinder case involving the transient form of the Navier-Stokes
equations. The governing equations were discretized in time with a second order implicit time
discretization scheme and finally solved in a fully coupled mode. The time profile of the approxi-
mated drag and lift coefficients were shown to converge to the results of a reference finite element
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Figure 3.16: Sectional views of drag and lift coefficient time profiles of DFG benchmark 2D-2 (Re
100) computed with a S3,3

0,0 × S2,2
0,0 discretization and a time step of ∆t = 1/400. These profiles are

shown to converge to Q2P1 FE based reference [45] results. Data plotted in magenta and red, have
been computed with equations (3.96) and (3.99), respectively.
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simulation.
The efficient solution of the arising linear equation systems with iterative techniques such as,

for instance, multigrid were out of the scope of this study and will therefore be addressed in a
forthcoming publication.

Isogeometric Analysis proved for us to be a robust and powerful technology showcasing unique
features. For Taylor-Hood-like B-spline elements we carried our analysis upon, it turned out to be
just a matter of changing settings in a configuration file to set up a desired B-spline element of a
specific degree and continuity. This is without any doubt a huge benefit when compared to usual
finite elements where one needs to provide an implementation for each element type. Moreover, for
B-spline/NURBS geometries – already exactly representing a computational domain on the coarsest
level – the process ofmeshing is straightforward. Themathematical definition of a B-spline/NURBS
already defines a tensor product mesh eligible to NURBS-based refinement techniques such as h-,
p-, or k-refinement [37, 119].

However, on a final note, the true virtue of the technology in the field of computational fluid
dynamics can be better exploited in applications involving high order partial differential equations
such as, for instance, the third order Navier-Stokes-Korteweg [76], or fourth order Cahn-Hilliard
equations [75] in combination with complex geometries.



Chapter 4

Two-phase flow

4.1 Introduction

Multiphase flows of immiscible fluids, that is, flow of fluids which are incapable of mixing, such as
e.g. oil and water are omnipresent in nature and industrial systems. By way of example we refer to
the Deepwater Horizon oil spill in the gulf of Mexico and the respective industrial plant in charge
with pumping an oil watermixture to the surface. In particular, in amultiphase flow context the dy-
namics of bubbles and droplets including their deformation, coalescence and breakup are intrigu-
ing processes which have gained a lot of attention in the scientific community, cf. [19, 32, 88, 94, 95].
In two-phase flows, being the most common multiphase flow configuration involving two distinct
fluids, the fluids are segregated by a very thin interfacial region where surface tension effects and
mass transfer due to chemical reactions may appear. The former is caused by molecular force im-
balances in the vicinity of the fluid interface. The extension of the physical model tomultiple fluids,
with each fluid being allowed to have its own density and viscosity, comes at a cost of potentially
sharp gradients of these quantities and pressure jumps across the phase separating interface. As
for methodologies to address these issues, the sharp- and diffuse-interface methods are among the
most widely used ones to model fluid interface dynamics. Traditionally, phase transition phenom-
ena have been described with sharp interface models. This involves the tracking of the phase sepa-
rating interface as it evolves over time. Among Eulerian interface tracking methods the volume-of-
fluid [78] and the level-set [135] method constitute themost prominent sharp interface models and
have been applied in a multitude of multiphase applications. However, especially in the realiza-
tion of the latter method discontinuous functions are often regularized and artificially “smoothed”
with regularized Heaviside or step functions. The regularization aids to circumvent problems with
numerical integration when discontinuous coefficients and functions are involved. Henceforth, the
level-set method can sometimes be regarded as a diffuse interface method as well, since it intro-
duces a narrow transition region across which the regularization of discontinuous coefficients is
realized.

In this work we use a phase field diffuse interface method based on the Cahn-Hilliard (CH)
equation and apply Isogeometric Analysis for the discretization of the involved equations. Diffuse-
interface models have been used in a wide spectrum of fields, ranging from material sciences to
fracture mechanics. Moreover, in recent years they have been successfully used to describe the flow
of two or more immiscible fluids for both numerical and theoretical studies. Particularly for two-
phase flows, they have gained a lot of attention due to their ability to easily handle moving contact
lines and topological transitions without any need for reinitialization or advective stabilization.

79
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On a general note, diffuse interface models allow the modeling of interfacial forces as continuum
forces with the effect that delta-function forces and discontinuities at the interface are smoothed by
smearing them over thin yet numerically resolvable layers. The phase field method - also known
as the diffuse interface model - is based on models of fluid free energy and offers a systematic
physical approach by describing the interface in a physical rather than in a numerical sense. One
principal advantage of diffuse interface models is their ability to describe topological transitions
like droplet coalescence or break-up in a natural way. In the phase field framework, the interface is
modeled by a function ϕ(x, t) which represents the concentration of the fluids. The function ϕ(x, t),
also referred to as the order parameter, or the phase field, attains a distinct constant value in each
phase and rapidly, but smoothly, changes in the interface region between the phases. For a binary
fluid, a usual assumption is that ϕ takes values between −1 and 1, or 0 and 1. The relaxation of the
order parameter is driven by local minimization of the fluid free energy subject to the phase field
conservation. As a result, complex interface dynamics such as coalescence or segregation can be
captured without any special procedures [13, 142].

The mathematical modeling of phase field-based two-phase incompressible flows dates at least
back to the work of Gurtin et al. [74] and has originated a multitude of different models ever since.
These models differ from each other by a group of quite diverse criteria, one of them being e.g.
the treatment of the density, that is, considering it constant or variable. Moreover, not all models
are based on a divergence-free velocity field and the modeling of extra contributions of additional
forces to the stress tensor such as e.g. the surface tension induced capillary forces is quite varied
across the models. While for some models no energy inequalities are known, others are shown to
admit an energy law and to be thermodynamically consistent. For the latter to hold, some of the
affected models are extended by additional terms. Each of these models has its own advantages
and disadvantages in terms of suitability for particular flow scenarios, physical consistency and
implementation simplicity. Following the agenda to assess Isogeometric Analysis-based approx-
imations of various variable density two-phase flow problems with respect to reference “sharp
interface”-based results, the identification of a reasonable model turned up to be a time consuming
and tedious process. This is founded on the fact that there are quite a number of different models
at one’s disposal, each having a distinct set of traits determining its overall suitability. As an addi-
tional reason, we identify the lack of a consolidated inventory with emphasis on the most essential
features and shortcomings of each model. In order to address this issue and to make this work self
contained, we have decided to briefly present and screen the models in a dedicated section (see
Section 4.2).

Using the numerical benchmark setups of Hysing et al. [88] for two-dimensional bubble dy-
namics, Aland et al. [6] compared three different phase field-based incompressible two-phase flow
models utilizing a classical finite element discretization. More specifically, the results computed
with the models of Ding, Boyer and Abels (see Section 4.2) are compared to both each other and to
those of Hysing being based on a level-set sharp interface model. The performed numerical anal-
ysis indicates a good result-wise agreement among all three phase field models and in particular
exhibits rather small differences between the models of Ding and Abels. Using this finding, we
identify the model proposed by Ding as suitable for our purposes and apply Isogeometric Analysis
to the above mentioned two-phase flow benchmark problems. To our best knowledge this is the
first work aiming to recover Hysing’s sharp interface based variable density and variable viscosity
two-phase flow benchmark results applying Isogeometric Analysis to a NSCHmodel. Besides, the
robustness of the Isogeometric discretization of the NSCH system is further underpinned by its
application to other challenging two-phase flow scenarios such as for instance the “Rayleigh-Taylor
instability”.
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We consider the combination of Isogeometric Analysis and the NSCH system for the numerical
treatment of multiphase flow problems as very powerful. This is attributed on the one hand to the
above mentioned benefits of phase field methods, and on the other hand to the ability to perform
finite element type numerical analysis on complex geometries without the necessity to discretize
it with straight line segments or flat faces. This has proven in a row of different context to yield
gains in accuracy compared to alternative numerical methods [37]. Moreover, the Cahn-Hilliard
equation in its primal formulation involves fourth order spatial derivatives requiring C1 continuous
discrete approximation spaces which can easily be spanned with high regularity basis functions in
Isogeometric Analysis.

As of writing of this chapter there are in all conscience two other works combining Isogeometric
Analysis with the advective Cahn-Hilliard phase field model and fluid flow. The first article [104]
uses the advective Cahn-Hilliard equation and presents an Isogeometric Analysis-based numerical
study of spinodal decomposition of a binary fluid undergoing shear flow. In contrast to this work,
however, they use a passive and externally provided velocity field and in particular do not solve a
coupled NSCH system. The second work [53] on the other hand, aims to analyze the dynamics of
liquid droplets in a liquid continuum. It does involve a NSCH system and utilizes divergence-free
B-spline spaces to obtain a discrete pointwise divergence-free velocity field. The focus of that work
is on the energy exchange analysis in droplet dynamics, or more specifically, on the analysis of
the exchanges of the kinetic, potential, bulk and interfacial free energies as droplets start to merge.
However, in contrast to this work, they use an NSCH model under the Boussinesq assumption to
account for buoyancy effects. This imposes a severe constraint on the admitted density differences,
in fact in their work they assume small density differences between the fluids while we go up to
density ratio 1000.

The outline of this chapter is as follows: In Section 4.2 we follow the agenda to identify and
select an adequate phase field-based two-phase flow model and provide therefore a concise traits-
oriented characterization and comparison of the most significant models. The mathematical model
used in this work is eventually described in Section 4.3 serving as a basis for Section 4.4 that is in
turn dedicated to the discretization aspects of the mathematical model with Isogeometric Analysis.
We present our numerical results in Section 4.5 and conclude the chapter with a short summary in
Section 4.6.

4.2 Phase field-based two-phase flow models

When it comes to the coupling of phase segregationwith hydrodynamics, the basic diffuse interface
model for two incompressible, viscous Newtonian fluids is the so-called “Model H” [74, 79] which
was derived in the framework of rational continuummechanics and is shown to satisfy the second
law of thermodynamics in a mechanical version based on local dissipation inequality. It leads to
the coupled Navier-Stokes-Cahn-Hilliard (NSCH) system

ρ∂tv + ρ (v · ∇)v − div
(

2µ(ϕ)
1

2

(
∇v + (∇v)T

))
+∇p = −σ̂εdiv (∇ϕ⊗∇ϕ) , (4.1a)

divv = 0, (4.1b)
∂tϕ+ v · ∇ϕ = div (m∇η) , (4.1c)

η = σ̂ε−1ψ′(ϕ)− σ̂ε∆ϕ, (4.1d)
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where ρ, µ(ϕ),v and p denote the density, dynamic viscosity, mean velocity, and pressure, respec-
tively and ϕ is the order parameter related to the concentration of the fluids (e.g. concentration of
one component). Moreover, σ̂ is the surface energy density coefficient, ε is a parameter related to
the thickness of the interfacial region, ψ denotes the homogeneous free energy density function,
m = m(ϕ) is the mobility coefficient and µ is the chemical potential. The term σ̂ε (∇ϕ⊗∇ϕ) on the
right hand side of (4.1a) represents surface tension induced capillary forces and is modeled as an
extra contribution in the stress tensor. The modeling assumption of constant density ρ in both com-
ponents as well as in the transition region, unfortunately entails a severe constraint on the usability
of this model and restricts its applicability to situations with negligible density differences. In order
to nevertheless account for buoyancy effects in the treatment of problems with small density ratios,
a customary practice is to use a Boussinesq approximation, that is, considering the density constant
except when multiplying it with the gravitational force field g.

In order to overcome the constant density constraint, the following thermodynamically con-
sistent extension of Model H for different densities was derived by Lowengrub and Truskinovsky
[105]

ρ∂tv + ρ (v · ∇)v − divS (ϕ,D(v)) +∇p = −σ̂εdiv (∇ϕ⊗∇ϕ) , (4.2a)
∂tρ+ div(ρv) = 0, (4.2b)
ρ∂tϕ+ ρv · ∇ϕ = div (m(ϕ)∇η) , (4.2c)

η = −ρ−2 ∂ρ

∂ϕ
p+

σ̂

ε
ψ′(ϕ)− σ̂ε

ρ
div (ρ∇ϕ) , (4.2d)

where D(v) = 1
2

(
∇v + (∇v)T

)
,S (ϕ,D(v)) = 2µ(ϕ)D(v) + λ(ϕ)divv I and λ(ϕ) is the bulk

viscosity coefficient. Equation (4.2) defines the mean velocity v as a mass averaged or barycentric
velocity ρv = ρ1v1 + ρ2v2, where ρj and vj with j = 1, 2 denote the densities and velocities of the
individual fluids. It is necessary to point out though that this velocity is not divergence-free. In the
above system the coupling of the Navier-Stokes (4.2a)-(4.2b) and the Cahn-Hilliard terms (4.2c)-
(4.2d) is much stronger that in the classical Model H, since the fluid pressure p enters the equation
of the chemical potential η and thus aggravates numerical simulations. An additional difficulty is
introduced by the non-solenoidal velocity field for which no solution concept is available which
avoids to determine the pressure p.

Despite the fact that simplifications of this model have successfully been used in numerical
studies [99, 100], to the best of the author’s knowledge, until recently therewere nodiscrete schemes
available being based on the full model (4.2a)-(4.2d). In recent years, however, different numerical
schemes have been developed by the groups of Lowengrub and Giesselmann, cf. [71, 89].

Ding [46] and Boyer [21] each came upwith alternative generalizations ofModel H for different
densities. Their starting point are the equations for the mass conservation of each phase

∂ρj
∂t

+ div(ρjvj) = 0 (4.3)

eventually yielding a divergence-free ∇ · v = 0 velocity field. Moreover, their definition of the
mean velocity v of the mixture differs from that of Lowengrub and Truskinovsky inasmuch as it is
defined to be the volume averaged velocity v = u1v1 + u2v2 with uj denoting the volume fraction
of fluid j. The model proposed by Ding is basically a generalization of (4.1) for variable densities
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ρ(ϕ), while the more complicated model presented by Boyer

ρ(ϕ) = 1 +
ε

2
(ϕ− 1), (4.4a)

ρ(ϕ)

(
∂v

∂t
+ v · ∇v

)
− 1

Re
div (2µ(ϕ)D(v)) +∇p = Kη∇ϕ+ εK1− ϕ2

4
∇
(

η

ρ(ϕ)

)
+ ρ(ϕ)g,

(4.4b)
divv = 0, (4.4c)

∂ϕ

∂t
+ v · ∇ϕ− 1

Pe
div

(
m(ϕ)

ρ(ϕ)
∇
(

η

ρ(ϕ)

))
= 0, (4.4d)

η = ψ′(ϕ)− α2∆ϕ, (4.4e)

differs from (4.1), amongst other things, by the usage of the continuum surface tension force in its
potential form: η∇ϕ. In equation (4.4), ε = (ρ1 − ρ2)/max(ρ1, ρ2) denotes the density contrast,
ϕ ∈ [−1, 1] is an order parameter, α is a dimensionless parameter related to the interface thickness,
K is the capillarity coefficient, g is the gravitational force field, Pe is the Peclet number andm(ϕ) =
(1−ϕ2)2/(8ξ(ϕ)) is themobility coefficient, whereby ξ(ϕ) denotes the alloy composition dependent
friction coefficient. However, it is noteworthy to straighten that, unfortunately, neither global nor
local energy inequalities are known for the model presented in (4.4). The same holds true for
the model presented in (4.1) when the density ρ is not constant, making it difficult to conduct
mathematical analysis.

Shen et al. [136] derived the following physically consistent phase field model for two-phase
incompressible flows with variable density ρ(ϕ) = ρ1−ρ2

2 ϕ+ ρ1+ρ2

2 ϕ and viscosity µ(ϕ) = µ1−µ2

2 ϕ+
µ1+µ2

2 ϕ

σ(σv)t +
1

2
∇ · (ρv)v + (ρv · ∇)v −∇ · 2µD(v) +∇p = −λ∇ · (∇ϕ⊗∇ϕ) , (4.5a)

∇ · v = 0, (4.5b)
∂ϕ

∂t
+ (v · ∇)ϕ = −γ∆

(
∆ϕ− ψ′(ϕ)

) (4.5c)

admitting the following energy law:

d

dt

∫
Ω

(
1

2
|σv|2 +

λ

2
|∇ϕ|2 + λψ(ϕ)

)
dx = −

∫
Ω

(
µ|D(u)|2 + λγ|∇(∆ϕ− ψ′(ϕ))|2

)
dx (4.6)

In equation. (4.5), λ denotes the mixing energy density, γ is a diffusion parameter and σ =
√
ρ.

Abels et al. [1] recently derived a thermodynamically consistent generalization of (4.1a)-(4.1d)
for the case of variable density based on a solenoidal velocity field v. Their model, expressed
through (4.7), fulfills local and global dissipation inequalities and is frame indifferent. Using the
method of matched asymptotic expansions, that is, matching asymptotic expansions in the bulk
region with expansions in the interfacial regions, various sharp interface models are derived in the
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limit when the interfacial thickness tends to zero (ε→ 0).

∂t(ρ(ϕ)v) + div (ρ(ϕ)v ⊗ v)− div (2µ(ϕ)D(v)) = −∇p− σ̂εdiv (∇ϕ⊗∇ϕ)

− div
(
v ⊗ ρ1 − ρ2

2
m(ϕ)∇η

)
,

(4.7a)

divv = 0, (4.7b)
∂tϕ+ v · ∇ϕ = div (m(ϕ)∇η) , (4.7c)

η = σ̂ε−1ψ′(ϕ)− σ̂ε∆ϕ (4.7d)

We conclude this section with a consolidated listing (see Table 4.1) of the models alongside their
peculiarities. In conformity with the motivation and justification to present and elaborate on the
essential features and shortcomings of the available models, this section and in particular Table 4.1
may greatly facilitate and accelerate the process of identifying a suitable model.

Variable density
ρ(ϕ)

Thermodynamically
consistent

Admitting en-
ergy law

Sharp interface limit
identifiable when ε→ 0

Model H X X X
Lowengrub
et al.

X X X X

Ding et al. X X
Boyer X
Shen et al. X X X
Abels et al. X X X X

Table 4.1: Traits of different phase field models for two-phase incompressible flows.

4.3 Mathematical model

Let Ω = (Ω1 ∪ Ω2) ⊂ Rn be an arbitrary open domain, with n = 2 or 3 and let its boundary ∂Ω be
sufficiently smooth (e.g. Lipschitz continuous21). Moreover, let Γ denote the interface between the
different fluids or phases occupying the subdomains Ω1 and Ω2 and letn be the outward (Ω1 → Ω2)
unit normal at the interface. Classical two-phase flow systems being based on models of surface
tension forces either apply a force balance boundary condition

J−pI + µ
(
∇v + (∇v)T

)
K
∣∣
Γ
· n = σκn (4.8)

on the interface Γ or rewrite the internal force boundary condition as a volumetric surface tension
force

f st = σκnδ(Γ,x), (4.9)
where σ is the surface tension coefficient, κ is the interface curvature and δ(Γ,x) is a Dirac delta
function localizing the surface tension force to the interface.

Phase field methods on the other hand, are based on models of fluid free energy. The simplest
21A Lipschitz-continuous boundary can be represented locally as a graph of a Lipschitz-continuous function with Ω

being located on one side of this graph. We refer to [33] for more details.
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free energy density model for isothermal fluids yielding two phases is

f(ϕ) =
1

2
α|∇ϕ|2 + βψ(ϕ) α > 0, β > 0 (4.10)

and can be traced down to Van der Waals [153]. With ϕ denoting a measure of phase, the first term
on the right hand side of (4.10) represents the interfacial (also known as “surface” or “gradient”)
free-energy density with a positive constant α. Having been introduced in the theory of phase
transitions to model capillary effects and penalizing large gradients, it accounts for the fact that
gradients in the concentration field ϕ are energetically unfavorable. The second part of the above
expression involves a homogeneous (or “bulk”) free-energy density function ψ(ϕ) modeling the
fluid components’ immiscibility. It contains a term describing the entropy of mixing and a term
taking into account the interaction between the two fluid components. The double-well function
ψ(ϕ) penalizes any mixing of the phases. A physically relevant expression for the potential ψ and
ϕ ∈ [−1, 1] is given by the logarithmic expression [21, 43]

ψ(ϕ) = T ((1 + ϕ) log(1 + ϕ) + (1− ϕ) log(1− ϕ)) + Tc(1− ϕ2), (4.11)

where T and Tc are the temperature and the critical temperature of the mixture, respectively. For
the phase separation phenomenon to occur, the relation between the temperatures need to satisfy
T < Tc such that ψ(ϕ) is not convex and builds twominima corresponding to the two stable phases
of the fluid (see Figure 4.1). In caseswhereT is close enough toTc, expression (4.11) can be replaced
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Figure 4.1: Homogeneous free energy density function (4.11) with T = 2 and Tc = 3.

by a polynomial approximation of the formψ(ϕ) = C1ϕ
4−C2ϕ

2. In fact all calculations in this paper
were performed with

ψ(ϕ) =
1

4
(ϕ− 1)2(ϕ+ 1)2, (4.12)

where ϕ ∈ [−1, 1] and ϕ(x) = 1 (respectively ϕ(x) = −1) if and only if fluid 1 (respectively fluid
2) is present at point x.

The theory of Cahn and Hilliard is based on Van der Waals’ [153] hypothesis that equilibrium
interface profiles are those that minimize a fluid free energy (Ginzburg-Landau free energy) func-
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tional
E(ϕ) :=

∫
Ω
f dΩ =

∫
Ω

1

2
α|∇ϕ|2 + βψ(ϕ) dΩ. (4.13)

Variational calculus is used to determine the rate of change of the free energy functional E(ϕ) with
respect to ϕ. More specifically, the variational derivative of E(ϕ) with respect to ϕ yields the chem-
ical potential η being defined as

η =
δE
δϕ

= −α∇2ϕ+ βψ′(ϕ). (4.14)

Equilibrium interface profiles satisfy

βψ′(ϕ)− α∇2ϕ ≡ η = const., (4.15)

and setting α and β to respectively O(ε) and O(1/ε), produces phase field interfaces of thickness
O(ε) and surface tension O(1). Cahn and Hilliard generalized the problem to a mass diffusion
equation in a binary system applying the principle of conservation of mass with a local diffusion
mass flux J that is specified in terms of the chemical potential. The constitutive equation for the
flux sets it proportional to the negative of the chemical potential, for the transport takes place from
locationswith a high chemical potential to thosewith a lower one. Therefore, we have the following
definition for the flux

J = −m(ϕ)∇η, (4.16)
wherem(ϕ) is a concentration dependentmobility function22 and is often replaced by a constant for
simplification reasons. However, for all the calculations in this chapter we have used the following
nonlinear mobility function

m(ϕ) = D(ϕ2 − 1)2, (4.17)
where D represents a scaling parameter. In the absence of sources and sinks, mass conservation
for ϕ requires

dϕ

dt
+∇ · J =

∂ϕ

∂t
+∇ · (vϕ) +∇ · J = 0. (4.18)

Above, v denotes an advective velocity field. Requiring it to be solenoidal, that is,∇·v = 0 and sub-
stituting expressions (4.16) and (4.17) into (4.18), yields the fourth order advective Cahn-Hilliard
equation

∂ϕ

∂t
+ v · ∇ϕ = ∇ · (m(ϕ)∇η) = ∇ ·

(
m(ϕ)∇

(
−α∇2ϕ+ βψ′(ϕ)

))
. (4.19)

Ignoring the advective term v · ∇ϕ, the pure Cahn-Hilliard equation approximates interfacial dif-
fusion fluxes as being proportional to chemical potential gradients and governs the creation, move-
ment and decomposition of diffusively controlled interfaces. Finally, the following boundary con-
ditions are required at ∂Ω to complete the system

∇η · n = 0, (no flux)

∇ϕ · n =
1

ε
√

2
cos(θ)(1− ϕ2), (contact angle) (4.20)

where θ is an equilibrium contact angle23 between the interface Γ and ∂Ω. Note that θ = π/2,

22In general tensor-valued mobility functions are consistent with the Cahn-Hilliard equation.
23For an interface in equilibrium, a contact angle condition cos(θ) = σ2S−σ1S

σ
(Young’s law) may be posed, where θ

is the equilibrium contact angle and σiS is the interfacial energy between the solid and component i. The contact angle
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implies ∇ϕ · n = 0, and therefore an orthogonal relation between the interface and the boundary
of the computational domain. Moreover, following the lines of [3] it holds

1

ε
√

2
(1− ϕ2) = |∇ϕ|, (4.21)

and therefore the contact angle boundary condition in eqn. (4.20) yields the correct angle condition

n · ∇ϕ|∇ϕ| = cos(θ). (4.22)

Most of the computations in this chapter were performed with θ = π/2, implying ∇ϕ · n = 0, and
hence an interface orthogonal to the boundary of the computational domain. Recalling equation
(4.15) and using the free energy density function (4.12), the equilibrium interface profile is given
by the solution of the equation

η(ϕ) = −α∇2ϕ+ βψ′(ϕ) = −α∆ϕ+ βϕ(ϕ2 − 1) = 0. (4.23)

The solution is characterized by two stable minima at ϕ ≈ ±1 standing for the two phases and a
one-dimensional transition region given by

ϕ(x) = tanh

(
x√

2
√
α/β

)
. (4.24)

Following Jacqmin [90], the surface tension of the interface of an isothermal fluid system in equi-
librium is equal to the integral of the free energy density through the interface. Therefore, recalling
that the first term (α|∇ϕ|2) of (4.10) is referred to the interfacial or surface free-energy density, the
surface tension of a plane phase field interface is given by

σ = α

∫ ∞
−∞

(
dϕ

dx

)2

dx =
2
√

2

3

√
αβ. (4.25)

Since for general ψ, the surface tension and equilibrium interface thickness behave as σ ∝ √αβ
and ε ∝

√
α/β, respectively [90], identity (4.25) is satisfied with the introduction of an auxiliary

interface thickness ξ =
√
α/β and the following settings for the parameters α and β:

α =
3

2
√

2
σξ, β =

3

2
√

2

σ

ξ
. (4.26)

The advective Cahn-Hilliard equation (4.19) is a stiff and nonlinear partial differential equation
characterized by the presence of fourth-order spatial derivatives. Its finite element discretization
in terms of primal variational formulation requires piecewise smooth and globally C1 continuous
basis functions constituting high demands on discrete approximation spaces. In fact, the number of
C1 finite elements being applicable to complex geometries is already very limited in two dimensions
[75, 140]. Albeit Isogeometric Analysis easily allows the setup of high order discrete approximation
spaces, we use the mixed formulation (4.27) of the Cahn–Hilliard equation, taking the chemical

characterizes the wettability of the surface with θ = 0 denoting complete wetting.
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potential η as an auxiliary variable.

∂ϕ

∂t
+ v · ∇ϕ−∇ · (m(ϕ)∇η) = 0,

η − β dψ(ϕ)

dϕ
+ α∇2ϕ = 0.

(4.27)

Since the highest spatial derivatives appearing in the mixed formulation are reduced to order two,
standard C0 discretizations may be used that avoid the costs associated with the usage of high-
order and high-continuity basis functions. Besides, using (4.27) we avoid complications with the
imposition of nonlinear boundary conditions arising from the discretization of the mass flux in the
primal form.

The solution of the Cahn-Hilliard equation as presented above in (4.27) or in its unsplitted form
(4.19) corresponds to the minimization of the Ginzburg-Landau free energy functional E(ϕ). We
depict in Figure 4.2 the evolution of E(ϕ) for a randomly initialized phase field ϕ ∈ [−1, 1]. This
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Figure 4.2: Evolution of the Ginzburg-Landau free energy.

randomly initialized field is shown in the left most tile of the top row of Figure 4.3 and is computed
as ϕ = ϕ̄ ± δϕ, where ϕ̄ = −1 + 0.63 × 2 is a median value and δϕ is a random number in the
range [0, 0.05]. The remaining tiles of the top row illustrate the development of the phase field
at later time stages. The evolution of the phase field is characterized by two processes. It starts
with a fast segregation process driving the concentration (ϕ) to the binodal points - the two local
minima of the homogeneous free energy density function ψ(ϕ) (cf. Figure 4.1). The separation is
driven by the minimization of the homogeneous free energy and is represented in Figure 4.2 by
the fast decay of the Ginzburg-Landau free energy profile, especially between times t ≈ 2× 10−4 s
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Figure 4.3: Minimization of the Ginzburg-Landau free energy.

and t ≈ 3× 10−4 s. Upon completion of the separation process, a so-called coarsening process
starts that is driven by the minimization of the interfacial free energy. In the course of minimizing
the length of fluid-fluid interfaces, it rearranges the interfaces with respect to this constraint and
leads to the coalescence of enclosed areas (less total interface) and smoothening of areas with large
curvatures along the interface. The latter is shown particularly well in the bottom row of Figure 4.2
demonstrating the deformation of a sharp-edged cross into a circle. The time scale of the coarsening
stage is significantly larger than that of the separation stage.

In the sequel we focus on the coupling aspects of the diffuse interface model with a flowmodel
for two incompressible, immiscible and isothermal fluids of different mass densities ρ1, ρ2 and vis-
cosities µ1, µ2. We let the volume fraction of the first fluid in the mixture be defined as

ϑ =
dV1

dV
, (4.28)

where dV1 is the volume filled by fluid 1 and we use the following rescaling

ϕ = 2ϑ− 1 (4.29)

of the order parameter ϑ to the range [−1, 1] to determine the composition of the two components
in a volume element of the domain. Then, the total density and viscosity of the mixture is given as
the volume averaged sum of each component‘s respective contribution, that is,

ρ(ϕ(x, y)) = ρ1(1 + ϕ)/2 + ρ2(1− ϕ)/2,

µ(ϕ(x, y)) = µ1(1 + ϕ)/2 + µ2(1− ϕ)/2.
(4.30)

Eventually, theNavier-Stokes-Cahn-Hilliard variable density, variable viscosity incompressible two-
phase flowmodel (4.31) is obtained by the extension of the Navier-Stokes equations with a surface
tension force term η∇ϕ, written in its potential form, and a fluid induced transport term v · ∇ϕ in
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the Cahn-Hilliard equation.

ρ(ϕ)

(
∂v

∂t
+ (v · ∇)v

)
−∇ ·

(
−pI + µ(ϕ)

(
∇v + (∇v)T

))
= ρ(ϕ)g + η∇ϕ in ΩT , (4.31a)

∇ · v = 0 in ΩT , (4.31b)
∂ϕ

∂t
+ v · ∇ϕ−∇ · (m(ϕ)∇η) = 0 in ΩT , (4.31c)

η − β dψ(ϕ)

dϕ
+ α∇2ϕ = 0 in ΩT , (4.31d)

ϕ(x, 0) = ϕ0(x), v(x, 0) = v0(x) in Ω, (4.31e)
v = vD on (∂ΩT )D, (4.31f)

∇ϕ · n =
1

ε
√

2
cos(θ)(1− ϕ2), ∇η · n = 0 on (∂ΩT )N , (4.31g)(

−pI + µ(ϕ)
(
∇v + (∇v)T

))
· n = t on (∂ΩT )N (4.31h)

Above, ΩT = Ω×(0, T ), (∂Ω)D is the Dirichlet part of the domain boundary, t is the prescribed trac-
tion force on the Neumann boundary (∂Ω)N , g is the gravitational force field and p is the pressure
variable acting as a Lagrange multiplier in the course of enforcing the incompressibility condition.
This basically corresponds to the model presented by Ding et al. [46] which can be seen as a gen-
eralization of Model H (see equation (4.1)) for the case of different densities and viscosities. In
contrast to Model H, a surface tension force term in potential form η∇ϕ has replaced the diver-
gence of the phase induced stress tensor −σ̂ε (∇ϕ⊗∇ϕ). The latter, that is, −σ̂εdiv (∇ϕ⊗∇ϕ),
represents the phase induced force.

4.4 Discretization with Isogeometric finite elements

Weuse Isogeometric Analysis for the approximation of the solution of the coupled equation system
(4.31). Inspired by operator splitting techniques, it is solved in two consecutive stages in order
to alleviate numerical treatment. More specifically, given a flow field v, we first solve the phase
field equations (4.31c,4.31d) in order to update the phase ϕ and chemical potential information η.
The second step eventually uses these information to compute the surface tension force and the
phase dependent values of density ρ(ϕ(x)) and viscosity µ(ϕ(x)) in the course of the solution of
the Navier-Stokes equations (4.31a,4.31b). As time integrator for both systems, we use the one-step
θ-schemewith θ = 1 or θ = 0.5 respectively yielding the 1st order implicit Euler or 2nd order Crank-
Nicolson scheme. For the approximation of the velocity and pressure functions in theNavier-Stokes
equations, we use LBB-stable Taylor-Hood-like NURBS24 space pairs V̂TH

h /Q̂THh which are defined
in the parametric spline domain Ω̂ as

V̂TH
h ≡ V̂TH

h (p,α) = N p+1,p+1
α,α = N p+1,p+1

α,α ×N p+1,p+1
α,α ,

Q̂THh ≡ Q̂THh (p,α) = N p,p
α,α.

(4.32)

Above,N p+1,p+1
α,α denotes a tensor product bivariate NURBS space of polynomial degrees p+ 1 and

continuity α. We refer to Hosseini et al. [81] for a detailed description of the above spline spaces.
In all performed computations we used a C0 N 2,2

0,0 /N 1,1
0,0 NURBS space pair for the approximation

of the velocity and pressure functions. This corresponds to the Isogeometric counterpart of aQ2Q1

24Non-Uniform Rational B-splines (NURBS)
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Taylor-Hood space well known from the finite element literature. The degree and continuity of the
discrete spaces used for the approximation of the Navier-Stokes velocity and Cahn-Hilliard phase
and chemical potential functions are set to be identical. In the sequel we picture the individual
solution stages and outline the spatial and temporal discretization of the involved equations.

Step 1 - Cahn-Hilliard equation:
For the treatment of nonlinearity in the advective Cahn-Hilliard equation, we seek for the current
approximation of the solution uk = (ϕk, ηk) small perturbations δu = (δϕ, δη), such that

ϕk+1 = ϕk + δϕ,

ηk+1 = ηk + δη
(4.33)

satisfy the nonlinear partial differential equation (4.27). Under the premise that δϕ is sufficiently
small, we linearize the nonlinear function ψ′(ϕ) as:

ψ′(ϕk+1) = ψ′(ϕk) + ψ′′(ϕk) δϕ+O((δϕ)2) ≈ ψ′(ϕk) + ψ′′(ϕk) δϕ. (4.34)

After the time discretization with the θ-scheme, we arrive at

ϕn+1 − ϕn
∆t

+ θ
(
(v · ∇)ϕn+1 −∇ ·m∇ηn+1

)
+ (1− θ) ((v · ∇)ϕn −∇ ·m∇ηn) = 0 in ΩT ,

ηn+1 − β ψ′(ϕn+1) + α∇2ϕn+1 = 0 in ΩT ,
(4.35)

where the boundary terms have not been displayed for the sake of lucidity. Above, in the spirit
of Picard iteration, the nonlinear mobility function m(ϕ) is evaluated with respect to the already
available values of the phase field, that is, ϕn. This linearization allows it to be treated as a constant
and simplifies the numerical treatment.

The variational form of the problem reads: Find ϕ(x, t) and η(x, t) ∈ H1(Ω)× (0, T ), such that
∀q, v ∈ H1

0,ΓD
(Ω) it holds:∫

Ω

ϕn+1 − ϕn
∆t

q dx+ θ

(∫
Ω

(v · ∇)ϕn+1 q +m∇ηn+1 · ∇q dx−
∫
∂Ω
n ·m∇ηn+1 q ds

)
+(1− θ)

(∫
Ω

(v · ∇)ϕn q +m∇ηn · ∇q dx−
∫
∂Ω
n ·m∇ηn q ds

)
= 0,∫

Ω
ηn+1 v dx−

∫
Ω
β
dψ(ϕn+1)

dϕ
v dx−

∫
Ω
α∇ϕn+1 · ∇v dx+

∫
∂Ω
n · α∇ϕn+1v ds = 0.

(4.36)

Recalling the contact angle b.c. in (4.20), we start with rewriting the corresponding weak form in
(4.36) as ∫

∂Ω
n · α∇ϕn+1 v ds =

∫
∂Ω
α

1

ε
√

2
cos(θ)(1− ϕ2) v ds

=

∫
∂Ω
α

1

ε
√

2
cos(θ) q(ϕ) v ds.

(4.37)

Next, we linearize the nonlinear function q : R→ R as

q(ϕk+1) = q(ϕk) + q′(ϕk)δϕ+O
(
(δϕ)2

)
≈ q(ϕk) + q′(ϕk)δϕ, (4.38)
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and rewrite the right hand side of eqn. (4.37) as∫
∂Ω
α

1

ε
√

2
cos(θ)

(
q(ϕk) + q′(ϕk)δϕ

)
v ds =

∫
∂Ω
α

1

ε
√

2
cos(θ)

((
1−

(
ϕk
)2
)
− 2ϕkδϕ

)
v ds

=

∫
∂Ω
α

1

ε
√

2
cos(θ)

(
−2ϕkδϕ

)
v ds+

∫
∂Ω
α

1

ε
√

2
cos(θ)

(
1−

(
ϕk
)2
)
v ds.

(4.39)
Eventually, the application of (4.33) and (4.34) on (4.36) yields:∫

Ω
(ϕk + δϕ− ϕn) q dx+ θ∆t

∫
Ω

(v · ∇)(ϕk + δϕ) q +m∇(ηk + δη) · ∇q dx

+(1− θ)∆t
∫

Ω
(v · ∇)ϕn q +m∇ηn · ∇q dx = 0,∫

Ω
(ηk + δη) v dx−

∫
Ω
β
(
ψ′(ϕk) + ψ′′(ϕk) δϕ

)
v dx−

∫
Ω
α∇(ϕk + δϕ) · ∇v dx

+

∫
∂Ω
α

1

ε
√

2
cos(θ)

(
−2ϕkδϕ

)
v ds+

∫
∂Ω
α

1

ε
√

2
cos(θ)

(
1−

(
ϕk
)2
)
v ds = 0.

(4.40)

In equation (4.40), the indices n and k refer to the solution from the last time step and the current
Newton-iterate, respectively. (δϕ, δη) is associated to the Newton-update.
Gathering all terms with the unknowns δϕ and δη on the left hand side, we obtain the following
expressions ∫

Ω
δϕ q︸︷︷︸
M1

+ θ∆t

(v · ∇)δϕ q︸ ︷︷ ︸
C1

+m∇δη · ∇q︸ ︷︷ ︸
D1

 dx =

∫
Ω
−ϕk q︸︷︷︸

M2

− θ∆t

(v · ∇)ϕk q︸ ︷︷ ︸
C2

+m ∇ηk · ∇q︸ ︷︷ ︸
D2

 dx

+

∫
Ω
ϕn q︸︷︷︸
M3

− (1− θ)∆t

(v · ∇)ϕn q︸ ︷︷ ︸
C3

+m∇ηn · ∇q︸ ︷︷ ︸
D3

 dx,

∫
Ω
δη v︸︷︷︸
M4

dx−
∫

Ω
β ψ′′(ϕk) δϕ v︸ ︷︷ ︸

N1

dx−
∫

Ω
α ∇δϕ · ∇v︸ ︷︷ ︸

D4

dx

+

∫
∂Ω
α

1

ε
√

2
cos(θ)

(
−2ϕkδϕ

)
v︸ ︷︷ ︸

N2

ds =

−
∫

Ω
ηk v︸︷︷︸
M5

dx+

∫
Ω
β ψ′(ϕk) v︸ ︷︷ ︸

n1

dx+

∫
Ω
α∇ϕk · ∇v︸ ︷︷ ︸

D5

dx

−
∫
∂Ω
α

1

ε
√

2
cos(θ)

(
1−

(
ϕk
)2
)
v︸ ︷︷ ︸

n2

ds.

(4.41)
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The corresponding discrete system for the Newton-Iteration may now be written in matrix form as

q
v

(
M1 + θ∆tC1 θ∆tmD1

−αD4 − βN1 + N2 M4

)
︸ ︷︷ ︸

J

(
δϕ
δη

)
=

(
−M2 − θ∆tC2 −θ∆tmD2

αD5 −M5

)(
ϕk

ηk

)
+

(
0

βn1 − n2

)
+

(
M3 − (1− θ)∆tC3 −(1− θ)∆tmD3

0 0

)(
ϕn

ηn

)
︸ ︷︷ ︸

−F

(4.42)

and solved for δu in order to update the unknowns as (ϕk+1, ηk+1) = (ϕk, ηk) + (δϕk, δηk).
Step 2 - Navier-Stokes equations: This step involves the numerical approximation of the so-

lution of the unsteady variable density and variable viscosity Navier-Stokes equations extended
by a surface tension force term. The initial condition is required to satisfy ∇ · v0 = 0. With
b denoting the body force term, the variational formulation of the problems (4.31a,4.31b) reads:
Find v(x, t) ∈ 25

(
H1

0,(∂Ω)D
(Ω) + v̄

)
× (0, T ) and p(x, t) ∈ L2(Ω)/R × (0, T ), such that for all

(w, q) ∈H1
0,(∂Ω)D

(Ω)× L2(Ω)/R it holds{
(w,vt) + a(w,v) + c(v;w,v) + b(w, p) = (w, b) + (w, t)(∂Ω)N

b(q,v) = 0.
(4.43)

Replacement of the linear-, bilinear- and trilinear forms with their respective definitions and appli-
cation of integration by parts yields∫

Ω
ρ(ϕ)w · vt dΩ︸ ︷︷ ︸

(w,vt)

+

∫
Ω
µ(ϕ)∇w :

(
∇v + (∇v)T

)
dΩ︸ ︷︷ ︸

a(w,v)

+

∫
Ω
ρ(ϕ)w · v · ∇v dΩ︸ ︷︷ ︸

c(v;w,v)

=

∫
Ω
∇ ·w p dΩ︸ ︷︷ ︸
b(w,p)

+

∫
Ω
q∇ · v dΩ︸ ︷︷ ︸
b(q,v)

+

∫
Ω
ρ(ϕ)w · b+w · η∇ϕ dΩ︸ ︷︷ ︸

(w,b)

+

∫
(∂Ω)N

µ(ϕ)w ·
((
∇v + (∇v)T

)
· n
)

d(∂Ω)N −
∫

(∂Ω)N

w · n p d(∂Ω)N︸ ︷︷ ︸
(w,t)(∂Ω)N

.

(4.44)

A downcast of the variational formulation (4.43) to the discrete level gives rise to the problem
statement

Find vh ∈
(
H1

0,(∂Ω)D
(Ω) + v̄

)
∩VTH

h × (0, T ) and ph ∈ L2(Ω)/R ∩QTHh × (0, T ), such that
∀(wh, qh) ∈H1

0,(∂Ω)D
(Ω) ∩VTH

h × L2(Ω)/R ∩QTHh
(wh, ∂tvh) + a(wh,vh) + c(vh;wh,vh) + b(wh, ph) = (wh, bh) + (wh, th)(∂Ω)N

b(qh,vh) = 0,

(4.45)
with superscript h dubbing themesh family index. Using Isogeometric Taylor-Hood finite elements

25v̄ denotes a Dirichlet lift function and for a definition of the spaceH1
0,(∂Ω)D

(Ω) we refer to equation (3.76).
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and the θ-scheme for the respective discretizations in space and time, the following discrete system(
1

∆tM(ϕn+1) + θ(D(ϕn+1) + C(vn+1, ϕn+1)) G
GT 0

)
︸ ︷︷ ︸

Sl

(
vn+1

pn+1

)
︸ ︷︷ ︸

un+1

=

(
1

∆tM(ϕn)− (1− θ)(D(ϕn) + C(vn, ϕn)) 0
0 0

)
︸ ︷︷ ︸

Sr

(
vn

pn

)
︸ ︷︷ ︸

un

+ θ fn+1(ηn+1, ϕn+1)︸ ︷︷ ︸
bn+1

+ (1− θ)fn(ηn, ϕn)︸ ︷︷ ︸
bn

(4.46)

is obtained, where M,D,C,G, and GT denote the mass, rate of deformation, advection, gradient,
and divergence matrices, respectively. The body and the surface tension force terms are discretized
altogether into f . For the treatment of the nonlinearity in the Navier-Stokes equations (4.31a,4.31b),
we use a Newton-Iteration

J(uk, ϕk) δu = −F(uk,un, ηk, ηn, ϕk, ϕn) (4.47a)
uk+1 = uk + δu, (4.47b)

whose right hand side is set to be the residual of equation (4.46), that is,

F(un+1,un, ηn+1, ηn, ϕn+1, ϕn) = Sl u
n+1 − Sr un − bn+1 − bn. (4.48)

For a detailed description of the setup of the Jacobian J in equation (4.47), we refer to [81].

4.5 Numerical results

Three numerical experiments are performed to assess the results obtained from the application of
Isogeometric Analysis to two-phase flowproblems. As aforementioned, the static bubble in equilib-
rium, the rising bubble and the Rayleigh-Taylor instability two-phase flow problems serve asmodel
problems, each discussed in a separate section (4.5.1,4.5.2,4.5.3). Special emphasis is put on the ris-
ing bubble flow scenario whose setup follows an official two-phase flow benchmark problem and
for which there exists an extensive set of results computed with different approximation methods
by different research groups.

4.5.1 Static bubble

Being a simple setup, yet exhibiting prototypical behavior for multiphase flows, we consider a sta-
tionary bubble at equilibrium. This setup holds e.g. for the slow motion of a gas bubble in a vis-
coplastic fluid as described in [50]. With the bubble being at rest, the velocity field in the com-
putational domain is expected to be zero. Nevertheless, numerical approximations of the velocity
field unfortunately produce spurious currents, as for instance reported in [63, 137]. The computed
pressure field is expected to satisfy the Laplace-Young law

pi = po + σ/r, (4.49)

where r is the bubble radius, σ is the surface tension coefficient and pi and po denote the pressure
inside (x = 0.5, y = 0.5) and outside (x = 1.0, y = 0.5) of the bubble, respectively. We set our
computational domain Ω to be the unit square and partition it to two disjoint areas Ω1 and Ω2, such
that Ω = Ω1 ∪ Ω2. Then, the static bubble is represented by the domain Ω2 which is set up to be
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a circle of radius r = 1/4, centered at position (1/2, 1/2). In order to setup the initial phase field
profile, we perform a finite element L2-projection∫

Ω
(f − Phf) w dx = 0, ∀w ∈ Wh (4.50)

of the profile

f = ϕbubble(x) =

{
+1, for x ∈ Ω1

−1, for x ∈ Ω2

(4.51)

on the NURBS-space degrees of freedom associated with the phase variable, wherebyWh denotes
a suitable discrete space of weighting/test functions.

The gravitational force is neglected and the densities and viscosities of both fluids as well as the
surface tension coefficient are set to 1. We use no-slip velocity boundary conditions in the entire
domain and fix the value of the discrete pressure field at the lower left domain node with p = 0.
Table 4.2 illustrates our pressure and velocity results for the above choice of parameters. Starting

Nel h ξ pi po |∆p− (σr )|/(σr ) |pi − po|/(σr ) ‖p− ph‖L2 ‖v − vh‖L2

256 2−4 0.0400 4.05234 -0.00431 0.01416 1.01416 0.539996 2.27e-04
1024 2−5 0.0200 3.99563 -0.00233 0.00051 0.99949 0.379967 6.67e-05
4096 2−6 0.0125 4.00642 -0.00139 0.00195 1.00195 0.296332 6.77e-05
16384 2−7 0.007125 4.00067 -0.00074 0.00035 1.00035 0.222107 1.28e-04

Table 4.2: Pressure and velocity errors for surface tension coefficient σ = 1 and bubble radius
r = 1/4.

off with the pressure jump JpK = |pi − po| across the interface, it is shown to converge to the value
4, corresponding to the output of the Laplace-Young law for the above parametrization. Moreover,
the precision and convergence of both the spurious velocity errors and the pressure difference are
in good agreement with the sharp interface model results at our disposal, as for instance [150]. We
refer to Figure 4.4 for a graphical representation of the pressure and velocity profiles. The spurious
velocities are shown to build pairwise counter rotating vortices at the phase boundary with the
impression of attempting to tear the fluid-fluid interface. The pressure field expectedly exhibits a
rapid, yet smooth transition in the interface layer. As illustrated in Figure 4.5 (left), a lateral view
of the pressure profile for different mesh refinement levels and diffuse interface widths reveals the
convergence of the shape to a reference cylinder with radius r = 1/4 and height 1/r. We conclude
the static bubble test case with the investigation of the pressure jumps for the following choice of
bubble radii r = 1/8, 1/4, 3/8, 7/16, where the results - displayed to the right of Figure 4.5 - are
shown to tightly integrate with the Laplace-Young law.

4.5.2 Rising bubble

The rising bubble benchmark considers two initially quiescent fluids with different densities and
viscosities in a rectangular domain Ω = Ω1 ∪ Ω2 = (0, 1) × (0, 2), where fluid i occupies the sub-
domain Ωi. The lighter liquid (bubble) represented by the initially circular area Ω2 with radius
r = 1/4 and center c = (1/2, 1/2) is subject to rising due to the effects of buoyancy. At the top
and bottom boundaries we use the no-slip (v = 0) boundary condition, whereas the free slip
(v · n = 0, τ ·

(
∇u+ (∇u)T

)
· n = 0, τ := tangent vector) boundary condition is imposed on
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Figure 4.4: Pressure and velocity profiles for surface tension coefficient σ = 1 and bubble radius
r = 1/4.
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Figure 4.5: Left: Static bubble pressure profile development for surface tension coefficient σ = 1
and bubble radius r = 1/4. Right: Pressure differences ∆p for a set of different bubble radii r
compared to exact results based on the Laplace-Young law (4.49).
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the vertical walls. This setup, graphically represented by Figure 4.6, corresponds to the FeatFlow26

rising bubble benchmark [59, 88] for which different research groups27 have provided extensive
benchmark-relevant data. In particular, for the first rising bubble test case, we will consider the
data provided by group 1 of [88] as reference.

1

0.5

0.5

0.5

x

y

2

u = 0

u = v = 0

u = v = 0

u = 0

Ω2fluid 2

fluid 1
Ω1

Γ

Figure 4.6: Configuration for the rising bubble test cases.

The rising bubble benchmark defines two test cases differing by their respective choice of the
surface tension coefficient and the density and viscosity ratios of the fluids. We refer to Table 4.3
for a listing of the physical parameters of both test cases.

Test case ρ1 ρ2 µ1 µ2 g σ Re Eo ρ1/ρ2 µ1/µ2

1 1000 100 10 1 0.98 24.5 49.5 9 10 10
2 1000 1 10 0.1 0.98 1.96 49.5 124.88 1000 100

Table 4.3: Physical parameters and dimensionless numbers defining the rising bubble test cases.

The problems are characterized by the dimensionless parameters density ratio ρ1/ρ2, viscosity
ratio µ1/µ2, the Reynolds number Re = ρ1ṽL/µ1 and the Eötvös (or Bond) number Eo = Bo =
∆ρgL2/σ, where we set the characteristic velocity to ṽ =

√
g and the characteristic length to L = 2r.

Based on experimental findings, Clift et al. have published results (see Figure 2.5 in [34]) that
render the bubble shape to be dependent on the combination of the Reynolds and Eötvös numbers.
Albeit their results are for really three-dimensional bubbles, they can nonetheless be taken as a
basis for qualitative comparisons. Based on their study, the combination shown for test case 1 is
expected to produce an ellipsoidal shape, while due to the higher Eötvös number and thus smaller
surface tension in test case 2, the bubble is expected to experience a more significant deformation.
Therefore, in this case the bubble’s shape is expected to be a blend between “skirted” and “dimpled
ellipsoidal-cap” in Clift speak. In fact, our numerical bubble shapes presented in sections 4.5.2.1
and 4.5.2.2 are in good agreement with these experimental predictions.

26www.featflow.de
27TU Dortmund, Inst. of Applied Math: TP2D(FEM-Level Set),

EPFL Lausanne, Inst. of Analysis and Sci. Comp.: FreeLIFE (FEM-Level Set),
Uni. Magdeburg, Inst. of Analysis and Num. Math.: MooNMD (FEM-ALE).
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For the quantification of the rising bubble dynamics, it is reasonable to compute a set of quan-
tities such as the bubble’s rise velocity Vb, center of mass Yb and circularity /c, being respectively
defined as

Ab =

∫
Ω2

1 dx,

Vb =

∫
Ω2

v.y dx/Ab,

Yb =

∫
Ω2

x.y dx/Ab,

/c =
Pa
Pb

=
perimeter of area-equivalent circle

perimeter of bubble =
2π
√
Ab/π

Pb
,

where Ab is both the area of the current bubble shape and the area of a circle with radius r =√
Ab/π. For both rising bubble test caseswe track the evolution of the bubble until the time tmax = 3

and measure the temporal evolution of the above time dependent quantities with respect to the
following relative error norms

‖e‖1 =

∑N
t=1 |qt,ref − qt|∑N
t=1 |qt,ref|

, ‖e‖2 =

(∑N
t=1 |qt,ref − qt|2∑N
t=1 |qt,ref|2

)1/2

, ‖e‖∞ =
maxt |qt,ref − qt|

maxt |qt,ref|
,

where ‖e‖1, ‖e‖2 and ‖e‖∞ respectively denote the l1, l2 and l∞ relative error norms, N = ((tmax −
t1)/∆t) + 1 is the number of time stepping sample points and qt denotes the temporal evolution
of quantity q. These relative error norms are eventually used to inspect the estimated order of
convergence

EOC =
log(‖ei−1‖/‖ei‖)

log(hi−1/hi)

of the quantities Vb, Yb and /c. Note that the reference solution qt,ref may possess a different time
sampling concinnity than qt. In such a situation interpolation is the means of choice to match the
time steps.

4.5.2.1 Results for test case 1

The relatively low Eötvös number of this setup implies non-negligible surface tension forces, com-
pared to body forces. The surface tension forces can be thought of to act towards preserving the
bubble shape and topology, and as aforementioned the combination of the Reynolds and Eötvös
numbers of case 1 is expected to yield an ellipsoidal bubble geometry. Figure 4.7 illustrates, at dif-
ferent time steps, the shapes of our rising bubble alongside those computed with a 28Q2P1 finite
element discretization. The temporal development of the initially circular bubble is characterized
in the early time stages 0 ≤ t ≤ 1.5 by an horizontal stretching and dimple development. How-
ever, the shapes of the subsequent time steps disclose the clear endeavor to develop an ellipsoidal
shape being in good conformity with experimental predictions. At all time instances our bubble
shapes are in very good agreement with the results obtained with standard Q2P1 FE. Moreover,
at final time tmax, our approximated bubble geometry is shown to have a remarkable geometrical
congruency with that of the reference solution (TP2D), having been superimposed over our data.
Mesh convergence of our results is demonstrated in Figure 4.8, where the bubble shapes associated
to different mesh family indices h are shown to match each other with respect to an acceptable tol-

28Velocity: Biquadratic, continuous; Pressure: Linear (value and two partial derivatives), discontinuous
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Figure 4.7: Shapes of the rising bubble at a set of time points. Left: Our results for h = 2−6 and
the TP2D reference shape at t = tmax. Right: Level-set based sharp interface results computed with
Q2P1 finite elements.

erance. The diffuse interface method, however, introduces a diffuse interface width ξ which can be
varied as well. It is reasonable to set ξ ∝ h and, in fact, in all conducted computations for the first
case of the rising bubble setup, the h, ξ and ∆t settings of Table 4.4 together with mobility coeffi-
cientD = 0.00004 (cf. (4.17)) were used. The effect of modifying the diffuse interface width while

h ξ ∆t /cmin t|/c=/cmin
Vb,max t|Vb=Vb,max

Yb(t = 3)

2−4 0.040 0.008 0.9425 2.1281 0.2384 1.2000 1.0665
2−5 0.020 0.008 0.9151 1.9280 0.2423 0.9520 1.0778
2−6 0.010 0.004 0.9044 1.9240 0.2422 0.9120 1.0792
2−7 0.005 0.004 0.9013 1.9200 0.2420 0.9200 1.0794
ref 0.9013 1.9041 0.2417 0.9213 1.0813

Table 4.4: Minimum circularity and maximum rise velocity with corresponding incidence times
and final position of the center of mass for test case 1.

keeping themesh refinement level fixed is demonstrated in Figure 4.9. For three consecutive diffuse
interface widths ξ = 0.03, 0.02, 0.01 on the exemplary chosen mesh refinement level 6, the results
are shown to converge to the reference as ξ decreases. The choice of ξ needs to respect the size of h
as without a “reasonable” amount of elements across the diffuse interface width, the numerics will
fail to produce rational results due to undersampling effects.

Devoting our attention back to the previously defined benchmark quantities Vb, Yb and /c, we
present in Figure 4.11 our results for their temporal evolution. For decreased h the profiles of all
quantities converge to the reference. On the highest displayed refinement level, the congruency
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of our profiles with the reference is remarkable. Extrema of these profiles, such as minimum cir-
cularity /cmin, maximum rise velocity Vb,max and final center of mass Yb(t = 3) together with their
incidence times are tabulated in Table 4.4 for different mesh refinement levels. On levels 6 and 7,
our approximations of Vb,max, Yb(t = 3) and /cmin respectively exhibit 3 and 2 matching decimal dig-
its, when compared to each other. Besides, the quantities are shown to converge to the reference
values. The relative error norms and the respective convergence orders of the quantities center of
mass, rise velocity and circularity are illustrated in Table 4.5. For the quantities center of mass

q h ξ ‖e‖1 EOC1 ‖e‖2 EOC2 ‖e‖∞ EOC∞
Yb 2−4 0.040 0.0171 0.0183 0.0217

2−5 0.020 0.0053 1.7049 0.0057 1.6818 0.0078 1.4755
2−6 0.010 0.0019 1.4633 0.0020 1.5127 0.0026 1.5947
2−7 0.005 0.0013 0.5312 0.0013 0.5706 0.0014 0.8730

Vb 2−4 0.040 0.0516 0.0559 0.0775
2−5 0.020 0.0206 1.3263 0.0219 1.3518 0.0321 1.2714
2−6 0.010 0.0051 2.0064 0.0059 1.8934 0.0121 1.4112
2−7 0.005 0.0023 1.1755 0.0028 1.0575 0.0061 0.9790

/c 2−4 0.040 0.0267 0.0317 0.0431
2−5 0.020 0.0095 1.4927 0.0111 1.5095 0.0152 1.5051
2−6 0.010 0.0023 2.0446 0.0027 2.0443 0.0040 1.9111
2−7 0.005 0.0005 2.1778 0.0007 2.0334 0.0013 1.6871

Table 4.5: Relative error norms and estimated orders of convergence of the benchmark quantities
for test case 1. Errors have been computed w.r.t. the sharp interface reference solution.

and rise velocity, the convergence orders of the l1 and l2 errors are around 1, while we approach
quadratic convergence in case of circularity. For all quantities, the convergence order of the l∞ error
is as a matter of principle slightly lower than its counterparts. Note that the errors depicted in Ta-
ble 4.5 are computed with respect to the sharp interface reference solution qt,ref published in [88].
Their computation of the l1, l2 and l∞ errors consider their own solution on the finest grid to be the
exact solution.

For the sake of a fair comparisonwith diffuse interfacemodels, we therefore extend our analysis
to the samemode, that is, taking our finest grid solution as the reference. Doing so, clearly improves
the convergence orders as illustrated in Table 4.6. Again, the convergence orders of the l∞ errors
are by trend smaller than those of the l1 and l2 errors. The latter mentioned are around 2 for all
quantities. Finally, in order to inspect the influence of the diffuse interface width on the accuracy
of the results, we have extended the analysis of the temporal development of the quantities to the
situation where for each mesh refinement level, the diffuse interface width is varied. The results,
depicted in Figure 4.10, disclose as expected an improvement of the results in terms of accuracy as
the mesh refinement level and diffuse interface width approach a more favorable relation.

4.5.2.2 Results for test case 2

Compared to the first rising bubble setup, the second one is characterized by significantly higher
density and viscosity ratios and a higher Eötvös number. This implies both a tremendous different
amount of body forces acting on either side of the fluid-fluid interface and rather negligible surface
tension forces, compared to body forces. As a consequence, the bubble is subject to significant de-
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Figure 4.10: Rising bubble test case 1: Influence of the diffuse interface width ξ on the rise velocity
and center of mass profiles for h = 2−4, 2−5, 2−6.

q h ξ ‖e‖1 EOC1 ‖e‖2 EOC2 ‖e‖∞ EOC∞
Yb 2−4 0.040 0.0158 0.0170 0.0206

2−5 0.020 0.0039 2.0024 0.0045 1.9263 0.0068 1.6026
2−6 0.010 0.0007 2.5718 0.0008 2.5136 0.0015 2.2132

Vb 2−4 0.040 0.0505 0.0549 0.0748
2−5 0.020 0.0193 1.3883 0.0209 1.3969 0.0323 1.2100
2−6 0.010 0.0037 2.3780 0.0042 2.3116 0.0076 2.0974

/c 2−4 0.040 0.0261 0.0312 0.0428
2−5 0.020 0.0090 1.5363 0.0107 1.5463 0.0198 1.1128
2−6 0.010 0.0018 2.3055 0.0022 2.2597 0.0063 1.6609

Table 4.6: Relative error norms and estimated convergence orders of the benchmark quantities for
test case 1 assuming the finest grid solution as exact solution.
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Figure 4.11: Rising bubble test case 1: Rise velocity, center ofmass and circularity profiles (mobility
coefficient D = 0.00004).
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formations giving rise to the development of thin filaments at its lower left and right corners. As
the bubble keeps rising due to buoyancy forces, these filaments experience elongation and develop
an ever thinner getting region implying a break off in the limit. This problem involves large force
gradients across the diffuse interface and is thus much harder to solve than the first rising bubble
test case. As a matter of fact, the results produced by different numerical techniques in [88] are
in no good agreement, particularly with regard to the second half of the computational time span.
Moreover, it is not even clear whether break off is to occur. After all, according to experimental tests
with three dimensional bubbles the shape is expected to be a blend between “skirted” and “dim-
pled ellipsoidal-cap”. By analogy with the first test case, we analyze the benchmark quantities and
the bubble shapes, however using now the simulation parameters of Table 4.7. We refer to Figure

h ξ ∆t D

2−4 0.040 0.008 0.000040
2−5 0.020 0.004 0.000040
2−6 0.010 0.002 0.000020
2−7 0.005 0.001 0.000005

Table 4.7: Numerical parameters for the rising bubble test case 2.

4.12 for a depiction of the temporal evolution of the bubble shape at mesh refinement level 7. The
initial circular shape is shown to gradually develop two filaments on its sides as it experiences an
upward pushing force. The lower right image illustrates the final bubble shapes of three differ-
ent “reference” groups. While the filaments computed with the diffuse interface method show a
smooth and symmetric shape, those of the reference groups show less regularity. In fact, one of
them even exhibits break off of the filaments and the formation of two satellite drops. In contrast
to this, our results never showed break off at any tested mesh refinement level as demonstrated in
Figure 4.13.

It is, however, obvious that at higher mesh refinement levels the filaments tend to become thin-
ner in their upper part which also imply narrower diffuse interfaces. Therefore, one may bring
forward the argument that for h → 0 and ε → 0 with ε ∝ h, the left and right boundaries of a
filament at its narrowest region may come arbitrary close to each other, including the possibility to
merge, that renders a break off inevitable.

The temporal evolution of the quantities Vb, Yb and /c for different mesh refinement levels is
depicted in Figure 4.14. In contrast to the reference rise velocity profile of the first rising bubble
test case, we see two extrema roughly around times t = 0.72 and t = 2.08. The emergence of the
second crest temporarily coincides with the development, elongation and the eventual shedding
of the filaments. This in turn is believed to yield a more streamlined geometry which reduces the
drag force and allows for a higher rise velocity. For our filaments are shown to never break off and
to have an average thickness larger than those of the reference groups, the above described effect
is expected to be less pronounced than in reference results. This is in fact reflected by the clear
deviation of the phase field based rise velocity profiles around the second half of the simulation
time span. Our profiles for the center of mass exhibit convergence and are in good correlation with
the reference roughly until time t = 2. Following the arguments presented above, the missing or
the rather smaller extra speed impulse results in a slightly shorter traveled distance. The sudden
jump in the circularity profile of the reference happens around time t = 2.4 which happens to be
nothing else but the break off moment. Therefore, it is reasonable to set this time instance as the
upper bound when it comes to comparisons of the circularity profiles. Our approximations of the
latter are shown to be converged and, except for a small deviation in the time interval [1.6, 2.4], to
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Figure 4.12: Shapes of the rising bubble at a set of time points for h = 2−7.
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Figure 4.13: Shapes of the rising bubble at final time t = 3 for different h.

be in good consensus with the reference.
Again, for different mesh refinement levels, extrema of the benchmark quantities together with

their incidence times are listed in Table 4.8. Due to the lack of an accepted reference, we have

h ξ ∆t /cmin t|/c=/cmin
Vb,max t|Vb=Vb,max

Yb(t = 3)

2−5 0.020 0.004 0.5147 3 0.2520 0.6800 1.0952
2−6 0.010 0.002 0.4952 3 0.2505 0.7680 1.1058
2−7 0.005 0.001 0.4872 3 0.2498 0.7450 1.1137
TP2D 0.5869 2.4004 0.2524 0.7332 1.1380
FreeLIFE 0.4647 3 0.2514 0.7581 1.1249
MooNMD 0.5144 3 0.2502 0.7317 1.1376

Table 4.8: Minimum circularity and maximum rise velocity with corresponding incidence times
and final position of the center of mass for test case 2.

presented the “quasi”-reference results at our disposal to whom our results are compared. Bearing
in mind that by virtue of the difficulties to solve this problem even the sharp interface-based quasi-
reference results are in no satisfactory agreement, it would be presumptuous to expect the diffuse
interface results to converge to one of these. Nevertheless, our approximations reflect the quasi-
reference results and /cmin and Yb(t = 3) seem to converge to the figures of FreeLIFE.

Continuing the quantitative analysis, we present in Table 4.9 the relative error norms and the re-
spective estimated convergence orders of the quantities center of mass, rise velocity and circularity.
It’s noteworthy tomention that for the computation of the l1, l2 and l∞ errors and their convergence
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Figure 4.14: Rising bubble test case 2: Rise velocity, center of mass and circularity profiles.
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q h ξ ‖e‖1 EOC1 ‖e‖2 EOC2 ‖e‖∞ EOC∞
Yb 2−5 0.020 0.0185 0.0208 0.0263

2−6 0.010 0.0067 1.4620 0.0073 1.5072 0.0095 1.4755
2−7 0.005 0.0023 1.5358 0.0025 1.5600 0.0031 1.5947

Vb 2−5 0.020 0.0458 0.0520 0.0775
2−6 0.010 0.0185 1.3060 0.0201 1.3710 0.0321 1.2714
2−7 0.005 0.0063 1.5620 0.0068 1.5643 0.0121 1.4112

/c 2−5 0.020 0.0208 0.0277 0.0431
2−6 0.010 0.0078 1.4147 0.0102 1.4478 0.0152 1.5051
2−7 0.005 0.0022 1.8389 0.0027 1.8880 0.0040 1.9111

Table 4.9: Relative error norms and estimated orders of convergence of the benchmark quantities
for test case 2. Errors have been computed w.r.t. the TP2D sharp interface reference solution.

orders the considered time interval has been confined to [0, 2], since for later times the reference so-
lutions do not agree either. For all quantities the relative errors in all norms are shown to converge
to 0 with a linear order of convergence. By analogy with the proceeding in the first rising bubble
test case, we extend the study of the relative error convergence orders to the case where our solu-
tion on the finest mesh is taken as the exact value. This corresponds to the approach used in [88].
Measuring the errors with respect to this alternative reference, yields a considerable improvement
and in fact shifts the convergence orders towards the quadratic region. (See Table 4.10.)

q h ξ ‖e‖1 EOC1 ‖e‖2 EOC2 ‖e‖∞ EOC∞
Yb 2−4 0.040 0.0158 0.0170 0.0206

2−5 0.020 0.0039 2.0024 0.0045 1.9263 0.0068 1.6026
2−6 0.010 0.0007 2.5718 0.0008 2.5136 0.0015 2.2132

Vb 2−4 0.040 0.0505 0.0549 0.0748
2−5 0.020 0.0193 1.3883 0.0209 1.3969 0.0323 1.2100
2−6 0.010 0.0037 2.3780 0.0042 2.3116 0.0076 2.0974

/c 2−4 0.040 0.0261 0.0312 0.0428
2−5 0.020 0.0090 1.5363 0.0107 1.5463 0.0198 1.1128
2−6 0.010 0.0018 2.3055 0.0022 2.2597 0.0063 1.6609

Table 4.10: Relative error norms and estimated convergence orders of the benchmark quantities
for test case 2 assuming the finest grid solution as exact solution.

4.5.3 Rayleigh-Taylor instability

The Rayleigh-Taylor instability is a two-phase instability which occurs whenever two fluids of dif-
ferent density are accelerated against each other. Any perturbation along the interface between a
heavy fluid (FH) on top of a lighter fluid (FL), both subject to a gravitational field, gives rise to
the phenomenon of Rayleigh-Taylor instability. The initial perturbations progress from an initial
linear growth phase into a nonlinear one, eventually developing “mushroom head” like structures
moving upwards and thinning “spikes” falling downwards. Assuming negligible viscosity and
surface tension, the instability is characterized by the density disparity, measured with the Atwood
number A = (ρH − ρL)/(ρH + ρL). For the validation of our results, we will consider the works
of Tryggvason [146] and Guermond et al. [70] as reference. The former investigated the initial
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growth and long-time evolution of the instability for incompressible and inviscid flows with zero
surface tension at A = 0.5. Guermond et al., on the other hand, studied this instability problem at
the same Atwood number, however, taking viscous effects additionally into account.

The setup of the problem is described by a rectangular computational domain [0, d] × [0, 4d],
where an initial wavy interface segregates a heavier fluid in the upper domain part from a lighter
fluid on the lower part. The initial interface is described by the function

y(x) = 2d+ 0.1d cos(2πx/d)

representing a planar interface superimposed by a perturbation of wave number k = 1 and am-
plitude 0.1d. Note that setting the surface tension coefficient σ to 0, effectively downgrades the
Cahn-Hilliard equation (4.27) to a pure transport equation well known from the level-set context.
This, in turn, implies to pass on both the physical benefits inherent to phase field models and to
the automatic recreation of the smooth transition of the phase field in the interface region. In order
to circumvent these issues, we chose to set the surface tension coefficient to the small, yet non-zero
value 0.01. As for the remaining simulation parameters we set d = 1, ρH = 3, ρL = 1, µH = µL =
0.0031316 and g = 9.80665, giving rise to A = 0.5 and Re = ρHd

3/2g1/2/µH = 3000. At the top
and bottom boundaries we use the no-slip boundary condition, whereas the free slip boundary
condition is imposed on the vertical walls. Figure 4.15 depicts our results for the temporal evolu-
tion of the interface computed in the time interval [0, 1.5] with ∆t = 0.001, h = 2−7, ε = 0.005 and
D = 0.00004. As anticipated, the heavier fluid on top starts to fall through the lighter fluid and
gradually develops spikes which are subject to strong deformations. When it comes to the com-
parison of the vortex structure with the “inviscid” results of Tryggvason and the “viscous” results
of Guermond et al., our viscous solution exhibits a satisfactory agreement with both, especially
with the latter mentioned. Note that the data provided by the above references are computed with
respect to individual scalings of the involved PDE variables in order to obtain nondimensional vari-
ables. Therefore, comparisons require the time scales of the respective simulations to be mapped
to each other. Since, in contrast to the reference results, we did not perform any rescaling, our time
t is mapped to Tryggvason’s time t̃ via the relation t =

√
d/(A g) t̃.

We continue the validation of our results with a quantitative analysis and conduct a compar-
ison of the tip of the rising and falling fluids with the inviscid and viscous results provided by
Tryggvason and Guermond et al., respectively. The results, depicted in Figure 4.16, correspond
well with both references whose data have individually been translated along the y-axis to facili-
tate comparisons. The upper curve referring to the tip of the rising fluid shows a better correlation
with the data provided by Tryggvasonwhile our curve for the falling fluid seems to perfectly match
the results of Guermond. The analysis is finally concluded with the examination of the interface
structure at a randomly selected fixed time t = 0.79031 for three consecutive meshes of global mesh
size h = 2−5, 2−6, 2−7 pointing to a refinement level index. As shown in Figure 4.17, the main dif-
ference between the figures is in the level of detail of the vortices. While there is only little roll-up
in the coarse grid case, the vortices on the finest grid exhibit a tightly wound spiral. Besides, the
y-coordinate of the tip of the rising and falling fluid slightly differ from one level to the other and
are thus regarded as weakly resolution dependent. Apart from that no significant differences can
be observed.
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Figure 4.15: The evolution of a single wavelength initial condition in the Rayleigh-Taylor instability
simulation.
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Figure 4.16: The y-coordinate of the tip of the rising and falling fluid versus time.

Figure 4.17: Rayleigh-Taylor instability simulation at time t = 0.79031 for three consecutive mesh
refinement levels.
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4.5.4 Sessile drop

We briefly demonstrate in this section the ability of the used NSCH model to impose the contact
angle boundary condition (4.22). To this end we analyze the behavior of a sessile drop subject to
the gravitational force. More specifically, we consider a small water drop with radius r = 0.25 cm
resting on a rigid solid’s surface at the bottom of a rectangular domain Ω = (0, 1.5) × (0, 0.5) cm2

filled with air. We refer to Figure 4.18 for a sketch of this configuration. We adopt the densities of

1.5 cm

0.
5

cm

Liquid

Ambient fluid

θ

r
=

0.
25
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Figure 4.18: Sketch of the sessile drop with radius r = 0.25 cm on a flat and rigid surface.

water (998.21 kg/m3) and air (1.2041 kg/m3) unaltered, however increase the dynamic viscosities of
both fluids by factor 100 in order to reduce dynamic effects and to accelerate the computation of the
equilibrium configuration. Therefore, we set µ1 = 1.002× 10−1 Pa s and µ2 = 1.8208× 10−3 Pa s.
Moreover, we set the surface tension to γ = 0.073 N/m, the diffuse interface width to 29ξ = 2h, the
mobility coefficient to D = 10−7 m2/s and the gravitational acceleration to g = 9.8 m/s2. We use a
time step size of ∆t = 10−3 sec and a uniform cell size NURBS-based computational mesh set up to
initially have 3 cells in horizontal direction and 1 cell in the vertical direction - leading to cell size
h = dx = dy = w/3× 2−L m on mesh refinement level L.

Given the initial contact angle θ = π/2, we successively impose a series of different contact an-
gles θ = 45°, 60°, 90°, 120°, 135° and compare the results with exact equilibrium solutions obtained
from the solution of a set of ordinary differential equations as presented in [120]. Our equilibrium
solutions of two-dimensional drops subject to the above mentioned contact angles are depicted in
Figure 4.19 alongside analytical solutions and show excellent agreement with the latter. The ability
to impose a contact angle will be an essential feature in our BFSI model presented in Chapter 6.

4.6 Summary and conclusions

In this chapter, we have presented our numerical results of the application of Galerkin-based Iso-
geometric Analysis to incompressible Navier-Stokes-Cahn-Hilliard equations in velocity-pressure-
phase field-chemical potential formulation. In this formulation the fourth order Cahn-Hilliard

29In the sessile drop application we have linked the diffuse interface width ξ to the computational mesh cell size h.
This leads for instance to ξ = 2× 0.015/3× 2−L m = 3.125× 10−4 m on mesh refinement level L = 5.
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Figure 4.19: Sessile drops at different contact angles θ. Comparison of the numerical results with
the analytical solution [120].

equation is split into two second order equations, effectively introducing the chemical potential η as
a new variable. The reason we have preferred the splitted version over the original one is twofold:
firstly depending on the way the surface tension force is modeled on top of the Navier-Stokes equa-
tions, the computation of the chemical potential may become a necessity and secondly we avoid
complications with nonlinear boundary conditions arising from the discretization of the equation
in its primal form. Nevertheless, Isogeometric Analysis easily allows to setup discrete approxi-
mation spaces with high continuity as for instance demonstrated in [81] for the case of one-phase
flow.

The velocity and pressure functions were approximated with LBB stable non-uniform rational
B-spline spaces which can be regarded as smooth generalizations of Taylor-Hood pairs of finite
element space. The governing equations were discretized in time fully implicitly (θ >= 0.5) with
the one-step θ-scheme and finally solved blockwise, that is, solving the phase field system with the
current velocity field and eventually using the phase field variables to solve the two-phase flow
equations.

The static bubble, rising bubble and the Rayleigh-Taylor instability flow scenarios were consid-
ered in two dimensions as model problems in order to investigate the numerical traits and behavior
of the Isogeometric discretization.

Starting off with the static bubble scenario, we have shown that the approximated velocity field
is perturbed by spurious currents of order 10−4 down to 10−5 and the pressure jump across the
interface behaves according to theoretical predictions. Moreover, the velocity and pressure fields
were shown to be verywell comparable with reference sharp interfacemodel results, as for instance
[150].

In addition to the static bubble, we extended the application of Galerkin-based Isogeometric
Analysis to the prominent rising bubble benchmarks, as proposed in [59, 88], and analyzed the ap-
proximated benchmark quantities such as the bubble’s rise velocity, center of mass and circularity
with respect to accuracy and convergence. For the first rising bubble benchmark characterized by a
relatively moderate density ratio, our results were shown to integrate very well with the reference
data. In fact, with increased mesh refining the time profiles of the mentioned quantities exposed
rapid convergence to the reference and were visually indistinguishable from it on the highest mesh
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refinement level. We extended the analysis to the inspection of the effect of different diffuse in-
terface widths on a fixed mesh refinement level. The study, expectedly, rendered the accuracy to
be sensitive to the ratio of the diffuse interface width and the mesh refinement level and to profit
from reasonable settings. Moreover, the analysis was extended to inspect the convergence orders of
l1, l2 and l∞ relative errors of additional benchmark quantities, whereby the errors were computed
with respect to both the reference results and our own results obtained on the mesh with the high-
est resolution. Referring to these two cases, the errors showed linear and quadratic convergence,
respectively.

The second and more challenging rising bubble benchmark involves a large density ratio and
a low surface tension which in turn implies large gradients of quantities such as e.g. pressure and
severe shape deformations up to topological changes in the limit case. We point out that due to
the difficulties to solve this problem, since at least the second half of the simulation time interval,
the available references are in no good correspondence with each other. So are our approximations
with regard to these references and it is in fact not even clearweather the elongated bubble filaments
are to break off or not. The same analysis as in the first rising bubble test case was performed for
the second test case as well with very similar results.

In order to demonstrate the robustness of the method, we included the Rayleigh-Taylor insta-
bility problem having become a popular test case for numerical methods intended to study multi-
phase or multimaterial problems. Using the setup and reference results of Tryggvason [146] and
Guermond et al. [70], we analyzed the evolution of a single wavelength interface perturbation.
Qualitative comparisons of the interface shapes and quantitative analysis of the positions of the
tip of the rising and falling fluid rendered our approximations to be in good correlation with the
above references. Moreover, we showed our results to be mesh converged, since the produced data
associated to different mesh resolutions are well comparable except for the high resolution features
such as the roll-up spirals emerging at higher mesh refinement levels.

The efficient solution of the arising linear equation systems with iterative techniques such as,
for instance, multigrid were out of the scope of this study and will therefore be addressed in a
forthcoming publication.

Isogeometric Analysis proved for us to be a robust and powerful technology showcasing well
applicability to multiphase flow problems. Bearing in mind that, in contrast to the simple geome-
tries involved in the considered benchmarks, simulations of real world multiphase flow problems
need to cope with very complex geometries, the combination of Isogeometric Analysis and phase
field based multiphase flow models may be a very good alternative to sharp interface models in-
volving straight line segment approximation of curved domain boundaries. This is motivated by
the fact that computations on exact geometries avoid anymodification of the original computational
domain and proved in a row of different contexts to be beneficial accuracywise [37]. Moreover, Iso-
geometric Analysis is best suited for the numerical approximation of the fourth order Cahn-Hilliard
equations in their primal formulation requiring a discrete approximation space with C1 regularity.
The Cahn-Hilliard phase field model is equipped with the benefits to minimize interface energy,
to be mass conservative and to avoid typical hassles involved with level-set methods such as for
instance redistancing.



Chapter 5

Monolithic ALE Fluid-Structure
Interaction

5.1 Introduction

In Chapters 3 and 4 we have successfully applied Isogeometric Analysis to solve “single-phase”
and two-phase flow problems. In this chapter we extend the multiphysics nature of this work and
additionally deal with Fluid-Structure Interaction1 (FSI) problemswhich come alongwith a signif-
icantly increased complexity due to a mutual dependence between the fluid and solid (structural
mechanics) parts of the continuum. At the fluid-solid contact interface, the solid experiences forces
that are exerted by the fluid – forces that can significantly affect the solid’s motion and deforma-
tion. The deformed solid and its motion in turn imply a modified fluid flow domain with obvious
repercussions on the fluid’s velocity and pressure and therefore on its stress. This completes the
dependency cycle.

FSI problems are omnipresent in nature – just to name a few scenarios, we refer to the inflation
of a balloon, the motion of a tree subject to wind, the fluttering of aircraft wings, the interaction
of blood and heart valves in the heart, and wind induced deflection of wind-turbine blades. The
aspect of omnipresency in nature and the desire to perform simulations “as realistic as it gets”,
render FSI a very relevant, attractive and active field of research.

As far as analytical methods are concerned, their application to non-toy fluid flow and struc-
ture deformation problems is already quite limited, let alone FSI problems. This is due to the time-
dependent and inherently nonlinear nature of FSI. That being said, in recent decades a significant
amount of attention has been put to the development of computational FSI methods with focus on
robustness, efficiency and applicability to geometrically complex domains in 3D.As describedmore
explicit in Section 5.3, there exist different solutions algorithms, each coming along with its own
traits in terms on robustness, complexity and applicability. We have chosen to work with the very
robust and widely applicable ALE monolithic approach that comes at the cost of a high imple-
mentation complexity. Besides, we apply Isogeometric Analysis for the discretization of the partial
differential equations in space (see Section 5.3).

The rest of this chapter is organized as follows: In Section 5.2 we discuss the structural mechan-
ics part of the FSI problem. The fluid dynamics part and the core part of the FSI discussion is in
Section 5.3.

115
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5.2 Structural mechanics problem

The theory of Elasticity deals with deformations and their description in elastic and continuousme-
dia. It builds – together with the theory of linear-viscous fluids – the basis for the classical material
theory which in turn builds the foundation for theories of plasticity and viscoplasticity. Elasticity
is the property of a body to change its shape under the influence of a force and to return to its origi-
nal shape upon removal of that force. Throughout this work we restrict ourselves to homogeneous
isotropic materials, that is, materials whose stress response function (to be introduced later) is both
independent of a particular material point30 X ∈ ΩX and “the same in all directions”. Moreover,
we consider only “purely” elastic materials and therefore exclude thermoelasticity (inclusion of
thermal effects), viscoelasticity (inclusion of time-dependent elastic behavior) and elastoplasticity
(beyond a load threshold, elastic deformations are accompanied with plastic (irreversible) defor-
mations). Finally, the creation of fractures and self penetration are also beyond the scope of this
work and not covered here.

The point of departure for structural mechanics formulations are the equations of equilibrium and
the principle of virtual work in the deformed configuration. Recalling Theorem 2.3.1, the axioms of force
and moment balance imply that the Cauchy stress tensor field σ : Ω̄ → S3 satisfies the following
boundary value problem

−∇ · σ(x) = f(x) ∀x ∈ Ω,

σ(x) = σ(x)T ∀x ∈ Ω,

σ(x)n = g(x) ∀x ∈ Γ1,

(5.1)

over the deformed configuration Ω, where Γ0,x ≡ ΓD,x and Γ1 ≡ ΓN,x represent the Dirichlet and
Neumann parts of its boundary Γ = ∂Ω, respectively. The above equations are known as the equa-
tions of equilibrium in the deformed configuration. Throughout this work, the body force f and
surface force g are for simplicity assumed to be dead loads, that is, loads that do not depend on the
deformationϕ. Given smooth enough31 vector fields θ : Ω→ R3 that satisfy θ = 0 on Γ0,x := Γ−Γ1,
the above boundary value problem is formally equivalent to the following variational formulation∫

Ω
σ : ∇θ dΩ =

∫
Ω
f · θ dΩ +

∫
Γ1

g · θ dΓ1 (5.2)

which is also known as the principle of virtual work in the deformed configuration. A proof of this
statement can be found in [33].

Note that the equations of equilibrium in the deformed configuration (5.1) are expressed in
terms of the Euler variable x = ϕ(X), being one of the unknowns. We recapitulate the problem
we want to actually solve: Given an unstressed initial configuration of a body, which deformation
ϕ does it undergo as we expose it to body and surface forces? Moreover, which stresses σ(x) arise
in the material under these loads? In the spirit of this view, equations (5.1) may alternatively be
rewritten in terms of the Lagrange variableX which is associated with the reference configuration
and is in a sense already at hand. To this end we transform the ingredients of equation (5.1) to the
reference configuration. Starting with the applied body force density f : Ω → R3 per unit volume
in the deformed configuration, we associate it with a vector field f0 : ΩX → R3, such that it holds

f0(X) dV = f(x) dv ∀x = ϕ(X) ∈ Ω. (5.3)
30Note that the domain symbols ΩX ,ΩX ,Ωx were already introduced in section 2.1 and therefore not repeated again.
31We use the phrase “smooth enough” to conveniently refer to a context, where in a given definition, theorem, proof,

etc., the smoothness of the deformations involved is such that all arguments make sense.
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Further, using relation (2.12), i.e., dv = det∇Xϕ(X) dV = JdV, the above equation reduces to

f0(X) = det∇Xϕ(X)f(x) x = ϕ(X). (5.4)

The vector field f0 measures the density of the applied body force per unit volume in the reference
configuration.

Similar to the body force case, we associate the density of the applied surface force per unit area
in the deformed configuration g : Γ1 → R3 with a vector field g0 : Γ1,X → R3, such that it holds

g0(X) dA = g(x) da ∀x = ϕ(X) ∈ Γ1. (5.5)

Then from (2.15) or (2.34) it follows

g0(X) = det∇Xϕ(X)
∥∥∥∇Xϕ(X)−Tn0

∥∥∥ g(x) = J
∥∥F−Tn0

∥∥ g(x). (5.6)

The vector field g0 measures the density of the applied surface force per unit area in the reference
configuration.

With the above transformations of the body and surface forces and the usage of the first Piola-
Kirchhoff stress tensor P (X) = (det∇Xϕ(X))σ(x)∇Xϕ(X)−T (cf. (2.35)), we obtain the equi-
librium equations in the reference configuration32

−∇X · P (X) = f0(X) ∀X ∈ ΩX ,

P (X)∇Xϕ(X)T = ∇Xϕ(X)P (X)T ∀X ∈ ΩX,

P (X)n0 = g0(X) ∀X ∈ Γ1,X ,

(5.7)

whose first and third equations are together equivalent to the following variational equation∫
ΩX

P : ∇Xθ0 dΩX =

∫
ΩX

f0 · θ0 dΩX +

∫
Γ1,X

g0 · θ0 dΓ1,X (5.8)

valid for all smooth enough vector fields θ0 : Ω̄X → R3 that satisfy θ0 = 0 on Γ0,X := ΓX − Γ1,X .
For a corresponding proof, we refer to [33].

The definition of the second Piola-Kirchhoff stress tensor S(X) = F−1P = ∇Xϕ(X)−1P (cf.
(2.40)), allows us to replace P with FS = ∇Xϕ(X)S, such that the equations of equilibrium in
the reference configuration may now be expressed w.r.t. the symmetric tensor S:

−∇X · (∇Xϕ(X)S(X)) = f0(X) ∀X ∈ ΩX ,

S(X) = S(X)T ∀X ∈ ΩX,

∇Xϕ(X)S(X)n0 = g0(X) ∀X ∈ Γ1,X .

(5.9)

Again, the first and third equations of (5.9) are together equivalent to the following variational
equation ∫

ΩX

∇Xϕ(X)S : ∇Xθ0 dΩX =

∫
ΩX

f0 · θ0 dΩX +

∫
Γ1,X

g0 · θ0 dΓ1,X , (5.10)

which describes the principle of virtual work in the reference configuration and is valid for all smooth
enough vector fields θ0 : Ω̄X → R3 that vanish on Γ0,X .

32The equations of equilibrium are considered together with Dirichlet boundary conditions.
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The three equations of equilibrium over the reference configuration are valid regardless of the
particular material under consideration (gas, liquid, solid) is made of. As is, these equations are
by no means tied to a specific macroscopic continuum and therefore pose an abstract set of axioms
at this stage. The equation system is in particular undetermined as we collocate nine unknowns,
namely the three components of the deformation ϕ and the six33 components of the first Piola-
Kirchhoff stress tensor P , with only three equations to determine these. The six missing equations
are eventually deduced from assumptions concerning the nature of the constituting material under
consideration and are therefore referred to as the constitutive equations. For given applied forces,
the resulting deformations from a given reference configuration and the resulting internal stresses
obviously differ if the body is made of rubber or steel. The constitutive equations are expected to
determine the stress in such away that does justice to the nature of thematerial. To give an example,
in the simplest case, stress could be linearly dependent on strain. Besides, depending on the nature
of the deformation problem to be solved, a strain measure may be used which is a simple linear
function of displacement. These simplifications of the more general nonlinear theory of elasticity
expressed by “exclusively linear relations” are for instance used in the context of linearized elasticity
which is suitable for infinitesimal strains or “small” deformations only. However, the stress-strain
relation may just as well be nonlinear and the problem may require strain measures which are
nonlinear in displacement. In the sequel, we will characterize elastic and hyperelastic materials
and present the governing equations obtained from the usage of these models in the context of the
equilibrium equations.

5.2.1 Elastic materials

An elastic body exhibits the following macroscopic traits:

1. An initially unstressed body – subject to an arbitrary deformation by virtue of applied forces
– returns to its original state upon removal of these forces.

2. The material response is independent of the deformation speed, i.e., the rate at which a de-
formation takes place has no influence on the resistance the body exerts to oppose the defor-
mation.

3. For a given deformation, the reaction forces always have the same value regardless of the
history.

4. In a uniaxial tensile test, loading and unloading always take place along the same path in the
load-displacement diagram.

The following characterization of an elastic material in terms of the Cauchy stress tensor σ(x) is
taken from [33]. A material is elastic if there exists a mapping

σ̂D : (X,F ) ∈ Ω̄X ×M3
+ → σ̂D(X,F ) ∈ S3, (5.11)

called the response function of the Cauchy stress, such that in any deformed34 configuration that a
body made of this material occupies, the Cauchy stress tensor σ(x) at any point x = ϕ(X) of the

33The symmetry of the Cauchy stress tensor is taken into account.
34The superscript “D” of the response function σ̂D is used to emphasize that is used for the computation of a quantity

in the deformed configuration.
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deformed configuration is related to the deformation gradient F = ∇Xϕ(X) at the corresponding
pointX of the reference configuration by the equation

σ(x) = σ̂D(X,∇Xϕ(X)), x = ϕ(X).

This relation is called the constitutive equation of the material. The quintessence of the presented
characterization is the statement that in an elastic material the Cauchy stress is given by a stress
response function, and this function solely depends onX and the deformation gradient∇Xϕ(X).
In the characterization of the response functions we make use of the following definitions:

• Mn : Set of all real square matrices of order n.
• Mn

+ = {A ∈Mn; detA > 0}.
• On = {A ∈Mn;AAT = ATA = I}: Set of all orthogonal matrices of order n.
• On

+ = {A ∈ On; detA = 1}: Set of all rotations in Rn.
• Sn = {A ∈Mn;A = AT }: Set of all symmetric matrices of order n.
• Sn> : Set of all symmetric positive definite matrices of order n.

As for an alternative characterization with respect to the first Piola-Kirchhoff tensor P (X) =
σ(x) Cof ∇Xϕ(X) and the second Piola-Kirchhoff tensorS(X) = ∇Xϕ(X)−1P (X), let the map-
pings

P̂ : Ω̄X ×M3
+ →M3, given by P̂ (X,F ) = (detF ) σ̂D(X,F )F−T , and

Ŝ : Ω̄X ×M3
+ → S3, given by Ŝ(X,F ) = (detF )F−1σ̂D(X,F )F−T ,

denote elastic material characterizing response functions for the first and second Piola-Kirchhoff stresses,
respectively. Then, amaterial is elastic ifP (X) andS(X) are obtained from the respective response
functions P̂ (X,F ) and Ŝ(X,F ) (expressed solely in terms ofX and ∇Xϕ(X)) in the context of
constitutive equations:

P (X) = P̂ (X,∇Xϕ(X)), and S(X) = Ŝ(X,∇Xϕ(X)) ∀X ∈ Ω̄X . (5.12)

As alluded in Section 5.2, a material in the reference configuration ΩX is called homogeneous if
its response function is independent of the particular pointX ∈ Ω̄X considered. In this case, the
corresponding constitutive equation of (homogeneous) elastic material takes a simpler form

σ(x) = σ̂D(∇Xϕ(X)) ∀x = ϕ(X) ∈ Ω̄x.

Further restrictions on the possible constitutive relationships that describe material behavior
(e.g. the constitutive relationship between the stresses and deformation), and therefore on stress
response functions are imposed by the axiomofmaterial frame-indifference (also known as the axiom of
invariance under a change of observer, or the axiom of objectivity). The axiom requires that any so-called
“observable quantity” (a quantity with an intrinsic character) that is computed through a consti-
tutive equation must be independent of the particular basis in which it is computed. An example
for a scalar quantity with an intrinsic character - or to put it differently - for a frame-indifferent
scalar quantity is the distance between two material points, as two different observers measure the
same value. Likewise, the vector connecting twomaterial points is a frame-indifferent vector quan-
tity. On the other hand, the speed of a material point is observer-dependent as different observers
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move in general relative to each other. Moreover, a material point’s position and velocity vectors
are observer-dependent as well, as they are expressed with regard to the underlying coordinate
systems of the respective frames. In the present context, that is, the context of elastic materials,
the “observable” quantity computed through the constitutive response of a material is the Cauchy
stress vector. To clarify the idea, we consider a body in the current configuration and pick a stress
vector at an arbitrary point of an arbitrary cut plane through the body. This stress vector being the
answer of the elastic body to an applied load is required to be invariant with respect to a change
of observer. Since an observer (a.k.a. frame) is basically a rigid body with a clock and in classical
mechanics we may take the times of two different observers to be the same, instead of changing the
frame we may just as well keep the basis fixed and apply a corresponding rigid body transforma-
tion35 to the deformed body in the current configuration. The axiom - formalized in the following
- basically says that when a deformed configuration is rotated around the origin, the Cauchy stress
vector is transformed with the same rotation.

Axiom 5.2.1 (Material frame-indifference). Letϕ be a mapping from the reference to a deformed domain
as presented in (2.1) and let Ω̄ϕ denote the deformed configuration. Moreover, let Ω̄ψ be another deformed
configuration that is obtained from the application of a rotation to Ω̄ϕ, that is, ψ = Qϕ,Q ∈ O3

+. Then it
holds

tψ(xψ,Qn) = Qtϕ(xϕ,n) ∀X ∈ ΩX ,n ∈ S1, (5.13)
whereS1 is defined as in (2.28), xϕ = ϕ(X),xψ = ψ(xϕ), and tϕ : Ω̄ϕ×S1 → R3 and tψ : Ω̄ψ×S1 →
R3 denote the Cauchy stress fields in the deformed configurations Ω̄ϕ and Ω̄ψ, respectively.

The following theorem defines the conditions for the Cauchy stress response function to satisfy
the axiom of material frame-indifference.

Theorem 5.2.1. The Cauchy stress response function σ̂D : Ω̄X ×M3
+ → S3 satisfies the axiom of material

frame indifference if and only if for allX ∈ Ω̄X it holds

σ̂D(X,QF ) = Qσ̂D(X,F )QT ∀F ∈M3
+,F ∈ O3

+; (5.14)

or equivalently, if and only if there exists a mapping S̃ : Ω̄X × S3
> → S3, such that for allX ∈ Ω̄X it holds

Š(X,F ) = S̃(X,F TF ) ∀F ∈M3
+, (5.15)

where Š : Ω̄X ×M3
+ → S3 is the response function of the second Piola-Kirchhoff stress.

Proof. See [33], Theorem 3.3-1.

Additional restrictions for the form of the response function are entailed by a material property
called isotropy. In isotropic elastic materials the response function of the material “is the same in all
directions”. Thus, for a tensile specimen cut out of a block of an isotropic material, the stress-strain
curve will be independent of the orientation of the specimen relative to the block of material. For a
detailedmathematical description ofmaterial frame-indifference and isotropy, we refer to [33, 106].

Noticeably simple expressions of the response functions σ̂D and Ŝ for the Cauchy stress and
the second Piola-Kirchhoff stress of an isotropic elastic material satisfying the axiom of material
frame-indifference are presented through the following theorem.

35The transformation is basically a rotation around the origin. Translations may be ignored since they have no effect
on the deformation gradient.
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Theorem 5.2.2. Let an elastic material have a response function that is frame-indifferent and isotropic at a
pointX ∈ Ω̄X , and let ϕ : Ω̄X → R3 denote a given arbitrary deformation. Then the Cauchy stress tensor
at the point x = ϕ(X) is given by

σ(x) = σ̂D(X,∇Xϕ(X)) = σ̄D(X,∇Xϕ(X)∇Xϕ(X)T ),

where the response function σ̄D(X, ·) : S3
> → S3 is of the form

σ̄D(X,B) = β0(X, ιB)I + β1(X, ιB)B + β2(X, ιB)B2, ∀B ∈ S3
>,

and βi(X, ·), i = 0, 1, 2, are real-valued functions of the principal invariants36 of the left Cauchy-Green
strain tensorB = ∇Xϕ(X)∇Xϕ(X)T . Moreover, the second Piola-Kirchhoff stress tensor at the pointX
is given by

S(X) = Ŝ(X,∇Xϕ(X)) = S̃(X,∇Xϕ(X)T∇Xϕ(X)),

where the response function S̃(X, ·) : S3
> → S3 is of the form

S̃(X,C) = γ0(X, ιC)I + γ1(X, ιC)C + γ2(X, ιC)C2, ∀C ∈ S3
>, (5.16)

and γi(X, ιC), i = 0, 1, 2, are real-valued functions of the principal invariants of the right Cauchy-Green
strain tensor C = ∇Xϕ(X)T∇Xϕ(X). Contrariwise, if either one of the response functions σ̄D and S̃
exhibits the above form, the axiom of material frame-indifference is satisfied and the material is isotropic at
the pointX .

Proof. See [33], Theorem 3.6-2.

Note that the principal invariants of the right Cauchy-Green strain tensor used in equation
(5.16), that is

ι1(C) = tr (C) = tr
(
F T · F

)
= F : F = ‖F ‖2F ,

ι2(C) = tr (Cof C) = tr
(
Cof F T ·Cof F

)
= ‖Cof F ‖2F ,

ι3(C) = detC = det (F T · F ) = det (F )2,

(5.17)

represent measures for changes in line elements, area elements and volume elements, respectively.
Based on the assumption that there exist stress-free states of a given body, a reference configura-

tion Ω̄X is considered as a natural state if the residual stress tensor

TR(X) := σ̂D(X, I) = Ŝ(X, I) = S̃(X, I)

vanishes at all points X ∈ Ω̄X . A “deformed” configuration obtained from the application of a
rigid deformation on a reference configuration in natural state is again in natural state if it is chosen

36The principal invariants ιA = (ι1(A), ι2(A), ι3(A)) of a matrix A ∈ M3 are the coefficients in the characteristic
polynomial ofA:

det(A− λI) = −λ3 + ι1(A)λ2 − ι2(A)λ+ ι3(A).

Moreover, letting λi, i = 1, 2, 3, denote the eigenvalues of the matrixA, the following relations can be deduced from the
above definition:

ι1(A) = tr (A) = λ1 + λ2 + λ3,

ι2(A) =
1

2
{(tr (A))2 − tr

(
A2)} = tr (Cof A) = λ1λ2 + λ2λ3 + λ3λ1,

ι3(A) = detA =
1

6

{
(tr (A))3 − 3tr (A) tr

(
A2) + 2tr

(
A3)} = λ1λ2λ3.
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as a new reference configuration.
We consider next the behavior of the constitutive equation of an elastic material “near” the

reference configuration, i.e., for the case of moderate strains only - implying small values of ‖E‖.
Since the Green-St. Venant strain tensor (cf. (2.22))

E =
1

2
(C − I), C = ∇Xϕ(X)T∇Xϕ(X),

is in a sense a measure for the disparity between a given deformationϕ and a rigid deformation for
which it holdsC = I , it seems reasonable to express the difference S̃(X, I+2E)−S̃(X, I) in terms
of the right Cauchy-Green strain tensorC = I+2E. Given a deformed configuration that is “near”
the reference configuration, the corresponding response function for the second Piola Kirchhoff
stress tensor may be approximated by a first order Taylor expansion around S̃(I):

S̃(I + 2E) = S̃(I) + 2
∂S̃

∂Cij
(I)Eij + o(E) ∈ S3, I + 2E ∈ S3

>. (5.18)

The first order term in (5.18) involves 36 constants (∂S̃ij/∂Cij), however, the stress response
functions presented in Theorem 5.2.3 and its Corollary 5.2.4 (excluding the special parameter π)
involve only two constants. This remarkable reduction is attributed to the Rivlin–Ericksen repre-
sentation theorem [33] implying the stress response function S̃(C) to be of the form (5.16) and
eventually allowing it to be casted to the forms presented in Theorems 5.2.3 and 5.2.4.

Theorem 5.2.3. Let a given elastic material have a response function which is frame-indifferent and isotropic
at a pointX ∈ Ω̄X . Besides, let the functions γi, i = 0, 1, 2, (cf. Theorem 5.2.2) be differentiable at the point
ιI = (3, 3, 1). Then there exist constants π(X), λ(X), µ(X) ∈ R such that

S̃(C) = −π(X)I + λ(X) tr (E) I + 2µ(X)E + o(E;X), ∀C = I + 2E,F ∈ S3
>. (5.19)

For a proof of the above theorem, we refer to the proof of Theorem 3.7-1 in [33].

Theorem 5.2.4 ([33]). Let a given elastic material be homogeneous and isotropic and let its reference con-
figuration be a natural state. If the functions γi, i = 0, 1, 2, (cf. Theorem 5.2.2) are differentiable at the point
ιI = (3, 3, 1), then there exist two constants λ and µ such that the response function Ŝ : M3

+ → S3 is of the
form

Ŝ(F ) = S̃(C) = Š(E) = λ tr (E) I + 2µE + o(E),

C = F TF = I + 2E,F ∈M3
+.

(5.20)

Under the conditions of the above theorem, the constants λ and µ are referred to as the Lamé
constants of a material. The constant µ is also known as the shear modulus37 ormodulus of rigidity and
describes thematerial’s response to shear stress (Ratio of shear stress to shear strain). It is one of the
several quantities for measuring the stiffness of materials and quantifies in the context of elasticity
the deformation of a solid when it is subject to a force parallel to its surface while its opposite face
experiences an apposing force. In the context of fluid mechanics it is seen as the dynamic viscosity
of a fluid. The parameters λ and µ together, yield the so-called bulk modulus38 K = λ + (2/3)µ
quantifying the resistance of the material to volume changes. Admissible numerical values for the

37The shear modulus is sometimes also denoted by G.
38The bulkmodulusmay also be expressed in terms of the Young’s modulusE and the Poisson ratio ν: K = E/(3(1−

2ν)).
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Lamé constants of an elastic material are obtained by “ideal” experiments involving simple tension,
pure shear and equibiaxial tension or volumetric compression. These experiments imply the fol-
lowing constraints for the Lamé constants: µ > 0, λ > 0. The properties of an elastic material can
alternatively be specified in terms two other constants, namely the Young’s (elastic/tensile) modulus
E and the Poisson ratio ν. The Young’s modulus E is the slope of the stress-strain curve in uniaxial
tension and is a measure for the stiffness of the solid. It describes the material’s strain response to
uniaxial stress in the direction of this stress. The Poisson ratio ν represents the ratio of the lateral
to longitudinal strain (ν := −εlateral/εlongitudinal; ν ∈ [−1, 1/2]) in uniaxial tensile stress. In other
words, it describes the material’s strain response to uniaxial stress in the direction orthogonal to
the uniaxial stress. The Poisson ratio is a measure for the compressibility of the solid. If ν = 1/2,
the solid is incompressible and its volume remains constant. This theoretical upper limit is obtained
by relating the volumetric strain

εvol = εx + εy + εz (5.21)
- being a measure for the change of the volume of an object under load - to the parameter ν. This is
achieved by inserting the equations of the generalized Hooke’s law

εx =
1

E
[σx − ν(σy + σz)] , εy =

1

E
[σy − ν(σx + σz)] , εz =

1

E
[σz − ν(σx + σy)] ,

into (5.21), yielding the following expression for the volumetric strain which obviously vanishes
for ν = 1/2:

εvol =
1− 2ν

E
(σx + σy + σz).

The Lamé constants, the Poisson ratio, and the Young’s modulus are related by the following
equations:

λ =
Eν

(1 + ν)(1− 2ν)
, E =

µ(3λ+ 2µ)

λ+ µ
,

µ =
E

2(1 + ν)
, ν =

λ

2(λ+ µ)
.

(5.22)

Moreover, it holds
λ > 0 and µ > 0 ⇐⇒ 0 < ν <

1

2
and E > 0.

For nearly incompressible materials it holds λ� µ, and therefore ν is very close to the incompressibil-
ity limit 1/2.

A quite popular and the simplest among the nonlinear material models in the context of struc-
tural mechanics computations is given by the St. Venant-Kirchhoff material being a homogeneous,
frame-indifferent and isotropic material with a natural state reference configuration. Its response
function for the second Piola-Kirchhoff stress tensor is obtained by ignoring the higher-order terms
in equation (5.20) and reads

Š(E) = S̃(I + 2E) = λ tr (E) I + 2µE, I + 2E ∈ S3
>. (5.23)

From the above relation we can deduce a linear relationship between the Green-St. Venant strain
tensor E (cf. equation (2.22)) and the second Piola-Kirchhoff stress S. However,

E =
1

2

(
∇Xu+ (∇Xu)T + (∇Xu)T ∇Xu

)
itself is – due to the quadratic terms – a nonlinear function of the displacement u, and therefore
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renders the material model nonlinear.
One of the shortcomings of the St. Venant-Kirchhoff material is the lack of any term in its as-

sociated stored energy density function (see Section 5.2.2) in charge with both the prevention of
∇Xϕ(X) to approach zero and the enforcement of its positivity. St. Venant-Kirchhoffmaterials are
often referred to as “large displacement-small strain” models and are at their best only adequate to
be used in scenarios involving “small” strains E. The physical validity of the St. Venant-Kirchhoff
material model is only given for the case of small-strain regime as many materials deviate from a
linear stress-strain relationship, even for very modest strain levels. Nonetheless, its performance
can be expected to be superior to linearized elasticity models.

5.2.2 Hyperelasticity

Hyperelasticity provides means for the modeling of stress-strain behavior of materials for which
linear elastic models do not accurately describe the actually observed material behavior. A promi-
nent example of such a material exhibiting nonlinear elastic behavior is rubber which withstands
large deformations and whose reaction can be modeled in a good approximation with hyperelas-
ticity. Hyperelastic constitutive laws are utilized when it comes to the modeling of materials that
respond elastically to very large strains. They take into account nonlinear material behavior as well
as large shape changes.

A hyperelastic material is an elastic material that possesses all the macroscopic properties enu-
merated at the beginning of Section 5.2.1 and is additionally characterized by the traits described
in the following. In a hyperelastic material, the applied deformation work is converted completely,
i.e., without any dissipation, into strain energy and stored in the deformed body. Moreover, the
deformation work is path-independent which is expressed by the fact that the deformation work
depends only on the start and end point of the deformation path, but not on its course. For the spe-
cial case of a closed deformation path (implying matching start and end points) it turns out that
no work is carried out or energy is consumed. The deformation is reversible and until the return
to the starting point of the deformation, the expended work is completely returned from the body.
These traits render the material behavior conservative.

For a more formal view on the topic, we start with definitions for conservative applied forces and
choose afterwards the equations of equilibrium in the reference configuration as point of departure
for further discussions.

Definition 5.2.1 (Conservative applied body force). Let f0 : ΩX → R3 denote the density of an
applied body force in the reference configuration. It is dubbed a conservative applied body force if the body
force integral ∫

ΩX

f0(X) · θ0(X) dΩX =

∫
ΩX

f̂0(X,ϕ(X)) · θ0(X) dΩX

appearing in the principle of virtual work in the reference configuration, can be written as the Gâteaux deriva-
tive39

F ′(ϕ)θ0 =

∫
ΩX

f̂0(X,ϕ(X)) · θ0(X) dΩX ∀ϕ,θ0 : Ω̄X → R3 (5.24)

39The Gâteaux (or directional) derivative of a function f at the point v in the direction of the vector δv is defined as

f ′(v)δv = Dδv[f ](v) ≡ Dδv[f ] = lim
ε→0

f(v + εδv)− f(v)

ε
=

d

dε
f(v + εδv)

∣∣∣
ε=0
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of a functional F of the form

F : {ψ : Ω̄X → R3} → F (ψ) =

∫
ΩX

F̂ (X,ψ(X)) dΩX ,

where the function F̂ : ΩX × R3 → R is called the potential of the applied body force.

Definition 5.2.2 (Conservative applied surface force). Let g0 : Γ1,X → R3 denote the density of an
applied surface force in the reference configuration. It is dubbed a conservative applied surface force if the
body force integral∫

Γ1,X

g0(X) · θ0(X) dΓ1,X =

∫
Γ1,X

ĝ0(X,∇Xϕ(X)) · θ0(X) dΓ1,X

appearing in the principle of virtual work in the reference configuration, can be written as the Gâteaux deriva-
tive

G′(ϕ)θ0 =

∫
Γ1,X

ĝ0(X,∇Xϕ(X)) · θ0(X) dΓ1,X ∀ϕ,θ0 : Ω̄X → R3;θ0 = 0 on Γ0,X (5.25)

of a functional G of the form

G : {ψ : Ω̄X → R3} → G(ψ) =

∫
Γ1,X

Ĝ(X,ψ(X),∇Xψ(X)) dΓ1,X ,

where the function Ĝ : Γ1,X × R3 ×M3
+ → R is called the potential of the applied surface force.

For the stress in elastic materials is obtained from a stress response function (cf. equation
(5.12)), the equations of equilibrium in the reference configuration given by equation (5.7), may
alternatively be expressed as

−∇X · P̂ (X,∇Xϕ(X)) = f̂0(X,ϕ(X)) ∀X ∈ ΩX ,

P̂ (X,∇Xϕ(X))n0 = ĝ0(X,∇Xϕ(X)) ∀X ∈ Γ1,X ,

ϕ(X) = ϕD(X) ∀X ∈ Γ0,X ,

(5.26)

where the function ϕD : ΩX → R3 provides Dirichlet boundary conditions and f̂0 and ĝ0 denote
functions for conservative applied body forces and conservative applied surface forces, respectively.

Accordingly, the principle of virtual work counterpart to equation (5.8), expressed in terms of
the first Piola-Kirchhoff stress response function P̂ , and the functions f̂ and ĝ, reads∫

ΩX

P̂ (X,∇Xϕ(X)) : ∇Xθ0(X) dΩX =

∫
ΩX

f̂0(X,ϕ(X)) · θ0(X) dΩX

+

∫
Γ1,X

ĝ0(X,∇Xϕ(X)) · θ0(X) dΓ1,X

(5.27)

and is valid for all smooth enough vector fields θ0 : Ω̄X → R3 that vanish on Γ0,X .
It is very appealing to cast the above equation into an energy minimization problem. To this

end, the problem needs to be formulated in terms of a suitable functional which we then can try to
minimize by seeking states for which its Gâteaux derivative vanishes. Since the applied forces were
chosen to be conservative, using Definitions 5.2.1 and 5.2.2, the integrals in the right hand side of
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the above equation may be expressed as Gâteaux derivatives F ′(ϕ)θ0 and G′(ϕ)θ0 (cf. equations
(5.24) and (5.25) ) of functionals F and G, respectively. It remains to rewrite the left hand side
of the principle of virtual work in terms of the Gâteaux derivative of an appropriate functionalW ,
that is ∫

ΩX

P̂ (X,∇Xϕ(X)) : ∇Xθ0(X) dΩX = W ′(ϕ)θ0. (5.28)

Above, the functionalW , defined for any smooth enough mapping ψ, is called strain energy and is
defined as

W (ψ) =

∫
ΩX

Ŵ (X,∇Xψ(X)) dΩX , (5.29)

where the function Ŵ : Ω̄X ×M3
+ → R is called the stored energy density function (a.k.a. strain energy

density function or elastic energy density function).
With (5.24), (5.25) and (5.29), the principle of virtualwork is equivalent to requiring theGâteaux

derivative of the functional {W − (F +G)} to be zero for all “variations” that vanish on Γ0.
We continue with a definition of hyperelastic material in terms of the stored energy density

function Ŵ and use this definition in Theorem 5.2.5 in order to derive a representation for the
equations of equilibrium which is formally equivalent to the minimization of the functional {W −
(F +G)}.

Definition 5.2.3 (Hyperelastic material). Let P̂ : Ω̄X ×M3
+ →M3 be the first Piola-Kirchhoff stress re-

sponse function for an elastic material. This material is called hyperelastic if there exists a function Ŵ : Ω̄X×
M3

+ → R, differentiable w.r.t. the deformation gradient F ∈M3
+, for eachX ∈ Ω̄X , such that,

P̂ (X,F ) =
∂Ŵ

∂F
(X,F ) ∀X ∈ ΩX ,F ∈M3

+.

Theorem 5.2.5. Let the functional

I(ψ) =

∫
ΩX

Ŵ (X,∇Xψ(X)) dΩX − (F (ψ) +G(ψ)), (5.30)

defined for smooth enough mappings ψ : Ω̄X → R3, be called the total energy and let a hyperelastic material
body B be exposed to conservative body forces and conservative surface forces.

Then the reference configuration equations of equilibrium of the body B expressed in terms of the stored
energy density function Ŵ

−∇X ·
∂Ŵ

∂F
(X,∇Xϕ(X)) = f̂0(X,ϕ(X)) ∀X ∈ ΩX ,

∂Ŵ

∂F
(X,∇Xϕ(X))n0 = ĝ0(X,∇Xϕ(X)) ∀X ∈ Γ1,X ,

are formally equivalent to requiring
I ′(ψ)θ0 = 0,

for all smooth enough maps θ0 : Ω̄X → R3 that vanish on Γ0,X .

Proof. A proof of this theorem is presented in [33], Theorem 4.1-1.
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We deduce from the above theorem that the boundary value problem

−∇X ·
∂Ŵ

∂F
(X,∇Xϕ(X)) = f0(X,ϕ(X)) ∀X ∈ ΩX ,

∂Ŵ

∂F
(X,∇Xϕ(X))n0 = g0(X,∇Xϕ(X)) ∀X ∈ Γ1,X ,

ϕ(X) = ϕD(X) ∀X ∈ Γ0,X ,

(5.31)

forms theEuler-Lagrange equations associatedwith the total energy functional I . Any smooth enough
minimizer ϕ of I over a set of admissible functions Φ is a solution to the boundary value problem
(5.31):

ϕ ∈ Φ := {ψ : Ω̄X → R3;ψ = ϕD on Γ0}, and
I(ϕ) = inf

ψ∈Φ
I(ψ). (5.32)

We provided in Section 5.2.1 a characterization for elastic materials that relates the material’s
stress tensor to a stress response function. Besides, we presented stress response functions in terms
of the deformation gradient F , the right Cauchy-Green strain tensor C and the Green-St. Venant
strain tensor E, emerged from constraints given by material properties such as homogeneity and
isotropy and the axiom of material frame-indifference. These material properties also have impli-
cations on the form of the stored energy density functions of hyperelastic materials as discussed in
the following.
Theorem 5.2.6. Let Ŵ : Ω̄X×M3

+ → R denote the stored energy density function of a hyperelastic material.
Ŵ satisfies the axiom of material frame-indifference if and only if at all pointsX ∈ Ω̄X it holds

Ŵ (X,QF ) = W̃ (X,F ) ∀F ∈M3
+,Q ∈ O3

+, (5.33)

or equivalently, if and only if there exists a function40 W̃ : Ω̄X × S3
> → R such that

Ŵ (X,F ) = W̃ (X,F TF ) ∀F ∈M3
+. (5.34)

Proof. For a proof of this theorem we refer to [33], Theorem 4.2-1.

Next, relation (5.34) is used in the following theorem expressing the response function of the
second Piola-Kirchhoff stress tensor in terms of the stored energy density function W̃ .
Theorem 5.2.7. Let Ŵ : Ω̄X × M3

+ → R denote a frame-indifferent stored energy density function of a
hyperelastic material and let the function W̃ : Ω̄X × S3

> → R be defined at each pointX ∈ Ω̄X by

W̃ (X,C) = Ŵ (X,C1/2) ∀C ∈ S3
>.

Then under the assumption that (∂W̃/∂C)(X,C) is a symmetric tensor, the second Piola-Kirchhoff stress
response function is given by the relation

Ŝ(X,F ) = S̃(X,C) = 2
∂W̃

∂C
(X,C) ∀F ∈M3

+, (5.35)

or
Ŝ(X,F ) = Š(X,E) =

∂W̌

∂E
(X,E), ∀F ∈M3

+, (5.36)
40The function W̃ : Ω̄X × S3

> → Rwill also be referred to as stored energy density function.
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where W̌ (X,E) = W̃ (X,C) and I + 2E = C.

Contrarily, an elastic material is considered hyperelastic, if its second Piola-Kirchhoff stress response
function Ŝ is of the form (5.35) and its stored energy density function is given by (5.34).

Proof. See [33], Theorem 4.2-2.

The form of the stored energy density function can be further reduced, if, at a pointX ∈ Ω̄X ,
in addition to the axiom of material frame-indifference, the hyperelastic material is required to be
isotropic as well. In that case, there exists a function Ẇ (X, ·) : ι(S3

>)→ R such that

Ŵ (X,F ) = W̃ (X,C) = Ẇ (X, ιC) = Ẇ (X, ιB), ∀F ∈M3
+. (5.37)

Piola-Kirchhoff stress response functions in terms of the stored-energy function of the principal
invariants of the right Cauchy-Green strain tensor C (cf. (5.17)), that is Ẇ (X, ιC), are presented
in the following theorem.

Theorem 5.2.8. Let at a pointX ∈ Ω̄X the stored-energy function Ŵ be of the form

Ŵ (X,F ) = Ẇ (X, ιC), F ∈M3
+,

where the function Ẇ (X, ·) : ι(S3
>) → R is required to be differentiable at ιC . Then the associated first

Piola-Kirchhoff stress response function is given by

P̂ (X,F ) = 2

(
∂Ẇ

∂ι1
F +

∂Ẇ

∂ι2
(ι1I − FF T )F +

∂Ẇ

∂ι3
ι3F

−T

)
,

and the associated second Piola-Kirchhoff stress response function is given by

S̃(X,C) = 2

(
∂Ẇ

∂ι1
I +

∂Ẇ

∂ι2
(ι1I −C) +

∂Ẇ

∂ι3
ι3C

−1

)

= 2

((
∂Ẇ

∂ι1
+
∂Ẇ

∂ι2
ι1 +

∂Ẇ

∂ι3
ι2

)
I −

(
∂Ẇ

∂ι2
+
∂Ẇ

∂ι3
ι1

)
C +

∂Ẇ

∂ι3
C2

)
,

where ∂Ẇ∂ιi := ∂Ẇ
∂ιi

(X, ιC), and ιi = ιi(C).

Proof. For a proof we refer to [33], Theorem 4.4-2.

The following theorem presents the required conditions in terms of the material’s response and
a stored energy functions for a St. Venant-Kirchhoff material to be considered hyperelastic:

Theorem 5.2.9. A St. Venant-Kirchhoff material with a response function

Š(E) = λ tr (E) I + 2µE =

(
λ

2
(ι1(C)− 3)− µ

)
I + µC = S̃(C) (5.38)

is hyperelastic, with a stored energy density function given by

W̌ (E) =
λ

2
tr (E)2 + µ tr

(
E2
)
. (5.39)
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Proof. See [33], Theorem 4.4-3.

We discuss next the behavior of the stored energy density function for small and large strains. In
the former case, recalling the stress response function of a homogeneous, isotropic, elastic material
“near” the reference configuration (cf. equation (5.20)), the “near a natural state” constitutive
equation for the second Piola-Kirchhoff stress, reads

S = Š(E) = λ tr (E) I + 2µE + o(E).

The corresponding stored energy density function is presented in the following theorem.

Theorem 5.2.10. Let

Ŵ (F ) = Ẇ (ιC) = W̌ (E), C = I + 2E,F ∈M3
+,

denote the stored energy density function of a given homogeneous, isotropic, hyperelastic material, whose
reference configuration is a natural state. Then, in case the function Ẇ : ι(S3

>) → R is twice differentiable
at the point ιI , it holds

W̌ (E) =
λ

2
tr (E)2 + µ tr

(
E2
)

+ o(‖E‖2). (5.40)

Proof. See [33], Theorem 4.5-1.

Dropping the higher-order terms o(‖E‖2) in (5.40), leads to the stored energy density function of
the St. Venant-Kirchhoff material (5.39). Moreover since it holds

Š(E) =
∂W̌

∂E
(E) = λ tr (E) I + 2µE,

it follows from Theorems 5.2.7 and 5.2.9 that the St. Venant-Kirchhoff material is hyperelastic. Ac-
cordingly this material’s second and first Piola Kirchhoff stress tensors read

S = λ tr (E) I + 2µE, and (5.41a)
P = FS = λ tr (E)F + 2µFE, (5.41b)

respectively.
When it comes to large strains, a suitable stored energy density function needs to be designed

according to the idea that “extreme strains go along with extreme stresses”. An example for an
extreme strain scenario pictures a material which is exposed to a compression, such that detF → 0,
and therefore, by the principle of causality, experiences an internal stress that approaches infinity.
Therefore we can deduce that infinite energy is required in order to annihilate volumes. As for the
design of a suitable stored energy density function, for hyperelastic materials, the stored energy
density function Ŵ needs to approach +∞, in case of emerging extreme strains. One possibility to
measure the latter is when one of the eigenvalues λi(C) of the right Cauchy-Green strain tensor C
approaches 0 or +∞.

Focusing on one of the eigenvalues, say λi(C), while keeping the other two eigenvalues λi+1(C)
and λi+2(C) in the compact interval ]0,+∞[, the following equivalence relations between λi(C) and
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functions of the deformation gradient F can be expressed [33]:

λi(C)→ 0+ ⇐⇒ detF → 0+,

λi(C)→ +∞ ⇐⇒ ‖F ‖ → +∞,
λi(C)→ +∞ ⇐⇒ ‖Cof F ‖ → +∞,
λi(C)→ +∞ ⇐⇒ detF → +∞.

The above expressions lead to the following assumptions on how the stored energy function Ŵ
should behave in the presence of large strains:

detF → 0+ =⇒ Ŵ (F )→ +∞, F ∈M3
+,

‖F ‖+ ‖Cof F ‖+ detF → +∞ =⇒ Ŵ (F )→ +∞, F ∈M3
+.

(5.42)

The above material behavior requirements are now used in order to assess the suitability of the St.
Venant-Kirchhoff material model for large strains. Since the stored energy density function of the
St. Venant-Kirchhoffmaterial model, given by equation (5.39), is not explicitly dependent on detF ,
the first requirement in equation (5.42) is not met. Moreover, the stored energy density function
misses any terms that prevent detF → 0+, let alone to become negative. The usage of this model
is therefore not considered to be reasonable in scenarios involving large strains.

A hyperelastic material satisfying the requirements expressed in equation (5.42), is the Neo-
Hookean material. The stored energy density function of a variant of the compressible Neo-Hookean
material that is frequently used in the literature [113], reads

Ŵ (F ) =
µ

2
(tr
(
F TF

)
− 3)− µ log(detF ) +

λ

2
log2(detF ) (5.43)

and yields the following expression for the first Piola-Kirchhoff stress

P = µ(F − F−T ) + λ log(detF )F−T . (5.44)

However, there exist [164] several alternative formulations for the stored energy density function
of the compressible Neo-Hookean material, for example

Ŵ (F ) =
µ

2
(tr (C)− 3)− µ log(J) +

λ

4
(J2 − 1)− λ

2
log(J) (5.45)

which leads to the following forms of the first and second Piola-Kirchhoff stress tensor

P = µ(F − F−T ) +
λ

2
(J2 − 1)F−T , (5.46a)

S = F−1P = µ(I −C−1) +
λ

2
(J2 − 1)C−1. (5.46b)

Note that the logarithmic terms in equations (5.43) and (5.45) enforce the first requirement in
(5.42). Moreover, the stress obviously vanishes in the reference configuration where it holds F =
I,C = I, J = 1.
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5.2.3 (Initial) boundary value problems of elasticity

In this sectionwe present a set of (initial) boundary value problems of elasticity which are all based
on the equations of equilibrium (cf. equations (5.1) and (5.7) ) and basically differ by the stress
measure used. The choice of the boundary value problem variant to work with, depends on the
elastic deformation scenario. In case of transient problems, the boundary value problems contain
terms that account for inertial forces. In all elastic deformation problems considered in this work,
we consider only applied forces that are dead loads. Since instead of the deformation ϕ, it is often
more convenient to work with the displacement u : Ω̄X → R3 (with u = ϕ− id) as the unknown, we
recast the equations of equilibrium in terms of this unknown and obtain the governing equations
of Elastostatics

−∇X · P = Jρb in ΩX ,

u = uD on ΓD,X ,

P n0 = g0 on ΓN,X ,

(5.47)

and Elastodynamics

Jρ
∂2u

∂t2
−∇X · P = Jρb in ΩX × I,

u(·, 0) = ů, u̇(·, 0) = ˚̇u in ΩX ,

u = uD on ΓD,X × I,
P n0 = g0 on ΓN,X × I,

(5.48)

where g0 is a reference configuration surface traction function (cf. (5.6)), and Jρb denotes the body
force density in the reference configuration, and can be obtained from relations (2.27) and (5.4).
The above equations, expressed with respect to the unknown displacement field u, serve as a basis
for all (initial) boundary value problems presented in Sections 5.2.3.1 and 5.2.3.2. However, we
will also present multi-field problem formulations, since classical single-field approaches can not
correctly describe the response of quasi-incompressiblematerials. Materials that respond to volume
changes with a significant increase of stored energy are called nearly incompressible. Further, if the
material does not allow any volumetric changes whatsoever, that is, when the deformationϕ of the
material satisfies the incompressibility condition

J = det∇Xϕ(X) = detF = 1, in Ω̄X ,

it is called incompressible. By contrast, materials for which merely the orientation preservation re-
striction det∇Xϕ(X) > 0 is required, are called compressible.

Analyzing the behavior of the stored energy functions (5.43), or alternatively (5.45) for the case
when detF ≈ 1, reveals that a volume change induced large energy increase is only possible when
the Lamé constant λ is large. Therefore, the parameter λ can be considered as a measure for the
incompressibility of a material, where increasing values of λ correlate with “less compressibility”.
Since in the incompressibility limit it holds ν = 1/2, it follows (for fixed shear modulus µ) from
equation (5.22) that

ν → 1/2 ⇐⇒ λ→∞. (5.49)
Approaching the incompressibility limit poses a problem for single-field (i.e. displacement only)
formulations of boundary value problems of elasticity for they can not correctly describe the re-
sponse of “quasi-incompressible”materials. The response turns out to be overly stiff, a phenomenon
known as volumetric locking. One strategy for its circumvention, is the usage of a multi-field or
mixed (e.g. displacement-pressure) formulation which we will refer to later.
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We analyze next the behavior of the stored energy functions (5.43) and (5.45) for the case
detF = 1. For in this scenario, it holds J = 1 and “λ =∞”, the stored energy functions collapse to

Ŵ (F ) =
µ

2
(tr
(
F TF

)
− 3), (5.50)

and the expression for the second Piola-Kirchhoff stress tensor given by equation (5.46b) reduces
to

S = µ(I −C−1). (5.51)
Due to the fact that equation (5.50) as well as equation (5.51) now lack any terms that enforce the
constraint J = 1, it becomes necessary to carry out the computations with an additional variable
that acts as a Lagrange multiplier in the course of enforcing the incompressibility constraint. This
additional unknown in the equations systems to be solved can be interpreted as pressure.

The essential step for the derivation of mixed displacement-pressure (u, p) formulations of elas-
ticity, is to outsource “suitable” parts of the respectively involved stress tensor into a pressure vari-
able. We do this exemplary for the case of a Neo-Hookean material, whose second Piola-Kirchhoff
stress tensor is given by the expression on the right hand side of equation (5.46b). Outsourcing
those parts of it that are associated with compressibility into a new variable

p = −λ
2

(J − 1

J
), (5.52)

representing pressure, equations (5.46a) and (5.46b) can be expressed as

P = µ(F − F−T )− pJF−T , and (5.53a)
S = µ(I −C−1)− pJC−1, (5.53b)

respectively. The above representation of the first Piola-Kirchhoff stress tensor in terms of the dis-
placement u and pressure p will be used in the (u, p) formulations of the elasticity problem pre-
sented in Section 5.2.3.2.

5.2.3.1 Boundary value problems of linearized elasticity

As mentioned in Section 5.2, the theory of linearized elasticity is based on the linearization of all
nonlinear relationships in (nonlinear) elasticity. We therefore need to come up with both a repre-
sentation of strain as a linear function of displacement and a linear stress-strain relationship. The
former is given by the infinitesimal strain tensor

ε(u) =
1

2

(
∇Xu+ (∇Xu)T

)
which is obtained from the Green-St. Venant strain tensorE (cf. (2.22)) by dropping its nonlinear
terms. The latter is given by Hooke’s law for isotropic material

σ = 2µε+ λ tr (ε) I (5.54)

which is obtained from the usage of the (linear) infinitesimal strain tensor ε in the St. Venant-
Kirchhoff constitutive law (5.38). The symmetric tensor σ is a linearization of the second Piola-
Kirchhoff stress tensor S (cf. 5.41a) and is an approximation for the real physical Cauchy stress
occurring in the deformed body. Since for infinitesimal deformations the deviation of the defor-
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mation gradient F from identity is negligible, the governing equations may just as well be defined
with respect to the current domain Ωx ≡ Ω and the Cauchy stress σ = (detF )−1PF T (cf. (2.35)).
In this spirit, replacing in equation (5.47) the stress variable with the expression on the right hand
side of equation (5.54), that is

−∇ · σ = −∇ · (2µε+ λ tr (ε) I)

= −2µ∇ · ε− λ∇ · (tr (ε) I)

= −2µ∇ · ε− λ∇ · ((∇ · u)I)

= −2µ∇ · ε− λ∇(∇ · u)

(5.55)

yields the following elliptic differential equation for “linearized elastostatics” (also known as the
Lamé equation) in displacement formulation:

−2µ∇ · ε− λ∇(∇ · u) = f in Ω,

u = uD on ΓD,

σn = g on ΓN .

(5.56)

The continuous linear variational formulation of the above problem reads:
Find u+ uD ∈ V , such that
∀φ ∈ V
a(u,φ) = L(φ),

(5.57)

where V denotes a Hilbert space and is defined as

V := {v ∈H1(Ω) : v
∣∣
ΓD

= 0},

H1 and L2 are Sobolev spaces as defined in [2], and the bilinear form a(u,φ) and linear form L(φ)
are defined as

a(u,φ) := 2µ (ε(φ), ε(u))Ω + λ ((∇ · u), (∇ · φ))Ω ,

L(φ) := (f ,φ)Ω + (g,φ)ΓN .
(5.58)

Above, (·, ·)Ω and (·, ·)Γ are the usual L2 scalar products on Ω and Γ, respectively. With the defini-
tions made in (5.58), the equation system to be solved in (5.57) eventually reads∫

Ω
2µ ε(φ) : ε(u) + λ(∇ · u) (∇ · φ) dΩ =

∫
Ω
φ · f dΩ +

∫
ΓN

φ · g dΓN . (5.59)

The bilinear form a(·, ·) and the linear form L(·) are continuous (bounded), that is, there exist
constants c1 > 0 and c2 > 0 such that

|a(u,φ)| ≤ c1 ‖u‖1 ‖φ‖1 ,
|L(φ)| ≤ c2 ‖φ‖1 .

(5.60)

The Korn inequalities (see e.g. [22, 23]) are essential in establishing coerciveness of the differential
operators of linear elastostatics and therefore form the basis for existence results in that theory. In
fact these inequalities are used in [22, 23] to show that the the bilinear form a(·, ·) on V is coercive
or (V-elliptic), i.e.,

∃α > 0 such that a(v,v) ≥ α ‖v‖21 ∀v ∈ V .
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Then due to the continuity (boundedness) and coercivity of the bilinear form a(·, ·) on V , it holds

∃α,C > 0 : α ‖v‖21 ≤ a(v,v) ≤ C ‖v‖21 ∀v ∈ V ,

and providedmeasure(ΓD) > 0, it follows from the Lax-Milgram theorem [23, 138] that there exists
a unique solution for the variational problem (5.57). This is formalized in the following theorem.

Theorem 5.2.11. Let f ∈H−1(Ω),uD = z|ΓD ,where z ∈H1(Ω), g ∈ L2(ΓN ), andmeasure(ΓD) > 0.
Then the variational problem (5.57) has a unique solution.

Proof. For a proof of this theorem we refer to [23], Theorem (11.2.28).

We consider next a mixed displacement-pressure formulation of linearized elastostatics. With
pressure being defined as

p := −λ∇ · u,
equation (5.56) can be rewritten as

−2µ∇ · ε+∇p = f in Ω,

−∇ · u− 1

λ
p = 0 in Ω,

u = uD on ΓD,

σn = g on ΓN ,

(5.61)

which then together with the Hilbert spaceQ := {q | q ∈ L2(Ω)} leads to the following continuous
mixed linear variational formulation:

Find (u+ uD, p) ∈ V ×Q, such that
∀(φ, q) ∈ V ×Q
a(u,φ) + b(φ, p) = L(φ)

b(u, q) + c(p, q) = 0,

(5.62)

where the linear form L(·) is the same as in (5.58) and the bilinear forms a(·, ·), b(·, ·) and c(·, ·) –
partially obtained from the application of integration by parts – are defined as follows:

a(u,φ) := 2µ(ε(u), ε(φ))Ω,

b(φ, p) := −(∇ · φ, p)Ω,

c(p, q) := − 1

λ
(p, q)Ω.

(5.63)

With the above definitions, the equation system to be solved in (5.62) eventually reads∫
Ω
ε(u) : 2µ ε(φ) dΩ−

∫
Ω
p · (∇ · φ) dΩ =

∫
Ω
f · φdΩ +

∫
ΓN

g · φdΓN ,

−
∫

Ω
(∇ · u) · q dΩ−

∫
Ω

1

λ
p · q dΩ = 0.

(5.64)

The above equation system is fairly similar to the Stokes problem and exhibits the structure of a
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saddle point problem with a penalty term 1
λ since it holds

λ→∞ (or ν → 1/2) =⇒ c(·, ·)→ 0.

Recalling relation (5.49), the factor 1
λ in the bilinear form c(·, ·) can be replaced by the following

positive constant
ε =

1− 2ν

ν
, (5.65)

where ε = 0 represents the incompressible case. In (5.62), we assume ΓD 6= ∂Ω. However, if
ΓD = ∂Ω and ε = 0, for the problem to have a unique solution, the pressure space needs to be
replaced by

L̄2
0(Ω) =

{
q ∈ L2(Ω)

∣∣∣∣ ∫
Ω
q = 0

}
.

Moreover, for the existence of a unique solution, the V-ellipticity of the bilinear form a(·, ·) is not
sufficient anymore. The spaces V and Q need to meet the following compatibility requirements,
also known as the Ladyzhenskaya-Babuška-Brezzi (LBB) conditions [22]:

1. The bilinear form a(·, ·) is V-elliptic:

∃α > 0 : a(v,v) ≥ α ‖v‖21 ∀v ∈ V .

2. The bilinear form b(·, ·) fulfills the inf-sup condition:

∃β > 0 : inf
q∈Q

sup
v∈V

b(v, q)

‖v‖1 ‖q‖0
≥ β.

In problem (5.62), the continuous bilinear forms a(·, ·) and b(·, ·) and the spaces V andQ fulfill the
above conditions. Moreover, the bilinear form c(·, ·) is continuous and it holds c(q, q) ≤ 0, q ∈ Q.
Therefore, there exists a unique solution for the variational problem (5.62) (see [22], §4).

5.2.3.2 Boundary value problems of nonlinear elasticity

In this section we concisely present the strong as well as the weak forms of the partial differential
equations that we solve in the context of the structural mechanics component of the FSI problem.
The equations presented basically differ by the scenario they address (static or dynamic), by the
problem formulation in terms of the involved unknowns, and by the material model used. We
present by no means all possible combinations and restrict the presentation to the cases we have
considered in this work.

5.2.3.2.1 Elastostatics in displacement formulation (St. Venant-Kirchhoff material)

Letting P represent the first Piola-Kirchhoff stress tensor of the St. Venant-Kirchhoff material (cf.
(5.41b)), the governing equations of elastostatics (5.47) in displacement formulation read

−∇X · (λ tr (E)F + 2µFE) = Jρb in ΩX ,

u = uD on ΓD,X ,

P n0 = g0 on ΓN,X .

(5.66)
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Together with the trial and test spaces T and V , respectively (re)defined as

T :={v ∈H1(ΩX) | v = vD on ΓD,X},
V :={v ∈H1(ΩX) | v = 0 on ΓD,X},

(5.67)

the continuous nonlinear variational formulation of the above problem reads:{
Find u ∈ T such that
F(u;φ) = 0 ∀φ ∈ V ,

(5.68)

where the semilinear form41 F : T × V → R is defined as

F(u;φ) :=

∫
ΩX

(λ tr (E)F + 2µFE) : ∇XφdΩX −
∫

ΩX

Jρb ·φdΩX −
∫

ΓN,X

g0 ·φdΓN,X (5.69)

5.2.3.2.2 Elastostatics in displacement formulation (Neo-Hookean material)

When it comes to the Neo-Hookeanmaterial, we have presented with (5.44) and (5.46a) two popu-
lar and alternative expressions for the corresponding first Piola-Kirchhoff stress tensor. Either one
of these expressions can be used and we randomly select the former one to be inserted into (5.47).
This yields

−∇X ·
(
µ(F − F−T ) + λ log(detF )F−T

)
= Jρb in ΩX ,

u = uD on ΓD,X ,

P n0 = g0 on ΓN,X .

(5.70)

The continuous nonlinear variational formulation of this problem is given through (5.68), where
the semilinear form is now given as

F(u;φ) :=

∫
ΩX

(
µ(F − F−T ) + λ log(detF )F−T

)
: ∇XφdΩX

−
∫

ΩX

Jρb · φdΩX −
∫

ΓN,X

g0 · φdΓN,X .
(5.71)

5.2.3.2.3 Elastostatics in displacement-pressure formulation (Neo-Hookean material)

The formulation of the elastostatics problem presented nowdiffers from the previous one in two as-
pects: Firstly, wemake use of a mixed displacement-pressure formulation, and secondly we use the
alternative first Piola-Kirchhoff stress tensor expression (5.46a) for the the Neo-Hookean material.
Defining the additionally required (pressure) variable as

p := −λ
2

(J − 1

J
),

41A semilinear form is linear in the test function(s) - the argument(s) subsequent to the semicolon.
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equation (5.47) can be rewritten as

−∇X ·
(
µ(F − F−T )− pJF−T

)
= Jρb in ΩX ,

−1

2
(J − 1

J
)− 1

λ
p = 0 in ΩX ,

u = uD on ΓD,X ,

P n0 = g0 on ΓN,X .

(5.72)

Letting the pressure space be now defined as Q := {q | q ∈ L2(ΩX)}, the continuous mixed non-
linear variational formulation of the above problem reads:{

Find u ∈ T and p ∈ Q, such that
F ((u, p); (φ, q)) = 0 ∀(φ, q) ∈ V ×Q,

(5.73)

where the semilinear form of this problem formulation is given as

F ((u, p); (φ, q)) :=

∫
ΩX

(
µ(F − F−T )− pJF−T

)
: ∇XφdΩX

−
∫

ΩX

(
1

2
(J − 1

J
)− 1

λ
p

)
· q dΩX

−
∫

ΩX

Jρb · φdΩX −
∫

ΓN,X

g0 · φdΓN,X .

5.2.3.2.4 Elastodynamics in displacement-velocity formulation (St. Venant-Kirchhoff mate-
rial)

The governing equations of elastodynamics given by the PDE (5.48) involves an acceleration term.
In order to avoid having to deal with the second derivative of displacement with respect to time,
the introduction of an additional (velocity) variable – given by the first temporal derivative of dis-
placement – allows the PDE to be reformulated in terms of a system of first order in time equations.
For the St. Venant-Kirchhoff material (cf. (5.41b)) we obtain:

Jρ
∂v

∂t
−∇X · (λ tr (E)F + 2µFE) = Jρb in ΩX × I,

∂u

∂t
− v = 0 in ΩX × I,

u(·, 0) = ů,v(·, 0) = v̊ in ΩX ,

u = uD,v = vD on ΓD,X × I,
P n0 = g0 on ΓN,X × I.

(5.74)
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Similar to (5.68), the continuous mixed nonlinear variational formulation of the above problem
requires to

Find u(X, t) ∈ T × I and v(X, t) ∈ T × I, such that ∀(φu,φv) ∈ V : (5.75a)∫ T

0

∫
ΩX

Jρ v̇ · φu dΩX dt+

∫ T

0

∫
ΩX

(λ tr (E)F + 2µFE) : ∇Xφu dΩX dt

=

∫ T

0

∫
ΩX

Jρb · φu dΩX dt+

∫ T

0

∫
ΓN,X

g0 · φu dΓN,X dt, and∫ T

0

∫
ΩX

(u̇− v) · φv dΩX dt = 0.

(5.75b)

5.2.3.2.5 Elastodynamics in displacement-velocity formulation (Neo-Hookean material)

The governing equations of elastodynamics in combination with the first Piola-Kirchhoff stress ten-
sor expression of the Neo-Hookean material according to (5.44), leads to

Jρ
∂v

∂t
−∇X ·

(
µ(F − F−T ) + λ log(detF )F−T

)
= Jρb in ΩX × I,

∂u

∂t
− v = 0 in ΩX × I,

u(·, 0) = ů,v(·, 0) = v̊ in ΩX ,

u = uD on ΓD,X × I,
P n0 = g0 on ΓN,X × I.

(5.76)

Its continuous mixed nonlinear variational formulation of the above problem is as follows:

Find u(X, t) ∈ T × I and v(X, t) ∈ T × I, such that ∀(φu,φv) ∈ V : (5.77a)∫ T

0

∫
ΩX

Jρ v̇ · φu dΩX dt+

∫ T

0

∫
ΩX

(
µ(F − F−T ) + λ log(detF )F−T

)
: ∇Xφu dΩX dt

=

∫ T

0

∫
ΩX

Jρb · φu dΩX dt+

∫ T

0

∫
ΓN,X

g0 · φu dΓN,X dt, and∫ T

0

∫
ΩX

(u̇− v) · φv dΩX dt = 0.

(5.77b)

5.2.3.3 Treatment of nonlinearity

All variational formulations presented in Section 5.2.3.2 refer to stationary and transient nonlinear
problems. Considering themore general case of a timedependent problem, one faces after temporal
discretization in each single time step a nonlinear quasi-stationary problem

A(u;φ) = F (φ) ∀φ ∈ V ,

whose residual is given as
F ≡ R(u) = A(u;φ)− F (φ).
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We point out at this point that the above representation form suits just as well to a stationary prob-
lem. As shown in (5.68), the nonlinear residual is typically expressed in terms of a semilinear form
F which is required to vanish for all test functions of the underlying test space. Newton’s method
is our method of choice for the treatment of nonlinearity. Exemplary choosing the semilinear form
given by (5.69), Newton’smethod requires - until convergence (‖F‖ ≤ εtol) - the following problem
to be solved in each iteration k:

Find δu ∈ T , such that
F ′(uk; δu,φ) = −F(uk;φ), ∀φ ∈ V
uk+1 = uk + ω δu.

(5.78)

Above, the bilinear form F ′(uk; δu,w) is the Gâteaux derivative (Jacobian) of F and is obtained
from the linearization ofF around afixedu ≡ uk. Note that for each fixeduk,F ′(uk; ·, ·) is a bilinear
form and F(uk; ·) is a linear form. The action of the latter yields a vector which is obtained from
the evaluation of the partial differential equation operator with the most current already available
values for u, that is, uk.

For (5.78) we need to compute the directional derivative of a semilinear form A(u;φ) at u in
direction δu that is tested with φ:

A′(u; δu,φ) := lim
ε→0

A(u+ εδu;φ)−A(u;φ)

ε
=

d

dε
A(u+ εδu;φ)

∣∣∣
ε=0

.

Since the semilinear formA involves invertiblematrix-valued operators, weneed to compute deriva-
tives of these operators. Let F denote – for the time being – an invertible matrix-valued operator
and let J := detF . Then, recalling the definition of the directional derivative presented on page
124 it holds

(i) Dδz[F ] = ∇δz,
(ii) Dδz[F T ] = (∇δz)T ,
(iii) Dδz[F−1] = −F−1∇δz F−1,
(iv) Dδz[F−T ] = −F−T (∇δz)T F−T ,
(v) Dδz[J ] = J tr

(
F−1∇δz

)
= J F−T : ∇δz.

For a proof of these basic relations, we refer to [72, 123].
The nonlinear problems (5.69), (5.71), (5.93b), and (5.88b) stand for four different peculiarities

ofF . It remains to specify their respective Jacobians so as to complete the requirements of Newton’s
method sketched in (5.78). In the sequel, we will successively present the analytically derived
Jacobians of the nonlinear problems listed above.

5.2.3.3.1 Analytical Jacobian for elastostatics in displacement formulation (St. Venant-Kirchhoff
material)

In (5.66) and accordingly (5.69) the first Piola-Kirchhoff stress tensor P is given through the fol-
lowing nonlinear function of the displacement u:

P (u) := 2µF (u)E(u) + λ tr (E(u))F (u). (5.79)
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In order to setup the exact Jacobian, we need to compute the derivative of this expression with
respect to the only unknownu, for (5.66) is a displacement only formulation. Inmixed formulations
we need to also account for the other unknowns.

∂δU [P ]

=Dδu [2µFE + λ tr (E)F ]

=Dδu [2µFE]︸ ︷︷ ︸
(1)

+Dδu [λ tr (E)F ] .︸ ︷︷ ︸
(2)

(5.80a)

(1) :Dδu [2µFE]

=Dδu [2µF ]E + 2µFDδu [E]

=2µ(∇Xδu)E + 2µFDδu

[
1

2

(
F TF − I

)]
=2µ(∇Xδu)E + 2µF

(
Dδu

[
1

2
F T

]
F +

1

2
F TDδu [F ]

)
=2µ(∇Xδu)E + 2µF

(
1

2
(∇Xδu)TF +

1

2
F T∇Xδu

)
=2µ

(
(∇Xδu)E + F

(
1

2
(∇Xδu)TF +

1

2
F T∇Xδu

))
.

(5.80b)

(2) :Dδu [λ tr (E)F ]

=Dδu [λ tr (E)]F + λ tr (E)Dδu [F ]

=λ tr

(
1

2

(
(∇Xδu)TF + F T∇Xδu

))
F + λ tr (E)∇Xδu.

(5.80c)

Putting all results together, the exact Jacobian of (5.69) can be assembledwith the following bilinear
form
F ′(uk; δu,φ) :=∫

ΩX

2µ

(
(∇Xδu)E(uk) + F (uk)

(
1

2
(∇Xδu)TF (uk) +

1

2
F (uk)T∇Xδu

))
: ∇XφdΩX

+

∫
ΩX

(
λ tr

(
1

2

(
(∇Xδu)TF (uk) + F (uk)T∇Xδu

))
F (uk) + λ tr

(
E(uk)

)
∇Xδu

)
: ∇XφdΩX .

(5.81)

5.2.3.3.2 Analytical Jacobian for elastostatics in displacement formulation (Neo-Hookean ma-
terial)

The nonlinearity in (5.70) and (5.71) is due to the following nonlinear expression for the first Piola-
Kirchhoff stress tensor:

P (u) := µ(F (u)− F (u)−T ) + λ log(detF (u))F (u)−T . (5.82)
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We proceed with the computation of the derivative of this expression:

DδU [P ]

=Dδu

[
µ(F − F−T ) + λ log(detF )F−T

]
=Dδu

[
µ(F − F−T )

]︸ ︷︷ ︸
(1)

+Dδu

[
λ log(detF )F−T

]
.︸ ︷︷ ︸

(2)

(5.83a)

(1) :Dδu

[
µ(F − F−T )

]
=µ
(
∇Xδu−

(
−F−T (∇Xδu)TF−T

))
.

(5.83b)

(2) :Dδu

[
λ log(detF )F−T

]
=Dδu [λ log(detF )]F−T + λ log(detF )Dδu

[
F−T

]
=λ/(J log(e)) J tr

(
F−1∇Xδu

)
F−T + λ log(J)

(
−F−T (∇Xδu)TF−T

)
=λ tr

(
F−1∇Xδu

)
F−T + λ log(J)

(
−F−T (∇Xδu)TF−T

)
.

(5.83c)

It follows from these results that the Jacobian of (5.71) can be obtained from the action of the fol-
lowing bilinear form

F ′(uk; δu,φ) :=∫
ΩX

µ
(
∇Xδu−

(
−F (uk)−T (∇Xδu)TF (uk)−T

))
: ∇XφdΩX

+

∫
ΩX

(
λ tr

(
F (uk)−1∇Xδu

)
F (uk)−T + λ log(J(uk))

(
−F (uk)−T (∇Xδu)TF (uk)−T

))
: ∇XφdΩX .

(5.84)

5.2.3.3.3 Analytical Jacobian for elastodynamics indisplacement-velocity formulation (St. Venant-
Kirchhoff material)

The transient nature of the nonlinear problems (5.75) and (5.77) requires discretization in time, for
which various approaches such as space-time Galerkin methods as well as classical “finite differ-
ence type” time integrators are at one’s disposal.

Discretizing the time dependent problem (5.75) in time with the one-step θ-scheme, we arrive
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at the following nonlinear quasi-stationary problem which needs to be solved in every time step:

Find u(X) ∈ T and v(X) ∈ T , such that ∀(φu,φv) ∈ V : (5.85a)∫
ΩX

Jρ (v − vn) · φu dΩX

+

∫
ΩX

∆tθ (λ tr (E(u))F (u) + 2µF (u)E(u)) : ∇Xφu dΩX

+

∫
ΩX

∆t (1− θ) (λ tr (E(un))F (un) + 2µF (un)E(un)) : ∇Xφu dΩX

=

∫
ΩX

∆tθ Jρb(u) · φu dΩX +

∫
ΓN,X

∆tθ g0(u) · φu dΓN,X

+

∫
ΩX

∆t (1− θ) Jρb(un) · φu dΩX +

∫
ΓN,X

∆t (1− θ) g0(un) · φu dΓN,X , and∫
ΩX

(u− un) · φv dΩX dt−
∫

ΩX

∆tθ v · φv dΩX dt−
∫

ΩX

∆t (1− θ)vn · φv dΩX dt = 0,

(5.85b)

where un and vn denote the already known displacement and velocity functions of the previous
time step n. Note that above we have refrained from explicitly specifying the time index of field
variables at the new time step n + 1, and therefore un+1 is simply represented as u and likewise
vn+1 as v. This convention may be applied throughout this work in the context of finite difference
expansions of temporal derivatives for the sake of a more compact notation.

The source of the nonlinearity in the above problem is already given in (5.79) and we presented
the computation of its derivative in (5.80a). Therefore, with

DδU [Jρv]

=Dδu [Jρv] +Dδv [Jρv]

=Jtr
(
F−1∇Xδu

)
ρv + Jρ δv, and

(5.86a)

DδU [u−∆tθ v]

=Dδu [u−∆tθ v] +Dδv [u−∆tθ v]

=δu−∆tθ δv,

(5.86b)

the bilinear form whose action assembles the Jacobian of (5.93b) is basically given through (5.81)
plus the terms that do not vanish in the computation of the derivative. It reads

F ′(uk; δu, δv,φu,φv) :=∫
ΩX

(
Jtr

(
F−1∇Xδu

)
ρv + Jρ δv

)
· φu dΩX

+

∫
ΩX

∆tθ2µ

(
(∇Xδu)E(uk) + F (uk)

(
1

2
(∇Xδu)TF (uk) +

1

2
F (uk)T∇Xδu

))
: ∇Xφu dΩX

+

∫
ΩX

∆tθ

(
λ tr

(
1

2

(
(∇Xδu)TF (uk) + F (uk)T∇Xδu

))
F (uk) + λ tr

(
E(uk)

)
∇Xδu

)
: ∇Xφu dΩX

+

∫
ΩX

δu · φv dΩX −
∫

ΩX

∆tθ δv · φv dΩX .

(5.87)
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5.2.3.3.4 Analytical Jacobian for elastodynamics in displacement-velocity formulation (Neo-
Hookean material)

Similar to the previous section, the time-discretization of equation (5.77) with the one-step θ-
scheme, yields the following problem:

Find u(X) ∈ T and v(X) ∈ T , such that ∀(φu,φv) ∈ V : (5.88a)∫
ΩX

Jρ (v − vn) · φu dΩX

+

∫
ΩX

∆tθ
(
µ
(
F (u)− F (u)−T

)
+ λ log(detF (u))F (u)−T

)
: ∇Xφu dΩX

+

∫
ΩX

∆t (1− θ)
(
µ
(
F (un)− F (un)−T

)
+ λ log(detF (un))F (un)−T

)
: ∇Xφu dΩX

=

∫
ΩX

∆tθ Jρb(u) · φu dΩX +

∫
ΓN,X

∆tθ g0(u) · φu dΓN,X

+

∫
ΩX

∆t (1− θ) Jρb(un) · φu dΩX +

∫
ΓN,X

∆t (1− θ) g0(un) · φu dΓN,X , and∫
ΩX

(u− un) · φv dΩX dt−
∫

ΩX

∆tθ v · φv dΩX dt−
∫

ΩX

∆t (1− θ)vn · φv dΩX dt = 0.

(5.88b)

The source of the nonlinearity in the above problem is already given in (5.82) and we presented
the computation of its derivative in (5.83a). Therefore the bilinear form whose action assembles
the Jacobian of (5.88b) is basically given through (5.84) plus the terms that do not vanish in the
computation of the derivative. It reads

F ′(uk; δu, δv,φu,φv) :=∫
ΩX

(
Jtr

(
F−1∇Xδu

)
ρv + Jρ δv

)
· φu dΩX∫

ΩX

∆tθµ
(
∇Xδu−

(
−F (uk)−T (∇Xδu)TF (uk)−T

))
: ∇Xφu dΩX

+

∫
ΩX

∆tθ
(
λ tr

(
F (uk)−1∇Xδu

)
F (uk)−T + λ log(J(uk))

(
−F (uk)−T (∇Xδu)TF (uk)−T

))
: ∇Xφu dΩX

+

∫
ΩX

δu · φv dΩX −
∫

ΩX

∆tθ δv · φv dΩX .

(5.89)

5.2.4 Application to the Turek-Hron structural mechanics benchmark problems

For the validation of the nonlinear elasticity component of our IGA-based fluid-structure interaction
solver, we adopt the Computational Structural Mechanics (CSM) tests of the FSI benchmark proposed
in [58, 148]. These tests consider an elastic bar (cantilever beam) that is anchored at one end to a
fixed support and is subject to an applied body force such as the gravitational force. The geometrical
setup of the CSM tests is depicted in Figure 5.1. The elastic bar of length l = 0.35 and thickness
h = 0.02 is attached to a rigid cylinder with center C = (0.2, 0.2) and radius r = 0.05. The quantity
of interest in all CSM benchmark tests is the displacement (u1, u2) of a reference point (at t = 0)
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A = (0.6, 0.2). All specified parameters are in si units (e.g. the distances are given in meters).

l

h
C

r
B A

Figure 5.1: Elastic bar clamped to a rigid cylinder.

The CSM tests comprise three tests whose parameters are presented in table 5.1.

Parameter Description Unit CSM 1 CSM 2 CSM 3
ρs Density [kg/m3] 1000 1000 1000
νs Poisson’s ratio 0.4 0.4 0.4
µs Lamé constant [kg/(m s2)] 0.5× 106 2× 106 0.5× 106

Es Young’s modulus [kg/(m s2)] 1.4× 106 5.6× 106 1.4× 106

g Gravitational acceleration [m/s2] 2 2 2

Table 5.1: Parameter settings for the CSM tests.

CSM 1 and CSM 2 present steady state cases while CSM 3 is computed as a time dependent case
starting from the undeformed configuration. The numerical treatment of the dynamics involving
CSM 3 case is discussed in Section 5.2.4.1. For the steady state problems CSM 1 and CSM 2 we use
Isogeometric Analysis to solve the elastostatics equation for both St. Venant-Kirchhoff and Neo-
Hookean materials (cf. equations (5.66) and (5.70)). As for a discrete spline-based approximation
space, we use a C0 N 2,2

0,0 NURBS space for the approximation of the displacement function u in all
CSM tests, and for the approximation of the velocity function v in the CSM 3 test.

The discrete nonlinear variational formulation of the problem (5.68) is then simply obtained by
confining the trial and test spaces to their finite dimensional counterparts, that is{

Find uh ∈ T ∩N 2,2
0,0 such that

F(uh;φh) = 0, ∀φh ∈ V ∩N 2,2
0,0 ,

(5.90)

with F : (T ∩N 2,2
0,0 )× (V ∩N 2,2

0,0 )→ R being now

F(uh;φh) :=

∫
ΩX

(λ tr (E(uh))F (uh) + 2µF (uh)E(uh)) : ∇Xφh dΩX

+

∫
ΩX

Jρb · φh dΩX +

∫
ΓN,X

g0 · φh dΓN,X

(5.91)

in the St. Venant-Kirchhoff case, and

F(uh;φh) :=

∫
ΩX

(
µ(F (uh)− F (uh)−T ) + λ log(detF (uh))F (uh)−T

)
: ∇Xφh dΩX

+

∫
ΩX

Jρb · φh dΩX +

∫
ΓN,X

φh · g0 dΓN,X

(5.92)

in the Neo-Hookean case.
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For the solution of the nonlinear problem (5.90), we apply Newton’s method as presented in
(5.78). For discrete trial and test spaces and a fixed uh,k the corresponding respective linear forms
are given by (5.91) and (5.92) and the respective bilinear forms in charge with the assembly of the
Jacobian are the discrete counterparts of (5.81) and (5.84).

Figure 5.2: Displacement of the elastic bar in CSM 1.

Figure 5.3: Displacement of the elastic bar in CSM 2.

Figures 5.2 and 5.3 depict the displacement of the elastic bar for CMS 1 and CSM 2. Moreover,
Tables 5.2, 5.3 and Figures 5.4, 5.5 respectively present in a tabular as well as a visual way the de-
velopment of the CSM 1 and CSM 2 displacement component profiles under mesh refinement. We
provide data for both St. Venant-Kirchhoff and Neo-Hookean materials. Since the reference pro-
vides data for the St. Venant-Kirchhoffmaterial only, we refrain from comparing the Neo-Hookean
data to the reference results. Focusing on the St. Venant-Kirchhoff case only, our results are evi-
dently in excellent agreement with the reference in terms of accuracy.

Level Nel Ndof
St. Venant-Kirchhoff Neo-Hookean

u1 of A [×10−3] u2 of A [×10−3] u1 of A [×10−3] u2 of A [×10−3]

0 18 120 −6.72316 −63.9386 −6.69894 −63.9484
1 72 560 −7.12375 −65.7917 −7.09714 −65.7986
2 288 2304 −7.17519 −66.0386 −7.14828 −66.0453
3 1152 9248 −7.18434 −66.0850 −7.15737 −66.0915
4 4608 36960 −7.18662 −66.0968 −7.15963 −66.1033
5 18432 147680 −7.18739 −66.1008 −7.16040 −66.1073
6 73728 590304 −7.18767 −66.1023 −7.16068 −66.1088

Ref. 5 + 0 22772 435776 −7.18767 −66.1023

Table 5.2: Approximation results for displacement (u1, u2) in CSM 1.

The displacement of the elastic bar for CSM 2 is depicted in Figure 5.3. Analogous to CSM 1,
Table 5.3 and Figure 5.5 provide data for the development of the displacement component profiles
under mesh refinement.
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Figure 5.4: Comparison of the displacement profiles in CSM 1.
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Figure 5.5: Comparison of the displacement profiles in CSM 2.
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Level Nel Ndof
St. Venant-Kirchhoff Neo-Hookean

u1 of A [×10−3] u2 of A [×10−3] u1 of A [×10−3] u2 of A [×10−3]

0 18 120 −0.437858 −16.3971 −0.436168 −16.3973
1 72 560 −0.464688 −16.8908 −0.462887 −16.8909
2 288 2304 −0.468158 −16.9569 −0.466340 −16.9570
3 1152 9248 −0.468775 −16.9692 −0.466955 −16.9694
4 4608 36960 −0.468929 −16.9724 −0.467108 −16.9725
5 18432 147680 −0.468980 −16.9735 −0.467159 −16.9735
6 73728 590304 −0.469000 −16.9739 −0.467178 −16.9740

Ref. 5 + 0 22772 435776 −0.469000 −16.9739

Table 5.3: Approximation results for displacement (u1, u2) in CSM 2.

5.2.4.1 CSM 3

The dynamic nature of the CSM 3 test case requires to solve the elastodynamics equations (5.48).
Since we consider now only the St. Venant-Kirchhoff material, the equations to be solved are the
discrete version of (5.75). After time discretization with the one-step θ-scheme a discrete version
of (5.85), reads

Find uh(X),vh(X) ∈ T ∩N 2,2
0,0 such that ∀(φuh ,φvh) ∈ V ∩N 2,2

0,0 : (5.93a)∫
ΩX

Jρ (vh − vnh) · φuh dΩX

+

∫
ΩX

∆tθ (λ tr (E(uh))F (uh) + 2µF (uh)E(uh)) : ∇Xφuh dΩX

+

∫
ΩX

∆t (1− θ) (λ tr (E(unh))F (unh) + 2µF (unh)E(unh)) : ∇Xφuh dΩX

=

∫
ΩX

∆tθ Jρb(uh) · φuh dΩX +

∫
ΓN,X

∆tθ g0(uh) · φuh dΓN,X

+

∫
ΩX

∆t (1− θ) Jρb(unh) · φuh dΩX +

∫
ΓN,X

∆t (1− θ) g0(unh) · φuh dΓN,X , and∫
ΩX

(uh − unh) · φvh dΩX dt−
∫

ΩX

∆tθ vh · φvh dΩX dt−
∫

ΩX

∆t (1− θ)vnh · φvh dΩX dt = 0,

(5.93b)

where the superscript n denotes the already known field values from the previous time step. For
the solution of the above nonlinear problem, we apply in every time step Newton’s method as
presented in (5.78). For discrete trial and test spaces and a fixed uh,k the bilinear form in charge
with the assembly of the Jacobian is then just the discrete counterpart of (5.87).

Figure 5.6 presents a few snapshots from the solution of the above problem. For θ = 0.5 – leading
to the 2-nd order accurate implicit Crank-Nicolson scheme – and under the absence of damping
terms in the equations of elastodynamics, the elastic bar exhibits undamped oscillations as shown
in Figure 5.7. The profiles shown in this figure are computed for three consecutivemesh refinement
and time step size levels and testify mesh and time converged results. The corresponding numbers
– listed in Table 5.4 – show as in the first two CSM cases very good consensus with the reference.
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Figure 5.6: Displacement of the elastic bar at a few selected time steps in CSM 3.
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Figure 5.7: CSM 3. Top row: Displacement time profiles under h-refinement for ∆t = 0.005.
Bottom row: Displacement time profiles under t-refinement for L = 2.
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Level Ndof ∆t u1(A)[×10−3] [f] u2(A)[×10−3] [f]
0 240 0.02 −13.686± 13.698[1.1100] −61.870± 63.697[1.1100]
1 1120 −14.511± 14.522[1.0940] −63.642± 65.524[1.0940]
2 4608 −14.602± 14.613[1.0920] −63.807± 65.753[1.0920]
3 18496 −14.592± 14.602[1.0920] −63.805± 65.768[1.0920]
4 73920 −14.605± 14.615[1.0920] −63.813± 65.779[1.0920]

0 240 0.01 −13.722± 13.723[1.1120] −61.976± 63.771[1.1110]
1 1120 −14.525± 14.532[1.0960] −63.669± 65.518[1.0960]
2 4608 −14.635± 14.642[1.0940] −63.900± 65.771[1.0930]
3 18496 −14.646± 14.652[1.0940] −63.944± 65.792[1.0940]
4 73920 −14.650± 14.657[1.0930] −63.953± 65.805[1.0930]

0 240 0.005 −13.715± 13.716[1.1118] −61.867± 63.820[1.1118]
1 1120 −14.527± 14.527[1.0963] −63.750± 65.417[1.0958]
2 4608 −14.626± 14.627[1.0943] −64.033± 65.590[1.0938]
3 18496 −14.645± 14.646[1.0938] −64.074± 65.632[1.0933]
4 73920 −14.650± 14.651[1.0938] −64.087± 65.640[1.0933]

HronTurek 4 + 0 98820 0.005 −14.305± 14.305[1.0995] −63.607± 65.160[1.0995]
FEEL++ 68662 0.005 −14.650± 14.651[1.0966] −64.095± 65.640[1.0951]

Table 5.4: Approximation results for displacement (median ± amp [freq]) in CSM 3.

5.3 Fluid-Structure Interaction problem

FSI problems require the coupling of the governing equations of fluids and solids with appropri-
ate interface conditions. As the coupling takes place at the interface between the fluid and solid
domains, FSI problems belong to the set of surface-coupled multiphysics problems.

Numericalmethods for FSI comprisemethodswith fixedmeshes, methodswithmovingmeshes
and – for the sake of completeness – quasi mesh-free methods such as the Material Point Method
[85] and the mesh-free Lattice Boltzmann method [55, 56, 97].

In the category of fixed mesh methods fall the Immersed Boundary Method (IBM) [116–118],
the Fictitious Domain Method (FDM) [7, 67, 68], the Level-Set Method [35, 36, 66], the so-called
Eulerian FSI methods [51, 124, 162], and the deforming composite grids [14, 15, 102]. Fixed mesh
methods – as the name already proposes – share the property to utilize a fixed fluid mesh, yet the
way they implement the presence of the structure is fairly different. By way of example, in the
Immersed Boundary Method, the fluid perceives the solid by means of external forces acting on
it, with the coupling between the fixed background fluid mesh and the immersed (Lagrangian)
solid mesh being realized via (smoothed) Dirac Delta functions. The Fictitious Domain Method,
on the other hand, realizes the coupling between the fluid and solid via Lagrange Multipliers that
for instance either impose the continuity of velocity or the no-slip condition. This approach has
been applied to rigid as well deformable solids with the Lagrange Multipliers being located along
the structure surface. Fixed mesh methods such as e.g. IBM and FDM do not require the fluid and
solid domains to be boundary-fitted with respect to each other and are therefore quite attractive
in problems involving large deformations of the solid boundary. However, the drawback of this
same trait is the loss of accuracy near the interface, rendering the applicability of these approaches
limited when a high accuracy in the computation of the stresses at the interface is important. For
a “reasonable” accuracy in the computation of the hydrodynamic forces acting on the structure,
these methods need to employ adaptive mesh refinement around the fluid-solid interface.
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In the boundary-fitted approach in which the fluid and solid domains are perfectly fitted to
each other, the fluid domain is attached to the solid domain and therefore follows its movement.
The fluid problem is then typically expressed with respect to an ALE coordinate system to account
for the mesh movement. More specifically, the motion of the fluid mesh is steered by means of
an ALE mapping that is calculated based on the current location of the solid (e.g., as a harmonic
extension of the current interface position onto the fluid domain). The explicit representation of
the interface is very appealing when it comes to the imposition of coupling conditions and in the
computation of the stresses at the interface. However, the ALE method faces problems whenever
large deformations or even topological changes of the interface lead to a degeneration of the com-
putational mesh. In the former case an expensive remeshing can take remedial action in order to
maintain mesh quality and solution accuracy. For the FSI simulations done in this work we use
a boundary-fitted approach with an ALE-based formulation of the governing equations of fluid
dynamics.

ALE-based FSImethodsmaybe further subdivided into partitioned andmonolithic approaches.
Roughly summarized, partitioned FSI techniques solve the involved subproblems one at a time. For
instance, as shown in Figure 5.8, theymay startwith first solving the fluid problem in order to obtain
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Figure 5.8: FSI coupling strategies.

updated velocity and pressure fields yielding a new fluid induced interface stress. The updated
interface stress is in turn used as an applied surface force when solving the elasticity equations
for displacement in the solid domain. Eventually, the updated solid displacement field at the fluid-
solid interface is used as aDirichlet boundary conditionwhen solving for themesh (regularization)
equation (introduced later in the text). One speaks of weak coupling when inside a time step
tn → tn+1 this workflow path is taken only once, and of strong coupling when the workflow path is
repeated until the relative displacement increment in the k-th iteration is below a certain stopping
tolerance ε:

‖uk+1 − uk‖
‖u‖k

< ε.

The attractivity of partitioned approaches is basically founded on the fact that well tested pre-
existing solvers for each subproblemmay be connected via a “thin coupling layer” in order to have
an FSI solver. Furthermore, the sequential solving of the subproblems has a smaller resource re-
quirements footprint than monolithic methods. However, partitioned approaches face instabilities
when the mass density of the fluid becomes comparable or greater than the mass density of the
solid body. In those cases the added-mass effect [31, 156] becomes not negligible and leads to an
increased number of subiterations k in order to achieve a desired force balance accuracy at the
interface.
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In the light of the fact that in biomechanical contexts such as in the case of blood flow inside an
artery, it holds ρf/ρs ≈ 1, the deficiencies of the partitioned approach are avoided by an implicit and
monolithic solution approach that takes the full fluid-structure interaction problem as one coupled
unity, without partitioning. When modeling the coupled dynamics of FSI, one is confronted with
the dilemma that the fluid model is naturally based on an Eulerian perspective while it is very nat-
ural to express the solid problem in Lagrangian formulation. The fluid and the solid problems are
essentially momentum conservation equations. When left in their natural frameworks, they cannot
be combined into one conservation equation due to the different underlying frames of reference. In
order to overcome this problem one of the subproblems needs to be rewritten with respect to the
framework of the complementary problem. In this work, we leave the solid equations in their natu-
ral framework and rewrite the fluid equations in a “structure-appropriate” framework. This means
a pull back reformulation of the fluid equations with respect to a fixed reference domain. Since the
common interface between the fluid and solid domains is affected by the motion of the solid, the
fluid domain has no other choice but to follow this motion. This motion, described by a domain
deformation function, and the above addressed reformulation of the fluid problem are all handled
in an Arbitrary Lagrangian-Eulerian (ALE) framework which we will discuss further below in the
text (page 155). Such approaches are generally referred to as “interface tracking” methods.

The monolithic approach we take, uses a fully coupled ALE variational formulation of the FSI
problem (cf. [84]) and applies Galerkin-based Isogeometric Analysis for the discretization of the
partial differential equations involved. This approach – introduced in the sequel – solves the diffi-
culty of a common variational description and facilitates a consistent Galerkin discretization of the
FSI problem.

In this work we deal with the interaction of incompressible newtonian fluid flows and com-
pressible hyperelastic solids. We consider a continuum body that is composed of a fluid partF and
a solid part S. The current domain Ωx of the joint body correspondingly admits the decomposition

Ωx = ΩFx ∪ ΩSx, ∅ = ΩFx ∩ ΩSx,

where ΩFx and ΩSx represent the subdomains occupied by the fluid and solid, respectively.
Besides, we let the boundary Γx = ∂Ωx be composed of the union of the four non-overlapping

partitions
Γx = ΓFN,x ∪ ΓFD,x ∪ ΓSN,x ∪ ΓSD,x,

where ΓFN,x and ΓFD,x denote the Neumann and Dirichlet parts of the fluid domain boundary, re-
spectively. Likewise, ΓSN,x and ΓSD,x represent the Neumann andDirichlet parts of the solid domain
boundary, respectively. Moreover, we let the fluid-solid interface in the current domain be denoted
by ΓIx. This interface is a common boundary part of both problem subdomains in the sense that the
respective subdomains never detach from each other. We refer to Figure 5.9 for a depiction of the
described setup. From the point of view of the fundamental conservation laws to be enforced, FSI
requires in general the enforcement of both the balance of linear momentum and the conservation
of mass in the fluid as well as the solid part of the joint continuum body. In the above order, these
fundamental conservation laws may be expressed in local form as

D(ρv)

Dt
−∇ · σ = ρb,

Dρ

Dt
= 0.

(5.94)

So far, both parts of the continuum body are governed by the same governing equations (5.94).
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Figure 5.9: Depiction of the fluid-structure interaction problem setting.

In fact, they start to branch from this common departure point by the respective stress response
functions. In the fluid subdomain the stress response is viscous, whereas it is elastic in the solid
subdomain. This leads to different constitutive equations in each subdomain and eventually re-
quires to solve the Navier-Stokes equations of incompressible flows in the fluid subdomain and
the elastodynamics equations in the solid subdomain. In the latter case, mass conservation is not
enforced since we consider compressible materials for which mass conservation is automatically
satisfied in the Lagrangian framework.

Since the fluid and solid subdomains are attached to each other, themotion of the solid (together
with its domain) induces a motion of the fluid domain. This makes it necessary to solve the flow
problem in a moving fluid domain ΩFx ⊂ Rd, as described in the sequel:

5.3.1 Flow problem in a moving domain

The Navier-Stokes equations in a moving fluid domain 42ΩFx (t) read:

ρ

(
∂v

∂t

∣∣∣
x

+ (v · ∇)v

)
= ∇ · σ + ρb in ΩFx (t), t ∈ I,

∇ · v = 0 in ΩFx (t), t ∈ I,
p(·, 0) = p̊,v(·, 0) = v̊ in ΩFx (0),

v = vD on ΓFD,x(t), t ∈ I,
σ · n = g on ΓFN,x(t), t ∈ I,

(5.95)

where the constitutive relation for the Cauchy stress tensor in the case of an incompressible new-
tonian fluid is

σ := −pI + µ
(
∇v + (∇v)T

)
. (5.96)

42For the sake of a compact notation, in this section, we may denote the moving fluid domain ΩFx (t) with ΩFx , that is,
ΩFx (t) ≡ ΩFx .
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Angular momentum is automatically conserved43 for incompressible newtonian fluid flows. Based
on this the conservation equations formomentumandmass decouple from the energy conservation
equation. We will not need the temperature or the specific internal energy-density state variables,
hence we omit the energy conservation equation. Thus we only consider the conservation equa-
tions for (linear) momentum and mass (respectively):

For the derivation of the weak formulation of (5.95), we multiply its ingredients with suitable ve-
locity and pressure test functions (φv and φp) and take then the integrals:
Problem 5.3.1 (Incompressible fluid problem in a moving domain). Let vD ∈ H1(ΩFx (t))d be an
extension of the Dirichlet data on ΓFD,x(t) into the domain ΩFx (t) and let Sv := H1

0,ΓFD,x(t)
(ΩFx (t)), and

Sp := L2(ΩFx (t)) . Then the weak formulation of (5.95) requires to find {v, p} ∈ {(Sv + vD)× 44Sp} such
that v|t=0 = v0, and for almost all time steps t ∈ I it holds:

ρ

(
∂v

∂t

∣∣∣
x

+ (v · ∇)v,φv
)

ΩFx (t)

+
(
σF ,∇φv

)
ΩFx (t)

= ρ (bF ,φ
v)ΩFx (t) + (g,φv)ΓFN,x(t) ∀φv ∈ Sv,

(∇ · v, φp)ΩFx (t) = 0 ∀φp ∈ Sp.
(5.97)

By now the fluid and the solid problems – being essentially momentum conservation problems
– are left in their natural frameworks (Lagrangian, Eulerian), and in addition, the fluid domain is
in motion. Considering the fact that one is willing to solve both problems simultaneously, the dis-
crepancy induced by the respective reference frames, poses a problem. Prior to proceeding to shed
light on a possible way to overcome this problem, we want to mention – for the sake of complete-
ness – that there exists a mixed or hybrid version of (5.95) involving a referential time derivative
and (Eulerian) spatial derivatives (cf. equation (2.120)):

ρ

(
∂v

∂t

∣∣∣
χ

+∇v · (v − v̂)

)
= ∇ · σ + ρb in ΩFx (t), t ∈ I,

∇ · v = 0 in ΩFx (t), t ∈ I,
p(·, 0) = p̊,v(·, 0) = v̊ in ΩFx (0),

v = vD on ΓFD,x(t), t ∈ I,
σ · n = g on ΓFN,x(t), t ∈ I.

(5.98)

The weak formulation of (5.98) is presented in Problem 5.3.2 for which we define the following
function spaces on a moving domain Ωx(t):

V ≡ VΩx(t) := {v : Ωx × I → Rd : v ◦ Â = vχ,vχ ∈ [H1(Ωχ)]d},
L ≡ LΩx(t) := {p : Ωx × I → Rd : p ◦ Â = pχ, pχ ∈ [L2(Ωχ)]}.

Above, Â : Ωχ → Ωx(t) denotes an ALE transformation that is explained below.
Problem 5.3.2 (ALE formulation of the incompressible fluid problem in a moving domain). Let
vD ∈ H1(ΩFx (t))d be an extension of the Dirichlet data on ΓFD,x(t) into the domain ΩFx (t). Then the weak

43It can be shown that the angular momentum conservation follows from linear momentum conservation (expressed
by the Euler/Navier-Stokes equations) combined with the symmetry of the stress tensor.

44In the case of purely Dirichlet boundary conditions, the pressure is defined only up to a constant. Therefore its value
must be prescribed at a given point of the domain. In such a case the pressure space is to be normalized: LΩ := L2(Ω)/R.
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formulation of (5.98) requires to find {v, p} ∈ {(VF + vD)×LF} such that v|t=0 = v0, and for almost all
time steps t ∈ I it holds:

ρ

(
∂v

∂t

∣∣∣
χ

+∇v · (v − v̂),φv
)

ΩFx (t)

+
(
σF ,∇φv

)
ΩFx (t)

= ρ (bF ,φ
v)ΩFx (t) + (g,φv)ΓFN,x(t) ∀φv ∈ V ,

(∇ · v, φp)ΩFx (t) = 0 ∀φp ∈ L.
(5.99)

The two problem formulations introduced above hide the transformations encoded in the de-
formation tensor F̂ and its determinant Ĵ . Yet they are required since the terms are integrated in
the moving domain ΩFx (t) whose motion/deformation depends on F̂ and Ĵ . These formulations
are convenient for stability and error estimates but are not very practicable from an implementation
point of view.

One way to address the above described discrepancy issue, is to rewrite the fluid problem in
a “structure-appropriate” framework. Bearing in mind that the solid deformation problem is ex-
pressed with respect to an initial/undeformed reference domain, it is very appealing to have the
fluid equations expressed with respect to such a fixed reference domain as well. One of the benefits
of this approach is that one always works on the well known initial domain coming along with a
clean and a priori known delineation of the fluid-solid interface including the orientation of the
interface normals. The nature of the given problem proposes the usage of the ALE framework in
which we rewrite the fluid equations with respect to an arbitrary reference frame which then may
be mapped to the Eulerian frame of reference with a bijective map

Â(χ, t) : Ω
F
χ × I −→ Ω

F
x × I

(χ, t) 7−→ Â(χ, t) = (x, t),
(5.100)

also-called the ALE map (cf. the referential to Eulerian map given by (2.72)). This arbitrary
reference domain is typically the initial (undeformed) computational domain, that is, it holds
Ω
F
χ = Ω

F
X = Ω

F
x (0). The motion of the domain is then given by the invertible ALE map from a

fixed reference domain ΩFχ ⊂ Rd.
For the time being, the mapping (5.100) is assumed to be part of the problem data, such that

properties such as regularity and invertibility can be prescribed. However, as shown later in the text,
the computation of the above mapping will be a part of the unknown solution of the FSI problem.
The temporal derivative of the abovemapping yields a velocitywhichwe denote as domain ormesh
velocity v̂, cf. equation (2.75). This velocity is not to be confused with the flow velocity v and in
general it holds: ∂tÂ(χ) = v̂ 6= v.

The solid deformation equations are already defined in a Lagrangian sense, that is, with respect
to a fixed reference domain ΩSX . Note that according to (2.66), the choice ϕ̃−1 = I renders the
Lagrangian and referential coordinates identical, that is,X ≡ χ (See Figure 2.3).

Under the premise that the mapping Â is a C1-diffeomorphism, the Navier-Stokes equations
may be transformed onto the referential domain ΩFχ . Thanks to the derivations of the mass and
momentum conservation equations with respect to the ALE frame of reference in section 2.6.2, all
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ingredients are already at hand. It holds:

ρ

(
∂v

∂t

∣∣∣
x

+ (v · ∇)v,φv
)

ΩFx

=

(
Ĵρ

(
∂v

∂t

∣∣∣
χ

+∇χv
(
F̂
−1

(v − ∂tÂ)
))

,φv
)

ΩFχ

, (5.101a)

(σ,∇φv)ΩFx
=
(
ĴσF̂

−T
,∇χφv

)
ΩFχ

, (5.101b)

(∇ · v, φp)ΩFx
=
(
∇χ ·

(
ĴF̂
−1
v
)
, φp
)

ΩFχ
, (5.101c)

(ρb,φv)ΩFx
=
(
Ĵρb,φv

)
ΩFχ

. (5.101d)

Note that the right hand sides of (5.101a) and (5.101b) follow from the non-conservative (advec-
tive) form of the linear momentum conservation equation in the referential domain Ωχ, as pre-
sented in (2.116). Moreover, transforming the velocity gradients in the Cauchy stress tensor (5.96)
from the current domain to the referential domain with the “referential-current” equivalent of
(2.48), the right hand side of (5.101b) may be further expanded to

ĴσF̂
−T

:=Ĵ
(
−pI + µ

(
∇v + (∇v)T

))
F̂
−T

=Ĵ
(
−pI + µ

(
∇χvF̂

−1
+ F̂

−T
(∇χv)T

))
F̂
−T (5.102)

The right hand side of (5.101c) is obtained from the non-conservative (advective) form of the mass
conservation equation in the referential domain, as presented in (2.105). Note that all terms involv-
ing a derivative of the density ρ have vanished due to the incompressibility constraint. Eventually
the right hand side of (5.101d) is simply a consequence of the Transformationssatz (2.41).

In (5.101) and (5.102) we rewrote the ingredients of the Navier-Stokes equations with respect to
the ALE frame. These expressions are now used to pose the ALE formulation of the incompressible
Navier-Stokes equations in the fixed referential domain ΩFχ :

Ĵρ

(
∂v

∂t

∣∣∣
χ

+∇χv
(
F̂
−1

(v − ∂tÂ)
))

−∇χ ·
(
Ĵ
(
−pI + µ

(
∇χvF̂

−1
+ F̂

−T
(∇χv)T

))
F̂
−T)

= Ĵρb in ΩFχ × (0, T ),

∇χ ·
(
ĴF̂
−1
v
)

= 0 in ΩFχ × [0, T ),

p(·, 0) = p̊,v(·, 0) = v̊ in ΩFχ ,

v = vD on ΓFD,χ × (0, T ),(
ĴσF̂

−T)
n0 = g0 on ΓFN,χ × (0, T ),

(5.103)

Since we have chosen to set the arbitrary referential domain to the initial (undeformed) domain (
Ω
F
χ = Ω

F
X ) , in (5.103) we refer with g0 to the density of the applied surface forces per unit area

in the referential configuration, and let n0 denote the outward unit normal vector in the referential
configuration. The above formulation introduces additional geometric nonlinearities expressed in
terms of the deformation gradient F̂ and its determinant Ĵ . Both are functions of the displacement
u which is an unknown in the FSI problem. We proceed with the presentation of the variational
form of (5.103) in Problem 5.3.3 for which it is necessary to introduce the following function spaces
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on a fixed referential domain Ωχ:

Vχ ≡ VΩχ := {v ∈H1(Ωχ) = [H1(Ωχ)]d |v = vD on ∂ΩD,χ},
V0,χ ≡ V0,Ωχ := H1

0(Ωχ, ∂ΩD,χ) = {v ∈H1(Ωχ) |v = 0 on ∂ΩD,χ},
Lχ ≡ LΩχ := L2(Ωχ)/R.

(5.104)

Problem 5.3.3 (ALE formulation of the incompressible fluid problem in a fixed domain). Let
vD ∈ H1(ΩFχ )d be an extension of the Dirichlet data onΓFD,χ into the domainΩFχ . Then the weak formulation
of (5.103) requires to find {v, p} ∈ {VΩFχ

×LΩFχ
} such that v|t=0 = v0, and for almost all time steps t ∈ I

it holds: (
Ĵρ

(
∂v

∂t

∣∣∣
χ

+∇χv
(
F̂
−1

(v − ∂tÂ)
))

,φv
)

ΩFχ

+
(
Ĵ
(
−pI + µ

(
∇χvF̂

−1
+ F̂

−T
(∇χv)T

))
F̂
−T
,∇φv

)
ΩFχ

−
(
Ĵρb,φv

)
ΩFχ
− (g0,φ

v)ΓFN,χ
= 0 ∀φv ∈ V0,ΩFχ

,(
∇χ ·

(
ĴF̂
−1
v
)
, φp
)

ΩFχ
= 0 ∀φp ∈ LΩFχ

.

(5.105)

With (5.97) and (5.105) we have presented two different variational formulations of the Navier-
Stokes equations in Eulerian and ALE coordinates. The following statements on the equivalence
of these representations are based on [123] and the references cited therein. The equivalence of
the Eulerian and the ALE formulation of the Navier-Stokes equations strictly depends on the reg-
ularity of the mapping Â. The equivalence does not any longer hold if this mapping looses its
regularity. However, if {v(t), p(t)} ∈ {(V + vD)× L} is a unique solution of the Eulerian formula-
tion of the Navier-Stokes equations, then for suitable mappings Â, the ALE formulation will have
a corresponding unique solution {vχ, pχ} ∈ {VΩFχ

× LΩFχ
} and it holds

c(Â(t))−1

{
‖∇v(t)‖V

ΩFx (t)
+ ‖p(t)‖L

ΩFx (t)

}
≤ ‖∇χvχ‖V

ΩFχ
+ ‖pχ‖L

ΩFχ
≤

c(Â(t))

{
‖∇v(t)‖V

ΩFx (t)
+ ‖p(t)‖L

ΩFx (t)

}
.

(5.106)

The constant c(Â(t)) is deformation dependent andmay go to infinity, c(Â(t))→∞, if themapping
Â looses its regularity.

5.3.2 FSI coupling conditions

We recall that the computational domain is subdivided into a fluid and solid part which share a
commonmoving interface boundary ΓIx(t). Since each problem is solved in its own subdomain, the
only way of interaction is through exchange of information over the common boundary, justifying
the name “surface coupled multiphysics problem”. The fluid and solid problem are coupled at the
common interface through the following interface boundary conditions:

• Geometric coupling condition: The fluid, and solid domains need to always match at the inter-
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face, neither holes nor overlappings are allowed at the interface. The moving fluid domain
follows the motion of the interface, it holds45

ûF = uS on ΓIχ. (5.107)

The solid displacement field uS has a physical meaning in the sense that it is linked to the
solid material particle velocity vS via the relation uS = vS∆t. However, in the interior of
the fluid domain the fluid displacement degree of freedom uF is deliberately linked to the
displacement of a “virtual fluidmesh particle” ûF and not to the displacement of a fluidmate-
rial particle, and in general the following relation does not hold: ûF 6= vF∆t. The fluid mesh
displacement is typically computed under the constraint of minimizing mesh distortions and
has therefore no physical connection to the fluid material particle velocity. We will discuss
this in more detail in Section 5.3.3.

• Continuity of velocity condition: The velocity must be continuous on the interface. This condi-
tion is a simple extension of the no-slip boundary condition for viscous fluids which says that
at a solid boundary, the fluid will have zero velocity relative to the boundary. Therefore the
fluid velocity at all fluid-solid boundaries is equal to that of the solid boundary:

vF = v̂F = vS on ΓIχ. (5.108)

Under the prerequisite of sufficient regularity of the solid velocity, the continuity of velocity
conditionmay be seen as a Dirichlet-like boundary condition prescribed to the fluid problem.

• Continuity of normal stresses condition: The normal stresses of fluid and solid are continuous on
the interface. This condition reflects Newton’s third law of action and reaction, and requires
the normal stresses, that is, the (normal to the interface) forces per area acting on the interface
to be in equilibrium:

σF · nFx = −σS · nSx on ΓIx(t). (5.109)
Above,nFx andnSx represent the normal vectors at the fluid and solid domain boundaries and
it holds nFx = −nSx. Rewriting (5.109) with respect to the referential domain, yields

ĴσF F̂
−T
nF0 + ĴσSF̂

−T
nS0

=ĴσF F̂
−T
nF0 + P̂

S
nS0

=ĴσF F̂
−T
nF0 + F̂ Ŝ

S
nS0

=0 on ΓIχ,

(5.110)

where P̂ and Ŝ represent the first and second Piola-Kirchhoff stresses, respectively (cf. equa-
tions (2.35) and (2.40)). This condition corresponds to a Neumann-like boundary condition
prescribed to the solid problem.

5.3.3 Construction of the ALE map

As a consequence of the geometric coupling condition presented in Section 5.3.2, the fluid and solid
domains remain attached to each other at their joint interface. Since the solid responses to applied
forces with corresponding deformations affecting its domain, by the principle of causality the fluid

45To differentiate the fluid and solid values we have added a respective F or S upper suffix.
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domain (attached to the solid domain) follows the solid domain motion. The fluid and solid prob-
lems are naturally formulated with respect to the Eulerian and Lagrangian frameworks. In the
course of coupling both problems a discrepancy arises which is caused by mismatch in the fluid
and solid coordinate systems. In order to address this discrepancy, we decided to rewrite the fluid
problem in a “structure-appropriate” framework to facilitate a coupled formulation. To this endwe
switched to an ALE formulation of the fluid problemwhere the governing equations are expressed
with respect to a referential domain. A straight forward choice for this referential domain is the
initial (undeformed) fluid domain, i.e., ΩFχ = ΩFx (0), while other choices are also admissible. The
ALE formulation of the Navier-Stokes equations requires suitable (smooth enough and bijective)
(ALE-)maps which allow a mapping between referential coordinates χ and Eulerian coordinates
x, cf. (5.100). Themotion of the fluid-solid interface induced by the solid domainmotion causes on
the one hand distortions in the fluid mesh cells and may on the other hand push (interface) mesh
nodes even inside mesh cells further away from the interface, leading to overlapping mesh cells.
Since the former mentioned may lead to massively squeezed or stretched mesh cells and the latter
mentioned even destroys the one-to-one relation required in the ALE-map, the fluid mesh needs to
be “treated” so as to prevent these issues. To be more specific, it is necessary to find a fluid mesh
node displacement field ûF that lets the fluid mesh nodes follow the solid domain deformation
such that the fluid mesh motion can be described in terms of a suitable ALE-map and the element
distortion is kept at bay. We can construct the mapping by

Â(χ, t) := χ+ ûF (χ, t), (5.111)

where it has been assumed that the motion of the fluid domain boundary ∂ΩFx (t) is known. In
general the displacement field ûF is obtained as the solution of an auxiliary partial differential
equation which takes the prescribed fluid domain boundary values as Dirichlet data.

We proceed with the presentation and discussion of three meshmotion models, each providing
a distinct mesh node displacement field ûF for the construction of the ALE-map as described in
(5.111). The regularity of ûF turns out to be a very significant aspect, for the regularity of the ALE-
mapping Â directly depends on it. Recalling at this point the high regularity requirements for the
equivalence between the Eulerian, and ALE formulations of the Navier-Stokes equations, the mesh
motion models are basically assessed by their ability to produce suitable mappings with as high as
possible regularities.

Harmonic mesh motion model

The simplest meshmotionmodel is based on the harmonic extension of the solid displacement into
the fluid domain and is obtained from the solution of the following partial differential equation

−∇χ · (σmesh) = 0 in ΩFχ ,

uF = uS on ΓIχ,

uF = 0 on ∂ΩFχ \ ΓIχ,

(5.112)

with
σmesh = D∇χu. (5.113)

Above, D(χ) : ΩFχ → R+ denotes a mesh node diffusion function which needs to be constructed
with the objective of counteractingmesh cell distortions (e.g. squeezed cells). As (5.112) combined
with (5.113) forms nothing but the Laplace equation, the solutionu is a harmonic function ofwhom
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we know [132] that its value at an arbitrary domain point coincides with its average value in a
neighborhood of that point. Therefore, the smoothing action of the Laplace operator – amplified
by the conductivity parameterD – in a sense counteracts an uneven distribution of mesh cell nodes
which is for example given in the case of a highly squeezed cell.

Since the degree of mesh cell distortions is significantly higher in the vicinity of the fluid-solid
interface, the function D(χ) may for example be designed to exponentially decay with increasing
distance to the interface. An alternative strategy (see [139, 145]), is to model the mesh node diffu-
sion function as

D(χ) = αuĴ
−1, (5.114)

where αu ≥ 0 is a tweakable parameter. For cells subject to squeezing (typically happening in
the vicinity of the interface) it holds Ĵ → 0. Therefore using (5.114) the diffusion coefficient is
correspondingly amplified in those mesh locations.

At this point we reflect the regularity statements presented in [123]. Inside the fluid domain
qualitative regularity is given by the smoothing property of the Laplace operator. However, at the
fluid-solid interface the regularity of the solid displacement field uS limits the regularity of the
fluid displacement field uF . The regularity of the fluid displacement field may be further limited
by the shape of the fluid domain boundary. uF ∈H2(ΩX) is the highest regularity one may expect
in convex domains, and in concave domains even this regularity is lost.

Linear elastic mesh motion model

The ALE map may alternatively be constructed by means of a pseudo-elasticity problem. To this
end one may solve the equations of linearized elasticity

−∇χ · (σmesh) = 0 in ΩFχ ,

uF = uS on ΓIχ,

uF = 0 on ∂ΩFχ \ ΓIχ,

(5.115)

with
σmesh = 2αµε+ αλ tr (ε) I. (5.116)

For the derivation of the partial differential equation (5.115), we refer to equations (5.55) and (5.56).
Motivated by the arguments that the largest deformations take place in the vicinity of the interface
and stiffer cells are harder to deform, themesh Lamé parameters αµ := αµ(χ) and αλ := αλ(χ)may
be chosen so as to render cells in the vicinity of the fluid-solid interface stiffer than those further
away from it.

Biharmonic mesh motion model

Yet another alternative for the construction of the ALE map is the biharmonic mesh motion model
which can be used when the deformation should be as “smooth” as possible. It requires to solve
the biharmonic equation

∇4
χu = ∇2

χ∇2
χu = ∆2

χu = 0 in ΩFχ ,

uF = uS , ∂nu
F = ∂nu

S on ΓIχ,

uF = 0, ∂nu
F = 0 on ∂ΩFχ \ ΓIχ.

(5.117)
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The biharmonic equation is a fourth-order partial differential equation which requires C1 finite
elements. Using Isogeometric Analysis, it is easy to setup a (single patch) discrete approximation
space with corresponding regularity requirements. The alternative is to reformulate the fourth
order equation in terms of two second order equations

∆χη = 0 and η = ∆χu, (5.118)

such that function spaces with lower regularity requirements can be used. Either way, the compu-
tational effort to solve the biharmonic equation is quite large. The formulation presented in (5.117)
requires the computation of high order derivatives which renders it computationally expensive.
The mixed formulation (5.118) comes at the cost of an extra unknown which adds to the global
complexity of the system to be solved.

5.3.4 Interface regularity, and existence and uniqueness theory for FSI

In this section we will briefly review the theoretical results published in the literature on aspects of
interface regularity as well as on existence and uniqueness theory for FSI.

Our discussion on interface regularity – presented in the sequel – draws on the results and
arguments that are published in [109, 123, 160]. We start the discussionwith the following thought:
Since the solid velocity vS can be considered to be a Dirichlet condition for the fluid velocity (Continuity of
velocity condition), can we expect it to have enough regularity so as to satisfy the fluid problem?

We consider the velocity field46

vF ∈ L2(I;H1(ΩFχ )) (5.119)

of a solution of the Navier-Stokes equations with right hand side

fF ∈ L2(I;H−1(ΩFχ )) (5.120)

solved with initial data vF (0) = vF ,0 ∈ L2(ΩFχ ) in a fixed domain. This velocity field has traces

vF
∣∣∣
ΓFχ
∈H1/2(ΓFχ ). (5.121)

Then it follows from the continuity of velocity condition (5.108) that the solid velocity field needs to
have traces inH1/2(ΓSχ) as well,

vF
∣∣∣
ΓIχ

= vS
∣∣∣
ΓIχ

=⇒ vS
∣∣∣
ΓSχ

= dtu
S
∣∣∣
ΓSχ
∈H1/2(ΓSχ) (5.122)

which is given for the solid velocity field

vS = dtu
S ∈H1(ΩSχ). (5.123)

We refer at this point to recent results provided by Mitrea and Monniaux [109] concerning the
regularity of the non-stationary Navier-Lamé problem

ρ
∂2uS

∂t2
−∇ · σ = ρb, uS(0) = uS,0, ∂tu

S(0) = vS,0 (5.124)
46For time-dependent functions in Bochner spaces we refer to [163].
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with homogeneous Dirichlet data. The authors in principle show that for a sufficiently regular
domain boundary (Lipschitz continuous), the solution of the non-stationaryNavier-Lamé problem
with zero initial, and Dirichlet data satisfies

uS ∈H1(I;L2(ΩS)) (5.125)

for every right hand side f ∈ L2(I,L2(ΩS)) [123]. Then it follows from (5.125) that

vS = ∂tu
S ∈ L2(I;L2(ΩS)) (5.126)

and this is not sufficient to define a H1/2-trace on the fluid-solid interface. In general, one can un-
fortunately only expect (the insufficient regularity) uS ∈ H1(ΩS) and vS ∈ L2(ΩS) [109, 132].
This lack of regularity poses an issue when it comes to the imposition of the continuity of velocity
condition (5.108). In fact, using standard fluid and solid equations, the solid velocity does not pro-
vide enough regularity on the interface to be coupled with the fluid equations. We present two
approaches to overcome this lack of regularity. The first approach simply adds some (smooth-
ing/stabilizing) diffusion terms acting on the velocity variable to the solid equations. Considering
a formulation in terms of displacement and velocity, it is enough to replace

vS = dtu
S , (5.127)

with
vS − αS∆vS = dtu

S , (5.128)
in order to obtain sufficient regularity. The consistency errormade above can be controlledwith the
parameter αS and as shown in [61], for a small enough αS the overall accuracy is not deteriorated.

The second and alternative approach is to add damping terms to (linear) “solid” equations.
This approach draws on the results provided by Gazzola and Squassina [64] where the authors
study the behavior of local solutions of the (hyperbolic) wave equation47 with (possibly strong)
linear damping 

utt −∆u− ω∆ut + µut = f in [0, T ]× Ω,

u(0, x) = u0(x) in Ω,

ut(0, x) = u1(x) in Ω,

u(t, x) = 0 on [0, T ]× ∂Ω.

(5.129)

Above, the right hand side function f is sufficient regular, Ω is an open and bounded Lipschitz
subset of Rn(n ≥ 1), T > 0, u0 ∈ H1

0(Ω), u1 ∈ L2(Ω), ω ≥ 0, µ > −ωλ1, and λ1 is the first eigenvalue
of the operator−∆ under homogeneous Dirichlet boundary conditions. The authors show that this
problem has a unique solution satisfying

u ∈ C0
(
[0, T ],H1

0(Ω)
)
∩ C1

(
[0, T ],L2(Ω)

)
∩ C2

(
[0, T ],H−1(Ω)

)
, (5.130)

with
v = ut ∈ L2

(
[0, T ],H1

0(Ω)
) (5.131)

whenever ω > 0. Due to the high regularity provided by the linear strong damping, we can assume
v ∈ H1/2(∂Ω) such that the continuity of velocity condition (5.108) holds truewhen the linear equation
(5.129) is used as the governing equation for the solid problem.

47The presentation form used in (5.129) deliberately follows that of Gazzola and Squassina, but the main result pre-
sented in (5.131) can be perfectly used in the course of our FSI interface regularity discussion.
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In the spirit of the above approach, however without theoretical assertions on the solution reg-
ularity, one may come up with the idea to add damping terms to the equations of elastodynamics
(5.48). Doing so (cf. [160]), we obtain:

Jρ
∂vS

∂t
−∇X · P + γw

∂uS

∂t
− γs∂t∇X · ε(uS) = Jρb in ΩX × I,

∂uS

∂t
− vS = 0 in ΩX × I,

uS(·, 0) = ů,vS(·, 0) = v̊ in ΩX ,

uS = uSD on ΓD,X × I,
P n0 = g0 on ΓN,X × I.

(5.132)

Above, the terms containing the parameters γw and γs denote the weak, and (linear) strong damp-
ing terms, respectively and ε(w) := 1

2

(
∇w + (∇w)T

). Under the premise that spatial and temporal
differentiation can be exchanged, it holds

− γs∂t∇X · ε(uS) = −γs∇X · ε(∂tuS) = −γs∇X · ε(vS) (5.133)

and the first equation in (5.132) can be replaced with

Jρ
∂vS

∂t
−∇X · P + γwv

S − γs∇X · ε(vS) = Jρb. (5.134)

We proceed with a concise literature review of existence and uniqueness theory for FSI. Given
the fact thatwe still lack a fully developed theory providing general results on existence andunique-
ness of solutions of the incompressible Navier-Stokes equations in two and three dimensions, the
question emerges how we can expect such a general theory to exist for the significantly more com-
plicated FSI problem in the first place. The coupled FSI problem is afflicted by additional problems,
one of them being the motion of the fluid and solid domains that is steered be the problem solution
(displacementu) itself. Since the solid displacementuS affects the deformation of the solid domain
including the fluid-solid interface, low regularity of uS implies low regularity of both subdomains
which then in turn may limit the regularities of the two subproblem solution functions. Another
complicating factor is the coupling of partial differential equations of potentially different types.
Therefore, it comes as no surprise that theoretical results on coupled fluid-solid interaction are not
abundant.

For the case of steady state FSI problems, we refer to the results published by Grandmont [69],
where the author uses a St. Venant Kirchhoff model for the elastic structure and sets the equations
of viscous fluid motion in an unknown domain depending on the structure displacement. The
equations for the fluid and solid problems in steady state configuration are governed by elliptic
operators. The author shows the existence of a solution to this problem for small enough applied
exterior forces. However, apart from small right hand side and boundary data, uniqueness cannot
be assured by the argument that have been used to show existence [160]. Various other articles
prove existence (and uniqueness) for certain special configurations.

In the case of transient FSI problems, the equations governing the fluid problem are of parabolic
character, whereas the solid problem is governed by equations of hyperbolic type. The different
behaviors of the involved equations lead to a lack of regularity at the fluid-solid interface which
we have addressed above. A linearized and therefore greatly simplified FSI problem is given by
the combination of the (linear) incompressible Stokes flow equations being of parabolic type and
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the hyperbolic (linear) Navier-Lamé equations on fixed fluid and solid domains. For results on
existence and regularity of solutions of this coupled problem we refer to [9–12, 48, 49]. Coutand
and Shkoller investigated the motion of an elastic solid inside an incompressible elastic fluid and
proved existence and uniqueness of such motions, when the elastic solid is the linear Kirchhoff
elastic material. Coupling the time-dependent Navier-Stokes equations set in Lagrangian variables
and the linear equations of elastodynamics, they proved the existence of a unique weak solution
for which they also provided corresponding regularity statements [39]. The same authors proved
in [40] the existence and uniqueness (locally in time) of strong solutions in Sobolev spaces for
quasilinear elastodynamics coupled to the incompressible Navier-Stokes equations. However they
impose very high regularity requirements on the initial data aswell as on the computational domain
and the fluid-solid interface.

5.3.5 Coupled ALE formulation

Combining the results obtained so far, the strong form of the monolithic FSI problem in ALE for-
mulation using the harmonic mesh motion model, reads:

ĴρF
(
∂vF

∂t

∣∣∣
χ

+∇χvF
(
F̂
−1

(vF − ∂tÂ)
))

−∇χ ·
(
Ĵ
(
−pFI + µF

(
∇χvF F̂

−1
+ F̂

−T
(∇χvF )T

))
F̂
−T)

= ĴρFbF in ΩFχ × (0, T ),

∇χ ·
(
ĴF̂
−1
vF
)

= 0 in ΩFχ × [0, T ),

pF (·, 0) = p̊F ,uF (·, 0) = ůF ,vF (·, 0) = v̊F in ΩFχ ,

uF = uFD,v
F = vFD on ΓFD,χ × (0, T ),(

ĴσF F̂
−T)

nF0 = gF0 on ΓFN,χ × (0, T ).

ĴρS
∂vS

∂t

∣∣∣
χ
−∇χ · P̂

S
= ĴρSbS in ΩSχ × (0, T ),

∂uS

∂t
− vS = 0 in ΩSχ × (0, T ),

uS(·, 0) = ůS ,vS(·, 0) = v̊S in ΩSχ,

uS = uSD,v
S = vSD on ΓSD,χ × (0, T ),

P̂
S
nS0 = gS0 on ΓSN,χ × (0, T ).

∇χ ·
(
αuĴ

−1∇χuF
)

= 0 in ΩFχ × (0, T ),

uF = uS ,vF = vS , on ΓIχ × (0, T ).
(5.135)

Above, the first Piola-Kirchhoff stress tensor of the solid may be chosen with respect to different
materials, such as e.g. the St. Venant-Kirchhoff

P̂
S

:= λ tr
(
Ê
)
F̂ + 2µF̂ Ê, (5.136)

or the Neo-Hookean material

P̂
S

:= µ(F̂ − F̂−T ) + λ log(det F̂ )F̂
−T
. (5.137)
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Moreover, it is easily possible to modify (5.135) so as to work with an alternative mesh motion
model. For the variational formulation of (5.135) it is necessary to define a set of trial and test
spaces in the fluid and solid domains which is presented in the sequel.

With regard to the spaces in the (fixed referential) domain, we

• let the displacement trial and test spaces in the fluid domain be defined as

T u,F := {uF ∈H1(ΩFχ ) |uF = uS on ΓIχ,u
F = uFD on ΓFD,χ},

Wu,F := {φu,F ∈H1
0(ΩFχ ; ΓFD,χ) |φu,F = φu,S on ΓIχ},

(5.138)

• let the velocity trial and test spaces in the fluid domain be defined as

T v,F := {vF ∈H1(ΩFχ ) |vF = vS on ΓIχ,v
F = vFD on ΓFD,χ},

Wv,F := {φv,F ∈H1
0(ΩFχ ; ΓFD,χ) |φv,F = φv,S on ΓIχ},

(5.139)

• and let the pressure trial and test spaces in the fluid domain be defined as

LF := L2(ΩFχ )/R. (5.140)

It remains to specify the trial and test spaces in the solid domain. We let

• the displacement trial and test space in the solid domain be defined as

T u,S := {uS ∈H1(ΩSχ) |uS = uSD on ΓSD,χ},
Wu,S := H1

0(ΩSχ; ΓSD,χ),
(5.141)

• the velocity trial and test space in the solid domain be defined as

T v,S := {vS ∈H1(ΩSχ) |vS = vSD on ΓSD,χ},
Wv,S := H1

0(ΩSχ; ΓSD,χ),
(5.142)

• and let the pressure trial and test spaces in the solid domain be defined as

LS := L2(ΩSχ)/R. (5.143)

Problem 5.3.4 (Variational formulation of the FSI problem in ALE coordinates with harmonic
mesh motion). Let T := {T v,F × T v,S × T u,F × T u,S × LF × LS} and W := {Wv,F × Vv,S ×
Wu,F×Vu,S×LF×LS}. FindU = {vF ,vS ,uF ,uS , pF , pS} ∈ T ×I, such thatuF (0) = ůF ,vF (0) =
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v̊F ,uS(0) = ůS and vS(0) = v̊S are satisfied, and it holds:∫ T

0

∫
ΩFχ

ĴρF
(
∂vF

∂t

∣∣∣
χ

+∇χvF
(
F̂
−1

(vF − ∂tÂ)
))
· φv,F dΩFχ dt

+

∫ T

0

∫
ΩFχ

Ĵ
(
−pFI + µF

(
∇χvF F̂

−1
+ F̂

−T
(∇χvF )T

))
F̂
−T

: ∇χφv,F dΩFχ dt

−
∫ T

0

∫
ΩFχ

ĴρFfF · φv,F dΩFχ dt−
∫ T

0

∫
ΓFN,χ

gF0 · φv,F dΓFN,χ dt = 0 ∀φv,F ∈Wv,F ,∫ T

0

∫
ΩFχ

∇χ ·
(
ĴF̂
−1
vF
)
· φp,F dΩFχ dt = 0 ∀φp,F ∈ LF ,∫ T

0

∫
ΩSχ

ĴρS
∂vS

∂t

∣∣∣
χ
· φv,S dΩSχ dt+

∫ T

0

∫
ΩSχ

P̂
S

: ∇χφv,S dΩSχ dt

−
∫ T

0

∫
ΩSχ

ĴρSbS · φv,S dΩSχ dt−
∫ T

0

∫
ΓSN,χ

gS0 · φv,S dΓSN,χ dt = 0 ∀φv,S ∈Wv,S ,∫ T

0

∫
ΩSχ

(
∂uS

∂t

∣∣∣
χ
− vS

)
· φu,S dΩSχ dt = 0 ∀φu,S ∈Wu,S ,∫ T

0

∫
ΩSχ

pS · φp,S dΩSχ dt = 0 ∀φp,S ∈ LS ,∫ T

0

∫
ΩFχ

αuĴ
−1∇χuF : ∇χφu dΩFχ dt = 0 ∀φu,F ∈Wu,F .

(5.144)

In terms of a variational formulation, the continuity of normal stresses condition

ĴσF F̂
−T
nF0 + ĴσSF̂

−T
nS0 = 0 on ΓIχ, (5.145)

may in principle be presented in the form of a jump of the first Piola-Kirchhoff normal stress of both
systems, that is (

ĴσF F̂
−T
nF0 ,φ

v,F
)

ΓIχ
+
(
ĴσSF̂

−T
nS0 ,φ

v,S
)

ΓIχ
. (5.146)

However, by omitting the above boundary integral jump, the (weak) continuity of the normal stress
becomes an implicit condition of the combined variational formulation (6.16) [52].
Remark 5.3.1. Trying to explicitly enforce (5.146) turned up to be problematic in our tests. Since we use
a monolithic method with matching test functions along the fluid-solid interface, the continuity of normal
stresses condition is satisfied in a weak sense automatically. Trying to explicitly enforce this condition could
arguably be interpreted as the attempt to impose too many conditions on the interface.

5.3.5.1 Discretization and treatment of nonlinearity

The solution of the monolithically coupled highly nonlinear FSI problem (6.16) requires a dis-
cretization in space and time. For the temporal discretization we use finite differences and present
two quasi-stationary counterparts of (6.16) obtainedwith the one-step θ-scheme and fractional-step
θ-scheme. We apply Galerkin-based Isogeometric Analysis for the spatial discretization. The sys-
tem at hand after the spatial and temporal discretization is still highly nonlinear. For the treatment
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of the nonlinearity of the discretized monolithically coupled FSI system, we will apply Newton’s
method. In this regard, we will present in the spirit of the examples presented in [52, 57, 122, 124,
160, 161] how the corresponding Jacobian matrix can be derived analytically.

We start with the aspect of temporal discretization for which we partition the time interval I =
[0, T ] into subintervals In = [tn−1, tn] of time step size δt := tn − tn−1 with 0 = t0 < . . . < tN = T .
Moreover, with Φ = {φv,F ,φv,S ,φu,F ,φu,S , φp,F , φp,S}, we let (6.16) be represented in an abstract
form as ∫ T

0
A(U ; Φ) dt =

∫ T

0
F (Φ) dt ∀Φ ∈W ,

where the linear form F (Φ) is defined as

F (Φ) :=
(
ĴρFbF ,φv

)
ΩFχ

+
(
ĴρSbS ,φv

)
ΩSχ
, (5.147)

and the semilinear form A(U ; Φ) is defined with the following partition

A(U ; Φ) := AI(U ; Φ) +AII(U ; Φ) +AIII(U ; Φ) +AIV(U ; Φ), (5.148)

where

AI(U ; Φ) =

(
ĴρF

∂vF

∂t

∣∣∣
χ
,φv,F

)
ΩFχ

−
(
ĴρF∇χvF F̂

−1
v̂F ,φv,F

)
ΩFχ

+

(
ĴρS

∂vS

∂t

∣∣∣
χ
,φv,S

)
ΩSχ

+

(
ρS

∂uS

∂t

∣∣∣
χ
,φu,S

)
ΩSχ

AII(U ; Φ) =
(
αuĴ

−1∇χuF ,∇χφu,F
)

ΩFχ
+
(
∇χ ·

(
ĴF̂
−1
vF
)
, φp,F

)
ΩFχ

+
(
pS , φp,S

)
ΩSχ

AIII(U ; Φ) =
(
ĴρF

(
∇χvF F̂

−1
vF
)
,φv,F

)
ΩFχ

+
(
ĴµF

(
∇χvF F̂

−1
+ F̂

−T
(∇χvF )T

)
F̂
−T
,∇χφv,F

)
ΩFχ

+
(
P̂
S
,∇χφv,F

)
ΩSχ
−
(
vS ,φu,S

)
ΩSχ

AIV(U ; Φ) =
(
Ĵ(−pFI)F̂

−T
,∇φv,F

)
ΩFχ

.

The above partition is the common departure point for the time discretized equations obtained
with the one-step and fractional-step θ-schemes. As presented in the text below, these equations
are obtained by different weighted combinations of AI, . . . , AIV. For temporal discretization, let at
time step n + 1 corresponding to time tn+1 ∈ I, n = 0, . . . , N(N ∈ N), AI(U ; Φ) be approximated
by AI(Un+1,δt; Φ)

AI(U ; Φ) ≈ AI(Un+1,δt; Φ),

where

AI(Un+1,δt; Φ) =
1

δt

(
ĴθρF (vF − vF ,n),φv

)
ΩFχ
− 1

δt

(
ĴρF∇χvF F̂

−1
(ûF − ûF ,n),φv

)
ΩFχ

+
1

δt

(
ĴρS(vS − vS,n),φv

)
ΩSχ

+
1

δt

(
ρS (uS − uS,n),φu

)
ΩSχ
,

(5.149)

is obtained from AI(U ; Φ) via the replacements of the temporal derivatives with finite differences
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(dt(·)n+1 := (((·)n+1−(·)n))/δt), andUn+1,δt ≡ Un+1 = {vn+1,F ,vn+1,S ,un+1,F ,un+1,S , pn+1,F , pn+1,S} ∈
T . Here we use the notational convention to represent the solution at the current/new time step
with ui := un+1,i = ui(tn+1),vi := vn+1,i = vi(tn+1), i = F ,S, and the solution at the previous
time step with un,i ≡ u0,i = ui(tn),vn,i ≡ v0,i = vi(tn). Likewise for time step n+ 1 we express the
time-discrete version of the partitioned semilinear form (5.148) as

A(Un+1; Φ) := AI(Un+1,δt; Φ) +AII(Un+1; Φ) +AIII(Un+1; Φ) +AIV(Un+1; Φ)

and accordingly the linear form (5.147) as

Fn+1(Φ) =
(
ĴρFbF ,n+1,φv

)
ΩFχ

+
(
ĴρSbS,n+1,φv

)
ΩSχ
.

After the temporal discretization the following quasi-stationary problem is to be solved

A(Un+1; Φ) = F (Φ) ∀Φ ∈W , (5.150)

where the composition of the right and left hand sides depends on the respective scheme.

The one-step θ-scheme

Given the solution of the previous time step Un = {vn,F ,vn,S ,un,F ,un,S , pn,F , pn,S} the one-step
θ-scheme requires to find Un+1 ≡ U = {vF ,vS ,uF ,uS , pF , pS}, such that ∀Φ ∈W :

AI(Un+1,δt; Φ) + θAIII(Un+1; Φ) +AIV(Un+1; Φ) +AII(Un+1; Φ)

= −(1− θ)AIII(Un; Φ) + θFn+1(Φ) + (1− θ)Fn(Φ).
(5.151)

Above, the choices θ = 1 and θ = 1
2 leads to the Backward Euler and Crank-Nicolson schemes,

respectively. The particular choice θ = 1
2 +O(δt) yields the so-called shifted Crank-Nicolson scheme

[123].

The fractional-step θ-scheme

For the fractional-step θ-scheme, let θ = 1 −
√

2
2 , θ

′ = 1 − 2θ, α = 1−2θ
1−θ , β = 1 − α, and let again

the solution of the previous time step be given by Un = {vn,F ,vn,S ,un,F ,un,S , pn,F , pn,S}. This
three-stage scheme splitting one time step into three consecutive sub steps ((1) : tn → tn+θ, (2) :
tn+θ → tn+1−θ, (3) : tn+1−θ → tn+1) requires to find Un+1 ≡ U = {vF ,vS ,uF ,uS , pF , pS}, such
that ∀Φ ∈W :

(1) : AI(Un+θ,δt; Φ) + αθAIII(Un+θ; Φ) + θAIV(Un+θ; Φ) +AII(Un+θ; Φ)

= −βθAIII(Un; Φ) + θFn(Φ),

(2) : AI(Un+1−θ,δt; Φ) + αθAIII(Un+1−θ; Φ) + θ′AIV(Un+1−θ; Φ) +AII(Un+1−θ; Φ)

= −αθ′AIII(Un+θ; Φ) + θ′Fn+1−θ(Φ),

(3) : AI(Un+1,δt; Φ) + αθAIII(Un+1; Φ) + θAIV(Un+1; Φ) +AII(Un+1; Φ)

= −βθAIII(Un; Φ) + θFn+1−θ(Φ).

(5.152)
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5.3.5.1.1 Treatment of nonlinearity

The quasi-stationary system (5.150) to be solved at each time step is highly nonlinear. For the
treatment of its nonlinearity, we apply Newton’s method which we briefly sketch here again for
ease of readability. The method requires – until convergence (‖F‖ ≤ εtol) – the following problem
to be solved in each nonlinear iteration k:

Find δU ∈ T , such that
F ′(Uk; δU ,Φ) = −F(Uk; Φ), ∀Φ ∈W
Uk+1 = Uk + ω δU .

(5.153)

Above, F ≡ R(U) = A(U ; Φ) − F (Φ) represents the nonlinear residual. It is typically expressed
in terms of a semilinear form that is required to vanish for all test functions of the underlying test
space. The bilinear form F ′(Uk; δU ,Φ) is the Fréchet derivative (Jacobian) of F and is obtained
from the linearization of F around a fixed U ≡ Uk. Note that for each fixed Uk, F ′(Uk; ·, ·) is a
bilinear form and F(Uk; ·) is a linear form. It remains to specify F and F ′(Uk; ·, ·).

We begin with the specification of F and exemplary choose (due to its simplicity) the one-
step θ-scheme as our time discretization scheme. We let F be given by the semilinear forms of the
following nonlinear quasi-stationary problem that is obtained from the temporal discretization of



170 CHAPTER 5. MONOLITHIC ALE FLUID-STRUCTURE INTERACTION

the time dependent problem (6.16) with the one-step θ-scheme:

Find U ∈ T such that :(
ρF Ĵθ

(
vF − vn,F

)
,φv,F

)
ΩFχ

+
(

∆tθρF Ĵ∇χvF F̂
−1
vF ,φv,F

)
ΩFχ

+

(
∆t(1− θ) ρF Ĵn∇χvn,F

(
F̂
n
)−1

vn,F ,φv,F
)

ΩFχ

−
(
ρF Ĵ∇χvF F̂

−1 ·
(
uF − un,F

)
,φv,F

)
ΩFχ

+
(

∆tθĴµF
(
∇χvF F̂

−1
+ F̂

−T ·
(
∇χvF

)T)
F̂
−T
,∇χφv,F

)
ΩFχ

+

(
∆t(1− θ) Ĵn µF

(
∇χvn,F

(
F̂
n
)−1

+ (F̂
n
)−T · (∇χvn,F )T

)(
F̂
n
)−T

,∇χφv,F
)

ΩFχ

+
(

∆tĴ
(
−pFI

)
F̂
−T
,∇χφv,F

)
ΩFχ
−
(
ρF ∆tĴθbF ,φv,F

)
ΩFχ
−
(
∆tgF0 ,φ

v,F)
ΓFN,χ

= 0 ∀φv,F ∈Wv,F ,(
ĴF̂
−1

:
(
∇χvF

)T
, φp,F

)
ΩFχ

= 0 ∀φp,F ∈ LF ,(
ĴρS

(
vS − vn,S

)
,φv,S

)
ΩSχ

+
(

∆tθ P̂
(
uS
)
,∇χφv,S

)
ΩSχ

+
(

∆t(1− θ) P̂
(
un,S

)
,∇χφv,S

)
ΩSχ

−
(

∆tθ ĴθρSbS ,φv,S
)

ΩSχ
−
(
∆tgS0 ,φ

v,S)
ΓSN,χ

= 0 ∀φv,S ∈Wv,S ,(
uS − un,S ,φu,S

)
ΩSχ
−
(
∆tθ vS ,φu,S

)
ΩSχ
−
(
∆t(1− θ)vn,S ,φu,S

)
ΩSχ

= 0 ∀φu,S ∈Wu,S ,(
pS , φp,S

)
ΩSχ

= 0 ∀φp,S ∈ LS ,(
αuĴ

−1∇χuF ,∇χφu
)

ΩFχ
= 0 ∀φu,F ∈Wu,F ,

(5.154)
where

Ĵθ := θĴ + (1− θ)Ĵn = θĴ(u) + (1− θ)Ĵ(un). (5.155)
With a presentation of F at hand, we continue to present its analytically derived Jacobian.

Remark 5.3.2. As explicitly stated in the explanation of the geometric coupling condition on page 158, inside
the fluid domain, the “fluid displacement” variable uF is by no means physically related to the physically
meaningful fluidmaterial velocity vF . This variable is (mis)used to actually hold the fluidmesh displacement
field ûF and not the fluid material displacement field. With uF being linked to ûF in the above sense, we
have decided to drop the “hat” symbol over uF in equation (5.154) and in the rest of the text in order to ease
notation. Note for instance that this symbol was explicitly specified in (5.149).

Derivative of the fluid mesh motion term

We derive the derivative of the harmonic mesh motion term(
αuĴ

−1∇χuF ,∇χφu,F
)

ΩFχ
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of equation (5.154).

Dδu

[
αuĴ

−1∇χuF
]

=Dδu

[
αuĴ

−1
]
∇χuF + αuĴ

−1Dδu

[
∇χuF

]
=− αuĴ−1tr

(
F̂
−1∇χδuF

)
∇χuF + αuĴ

−1∇χδuF .

(5.156)

Derivative of the fluid velocity time derivative term

We derive the derivative of the fluid velocity time derivative term(
ρF Ĵθ

(
vF − vn,F

)
,φv,F

)
ΩFχ

of equation (5.154).

DδU

[
ρF Ĵθ

(
vF − vn,F

)]
=Dδu

[
ρF
(
θĴ(u) + (1− θ)Ĵ(un)

) (
vF − vn,F

)]
+Dδv

[
ρF Ĵθ

(
vF − vn,F

)]
=ρFθĴ tr

(
F̂
−1∇χδuF

) (
vF − vn,F

)
+ ρF ĴθδvF .

(5.157)

Derivative of the fluid ALE advection term

We derive the derivative of the following nonlinear parts of the fluid advection term(
∆tθρF Ĵ∇χvF F̂

−1
vF ,φv,F

)
ΩFχ
−
(
ρF Ĵ∇χvF F̂

−1 ·
(
uF − un,F

)
,φv,F

)
ΩFχ

of equation (5.154).

DδU

[
∆tθρF Ĵ∇χvF F̂

−1
vF
]

=Dδu

[
∆tθρF Ĵ∇χvF F̂

−1
vF
]

+Dδv

[
∆tθρF Ĵ∇χvF F̂

−1
vF
]
.

(5.158)

Dδu

[
∆tθρF Ĵ∇χvF F̂

−1
vF
]

=Dδu

[
∆tθρF Ĵ

]
∇χvF F̂

−1
vF + ∆tθρF ĴDδu

[
∇χvF F̂

−1
vF
]

=∆tθρF
(
Ĵ tr

(
F̂
−1∇χδuF

)
∇χvF F̂

−1
vF + Ĵ∇χvF

(
−F̂−1∇χδuF F̂

−1
)
vF
)
.

(5.159)

Dδv

[
∆tθρF Ĵ∇χvF F̂

−1
vF
]

=Dδv

[
∆tθρF Ĵ∇χvF

]
F̂
−1
vF + ∆tθρF Ĵ∇χvFDδv

[
F̂
−1
vF
]

=∆tθρF Ĵ
(
∇χδvF F̂

−1
vF +∇χvF F̂

−1
δvF

)
.

(5.160)
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DδU

[
−ρF Ĵ∇χvF F̂

−1 ·
(
uF − un,F

)]
=Dδu

[
−ρF Ĵ∇χvF F̂

−1 ·
(
uF − un,F

)]
+Dδv

[
−ρF Ĵ∇χvF F̂

−1 ·
(
uF − un,F

)]
.

(5.161)

Dδu

[
−ρF Ĵ∇χvF F̂

−1 ·
(
uF − un,F

)]
=Dδu

[
−ρF Ĵ

]
∇χvF F̂

−1 ·
(
uF − un,F

)
− ρF ĴDδu

[
∇χvF F̂

−1 ·
(
uF − un,F

)]
=− ρF Ĵ tr

(
F̂
−1∇χδuF

)
∇χvF F̂

−1 ·
(
uF − un,F

)
−ρF Ĵ

(
Dδu

[
∇χvF F̂

−1
] (
uF − un,F

)
+∇χvF F̂

−1
Dδu

[
uF − un,F

])
=− ρF Ĵ tr

(
F̂
−1∇χδuF

)
∇χvF F̂

−1 ·
(
uF − un,F

)
−ρF Ĵ

(
∇χvF

(
−F̂−1∇χδuF F̂

−1
) (
uF − un,F

)
+∇χvF F̂

−1
δuF

)
.

(5.162)

Dδv

[
−ρF Ĵ∇χvF F̂

−1 ·
(
uF − u0,F)] = −ρF Ĵ∇χδvF F̂

−1 ·
(
uF − un,F

)
. (5.163)

It follows from the partial contributions

DδU

[
∆tθρF Ĵ∇χvF F̂

−1
vF
]

=∆tθρF
(
Ĵ tr

(
F̂
−1∇χδuF

)
∇χvF F̂

−1
vF + Ĵ∇χvF

(
−F̂−1∇χδuF F̂

−1
)
vF
)

+∆tθρF Ĵ
(
∇χδvF F̂

−1
vF +∇χvF F̂

−1
δvF

)
−ρF Ĵ tr

(
F̂
−1∇χδuF

)
∇χvF F̂

−1 ·
(
uF − un,F

)
−ρF Ĵ

(
∇χvF

(
−F̂−1∇χδuF F̂

−1
) (
uF − un,F

)
+∇χvF F̂

−1
δuF

)
−ρF Ĵ∇χδvF F̂

−1 ·
(
uF − un,F

)
.

(5.164)

Derivative of the fluid Cauchy stress term

We derive the derivative of the fluid Cauchy stress term(
∆tθĴµF

(
∇χvF F̂

−1
+ F̂

−T ·
(
∇χvF

)T)
F̂
−T
,∇χφv,F

)
ΩFχ

+
(

∆tĴ
(
−pFI

)
F̂
−T
,∇χφv,F

)
ΩFχ

of equation (5.154). Let the fluid Cauchy stress in the referential domain

σF := −pFI + µF
(
∇χvF F̂

−1
+ F̂

−T
(∇χvF )T

)
be splitted into an isotropic part

σFp := −pFI
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and a deviatoric part
σFuv := µF

(
∇χvF F̂

−1
+ F̂

−T
(∇χvF )T

)
,

which we derive separately.

DδU

[
ĴσFuvF̂

−T ]
=Dδu

[
ĴσFuvF̂

−T ]
+Dδv

[
ĴσFuvF̂

−T ]
.

(5.165)

Dδu

[
ĴσFuvF̂

−T ]
=σFuvDδu

[
ĴF̂
−T ]

+Dδu

[
σFuv

]
ĴF̂
−T

=σFuvDδu

[
Ĵ

1

Ĵ

(
1 + ∂u2/∂y −∂u2/∂x
−∂u1/∂y 1 + ∂u1/∂x

)]
+Dδu

[
σFuv

]
ĴF̂
−T

=σFuvG(δu) +Dδu

[
σFuv

]
ĴF̂
−T
,

(5.166)

where we defineG(δu) :=

(
∂δu2/∂y −∂δu2/∂x
−∂δu1/∂y ∂δu1/∂x

)
in order to ease the notation.

Dδu

[
σFuv

]
ĴF̂
−T

=Dδu

[
µ
(
∇χvF F̂

−1
+ F̂

−T
(∇χvF )T

)]
ĴF̂
−T

=µ
(
∇χvF

(
−F̂−1∇χδuF F̂

−1
)

+
(
−F̂−T · (∇χδuF )T F̂

−T)
(∇χvF )T

)
ĴF̂
−T
.

(5.167)

Dδv

[
ĴσFuvF̂

−T ]
=Dδv

[
σFuv

]
ĴF̂
−T

+ σFuvDδv

[
ĴF̂
−T ]

=µ
(
∇χδvF F̂

−1
+ F̂

−T
(∇χδvF )T

)
ĴF̂
−T
.

(5.168)

DδU

[
ĴσFp F̂

−T ]
=Dδu

[
ĴσFp F̂

−T ]
+Dδp

[
ĴσFp F̂

−T ]
=Dδu

[
(−pI)ĴF̂

−T ]
+Dδp

[
(−pI)ĴF̂

−T ]
=Dδu

[
−(pI)Ĵ

1

Ĵ

(
1 + ∂u2/∂y −∂u2/∂x
−∂u1/∂y 1 + ∂u1/∂x

)]
− (δp I)ĴF̂

−T

=− (pI)G(δu)− (δp I)ĴF̂
−T
.

(5.169)

Dδp

[
∆tĴ

(
−pFI

)
F̂
−T ]

= −
(
δpFI

)
ĴF̂
−T
. (5.170)
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Gathering all contributions, it holds

DδU

[
ĴσF F̂

−T ]
=DδU

[
ĴσFuvF̂

−T ]
+DδU

[
ĴσFp F̂

−T ]
=σFuvG(δu)

+µ
(
∇χvF

(
−F̂−1∇χδuF F̂

−1
)

+
(
−F̂−T · (∇χδuF )T F̂

−T)
(∇χvF )T

)
ĴF̂
−T

+µ
(
∇χδvF F̂

−1
+ F̂

−T
(∇χδvF )T

)
ĴF̂
−T

−(pI)G(δu)− (δp I)ĴF̂
−T −

(
δpFI

)
ĴF̂
−T
.

(5.171)

Derivative of the fluid incompressibility condition term

We derive the derivative of the fluid incompressibility condition term(
∇χ ·

(
ĴF̂
−1
vF
)
, φp,F

)
ΩFχ

of equation (5.154).

DδU

[
∇χ ·

(
ĴF̂
−1
vF
)]

=DδU

[
Ĵ tr

(
∇χvF F̂

−1
)]

=Dδu

[
Ĵ tr

(
∇χvF F̂

−1
)]

+Dδv

[
Ĵ tr

(
∇χvF F̂

−1
)]
.

(5.172)

Dδu

[
Ĵ tr

(
∇χvF F̂

−1
)]

=Dδu

[
Ĵ
]

tr
(
∇χvF F̂

−1
)

+ ĴDδu

[
tr
(
∇χvF F̂

−1
)]

=Ĵ tr
(
F̂
−1∇χδuF

)
tr
(
∇χvF F̂

−1
)

+ Ĵ tr
(
∇χvF

(
−F̂−1∇χδuF F̂

−1
))

.

(5.173)

Dδv

[
Ĵ tr

(
∇χvF F̂

−1
)]

= Ĵ tr
(
∇χδvF F̂

−1
)
. (5.174)

Derivative of the solid terms

For the solid part of the FSI problem, we may choose different material models. Two models dis-
cussed in this work are the St. Venant-Kirchhoff and the Neo-Hookeanmaterials for which we have
already presented the bilinear forms (cf. (5.87) and (5.89)) whose respective action assembles the
Jacobian required in Newton’s method.

Analytically derived Jacobian of the FSI problem

The combination of the derivatives of all fluid and solid terms, where the solid stress is given by the
St. Venant-Kirchhoff material model, is presented in the bilinear form (5.175). Its action yields the
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Jacobian of the FSI problem and therefore provides the last missing ingredient for the application
of Newton’s method.
F ′(Uk; δU ,Φ) :=∫

ΩFχ

(
ρFθĴ tr

(
F̂
−1∇χδuF

)(
vk,F − vn,F

)
+ ρF ĴθδvF

)
· φv,F dΩFχ

+

∫
ΩFχ

(
∆tθρF

(
Ĵ tr

(
F̂
−1∇χδuF

)
∇χvk,F F̂

−1
vk,F + Ĵ∇χvk,F

(
−F̂−1∇χδuF F̂

−1
)
vk,F

)
+ ∆tθρF Ĵ

(
∇χδvF F̂

−1
vk,F +∇χvk,F F̂

−1
δvF

)
− ρF Ĵ tr

(
F̂
−1∇χδuF

)
∇χvk,F F̂

−1 ·
(
uk,F − un,F

)
− ρF Ĵ

(
∇χvk,F

(
−F̂−1∇χδuF F̂

−1
)(
uk,F − un,F

)
+∇χvk,F F̂

−1
δuF

)
− ρF Ĵ∇χδvF F̂

−1 ·
(
uk,F − un,F

))
· φv,F dΩFχ

+

∫
ΩFχ

(
σFuvG(δu) + µF

(
∇χvk,F

(
−F̂−1∇χδuF F̂

−1
)

+
(
−F̂−T · (∇χδuF )T F̂

−T)
(∇χvk,F )T

)
ĴF̂
−T

+ µF
(
∇χδvF F̂

−1
+ F̂

−T
(∇χδvF )T

)
ĴF̂
−T

− (pFI)G(δu)− (δpFI)ĴF̂
−T −

(
δpFI

)
ĴF̂
−T
)

: ∇χφv,F dΩFχ

+

∫
ΩFχ

(
Ĵ tr

(
F̂
−1∇χδuF

)
tr
(
∇χvk,F F̂

−1
)

+ Ĵ tr
(
∇χvk,F

(
−F̂−1∇χδuF F̂

−1
))

+ Ĵ tr
(
∇χδvF F̂

−1
))
· φp,F dΩFχ

+

∫
ΩFχ

(
−αuĴ−1tr

(
F̂
−1∇χδuF

)
∇χuk,F + αuĴ

−1∇χδuF
)

: ∇χφu,F dΩFχ

+

∫
ΩSχ

ρS δv · φv,S dΩSχ

+

∫
ΩSχ

∆tθ2µS
(

(∇χδu)Ê + F̂

(
1

2
(∇χδu)T F̂ +

1

2
F̂
T∇χδu

))
: ∇χφv,S dΩSχ

+

∫
ΩSχ

∆tθλS tr

(
1

2

(
(∇χδu)T F̂ + F̂

T∇χδu
))
F̂ : ∇χφv,S dΩSχ

+

∫
ΩSχ

δu · φu,S dΩSχ −
∫

ΩSχ

∆tθ δv · φu,S dΩSχ.

(5.175)
Above, µS and λS are the Lamé constants of the elasticity problem, Uk represents the values of
the field variables at the current nonlinear iteration k, and δU and Φ denote the set of trial and
test functions, respectively. Moreover, we have used above the following compact notation F :=
F (uk),F−1 := F−1(uk),F−T := F−T (uk),E := E(uk).
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5.3.6 Numerical results

In this section we present numerical results obtained from the application of Isogeometric Analysis
to fluid-structure interaction problems that are treated in a fully coupled monolithic manner. The
numerical experiments performed serve the purpose to assess and validate this combination of
solution algorithms and numerical techniques that we have chosen to work with.

5.3.6.1 Application to the Turek-Hron FSI benchmark problems

For validation purposes we adopt the “Turek-Hron FSI benchmark” that is based on the classical
flow around cylinder benchmark [129] for incompressible laminar flow and on the setup described
in [157]. The problem setup is shown in Figure 5.10. It basically adopts all settings of the flow

l

h
C

r
B A

L

(0, 0)

H

Figure 5.10: Computational domains (fluid+solid) for the 2D flow past an elastic beam FSI bench-
mark. The computational domain has length L = 2.5 and height H = 0.41. Measured from the
bottom left corner of the channel, the circle is centered atC = (0.2, 0.2) and has radius r = 0.05. The
elastic beam has length l = 0.35 and height h = 0.02 and is fully attached to the cylinder at its left
circular arc shaped boundary. Its bottom right corner has the position (0.6, 0.19). The control point
A(t) is fixed to the structure and has the initial position A(0) = (0.6, 0.2). B = (0.15, 0.2) is another
control point. All specified parameters are in si units (e.g. the distances are given in meters).

around cylinder benchmark and extends the fixed, rigid cylinder at its right end by a 2D elastic
beam. The elastic beam is allowed to be compressible and will undergo large deformations that
are induced by the stress of the surrounding fluid in motion. Since the deforming beam modifies
in turn the flow channel geometry, the fluid responses with corresponding changes in velocity and
pressure. This coupling will cause a waving motion of the elastic beam, in a sense similar to the
vortex shedding patterns one observes in the flow part. The fluid flow is modeled to be Newtonian,
laminar and incompressible. Its balance equations are the Navier-Stokes equations

ρF
(
∂vF

∂t
+ (vF · ∇)vF

)
−∇ · σF = ρFf ,

∇ · vF = 0,

(5.176)

where the fluid stress is described by the following constitutive equation

σF = −pI + ρFνF (∇vF + (∇vF )T ). (5.177)



5.3. FLUID-STRUCTURE INTERACTION PROBLEM 177

Above, ρF and νF denote the density and kinematic viscosity of the fluid. The response of the elastic
beam to external stimuli is modeled with the constitutive equation for the St. Venant-Kirchhoff
material where the second Piola-Kirchhoff stress of the solid material reads

SS = λ tr (E) I + 2µE. (5.178)

Accordingly with the relation given in (2.40) the Cauchy stress of the material is

σS = J−1FSSF T = J−1F (λ tr (E) I + 2µE)F T . (5.179)

We continue with the presentation of the problem’s geometry parameters and point out at this
point that all parameters given are in meters. The flow domain has length L = 2.5 and height
H = 0.41. This domain defining a cartesian coordinate system at its lower left corner is the frame
of reference of all position specifications given in the sequel. The cylinder with radius r = 0.05 is
centered at C = (0.2, 0.2). To its right end is the fully attached elastic beam48 with length l = 0.35
and height h = 0.02. The lower right corner of the beam is at position (0.6, 0.19). For the comparison
of the elastic beam’s time dependent deflection, a reference point A(t) at the right end of the beam
is selected which is initially at A(0) = (0.6, 0.2).

The flow in the transient tests is driven by a smoothly increasing parabolic velocity profile that is
parametrized with time and is prescribed in the Dirichlet sense at the left boundary of the channel.
The flow profile is given by the function

vF (t, 0, y) =

{
vF (0, y)[1− cos(πt/2)]/2 if t < 2,

vF (0, y) otherwise, (5.180)

where
vF (0, y) = U

y(H − y)

(H/2)2
=

3

2
Ū
y(H − y)

(H/2)2
, (5.181)

and U and Ū denote the maximum and mean velocity in the parabolic inflow profile. The out-
flow condition prescribed to the right end of the channel may be set to the no-stress or do-nothing
conditions. The outflow condition effectively prescribes values for the pressure variable [149]. The
benchmark proposes to set a zeromean pressure value at the outflow boundary. The no-slip bound-
ary condition is prescribed at all other boundary parts, that is, on the top and bottom walls of the
channel, on the cylinder, and on the fluid-solid interface. Since the fluid-solid interface is subject to
motion, the no-slip condition is satisfied through

vF = vS . (5.182)

In addition to the just specified continuity of velocity condition (cf. equation (5.108)), the balance of
forces expressed through

σFn = σSn, (5.183)
is another crucial condition that needs to be satisfied on the joint interface (with unit normal vector
n).

The benchmark considers three test scenarios whose parameters are given in Table 5.5. The
tests basically differ by their respective inflow speeds (Re = 20, Re = 100, Re = 200) and the

48When it comes to meshing, it is important to model the left end of the elastic beam with a circular arc. Modeling
this end with a straight line is already sufficient to deteriorate the accuracy of results.
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Parameter Description Unit FSI 1 FSI 2 FSI 3
ρS Solid density [kg/m3] 1000 10000 1000
νS Solid Poisson’s ratio 0.4 0.4 0.4
µS Solid Lamé constant [kg/(m s2)] 0.5× 106 0.5× 106 2× 106

ρF Fluid density [kg/m3] 1000 1000 1000
νF Fluid kinematic viscosity [m2/s] 0.001 0.001 0.001
Ū Average inflow velocity [m/s] 0.2 1 2

β = ρS

ρF
Fluid-solid density ratio 1 10 1

Re = Ūd
νF

Reynold’s number 20 100 200

Table 5.5: Parameter settings for the FSI tests.

elasticity (or stiffness) settings of the elastic beam. The parameter settings of FSI 1 yield a steady
state solution, whereas those of FSI 2 and FSI 3 result in periodic solutions. However, we treat FSI 1
as a transient problem and iterate the solution in time until a steady state solution is obtained. FSI
1 and FSI 3 have a fluid-solid density ratio of 1 which – due to the added mass effect [123] – may be
considered as particularly challenging for partitioned FSI approaches.

Prior to presenting the results obtained for the three FSI test cases, a discussion on the quantities
used for comparisons is in order. In the transient FSI cases we observe periodic oscillations in the
flow as well as in the solid. Once the flow is fully developed we measure the following quantities
for comparisons:

1. The displacements u1(t) and u2(t) of the reference point A(t)in the x, and y directions.

2. Drag and lift forces

(FD, FL)T =

∫
S
σFndS =

∫
S1

σFndS1 +

∫
S2

σFndS2 (5.184)

exerted by the fluid on the whole submerged body S = S1 ∪S2, where S1 denotes the surface
of the rigid cylinder (modulo the part shared with the beam), S2 represents the surface of
the elastic beam (modulo the part shared with the cylinder), and n is the outer unit normal
vector on S pointing into the fluid domain.

S1

S2

Figure 5.11: Integration path S = S1 ∪ S2 for the force calculation.

For time dependent quantities we consider their mean value, amplitude and frequency. When it
comes to the computation of the mean value and the amplitude of a quantity, we consider the last
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oscillation period andmeasure themaximumandminimumvalue of the quantity under inspection.
From these values the mean value is derived as follows:

mean =
1

2
(max + min),

amplitude =
1

2
(max−min).

(5.185)

The oscillation frequency can be either computed as

f =
1

T
,

where T denotes the oscillation period time, or determined via a Fourier analysis of the periodic
data, where we pick the lowest significant frequency in the spectrum. The latter approach is used
for all the frequency data we present for FSI 1-3.

In order to obtain solution data for FSI 1-3, we aim to solve the transient and nonlinear problem
given by equation (6.16). This requires a proper treatment of nonlinearity alongside discretization
in time and space. We recall that we have already shown in Section 5.3.5.1.1 a time-discrete version
of the above problem in the context of Newton’s method. Therefore, all we need to present now
is the corresponding spatial discretization for which we use Isogeometric Analysis. The multi-
patch NURBS mesh we use for the modeling of our computational domain is depicted in Figure
5.12. This mesh – exhibiting a significant number of elements with a large aspect ratio – is far from
optimal and is of a rather prototypical character. Therefore, results with a higher accuracy may
be expected for better meshes. For the approximation of the velocity and pressure functions in

Figure 5.12: Multi-patch NURBS mesh (coarsest level) used for FSI tests 1-3. The elastic bar is
resolved with 11 elements along the x-axis.

the Navier-Stokes and Elasticity equations, we use LBB-stable Taylor-Hood-like B-spline/NURBS
space pairs VTH

h /QTHh which has already been introduced in (3.73). Moreover, we let the displace-
ment function u have the same degree and regularity as the velocity function v. In all performed
computations we used a C0 N 3,3

0,0 /N 2,2
0,0 NURBS space pair for the approximation of the velocity and

pressure functions. This corresponds to the Isogeometric counterpart of aQ2Q1 Taylor-Hood space
well known from the finite element literature.
Remark 5.3.3. We would like to explicitly point out that the multi-patch NURBS mesh we use is “wa-
tertight” and “compatible” in the following sense: Two NURBS patches touching at a common boundary
need to have the same degrees and regularities on the common boundary curve. Moreover, the choice of the
B-spline/NURBS knot vectors of the adjacent sides of two patches results in a partition of the patches such
that the NURBS segments (elements) to the left and right of the joint boundary geometrically match along
the common patch boundary. Furthermore, the position of the NURBS control points of the touching sides
of two patches is chosen such that they coincide geometrically. Then, under the premise that a multi-patch
NURBSmesh fulfills the above requirements, we literally glue together geometrically matching control points
by assigning them the same degree of freedom for each finite element function we want to be represented on the
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mesh. Note that this significantly simplifies the implementation of the geometric coupling condition (5.107)
and the continuity of velocity condition (5.108).

With the above spatial discretization, a reformulation of our sketch ofNewton’smethod in terms
of the discrete trial space

Th := {
(
T v,F ∩VTH

h

)
×
(
T v,S ∩VTH

h

)
×
(
T u,F ∩VTH

h

)
×
(
T u,S ∩VTH

h

)
×
(
LF ∩QTHh

)
×
(
LS ∩QTHh

)
},

(5.186)

the discrete test space

Wh := {
(
Wv,F ∩VTH

h

)
×
(
Wv,S ∩VTH

h

)
×
(
Wu,F ∩VTH

h

)
×
(
Wu,S ∩VTH

h

)
×
(
LF ∩QTHh

)
×
(
LS ∩QTHh

)
},

(5.187)

and discrete functions
δUh = {δvFh , δvSh , δuFh , δuSh , δpFh , δpSh},
Uh = {vFh ,vSh ,uFh ,uSh , pFh , pSh},
Φh = {φv,Fh ,φv,Sh ,φu,Fh ,φu,Sh , φp,Fh , φp,Sh },

(5.188)

reads
while

∥∥F(Uk
h; Φh)

∥∥ ≤ εtol and k < kmax do
Find δUh ∈ Th, such that
F ′(Uk

h; δUh,Φh) = −F(Uk
h; Φh), ∀Φh ∈Wh

Uk+1
h = Uk

h + ω δUh,

(5.189)

end

where F(Uk
h; Φh) and F ′(Uk

h; δUh,Φh) are simply the discrete versions of (5.154) and (5.175).
So far we have presented a description of the benchmark tests, and designated Isogeometric

Analysis as spatial discretization technique. For the latter, we presented a multi-patch NURBS
mesh on which we span NURBS-based discrete approximation spaces. With the presentation of
Newton’s method for the time and space discretized FSI problem (6.16), we have delivered all
necessary ingredients to solve the FSI 1-3 problems and to reproduce the data we have obtained
from computations. For comparison purposes, we take the results of Hron and Turek [58, 83, 148,
149] as reference. In [149], Turek andHron list their results for a contrasting juxtaposition alongside
those provided by other benchmark participants (M. Schäfer, R. Rannacher, M. Breuer, M. Krafczyk,
E. Rank, W.A. Wall, K.-U. Bletzinger). We adopt this practice for the sake of the valuable insights
it provides and compare our results not only to the reference but also to other published results
whenever available. Our data are presented and discussed in the sequel.

5.3.6.1.1 FSI 1

The FSI 1 problem features a very low Reynolds number (20). This yields a laminar flow pattern
and the solution tends to a “steady state” as t → ∞. In such cases one may in principle use a
computationally much more efficient ’stationary’ FSI problem formulation which by definition is
free of timemarching. In thiswork, however, we treat FSI 1-3 cases as transient problems anduse the
formulation given in Problem 5.3.4. Our FSI 1 solutions depicted in Table 5.6 and Figures 5.13 and
5.14 are iterated 25 steps “into the steady state limit”with the Backward Euler time stepping scheme
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(θ = 1) using a fixed time step size∆t = 1. FromTable 5.6we deduce that our data blends verywell

Ndof u1(A)[×10−5] (%-Err) u2(A)[×10−4] (%-Err) FD (%-Err) FL (%-Err)
Present 5067 2.240935(1.30) 8.455798(3.01) 14.28377(0.073) 0.774193(1.368)

25209 2.261569(0.39) 8.201354(0.09) 14.28930(0.035) 0.765377(0.214)
111573 2.266417(0.18) 8.196860(0.15) 14.29256(0.012) 0.764979(0.161)
468621 2.268144(0.10) 8.194405(0.18) 14.29334(0.006) 0.764847(0.144)

1919997 2.268989(0.07) 8.191383(0.21) 14.29367(0.004) 0.764798(0.138)

1) Schäfer 322338 14.2890 0.76900
2b) Rannacher 351720 2.2695 8.1556 14.2603 0.76388
3) Turek/Hron[149] 19320832 2.270493 8.208773 14.29426 0.76374
5) Krafczyk/Rank 14155776 2.2160 8.2010 14.3815 0.75170
6) Wall 164262 2.2680 8.2310 14.2940 0.76487
7) Bletzinger 217500 2.2640 8.2800 14.3510 0.76351

Table 5.6: Results for the FSI 1 case.

with the data provided by the sources on the bottom half of the table. Especially for u1, FD and FL
we can see that our solution converges to the reference. For u1 and FD the percentual error (w.r.t.
the reference) almost halves frommesh level i to i+1. However, for the quantityu2 our solutiondoes
notmarch towards that of Turek/Hron and rather follows the data of Rannacher. Wemention at this
point that for the sake of keeping the table concise, we havemerely shown the final results provided
by the external sources and have refrained from showing the convergence histories. For the latter
we refer to [149] where the convergence histories of u2 provided by Rannacher, Krafczyk/Rank and
Wall show a clearly decreasing trend. This circumstance and the fact that almost all values provided
by Rannacher for u2 are smaller than that of Hron/Turek and even smaller than our values, make
it at least questionable what the reference value for u2 really is.

The temporal developments of the quantities under inspection are illustrated in Figures 5.13 and
5.14 for five consequent mesh refinement levels (L0 - L4). The data plots show that the solutions
become stationary after at most 10 seconds simulation time. Moreover the traces of the curves of
level 1 to level 4 show very little deviation from each other and are therefore barely distinguishable
in the plot. We conclude the FSI 1 section with the presentation of the computed velocity, displace-
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Figure 5.13: FSI 1 displacement (u1, u2) for θ = 1,∆t = 1, uref1 : 2.270493e− 5, uref2 : 8.208773e− 4.
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Figure 5.14: FSI 1 drag and lift forces (FD, FL) for θ = 1,∆t = 1, F ref
D : 14.29426, F ref

L : 0.7637460.

ment and pressure functions on the computational domain (see Figures 5.15 and 5.16). We want
to point out that the pressure in the interior of the solid domain neither has a meaning nor a con-
tribution in the computations as the formulation we presently use for the elasticity equations does
not involve a pressure variable. However, since we may switch to an alternative formulation with
an explicit pressure variable, from the implementation point of view, there is a pressure degree of
freedom in the solid patch which needs to be assigned with values for the plot. These values are
for the time being all zero.

Figure 5.15: FSI 1: Illustration of the displacement of the elastic beam alongside the velocity (left)
and pressure fields (right) of the flow in the entire flow channel.

5.3.6.1.2 FSI 2

Our results for FSI 2 for two different time step sizes and three consecutive mesh refinement lev-
els are presented in Table 5.7. The format of the data of the last four columns is: mean value ±
amplitude[frequency], cf. (5.185). Except the data provided by Turek and Hron we have in this
case – unlike the FSI 1 and FSI 3 cases – no additional sources to which we can compare our data.
The stable temporal evolution of the quantities u1, u2, FD and FL are illustrated in the top row of
the Figures 5.17, 5.18, 5.19 and 5.20. As far as stability is concerned, we would like to point out that
in long term FSI computations such as in FSI 2 and FSI 3, the standard Crank-Nicolson (CN) time
stepping scheme (θ = 0.5) leads to unstable behavior. The solutions literally blow up even after a
long stable sequence. In fact, stable results such as those shown in the above mentioned figures are
simply out of reach for the same time step size with the standard CN scheme. In order to address
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Figure 5.16: FSI 1: Magnified view of the displacement of the elastic beam alongside the velocity
(left) and pressure fields (right) of the flow. The pressure field is overlayed with velocity stream-
lines.

∆t Level Ndof u1(A)[×10−3] [f] u2(A)[×10−3] [f] FD [f] FL [f]
1× 10−2 1 25209 −15.22± 13.34[3.85] 1.23± 82.1[1.92] 211.43± 77.41[3.84] 1.1± 237.6[1.92]

2 111573 −15.14± 13.28[3.85] 1.21± 82.1[1.92] 214.53± 78.80[3.84] 1.3± 236.0[1.92]
3 468621 −15.22± 13.33[3.85] 1.27± 82.4[1.92] 217.48± 80.30[3.84] 1.2± 236.9[1.93]

5× 10−3 1 25209 −15.23± 13.13[3.85] 1.23± 82.4[1.92] 210.70± 77.66[3.84] 0.9± 243.0[1.93]
2 111573 −15.21± 13.10[3.86] 1.20± 82.5[1.92] 213.91± 79.13[3.85] 1.2± 241.9[1.93]
3 468621 −15.29± 13.15[3.86] 1.26± 82.8[1.92] 216.80± 80.63[3.85] 0.9± 242.8[1.93]

Turek/Hron[58] 5× 10−4 4 + 0 304128 −14.85± 12.70[3.86] 1.30± 81.6[1.93] 215.06± 77.65[3.86] 0.6± 237.8[1.93]

Table 5.7: Results for the FSI 2 case.

this issue, we used the so-called Shifted Crank-Nicolson schemewhich is obtained by the implicit shift

θ =
1

2
+O(∆t), (5.190)

and has better stability properties than the standard CN scheme. The resulting method is still
second order accurate, but has a slightly larger stability region [123]. In the bottom row of the
above mentioned figures, we depict a magnified view of the profiles for three consecutive mesh
refinement levels (L1-L3) for fixed time step size ∆t = 0.005. The profiles shown basically differ
by a slight phase shift and are considered mesh converged. The time convergence of our results are
shown in the bottom row of the Figures 5.21 and 5.22 depicting a magnified view of the profiles
for two time step sizes (∆t = 0.01,∆t = 0.005). Again, the profiles basically differ by the level of
detail of the features resolved and a slight phase shift49.

The elastic beam of the FSI 2 case is significantly less stiff than that of FSI 3. This results in a very
pronounced deflection of the beam which poses quite some challenges on the mesh regularization
PDEwe solve for the ALEmapping. Figure 5.23 depicts for some randomly selected instants of time
the results we have obtained from the nonlinear harmonic meshmotion PDEwe solve in all FSI test
cases. Figures 5.24 and 5.25 illustrate the computed velocity and pressure field in addition to the

49Since the profiles displayed for FSI 2 and FSI 3 (See Figures 5.17, 5.18, 5.19 and 5.20, 5.21, 5.22, 5.28, 5.29, 5.30 and
5.31 5.32, 5.33 ) exhibit a periodic character, their start time and start phase is irrelevant. Important is only the fully
developed state which however happens to be slightly phase shifted for different mesh and time step refinement levels.
In order to facilitate comparisons, we have shifted the coarse level profiles along the time axis so as to overlap with the
profile on the highest level.
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Figure 5.17: FSI 2, Displacement x (u1), ∆t = 0.005, θ = 0.5 + ∆t.
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Figure 5.18: FSI 2, Displacement y (u2), ∆t = 0.005, θ = 0.5 + ∆t. Top: Stable temporal evolution
of the y-displacement profile until the end of the simulation time. Bottom: Magnified view of the
y-displacement profiles of three consecutive mesh refinement levels.



186 CHAPTER 5. MONOLITHIC ALE FLUID-STRUCTURE INTERACTION

0

50

100

150

200

250

300

0 5 10 15 20 25 30 35

F
D

t

L3

140

160

180

200

220

240

260

280

300

34 34.2 34.4 34.6 34.8 35

F
D

t

Ref L1 L2 L3

Figure 5.19: FSI 2, Drag force (FD), ∆t = 0.005, θ = 0.5+∆t. Top: Stable temporal evolution of the
drag force profile until the end of the simulation time. Bottom: Magnified view of the drag force
profiles of three consecutive mesh refinement levels.
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Figure 5.20: FSI 2, Lift force (FD), ∆t = 0.005, θ = 0.5 + ∆t. Top: Stable temporal evolution of
the lift force profile until the end of the simulation time. Bottom: Magnified view of the lift force
profiles of three consecutive mesh refinement levels.
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Figure 5.21: FSI 2, Displacement profiles obtained with time step sizes ∆t = 0.01 and ∆t = 0.005
for mesh refinement level L3.
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Figure 5.22: FSI 2, Drag and Lift profiles obtained with time step sizes ∆t = 0.01 and ∆t = 0.005
for mesh refinement level L3.
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deflection of the elastic beam for some randomly selected instants of time. The overall conclusion
we draw is that our results are time and mesh converged and are compliant with the reference.

Figure 5.23: Illustration of themesh distortion at some random instants of time using the nonlinear
mesh motion PDE: −∇χ · (α/Ĵ∇χu) = 0.

Figure 5.24: FSI 2: Illustration of the displacement of the elastic beam alongside the velocity (left)
and pressure fields (right) of the flow in the entire flow channel. Times shown are at 14.6, 14.725,
14.875, and 15.075 s.
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Figure 5.25: FSI 2: Magnified view of the displacement of the elastic beam alongside the velocity
(left) and pressure fields (right) of the flow. The pressure field is overlayed with velocity stream-
lines. Times shown are at 14.6, 14.725, 14.875, and 15.075 s.

5.3.6.1.3 FSI 3

Among the three FSI test cases, the FSI 3 setup is characterized by the stiffest elastic beam and fastest
flow. This results in a significantly higher oscillation frequency, where the oscillation amplitude,
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however, is lower than that of FSI 2. Like in the FSI 1 case, we are here in the convenient situation
to be able to compare our data to a multitude of results provided by several research groups, cf.
[149]. These data are listed in Table 5.8. Since the shear amount of data displayed in this table

∆t Ndof u1(A)[×10−3] [f] u2(A)[×10−3] [f] FD [f] FL [f]
Present 1.0e−3 25209 −3.26± 3.08[10.90] 1.48± 37.21[5.46] 457.6± 31.59[10.88] 1.29± 169.74[5.43]

111573 −2.85± 2.69[10.92] 1.38± 34.78[5.47] 458.1± 27.65[10.90] 2.06± 158.95[5.44]
468621 −2.92± 2.76[10.93] 1.45± 35.25[5.47] 459.5± 28.32[10.97] 2.15± 159.57[5.51]

Present 5.0e−4 111573 −2.89± 2.72[10.88] 1.49± 34.99[5.44] 458.6± 27.19[10.86] 2.43± 159.59[5.42]
5.0e−4 468621 −3.01± 2.83[10.89] 1.39± 35.85[5.45] 460.8± 28.62[10.87] 2.20± 158.86[5.42]

1) Schäfer 1.0e−3 941158 −2.91± 2.77[11.63] 1.47± 35.26[4.98] 459.9± 27.92 1.84± 157.70
2b) Rannacher 5.0e−4 72696 −2.84± 2.67[10.84] 1.28± 34.61[5.42] 452.4± 26.19 2.36± 152.70
3) Turek/Hron[149] 2.5e−4 304128 −2.88± 2.72[10.93] 1.47± 34.99[5.46] 460.5± 27.74 2.50± 153.91
4) Münsch/Breuer[110] 2.0e−5 324480 −4.54± 4.34[10.12] 1.50± 42.50[5.05] 467.5± 39.50 16.2± 188.70
5) Krafczyk/Rank 5.1e−5 2480814 −2.88± 2.71[11.00] 1.48± 35.10[5.50] 463.0± 31.30 1.81± 154.00
6) Wall 5.0e−4 27147 −2.00± 1.89[10.60] 1.45± 29.00[5.30] 434.0± 17.50 2.53± 88.60
7) Bletzinger 5.0e−4 271740 −3.04± 2.87[10.99] 1.55± 36.63[5.51] 474.9± 28.12 3.86± 165.90
Gallinger[62] 474.9± 28.10 3.90± 165.90
Sandboge[128] −2.83± 2.78[10.8] 1.35± 34.75[5.4] 458.5± 24.00 2.50± 147.50
Breuer[24] 464.5± 40.50 6.00± 166.00

Table 5.8: Results for the FSI 3 case.

makes comparisons a bit cumbersome, we figured, it would be easier to display for each data set a
bar whose center represents the mean value of a quantity and whose extension to either direction
represents the quantities amplitude. That said, Figures 5.26 and 5.27 provide a very comprehensible
overview of the data of Table 5.8, making it extremely easy to compare the results and put them
into perspective. For all quantities under inspection we provide data for three consecutive mesh
refinement levels, dubbed L1, L2, and L3. The stable temporal evolution of the inspected quantities
are displayed in Figures 5.28, 5.29, 5.30, and 5.31. Like in the FSI 2 case, the standardCrank-Nicolson
scheme leads to a blow-up of the solution and does not allow the computation to complete. A
remedy to this problem is the usage of the fractional-step θ-scheme or the Shifted Crank-Nicolson
scheme which we have used.
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Figure 5.26: FSI 3 min/max/mean displacement comparison. Present results for ∆t = 0.001 and
three consecutive mesh refinement levels (L1,L2,L3) are compared with results provided by other
groups.
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Figure 5.27: FSI 3 min/max/mean FD, FL comparison. Present results for ∆t = 0.001 and
three consecutive mesh refinement levels (L1,L2,L3) are compared with results provided by other
groups.
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Figure 5.28: FSI 3, Displacement x (u1), ∆t = 0.001, θ = 0.5 + ∆t. Top: Stable temporal evolution
of the x-displacement profile until the end of the simulation time. Bottom: Magnified view of the
x-displacement profiles of three consecutive mesh refinement levels.
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Figure 5.29: FSI 3, Displacement y (u2), ∆t = 0.001, θ = 0.5 + ∆t. Top: Stable temporal evolution
of the y-displacement profile until the end of the simulation time. Bottom: Magnified view of the
y-displacement profiles of three consecutive mesh refinement levels.
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Figure 5.30: FSI 3, Drag force (FD), ∆t = 0.001, θ = 0.5+∆t. Top: Stable temporal evolution of the
drag force profile until the end of the simulation time. Bottom: Magnified view of the drag force
profiles of three consecutive mesh refinement levels.



198 CHAPTER 5. MONOLITHIC ALE FLUID-STRUCTURE INTERACTION

−200

−150

−100

−50

0

50

100

150

200

250

300

350

0 1 2 3 4 5 6 7 8 9 10

F
L

t

L3

−150

−100

−50

0

50

100

150

200

9 9.1 9.2 9.3 9.4 9.5

F
L

t

Ref L1 L2 L3

Figure 5.31: FSI 3, Lift force (FD), ∆t = 0.001, θ = 0.5 + ∆t. Top: Stable temporal evolution of
the lift force profile until the end of the simulation time. Bottom: Magnified view of the lift force
profiles of three consecutive mesh refinement levels.

Themeshdeformation in the FSI 3 is less pronounced than that of FSI 2 due to the higher stiffness
of elastic beam used. Therefore the mesh moving technique (Solving a nonlinear harmonic mesh
motion PDE) that already performed fairly well in the FSI 2 case has been used here as well. We
refer to Figures 5.34 and 5.35 for the illustration of the computed velocity and pressure fields in
addition to the deflection of the elastic beam for some randomly selected instants of time.
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Figure 5.32: FSI 3, Displacement profiles obtainedwith time step sizes ∆t = 0.001 and ∆t = 0.0005
for mesh refinement level L2.
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Figure 5.33: FSI 3, Drag and Lift profiles obtained with time step sizes ∆t = 0.001 and ∆t = 0.0005
for mesh refinement level L2.
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Figure 5.34: FSI 3: Illustration of the displacement of the elastic beam alongside the velocity (left)
and pressure fields (right) of the flow in the entire flow channel. Times shown are at 9.02, 9.052,
9.116, and 9.141 s.

The conclusion we draw for the FSI 3 case is that our results fit quite well in the row of data
provided by other sources. In particular, our results for mesh refinement levels L2 and L3 show
little fluctuations and resemble most the data provided by Turek and Hron. Comparing the tempo-
ral evolution curves of our quantities of interest at different refinement levels, we observe a certain
phase shift, while the amplitude and frequency seem to be less exposed to changes. This observa-
tion applies to the FSI 2 case as well. The data visualization and comparison method we have used
in Figure 5.26 and Figure 5.27 discloses to some extent the difficulty of the FSI computations. In
fact, considering the data provided by all sources including the present work, a certain fluctuation
in the data of u1 and FD is simply undeniable. In this light, we consider our results to be of high
quality since they are in very good agreement with the “reference” provided by Turek and Hron.

5.4 Summary and conclusions

In this chapter we have presented and discussed the next building block in the context of the com-
plex multiphysics problem we aim to solve in this work. This building block consists of the fluid-
structure interaction problem which as the name already suggests, consists of a fluid mechanics
and a structural mechanics problem. Since we have devoted two chapters (3, 4) to single, and
two-phase flows, we have put our focus in this chapter to the structural mechanics problem and
the interaction of fluids with solids. To this end we found it necessary to begin with a digest of
the theoretical background of the structural mechanics problem. We presented next a selection
of problem formulations for elastostatics and elastodynamics that are relevant for the bigger FSI
problem. For the variational problems addressed, we showed how to efficiently treat their inherent
nonlinearities withNewton’smethod. The structural mechanics part was roundedwith the presen-
tation of numerical results obtained with Isogeometric Analysis. The results presented, validated
the correctness of our approach and let us proceed to the encompassing FSI problem of whom the
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Figure 5.35: FSI 3: Magnified view of the displacement of the elastic beam alongside the velocity
(left) and pressure fields (right) of the flow. The pressure field is overlayed with velocity stream-
lines. Times shown are at 9.02, 9.052, 9.116, and 9.141 s.
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structural mechanics problem was only a constituent part.
Next, we briefly discussed the FSI problem and the aspects that render it difficult and delicate.

This includes the dilemma that the fluid model is naturally based on an Eulerian perspective while
it is very natural to express the solid problem in Lagrangian formulation. In order to naturally
address this problem and not having to bother with the added mass effect, we opted for a monolithic
approach based on an ALE formulation, literally requiring to pull back the fluid equations to a
frame of reference that is compatiblewith the structuralmechanics problem. This, however, couples
the unknown velocity and pressure variables of the fluid problem to the unknown displacement
variable of the solid problem, and therefore renders almost all terms in the Navier-Stokes problem
nonlinear. This dramatically aggravates its nonlinearity and requires efficientmeans to address this
and the remaining structural mechanics and mesh regularization problems which are all solved
at once, that is in a monolithic manner. We showed how to efficiently treat the nonlinearities in
the coupled FSI problem using Newton’s method and used the FSI benchmark proposed by Turek
and Hron for validation purposes. The numerical results that were obtained using Isogeometric
Analysis were shown to be of high quality and to be in very good agreement with the reference(s).

The results and experiences gained from this benchmark setting provided invaluable experience
and data that will be used for both the tackling of further problems as well as the development of
a large scale 3D simulation model.
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Chapter 6

ALE Binary-Fluid-Structure Interaction

6.1 Introduction

In Chapters 4 and 5 we have successfully applied Isogeometric Analysis to solve incompressible
two-phase flow problems (with the Cahn-Hilliard phase field model) and fluid-structure interac-
tion problems. In this final chapter integrating all previous results, we extend once again the multi-
physics nature of thiswork and combineCahn-Hilliard phase field based incompressible two-phase
flowwith fluid-structure interaction. This means nothing less than considering the highly complex
interaction of two immiscible and incompressible fluids with both, each other, and an elastic solid.

Starting off with the former, the notion two-phase flow refers to the simultaneous flow of two
materials with different thermodynamic phases (e.g. gas, liquid, etc.), or materials with different
chemical properties in the same phase, such as oil and water. In two-phase flows, being the most
common multiphase flow configuration involving two distinct fluids, the fluids are segregated by
a very thin interfacial region (fluid-fluid interface) where surface tension effects and mass transfer
(due to chemical reactions) may appear. Closely related to this and emerging later in the text is
the term capillarity standing for the study of interfaces segregating two immiscible liquids, or the
interfaces between liquids and gases. The interfaces under consideration are free to deform – they
may for instance change their shape in order to minimize their surface energy. The two-phase flow
models and scenarios considered in Chapter 4 and in this chapter are restricted to the case of two
immiscible and incompressible liquids with distinct densities and viscosities which we refer to as
“binary fluids”. The (fluid-fluid) surface tension in binary fluids is associated with the surface
energy of the fluid-fluid interface.

Whilemultiphase andmulticomponent flow50 problems and classical (single fluid) fluid-structure
interaction problems have seen a vast amount of research, the complex mechanical interaction of
multiple fluids with deformable solids has essentially remained unexplored until recently [28, 86,
121, 151, 152]. The latter mentioned falls under the umbrella of the fascinating phenomenon of
Elasto-capillarity, where capillary forces at the fluid-fluid interface may deform elastic solids. When
it comes to the interaction of a binary fluid with a deformable solid, one needs to additionally take
into account the fluid-solid surface energy that is distinct for the two components of the binary
fluid and therefore yields two distinct fluid-solid surface tensions51. The consideration of forces

50Flow of different chemical species that are mixed at the molecular level and generally share the same velocity and
temperature. The chemical species involved may interact through chemical reactions giving rise to multicomponent
reactive flows.

51In solids, the surface energy and surface stress are related by the Shuttleworth relation [141].
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in association with both the fluid-fluid interface and the fluid-solid interface gives rise to wetting
phenomena [41, 42, 91, 134, 165] which we concisely recapitulate in Section 6.2.

In terms ofmechanics, we observe in Elasto-capillarity phenomena a competition between bulk’s
elastic strain energy and the energy of the surfaces/interfaces. At small scales, that is mm to nm
scale, the interaction of multiple fluids and a solid tends to become increasingly dominated by cap-
illary forces as the lengthL of a structure keeps decreasing. With reference to scaling laws, capillary
forces are proportional to L, whereas elastic forces or pressure forces (e.g. wind drag) are propor-
tional to L2, and volume forces scale proportionally to L3 [126]. Therefore, downscaling a given
structure implies amuch faster decay of pressure and body forces in comparison to capillary forces,
rendering the latter dominant after a certain size threshold. Elasto-capillarity related phenomena
are ubiquitous in nature as well as high-tech (micro-/nanodevice manufacturing) industry. Exam-
ples for capillary interactions include the cohesion of sandcastles, the bending of slender structures
that induces the bundling of fiber arrays (e.g. assembly of wet hair into bundles), and thin sheets
that may partially wrap liquid droplets (e.g. capillary origami). Another example with biophysi-
cal background is the complete or partial collapse of pulmonary alveoli due to capillary forces with
possibly fatal consequences. Elasto-capillarity is also of high relevance in high-techmicro and nano
technologies. In fact, small scale devices such as e.g. microelectromechanical systems exhibit slen-
der internal structures that are often created by wet lithography. This process involves selectively
etching a layer of photosensitive resin into a given micostructure and rinsing the removed mate-
rial in a solvent. During the drying process, capillary bridges may attract, deform or break slender
flexible parts leading to severe damage (“stiction” phenomenon in design of micostructures) [126].

The motivation for the work presented in this chapter was to develop a computational model
and simulation technique capable of capturing the physics behind the intriguing phenomena of
Elasto-capillarity. A sophisticated enough numerical method may provide useful insights in its
complex dynamics and eventually leverage better designs of submillimetric technology.

The structure of this chapter is as follows. Section 6.2 is devoted to the provision of a concise
survey of the wetting of rigid and soft solids. We present our mathematical model for binary-fluid-
structure interaction in Section 6.3 and discuss its variational formulation including aspects of its
discretization in Section 6.4. Section 6.5 eventually presents the numerical results obtained from
the application of our model to binary-fluid-structure interaction problems.

6.2 Wetting of rigid and soft solids in a nutshell

This section is dedicated to a very brief and therefore incomprehensive overview over the fascinat-
ing wetting phenomena of rigid and soft solids. We considered it necessary to present at least a
concise summary of the main aspects of the wetting process in order to facilitate reading this chap-
ter and putting the presented results into perspective. Besides, this recap is limited to those aspects
of wetting that are relevant for the problems considered in the present chapter.

The notion wetting refers to the study of the behavior (spreading) of a liquid that is in contact
with the surface of a solid (or another liquid). The wetting “degree”, or to put it differently, the
amount of wetting a surface experiences through the contact with a liquid, depends on the fluid(s)
involved, and on the material (e.g. glass, plastic,..) making up the solid surface together with its
properties such as roughness. To give an example, a drop of water placed on a very clean glass
shows a significantly larger degree of spreading than the same drop of water on plastic. On the
other hand, taking the same solid (e.g. glass), there is a difference between the spreading of water
and mercury drops.
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Figure 6.1 exemplarily shows the wetting behavior of three different sessile droplets on a rigid
and flat interface. The wetting is shown to increase with a decrease of the contact angle θ. The

θ = 45° θ = 90° θ = 135°

γLA

γLSγSA θ
θ θ

Figure 6.1: Exemplary sketch of the unequal wetting behavior of three sessile droplets with differ-
ing properties: The droplet with the smallest contact angle θ = 45° shows the highest wetting.

spread of the liquid droplet across the surface is driven by adhesive52 forces between the liquid and
the solid. The opposite of this, that is, the contraction of the droplet towards a ball shape is driven by
cohesive53 forces within the liquid. Given a configuration where the latter mentioned forces start
to dominate, the droplet will in a sense try to minimize its contact with the surface accordingly.
Hence, a balance between adhesive and cohesive forces determines wettability, that is, the degree
of wetting a (solid) surface experiences by the presence of an adjacent liquid. Considering the case
of a liquid droplet (Phase 1) which is embedded in an ambient fluid (Phase 3) and is in touch with
a flat rigid solid (Phase 2), as depicted in Figure 6.1, the value of the equilibrium contact angle θE
is given by the Young-Dupré equation

γSA = γLS + cos θE γLA, (6.1)

encoding the balance of horizontal forces. In equation (6.1) the coefficients γLA, γLS , γSA ∈ R
denote the interfacial tensions (stresses) of the fluid-fluid (a.k.a. liquid-ambient fluid interface),
the liquid-solid, and the solid-ambient fluid interfaces, respectively. We may alternatively refer to
these coefficients through subscript indices reflecting the involved phases and therefore set: γLA ≡
γ13, γLS ≡ γ12, and γSA ≡ γ23. These tensions are visualized in Figure 6.1 for one of the droplets
and can be thought of to pull along the respective interfaces. Given a non-zero vector sum of these
tensions and excluding chemical and topographical inhomogeneities, the contact angle θwill adjust
so as to satisfy Young’s equilibrium equation (6.1). This affects the droplet’s spread and therefore
the contact line position.

The static wetting law given by the Young-Dupré equation requires a rigid and flat interface,
however, solid interfaces exhibit a broad range of rigidity. For instance, larger amounts of energy are
required to deform/break solid materials such as metals, glasses and ceramic, than soft biological
tissues or soft gels. Since very soft solids may significantly deform in response to the forces exerted
by the adjacent fluids, the question arises whether Young-Dupré law is a valid model in case of the

52Adhesive forces: Forces of attraction acting between molecules of different types.
53Cohesive forces: Forces of attraction acting between molecules of the same type.



208 CHAPTER 6. ALE BINARY-FLUID-STRUCTURE INTERACTION

involvement of very soft substrates. This is motivated by the observation that equation (6.1) must
have beenmodeledwith respect to the assumption of an infinitely rigid solid, and therefore involves
only the balance of the tangential force on the contact line, ignoring the normal component.

At this point we recall a second classical law for static wetting involving three immiscible liquids
– the Neumann’s law. For its description we consider a liquid drop (Phase 1) floating on a bath
of another liquid (Phase 2) and being otherwise surrounded by a third liquid (Phase 3). This

γ13

Phase 2

Phase 3

Phase 1

γ12

γ23

θ

α

β

Figure 6.2: Exemplary sketch of the static equilibrium of three fluid phases in mutual contact.
α, β, θ denote the angles between the indicated phase interfaces at the contact line.

configuration – illustrated in Figure 6.2 – yields a three phase contact line and for equilibrium the
net force per unit length acting along this three phase boundary line is required to be zero, that is,

γ12 t12 + γ13 t13 + γ23 t23 = 0. (6.2)

In the above equation, known as Neumann’s equation, tij denotes the unit vector tangent to the
i − j interface at the contact line, and the angles α, β, and θ between the interfaces at the contact
line are given by the orientation of these vectors. The complete (vector) force balance of Neumann’s
equation contrasts with Young-Dupré’s equation which as stated above is based on the implicit
assumption of a flat and rigid surface and therefore ignores force components normal to the surface.
Note that setting the angle β = π, leaves only one angle (θ) to be determined as α = π − θ, and in
fact it can be shown that equation (6.1) is obtained from a reduction of equation (6.2) to the case
of planar geometry. This renders the validity of the Young-Dupré law questionable for the case of
very soft and therefore easy to deform solid materials. For further discussions on the validity of
Young-Dupré’s law for the wetting of soft substrates, we refer the reader to [101, 107, 127, 158, 159].

After the recapitulation of static wetting laws of Young-Dupré and Neumann, we proceed with
the presentation of the expected wetting behavior of soft solids. Given a droplet deposited on a
sufficiently soft solid as sketched in Figure 6.3, the surface tension of the droplet deforms the solid
at the three-phase contact line [92, 103, 107, 115, 141, 154]. At the contact line, the solid develops a
cusp like feature – often denoted as the wetting ridge – whose shape is determined by the balance of
interfacial tensions. More specifically, at the contact line, the liquid-ambient fluid surface tension
force has a component normal to the solid surface. This force is concentrated to the neighborhood
of the contact line (typically within the molecular width of the contact line) and exerts a highly lo-
calized pull on the solid eventually leading to the above described cusp like elevation. Besides, the
excess Laplace pressure in the interior of the droplet leads to a dimple in the soft substrate section
wetted by the droplet. The overall deformation in the elastic solid is the result of the competition
between surface forces and bulk elastic stresses. In accordance with [141], at the contact line, capil-
larity dominates bulk elasticity for feature sizes� O(γLS , γSA) and therefore contributes the most
to the shape of the wetting ridge. This, however, does not rule out elastic behavior at the contact
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Ambient fluid (Phase 3)

Liquid (Phase 1)

Soft solid (Phase 2)

γ13

γ23 γ12

Wetting ridge

Figure 6.3: Exemplary sketch of a liquid droplet deposited on a soft substrate. Near the three phase
contact line, the surface tension of the droplet is shown to deform the soft substrate – leading to a
wetting ridge.

line and the solid remains elastic. The above described competition of forces is formalized through
the elastocapillary length scale

LEC = γLA/E (6.3)
of an elastic material expressed as the ratio between the liquid-ambient fluid surface tension γLA
and the Young’s modulus54 E. This quantity is immeasurably small for typical liquid surface ten-
sions (e.g. water-air interface: 72.75 mN m−1) on most solids. To give an example, for a water
droplet on glass, LEC is below the nanometer scale and therefore practically irrelevant. However,
for a sufficiently small droplet and a sufficiently compliant solid (e.g. biological tissue, gels, etc.)
the elastocapillary length scale may become comparable to the droplet radius.

For a comprehensive experimental study on the wetting behavior of tiny droplets on soft sub-
strates, we refer to [141] and summarize in the sequel some of its most significant statements: In
regimes where the droplet radius shrinks so as to become comparable to the elastocapillary length
scale, Young’s law is reported to be violated as the macroscopic contact angle θ turns out to ex-
hibit a dependence on the droplet radius R. More specifically, the angle θ – measured between the
liquid-ambient fluid interface and the undeformed substrate – is shown to decrease for shrinking
droplet radii R. Besides, while the wetting behavior of droplets with radius R � O(γLA/E) is
properly described by Young’s law, Neumann’s law is proposed as a more appropriate model for
the case R � O(γLA/E) and yields a smaller value for the contact angle θ. As of approaching the
elastocapillary length γLA/E, there is a smooth transition between the contact angles predicted by
these two models.

6.3 Mathematical model for Binary-Fluid-Structure Interaction

In this work we deal with the interaction of incompressible newtonian binary-fluids (composed
of two constituents) and compressible hyperelastic solids. We consider a continuum body that
is composed of a solid part S and a binary-fluid part F =

⋃2
i=1F i, where i represents the i-th

constituent of the binary-fluid.
The current domain55 Ωx of the joint body correspondingly admits the decomposition

Ωx = ΩFx ∪ ΩSx, ΩFx ∩ ΩSx = ∅,

where ΩSx and ΩFx represent the subdomains occupied by the solid and the binary-fluid, respec-
54The Young’s modulus was introduced on page 122
55The domain symbols ΩX ,ΩX ,Ωx were already introduced in section 2.1.
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tively. The latter allows itself a partition into corresponding fluid constituent subdomains ΩF
i

x , that
is,

ΩFx = ΩF
1

x ∪ ΩF
2

x , ΩF
1

x ∩ ΩF
2

x = ∅.
Moreover, we let the boundary Γx = ∂Ωx be composed of the union of the four non-overlapping
partitions

Γx = ΓFN,x ∪ ΓFD,x ∪ ΓSN,x ∪ ΓSD,x,

where the subscripts N and D represent the Neumann and Dirichlet parts of the particular (F ,S)
domain boundaries, respectively. The fluid-solid interface – denoted in the current domain by ΓFSx
– is a joint boundary part of fluid and solid problem subdomains in the sense that the respective
subdomains never detach from each other. Finally, we represent the fluid-fluid interface in the
current domain with ΓFFx .

The binary-fluid-structure interaction (BFSI) model used in this work is a natural extension of
the monolithic “unary”-fluid-structure interaction (FSI) model presented in Chapter 5. It inherits
from our (standard) monolithic FSI model the characteristic of being a boundary-fitted approach
with a sharp fluid-solid interface. The fluid-fluid transition region on the other hand is represented
by a diffuse interface, given that we use a NSCH phase field-based two-phase incompressible flow
model (cf. Chapter 4). The model can therefore be seen to be of hybrid nature, combining a sharp
interface and a phase field diffuse interface method for the treatment of the individual problems.

Binary-fluid-structure interaction requires the following problems to be solved:

(i) “Phase problem” on a moving domain.
This step requires the solution of a PDE which governs the creation, movement and decom-
position of fluid-fluid interfaces and provides for every position in the computational domain
information on the local fluid composition (concentration of each fluid constituent).

(ii) Two-phase flow problem on a moving domain.
This step requires the solution of the Navier-Stokes equations with phase dependent density
and viscosity, and additionally equipped with a surface tension stress or force term.

(iii) Solid deformation problem.
This step requires the solution of the equations of Hyperelasticity.

(iv) Mesh motion problem.
Since the fluid domain is attached to the moving solid domain, it becomes necessary to move
the fluid mesh as well and reposition its internal nodes in order to minimize mesh cell distor-
tion. This step typically requires the solution of an additional possibly nonlinear PDE – for
instance the partial differential equation of Elasticity, Nonlinear Laplace, or the Biharmonic
problem.

Depending on the choice which of the above listed problems to solve at the same time and which
ones in one or multiple successor steps, one may come up with a variety of different BFSI mod-
els, each with its own advantages and disadvantages w.r.t. different metrics. For instance, in
[28, 151, 152] the two-phase flow problems (i) and (ii) are solved at the same time, while the solid
deformation problem (iii) is solved separately. This corresponds evidently to a segregated or par-
titioned FSI approach. In biomechanical contexts such as in the case of blood flow inside an artery,
it holds ρf/ρs ≈ 1. Partitioned FSI techniques often face instabilities when the solid density ρs
approaches the fluid density ρf (Added mass effect). Besides, for the convergence of a partitioned
FSI problem, typically a few rounds of iteration are necessary, where in each round the respective
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problems are solved one at a time. In fact, the results in [151] indicate severe non-robustness of
partitioned methods for elasto-capillary FSI.

These deficiencies are avoided by an implicit and monolithic solution approach that takes the
full fluid-structure interaction problem as one coupled unity, without partitioning. Whenmodeling
the coupled dynamics of FSI, one is confronted with the dilemma that the fluid model is naturally
based on an Eulerian perspective while it is very natural to express the solid problem in Lagrangian
formulation. We take a monolithic approach which uses a fully coupled Arbitrary Lagrangian-
Eulerian (ALE) variational formulation of the FSI problem (cf. [84]) and applies Galerkin-based
Isogeometric Analysis for the discretization of the partial differential equations involved. This ap-
proach solves the difficulty of a common variational description and facilitates a consistent Galerkin
discretization of the FSI problem.

However, the superiority of monolithic methods over segregated methods in terms of accu-
racy and robustness comes at a high price already in standard fluid-structure interaction, let alone
binary-fluid-structure interaction. This is attributed to considering all involved field variables si-
multaneously in the computations. Since our BFSI model is a two-phase fluid extension of the
monolithic FSI model described in Chapter 5, we inherit the property of having to rewrite the fluid
equations w.r.t. a “structure appropriate” frame of reference. This alone yields a coupling between
the displacement (u), velocity (v), and pressure (p) fields and renders almost all terms in the
monolithic FSI problem (5.135) nonlinear. The simultaneous consideration of a large number of
(nonlinearly combined) field variables takes its toll on the derivation of the Fréchet derivative (Ja-
cobian) of the problem and on the bandwidth of the matrices obtained from the discretized partial
differential equations involved. Given that solving the Navier-Stokes-Cahn-Hilliard equations in a
partitioned or monolithic manner did not make any difference for us in terms of robustness and
stability, we opted for the following approach:

while t < T do
1. Solve the Cahn-Hilliard phase field problem.

2. Solve the

• two-phase flow,
• solid deformation, and
• mesh motion

problems monolithically.

end
Algorithm 1: BFSI solution approach

This relieves from the necessity and burden of having to consider the phase (ϕ) and chemical
potential (η) fields as additional unknowns when solving for the fluid-structure interaction prob-
lem, since they are already available and therefore considered constant. The explicit treatment of
the phase field variablesweakens to a certain degree the actuallymonolithic nature of this approach
and makes us consider it “quasi monolithic”.

In the sequel we will elaborate on the details of Algorithm 1.
The Navier-Stokes-Cahn-Hilliard equations variant that we need to solve for BFSI is a slight mod-
ification of equation (4.31) and incorporates the surface tension stress term −σ̂ε∇ · (∇ϕ⊗∇ϕ)
instead of the surface tension force term η∇ϕ. While the latter variant was just fine for pure two-
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phase flow computations, the NSCH variant using the surface tension stress term is necessary in
BFSI, for it is responsible for a low pressure regime inside the fluid-fluid interface (cf. Figure 6.5)
that turns out to play a significant role in elastocapillarity. In fact, it is this low pressure region at
the three-phase interface that exerts a traction on the solid in a direction tangential to the fluid-fluid
interface.

Without further ado, ourNSCHvariant of choice suitable for BFSI is obtained by the extension of
the variable density and viscosity Navier-Stokes equations with a phase field-based surface tension
stress term −∇ · (−σ̂ε∇ϕ⊗∇ϕ), and a fluid induced transport term v · ∇ϕ in the Cahn-Hilliard
equations. It reads:

ρ(ϕ)

(
∂v

∂t
+ (v · ∇)v

)
−∇ ·

(
−pI + µ(ϕ)

(
∇v + (∇v)T

))
−∇ · (−σ̂ε∇ϕ⊗∇ϕ) = ρ(ϕ)g in ΩT , (6.4a)

∇ · v = 0 in ΩT , (6.4b)
∂ϕ

∂t
+ v · ∇ϕ−∇ · (m(ϕ)∇η) = 0 in ΩT , (6.4c)

η − dψ(ϕ)

dϕ
+ ε2∇2ϕ = 0 in ΩT , (6.4d)

ϕ(x, 0) = ϕ0(x), v(x, 0) = v0(x) in Ω, (6.4e)
v = vD on (∂ΩT )D, (6.4f)

∇ϕ · n =
1

ε
√

2
cos(θ)(1− ϕ2), ∇η · n = 0 on (∂ΩT )N , (6.4g)

σ · n = t on (∂ΩT )N . (6.4h)

Above, ΩT = Ω× (0, T ), (∂Ω)D is the Dirichlet part of the domain boundary,
σ = −pI + µ(ϕ)

(
∇v + (∇v)T

)
− σ̂ε∇ϕ ⊗ ∇ϕ is the (extended) fluid Cauchy stress, t is the pre-

scribed traction force on theNeumann boundary (∂Ω)N , g is the gravitational force field and p is the
pressure variable acting as a Lagrange multiplier in the course of enforcing the incompressibility
condition. The parameter σ̂ denotes a scaled surface tension and is related to the physical surface
tension by the relation σ̂ = σ 3

2
√

2
.

With reference to the discrepancy caused by the respective frameworks (Lagrangian, Eulerian)
in which the fluid and solid problems are naturally expressed (cf. Problems 5.3.1 and 5.3.2), we
briefly recall our strategy to address this issue in our monolithic FSI model. It required to refor-
mulate the fluid problem with respect to a “structure-appropriate” framework, that is, expressing
it – in analogy to the solid deformation equations – in terms of the initial/undeformed reference
domain. The result of this endeavor is equation system (5.135) which is however merely suitable
for unary-fluid-structure interaction.

Our binary-fluid-structure interaction model additionally requires the corresponding reformu-
lation of both the Cahn-Hilliard equations ((6.4c), (6.4d)), and surface tension stress or force terms
that are expressed as a function of the phase field and chemical potential variables.

Combining the results obtained so far, the strong form of the monolithic BFSI problem in ALE
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formulation using the nonlinear harmonic mesh motion model, reads:

Ĵ

(
∂ϕ

∂t

∣∣∣
χ

+∇χϕ
(
F̂
−1

(vF − ∂tÂ)
)
−∇χ ·

(
ĴF̂
−1
m(ϕ)∇χη

))
= 0 in ΩFχ × (0, T ),

Ĵ

(
η − dψ(ϕ)

dϕ
+ ε2∇χ ·

(
ĴF̂
−1∇χϕ

))
= 0 in ΩFχ × (0, T ),

“contact angle b.c.”, ∇χη · n0 = 0 on ΓFN,χ × (0, T ),

ĴρF (ϕ)

(
∂vF

∂t

∣∣∣
χ

+∇χvF
(
F̂
−1

(vF − ∂tÂ)
))

−∇χ ·
(
−σ̂ε F̂−T∇χϕ⊗ F̂

−T∇χϕ
)

−∇χ ·
(
Ĵ
(
−pFI + µF (ϕ)

(
∇χvF F̂

−1
+ F̂

−T
(∇χvF )T

))
F̂
−T)

= ĴρF (ϕ)bF in ΩFχ × (0, T ),

∇χ ·
(
ĴF̂
−1
vF
)

= 0 in ΩFχ × [0, T ),

ϕ(·, 0) = ϕ̊, pF (·, 0) = p̊F ,uF (·, 0) = ůF ,vF (·, 0) = v̊S in ΩFχ ,

uF = uFD,v
F = vFD on ΓFD,χ × (0, T ),(

ĴσF F̂
−T)

nF0 = gF0 on ΓFN,χ × (0, T ),

ĴρS
∂vS

∂t

∣∣∣
χ
−∇χ · P̂

S
= ĴρSbS in ΩSχ × (0, T ),

∂uS

∂t
− vS = 0 in ΩSχ × (0, T ),

uS(·, 0) = ůS ,vS(·, 0) = v̊S in ΩSχ,

uS = uSD,v
S = vSD on ΓSD,χ × (0, T ),

P̂
S
nS0 = gS0 on ΓSN,χ × (0, T ),

∇χ ·
(
αuĴ

−1∇χuF
)

= 0 in ΩFχ × (0, T ),

uF = uS ,vF = vS , on ΓIχ × (0, T ).
(6.5)

Above, the first Piola-Kirchhoff stress tensor of the solid may be chosen with respect to different
materials, such as e.g. the St. Venant-Kirchhoff

P̂
S

:= λ tr
(
Ê
)
F̂ + 2µF̂ Ê, (6.6)

or the Neo-Hookean material

P̂
S

:= µ(F̂ − F̂−T ) + λ log(det F̂ )F̂
−T
. (6.7)

Moreover, it is easily possible to modify equation (6.5) so as to work with an alternative mesh
motion model.
Remark 6.3.1. Note that the handling of the FSI coupling conditions (cf. Section 5.3.2) is inherited from our
monolithic FSI model. Therefore, the continuity of normal stresses condition is expected to be automatically
satisfied in a weak sense by the choice of matching test functions along the fluid-solid interface - analogously
to the single fluid monolithic FSI case.

A bona fide monolithic solution approach for the proposed BFSI model requires the simulta-
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neous solution of the highly nonlinear multi-field problem (6.5). The fields to consider are the
phase field ϕ, chemical potential η, displacement u, velocity v, and pressure p. This large num-
ber of problem variables and their combinations in various terms negatively affects the bandwidth
of the system matrices obtained from the discretization process and may pose a problem in high
resolution large scale 3D BFSI simulations. Additional difficulties with regard to the existence of
unique solutions and stability - albeit already present in standard FSI (cf. Section 5.3.4) - arise from
the different natures (parabolic, hyperbolic) of the partial differential equations involved. How-
ever, it is the aspect of nonlinearity that poses one of biggest computational challenges in our quasi
monolithic BFSI model. We briefly recall its sources in the sequel: Starting off with the elasticity
problem, we remind of using a model that is not limited to infinitesimal strains or “small” defor-
mations. Accordingly, the stress-strain relation used is nonlinear and the model is expressed in
terms of a strain measure which is nonlinear in displacement. We continue with the fluid flow
problem whose governing equations (Navier-Stokes) were reformulated with respect to a frame of
reference that is compatible with the structural mechanics problem. This formulation introduces
additional geometric nonlinearities expressed in terms of the deformation gradient F̂ and its de-
terminant Ĵ . Both are functions of the displacement u which is an unknown in the FSI problem.
The formulation couples the unknown velocity and pressure variables of the fluid problem to the
unknown displacement variable of the solid problem, and therefore renders almost all terms in the
Navier-Stokes problem nonlinear. In addition to these two problems, we solve a nonlinear mesh
motion model that is expressed in terms of the unknown Ĵ . Our BFSI model additionally requires
the solution of the nonlinear Cahn-Hilliard phase field problem which we also reformulate with
respect to a frame of reference that is compatible with the structural mechanics problem. Just as in
the pulled back Navier-Stokes problem, this measure effectively couples the unknowns of the solid
deformation problem to the unknowns of the phase field problem and aggravates its nonlinearity
if the Cahn-Hilliard equations and the rest of the involved PDEs are solved simultaneously. The
delicate point of departure we are facing requires efficient means to address the inherent nonlin-
earity of our BFSI model. The measures we take to address some of the above mentioned aspects
are as follows: On the one hand we use Newton’s method for algorithmically efficient treatment of
the nonlinearity and on the other hand we solve the phase field problem separated from the rest
(cf. Algorithm 1).
Remark 6.3.2. Adopting the Cahn-Hilliard phase field model in our BFSI model, we are rewarded with the
ability to impose a contact angle and therefore gain the ability to control wetting on a flat and rigid surface
as showcased in Figure 4.19. This corresponds to the wetting law of Young-Dupré (cf. Equation (6.1)).
With that being said, given a flat and hard enough surface, and a sufficiently large droplet (cf. Elastocapillary
length scale), the contact angle boundary condition in Equation (4.20) is in fact very appealing as it merely
requires an angle to be specified. In particular, it does not require the specification of the three surface tensions
γLS , γLA, and γSA (cf. Figures 6.1) whose values might be difficult to determine. This flexibility, however,
raises reasonable doubt concerning the unrestrained physical validity of this approach. For instance, one
might ponder, in how far one is free to simply specify a certain contact angle without changing other material
parameters of the involved fluids. After all, there is a reason why a certain combination of two fluids have a
distinct surface tension.

As far as alternatives, we presented in Section 6.2 an alternative wettingmodel involving three immiscible
liquids (Neumann’s law) and referred to research works that question the validity of the classical wetting law
of Young-Dupré for very small droplet sizes. When it comes to the deformation of a compliant solid by a
binary-fluid the wetting law of Young-Dupré might be considered as inappropriate as an initially flat fluid-
solid interface might cease to stay flat. This violates in a strict sense the precondition of this law. Neumann’s
law may be conceived to appear as a more appropriate model in the case of the wetting of soft solids, however
it requires the specification of three surface tensions that might wind up difficult to determine.
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Despite its potential shortcomings, we incorporated - for the time being - the classical contact angle bound-
ary condition as described by the wetting law of Young-Dupré. This part of our BFSI model is however treated
as exchangeable and is likely to be replaced in future work. In order to emphasize this aspect we refrained from
specifying the corresponding equation and deliberately used a “textual placeholder” in Equation (6.5) and
its descendants.

6.4 Variational formulation

This section presents the variational formulation of our binary-fluid-structure interaction model, a
discussion on the treatment of its nonlinearity, and details on the time and space discretizations of
the corresponding equations, where Isogeometric Analysis is used for the latter.

We begin with the variational formulation of our BFSI problem for which it is necessary to
define trial and test spaces in the (fixed referential) fluid and solid domains. At this point let it be
briefly reminded that the structure deformation problem is solved in the solid domain, whereas the
fluid flow, the phase field, and the mesh deformation problems are solved in the fluid domain. In
analogy to the standardmonolithic FSI problemwe define – in the fluid domain – the displacement
trial (T u,F) and test (Wu,F) spaces as

T u,F := {uF ∈H1(ΩFχ ) |uF = uS on ΓIχ,u
F = uFD on ΓFD,χ},

Wu,F := {φu,F ∈H1
0(ΩFχ ; ΓFD,χ) |φu,F = φu,S on ΓIχ},

(6.8)

and the velocity trial (T v,F) and test (Wv,F) spaces as

T v,F := {vF ∈H1(ΩFχ ) |vF = vS on ΓIχ,v
F = vFD on ΓFD,χ},

Wv,F := {φv,F ∈H1
0(ΩFχ ; ΓFD,χ) |φv,F = φv,S on ΓIχ}.

(6.9)

Furthermore, we let the pressure trial and test spaces in the fluid domain be defined as

LF := L2(ΩFχ )/R, (6.10)

and eventually set the search space for trial and test functions of the phase field problem to

YF := H1(ΩFχ ). (6.11)

Continuing with the specification of the approximation spaces in the solid domain, we let the dis-
placement trial and test spaces in this domain be defined as

T u,S := {uS ∈H1(ΩSχ) |uS = uSD on ΓSD,χ}, Wu,S := H1
0(ΩSχ; ΓSD,χ), (6.12)

respectively. We proceed with the velocity trial (T v,S) and test (Wv,S) spaces in the solid domain
and define them as

T v,S := {vS ∈H1(ΩSχ) |vS = vSD on ΓSD,χ}, Wv,S := H1
0(ΩSχ; ΓSD,χ), (6.13)

We conclude the specification of approximation spaces with the following definition of pressure
trial and test spaces in the solid domain

LS := L2(ΩSχ)/R. (6.14)
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With the above definitions at hand, we are now able to pose the weak formulation of the ALE
binary-fluid-structure interaction problem.

Problem 6.4.1 (Variational formulation of the BFSI problem in ALE coordinates). Let T1 :=
{YF × YF},W1 := {YF × YF},T2 := {T v,F × T v,S × T u,F × T u,S × LF × LS}, and W2 :=
{Wv,F × Vv,S ×Wu,F × Vu,S × LF × LS}.
Step 1: Solve problem 6.4.2
Step 2: Solve problem 6.4.3

Problem 6.4.2 (Variational formulation of the mixed Cahn-Hilliard phase field problem in ALE
coordinates, Step 1). Find U1 = {ϕ, η} ∈ T1 × I, such that it holds:∫ T

0

∫
ΩFχ

Ĵ

(
∂ϕ

∂t

∣∣∣
χ

+∇χϕ
(
F̂
−1

(vF − ∂tÂ)
))
· φϕ + Ĵ

(
ĴF̂
−1
m(ϕ)∇χη

)
: ∇χφϕ dΩFχ dt = 0 ∀φϕ ∈ YF ,∫ T

0

∫
ΩFχ

Ĵ

(
η − dψ(ϕ)

dϕ

)
· φη − Ĵε2

(
ĴF̂
−1∇χϕ

)
: ∇χφη dΩFχ dt = 0 ∀φη ∈ YF ,

+ “contact angle b.c.”.
(6.15)

Problem 6.4.3 (Variational formulation of the BFSI problem in ALE coordinates, Step 2). Find
U2 = {vF ,vS ,uF ,uS , pF , pS} ∈ T2 × I, such that uF (0) = ůF ,vF (0) = v̊F ,uS(0) = ůS and
vS(0) = v̊S are satisfied, and it holds:∫ T

0

∫
ΩFχ

ĴρF (ϕ)

(
∂vF

∂t

∣∣∣
χ

+∇χvF
(
F̂
−1

(vF − ∂tÂ)
))
· φv,F dΩFχ dt

+

∫ T

0

∫
ΩFχ

Ĵ
(
−pFI + µF (ϕ)

(
∇χvF F̂

−1
+ F̂

−T
(∇χvF )T

))
F̂
−T

: ∇χφv,F dΩFχ dt

+

∫ T

0

∫
ΩFχ

(
σ̂ε F̂

−T∇χϕ⊗ F̂
−T∇χϕ

)
: ∇χφv,F dΩFχ dt

−
∫ T

0

∫
ΩFχ

ĴρF (ϕ)fF · φv,F dΩFχ dt−
∫ T

0

∫
ΓFN,χ

gF0 · φv,F dΓFN,χ dt = 0 ∀φv,F ∈Wv,F ,∫ T

0

∫
ΩFχ

∇χ ·
(
ĴF̂
−1
vF
)
· φp,F dΩFχ dt = 0 ∀φp,F ∈ LF ,∫ T

0

∫
ΩSχ

ĴρS
∂vS

∂t

∣∣∣
χ
· φv,S dΩSχ dt+

∫ T

0

∫
ΩSχ

P̂
S

: ∇χφv,S dΩSχ dt

−
∫ T

0

∫
ΩSχ

ĴρSbS · φv,S dΩSχ dt−
∫ T

0

∫
ΓSN,χ

gS0 · φv,S dΓSN,χ dt = 0 ∀φv,S ∈Wv,S ,∫ T

0

∫
ΩSχ

(
∂uS

∂t

∣∣∣
χ
− vS

)
· φu,S dΩSχ dt = 0 ∀φu,S ∈Wu,S ,∫ T

0

∫
ΩSχ

pS · φp,S dΩSχ dt = 0 ∀φp,S ∈ LS ,∫ T

0

∫
ΩFχ

αuĴ
−1∇χuF : ∇χφu dΩFχ dt = 0 ∀φu,F ∈Wu,F .

(6.16)
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Note that in equations (6.5) and (6.15) we have refrained from specifying the actual terms for
the contact angle boundary condition. This is due to the fact that as of writing of this work, it has
not been finally clarified in detail yet, how to correctly rewrite the contact angle boundary condition
integral in the sense of a pull back to the referential domain. In the context of our standalone two-
phase flow computations the left hand side of the contact angle boundary condition in equation
(4.20) was naturally obtained from the application of integration by parts∫

Ω
C∇2ϕφη dx = −

∫
Ω
C∇ϕ · ∇φη dx+

∫
∂Ω
n · C∇ϕφη ds

(4.37)
= −

∫
Ω
C∇ϕ · ∇φη dx+

∫
∂Ω
C

1

ε
√

2
cos(θ)(1− ϕ2)φη ds︸ ︷︷ ︸

contact angle boundary integral

(6.17)

on the Laplacian of the phase fieldϕ (scaledwith constantC) in the Cahn-Hilliard equations (4.27),
cf. equations (4.35) and (4.36). The situation turns out to be a bit more involved in binary-fluid-
structure interaction. Until that has been finally clarified, we have decided to basically apply the
contact angle boundary integral as presented in (6.17) without further modifications. This ex-
pression is most likely not complete yet and for the time being we consider its application as a
provisional and temporary measure.

6.4.1 Discretization and treatment of nonlinearity

In this section we present the space and time discretization of our choice for the highly nonlinear
problem (6.4.1) and our strategy to address its inherent nonlinearity. A brief recap of the steps
taken so far is in order. Facing a large number of combined field variables, we decided to trade
to a certain degree the monolithic character of our BFSI model for the sake of an easier numerical
treatment. More specifically, we decided to separately solve the phase field problem and use its
results in an explicit sense in the remaining set of problems to be solved. This segregation lead
us to the subproblems 6.4.2 and 6.4.3 – presented in variational formulation. Their spatial and
temporal discretization is discussed in the sequel.

For temporal discretization, let the set Pδt = {tn}Nn=0 be a quasi-uniform partition of the time
interval [0, T ]with time step size δt := T/N , where this partition could also be given by varying time
step sizes (adaptive time stepping). We perform the time integration of both problems implicitly
with the one-step θ-scheme, yielding the 1st order implicit Euler and 2nd order Crank-Nicolson
schemes for the choices θ = 1, and θ = 0.5, respectively. Consequently, in the time discretized
equations the temporal derivatives are replaced with their finite difference counterpart dtvn+1 :=
(vn+1 − vn)/δt, where the upper index denotes the time step number.

Likewise, for both problems we use Newton’s method for algorithmically efficient treatment
of nonlinearity and apply Galerkin-based Isogeometric Analysis for the space discretization of the
involved partial differential equations. For the approximation of the velocity and pressure functions
in theNavier-Stokes equations, we use LBB-stable Taylor-Hood-like B-spline space pairsVTH

h /QTHh
that have already been presented in Section 3.3. For all computations presented in this chapter, we
used a C0 S2,2

0,0/S1,1
0,0 B-spline space pair for the approximation of the velocity and pressure functions.

This corresponds to the Isogeometric counterpart of a Q2Q1 Taylor-Hood space well known from
the finite element literature. The degree and continuity of the discrete spline spaces used for the
approximation of the displacement (u), velocity (v), phase field (ϕ), and chemical potential (η)
functions are set to be identical.
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6.4.1.1 Discrete phase field problem

In this sectionwewill present the space and time discretized version of Problem 6.4.2, where in each
time step Newton’s method is applied for the treatment of the nonlinearity of the quasi-stationary
systems obtained from the time discretization. We briefly recall that the application of Newton’s
method – in view of the sketch in (5.189) applied to the current problem – requires the specification
of a semilinear56 formFCH that is obtained from the difference of the left (ACH(Uh,CH,Φh)) and right
(FCH(Φh)) hand sides of the nonlinear partial differential equation under consideration. With this
in mind, the space and time discretized version of Problem 6.4.2 may be reformulated as follows:

Let T h1 := {
(
YF ∩ V TH

h

)
×
(
YF ∩ V TH

h

)
},Wh

1 := {
(
YF ∩ V TH

h

)
×
(
YF ∩ V TH

h

)
}, and Φh =

{φϕh , φ
η
h} ∈ Wh

1 . Find Uh,CH = {ϕh, ηh} ∈ T h1 × I, such that ϕh(0) = ϕ̊h and ηh(0) = η̊h are satisfied,
and it holds

FCH(Uh,CH,Φh) = ACH(Uh,CH,Φh)− FCH(Φh) = 0, ∀Φh ∈ Wh
1 , (6.18)

where the semilinear form FCH(Uh,CH,Φh) is defined as

FCH(Uh,CH,Φh) :=

(
Ĵh
ϕh − ϕnh

∆t
, φϕh

)
ΩFχ

+
(
Ĵhθ∇χϕh ·

(
F̂
−1
h (vFh − ∂tÂ)

)
, φϕh

)
ΩFχ

+
(
ĴhθĴhF̂

−1
h m(ϕh)∇χηh,∇χφϕh

)
ΩFχ

+
(
Ĵh(1− θ)∇χϕnh ·

(
F̂
−1
h (vFh − ∂tÂ)

)
, φϕh

)
ΩFχ

+
(
Ĵh(1− θ)ĴhF̂

−1
h m(ϕnh)∇χηnh ,∇χφϕh

)
ΩFχ

+

(
Ĵh

(
ηh −

dψ(ϕh)

dϕ

)
, φηh

)
ΩFχ

−
(
Ĵhε

2 ĴhF̂
−1
h ∇χϕh,∇χφηh

)
ΩFχ

+ “contact angle b.c.”.

(6.19)
With a view to (5.189) applied to the present problem, the bilinear formF ′CH(Uh,k; δUh,CH,Φh) is the
Fréchet derivative (Jacobian) of FCH and is obtained from the linearization of FCH around a fixed
UCH ≡ UkCH. We remind that for each fixed UkCH, F ′CH(UkCH; ·, ·) is a bilinear form and FCH(UkCH; ·)
is a linear form. Since the latter is simply obtained from the evaluation of the respective partial
differential operator with the last availableU , that is, Uk, it merely remains to specifyF ′CH(UkCH; ·, ·).

The above presented expression (6.19) – basically corresponding to (4.36) – is nonlinear in ϕ
by way of the definition of the mobility functionm(ϕ) (cf. equation (4.17)) and the homogeneous
free energy density function ψ(ϕ) (cf. equation (4.11) or (4.12)). At this point we want to point
out that thanks to the two stage binary-fluid-structure interaction solution approach, where the
phase field problem is solved separately, the velocity field v and functions of the displacement field
u, that is, Ĵ , F̂−1 , and ∂tÂ, turn into “explicitly” given constants and do not add to the system’s
nonlinearity. This significantly simplifies the nonlinearity treatment of the “pulled back” phase
field problem and is one of the reasons we opted to solve the corresponding equations separately.
This circumstance also allows us to easily deduce F ′CH(UkCH; ·, ·) from the derivations done in the

56Linear with respect to the test functions, but not in the trial functions
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two-phase flow Chapter 4, cf. equation (4.41). We define

F ′CH(Ukh,CH; δUkh,CH,Φh) :=
(
Ĵhδϕh, φ

ϕ
h

)
ΩFχ

+
(
Ĵhθ∆t

(
F̂
−1
h (vFh − ∂tÂ) · ∇χ

)
δϕh, φ

ϕ
h

)
ΩFχ

+
(
Ĵhθ∆tm(ϕnh)ĴhF̂

−1
h ∇χδηh,∇χφϕh

)
ΩFχ
−
(
Ĵhε

2 ĴhF̂
−1
h ∇χδϕh,∇χφηh

)
ΩFχ

−
(
Ĵhψ

′′(ϕkh) δϕh, φ
η
h

)
ΩFχ

+
(
Ĵhδηh, φ

η
h

)
ΩFχ

+ “contact angle b.c. der.”.
(6.20)

Above, δUh,CH = {δϕh, δηh} ∈ T h1 denotes the set of phase field and chemical potential trial func-
tions and the indices n and k refer to the solution from the last time step and the current Newton-
iterate, respectively. Note that in the evaluation of both, the linear form FCH(UkCH; ·), and the bi-
linear form (6.20) we evaluate – in the spirit of Picard iteration – the nonlinear mobility function
m(ϕ) with respect to the values of the phase field from the previous time step, that is, ϕn. This
linearization allows it to be treated as a constant and simplifies the numerical treatment.

6.4.1.2 Discrete BFSI problem

In analogy to the content and structure of Section 6.4.1.1, we present in this section a discrete version
of the nonlinear Problem 6.4.3. As shown multiple times throughout this work, for the treatment
of nonlinearity, it comes in handy to represent the discretized yet still nonlinear problem under
consideration through a semilinear form which evaluated with respect to the last available values
of the unknowns, turns into a linear form – representing the residual of the problem. Eventually
specifying the derivative of the PDE operator completes the list of ingredients forNewton’smethod.
In the light of the above, we reformulate a space and time discretized version of Problem 6.4.3 as
follows:

Let the discrete trial and test spacesTh,2 andWh,2 bedefined as presented in (5.186) and (5.187),
respectively, and let the corresponding set of trial (Uh,FSI) and test (Φh) functions be defined as
presented in (5.188). Find Uh,FSI ∈ Th,2 × I, such that uFh (0) = ůFh ,v

F
h (0) = v̊Fh ,u

S
h (0) = ůSh and

vSh (0) = v̊Sh are satisfied, and it holds

FFSI(Uh,Φh) = 0 ∀Φh ∈Wh,2, (6.21)
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where the semilinear form FFSI(Uh,Φh) is defined as

FFSI(Uh,Φh) :=(
ρF (ϕh)Ĵθh

(
vFh − vn,Fh

)
,φv,Fh

)
ΩFχ

+
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h v

F
h ,φ

v,F
h

)
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∆tĴh
(
−pFh I

)
F̂
−T
h ,∇χφv,Fh

)
ΩFχ
−
(
ρF (ϕh) ∆tĴθhb
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(6.22)
Note that the above expression is a natural extension of (5.154) in the sense that the fluid density
ρF and viscosity µF now depend on the phase field ϕ andwe additionally consider a “pulled back”
phase field-based surface tension stress term(

−∆t σ̂ε (F̂
n
)−T∇χϕn ⊗ (F̂

n
)−T∇χϕn,∇χφv,F

)
ΩFχ

. (6.23)

However, this term does not add to the nonlinearity of the system by virtue of the fact that we solve
the phase field problem separately, and therefore each occurrence of the phase field ϕ and chemical
potential η in (6.22) takes place in an “explicit” sense. This effectively renders them as constants
therein. Moreover, in the evaluation of (6.23) we use the already available displacement field un
from the last time step n - likewise turning the inverse transpose of the deformation gradient into
a given constant. Since compared to (5.154) the only additional term to consider in (6.22) is linear,
the Jacobian matrix of the present problem can be obtained by the action of the already derived
bilinear form (5.175). This concludes the discussion of this section.



6.5. NUMERICAL EXPERIMENTS 221

6.5 Numerical experiments

In this section we present our numerical results obtained from the application of the quasi mono-
lithic binary-fluid-structure interactionmodel (6.5) to a selected set of scenarios involving the com-
plex interaction of two immiscible and incompressible fluids with each other and with an elastic
solid. The results presented are intended to give valuable insights in the assessment of the pre-
dictive capabilities of our BFSI model, and its overall stability and robustness. The BFSI-scenarios
considered comprise the deformation of a soft substrate by a sessile micro droplet, and a dam break with
elastic obstacle. For the first application there exist comprehensive experimental data that we use
in a benchmark sense for validation of our results. The latter mentioned application is merely in-
tended to showcase the ability of the presentmodel to tackle problems from the class of free-surface
fluid-structure interaction. We devote Sections 6.5.1 and 6.5.2 to the presentation of the respective
problem statements and numerical results.

6.5.1 Deformation of a soft substrate by a sessile micro droplet

The setup described in this section involves a droplet resting upon a soft substrate. From a topo-
logical point of view, the sessile droplet is enclosed by the solid on its bottom side and by the
“ambient fluid” (e.g. air) on the remaining parts of its boundary. Such a configuration yields a
three-phase57 contact line at which the surface tension of the droplet deforms the solid substrate
[141]. Using confocal microscopy and laser surface profilometry the authors of the cited reference
have provided a large database of experimentally obtained measurement data for the deformation
of a soft solid substrate beneath a sessile droplet. More specifically, the experiments were con-
ducted with a solid substrate modeled through a thin sheet of silicone gel, and droplets of different
radii (26.8, 74.5, 176.7, and 225.5µm) and materials (glycerol and fluorinated oil). From these set
of parameters we have randomly chosen one configuration and have tried to reproduce the cor-
responding experimentally obtained data with numerical simulation. The specifics of the chosen
experiment is pictured in the sequel.

We consider the test case of a glycerol droplet of radius r = 225.5µm deposited on a 50µm thick
silicon gel modeling the soft solid substrate. A sketch of this setup is presented in Figure 6.4. We
adopt the values of surface tensions as reported in [141], i.e., the surface tensions of the fluid-fluid
interface (γLA) (a.k.a. liquid-ambient fluid interface), the liquid-solid interface (γSL), and the solid-
ambient fluid interface (γSA) are set to γLA = 46 mN/m, γLS = 31 mN/m, and γSA = 36 mN/m,
respectively. For the density (ρ) and dynamic viscosity (µ) of the liquid droplet we use thematerial
parameters of glycerol, that is, ρL = 1261 kg/m3 and µL = 1.412 Ns/m2. Note that choosing the
ambient fluid to represent air, it holds ρair = 1.2041 kg/m3 and µair = 1.8208× 10−5 Ns/m2, and the
respective densities and dynamic viscosities of the involved fluids roughly differ by three and five
orders of magnitude. Since such a disparity/discontinuity across the fluid-fluid interface is known
to be challenging in two-phase flow simulations (cf. Chapter 4), we have artificially increased the
dynamic viscosity of the ambient fluid and therefore set ρA = 1.2041 kg/m3 and µA = 1.8208 ×
10−2 Ns/m2. We consider this modification as tolerable as we are essentially interested in steady
state solutions of the present problem and neglect its dynamics. For the Cahn-Hilliard phase field
model we made the call to set the diffuse interface width ε proportional to the minimummesh cell
width h. This choice differs from the typical practice of setting the diffuse interface width to a fixed
size of 2µm [28, 151] and comes with the trait of automatically adjusting the diffuse interface width
as the computational mesh is refined. On the other hand, it evidently requires a “fine enough”

57Phase 1: Liquid droplet (L), Phase 2: Ambient fluid (A), Phase 3: Solid (S)
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Figure 6.4: Sketch of the sessile droplet on soft substrate problem. A droplet of radius r = 225.5µm
is placed on a 50µm thick soft solid substrate such that it is adjacent to the solid on its bottom
boundary and is surrounded otherwise by the ambient fluid.

computationalmesh such that the fluid-fluid interface is always reasonably resolved. For the results
presented in this section, we have set the mobility coefficient (cf. eqn. (4.17)) to D = 10−8 m2/s
and the diffuse interface width to ε = 4/5h. This choice for the diffuse interface width may be
far from optimal and it might even be advantageous to work with a fixed diffuse interface width
as specified above. The Cahn-Hilliard equations are solved with a contact angle of θ = 96.24° –
obtained from the the Young-Dupré equation and the above specified surface tensions. The solid
material parameters correspond to that of a nearly incompressible silicone gel with solid density
ρS = 12600 kg/m3, Young’s modulus E = 3 kPa and Poisson ratio ν = 0.499. For the constitutive
behavior of the solid we have chosen to use the St. Venant-Kirchhoff material model.

The computational domain for the present problem is a rectangular domain Ω = (ΩF ∪ ΩS) ⊂
R2 (ΩF ∩ΩS = ∅) of widthw = 800µm and height h = 400µm. The fluid and solid subdomains ΩF

andΩS are vertically stacked and have the individual heights of 50µm and 350µm, respectively (see
Figure 6.4). For convenience we have horizontally centered the computational domain around the
origin such that it holdsΩ = (−400, 400)×(0, 400). Wemodel the computational domainwith a two-
patch NURBSmeshwith a fluid and solid patch for the respective subdomains of Ω. The continuity
across these two patches is C0, whereas the degree and regularity inside each patch follows that of
the discrete approximation space used (cf. Section 6.4.1). We proceed with the specification of
boundary conditions and require ui = 0 and vi = 0 on the top boundary of Ω, where the subscript
i = 1, 2 denotes the components of the respective vectors. Moreover, we require u1 = 0 and v1 = 0
on the left and right boundaries of Ω, and u2 = 0 and v2 = 0 on its bottom boundary. We set the
pressure at the upper left corner of the fluid domain ΩF to zero and enforce the contact angle and no
flux of chemical potential boundary conditions (cf. eqn. (4.20)) on all boundaries of ΩF . We use time
step sizes (∆t) between 10−6 s and 10−5 s and use a uniform mesh that on the coarsest level (L0)
exhibits 16 × 1 and 16 × 7 cells in the solid and fluid domains, respectively. This yields an initial
mesh cell size of h0 = dx = dy = 5×10−5 m. Such a uniform partition of the computational domain
obviously leaves plenty of room for optimization as the refinement required to reasonably resolve a
“thin-enough” fluid-fluid interface propagates throughout the computational domain. This aspect
may easily turn into a limiting factor for both the accuracy obtained and the computational effort
one is ready to invest. The reason we left this aspect unoptimized as of writing this work is twofold:
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First, our IGA-based computational framework is based on (“standard”) B-splines/NURBS and
therefore doesn’t allow for reasonably locally confined mesh refinement due to the tensor product
structure of these geometry representations. The computational framework is however already
scheduled to be extended by Truncated Hierarchical B-splines or similar technologies – allowing
us to get rid of this limitation. Second, any non-uniform partition of the computational NURBS
mesh yields by definition grid cells whose aspect ratios are numerically less favorable than the
perfect ones we obtain from uniform partitioning.

We proceed with the presentation and discussion of our computational results for three con-
secutive mesh refinement levels (L2, L3, L4). The number of degrees of freedom (Ndof) alongside
the time step size (∆t) and diffuse interface width (ε) used at each level are listed in Table 6.1.
Our computational results (with respect to level 4 of Table 6.1) picturing the displacement field u,

L Nuvpdof Nϕη
dof Nel : (16× 2L)× (8× 2L) h [m] ∆t [s] ε [m]

2 35685 14706 2048 1.250× 10−5 10−5 1.0× 10−5

3 140997 58082 8192 6.250× 10−6 10−5 5.0× 10−6

4 560517 230850 32768 3.125× 10−6 10−6 2.5× 10−6

Table 6.1: Simulation parameters for the BFSI test case: Sessile glycerol droplet on a silicone de-
posit.

the pressure field p and the phase field ϕ at time t = 21 ms are displayed in Figure 6.5. In the top
row picture (a) the droplet’s contour is shown to be cleanly delineated by a thin transition layer
smoothly interpolating the inside (ϕ = 1) and outside (ϕ = −1) phase field values. Moreover,
at the three-phase contact line, i.e. at the locations the fluid-fluid interface touches the solid, the
vertical displacement field of the substrate shows its maximum value. This resonates well with the
expected behavior of a soft substrate being wetted by a liquid droplet as presented in Section 6.2. A
magnification of the computedwetting ridge together with the correspondingmesh deformation in
the fluid and solid domains is displayed in the bottom row picture (c). The middle row picture (b)
illustrates a low pressure region coinciding with the droplet’s diffuse interface. At the three-phase
contact line it can be thought of to exert a pull tangential to the fluid-fluid interface giving rise to the
development of the wetting ridge. At this point it is noteworthy to mention that in order to obtain
this low pressure rim, it is necessary to use the surface tension stress term −∇ · (−σ̂ε∇ϕ⊗∇ϕ)
as presented in equation (6.4a). The surface tension force term η∇ϕ we have used in our pure
two-phase flow computations (cf. equation (4.31a)) turns out to be inappropriate in this context
as it yields a scaled pressure inside the diffuse interface region. The middle row picture (b) ad-
ditionally shows two randomly chosen pressure values pi ≈ −165.32 and po ≈ −370.47 sampled
from the inside and outside (in the ambient fluid) of the liquid droplet. They yield a computa-
tionally obtained pressure difference of (∆p)c = pi − po = 205.15. Given the fluid-fluid surface
tension γLA = 46 mN/m and droplet radius r = 225.5µm, the theoretical pressure difference be-
tween the interior and exterior of the droplet can be obtained from the Laplace-Young law (4.49)
and amounts to (∆p)e = (46 mN/m)/(225.5µm) ≈ 204.44 N/m2 (1Pa = 1N/m2). This results in
a 0.35% error between the theoretically predicted ((∆p)e) and computationally obtained ((∆p)c)
pressure differences. For a more quantitative analysis, we have depicted in Figure 6.6 the temporal
evolution of the droplet’s wetting ridge for three consecutive mesh refinement levels (L2, L3, L4).
In order to facilitate a contrasting juxtaposition, we have plotted for each mesh refinement level
our computationally obtained soft substrate deformation profiles alongside the experimentally ob-
tained data printed with black dots. Starting as an initially horizontal line, the profiles are shown
to develop a cusp like shape around the three-phase contact located at a distance of 225.5µm from
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Figure 6.5: Sessile glycerol droplet on a silicone deposit at time t = 21 ms. Top row (a): Illustration
of the displacement in the solid domain, and the phase field in the fluid domain. Middle row (b):
Depiction of the low pressure rim along the droplet boundary and two randomly picked pressure
values on either sides of the droplet. Bottom row (c): Enlarged view of the right end of the droplet
for the portrayal of both the wetting ridge and mesh deformation.
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the center of the droplet. As time progresses, so does the height of the wetting ridge and reaches
by the end of simulation time at t = 21 ms for levels L3 and L4 a height of approximately 8µm. The
experimentally determined height for the tip of the wetting ridge exceeds this value and is approx-
imately 9.5µm. The shapes of the wetting ridge profiles belonging to times t = 0.04 ms (light blue),
t = 0.3 ms (orange), t = 1.5 ms (magenta), t = 3 ms (green), t = 9 ms (blue), and t = 21 ms (red)
disclose a nonuniform increasing rate of the wetting ridge height. Starting very rapidly, the gains in
height decay with increased simulation duration. Our results overestimate the dimple shape in the
vicinity of the wetting ridge’s left leg. The overshooting, however, seems to decay with increased
mesh refinement. On a general note, the computations necessary to solve the present problem,
fascinating as it is, turned out to be extremely tricky and challenging.

In particular, the approximation of the soft substrate’s deformation, especially that of the wet-
ting ridge’s shape reacts quite sensitive to various simulation aspects, at least in the realm of our
quasi monolithic BFSI model. For the reproduction of this or similar works we want to mention
three aspects that need special care. First of all, for a decent approximation of the location, shape
and height of the wetting ridge, it is indispensable to use the phase induced surface tension stress
term in theNavier-Stokes equations (cf. page 223). Second, the diffuse fluid-fluid interface needs to
be both thin enough and well enough resolved giving rise to the question what is the optimal num-
ber of elements across the diffuse interface with respect to accuracy and computational costs. Our
choice for the relation between the diffuse interface width and mesh cell size h, namely ε = 4/5h,
has not seen any optimization. Besides, our uniform cell size NURBSmesh doesn’t allow for highly
localized refinement along the fluid-fluid interface – helping to improve the accuracy and to keep
the number of degrees of freedom at bay.

Last but not least, for the sessile droplet on soft substrate application, we found it unexpectedly
difficult to decide when the nonlinear iteration should be considered converged.

We briefly recall the stopping criterion ‖F‖ ≤ εtol in the nonlinear residual (F) minimization
loop (cf. algorithm 5.189) and present the threshold value used for all the results presented in this
section: εtol = 10−10. Note that choosing a different threshold makes a non-negligible difference
in the final wetting ridge shape leading to the conclusion that it reacts very sensitively to the non-
linear iteration threshold. This may be related to the fact that we are simulating changes in µm
scale (height of the wetting ridge) where the implications of doing or not doing one or two more
nonlinear iterations have a certain impact in the scale of the wetting ridge. In close relation to this
aspect is the observation that even by the end of simulation the shape of the wetting ridge still
showed tiniest changes – raising the question what can be considered a steady state solution of the
present application. On that note, the soft substrate deformation profiles presented so far are still
considered as intermediate results of a work in progress.

6.5.2 Dam break with elastic obstacle

Binary-fluid-structure interaction models such as the one presented in this work may be used for
themodeling of FSI with free surfaces, involving totally or partially submerged solids. Such scenar-
ios are typically of interest inmechanical, civil and offshore engineering – to name a few application
fields. Recalling the force exchange between the fluid and solid in standard FSI, in BFSI the fluid-
solid interface may be subject to abruptly changing interface loads caused by possibly large density
and viscosity ratios of the involved fluids. Moreover, the motion of the fluid-fluid interface causes
the load disparity to sweep along large portions of the fluid-solid interface and adds to the com-
plexity of the overall dynamics. For a qualitative assessment of our BFSI method, we analyze the
problem of a collapsing water column that hits an elastic wall as sketched in Figure 6.8. This prob-
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Figure 6.6: Development of the wetting ridge for a sessile droplet of radius r = 225.5µm.
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lem has been previously analyzedwith different numerical methods, see for instance [77, 155]. The
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Figure 6.7: Sketch of the dam break with elastic obstacle problem.

details of the problem setup are as follows: A water column of width 0.146 m and height 0.292 m
is placed on the lower left corner of a tank of width 0.584 m and height 0.365 m. The water column
is embedded in a matrix (or ambient) fluid that in the original setup [155] is modeled to be air.
Facing a few yet untreated stability issues, we decreased for the time being the density and dy-
namic viscosity ratios of the involved fluids, and use the following fluid densities ρL = 1000 kg/m3,
ρA = 10 kg/m3 and dynamic fluid viscosities µL = 1 Ns/m2, µA = 10−1 Ns/m2 instead of the values
for water and air58. As for phase field parameters, we use the following diffuse interface width
ε = 5.959 × 10−3 m and mobility coefficient D = 4 × 10−5 m2/s. Furthermore, we ignore surface
tension effects as the large scales in this example render it for our considerations neglectable. For
the constitutive behavior of the elastic wall we choose the St. Venant-Kirchhoff material model and
set the solid density to ρS = 2500 kg/m3, the Young’s modulus to E = 106 Pa, and the Poisson ratio
to ν = 0. Our setup additionally deviates from the original configuration: We use a gravitational
acceleration of g = 9.81 m/s2, and require the normal component of the velocity function to be zero
on on all domain boundaries, that is, on the bottom, right, top, and left domain boundaries. In
accordance to the reference, we require zero pressure along the entire upper domain boundary.

In Figure 6.8, the advancing front along with the elastic deformation of the wall is shown for
various time steps. The computational results shown, were performedwith a C0 N 2,2

0,0 /N 1,1
0,0 NURBS

space pair for the approximation of the velocity (v) and pressure (p) functions on a uniform cell-
size (cf. Figure 6.9) multi-patch NURBS mesh. For the approximation of the displacement (u),
phase field (ϕ), and chemical potential (η) functions, we used NURBS spaces whose degrees and
continuities match that of the velocity space. For the time integration we used the 2nd order

58Density anddynamic viscosity ofwater and air (20 °C): ρwater = 998.21 kg/m3, ρair = 1.2041 kg/m3, µwater = 1.002×
10−3 Ns/m2, µair = 1.8208× 10−5 Ns/m2.
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Figure 6.8: Wave interaction with the elastic wall at various time steps.
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Figure 6.9: Dam break with elastic obstacle: Uniform cell-size mesh whose motion is controlled by
the nonlinear harmonic mesh motion PDE (5.112) in combination with (5.114).

accurate implicit Crank-Nicolson scheme with a time step size of ∆t = 10−3 s. The results de-
picted in Figure 6.8 were computed on mesh refinement level 2 of our initial NURBSmesh yielding
Nel = 18816 elements. With regard to the chosen discrete approximation spaces, this amounts to
the following numbers of degrees of freedom: Nudof = 151698,Nvdof = 151698,Np

dof = 19109, and
Nϕ
dof ,Nη

dof = 75457. Note that the velocity and displacement functions are defined on fluid and
solid subdomains, while the phase field and chemical potential functions are defined only on the
fluid part of the domain.

In [155] the temporal evolution of the displacement of the elastic wall’s upper left corner is
specified that in principle allows a more quantitative analysis to be performed. However, the re-
laxations we had to make for the fluid density and dynamic viscosity ratios, unfortunately render
it infeasible to perform a comparison with [155], as we literally consider a different binary-fluid.
The difficulties we presently face with the material settings of water and air, and a uniform cell-size
mesh, may be alleviated by means of local refinement (e.g. with Truncated Hierarchical B-splines)
around the elastic wall. Moreover, as shown in Figure 6.9, using the present fluid densities and
viscosities settings and working with the nonlinear harmonic mesh motion model59 leads to a few
highly squeezed elements in the vicinity of the upper right corner of the elastic wall. The distortion
is evidently caused by the bending of the elastic wall. This issue is likely to be aggravated by a
higher fluid density ratio such as that of water and air that is expected to yield a higher momentum
to the collapsing fluid column with the causal consequence of a larger bending of the elastic wall.
An alternativemeshmotionmodel such as the Linear Elastic or the Biharmonicmeshmotionmodel
may yield better results for this application.

59with αu = 10−8 in Equation (5.114)
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6.6 Summary and conclusions

The main objective of the work presented in this thesis was the development of a computational
model and simulation technique capable of capturing the complex physics behind the intriguing
phenomena of elasto-capillarity. This multiphysics problem has an inherently high complexity as it
combines two-phase flowwith fluid-structure interaction and poses an enormous challenge for cor-
responding computational simulations. Our approach to tackle this problem was to systematically
decompose the overall problem into smaller and independent units or building blocks (cf. Figure
1.2) and to address each of them individually before ultimately integrating all partial results for
the final objective. We devoted dedicated chapters to the single-phase flow, two-phase flow and fluid-
structure interaction building blocks, where in each block we presented the respective problem for-
mulation, followed by a proposed mathematical model alongside a numerical solution approach,
and eventually rounded with extensive numerical tests for validation purposes.

For the design of a computational model for binary-fluid-structure interaction we weighed up
different two-phase flow modeling approaches (e.g. volume-of-fluid, front tracking, immersed
boundary, level-set and phase field (a.k.a. diffuse interface) methods) in terms of their overall
suitability and decided to adopt the Cahn-Hilliard phase field model as an essential component in
our BFSI model. Our primary motivation for working with the phase field approach was given by
virtue of the fact that the phase field method has a solid theoretical foundation in thermodynamics
and statistical mechanics. It may therefore be perceived as a physically motivated extension of the
level-set or volume-of-fluid methods. The Cahn-Hilliard phase field model is based on the mini-
mization of a fluid free energy functional and globally conserves the phase field variable ϕ. Diffuse
interface models allow the modeling of interfacial forces as continuum forces with the effect that
delta-function forces and discontinuities at the interface are smoothed by smearing them over thin
yet numerically resolvable layers. Moreover, they describe the surface tension as the excess free
energy per unit surface area concentrated at the interface. Note that in conventional sharp interface
methods the surface tension must be explicitly accounted for. Moreover, when it comes to topo-
logical changes and moving contact-line problems, conventional sharp interface two-phase flow
models with no-slip boundary condition typically suffer from a singularity at the contact line. The
solid physical background of the Cahn-Hilliard phase field method, its approach to handle interfa-
cial forces, its natural support for the imposition of a contact angle, and its ability to easily handle
moving contact lines and topological transitions like droplet coalescence or break-up without any
need for reinitialization (e.g. redistancing in the level-set method), led us to the decision to adopt
this phase field model in this work. Besides, the firm thermodynamic structure of phase field mod-
els facilitates model extensions. For instance, the fluid free energy functional may bemodifiedwith
respect to the constitutive equations for more complex rheologies (e.g. viscoelasticity). Commit-
ting ourselves to a phase field-based two-phase flowmodel, immediately raised the questionwhich
of the many Navier-Stokes-Cahn-Hilliard models to use. These models differ from each other by a
group of quite diverse criteria, one of them being e.g. the treatment of the density, that is, consid-
ering it constant or variable. Moreover, not all models are based on a divergence-free velocity field
and the modeling of extra contributions of additional forces to the stress tensor such as e.g. the
surface tension induced capillary forces is quite varied across the models. While for some models
no energy inequalities are known, others are shown to admit an energy law and to be thermody-
namically consistent. For the latter to hold, some of the affected models are extended by additional
terms. Each of these models has its own advantages and disadvantages in terms of suitability for
particular flow scenarios, physical consistency and implementation simplicity. That said, the iden-
tification of a reasonable model in the context of this work turned up to be a time consuming and
tedious process. In this thesis we have provided a comparison of these models which can be seen



6.6. SUMMARY AND CONCLUSIONS 231

as a consolidated inventory with emphasis on the most essential features and shortcomings of each
model and its overall suitability for our BFSImodel. The availability of such an analysis would have
been very useful for ourselves in the stage of entering the field of phase field-based two-phase flow
modeling. Moreover, we have provided in this work a very detailed description of the numerical
treatment of a selected NSCH model that provides all layers of information that are necessary for
the reproduction of this work. This work also provides extensive numerical two-phase flow tests
that on the one hand are used to validate the achieved results, and on the other hand show the de-
pendence of the results on sensitivemodel parameters such asmobility and diffuse interface width.
We showed that despite the hassle of having to deal with these two tunable parameters, the NSCH
model is very well suited for the modeling of challenging two-phase flow problems and has all the
prerequisites to mix in its merits into a binary-fluid-structure interaction model.

The next subproblem considered in this work was fluid-structure interaction. Since from a nu-
merical analysis point of view, partitioned FSI approaches are known to suffer from non-robustness
and exhibit poor convergence properties, the FSI component of our BFSI model was required to be
of monolithic type, that is, required to solve the fluid and structural dynamics equations simulta-
neously. In FSI one is confronted with the dilemma, that the fluid part of the problem formulation
is based on an Eulerian description of motion, whereas it is very natural and common to employ a
Lagrangian description of motion for the derivation of the structural dynamics equations. Consid-
ering the fact that one is willing to solve both problems simultaneously, the discrepancy induced
by the respective reference frames, poses a problem. Moreover, the solid domain is subject to defor-
mation and motion as a natural consequence of the load applied to the solid body. This, however,
implies a deformation and motion of the fluid domain as well, since these two domains need to
stay attached to each other. In order to address these issues we re-expressed the fluid problem
(Navier-Stokes equations) in Arbitrary-Lagrangian-Eulerian formulation (set in the undeformed
configuration) and used a nonlinear harmonic mesh motion model for the motion of the fluid do-
main. The reformulation of the Navier-Stokes equations with respect to a “structure-appropriate”
framework massively added to its nonlinearity, as almost all of its terms turned nonlinear due to
the resulting couplings to unknowns from the solid deformation problem. We have provided in
this thesis a very detailed description of the mathematical model and numerical treatment of this
problem including the treatment of its inherent nonlinearity. In analogy to the two-phase flow
part, we performed extensive numerical tests for the validation of the corresponding FSI results.
We showed that the monolithic FSI part of our BFSI model is very robust and yields results of very
high accuracy.

Ultimately, we presented in this thesis a “quasi-monolithic” computational model for binary-
fluid-structure interaction based on an Arbitrary-Lagrangian-Eulerian formulation of the Navier-
Stokes-Cahn-Hilliard equations combined with the equations of nonlinear Elastodynamics, and an
additional PDE for mesh motion. In the course of designing the BFSI computational model, we
made the call to separately solve the phase field problem from the rest of the involved partial dif-
ferential equations. The remaining problems, that is, the variable fluid density and viscosity fluid-
structure interaction and the mesh motion problems are then solved monolithically. This evidently
weakens to a certain degree the monolithic nature of our approach, but yields a set of benefits that
rendered it attractive and worthy to follow. However, the proposed computational model is not
tied to separately solving the phase field problem and can be adapted to operate in a bona fide
monolithic manner. The handling of the FSI coupling conditions in our BFSI model is inherited
from our monolithic FSI model. Note that in our monolithic FSI model the continuity of normal
stresses condition is automatically satisfied in a weak sense by the choice of matching test func-
tions along the fluid-solid interface. In terms of difference to standard FSI, we deal in BFSI with a
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two-phase flow system that additionally requires the consideration of the two-phase flow surface
tension force contribution. These contributions are, however, accounted for by the inclusion of a
phase field-based surface tension stress term in the Navier-Stokes-Cahn-Hilliard equations. From
our experience with monolithic FSI methods that involve matching test functions along the fluid-
solid interface, trying to explicitly enforce the continuity of normal stresses along the fluid-solid
interface with additional equations is problematic as one would then have too many conditions at
the interface. We assessed our BFSI model based on an elasto-capillary fluid-structure interaction
scenario that has been experimentally investigated and for which a comprehensive set of measure-
ment data is available. We presented for this setup mesh converged results that are – according
to our classification – acceptable, but leave space for improvements. We believe this is attributed
to the following two aspects: Firstly, as of submitting this work, the proposed BFSI model is not
entirely complete. More specifically, we consider the pull back reformulation of the contact angle
boundary condition to a “structure-appropriate” framework as not complete yet. The presently
used expression may have a negative impact on the quality of the results. Secondly, we employ
an equidistant cell size mesh that is far from optimal in terms of high resolution of local features
through refinement around the three phase interface region. We expect significant improvements
of the results with local mesh refinement along the fluid-fluid and fluid-solid interfaces with tech-
nologies such as Truncated Hierarchical B-splines, for instance. We also showcased that our model
may in principle be used for the modeling of FSI with free surfaces. We draw the conclusion that
the BFSI model presented in this work is a very robust and well suited framework for the simula-
tion of elasto-capillarity phenomena. Moreover, as far as techniques for the numerical treatment of
partial differential equations are concerned, Isogeometric Analysis has been the foundation for the
numerical analysis of all problems tackled in this work. This technology proved to be very robust
and powerful for our purposes. Besides, featuring very interesting traits like support for the setup
of discrete approximation spaces of possibly high degrees and continuities, the ability to perform
computations directly on representations of exact geometries (NURBS, etc.), and the intrinsic sup-
port for complex computational geometries, rendered this approach very attractive for this work
and future works. All numerical results presented in this work have been computed with an Isoge-
ometric Finite Element Analysis kernel that the author has developed from scratch in the context
of this thesis.
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